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A Bridge Over 
a Hamiltonian 
Path 
Gary McGuire and 

Fiacre 0 Cairbre 

Does your hometown have any 

mathematical tourist attractions such 

as statues, plaques, graves, the cafd 

where the famous conjecture was made, 

the desk where the famous initials 

are scratched, birthplaces, houses, or 

memorials? Have you encountered 

a mathematical sight on your travels? 

I f  so, we invite you to submit to this 

column a picture, a description of its 

mathematical significance, and either 

a map or directions so that others 

may follow in your tracks. 

Please send all submissions to 
Mathematical Tourist Editor, 
Dirk Huylebrouck, Aar~shertogstraat 42, 
8400 �9 Belgium 
e-mail: dirk.huylebrouck@ping.be 

very year  on the 16th of  October, a 
group of people assemble  at Dun- 

sink Observatory in Dublin, Ireland, and 
walk to a bridge over the Royal Canal. 

They are  the staff  and s tudents  of  

the Depar tmen t  of  Mathemat ics  at  the  
Nat ional  Universi ty of  Ireland, May- 
nooth,  and  they  are commemora t ing  

the c rea t ion  of  the  quaternions  by  the 
Irish mathemat ic ian ,  William Rowan 
Hamilton,  on 16 October,  1843, at  that  

bridge. The walk is about  th ree  miles  
long and passes  through very  p leasan t  
countrys ide ,  on the outskir ts  of  Dublin. 

Will iam Rowan Hamil ton was  born  

in Dublin on 4 August, 1805. He spen t  
his youth  in Trim, Co. Meath, where  

he was  educa ted  by  his uncle, J ames  
Hamilton.  Hamil ton lived in a large 

house,  which  is now cal led St. Mary 's  

Abbey  and is beautiful ly s i tuated be- 
s ide the  Yellow Steeple, on the  banks  
of  the Boyne, across  from the spec tac-  
ular  ruins  of  Trim castle. The house  
also se rved  as  the  local  school  which  

was run by  his uncle. Hamil ton was  ap- 
po in ted  As t ronomer  Royal of  I re land 

at  the  age of  twenty-one,  and  thus  be- 
came a Professor  while still an under-  

graduate  at  Trinity College, Dublin. He 
lived at  Dunsink Observatory  f rom that  
point,  and  the mathemat ica l  tour is t  can 
visit  the  observa tory  and see  interest-  
ing i tems re la ted  to Hamilton.  He 

would  frequently walk  along the Royal 
Canal to the  Royal Irish Academy  
(some possess ions  of  Hamil ton are  
kept  at  the Academy,  including some  
no t ebooks  and his Icos ian  Game).  It 
was  on one of  these  walks  that  he had  

his famous  momen t  of  insight. He la ter  
desc r ibed  the event  to his son  [1]: 

An electric current seemed to dose; 
and a spark flashed forth, the herald 
(as I foresaw, immediately)  o f  m a n y  
long years to come of  definitely di- 
rected thought and work . . . .  Nor could 
I resist the impulse--unphilosophical 

as it  m a y  have been--to cut wi th  a 
knife on a stone of  Brougham Bridge 
as we passed it, the fundamental  for- 
mula wi th  the symbols i, j ,  k, namely 
i 2 = j 2 = k  2 = i j k = _ l .  

All t races  of  Hamil ton 's  carving are  
gone, but  there  is a plaque on the  
br idge commemora t ing  the moment .  

The br idge is in the  suburb  of  Cabra  
and is now cal led Broombridge.  There 
is a t ra in  s ta t ion there  of  the same 
name, and  it is the  second  s top on the 
Arrow train route  from Connolly 

Station, in Dublin, to Maynooth.  The 
plaque was e rec ted  in 1958 by  the 
Taoiseach  (Irish pr ime minister) ,  

Eamon  de Valera, who had a degree in 
mathemat ics  and  lec tured  at  Maynooth  
for two years  (1912-1914). De Valera 

himseff  s c ra t ched  the famous  quater-  
nion formula  on his cell  wall  in 
Kilmainham ja i l  in Dublin while im- 

p r i soned  there  in 1916. One can visit  
the ja i l  and  take  a very interes t ing 

guided tour, and see in the museum a 
copy of  the formula  wr i t ten  by de 
Valera. In 1943 the Republic  of  I re land 
issued a commemora t ive  s t amp to cel- 
ebra te  the  cen tenary  of  the  bir th  of  the  

quaternions.  
The current  Taoiseach  can see a 

s tatue of  Hamil ton near  his office. The 

s ta tue is on the  s t eps  of  Government  
Buildings in Merr ion Street  in Dublin, 
and dates  back  to the t ime when the 

buildings housed  the College of  Science. 
This a rea  may  be of  addit ional interest  
to the tourist,  for a few hundred yards 
from Hamilton's  statue is a monument  
to another  famous Irishman, Oscar 
Wilde. The lat ter  statue is in Merrion 

Square opposi te  the former home of  
Oscar Wilde. When Hamil ton first  me t  

Oscar  Wilde 's  mother ,  Lady Wilde, she 
asked  him to be Oscar ' s  godfather .  He 

decl ined,  bu t  la te r  became  a c lose  
fr iend of  Lady Wilde, who was  a promi-  
nent  wr i te r  under  the p seudonym 
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Figure 1. Staff and students of NUI, Maynooth, at Dunsink Observatory on 16 October, 

1999. 

Speranza. It is curious to note that 
Oscar Wilde was born on 16 October 
(1854). Who knows what Hamilton's re- 
ply might have been if he had known 

this! 
A quaternion is an expression of the 

form a + bi  + c j  + d k  where a, b, c, d 
are real numbers. Addition of quater- 
nions is defined componentwise, and 
multiplication is defined using 

i 2 = j 2  = k 2 = i j k  = - 1 .  

The multiplication is not commutative, 
i.e., xy is not always equal to y x  when 
x and y are quaternions. In Hamilton's 
words: "the order of multiplication of 
these imaginaries is not indifferent." 
For example, one can show that i j  = 

- j i  = k. Hamilton has been called 
the Liberator of Algebra because his 
quaternions shattered the convention 
that multiplication should be commu- 
tative in a number system. It is often 
said that he "freed algebra from arith- 
metic" because of this momentous de- 
velopment. His friend, the mathemati- 
cian John Graves, said [1]: 

With q = a + b i + c j + d k ,  we let 
-~ = a b i  - c j  - d k  a n d  N ( q )  = q~ = 

a 2 + b 2 § c 2 + d 2. Quaternions with 

a = 0 are called p u r e  quaternions, and 
each one of these b i + c j + d k  ca n  

be identified with a point in 3-space, 
(b, c, d). Quaternions with N ( q )  = 1 are  

called u n i t  quaternions. Thus, pure 
unit quaternions are square roots 
of -1 ,  and can be thought of as points 

on the 2-sphere in 3-space. It is not 
hard to show that the transformation 
x ~ qx~,  where x is pure and q is a unit 
quaternion, is a rotation of 3-space. 
The correspondence between unit qua- 
ternions and rotations of 3-space is 
two-to-one. 

One modern application of quater- 
nions is that they frequently replace 
Euler angles in computer graphics for 
describing rotations of space. Thus, 
quaternions are now used, for exam- 
ple, in performing attitude determina- 
tion in spacecraft like the space shut- 
tle, and in computer games. The 
famous character Lara Croft in the 
computer game "Tomb Raider" was 
created [2] using quaternions! 

Quaternions are nowadays of inter- 
est to algebraists in the form of general 
quaternion algebras over a field or ring 
F, where the coefficients a, b, c, d come 
from F, and the defining relations are 
i 2 = a , j 2 = f l , i j = k = _ j i ,  for some 

and ~ in F. The Hurwitz integral 
quaternions, where a, b, c, d come from 
1 
yZ, are used in number theory and lat- 
tice constructions. 

The quaternions played an impor- 
tant role in Maxwelrs original for- 
mulation of electromagnetism. Vector 
analysis, which is indispensable in 
physics, is an offspring of quaternions. 
One can show that the unit quaternions 

I h a v e  n o t  y e t  a n y  c l ear  v i e w  a s  to the  

e x t e n t  to w h i c h  w e  a r e  a t  l i b e r t y  ar-  

b i t r a r i l y  to c rea te  i m a g i n a r i e s ,  a n d  to 

e n d o w  t h e m  w i t h  s u p e r n a t u r a l  p r o p -  

er t ies .  

Figure 2. The bridge where Hamilton created the quaternions, with the plaque visible to the 

left of centre. 
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are isomorphic to SU(2), giving an- 

other viewpoint on this group which is 
of great importance in particle phys- 
ics. Quaternions were generalised by 
Graves, and independently by Cayley, 
to the octonions which are currently 

under investigation for possible con- 
nections to particle physics. Hamilton 
made many other significant contribu- 
tions to mathematics and physics, in- 

cluding his famous "Hamiltonian" 
which was essential for the develop- 
ment of Quantum Mechanics and is 
ubiquitous in physics. 

Hamilton died at Dunsink on 2 
September, 1865. In the same year, he 

had just  become the first Foreign 
Associate to be elected to the newly es- 
tablished National Academy of Sci- 

ences of the United States of America. 

He is buried in Mount Jerome Cemetery 
in Dublin. For further information 
on Hamilton's life and works, see [1] 
and [3]. 

We conclude the article with an in- 
vitation and an open problem. We in- 
vite mathematical tourists to join us on 

the walk on 16 October every year. 
Contact either author for details, or see 
http://www.maths.may.ie. The open 

problem concerns Hamilton's eldest 
son, William Edwin, who emigrated to 
Canada. The last record of this son 

seems to be in Chatham, Ontario, 
where he worked for the Planet news- 
paper in 1891, and it is not known what 
became of him, and indeed if he mar- 
ried and had any children. 
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