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For a field theory that is invariant under diffeomorphisms there is a subtle interplay between symmetries,
conservation laws and the phase space of the theory. The natural language for describing these ideas is that
of differential forms, and both differential forms on space-time and differential forms on the infinite
dimensional space of solutions of the equations of motion of the field theory play an important role. There
are exterior derivatives on both spaces, and together they weave a double differential complex which
captures the cohomology of the theory. This is important in the definition of invariants in general relativity,
such as mass and angular momentum and is also relevant to the study of quantum anomalies in gauge
theories. We derive the structure of this double complex and show how it relates to conserved quantities in
gravitational theories. One consequence of the construction is that conserved quantities can be calculated
exactly at finite distance—e.g., it is not necessary to go to asymptotic regimes to calculate the mass or
angular momentum of a stationary solution of Einstein’s equations; they can be obtained exactly by an
integration over any sphere outside the mass even at finite radius.
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I. INTRODUCTION

Conserved quantities are a consequence of Noether’s
theorem. The simplest version of Noether’s theorem
assumes that the Lagrangian governing the dynamics is
invariant under some symmetry operation. Under a general
variation of the fields FI the variation of the Lagrangian
density LðFÞ, viewed as a differential form in an (nþ 1)-
dimensional space-time M, is

δLðFIÞ ¼ EJðFIÞδFJ þ dθ; ð1Þ

where EIðFIÞ ¼ 0 are the equations of motion and
θðFI; δFIÞ is an n-form which depends on the fields and
their variation. When there is symmetry of the dynamics
Noether’s theorem gives an associated conserved charge.
The simplest case is when L itself is an invariant of the
symmetry. If δQ ¼ ϵT Q and δQL ¼ 0, where T Q is a
symmetry generator with an associated charge Q, then

δQL ¼ dθðSI; δQSIÞ ¼ ϵdθðSI; T QSIÞ ¼ 0;

where SI is a solution of the equations of motion. The usual
Noether current associated with the conserved charge Q is
the Hodge dual of θðSI; T QSIÞ

θ ¼ �j;

and it is common in field theory to express the conservation
of the Noether current as a zero divergence condition,

d � j ¼ 0:

Integrating over a region of space-time M bounded by
spacelike hypersurfaces Σ and Σ0 gives1

Z
M

dθ ¼
Z
Σ
θ −

Z
Σ0
θ ¼ 0:

Thus the charge

Q ¼
Z
Σ
�j ¼

Z
Σ0
�j ð2Þ

associated with the symmetry and the chosen solution is an
invariant—independent of the spacelike hypersurface on
which it is evaluated. With Maxwell’s equations, e.g.,

d � F ¼ 4π � j;
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1If Σ and Σ0 have boundaries the fields are assumed to vanish
sufficiently fast there that there is no contribution from any
timelike component of ∂M.
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so �j is exact when the equations of motion are satisfied
and the electric charge is obtained from Gauss’ law,

Q ¼ 1

4π

Z
Σ
d � F ¼ 1

4π

Z
∂Σ

�F;

where ∂Σ is the boundary of Σ, taken to envelop all the
charges.
Under diffeomorphisms L itself is not invariant; it

changes by a surface term, and it is the action that is
invariant, not the Lagrangian density. Conserved currents
can be defined using the energy-momentum tensor Tab:
when K⃗ is a Killing vector ja ¼ Ta

bKb is a conserved
current. This requires splitting L into a “geometrical” part,
such as the Einstein Lagrangian, and a “matter” part from
which Tab is derived.
Things get more interesting when a classical symmetry is

broken quantum mechanically and we have a quantum
anomaly. The Stora-Zumino descent equations then pro-
vide a powerful tool for classifying and understanding
anomalies [1], and quantum anomalies can break diffeo-
morphism invariance, or equivalently local Lorentz invari-
ance [2].
The full story goes much deeper however and is related

to covariant symplectic structures on the phase space of the
theory. It transpires that θ is a 1-form on the cotangent
bundle T�S of the space of solutions S and is related to a
symplectic potential associated with the phase space of the
dynamical theory.
In this work it will be shown how all of these ideas fit

into the same mathematical structure of differential com-
plexes and that the relevant conserved quantities are related
to cohomology classes. Among the key ingredients are a
general coordinate invariant action and a solution of the
equations of motion with a Killing vector generating the
symmetry.
Some years ago Crnković and Witten [3] gave a method

for constructing a symplectic form on the space of solutions
of the equations of motion of a relativistic field theory.
They used their formalism to obtain the appropriate
symplectic forms for Yang-Mills theory and for general
relativity in four dimensions. Their construction provides a
covariant description of relativistic field theories in the
phase space of solutions modulo gauge transformations and
diffeomorhpisms G, Ŝ ¼ S=G, which is ideally suited to
studying symmetries and conserved quantities. The idea of
a symplectic structure for diffeomorphism invariant theo-
ries was first introduced in [4] to investigate instabilities in
rotating relativistic fluids. Wald and Collaborators have
generalized Crnković and Witten’s formalism to a very
wide class of diffeomorphism invariant theories in [5–8]
and studied conserved quantities associated with Killing
symmetries, such as angular momentum in rotationally
invariant solutions and mass in stationary solutions.

This formalism was shown in [8] to reproduce the ADM
mass [9] for stationary asymptotically flat black holes in
Einstein gravity. At the same time it clarifies the origin
of the mysterious factor of 2 that is well-known to
arise when comparing the Komar mass with the ADM
mass [10,11].
It is shown elsewhere [12] that the Brown-York mass

[13] also has a natural interpretation within the framework
of Lee and Wald’s formalism [5]. The Brown-York mass is
defined in terms of the difference of the extrinsic curvature
of the sphere at infinity for a given solution and the
extrinsic curvature of the sphere at infinity in flat space-
time. Being the difference of two solutions of the equations
of motion this is a 1-form on S. It can also be shown [12]
that Lee and Wald’s formalism reproduces the Bondi mass
[14] in stationary space-times.
The construction in [5] is general enough to include

theories with a cosmological constant Λ, of either sign
when Σ is compact without boundary. When Σ has a
boundary one restricts to negative Λ so that the asymptotic
regime of a black hole solution is well-defined. Lee and
Wald’s expression then agrees with the variation of the
Henneaux and Teitelboim mass for asymptotically anti–de
Sitter (AdS) Kerr black holes in four-dimensions [15,16]. It
is not immediately obvious that the Wald and Henneaux-
Teitelboim masses are the same, the details of the calcu-
lation are nontrivial and are given elsewhere [17,18].

II. THE SYMPLECTIC FORM ON
THE SPACE OF SOLUTIONS

In this section we review Wald’s original construction of
the symplectic structure on the space of solutions and the
associated Noether charge arising from diffeomorphism
invariance and show how it is described by a double
complex structure. The analysis is general enough to
include gauge theories and general diffeomorphic invariant
theories of gravity, both in metric formulations and in terms
of local Lorentz frames, vielbeins and connections.
Let F be the space of fields and S the space of solutions

and denote the fields by FI ⊂ F, indexed by I. For
simplicity we shall assume that all the fields, including
the metric, are dynamical—the situation when the metric is
nondynamical is discussed in [8].
A solution of the equations of motion will be denoted by

SI ⊂ S. We shall primarily be interested in field configu-
rations which solve the equations of motion, and func-
tionals will depend not only on the fields SI (primary fields)
but also on their partial derivatives of order k, ∂kSIk
(descendants), indexed by Ik.
Consider an action which is an integral over an (nþ 1)-

dimensional manifoldM with a Lagrangian density LðFIÞ,

A½FI� ¼
Z
M

LðFIÞ: ð3Þ
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Under a variation of the fields the Lagrangian changes from
L to Lþ δL with

δL ¼ EI ∧ δFI þ dθ; ð4Þ

where

EIðFIÞ ¼ 0 ð5Þ

are the equations of motion, θðFI; δFIÞ is an n-form onM.
Under a second variation of the fields we define [3,5,7]

ωðFI; δ1FI; δ2FIÞ ≔ δ1θ2 − δ2θ1; ð6Þ

where θ1 ¼ θðFI; δ1FIÞ and θ2 ¼ θðFI; δ2FIÞ. Demanding
that FI are a solution of the equations of motion determines
a point in the space of solutions, S. We further demand that
δ1FI and δ2FI are solutions of the linearized equations of
motion (denoted δ1SI and δ2SI) in the sense that

EIðSJ þ δSJÞ ≈ EIðSJÞ þ δEIðSJÞ ¼ δEIðSJÞ ¼ 0; ð7Þ

to first order in δEJ. Then θ is a 1-form on T�S and ω a
2-form (they are both n-forms on T�M).
In this context a field variation δ can be viewed as the

exterior derivative on the space of solutions, with δ2 ¼ 0.
We shall adopt the convention that boldface symbols
represent differential forms on S and write

ω ¼ δθ: ð8Þ

From now on it will always be assumed that SI satisfy the
equations of motion and all δSI satisfy the linearized
equations of motion (7), so we are always dealing with
differential forms on S. For brevity we shall refer to such
field configurations as “on shell”. Thus Eq. (4) is

δL ¼ dθ ð9Þ

on shell, and this then implies that

0 ¼ δ2L ¼ δdθ ¼ dδθ ¼ dω; ð10Þ

since the exterior derivative d onM does not depend on the
fields and dδ ¼ δd. Hence ω is d-closed on shell.
Adding a total derivative to the action density does not

change the equations of motion but can change ω by a total
derivative. If

L → L0 ¼ Lþ dα

then, again on shell,

δL0 ¼ δLþ δdα ¼ δLþ dδα ¼ dðθþ δαÞ ¼ dθ0

with

θ0 ¼ θþ δαþ dψ; ð11Þ

where ψ is an (n − 2)-form onM and a 1-form on S. Now

δθ0 ¼ δθþ dδψ

so

ω0 ¼ ωþ dδψ:

Thus if Σ is a hypersurface inM which is compact without
boundary

Θ0 ≔
Z
Σ
θ0 ¼

Z
Σ
θþ δ

�Z
Σ
α

�
¼ Θþ δ

�Z
Σ
α

�
ð12Þ

and

Ω ¼ δΘ ¼
Z
Σ
ω ¼

Z
Σ
ω0 ¼ δΘ0 ð13Þ

is unchanged. If Σ has a boundary ∂Σ these expression are
still valid provided

R
∂Σ ψ ¼ 0.

On the other hand the variation of the action

δA ¼
Z
M
ðdθþ EI ∧ δSIÞ ¼

Z
M

dθ ¼
Z
∂M

θ

on shell so, since δ2 ¼ 0,

δ2A ¼
Z
∂M

δθ ¼
Z
∂M

ω ¼ 0:

If ∂M consists of two spacelike hypersurfaces Σ and Σ0,
connected by a timelike tube,2 on which the fields and θ
vanish then, with appropriate orientations for Σ and Σ0,

Z
∂M

ω ¼
Z
Σ
ω −

Z
Σ0
ω ¼ 0

and

Ω ¼
Z
Σ
ω ¼

Z
Σ0
ω ¼

Z
Σ
ω0 ð14Þ

is independent of the spacelike hypersurface chosen and of
any total derivatives added to the Lagrangian.
If Σ is a Cauchy surface then Ω is a presymplectic form

on S, in the sense of [3], andΘ is a presymplectic potential.
They are not quite symplectic because we still need to
factor out diffeomorphisms and restrict S to Ŝ ¼ S=G.

2i.e., an n-dimensional space with one timelike direction and
(n − 1) spacelike directions.
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The above discussion is summarized in the on shell
commutative diagram below

ð15Þ

Mathematically the structure here is that of a doubly
graded complex [19] and, as for any such complex, it can
easily be reduced to a single complex. Let Wp;q denote the
space of p-forms on S and q-forms on M. Then a singly
graded complex is obtained by taking the space of constant
total degree r,

Wr ¼ ⨁
pþq¼r

Wp;q

and defining a differential operator

D ¼ δþ ð−1Þpd

acting on Wr and sending Wr → Wrþ1, with D2 ¼ 0. Then

is a singly graded complex. In particular

DfðLþ dαÞ þ ðθþ δα − dψÞ þ δψg
¼ ðδLþ δdαÞ þ ðδθ − δdψ − dθ − dδαÞ þ dδψ

¼ δθ ¼ ω:

Integrating the n-forms θ and ω over Σ gives the
following cohomology on the space of solutions:

III. DIFFEOMORPHISMS AND
KILLING SYMMETRIES

A. General diffeomorphisms

We would like to understand how diffeomorphisms fit
into this picture. Diffeomorphisms are generated by an
infinitesimal vector field ϵX⃗ with ϵ an infinitesimally small
constant. X⃗ generates a variation of the fields

δFI ¼ ϵLX⃗F
I ¼ ϵdiX⃗F

I þ ϵiX⃗dF
I: ð16Þ

One might expect that, since X⃗ is a fixed vector field
independent of the fields FI ,

δLX⃗ ¼ LX⃗δ and δiX⃗ ¼ iX⃗δ

but we should remember that we are interpreting ϵLX⃗F
I as

a 1-form on S. It is convenient to promote ϵ to be a constant
Grassmann parameter ϵ, where ϵ is a 1-form on S which
anticommutes with δ, and write

δX⃗ ¼ ϵLX⃗ ð17Þ

with

δX⃗δ ¼ −δδX⃗:

This maintains the condition dδ ¼ δd, since iX⃗δ ¼ δiX⃗.
It is then natural to decompose the exterior derivative δ

on S into a genuine physical variation of the fields δ̂ and a
variation arising from diffeomorphisms,

δ ¼ δ̂þ δX⃗ ¼ δ̂þ ϵLX⃗: ð18Þ

If the solution depends on a set of parameters (moduli) then
the variation δ̂ can be induced by varying the parameters—
it is an exterior derivative on the moduli space. This
decomposition is unique, if there were different decom-
positions

δ ¼ δ̂þ δX⃗ ¼ δ̂0 þ δX⃗ 0

then

δ̂ − δ̂0 ¼ δX⃗ − δX⃗ 0

and both sides must vanish since the left-hand side is a
genuine physical variation of the fields and the right-hand
side is a diffeomorphism.
There is a similar decomposition of forms, any 1-form η

on S (and q-form on M) can be decomposed as

η ¼ η̂þ ηX⃗ ¼ η̂þ ϵηðX⃗Þ; ð19Þ

where ηX⃗ ¼ ϵηðX⃗Þ with ηðX⃗Þ a q-form on M and a
function on S. In particular

θ ¼ θ̂þ θX⃗ ¼ θ̂þ ϵθðX⃗Þ; ð20Þ

where θðX⃗Þ is an n-form on M. Then
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dθ ¼ δL ⇒

�
dθ̂ ¼ δ̂L;

dθðX⃗Þ ¼ diX⃗L:
ð21Þ

The Lagrangian L itself is not diffeomorphism invariant
but rather, under a variation which is a diffeomorphism
generated by a vector field X⃗, we have

δX⃗L ¼ ϵdiX⃗L ¼ dθX⃗ ð22Þ

on shell, and all we can deduce from this is that

θX⃗ ¼ ϵiX⃗Lþ JX⃗ ¼ ϵðiX⃗Lþ JðX⃗ÞÞ ð23Þ

with

JðX⃗Þ ≔ θðX⃗Þ − iX⃗L;

and dJðX⃗Þ ¼ 0. JðX⃗Þ is referred to as the Noether current
in [7].
Now JðX⃗Þ is closed, and we shall assume that it is

d-exact on shell. We shall see below, in Eq. (29), that if this
is not the case there is an obstruction to defining a genuine
symplectic structure on Ŝ. So we assume that

JðX⃗Þ ¼ dQðX⃗Þ ð24Þ

on shell and then

θX⃗ ¼ ϵiX⃗Lþ dQX⃗ ¼ ϵðiX⃗Lþ dQðX⃗ÞÞ: ð25Þ

In fact it is argued in [6] that, subject to some mild
conditions, dJðX⃗Þ ¼ 0 implies that JðX⃗Þ is d-exact but
there are some subtleties in the argument,3 so we shall
simply assume that JðX⃗Þ is d-exact.
This then has important consequences for the presym-

plectic density ω. We have

ω ¼ δθ ¼ ðδ̂þ δX⃗Þðθ̂þ θX⃗Þ
¼ δ̂ θ̂þδX⃗θ̂þ δ̂θX⃗ þ δX⃗θX⃗

¼ ω̂þ δX⃗θ̂þ δ̂θX⃗;

where ω̂ ¼ δ̂ θ̂ and δX⃗θX⃗ vanishes because ϵ2 ¼ 0. Now

δX⃗θ̂þ δ̂θX⃗ ¼ ϵLX⃗θ̂þ δ̂ðϵiX⃗Lþ ϵJðX⃗ÞÞ using ð23Þ
¼ ϵððdiX⃗θ̂þ iX⃗dθ̂Þ − iX⃗δ̂L − δ̂dQðX⃗ÞÞ
¼ ϵðdiX⃗θ̂ − δ̂dQðX⃗ÞÞ using ð21Þ
≔ ϵdϕðX⃗Þ;

where

ϕðX⃗Þ ¼ iX⃗θ̂ − δ̂QðX⃗Þ mod d: ð26Þ

Since

δX⃗θ̂þ δ̂θX⃗ ¼ ωðδX⃗FI; δ̂FIÞ

this relates to the Hamiltonian flow [7]—if there is a
Hamiltonian H½X⃗� on phase space that generates the
evolution corresponding to the flow arising from X⃗ (not
necessarily timelike) then

ωðδX⃗FI; δ̂FIÞ ¼ −δ̂hX⃗ ¼ ϵδ̂hðX⃗Þ

with

δ̂hðX⃗Þ ¼ dϕðX⃗Þ ¼ dfiX⃗θ̂ − δ̂QðX⃗Þg

the variation of the corresponding Hamiltonian density. In
that case we can define a HamiltonianH½X⃗� which satisfies

δ̂H½X⃗� ¼
Z
Σ
δ̂hðX⃗Þ ¼

Z
∂Σ
ðiX⃗θ̂ − δ̂QðXÞÞ:

If X⃗ does not vanish on the boundary and

Z
∂Σ

iX⃗θ̂ ≠ 0

then a Hamiltonian corresponding to the flow generated by
X⃗ will only exist if

R
∂Σ iX⃗θ̂ is δ-exact. The existence of such

a Hamiltonian requires this integrability condition which is
decided by the specific theory in question, [7].
We can see that hðX⃗Þ and JðX⃗Þ are well-defined in

cohomology. Under the change L → Lþ dα and θ → θþ
δαþ dψ,

JX⃗ ¼ θX⃗ − ϵiX⃗L → JX⃗ þ dðϵiX⃗αþ ψ X⃗Þ
¼ ϵfJðX⃗Þ þ dðiX⃗αþ ψðX⃗ÞÞg

is unchanged if we choose ψðX⃗Þ ¼ −iX⃗α mod d. This
together with

θ̂ → θ̂þ δ̂αþ dψ̂;

then shows that

3For example it does not apply to the presymplectic density ω
which is also d-closed (10). One of the conditions in [6] for a
closed form which depends on some dynamical fields to be exact
is that it must vanish when the fields vanish. As long as ω can be
put in Darboux form (e.g., see [5] for the case of Einstein gravity
and [12] for Einstein gravity with a cosmological constant) it does
not vanish when the fields vanish, because the components are
constant in Darboux coordinates.
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ϵδ̂hðX⃗Þ → ϵδ̂hðX⃗Þ − δ̂ϵdðiX⃗αþ ψðX⃗ÞÞ − ϵdiX⃗ðδ̂αþ dψ̂Þ
¼ δ̂hX⃗ þ ϵfδ̂dψðX⃗Þ − diX⃗dψ̂g

is unchanged provided we choose ψ̂ such that

iX⃗dψ̂ ¼ δ̂ψðX⃗Þ ¼ −iX⃗δ̂α mod d:

In any case, whether or not a Hamiltonian exists, we
have, assuming J ¼ dQ on shell,

δX⃗θ̂þ δ̂θX⃗ ¼ dϕX⃗ ð27Þ
with

ϕX⃗ ≔ ϵiX⃗θ̂þ δ̂QX⃗ mod d ð28Þ
and

ϵiX⃗θ̂þ δ̂QX⃗ ¼ ϵðiX⃗θ̂ − δ̂QðX⃗ÞÞ:
This results in the important conclusion that, for a

diffeomorphism X⃗,

ω ¼ ω̂þ dϕX⃗; ð29Þ
and this guarantees that

ω̂ ¼ δ̂ θ̂þδ̂ϕX⃗

is a bona fide symplectic density on T�Ŝ when Σ is compact
without boundary, because it pulls back to ωmod d under
the projection from S to Ŝ as demanded in [3]. If Σ is
compact without boundary it follows that Ω̂ on Ŝ pulls back
to the presymplectic form Ω on T�S. If Σ has a boundary
∂Σ then we must restrict the diffeomorphisms to allow
only those for which the vector fields generating them
fall off fast enough at the boundary so that surface terms
vanish.
The essence of the above formulas is summarized in the

following on shell diagram:

ð30Þ

Integrating the upper member of the middle row over Σ
gives

Θ̂ ¼
Z
Σ
θ̂→

δ̂ Ω̂ ¼
Z
Σ
ω̂:

We have here a double complex [19] whose general
structure is

In principle subsequent diffeomorphisms could be gener-
ated by different vector fields X⃗ and Y⃗, though the analysis
above assumed X⃗ ¼ Y⃗ in order to understand how a single
diffeomorphism affected ω in (29).
Note that ϵiX⃗ preserves the total degree pþ q of the

forms on Wr.

B. Killing symmetries and conserved charges

The formalism really comes into its own for discussing
symmetries. If the classical action has symmetries that are
broken at the quantum level there are anomalies and the
double complex sketched in (30) is the natural framework
for analyzing the Stora-Zumino descent equations. These
can include gravitational anomalies associated with local
Lorentz invariance and diffeomorphism anomalies, which
are equivalent [2], but we shall not analyze anomalies here.
Consider (27) when X⃗ ¼ K⃗

δK⃗θ̂þ δ̂θK⃗ ¼ δ̂θK⃗ ¼ dϕK⃗ ð31Þ

and, for K⃗ Killing,

ϵLK⃗L ¼ ϵdiK⃗L ¼ dθK⃗ ¼ 0
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so θK⃗ is d-closed. In fact since θK⃗ is linear in LK⃗F
I and

LK⃗∂kFI we expect that θK⃗ ¼ 0 when K⃗ is Killing.4 For the

same reason δK⃗ θ̂ ¼ 0 and

dϕK⃗ ¼ 0 ð32Þ

with

ϕK⃗ ¼ ϵiK⃗ θ̂þ δ̂QK⃗ ¼ ϵðiK⃗ θ̂ − δ̂QðK⃗ÞÞ:

Two important conclusions immediately follow:
(i) From (29) and (32)

ω ¼ ω̂

for a Killing symmetry.
(ii) If we can foliate Σ into hypersurfaces σr (e.g., r

could be a radial coordinate) then we can integrate
over a piece of Σwhich is a thick shell Σ½r;r0� between
r and r0 and

Z
Σ½r;r0 �

dϕK⃗ ¼
Z
σr0

ϕK⃗ −
Z
σr

ϕK⃗ ¼ 0

implies that

Φ½K⃗� ≔
Z
σr

ϕðK⃗Þ ¼
Z
σr

ðiK⃗ θ̂ − δ̂QðK⃗ÞÞ;

a 1-form on T�S, is independent of r. For example
σr might be an (n − 1) sphere, and it can be
convenient to evaluate Φ at r → ∞ but the formal-
ism here shows that this is not essential. Any value
of r can be used in principle, though in practice it is
usually easier to do the integrals at r → ∞. It is not
even necessary to use a round sphere.

Recalling the discussion of the Hamiltonian there may be
an obstruction to obtaining a genuine charge from Φ½K⃗�, it
is a 1-form on T�S and does not yet yield a charge. A
genuine charge emerges from this construction only if iK⃗ θ̂

is δ̂-exact. If this is this case, and only if this is the case, we
can write

iK⃗ θ̂ ¼ δ̂μðK⃗Þ ð33Þ

and define

ρðK⃗Þ ¼ μðK⃗Þ −QðK⃗Þ; ð34Þ

with ρðK⃗Þ an (n − 1)-form on M satisfying

δ̂ρðK⃗Þ ¼ ϕðK⃗Þ; δ̂hðK⃗Þ ¼ δ̂dρðK⃗Þ:

When K⃗ is Killing dϕðK⃗Þ ¼ 0 and we then have an
invariant

δ̂H½K⃗� ¼
Z
∂Σ

δ̂ρðK⃗Þ ¼ 0:

Again if ∂Σ ¼ σr ∪ σr0

δ̂Q ≔
Z
σr

δ̂ρðK⃗Þ ¼
Z
σr0

δ̂ρðK⃗Þ

is independent of which copy of σ it is evaluated on. We can
associate a Noether charge5

Q½K⃗� ¼
Z
σ
ρðK⃗Þ ð35Þ

with the symmetry K⃗, for which

δ̂Q½K⃗� ¼ Φ½K⃗�:
For example for a stationary space-time, with Killing vector

K⃗ ¼ ∂
∂t, Q½K⃗� is a mass while for an axially symmetric

space-time, with Killing vector K⃗ ¼ ∂
∂φ,Q½K⃗� is the angular

momentum associated with the space-time.
In summary, given a solution of the equations of motion

with Killing vector K⃗, we define the (n − 1)-form QðK⃗Þ
mod d by

dQðK⃗Þ ¼ θðK⃗Þ − iK⃗L:

Then, if and only if iK⃗θ ¼ δ̂μðK⃗Þ is δ-exact, we have

δ̂Q½K⃗� ¼ δ̂
Z
σr

ρðK⃗Þ ¼
Z
σr

ðiK⃗ θ̂ − δ̂QðK⃗ÞÞ:

In analogy with (2) we define a 2-form to be the Hodge
dual of ρðK⃗Þ,

ρðK⃗Þ ¼ �J ðK⃗Þ; ð36Þ
and

Q½K⃗� ¼
Z
σ
�J ðK⃗Þ

with d � J ¼ 0 on shell. For a space-time symmetry
generated by a Killing vector K⃗ the analogue of a
Noether current is a Noether 2-form.

4For gauge theories this might not be strictly true. For
electromagnetism, e.g., L¼−1

2
F∧�F and θK⃗ ¼−ϵðLK⃗AÞ∧�F.

While LK⃗ � F ¼ 0 by assumption LK⃗Amight not be. But on shell
θK⃗ ¼ −ϵðiK⃗FÞ ∧ �Fmod d and so is invariant mod d under a
gauge transformation.

5In general this is not the same as Wald’s Noether charge
associated with the entropy in [7].
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We have the sequence

IV. EXAMPLE: EINSTEIN GRAVITY AND THE
SCHWARZSCHILD GEOMETRY

As an example of these ideas example consider Einstein
gravity in four dimensions. The Lagrangian is

L ¼ 1

16π
Rab ∧ �eab;

where ea, a ¼ 0, 1, 2, 3 are orthonormal 1-forms,

Rab ¼ dωab þ ωac ∧ ωc
b;

are the curvature 2-forms for the associated connection
1-forms ωab and � is the Hodge star. The connection
1-forms are determined by the torsion free condition

Dea ¼ dea þ ωa
b ∧ eb ¼ 0

and orthonormal indices are lowered with ηab ¼
diagð−1; 0; 0; 0Þ.
Under a variation of the 1-forms, ea → ea þ δea,

δRab ¼ DðδωabÞ

and

δL ¼ 1

16π
fδec ∧ Ec þDðδωabÞ ∧ �eabg

¼ 1

16π
fðδec ∧ Ec þ dððδωabÞ ∧ �eabÞg;

where Einstein’s equations are

Ec ¼ Rab ∧ �eabc ¼ 0:

From this we get6

θðδeaÞ ¼ ðδωabÞ ∧ �eab: ð37Þ

For a diffeomorphism, δea ¼ LX⃗e
a,

θðLX⃗e
aÞ ¼ 1

16π
ðLX⃗ωabÞ ∧ �eab ¼ −

1

16π
d � dX ð38Þ

on shell. Also

LX⃗θðδeaÞ¼
1

16π
fdiX⃗ðδωab ∧ �eabÞþ iX⃗dðδωab ∧ �eabÞg

¼ 1

16π
fdiX⃗ðδωab ∧ �eabÞþ iX⃗ðDðδωabÞ∧ �eabÞg

¼ 1

16π
fdiX⃗ðδωab ∧ �eabÞþ iX⃗ððδRabÞ∧ �eabÞg:

ð39Þ

By assumption δea satisfies the linearized equations of
motion so

δRab ∧ �eabc ¼ 0 ⇒ δRab ∧ �eab ¼ 0:

Combining (38) and (39) we conclude that the presym-
plectic density satisfies

ωðLX⃗e
a; δea; Þ ¼ LX⃗θðδeaÞ − δθðLX⃗e

aÞ
¼ ðδωabÞ ∧ ðLX⃗ � eabÞ
− ðLX⃗ωabÞ ∧ ðδ � eabÞ

¼ 1

16π
dfiX⃗ðδωab ∧ �eabÞ þ δð�dXÞg;

ð40Þ

and we have obtained

ϕðX⃗Þ ¼ 1

16π
fiX⃗ðδωab ∧ �eabÞ þ δð�dXÞg ð41Þ

for Einstein gravity. When X⃗ ¼ K⃗ is Killing both θðLK⃗e
aÞ

and the symplectic form ωðδea;LK⃗e
aÞ vanish and �dK is

the Komar 2-form.

A. Derivation of Noether mass for
the Schwarzschild solution

To illustrate the above ideas we consider the
Schwarzschild metric

ds2 ¼ −
�
1 −

2m
r

�
dt2 þ

�
1 −

2m
r

�
−1
dr2

þ r2ðdϑ2 þ sin2ϑdφ2Þ:

We choose orthonormal 1-forms

6There is a subtlety here, not all δea correspond to genuine
variations in the metric some are just local tangent space
rotations. Expanding δea ¼ Δa

beb only the symmetric part of
Δab can give genuine metric variations (and some of these are just
diffeomorphisms), the antisymmetric part of Δab is a tangent
space rotation (Lorentz transformation). We ignore this problem
here and just choose a gauge in which Δab is symmetric, but this
is not necessary. This relates to the fact that (9) only defines θ
mod d, in general the antisymmetric part ofΔab can be eliminated
by adding a d-exact form to θ. Full details are given in [12].
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e0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m
r

r
dt; e2 ¼ rdϑ;

e1 ¼ drffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

r

q ; e2 ¼ r sin ϑdφ;

giving connection 1-forms

ω01 ¼ −
m
r2
dt; ω02 ¼ ω03 ¼ 0;

ω12 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m
r

r
dϑ;

ω13 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m
r

r
sin ϑdφ;ω23 ¼ − cosϑdφ: ð42Þ

We shall calculate the mass associated with the Killing
vector

K⃗ ¼ ∂
∂t

and its metric dual 1-form

K ¼ −
�
1 −

2m
r

�
dt

[with signature ð−;þ;þ;þÞ]. We have

dK ¼ 2m
r2

e01 ð43Þ

and

�dK ¼ 2m
r2

e23 ¼ 2m sin ϑdϑ ∧ dφ ð44Þ

(we use conventions with 1 ¼ e0123 and �e01 ¼ e23). Note
that d � dK ¼ 0 so θðK⃗Þ ¼ 0.
Now suppose the metric variation δea is induced by

varying the parameter m. For this variation

δe0 ¼ −
δm

r − 2m
e0; δe1 ¼ δm

r − 2m
e1; δe2 ¼ δe3 ¼ 0;

with δm constant, while (42) gives

δω01 ¼ −
δm
r2

e0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

r

q ;

δω12 ¼
δm
r2

e2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

r

q ;

δω13 ¼
δm
r2

e3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

r

q : ð45Þ

The variations (45) produce

iK⃗ðδωab ∧ �eabÞ ¼ 2δm
r2

e23:

Also from (44)

δð�dKÞ ¼ 2δm
r2

e23;

and these combine in (41) to give

ϕðK⃗Þ ¼ 1

4π

δm
r2

e23 ¼ δm
4π

sinϑdϑdφ:

Now we choose constant time slices Σ with 2m < r < ∞,
0 ≤ ϑ ≤ π and 0 ≤ φ < 2π. σr are 2-spheres of radius r,
and

δQðK⃗Þ ¼
Z
σr

ϕðK⃗Þ ¼ δm
4π

Z
π

0

Z
2π

0

sin ϑdϑdφ ¼ δm

so

Q ¼ 1

4π

Z
S2
m sin ϑdϑdφ;¼ m: ð46Þ

The parameter m in the Schwarzschild metric is indeed the
mass, as expected.
Note that the final answer is independent of r, it is not

necessary to take r → ∞ in order to calculate the mass.
Indeed in this example

J ¼ m
4πr2

e01

and (46) is exactly analogous to Gauss’ law in electrostat-
ics. This similarity between the Maxwell 2-form field
strength F and J ¼ dK for a Killing vector K⃗ was pointed
out in [20].

V. THE RELATION BETWEEN THE NOETHER
CURRENT AND THE NOETHER 2-FORM

In this section we expand further on the relation between
the Noether current j and the Noether 2-form J for space-
time symmetries. Under a variation of the fields

δL ¼ dθ

on shell. The conventional Noether current is obtained from
a symmetry generator T Q under which the Lagrangian is
invariant on shell,

T QL ¼ dθ ¼ 0

and
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θ ¼ �j:
For a Killing symmetry generated by a vector field K⃗

LK⃗L ¼ diK⃗L

and

dfθðK⃗Þ − iK⃗Lg ¼ 0:

If θðK⃗Þ − iK⃗L is d-exact we define QðK⃗Þmod d via

dQðK⃗Þ ¼ θðK⃗Þ − iK⃗L:

Under a genuine variation of the dynamical fields, which is
not a diffeomorphism,

δ̂L ¼ dθ̂;

and, if iK⃗ θ̂ is δ̂-exact,

iK⃗θ̂ ¼ δ̂μðK⃗Þ:
The 2-form J ðK⃗Þ (that is a 2-form on T�M) is then
defined via

δ̂ � J ¼ δ̂μ − δ̂Q:

The definition of J is very different to the standard
approach to the Noether current for space-time symmetries
associated with a Killing vector. The standard approach
assumes that the Lagrangian can be decomposed into a
“geometrical” term and a “matter” term, e.g., for Einstein
gravity

L ¼ −
1

16π
Rab ∧ �eab þ LMatter:

If the metric is not dynamical only LMatter is considered.
The energy-momentum tensor is defined by varying the
metric in LMatter, even if it is not dynamical. In terms of
orthonormal 1-forms

δeaðLMatterÞ ¼ δea ∧ τa;

where

τa ¼ Tab � eb:
Conservation of energy-momentum can be expressed as

Dτa ¼ 0 ⇔ DaTa
b ¼ 0;

and we assume this is true on shell. Then for a diffeo-
morphism δea ¼ LX⃗e

a and

δX⃗LMatter ¼ ðdiX⃗ea þ iX⃗de
aÞ ∧ τa

¼ ðdXa þ ωa
bXb − ðiX⃗ωa

bÞebÞ ∧ τa

¼ ðDXaÞ ∧ τa

¼ dðXaτaÞ;

where we have used eb ∧ τa ¼ Tab � 1 and ωab ¼ −ωba.
If X⃗ ¼ K⃗ is Killing then

δK⃗LMatter ¼ dðKaτaÞ ¼ 0

on shell, and the Noether current

�j ¼ Kaτa

is conserved, d � j ¼ 0 (in components jb ¼ KaTab).
This is clearly on a different footing to conservation of

the 2-form, d � J ¼ 0. The d-cohomology classes of �j
and �J are completely different—they carry different
geometrical information.

VI. DISCUSSION

Wald and Collaborator’s description of diffeomorphic
invariant theories (the generalization ofWitten andCrnković
description of Yang-Mills theories and general relativity)
and the construction of symplectic structures and Noether
charges fits naturally into a double complex structure,
summarized in the commutative diagram (15). This math-
ematical structure is also relevant to quantumanomalies. The
field variations δ include symmetry transformations of the
classical action, and these can generate new terms if there is
a quantum anomaly. The double complex not only gives a
covariant description of phase space and the symplectic
structure as well as classical invariants it also describes the
cohomology of quantum anomalies.
The explicit example of the Schwarzschild metric shows

how the timelike Killing vector generates the Noether
charge associated with the mass. This can be calculated
exactly on any sphere surrounding the event horizon, it is
not necessary to perform the calculation at r → ∞ (the only
role the asymptotic regime plays is to furnish the correct
normalization for the Killing vector, which is chosen to
give ∂

∂t unit length only at r → ∞). This is not in itself a new
result—it was shown that the Noether charge correctly
reproduces the ADM mass for asymptotically flat space-
times in [8]—but the same formalism also correctly
reproduces the Brown-York mass and the Bondi mass as
well as the Henneaux-Teitelboim mass for a rotating black
hole in asymptotically anti–de Sitter space-time, the details
of these will be published elsewhere [12].
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