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Abstract. In this paper, the risk-sensitive nonlinear stochastic filtering problem is addressed in
both continuous and discrete-time for quite general finite-dimensional signal models, including also
discrete state hidden Markov models (HMMs). The risk sensitive estimates are expressed in terms
of the so-called information state of the model given by the Zakai equation which is linear. In the
linear Gaussian signal model case, the risk-sensitive (minimum exponential variance) estimates are
identical to the minimum variance Kalman filter state estimates, and are thus given by a finite dimen-
sional estimator. The estimates are also finite dimensional for discrete-state HMMs, but otherwise,
in general, are infinite dimensional. In the small noise limit, these estimates (including the minimum
variance estimates) have an interpretation in terms of a worst case deterministic noise estimation
problem given from a differential game. The related control task, that is the risk-sensitive generaliza-
tion of minimum-variance control is studied for the discrete-time models. This is motivated by the
need for robustness in the widely used (risk neutral) minimum variance control, including adaptive

control, of systems which are minimum phase, that is having stable inverses.
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1. INTRODUCTION

In optimal filtering, the usual index optimized is
a state estimation error variance. This can be
referred to as H, filtering. This is appropriate
when the (stochastic) signal model is known pre-
cisely but when there is uncertainty of the model
dynamics and noise, there is a case for achieving
robust filtering which is acceptable for a range of
models. This is the motivation for so-called H_.
filtering which has the interpretation in terms of a
minimizing estimation error in a worst case noise
scenario. Risk-sensitive filtering is a more general
robust /optimal filtering approach than H, or H.
filtering. It minimizes the expected value of the
exponential of an (typically quadratic) estimation
error cost, weighted by a risk-sensitive parameter.

A linear risk sensitive problem has been studied
in (Speyer et al, 1992) and more general nonlin-
ear problems studied in (Dey and Moore, 1995).
The latter paper tackles the risk sensitive estima-
tion problem using reference probability methods
of (Elliott et al, 1994) where the index works
with the sum of quadratic estimation errors to the
present.

In this paper, an alternative simpler risk-sensitive
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index to that of (Dey and Moore, 1995) is stud-
ied. For this index the risk-sensitive filter for very
general nonlinear stochastic models is seen to be a
simple augmentation of the information state filter
(the linear Zakai equations). For linear Gaussian
models, the risk sensitive filter is identical to the
Hs Kalman filter and is finite dimensional. Oth-
erwise, in the limit as the risk-sensitive parameter
approaches zero, the risk sensitive filter becomes
a risk-neutral filter, typically the minimum error
variance H, filter. In the small noise limit, the
risk-sensitive filtering problem has the interpreta-
tion of a deterministic differential game, as does
the H.. problem.

Results are developed here for quite general non-
linear models in continuous time and for states in
a continuous range. Corresponding results are in-
cluded for the discrete-time case and the discrete-
state case for completeness. Our model class re-
quires the nonlinearities to be linearly bounded
and the index class to be quadratically bounded,
rather than simply bounded as in the work of
(James et al,1994) for related control problems.

Closely related problems of smoothing and pre-
diction are addressed briefly. We also present re-



sults for a robust version of minimum variance
control (including adaptive control) for minimum
phase plants, namely risk-sensitive generalization
of minimum variance control. In Section 2, the
theory is spelt out for risk-sensitive filtering, and
in Section 3, results are presented for the risk-
sensitive version of minimum variance control.

2. RISK-SENSITIVE ESTIMATION

Estimation Problem Formulation: Recall
that minimum variance estimation of a state at
time ¢, denoted z; € IR" based on measurements
y: € IR™ up to time ¢, denoted Y, is given from
the definition

&4y € arg g&i{{ E[;}(-’l‘-x —&)'Qz:— &) | Y] (1)

with Q > 0. (Of course &, = E[z, | J;] with
Q > 0).

Here we work with a risk-sensitive version of this
estimation task, and define a risk-sensitive esti-
mate with risk sensitive (scalar) parameter 6, suit-
ably small to achieve existence of the expectation,
as

0
#. € arg min E[exp{5 (2. — €)'Q(z. ~ §)}

| V] (2)

The significance of 4 is discussed after the optimal
filter results are derived.

For simplicity of notation, and increased general-
ity, let us work with the risk sensitive and risk
neutral estimates, respectively,

2 € arg min E[exp{00(af,6)} | V]

(risk sensitive) (3)
#, € arg min E[®(z].€) | ]
(risk neutral) (4)

where ® € C(IR**), the class of continuous func-
tions, and |®(z,€)| < k(1 + |z|? + |€]?) for some
k>0

To proceed, let us work in the first instance with
a continuous-time stochastic signal model, with
t €[0,00)

dz§
dy; (5)
where w®,v® are standard independent Wiener

processes scaled by 1/z, and a, ¢ are Lipschitz con-
tinuous with

la(z)|.c(z) < k(1+ |z |) for some k>0 (6)
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Also, we require that the a prior:i density of z¢
3 (1}
denoted f(z), satisfy

log f(z)(€ D)

{{(=) € (R™)
(@) < =m |z |2 +7y,,
71 >0, 72 2 0} (7)

Here the parameter ¢ 1s introduced so that subse-
quently we can conveniently consider our stochas-
tic results taking a small noise limit with ¢ — ()
to achieve deterministic worst case estimation.

We also generate results for a discrete-time model
with k€ {0,1,2---}.

£ - E JE
Tiyr = alzh) +wiyy
. E £
Y = clzi)+ i (8)
where wy, v are white noise processes with densi-

ties ¥(-), @(-), respectively. Here we assume Gaus-
sian densities N[0,c1].

The special use of linear models are considered,
namely

dz;

dy;

Azidt + dw;

Cafdt + dv§ (9)

for continuous time, and for the discrete-time case
then we have

sy = Ash+uf
ye = Czi+ v} (10)
The HMMs we consider are
X1 = AXp + Wi
Yi = CXi+v} (11)
where X € {ey, e, --,en} with e; being the unit

vector with unity in the 7th positions and zero
elsewhere, and A is the matrix of transitions prob-
abilities such that E[XH.; [Xk] = AX. Again v}
is i.2.d with variance ¢¢(-) ~ N[0,£]], and esti-
mates £}, are defined analogously. (Other HMM
models with discrete range measurements and/or
in continuous time as studied in (Elliott et al,
1994) can be considered, but details are omitted
here.)

Risk sensitive smoothing and prediction estimates
are defined from a mild generalization of (3) as
follows

£f|, € arggrgélq‘ Efexp (09(z:,€)) | V-]

For smoothing 7 > ¢. for prediction 7 < ¢, and for
filtering 7 = t.



Measure Change: The continuous-time
stochastic system (5) is defined on a probability
space (2, F, P)with G, = a(mé,yg; 0<s<t)and
Vi=o(y5;0<s< t).

Let P denote the equivalent probability measure
under which 3} is a standard Wiener process inde-
pendent of the state process (Elliott, 1982). Such
a measure exists and (since v, is Gaussian) is given
from

. _ dP
Ao = 75

- [ etaa)

For a proof of this Girsanov Theorem see (Elliott,
1982).

For the discrete-time models (8) and (11) defined
on (2, F,P) with G = o(2],4/;0 < I < k) and
Vi = o(y;; 0 <1 < k), the corresponding measure
change to yield ¥} i.7.d. is

dP 5
b= gp|, = E/\z(l‘r)
Me(zk) = Ge(yr — c(zk)) (13)

(’j:(yk)
For a proof see (Elliott et al., 1994).

Information State: Let us denote the informa-
tion state associated with the model (5) and mea-
sure change (12) as ¢;,(z). It satisfies the follow-
ing defining equation for all b : IR® — IR Borel
test functions

(8.4

[ ¥@ieie
.

E[Ag1b(25)|y,) (14)

where E is the expectation under P. Indeed, the
information state satisfies the Zakai equation (El-
liott, 1982).

1
B" g5 dt + gcl(z)&'flzdyi

p(z)

dtpr
oj0(2)

(15)

where # denotes the adjoint and the operator B is

defined as

ab(z)
oz

B(y()) = 54 b(z) +a(z)
Here A is the Laplace operator (A = a%zf +...+

2. Also p(z) is the a priori density of x. The
Zakai equation is linear and infinite-dimensional
in general.

1 1f‘ 4
= exp|—-—-|= | e(z%) | ds
G ( 5[2 0 (25)

(12)

425

For the discrete-time model (9), the information
state defining equation is (14) with ¢ replaced by
k, and for the Zakai equation see (Elliott et al.,
1994). For the HMM (11), the information state
1s defined analogously but with 2 € IR" replaced
by X € {e1,...,en}. Also we denote T 2 @
vector with i-th element qilk(eg). Of course, now,

<b, q§|t> =3 6(&,-)9:“(&,-) in (14).

The Zakai equation for the HMM model (11) is,
(see (Elliott et al., 1994))

Tes1)k+1 = Bra1Ag5 (16)

where

Biy1 = diag {@c(yk+1 — Ce1), ..., 0c(yr+1 — Cen)}

With smoothing or prediction in mind, the infor-
mation state is readily generalized to define gy,
from

(b,qur) = E [Aosb(2f) V] (17)

Smoothed information state estimates with = >t
can be obtained from a forward filter for ¢, and
a backward filter from 7 to t (see (Elliott et al.,
1994) for details).

Risk-sensitive Estimates in terms of Infor-
mation State: The optimization task can be ex-
pressed in terms of the information state as fol-
lows. First apply a version of Bayes’ Theorem
(see (Elliott ef al., 1994)) as

E [exp (09(25,£)) [ V]
E [Ao,; exp (09(25,€)) |Vi]
E[Ag.|)4]

(18)

Now application to (3) gives, for # sufficiently
small such that the expectation exists,

&, € arg Jnin E[Ao,exp (09(z5,€)) | Vi
€ arg min (exp (0%(z.)) , g51(2) (19)
Likewise, risk-neutral estimates are defined from

2y € arggrétél}‘ <¢(I,€)=9’f|;($)> (20)
Risk Neutral Filtering: Using a power series
expansion for the exponential, it is straightfor-
ward to show that in the limit as # — (, then
risk-neutral filter results are recovered from risk-

sensitive filtering, that is, for the indices (19),
(20)

(21)

P . ~§
Ty = lim &
| o Tt

Linear Filters: Consider the special case of the



linear Gaussian signal models (9) and (10), and
quadratic indices as in (1) and (2) with @ > 0.
In this case, the information state is a scaled
Gaussian with mean &,; and variance denoted
L4+~ Now the minimization (19) to achieve risk-
sensitive filtering can be carried out analytically
by completing-the-square arguments. Thus we
have the key property that the risk-sensitive es-
timates éflt are identical to the risk-neutral (min-
imum variance) estimates Z;);

éfﬂ = i’;lz (22)

Trivially, also limy_.g :?:flt = Z4);. This result ap-
plies in discrete-time also with ¢ replaced by k.

Small Noise Limit: To consider small noise re-
sults as ¢ — 0, express 6 in terms of ¢ as

=i
="~ (23)

Let us work first with the continuous time model
(3) and define

&

I3 .-é 1 E £
55 @2 inf (exp (£0(2,9) ,6i(2) (24)
Also, as in (James et al., 1993), recall that
. €
}ﬂ;logqi(x) = pi'(z) (25)
where, as long as ¢ — f; ysds,

H “
o () _ [— 6pé£z) (a(z) + w)

—5 0] = 2 [} 1o - et

ph(z) = gigg,f;iogp(w) (26)

At this stage, recall a version of the Varadhan-
Laplace limiting result from (James et al., 1994)

lim = log (exp ! exptm®)

e=0pu
= sup{l(z) + m(z)} (27)
(27)
Mildly generalising the result of (James et al,
1994), this result holds for m(z) + l(z) € D

and convergence is uniform on compact subsets
of D x D.

Now from (24)

55 (exp (£p)) = it (exp (£0(2,6)) exp (£pt(2)))
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So that, taking limits and applying the result (2),
we have,

Eiii%ilog{s,%(exp (5 ))}
= ingsgp{pf(z:! + ®(z,€)} (28)

This holds if pj'(z) + ®(z,.) € D, which in turn
holds for log p(z) € D and g > 0 suitably small.
At the limit of this condition holding as y in-
creases, there is a correspondence to H. filtering,
see (Glover, 1988).

Thus the small noise state estimate is, for u > 0
suitably small

Iir['[l) z::“ € argminsup{p;(z) + ®(z,£)}  (29)
£— ¢ 2

which has the interpretation of a deterministic
differential game in which state estimation is
achieved in a worst case deterministic noise en-
vironment. An alternative nonrecursive interpre-
tation of pf’(z) is given from (see (James et al,
1993))

Pi(z) = sup {a(m—~ [ (= I, — a(na)[?

neC(0,t)
1
+3 le(m)* = ¢(n:)y)ds = me = 2} (30)

We see that pj'(x) serves the role of an informa-
tion state in the deterministic setting, telling us as
much as we can know about the states from the
measurements in this setting. For the discrete-
time model (8), the above results also hold with
t replaced by k and (26) replaced by, (see (James
et al., 1994))

1
k() = sup |-— |z —a)?
Pk+1{ ) UEEE“ Qﬂi w)|

215 0 — 0wl + pu(v)

Phz) = lim ~logp() (31)

It is immediate from this equation that pf(z) € D
implies pj(z) € D for all k, and pf(z) + ®(z.£) €
D for p suitably small. The nonrecursive version
of (31) derived by successive application of (31)
vields

pi(z) = sup  {p§(z)
€ Iz((D,k),H")
k=1

1 2
e 5 2141 — a(z1)]

k-1
—ﬁ 2 [% ||t;(.:':;)|2 - c’(z;)y;] Ly = z} (32)



We remark that in the linear Gaussian model case
when the risk-sensitive estimate is identical to the
minimum variance estimate, then of course this
minimum variance estimate also has the interpre-
tation of worst case estimate in the above sense.
We believe this observation has not been made in
earlier literature.

The results of this section can be summarised in
the following theorem

Theorem 1 Continuous time: Suppose there is
given the model (5) with the assumptions (6) and
(7) holding and the risk-sensitive performance in-
dex given by (3). Then the optimum risk-sensitive
estimate is given by (19). In the limit, as § — 0,
the risk-sensitive estimate approaches the risk-
neutral estimate (20). Moreover, with § = £,
where £ is the noise variance, then in the limit
as ¢ — 0, the risk-sensitive estimate is given by
(29) and (30).

Further, for linear signal model (9), (22) holds.

Discrete-time: For the discrete-time signal
model (8), all the results for the continuous-time
signal model hold with ¢ replaced by k and (30)
replaced by (32).

For the HMM case, only the measurement noise
approaches zero as ¢ — 0. In this case the differ-
ential game is not completely deterministic. Only
the measurement noise is interpreted as determin-
istic, so that estimation of the stochastic discrete
state X} is achieved in the worst case determinis-
tic measurement noise environment.

Of course, we would have studied the other signal
models with only the process noise or measure-
ment noise variance approaching zero; and in this
case the limiting case is of a partially stochastic
model in a deterministic noise environment.

Risk-sensitive Indices with Memory: In ear-
lier works (Dey and Moore, 1994; Dey and Moore,
1995) the following risk-sensitive optimization is
considered (in discrete-time)

k-1
exp {Z 9@(:’:“-,:&?“)

i=0

£ER™

+6®(z5, €)} Vi

We observe here that this task can be tackled us-
ing the techniques of this paper by working with
an augmented plant model and associated infor-
mation state. Thus consider the augmented model

(8)

(33)

a(z§) + Wiy
Ji + ‘P(ﬁcriiu)

£
Tkt

Il

£
Jk+1
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Y% (34)

with states (z%,Jf). Now (33) can be rewritten
as

#¢ . € argmin <exp{9J +08(2.6)}, ¢S (2. J)>
I £eER™ ’

o(zf) + vk

where gj, (2, 7) is the information state associ-
ated with the augmented plant (34). Analysis can
proceed using techniques of this section. The algo-
rithms are formulated differently than in the ear-
lier work. Here, the small noise limit results apply
in a straightforward manner, giving new results.

We remark that in the linear Gaussian model case,
the risk-sensitive estimate is no longer identical to
the minimum variance estimate, and consequently
this particular index is perhaps the more appeal-
ing one to work with. Both indices approach the
minimum variance index in the risk-neutral case
as 8 — 0.

3. RISK-SENSITIVE GENERALIZATION OF
MINIMUM VARIANCE CONTROL

Consider the discrete-time signal model

a(zy, ug) + Wiy
c(zf) + %

£
Th+1

Yk

with control variable u§ € IR? is Vi measurable.
Minimum variance control for such models is usu-
ally formulated as

(35)

. 1. .
Uk € argmin E I:Eyk+1!y£k+1 |J’k] (36)
ueR?
or more generally,
Ugjk € ar%I;{linE (¥ (¥5py, w) V] (37)

with | ¥(y. u) |< &(1 4+ |y|® + |u|?) for some k > 0.

The risk-sensitive generalization of minimum vari-
ance control is defined from

uilk € ar%glii,nE [exp {09 (54, u)} 1 Vk] (38)

Clearly, this problem is a special case of one-step-
ahead prediction defined in its most general form
in the previous section. Working under the mea-
sure P,

“ip: € arérgin}? [Aokexp {09 (vh 1, v)} 1k

Now substituting (33), taking expectation under
E and using inner product notation, we have

uiikEar%{éﬁn (exp {09 ((a(z,u) + w) + v, )},

¢ (v)te(w)gip(2))  (39)



Linear Gaussian Model Case: The optimal
control (39) can be solved analytically in the lin-
ear Gaussian model case since v*, w®, ¢° are nor-
mally distributed. Thus, applying completing-the
square arguments, as in derivation of (22), it can
be shown that

=
uly=[BWB - BWAA'WA-$;}) AWB]

B'WAAWA—Z5,) Sk
where
W = V=V(V-eI)V
1% 0C'C [1—-6(8—c"1)"1]
Indeed, observe that as § — 0, W — 6C'C and

Upp — —[B’C’CB]_IB’C'CA:E‘H;, which is the
risL—neutral minimum variance control
z 1
Ug|x = argmin E[Ey)k+lyk+l 1] (41)
uveR?

The results of this section can be summarised in
the following theorem

Theorem 2 The risk-sensitive generalization of
minimum variance control ”in: defined by (38) for
the discrete-time model (35) is given in terms of
the information state by (39).

For the linear Gaussian signal model, the risk-
sensitive version of minimum variance control is
given by (40). As 6 — 0, the risk-sensitive ver-
sion of minimum variance control approaches the
risk-neutral minimum variance control (41).

Adaptive Risk-sensitive Version of Mini-
mum Variance Controllers: An important ap-
plication of the above risk-sensitive generalization
of minimum variance control results is to indirect
adaptive control, which is of course on-line. The
control calculation is based on the most recent es-
timates of plant parameters, which in turn can be
viewed as plant states and part of the state esti-
mation process. As in minimum variance control
of linear plants, for a closed-loop stability there is
a severe restriction namely a minimum phase re-
striction on the plant. Equivalently. the inverse of
the plant must be stable. Further details on this
application, and extensions to more general sit-
uations will be omitted here. However, we stress
that the motivation for using a risk-sensitive index
is clear in the sense that in the small noise limit
as ¢ — 0, given § = £ and y suitably small, then
the control is optimum for a worst case determin-
istic noise environment. Details follow closely the
analysis of the previous section.

(40)

428

4. CONCLUSION

Risk-sensitive filtering, prediction and smoothing
results have been developed for continuous-time
and discrete-time stochastic models including hid-
den Markov models as augmentations to infor-
mation state filtering, prediction and smoothing.
In the small noise limif, for suitably small risk-
sensitivity parameter, the risk-sensitive filtering
and minimum variance filtering in the linear Gaus-
sian case can be the interpretation of a determinis-
tic estimation in a worst case deterministic noise
environment and an information state has been
derived for this case. Risk-sensitive estimation in-
volving memory is achieved by application of the
risk-sensitive estimation results to a signal model
augmented by a state associated with the perfor-
mance index.

Also, risk-sensitive versions of minimum variance
controllers have been developed in terms of an
optimization task involving the information state
for discrete-time stochastic models. In the small
noise limit the control is optimum for a solution
with worst case deterministic noise. Application
to adaptive risk-sensitive control is immediate.
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