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1. Introduction. Suppose that m and n are positive integers, 7 =
(T15--.,7m) € R is a vector of strictly positive numbers, and Q C Z" is an
infinite set of integer vectors. Let X denote a general point in R™" which
we will write in the form X = (x1,...,X,,), withx; e R", i =1,...,m, and
define the set

Waq(m,n;7)
={X eR™:|x;-q| <|g|™™, 1 <i<m, for infinitely many q € Q}

(where, for any z € R, ||z|| denotes the distance from z to the nearest
integer). In the special case 7= 7(7) = (7,...,7), for 7 > 0, and Q = Z",
the set Wyn(m,n; (7)) has been studied by many authors; in particular,
its Hausdorff dimension has been obtained. Jarnik [8] and Besicovitch [1]
showed that if 7 > 1, then dim Wz(1,1;7(7)) = 2/(1 + 7) (dim denotes
Hausdorff dimension). Later Jarnik [9] and Eggleston [7] showed that if
7 > 1/m, then dim Wz (m, 1; (7)) = (m+1)/(1+7). Furthermore, Eggleston
obtained the dimension of Wg(m, 1; 7(7)) for certain infinite sets @) C Z and
Bovey and Dodson [3] obtained the dimension of W (m, n; (7)) for certain
@ € Z™. These results were extended to arbitrary infinite sets Q C Z by
Borosh and Fraenkel [2] and to arbitrary @ C Z™ by Rynne [10].

To state their results we need the following definition. Suppose that
@ C Z™ is an arbitrary infinite set and let

v(Q) = inf {1/ eR: Z ™" < oo}.
qeq
Clearly, 0 < v(Q) < n. It is shown in [10] that if 7 > v(Q)/m, then

m+v(Q)

dim W, s7(7)) = m(n — 1
im Wo (m,ni (7)) = min — 1) + "=
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This result was extended in [11] to the set Wg(m, 1;7) for general 7. Such
an extension also exists for m = 2 and n = 1 for the simultaneous approxi-
mation of real numbers by algebraic numbers of bounded degree [6]. In the
present paper we will obtain the Hausdorff dimension of Wg(m,n;T) for
general n.

Without loss of generality we will suppose throughout that = > ...
> Tpy. Let o(1) = 3.1 | 74, and define the number

{m+V(Q) + iyt — ) }

1+ 7

D ‘7)) = —1 i
Q(m,n;T) =m(n )+1gl€glm

THEOREM 1.1. If o(1) > v(Q), then
dim Wo(m,n; ) = Dg(m,n; 7).
If o(1) <v(Q), then dim Wg(m,n; 1) = mn.
REMARK 1.2. It will be shown at the end of the proof of Theorem 1.1

that if o(7) = v(Q) then Dg(m,n;T) = mn so the results in the two cases
in the theorem are consistent.

The above problem can be generalized in the manner considered in [4].
Let ¥ = (¢1,...,%m) be a collection of non-negative functions on Z" (the
functions v; need only be defined on @, but for simplicity we ignore this).
Now define the set

Wa(m,n; )
={X e R™ : ||x; - q]| < ¥i(q), 1 <i<m, for infinitely many q € Q}.
Under a further assumption on the limiting behaviour of the functions 1,
we can obtain the dimension of Wg(m,n; ). Suppose that the limits
—1 .
=0 log|q

exist and are positive, and put 7(¢) := (A(¢1), ..., A(¥m)). Then from The-
orem 1.1 we obtain the following result.

COROLLARY 1.3. If o(7(v)) > v(Q), then
dim Wg(m, n; 1) = Dg(m,n; 7(v)).
If o(m(v)) <v(Q), then dim Wy (m,n; 1) = mn.

Proof. From the hypotheses on the functions 1; we have, for any € > 0
and each i =1,...,m,

|| A < qpi(q) < |g| AT,

, 1=1,...,m,

for all sufficiently large |q| € Q. Thus, letting € = (e, ..., ¢), it follows that
Wao(m,n; () +€) C Wo(m,n;¢) C Wo(m,n; () —€).
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Now, letting ¢ — 0, the result follows from these inclusions and the con-
tinuity with respect to 7 of the dimension result in Theorem 1.1 (see Re-
mark 1.2). m

2. Proof of Theorem 1.1. To fix our notation we first recall the (stan-
dard) definition of the Hausdorff dimension of an arbitrary set £ C R",
for any positive integer r. Let Z be a countable collection of bounded sets
I C R". For any o > 0, the g-volume of the collection Z is defined to be

V@) - Sy
IeT
where d(I) = sup{|x —y|2 : X,y € I} is the diameter of I and | - | denotes
the usual Euclidean norm in R". For every n > 0 define

mg(n’ E) = inf VQ(I)v
where the infimum is taken over all countable collections, Z, of sets I with
diameter d(I) < n, that cover E. Now define the o-dimensional Hausdorff
outer measure of E to be

my(E) = Sli% my(n, E).
n

The Hausdorff dimension of F is defined to be
dim E = inf{p : m,(E) = 0}.

We also require some further notation. For any finite set A we let |A]
denote the cardinality of A. The notation a < b (respectively a > b) will
denote an inequality of the form a < ¢b (respectively a > ¢b), where ¢ > 0
is a constant which depends at most on m, n, v¥(Q), 7 and ¢ (which will be
introduced below); similarly, ¢y, ¢a, ... will denote positive constants which
depend at most on m, n, v(Q), T and J. If a < b < a then we write a ~ b.
A set of the form B = {x € R" : |[x — bl < d/2}, for any r > 1, is said to
be a ball of diameter d and centre b. If a > 0 is a real number then aB will
denote the ball with centre b and diameter ad. Let U,, denote the unit cube

U,={xeR":0<x;<1,i=1,...,n},

and let U (= Uy,y,) be the Cartesian product U = X U, C R™".

We can now begin the proof of the theorem. Since Wg(m,n;7) is in-
variant under translations by integer vectors it suffices to consider the set
Wgq(m,n; 7)NU. The proof is in two parts—we obtain, separately, an upper
bound and a lower bound for dim Wg(m, n; ) N U. The proof of the upper
bound dim Wg(m,n; ) N U < Dg(m,n; ), for o(1) > v(Q), is relatively
straightforward and follows from combining the corresponding arguments in
[10] and in [11] (the bound dim Wg(m, n; 7) < mn is trivial). For brevity we
will omit the details.
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To prove the reverse inequality for dim Wg(m,n; ) N U we first require
some lemmas. Suppose, for now, that v = v(Q) > 0 and o(7) > v, and let
0 > 0 be an arbitrarily small number satisfying

(1) 0 <6 <min{v,o(r) —v,1}

(the cases where the above assumptions do not hold will be dealt with at
the end of the proof). Some other restrictions will be imposed on § below,
but essentially ¢ is a fixed “sufficiently small” number. Since the case n = 1
was dealt with in [11] we will also suppose that n > 2.

We also suppose that the series quQ |q| 7" is divergent. If this assump-
tion does not hold we replace v with v — ¢, € > 0, throughout the following
argument to obtain

. R _q .
dim Wo(m,n; 1) > m(n—1) + i

m+v—e+>0, (1 —Ti)
1+ 7% ’
which yields the result since € > 0 is arbitrary.

LEMMA 2.1 (Lemma 2.1 of [10]). For any integer ko > 0 there exists an
integer k > ko such that

(2) > 1=k
qe@
2" <|q|<2" !

From now on, N will always denote an integer of the form 2%, where k is
such that (2) holds. By Lemma 2.1 there are infinitely many such integers.
Thus, writing

Q(N)={qe@: N <|q] <2N},
we have
[Q(N)| = N =072,

for all sufficiently large N (of the above form). Now, for any vector q €
Q(N), let [q] C @ denote the set of all those vectors q' € Q(N) which
are linearly dependent on q. Clearly the relation of linear dependence is an
equivalence relation on the set Q(N) and we let [Q(N)] denote the corre-
sponding set of equivalence classes [q].

LEMMA 2.2 (Lemma 2.2 of [10]). There exists a number o, with § < o <
v, and a subset Q C @Q such that, for infinitely many N,

3) [QN)]| = N~
(4) [a
for all equivalence classes [q) € [Q(N)]. Thus
() Q)| ~ NV,

9
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It should be noted that the number « here was denoted by ~ in [10].
We now suppose that v — a > 0. The case where this does not hold will be
discussed at the end of the proof.

LEMMA 2.3 (Lemma 1 of [11]). The following result holds for almost all
collections in the set {T € R : o(T) > v} (here, “almost all” is with respect
to Lebesgue measure in R™). There exists an integer K = K(1),1 < K <m,
and a number 6y = 0o(T) > 0 such that for any § € (0,00) there exists a
collection of numbers T=T(6) = (71(6), ..., Tm(0)) € R, with the following
properties:

(t1) 73, —6/m =7; > Ti41 + d/m for each i = K +1,...,m;
(7'2) TK—2(S/mZ7A:1::;KZ7—K+1+6/m’
(7—3) Zglﬁzv

In particular, 71 > ... > Tp,.

REMARK 2.4. If K = m then condition (71) and the second inequality
in condition (72) are to be ignored. We adopt the convention that any ar-
guments relating to situations which cannot occur for a particular choice of
numbers are to be ignored in that particular case.

Let G denote the set of collections 7 for which the conclusions of Lemma
2.3 hold. By the continuity argument following the proof of Lemma 1 in
[11], we need only prove the required lower bound for dim Wg(m,n; ) for
all 7 € G. Thus from now on we consider a fixed T € G and write o for o (7).

We now require some further notation. For any q € Z", t € Z, let
H(q,t) C R™ denote the (n—1)-dimensional hyperplane {x € R" : x-q+t =
0}. If t € Z™, let H(q,t) = X, H(q,#;) C R™. The next lemma is an
adaptation of Lemma 4 in [2], Lemma 2.3 of [10] and Lemma 2 of [11].

LEMMA 2.5. For any number L with 0 < L < 1, there exist arbitrarily
large integers N such that, for every ball C C U with diameter L, and every
equivalence class [q] € [Q(N)], there is a set S = S(C,[dq]), consisting of
pairs (q,t), q € [q] and t € Z™, with the properties:

(i) for all (q,t) € S, H(q,t) N 3C # 0,
(i) for all distinct pairs (q',t'), (q?,t2) € S, there is an integer i for
which

) H(Q' )~ H(@ 8]y 2 o N~ el md,
(iii) the number of pairs (q,t) in S satisfies

(7) S| > L™x([a]) > L™ N™ =002,

where x([a]) = > qe(q ¢(1a))™ and ¢ is the Euler function;
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(iv) for any set I C C with d(I) > N~'19_ let S; denote the set of pairs
(q,t) € S for which H(q,t) NI # (0. Then

|1 < d(I)™x([a))-

Proof. The proof of Lemma 2.3 in [10] is based on the results in Lemma
4 of [2]. The present lemma can be proved in a similar manner, but based
on the results in Lemma 2 of [11] (which in turn was based on the proof of
Lemma 4 in [2]). We will omit the details. m

We now suppose that L and C C U, with d(C) = L, are fixed, and
choose N so that Lemma 2.5 holds. We now wish to construct a collection
of balls in C' lying “close” to the planes H(q,t), (q,t) € S([q]), where
S([q)) is the set constructed in Lemma 2.5 (to simplify the notation slightly
we have suppressed the dependence of S on C). To ensure that the balls
from different such collections do not intersect we need the following rather
complicated construction. B

For any equivalence class [q] € [Q(N)] let

E(d)= |J (H@tnio).
(a,t)eS(la])

Since the planes H(q,t), with (q,t) € S([q]), pass through the ball %C, the
m(n — 1)-dimensional Lebesgue measure (which we denote by fi,(,—1)) of

the set H(q,t) N 2C satisfies pu,n—1)(H(q,t)N32C) > L7 and hence
by (7),
® tomn 1y (E([a])) > L™ x([q]) > L™ N™+v=0=,

Now, for any p € Q(N), p ¢ [q] and any pair (q,t) € S([q]), let
F(p;q,t) = {X € H(q,t) N %C’: |x; - p|| < 8nN—Ti=0/m = 1,...,m}.
Let
Flah= U U Fat).

peQ(N) (at)eS([a))
p¥Z[d]

LEMMA 2.6 (Lemma 2.4 of [10]). For any [q] € Q(N),
fm(n—1)(F([d]))
fim(n-1)(E([d]))

Proof. For any p # 0 and any n > 0, let
Ap(n) ={x € Un : Ix-p| <n}.

It is shown in [5] or [12] that if p and p’ are linearly independent integer
vectors then, for any n, n’ > 0,

(9) pn(Ap(n) N Ap (0)) = 4nn'.

< L M NT9,
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Now, by definition,

Flahe U U

pEQ(N) qelql”
p¢Z[d]

p(N 7T 7™) 1 44(0)),

H><3

SO

Hm(n— 1) Z Z Hun 1 N 7o é/m)mA (O))

peQ(N) a€lq] i=1
p¢(d]

For each 1 > 0, the set Ay (N~779/m)" Ay (n) is an n-dimensional “thicken-
ing” of the set A, (N~77%/™)N A4 (0) (which consists of portions of (n —1)-
dimensional planes) with “thickness” 2n|q|;*. Thus

pn—1(Ap(N 770/ 1 Aq(0)) = Jim pn (Ap(NTT 0™ 0 Ag()) /20l aly

< Nl—ﬁ—é/m’
by (9). Hence by (73), (4) and (5),

Mo, (n— 1) << Z Z HNl Ti=9/m

peQ(N) a€lq] =1
p¢(d]

< NV—JNV—aNm—V—é — Nm+u—a—257
so the result follows from (8). m

Now, it follows from Lemma 2.6 that for N sufficiently large we can
choose a collection B°([q]) of pairwise disjoint balls B C 3C, in R™", with

diameter n =1 (2N)~(*+71) whose centres Z lie on E([q])\ F([q]), and satisfy
(10) Z — 2|y > aN-04T) i 7 £ 7,
and such that

Hm(n—1) (E([q]))
(N—(Q+m1))m(n=1)

(by (8)). Since each B € B°([q]) has diameter n~*(2N)~(*7) and lies on
some plane H(q,t), with q € [q], it follows that if X = (x1,...,%,,) € B
then for each i =1,...,m,

Ix; - qf| < n—1<2N>—<1+“>|q|2 <(2N)™ <|q|™"

(11) |BO([q])] > > Lmnx([q])Nm(n—l)(un)

(using |q|> < 2nN for all q € Q(N)), so B has the property:

(12) if X € B then there exists q € [q] such that ||x; - q|| < |gq]™™,
i=1,...,m
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Now choose an arbitrary ball BY € BY(|q]), with centre Z°=(z{,...,2).
For each vector r € Z™, with

(13) ri=0, |r]<@n)7R2TINTTT i =2, m,

let B*(B°) be the ball with diameter n='(2N)~(+7) and centre Z* =
(z%,...,2zF), where

z} =20 + rdN" g/ lgly, i=1,...,m,

(note that the unit vector q/|q|2 is orthogonal to the plane H(q,t) in R",
for any t € R). We let B(B®) denote the collection B(B°) = J, B*(B°)
(where the union is over all vectors r satisfying (13)). If N is sufficiently
large, then each ball B € B(B°) satisfies B C C and property (12) (by a
similar calculation to the above, using (13)). Furthermore, (if ¢, N®/™ > 4)
from (6) and the above construction, if the balls B!, B in B%([q]) lie on
different planes H(q,t) then the centres Z, Z’ of any two balls B € B(B*'),
B’ € B(B?), satisfy

(14) |2; — 2}y > N~17779/m  for some i,

(again using |q|s < 2nN for all @ € Q(N), and also 7, — d/m > 7; + 0/m

for all 7).
Repeating this process for all B® € B%([q]) we obtain the collection

Bla)= |J BB
BoeBO([q])
Each B € B([q]) has the property (12), and it follows from (14) that all the
balls in B([q]) are disjoint, and so, from (11) and the number of vectors r
satisfying (13), we have

(15) |B([a))| > L™ x([a]) N DO [T N7
i=1
> L™ ([N DT,
where v = ZZ1(7—1 —7;) =mm — 0.
Repeating the above constructions for each [q] € [Q(IN)] we obtain the
collection

B=(J B(a)
[al€[Q(N)]

If [q] # [d'] and B € B([q]), B’ € B([q']) then it follows from the definition
of the sets F(p;q,t) and the above construction that the centres of these
balls, Z and Z’ respectively, satisfy (14). Hence, in particular, all the balls
in the collection B are disjoint.

Using these constructions we can now prove the following lemma, which
is similar to Lemmas 2.5 and 2.6 of [10], or Lemma 3 of [11]. For the reader’s
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convenience we summarize here certain relationships between the various
numbers we have introduced above:

m m m
Vzg Tis ng Tis ’yzg (r1 —1;) = mm — 0.
i=1 i=1 i=1

LEMMA 2.7. For any number L with 0 < L < 1, there exist arbitrarily
large integers N such that for any ball C C U with diameter L there is a
collection B of disjoint balls B C C, such that:

(i) each B € B has diameter n='(2N)~U+™) and the centres of any
two balls in B are at least a distance 4N —(1+m1) apart;
(ii) for each B € B, (12) holds for some [q] € [Q(N)];
(i) |B| > co L™ X (N)N™=DO+70)+5 phere

X(N)= > x(a]) > N2,
[al€[Q(N)]

(iv) if I is a set in R™™ with d(I) > n~*N—(+7) which intersects h of
the balls B in B, then:
(a) suppose that N~OF7) < d(I) < N=OF7+1) " for some k with 1 <
E<m-—1:
o if k < K, then

(16) h < cad(I)™ kN =R AT+, (=),
o if k=K, then
(17) h< C3d(I)mﬂ—kN(mn—k)(1+7—1)+Zf:1(7—1_Tl.)

+ Csd(I)mnNm(n—l)(1+’r1)+m+1/+'y+5;

o if k> K, then
h < ead(I)mn N D AFm)Fmtvtato,

b) if N=(+mm) < d(I) < N='*0 then
h S C3d([)mnNm(n_1)(1+Tl)+m+lj+'y;

c) if N71T0 < d(I), then
(20) h < ed(I)™ X (N)N™n=D+7)+7

Proof. It is clear that the collection of balls B constructed above has
the properties (i) and (ii) for N sufficiently large (the estimate on the dis-
tance between the centres of the balls in B follows from (10) and (14)). The
estimate for |B| in (iii) follows from (15) and the definition of B, while the
estimate for X (V) follows from (3) and (7). We now prove (iv).

For any [q] € [@(N)] and any pair (q,t) € S([q]), let B(q,t) be the
set of all balls B € B([q]) which belong to any collection B(B°) for which

(18

)
(
(19)
(
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the centre of B? lies on the plane H(q,t) (i.e., B(q,t) is the set of all balls
B € B(q,t) which lie “close” to the plane H(q,t)). It follows from the above
constructions that if (q,t) # (q’,t') and B € B(q,t), B’ € B(q¢,t’) then
their centres Z, Z' satisfy (14).

Now suppose that d(I) satisfies the inequalities in case (a) for some
k, 1 < k < m — 1. We begin by estimating the number h(q,t) of balls
B € B(q, t) which can intersect I. Since the balls B € B(q, t) have diameters
n~1(2N)~0+71) | their centres are a distance at least N~U+71) apart, and
they all lie “close” to the m(n—1)-dimensional plane H(q,t), it follows from
the geometry of the situation and the construction of the collection B(q,t)
that the number h(q,t) of balls B € B(q,t) which can intersect I satisfies

d(I) n(m—=k) k o d(I) n—1
(21) h(ag,t) < <N(1+ﬁ)> HN Nt

i=1

< d(Iymmh N mn=R) )+ (=)

Now, if & < K then by (72), (14) and the above construction, if N is
sufficiently large, I can intersect balls from at most one collection B(q,t)
with (q,t) € Ujgcg(ay S(la])- Thus (16) follows from (21). Next, if k& > K
then by (71), (72), (14) and the above construction, if N is sufficiently large
the number of collections B(q, t) which contain balls intersecting I is

k
d(I) _ k k+Z’.“: Ti+kd/m
(22) <II e = )N .

=1

Therefore, in this case it follows from (21) and (22) that the total number
of balls intersecting I is < d(I)™"N°¢, where

k k
C=k+> Fotkd/m+(mn—k)(1L+7)+> (1 —7)
i=1 i=1
:m(n—l)(l—l—ﬁ)+m—|—z7~‘i— Z 7~‘H—Z(7‘1—Ti)
i=1 i=k+1 i=1

+ Z Ti + kd/m
i=k+1

=mn—-1)14+7m)+m+v+vy+ Z (i —7) + (k0)/m
i=k+1
<mn—-1)1+m)+m+~y+v+0

(using (72) and (73)). This proves (18). Finally (in case (a)), suppose that
k = K. Then, using the above arguments, if d(I) < N~'=75~9/™ we obtain
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the estimate (16), while if d(I) > N~1~75~9/™ e obtain the estimate (1

8).
)

Adding these estimates yields (17), which completes the proof of case (a).

(

(
Next, consider case (b). For a fixed equivalence class [q] € [Q(N)], it
follows from (6) that the number of collections B(q,t) with (q,t) € S([q]),
which have at least one ball intersecting the set I, is

|m| d(I) m atm+v—a+9§
< N-—-1-Tita/m—5/m - d(I) N ’
i=1

and the number of balls B in each such collection B(q,t) is
acry Y ! e
(28) < (N—(1+n)> [[ N7 = d(ymir =D Nme=D0m+,
i=1
Hence the number of balls corresponding to a single equivalence class which
intersect [ is
< d([)mnNerl/7Oé+5+m(n71)(1+71)+’y‘

The number of possible equivalence classes is < N®~9 which, together with
the above estimate, gives (19).

Finally, in case (c) it follows from (iv) of Lemma 2.5 that the number of
collections B(q,t) with (q,t) € S([q]), which have at least one ball inter-
secting the set I is < d(I)"™x([q]). Using the estimate (23) for the number of
balls in each such collection and summing over the set of equivalence classes
[d] € [Q(N)] yields (20). This completes the proof of Lemma 2.7. =

Now, it will be shown that if § > 0 is sufficiently small then we have
dim Wo(m,n; 1) > 0 := Dg(m,n;T) —40. On letting § — 0 this yields the
required lower bound for dim Wg(m,n;7), which will complete the proof,
subject to the additional conditions imposed above.

Choose Ny > 0 sufficiently large that
(24) 463N0*(0*V)*5(1+71) < o

(this is possible since o > v). Let F be any countable family of sets I in R™
of positive diameter d(I) < 1n=1(2Ny)~(+™) with

(25) Vo(F) =) d(I)*

IcF

We will show that the family F cannot cover the set Wg(m,n;7) N U and
hence, by definition, m,(Wg(m,n;7)) > 0, which proves dim Wg(m, n; 1)
> 0. To do this we construct a sequence of sets U D Jy D J1 D ...,
where J; C R™" is the union of M; > 0 pairwise disjoint balls and integers
Ny < Ny < ..., such that for j > 1, the following conditions are satisfied:
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(i); J; intersects no I € F with d(I) > %n_1(2Nj)_(1+71);
(ii); each ball of J; has diameter n=*(2N;)~(1+7) and their centres are

at least a distance 4N J._(Hﬂ)

(iii); if X € Jj, there is a q € @(Nj) such that ||x; - q|| < |q|7™, for
t=1,...,m;

(iv); M; > 40302_12m"(1+ﬁ)Nj_(G_V)+mn(1+ﬁ)_5(l+ﬁ) (we suppose that
J is sufficiently small that the exponent of N; here is positive).

apart;

Supposing that such sequences exist, let

Joo = ﬁ Jj.
j=0

Since the sequence J;,j = 0,1,..., is a decreasing sequence of non-empty
closed bounded sets in R™", J,, is non-empty. By (i);, Joo does not intersect
any set I € F, while by (iii);, Joo C Wg(m,n; 7). Thus, F does not cover
Wgq(m,n; 7).

The construction is by induction. Let Jy be the ball of diameter 1 and
centre (%, e %), and let Ny be as above. Now suppose that Jo, J1,...,Jj_1,
No, Ni,...,N;_; have already been constructed satisfying the above condi-
tions, for some j > 1. We will construct J; and IN;. Let D be a ball of J;_;
and let C = %D. Applying Lemma 2.7 to C' we choose N; = N such that
N;H‘S <n~H2N;_;)~(*7) and we obtain the corresponding collection of
balls B = B(D). Let

g = |J BWD),
DeJj_y
and let
Fif={rer . N;O™ <y < NSOTEY k=10 m -,
F2={IeF :N;T™) <q(I) < N7,
Fd={leF N7'" <dq() < N (T,

Taking H; to be the set of balls in G; which intersect a set I € |, ]:]-l’k U
.7-"]2 U .7-";’, we define J; to be the union of the balls in the collection G; \’Hj.
Thus, we have .J; C J;_1 and (i); holds (because d(I) < 2n~1(2Ny) =+,
I € F,if j =1, and because of (i);_; if j > 1). Also, (ii),; and (iii); follow
from (i) and (ii) of Lemma 2.7. It remains to consider (iv);.

If I e, fjl’k U F7 UF?, then I cannot intersect balls in B(D) for two
distinct balls D € J;_1 (because of (ii),_1, if j > 1). Therefore, by part (iv)
of Lemma 2.7,
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K
(26) C§1|H]-| < Z Z d(])mn_kN](mn_k)(l"'Tl)""Z?:l(Tl—‘n)
k=1r1eF}*
m—1
+ 3 % d(nymn N e
k=K jeF}*
mn arm(n—1)(1+71)+m+v+
+.§£:(ﬂ[) N (n=1)(1471)+m+v+vy
IeF?
+ 3 Ay Ny Ny,
IeF3
We now estimate the various sums in (26). First we consider the integers

k such that 1 < k < K, and suppose that mn — k — ¢ < 0. Then, by the
definition of F jl’k, we have

mn—k _ mn—k— —(mn—k—o)(1+7)
A1) = d(I)ed(1™ =2 < d(I)eN; 3
and so, using (25), we obtain

mn— mn—k)(1+711)+ f: =Ty
$ d(rymnmk TR AETERL () o NG
rer} "

where
k

C=—(mn—k—0)(1+m)+ (mn—k)(1+7)+ Z(ﬁ — 7).

Now, by the definition of Dg(m,n;T),
—(mn—k—0)(14+7m)< —(m—k)(Q1+7m%)+m+v

+ Z(Tk — 1) —46(1 + 1)
i=k

=k+v— Z T —40(1 + 7%),
i=k+1
SO
C<mn—-—1)A4+7m)+m+v+y—45(1 + 7).
If mn — k — o > 0 similar calculations yield
k

C=—(mn—k—0)(1+7Tk41)+(mn—k)(1+m)+ Z(Tl —Ti),

=1

and
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—(mn =k = 0)(1+ Tk41)

< —(m— k‘)(l +7'k+1) +m+v+ Z (Tk+1 —Ti) —45(1 +Tk+1)
i=k+1

=k+v— Z 7i —40(1 4+ Ti41),
i=k+1
SO

¢<mn—1)(1+m)+m+v+y—40(1+ 7p41).
Next we consider k such that K < k < m — 1. In this case we use

mTl—V—ZZI(Tl—Ti)+45: oc—v

27 mn — o >
(27) e= 1+7 + 7

+46>46>0

(since o > v), to obtain the estimate

Z d(I)mnN;l("—l)(l-i-Tl)+M+u+’y+5 < NjC7
1eF;*
where
(=—mn—0)(1+m1)+mn—1)1+7m)+m+v+vy+9
<m(n—1)(1+7)+m+v+vy—36
for ¢ sufficiently small.

For the summation over F7 in (26) we again use (27) to obtain a similar
estimate with

C=—(mn—-—o)1=8)4+mn-1)1+m)+m+v+y+06
<m(n—=1)1+71)+m+v+vy—30,

for § sufficiently small.
Finally, for the summation over F3 in (26) we obtain (using (27))

Z d(I)mnX(N])N‘;?l(n_l)(1+T1)+'Y
IeF?

— — 1+7 -1 (147
< NJ}TTL 0)(1+ 1)X(N])N]m(n Y(1471)+

—(oc—v)—06(1+T —1) (147
< Nj—(l )—o(1+ I)X(N])ij(” )(1+ 1)+7'

Combining the above estimates, we obtain

(28) M| < 263N, 77700 X (v N D TR

for sufficiently large N; (using the estimate X (N) > N™¥=39/2 in Lem-
ma 2.7).
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Now suppose that j = 1. By (iii) of Lemma 2.7 (with d(C) = 1), together
with (24) and (28),

‘gl‘ Z C2X(N1)N{n(n_1)(1+7'1)+’y 2 2|H1‘
Hence,
My > |G| = [Hal = 622_1X(N1)N{n(”*1)(1+ﬁ)+7’
so (iv); holds for sufficiently large Nj.

Next suppose that j > 1. Then, by (iii) of Lemma 2.7, (ii);_1, (iv);—1
and (28),

(29) |g]‘ > Mj_lc2(2Nj_1)7mn(1+7'1)X(Nj)N;n(nfl)(1+Tl)+’Y
> 4C3Nj__(f_y)_5(1+ﬂ)X(Nj)N;l(n_l)(1+ﬂ)+’y > 2[H,|.

Thus, M; > |G,| — |H,| > 3|G;|, and it follows from (29) that (iv); holds
for sufficiently large N; if ¢ is sufficiently small. This completes the proof of
the theorem under the various particular assumptions made in the course of
the argument, viz., v > o > 0 and o > v.

We now remove these assumptions. Firstly, we note that the cases when
v = a > 0 and when v = 0 (with ¢ > v), can be dealt with by a similar
method to that described in the final paragraph of [10]. Next, when o = v
(for any v > 0) the estimate dim Wg(m,n;T) > Dg(m,n;T) follows from
the result just proved by using the continuity argument following Lemma 1
n [11] (elements 7 € G have o > v, but any 7 for which ¢ = v lies on the
boundary of G).

Now suppose that ¢ < v. Then, for each k£ with 1 < k < m,

mA v+ k= T) om0 (T — )
14 7% - 14 73
m+2f;11 Ti + D ek Th
B 1+ 7
> m+22117k
- 1+ 7

and hence, by the definition, Dg(m,n; T) > mn. Furthermore, if 0 = v then
for k =1,

)

m+V+Z?;1(Tl —7;) . m+Z?i1ﬁ
147 - 147 N
so, together with the previous estimates, this shows that in this case
dim Wo(m,n; ) = Dg(m,n; ) = mn.
Now suppose that ¢ < v. Then, by increasing the components of the
vector T appropriately, we can construct a vector 7 such that o(7) = v, and

hence, since W (m,n; 7) C Wg(m,n; ), the above result for the case 0 = v

9
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gives

B. P. Rynne and H. Dickinson

dim Wg(m,n; 1) > dim Wy (m, n; T) = mn,

which finally completes the proof of the theorem.
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