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SUMMARY
In this paper, a nonlinear autoregressive with exogenous inputs (NARX) digital pre-distortion scheme to linearize power ampliﬁers is proposed. The proposed NARX digital pre-distortion gives better accuracy and
spectral leakage suppression compared with other commonly used Volterra-based techniques. The stability
criterion of the NARX digital pre-distortion is derived from the frequency domain analysis. Simulation is
carried out with a 20 MHz single carrier long-term evolution signal and two-carrier long-term evolution signal and instantaneous to average ratio of 6.2 dB at 0.01% complementary cumulative distribution function
(CCDF). The results of simulation analysis show a slight improvement in adjacent channel leakage ratio performance with 30% reduction in the number of ﬂoating point operations compared with conventional predistortion techniques. Copyright © 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Power ampliﬁers (PAs) are inherently nonlinear devices in which by increasing the input power the
output does not linearly variate with input. This causes limitation in the operating range of a PA.
Some impacts of PA nonlinearity are spectral leakage and in-band distortion. Spectral leakage leads
to superﬂuous emissions and adjacent channel interference which can disrupt signals in adjacent
channels. One simple way to avoid generating adjacent channel leakage is to back-off the PA. In
doing this, a linear operation can be achieved; however, this causes power efﬁciency degradation.
Hence, a solution to efﬁciently linearize a PA is imperative.
Many techniques proposed in the literature to linearize power ampliﬁers by employing digital
pre-distortion techniques. This is due to its several advantages over feedforward linearization techniques [1] such as high ﬂexibility, low cost, and high performance. Popular techniques which have
been presented in the past include Volterra series techniques [2], Hammerstein [3], memory polynomial (MP) pre-distortion [4], and generalized memory polynomial (GMP) pre-distortion [5]. A
nonlinear autoregressive exogenous (NARX) model behaves like an inﬁnite impulse response
(IIR) ﬁlter [6]. This means that the output depends on both past inputs and outputs. This is in contrast to Volterra series techniques with a ﬁnite impulse response (FIR) architecture. The importance
of the NARX model is the inclusion of the output signal in the model which gives additional information that leads to lower number of coefﬁcients.
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In [7], authors proposed an adaptive approach to model PA using a recursive ﬁlter based on IIR
ﬁlter. The advantage of their recursive method was its greater accuracy with less number of coefﬁcients compared with the conventional methods. Some other publications studied the stability and
convergence of the digital pre-distortion (DPD) technique based on IIR structure. In [8], a nonlinear
autoregressive moving average (NARMA) DPD based on multi-lookup table functions was proposed. They used a small-gain theorem based on bounded norms for stability test and derived a criterion to achieve the stability of the NARMA DPD. However, a comprehensive analysis was not
presented for the approach and a comparison with other methods was not given. In [9], a neural network algorithm to implement digital pre-distortion was used. However, no discussion on stability
was provided. In [10], a new recursive prediction technique is proposed. The proposed technique
reduced the mean square error (MSE) and achieved good adjacent channel leakage ratio (ACLR)
performance. However, the main drawback of the proposed approach is in its high complexity
and low convergence speed which causes performance degradation in high data rate applications.
In [11], a new adjacent channel leakage ratio DPD is proposed. Moreover, the NARX DPD model
requires more coefﬁcients compared with the one proposed in this paper, which gives lower complexity by using only linear terms of the output.
In this paper, a low complexity DPD technique based on the NARX model is proposed. The identiﬁcation of the NARX DPD is based on least square (LS) algorithm. To ensure the stability of the
proposed NARX DPD, a stability criterion is derived. The computational complexity is measured
by evaluating the number of ﬂoating point operations (FLOPs).
The rest of the paper is organized as follows. The proposed NARX based DPD technique is
presented in Section II. The LS solution to identify the pre-distortion coefﬁcients is explained.
The stability criterion of the NARX DPD is derived, and a peak cancelation technique to reduce
high peaks is introduced. The computational complexity analysis is provided, and a discussion
on the simulation results for the proposed approach compared with present solutions is compiled
in Section III. Finally, the conclusions from this work are offered.
2. DIGITAL PRE-DISTORTION STRUCTURE
2.1. The nonlinear autoregressive exogenous digital pre-distortion model
The NARX DPD model in general [11] can be expressed by

u½n ¼

K′ X
I
X

aki u½n  iju½n  ijki þ

k¼1 i¼1

K X
M
X

bkm y½n  mjy½n  mjk1 þ e½n;

(1)

k¼1 m¼0

where u[n] and y[n] denote the captured input samples and the captured output samples, respectively, e
[n] is the error of the modeling, a and b are the coefﬁcients extracted from the inverse of the power
ampliﬁer, K′ and K are the nonlinearity orders of autoregressive and exogenous inputs, and I and M
are the input and output memory length, respectively.
Despite the fact that NARX provides better accuracy in modeling, it can suffer from stability
compared with MP. This is addressed by providing a stability criterion in this section. It can be said
that Volterra series and sub-block structures are a subset of NARX. The other consideration while
modeling a nonlinear system is to ensure that all the validation procedures have been performed
and not only by measuring the MSE, which is often uninformative and can lead to ﬁtting to the
noise [6].

2.2. Nonlinear autoregressive exogenous identiﬁcation algorithm
In order to identify the pre-distortion coefﬁcients, the indirect learning architecture based on postdistortion as illustrated in Figure 1 is applied. The coefﬁcients are extracted ﬁrst from the
post-distortion structure and applied to the forward path [12]. It can be shown that the extracted coefﬁcients from the reverse path are the same as pre-distortion coefﬁcients in the forward path [4].
Copyright © 2016 John Wiley & Sons, Ltd.
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Figure 1. Indirect learning architecture with instantaneous to average ratio (IAR) reduction.

In contrast to nonlinear autoregressive moving average exogenous in which the iterative identiﬁcation has to be applied to obtain the coefﬁcients [5], the NARX DPD uses a one-off estimation
by LS algorithm. The LS algorithm to extract these coefﬁcients by assuming K′ = 0 and writing
(1) in matrix form is as follows:

u½n ¼

I
X

ai u½n  i þ

K X
M
X

i¼1

bkm y½n  d  mjy½n  d  mjk1 þ e½n:

(2)

k¼1 m¼0

Let s = 1 + max(I, M), the input of the power ampliﬁer or output of the pre-distortion vector u = [u
[s], u[s + 1], … u[N]]T, e = [e[s], e[s + 1], … e[N]]T, and q = [a1, a2, …, aI, b1, b2, …, bKM]T. The main
feature of (2) is that the nonlinearity order of autoregressive as indicated in (1) by K′ is zero. This
results in lower number of coefﬁcients in identiﬁcation algorithm and forward path, which reduces
the number of FLOPs.
Both (1) and (2) can be written using delay operator notation, where q 1 represents a unit delay
as follows:
u½n ¼ AðqÞu½nju½njk1 þ BðqÞy½njy½njk1 ;

(3)

Figure 2. Nonlinear autoregressive exogenous digital pre-distortion (NARX DPD) block diagram a) Original NARX DPD b) Low complexity NARX DPD.
Copyright © 2016 John Wiley & Sons, Ltd.
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K X
I
X

where AðqÞ ¼

aki qi and BðqÞ ¼

k¼1 i¼1

K X
M
X

bkm qm .

k¼1 m¼0

u½n ¼ A′ ðqÞu½n þ B′ ðqÞy½njy½njk1 ;
where A′ ðqÞ ¼

I
X

ai qi and B′ ðqÞ ¼

i¼1

K X
M
X

(4)

bkm qm .

k¼1 m¼0

Figure 2 shows the block diagram of NARX DPD. Figure 2(a) is the block diagram of NARX
DPD as expressed in (3) and Figure 2(a) is the block diagram of the low complexity NARX
DPD in (4). The NARX DPD in (2) can be written in matrix form by collecting all the coefﬁcients
of the nonlinear auto regressive and exogenous input into one L × 1 vector, where L, the total number of coefﬁcients equals [K(M + 1) + I] × 1. Each coefﬁcient associated with a sample of signal denotes n.
The post-distortion function for the N data sequence can be written by
u ¼ Pq þ e:

(5)

In (5), P is a matrix of N × L, which can be expressed by
2

pu ðs  1Þ ⋯

pu ðs  IÞ

py ðsÞ

6
⋯ pu ðs þ 1  IÞ py ðs þ 1Þ
6 pu ðsÞ
6
6 p ðs þ 1Þ ⋯ p ðs þ 2  IÞ p ðs þ 2Þ
u
y
6 u
P¼6
6
⋮
⋱
⋮
⋮
6
6 p ðN  2Þ⋯ p ðN  1  IÞ p ðN  1Þ
4 u
u
y
py ðN Þ
pu ðN  1Þ ⋯ pu ðN  IÞ

⋯

py ðs  M Þ

3

7
⋯ py ðs þ 1  M Þ 7
7
⋯ py ðs þ 2  M Þ 7
7
7;
7
⋱
⋮
7
⋯ py ðN  1  M Þ 7
5
⋯ py ðN  M Þ

(6)

 k1
 
where pu[n] = u[n], py ½n ¼ yG½n yG½n , and G is the PA gain.

The LS solution to identify the coefﬁcients q is given as
^

1

q ¼ ðPT PÞ PT u;

(7)

where ()T denotes complex conjugate transpose, and u is a vector of input samples. The coefﬁcients of
pre-distortion function (q^ ) can be calculated ofﬂine from the measured input and output data stream of
the power ampliﬁer and then applied to the running path. In actual systems, the algorithm used to obtain the coefﬁcients is performed in the processor, and the running path is implemented on the ﬁeld
programmable gate arrays.

2.3. Stability analysis
To derive the stability criterion of the proposed technique, the frequency domain technique should
be used. This is due to the fact that by obtaining the frequency behavior of the pre-distortion function, the stability of the function can be determined. The frequency domain behavior of the predistortion in this paper is evaluated by the ACLR parameter. In [13], the bounded input bounded
output of the NARX model to ensure the stability is obtained from its frequency response. The
MSE an be expressed as
n
2 o
 
M SE u^ n ¼ E u^ n  un  ;

(8)

where E is the mean value.
Copyright © 2016 John Wiley & Sons, Ltd.
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The inequality condition can be satisﬁed by obtaining a series of scalar positive real numbers ck0,
ck1, …, ckk as follows:

2
k

H k ðjω1 ; …; jωk j ≤ ck0 þ ck1 H 1 þ ck2 H 1 þ … þ ckk H 1 ;

(9)

where the coefﬁcients ck0, ck1, …, ckk can be recursively determined from the coefﬁcients of NARX
DPD in (2). With the input of the NARX DPD as a generalized input with spectrum V( jω), then the
output spectrum of the NARX DPD, U( jω) is bounded by
K

jU ð jωÞj≤ ⊕

1

k¼1 ð2πÞ


:c :hT :jV j…jVðjωÞj
k1 k k

¼



K

⊕ αk ck :hTk ;

(10)

k¼1

h
i
K
where hK ¼ 1 H 1 …H 1 and the condition that the right side of (10) is convergent is given by the
inequality condition

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
 ﬃ
K
1
g
;
lim
⊕ αk ck ðgÞ<
H
k¼1
1
K→∞
g→∞

(11)

where the operator ⊕ denotes series addition, ck = [ck0 ck1 … ckk], and αk ¼ ð2πÞ1k k jV j⋯jVðjωÞj .
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k

The proof of the stability criterion in (11) can be found in Appendix. In Section III, the stability analysis is performed by evaluating the normalized mean square error (NMSE) parameter with different
coefﬁcients and ACLR performance.

2.4. Instantaneous to average ratio reduction
Instantaneous to average ratio (IAR) is a better comparison metric compared with crest factor reduction. This is because of some nonlinearity that can be tolerated below spectral emission mask. IAR
can be deﬁned as
h

i
jx½nj2
i;
IAR½n ¼ h
E jx½nj2

(12)

where E is the mean value and x(n) is the input signal. Here, a peak cancelation technique [14] is applied to reduce the IAR. The beneﬁt of this approach compared with other techniques such as coding
[15] and scrambling techniques [16, 17] is in lower complexity. In this approach, ﬁrst the magnitude
and phase of a signal is determined and then the peak scaling is created as follows:
cðnÞ ¼

if

jxðnÞj < A

ðjxðnÞj  AÞ∠ xðnÞ if

jxðnÞj ≥ A

0

;

(13)

where x(n) is the input signal, and A is the predeﬁned threshold value. The peak scaled signal of (13)
passes through a ﬁlter to smooth the clipped signal and will be subtracted from the delayed input signal.
vðnÞ ¼ xðn  dÞ 

L
X


ðxlp ðnÞ  Ath Þ:δðn  l p Þeiθlp wðnÞ;

(14)

l p ¼1

where the sign * is the convolution, w(n) is the FIR ﬁlter function, d is the delay, which theoretically
equals the group delay of the FIR ﬁlter, that is. length of the ﬁlter over 2, and L is the number of peaks
above the threshold.
Copyright © 2016 John Wiley & Sons, Ltd.
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The complementary cumulative distribution function (CCDF) of a single carrier long-term evolution (LTE) signal is shown in Figure 3. From this ﬁgure, the IAR reduces 3.1 dB at 0.01% CCDF.
This value for two-carrier LTE-A signal is almost 4.2 dB.
The output signal in then as follows:
3. COMPARISON OF COMPUTATIONAL EFFICIENCY AND NUMERICAL ACCURACY
3.1. Computational overhead
The MP, which is a subset of NARX DPD, can be expressed by
u½n ¼

K X
M
X

bkm v½n  mjv½n  mjk1 ;

(15)

k¼1 m¼0

where v[n] denotes the pre-distortion input signal as shown in Figure 1.
The computational complexity is assessed based on the number of FLOPs [18]. FLOPs indicate
the complexity comprising of the number of additions or subtractions, and multiplications. As explained in [18], the number of FLOPs of a model comprises of basis functions and ﬁltering. Hence,
the total number of FLOPs per sample for MP can be derived as follows:

C total ðM PÞ ¼ C basis þ C filter ¼ ½10 þ 2ðK  1Þ þ ½8KðM þ 1Þ  2;

(16)

where Ctotal represents the total complexity, Cbasis represents the complexity of basis function x(n)|x
(n)|k,  1 and Cﬁlter represents the complexity of the number of coefﬁcients. It should be noted that K
includes both even and odd numbers in order to achieve a more accurate performance.
The generalized memory polynomial, which is also a subset of NARX DPD, can be expressed by

u½ n ¼

Ka X
Ma X
La
K X
M
X
X
bkm v½n  mjv½n  mjk1 þ
ckM L v½n  mjv½n  m  l jk1
k¼1 m¼0

þ

k¼1 m¼0 l¼1

Kb X
Mb X
Lb
X

k1

d kML v½n  mjv½n  m þ l j

(17)

;

k¼1 m¼0 l¼1

where K, Ka, Kb denote the nonlinearity order, M, Ma, Mb denote the memory length, and L, La, Lb
are the delay taps of each branch, respectively.

Figure 3. Complementary cumulative distribution function (CCDF) of single carrier long-term evolution
signal (a) before instantaneous to average ratio (IAR) reduction (b) after IAR reduction.
Copyright © 2016 John Wiley & Sons, Ltd.
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In a similar way, the total number of FLOPs per sample for GMP can be derived as follows:
C total ðGM PÞ ¼ C basis þ C filter ¼ ½10 þ 2ðK  1Þ þ 2ðK a  1ÞLa þ 2ðK b  1ÞLb 
þ½8KðM þ 1Þ þ 8ðK a  1ÞðM a þ 1ÞLa þ 8ðK b  1ÞðM b þ 1ÞLb  2;

(18)

Finally, the total number of FLOPs per sample for the NARX model is given by
C total ðNARX Þ ¼ C basis þ C filter ¼ ½10 þ 2ðK  1Þ þ ½8KðM þ 1Þ  2 þ 8I  2;

(19)

where I is the output samples memory length.

3.2. Numerical analysis
To evaluate the proposed NARX DPD performance, simulations with different signals and PA
models are carried out. Two signals are used in simulations: single carrier LTE and two-carrier
LTE both with 20 MHz bandwidth and IAR of 6.2 dB at 0.01% CCDF. The input back-off is
5 dB. To obtain the NMSE results, 61,440 samples have been captured and used for modeling performance analysis.
In the simulations, two different PA models have been used. The ﬁrst model is based on the MP
[4] given as:
y½n ¼

K X
M
X

bkm u½n  mju½n  mjk1 ;

(20)

k¼1 m¼0

where K and M are the nonlinearity order and the memory length, respectively, and bkm is the complex
coefﬁcients. The AM-AM and AM-PM with and without DPD is shown in Figure 4.The other PA
model is based on ARCTAN [19] with two cascaded ﬁlters, which can be described as follows:
y1 ½n ¼ 0:9x½n þ 0:1x½n  1;

(21)

y2 ½n ¼ 20 arctanð0:7jy1 ½njÞexpði∠y1 ½nÞ;

(22)

y½n ¼ 0:9y2 ½n þ 0:1y2 ½n  1;

(23)

where x[n] and y[n] are the normalized input and output samples, respectively. To model short term
memory effects, two ﬁlters as given by (21) and (23) are included to the ARCTAN model. The

Figure 4. Power ampliﬁer characteristics based on memory polynomial model.
Copyright © 2016 John Wiley & Sons, Ltd.
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obtained coefﬁcients in (21) to (23) show a good representation of a practical PA. Figure 5 shows the
AM-AM and AM-PM with and without DPD. It can be observed that the ARCTAN model exhibits
more memory effect than the MP.
Table I shows the NMSE comparison between the proposed DPD and the conventional predistortion technique with a different number of coefﬁcients for single carrier LTE signal. From
the table, NARX DPD outperforms the other pre-distortion techniques in modeling accuracy and
number of FLOPs. It can be seen that the NMSE value of NARX DPD is even lower with less number of coefﬁcients compared with MP and GMP. Therefore, lower complexity can be achieved by
using NARX DPD, which is shown by calculating the number of FLOPs per sample. The comparison has been shown for different nonlinearity order K = 5 and 10. The number of coefﬁcients is reasonable according to the hardware constraints. The important consideration, however, is the order
of nonlinearity (K), which should be the same for all techniques in order to have a fair comparison.
Similar results can be obtained for two-carrier LTE signal, which shows comparable improvement
by using NARX DPD.
Figure 6 shows the ACLR comparison between the three techniques: MP, GMP, and the proposed DPD technique. From this ﬁgure, the ACLR performance comparison shows slightly better

Figure 5. Power ampliﬁer characteristics based on ARCTAN model.

Table I. NMSE comparison of MP, GMP and NARX DPD for single carrier LTE signal.
Technique
MP
(K = 5, M = 5)
(K = 10, M = 9)
GMP
0
1
K ¼ 5; M ¼ 5
B
C
@ K a ¼ 2; M a ¼ 2; La ¼ 2 A
0

K b ¼ 2; M b ¼ 1; Lb ¼ 1
K ¼ 10; M ¼ 9

No. of coefﬁcients

NMSE (dB)

FLOPs

30
100

46.88
47.65

256
826

40

47.04

292

110

47.81

898

21
51

47.73
48.3

182
432

1

B
C
@ K a ¼ 2; M a ¼ 2; La ¼ 2 A
K b ¼ 2 M b ¼ 1; Lb ¼ 1
NARX
(K = 5, M = 3, I = 1)
(K = 10, M = 4, I = 1)

NMSE, normalized mean square error; MP, memory polynomial; GMP, generalized memory polynomial; NARX DPD, nonlinear autoregressive exogenous digital pre-distortion; LTE, long-term evolution.
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Figure 6. Adjacent channel leakage ratio comparison of a single carrier long-term evolution signal with
memory polynomial power ampliﬁer model (a) without digital pre-distortion (b) memory polynomial (c)
generalized memory polynomial (d) nonlinear autoregressive exogenous digital pre-distortion (K = 5, M = 3,
I = 1) (e) nonlinear autoregressive exogenous digital pre-distortion (K = 5, M = 4, I = 1).

performance with NARX DPD. Further improvement can be achieved when NARX DPD with 26
coefﬁcients is applied; however, the complexity reduction is minor.
Figure 7 shows the ACLR comparison results for two-carrier LTE signal. The result of NARX
DPD with 26 coefﬁcients is almost the same with 21 coefﬁcients, hence is not shown in this ﬁgure.
It can be observed that there is a discontinuity at 0.3 frequency offset. This also exists in the original spectrum of the output signal without DPD. The main reason of this discontinuity is due to the
fact that the signal is two carrier and the Third order inter-modulation (IM3) occurs at that point, but
because of the asymmetric spectrum as a result of memory effects only in one side is more obvious.
The other observation is the different nonlinearity in Figures 6 and 7, which is due to the two different PA used in the simulation.
Table II shows the ACLR comparison for both LTE and LTE signals for different DPD techniques. The results show for both upper band and lower band. It can be observed from this table
that NARX DPD has lower ACLR compared with other DPD techniques. The aforementioned analysis of ACLR and NMSE shows that the proposed NARX DPD technique has excellent stability
and lower spectral leakage for different degrees of coefﬁcients.

Figure 7. Adjacent channel leakage ratio comparison of a two-carrier long-term evolution signal with
ARCTAN power ampliﬁer model (a) without digital pre-distortion (b) memory polynomial (c) generalized
memory polynomial (d) nonlinear autoregressive exogenous digital pre-distortion (K = 5, M = 3, I = 1).
Copyright © 2016 John Wiley & Sons, Ltd.
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Table II. ACLR comparison of different DPD techniques.
Technique

Single carrier LTE ACLR (dBc) (U/L)

Two carrier LTE ACLR (dBc) (U/L)

45/40
65/68
69/70
72/71

40/39
64/59
64/59
63/61

No DPD
MP
GMP
NARX DPD

ACLR, adjacent channel leakage ratio; DPD, digital pre-distortion; LTE, long-term evolution; MP, memory polynomial; GMP,
generalized memory polynomial; NARX DPD, nonlinear autoregressive exogenous digital pre-distortion.

4. CONCLUSIONS
A pre-distortion scheme based on NARX DPD to reduce the computational complexity of the conventional pre-distortion technique is proposed. Indirect learning architecture based on the LS estimation is used to identify the NARX DPD coefﬁcients. The stability criterion of the proposed
DPD technique is theoretically derived and veriﬁed by evaluating the NMSE and ACLR metrics.
Simulation results show 30% reduction in the number of FLOPs with comparable ACLR and
NMSE performance with Volterra series techniques. The results with two different wideband signals and two PA models show excellent stability by applying the proposed NARX DPD technique.
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APPENDIX
By rewriting the NARX DPD in (5), then
u½n ¼

I
X

ai u½n  i þ

i¼1

where z[n] is z½n ¼

K X
M
X

bkm v½n  mjv½n  mjk1 ¼

k¼1 m¼0
K
X

I
X
i¼1

ai u½n  i þ

M
X

bm z½n  m;

(24)

m¼0

bk v½njv½njk1 .

k¼1

The generalized frequency response function using recursive computation algorithm is
M
P

½b0 þ bm exp½jðω1 þ ⋯mωk Þ
):
I
X
1
ai exp½jðω1 þ ⋯ þ ωk Þi

H k ðjω1 ; ⋯; jωk Þ ¼ (m¼1

(25)

i¼1

The frequency transform of (24) can be derived as


 X
K
K
X

H k ðjω1  ; ⋯; jωk Þ X
1 

≤
ZðjωÞdσ
H k ðjω1  ; ⋯; jωk Þk jZ j⋯jZðjωÞj ;
jU ðjωÞj ≤
pﬃﬃﬃ


ω
k1
k1


|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k ð2πÞ
ω1 þ⋯ωn ¼ω
k¼1
k¼1 ð2πÞ
k

(26)
where ðjω1  ; ⋯; jωk Þ is a point on the hyperplane ω1 + ⋯ + ωn = ω, and σ ω denotes a small unit on the
hyperplane.
Copyright © 2016 John Wiley & Sons, Ltd.
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The real number coefﬁcients cn0, cn1, …, cnn can be expressed by
2

k

jH k ðjω1 ; ⋯; jωk Þj ≤ ck0 þ ck1 H 1 þ ck2 H 1 þ ⋯ þ ckk H 1 :

(27)

Now by using the operator ⊕ and by knowing that Z(jω) is bounded by V(jω) because of its ﬁnite
impulse response characteristics, the inequality in (26) yields
1

K

jU ðjωÞj≤ ⊕

k¼1 ð2πÞ

c :hT :jZ j⋯jZðjωÞj≤
k1 k k

K

⊕

1

k¼1 ð2πÞ


:c :hT :jV j…jVðjωÞj
k1 k k

¼

K



⊕ αk ck :hTk ;

k¼1

(28)
which can be rewritten as

jU ðjωÞj ≤ U ¼








K
K
K
K
2
k
⊕ αk ck ð0Þ þ ⊕ αk ck ð1ÞH 1 þ ⊕ αk ck ð2ÞH 1 þ ⋯ þ ⊕ αk ck ð1ÞH 1 þ ⋯:

k¼1

k¼1

k¼1

k¼1

(29)
The stability of the NARX DPD is guaranteed by the convergence of series in (29). The condition of
convergence of the series in (25) can be obtained by Cauchy’s criterion as follows:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ



 ﬃ
K
∞
g
g
g
⊕ αk ck ðgÞ< 1:
⊕ αk ck ðgÞH 1 < H 1 lim
lim
k¼1
k¼1
g→∞
K→∞
g→∞

(30)

This completes the proof.
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