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A B S T R A C T

In order to investigate the formation and evolution of galaxies, stars and planetary systems, it is necessary to
carry out astronomical observations in the far-infrared portion of the electromagnetic spectrum. Missions such as
the Herschel Space Observatory (European Space Agency) have already completed observations in this region
with great success. Proposed high resolution spectrometer instruments such as SAFARI (a joined European/
Japanese (ESA/JAXA) proposal as part of the SPICA mission), aim to build upon the work of previous missions
by carrying out observations in the 1.5–10 THz band with unprecedented levels of sensitivity. Spica (SPace
Infrared telescope for Cosmology and Astrophysics) is currently a candidate mission as part of ESA’s Cosmic
Vision 2015–2025.

Future far-IR missions must realise higher levels of sensitivity, limited only by the cosmic microwave back-
ground. One solution in achieving these sensitivity goals is to use waveguide coupled Transition Edge Sensor
(TES) detectors, arranged in a densely packed focal plane. Additionally, multi-mode pixels can be used in order
to maximise the optical throughput and coupling while still defining a definite beam shape. For the SAFARI
instrument multimoded horns coupling into integrating waveguide cavities that house the TES detectors and
associated absorbing layer are envisioned. This represents a significant technological challenge in terms of ac-
curate manufacture tolerances relative to the short wavelength, however in the case of the SAFARI instrument
pixel much work has already been carried out, with prototype pixels having undergone extensive testing at
SRON (Space Research Organisation of the Netherlands) Groningen. In order to fully characterise the experi-
mental results, it is necessary also to carry out comprehensive electromagnetic modelling of these structures
which is also computationally intensive and requires novel approaches. These waveguide structures (horn and
cavity) are typically electrically large however, and so analysis techniques using commercial finite element
software prove inefficient (particularly as the structures are multimoded).

The mode-matching technique with new analytical features offer a computationally efficient and reliable
alternative to full electromagnetic solvers, and in this paper we outline the additions to this technique that were
necessary in order to allow typical SAFARI far-infrared pixels to be modeled, including the complete optical
coupling calculation of the measurement test setup at SRON and the inclusion of the free space gap within the
horn antenna and the integrating cavity. Optical coupling efficiencies simulated using this developed technique
show excellent agreement with the experimental measurements.

1. Introduction

Future far infrared space telescopes have a wide variety of scientific

objectives, aiming to build upon the work carried out by previous
missions such as the Herschel Space Observatory [1]. An example of
such a future mission is the proposed SPICA (SPace Infrared telescope
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for Cosmology and Astrophysics) mission [2,3], a collaboration be-
tween Europe and Japan (ESA and JAXA). The SAFARI (SPICA FAR
Infrared Instrument) instrument, an imaging high resolution grating
spectrometer, is planned to fly onboard the SPICA mission. SAFARI is
optimised to operate in the 1.5–10 THz band, utilising the low back-
ground environment provided by the cooled SPICA telescope that is
limited only by the cosmic microwave background (CMB) radiation to
study the formation and evolution of galaxies, stars and planetary
systems.

If the results obtained from previous missions are to be improved
upon, it is necessary for future instruments to realise higher levels of
sensitivity, allowing the complete exploitation of the extraordinary
sensitivity permitted by the cold telescope optics and sensitive super-
conducting detectors (Transition Edge Sensors (TES)).

Sensitivity can be maximised by utilising a focal plane with a high
packing density and by using multi-mode horns to feed the transition
edge sensors and associated absorber in a waveguide cavity in order to
maximise optical coupling. This has been demonstrated at SRON (Space
Research Organisation of the Netherlands) Groningen, where extremely
sensitive detector pixels have been developed and characterised for the
SAFARI instrument, as reported in [4,5]. A schematic diagram of the
waveguide pixel developed at SRON is shown in Fig. 1, where the
drawing is not to scale. For clarity, due to the length of the feed horn,
only a short section of the horn (a smooth-walled conical horn) is
shown. The integrating cavity is placed behind the focal plane horn (to
be part of an array ultimately). Due to the horn and backend cavity
housing the TES being manufactured separately a free space gap is
necessary and must be included an all optical analysis. In waveguide
pixels such as these, a multi-mode conical feed horn feeds a cavity that
contains the absorber with the TES - a thin tantalum superconducting
absorbing layer of material. The power absorbed by this layer is mea-
sured by means of a TES detector. This overall waveguide geometry
increases the efficiency of the pixel in two ways. Being a multi-moded
system there are more channels of power supported and so the

sensitivity is immediately increased due to the higher modal
throughput per pixel. The presence of the cavity also boosts the pixel
optical coupling by trapping any incident power that is not absorbed on
the first pass of the tantalum layer, reflecting it and forcing it to un-
dergo several additional passes of the tantalum. This means that a
higher percentage of the power incident on the pixel is potentially
absorbed in such a waveguide cavity.

Such systems are challenging to model electromagnetically, in
particular due to the necessity to include additional features such as a
free space gap that exists between the metal horn array and the cavity
array that is manufactured separately on a silicon wafer (which exists as
the two arrays clearly cannot be manufactured monolithically, and also
to maintain structural integrity during launch). Software packages such
as Computer Simulation Technology Microwave Studio (CST MWS) and
COMSOL are of course capable of modelling such systems, however at
the frequencies in question these structures are electrically large and so
it is not feasible for most research groups to model anything other than
smaller representative models, given the computing resources that are
typically available. Therefore, in order to design, optimise and analyse
pixels for future instruments that operate in the 1.5–10 THz band, it is
necessary to develop alternative efficient and reliable modelling and
analysis tools and techniques.

The mode-matching technique, originally described in [6], allows
the electromagnetic and optical performance of waveguide structures to
be simulated, and can be applied to complex focal plane pixels. In this
paper we outline an extension of this technique to include the elements
necessary to model the terahertz pixels in question such as absorbing
layers and free space gaps between waveguide structures. The techni-
ques can of course be applied to pixels at any wavelength that utilise
these elements. We apply this model of the pixels to the testbed that
was used in SRON Groningen and outline the additional steps that were
necessary to fully simulate the test setup, extracting simulated values
for the detected power and comparing them to the measured values in
an integrated frequency band.

2. Modelling and analysis techniques

In this section the mode-matching technique is described alongside
the implementation of the additional features that are necessary to in-
clude to analyse the test pixels outlined in Section 1.

2.1. The mode-matching technique

The mode-matching technique is a powerful analytical tool that can
be used to analyse the full vector electromagnetic performance of wa-
veguide structures. At Maynooth University this technique has been
studied extensively, resulting in the in-house development of software
referred to as SCATTER [7,8] that allows the analysis of two port sys-
tems of either rectangular or circular cross-section, where the wave-
guide material is assumed to be perfectly electrically conducting.
SCATTER refers to the collected modematching techniques as an in-
tegrated programme developed in various software platforms (C++,
Python, Mathematica etc) developed as a software tool at Maynooth
University building on the modelling heritage [8]. In this platform
SCATTER represents the fields propagating in the structures in question
as combinations of transverse electric (TE) and transverse magnetic
(TM) modes, calculating the scattering matrices (the well known S-
matrices, [6]) that govern the scattering between these modes in any
plane where the cross-sectional dimensions of the structure changes. In
this manner, a set of scattering matrices can be calculated which gov-
erns the bulk response of the waveguide structure to any given ex-
citation. Using these scattering matrices the field patterns of the
structure (in the aperture plane and the farfield) can be calculated,
along with all of the scattering parameters of the system. This can be
used to examine the performance of the structures by calculating re-
levant parameters such as beam ellipticity, sidelobe levels, reflections,

Fig. 1. Schematic of the pixel tested at SRON (dimensions in mm). The smooth-
walled conical horn has a throat radius of 0.05 mm. This pixel is designed to
operate in the 4.3–8.5 THz band for test purposes. The array of horns can be
formed by drilling several feed horns into a metal block, adjacent to one an-
other, and placing this block over an array of cavities that are manufactured
separately on a silicon wafer. Wire cut pyramidal horns are also being in-
vestigated.
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modal content, optical efficiency etc. SCATTER has been extensively
verified, both experimentally and by benchmarking against software
packages such as CST MWS, in both single and multi-mode operation, as
reported in [7].

2.2. Including an absorbing layer in the mode-matching technique

The absorbing material that is located in the cavity section of the
pixel is represented in the mode-matching technique by means of an
infinitely thin ohmic sheet. This is implemented by imposing appro-
priate boundary conditions on the electric and magnetic fields propa-
gating across the sheet as shown in (1)–(3)
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where the subscripts L and R refer to the left and right hand sides of the
ohmic sheet respectively and Rs is the impedance of the ohmic sheet in
units of Ohms per square. By using these boundary conditions alongside
the standard mode-matching procedure, the scattering matrices that
govern the behaviour of the sheet are found to be
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where Z represents the impedance of the waveguide mode that the
calculation is being performed for, P is a matrix representing the cou-
pling of the waveguide modes across the ohmic sheet and R and Q are
matrices representing the self coupling (reflections) of the waveguide
modes on the left and right sides of the sheet respectively. This concept
is also explored in an alternate framework in [9]

If an ohmic sheet is included in any mode-matching model, the
power absorbed by the sheet can be determined by a careful ex-
amination of the scattering matrices. In pixels such as those under test
at SRON, one end of the system is a closed cavity that acts as a back-
short. Since power can therefore only enter and exit the system through
one port (assuming lossless waveguides), the S11 matrix is the only
matrix containing any power. If an ohmic sheet is included in the
model, the absorbed power is determined therefore by comparing the
power used to excite the system and the power contained in the S11

matrix, with the difference being the absorbed power.
If the S11 matrix is analysed using singular value decomposition

(SVD), an approach considered in [10,11], then three matrices are re-
turned such that =S U V·Σ.11

†. The columns of U define a more com-
pact basis set for the output mode set of the system. Σ is a diagonal
matrix that give the singular values of the system, σi, such that =σ Σi ii.
These singular values scale the corresponding mode (the ith column of
U) such that σi

2 gives the fraction of the input power that the corre-
sponding mode was excited with (unity in SCATTER) which arrives
back at the port following propagation through the system. Since the
singular values scale the output modes, only modes with non-zero
singular values are supported by the system. This allows the system to
be analysed in a highly efficient manner due to the reduced number of
optimised modes, with no compromise in accuracy [11]. Since each
mode is excited with unity power, σi

2 directly gives the power that exits
the pixel, and so the power absorbed by the Ohmic sheet is given by

− σ1 i
2. If the pixel supports β modes, then the total absorbed power is

given by
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2.3. Including a free space gap in the mode-matching technique

For an accurate model of the pixel, it is necessary to include the
50 μm gap between the feed horn and the cavity as in Fig. 1. As the
modes propagate across this gap they will increase in spatial extent due
to diffraction and so some power will ‘leak’ from the system. This will
alter the performance of the pixel and so this effect must be quantified.
Additionally, this leaked power could potentially appear as crosstalk in
neighbouring pixels when the pixels are used in an array, and so it will
be useful in the future to account for this during the design process.
Since the gap is treated as being in free space, and the pixels in question
are circular in cross-section, Gaussian-Laguerre modes, [12], are the
most appropriate mode set for representing the scalar fields that pro-
pagate across the gap. This mode set is given by
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where Lm
α is an Associated Laguerre polynomial of order m and degree

α. W R, and ϕm α, represent the width, phase radius of curvature and
phase slippage of each of the free space modes and their values are
tracked across the gap using standard ABCD techniques. Using this
scalar approach, the field in any plane across the gap can be readily
calculated, [12]. The process for transforming between circular TE and
TM modes and Gaussian-Laguerre modes is described in [13]. This al-
lows the transformation into free space at the horn throat and the
subsequent transformation into waveguide modes at the cavity to be
accounted for completely. It should be noted that the coupling to free
space for a particular waveguide mode and its orthogonal polarisation
is the same, so the calculation does not need to be carried out for each
polarisation. Additionally, since the Laguerre-Gaussian modes are so-
lutions to the paraxial scalar wave equation, the co and cross-polar
components of the waveguide modes must be individually coupled into
the free space modes and a sufficient number of modes must be used in
order to ensure an accurate representation of the propagating fields at
larger off-axis positions.

2.4. Including a truncating section and reflective plate in the mode-matching
technique

A schematic representation of the SAFARI pixel under consideration
is shown in Fig. 2, where the drawing is not to scale for clarity. The
reflective plate and truncating sections are additional elements that are
required to fully model the gap, in addition to those already outlined.
As the free space modes propagate across the gap, the amount of power
located off-axis in a given mode will increase as the modes spread out

Fig. 2. Schematic of a pixel that is a general version of the SAFARI pixels tested
at SRON, adapted from [14].
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due to diffraction. In many cases, the amount of power located off-axis
beyond the extent of the pixel will be non-negligible. This power cannot
couple back into the horn or cavity and so becomes the leaked power,
however SCATTER forces power to be conserved and so will not ac-
count for this. The truncating sections allow this effect to be included as
an additional loss mechanism within the system (free space walkoff).

The truncating section is defined as an infinitely thin annulus, with
a gap in the centre equal in size to the horn throat or cavity opening,
and extending beyond this infinitely (so as to absorb all power that falls
beyond the extent of the pixel), as in Fig. 2. It is assumed that no re-
flections occur in the plane of the truncating section; power incident on
the gap is entirely transmitted and all other power is absorbed. In the
mode-matching approach, matrices of coefficients are used to represent
the transmitted and reflected fields. Following the convention used in
[6], B and D are matrices which represent the reflected modes. Since it
is assumed that there are no reflections, if N free space modes are used
and +e and −e represent the free space fields travelling in the forward
(left to right in Fig. 2) and reverse directions respectively, we have that
∑ ==

−B e 0n
N

n n1 and ∑ ==
+D e 0n

N
n n1 . Using this along with the standard

continuity conditions for the electric and magnetic fields across the
sheet [6], it can be shown that
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A and C are matrices containing the coefficients of the modes in
transmission. P and Q are matrices populated by evaluating
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where R represents the radius of either the horn throat or the cavity,
depending on which side of the gap is in question. Additionally, by
conservation of complex power, we must have that and

, where represents an appropriately dimensioned
identity matrix.

Solving 8 and 9 simultaneously yields =P B P C2 2 and =P A P D1 1 .
Using these equations alongside 10, 11 and the conservation identities
above gives that =D P A1 and =B P C2 . Following the convention used
in [6], the scattering matrices that determine the behaviour of the
truncating section are given by
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The purpose of the reflective gap is to simulate the reflective surface
presented to the modes in the gap region when they arrive back at the
horn having traversed the cavity/gap. This surface exists as the horns
are machined into a solid block and so the space between adjacent
pixels consists of the bare block. This surface must be included in the
model, as it traps power within the pixel rather than allowing it to leave
the system around the horn. It is implemented in a similar manner as
the truncating section outlined above. In the area of the horn throat, the
standard continuity conditions outlined in [6] are still valid. For radii
beyond that of the horn throat, the continuity condition is given by

∑ ∑= −+ −D e C e· · ,
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n n
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where A[ ] and B[ ] are zero in this region, as the material is a perfect
reflector. Following the same procedure as for the truncating section,
the scattering matrices for the reflective section are found to be given
by
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With these scattering matrices calculated, the free space transition, and
the truncating/reflective sections can now be included as an integrated
part of a model of the pixel that is being simulated using the mode-
matching technique. The validity of this model was verified by applying
it to a pixel containing a sealed cavity, designed for 70 GHz operation.
Excellent agreement with CST MWS was obtained, [14], and so the
model can be applied with confidence to SAFARI-like pixels that op-
erate at significantly higher frequencies.

2.5. Coupling the pixel to the measurement system

In order to use the model outlined previously to obtain values for
absorbed power that are comparable to the values measured at SRON, it
is necessary to couple the pixel model to the SRON optical measurement
system, a schematic of which is shown in Fig. 3 and described in detail
in [4,5]. In the SRON measurement setup, a conical black-body radiator
is used to illuminate a pinhole aperture via a series of band defining
filters, with the pixel located behind this pinhole aperture. The pixel
efficiency, which was measured at SRON, is defined as the ratio of the
detected power to the power incident on the cavity portion of the pixel
and so it is heavily dependant on the experimental configuration which
can be varied by altering the size of the pinhole aperture (DBB) and the
distance from this plane to the pixel’s conical horn (LBB).

Considering an arbitrary system configuration (arbitrary values for
DBB and LBB), we begin by calculating the amount of power that arrives
at the entrance aperture of the pixel from the pinhole aperture, as-
suming that the true modes of the pixel have already been calculated
using SVD and are represented by Fi. It is also assumed that since these

Fig. 3. Optical measurement system used by SRON to test the SAFARI pixels,
from [4].
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modes are coupling to the farfield blackbody source, that they have
been re-normalised such that they represent the fraction of power
coupled to that field for a given angle of incidence relative to the total
power coupled to the mode for isotropic illumination of the antenna.
For the ith mode, the fraction of the total power arriving at the pixel
entrance is therefore calculated by integrating the re-normalised mode
Fi over the angle subtended by the farfield pattern of the mode and the
pinhole aperture χ . This fraction is given by

∫ ∫

∫ ∫
= −

−

F ϕ θ θ ϕ

F ϕ θ θ ϕ
Γ

( , )d d

( , )d d
,i

π
χ
χ
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2

0
2

/2
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where χ is given by ( )arctan D
L2
BB
BB

. To calculate the total power lost from
the system (the sum of the losses from all loss mechanisms), 6 is used,
but the losses from each mode must be scaled to reflect the fraction of
power that is actually excited in that mode. This results in an expression
for the pixel efficiency that is given by

=
∑ −

∑
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Γ

.i i i

i i
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2

(20)

This expression gives the efficiency of the pixel relative to the power
entering the pixel itself rather than the power entering the cavity, the
latter being what is recorded during measurements. In order to account
for this within the framework of a two port model, it was necessary to
couple the calculated efficiencies to the SRON measurement system
(the blackbody source) and compute the raw levels of power that would
be recorded by the detectors, a figure which was measured experi-
mentally.

The blackbody is assumed to have a surface area equal to that of the
pinhole aperture. Eq. 21 is a standard Planck curve which gives the
power density of the blackbody per unit wavelength, per unit area per
steradian,

=
−

M hc
λ e

2 1

1
.λ hc

λKT

2

5 (21)

The total power incident on the pixel aperture from this blackbody
source, PBB, is thus given by

=P M A λΔ ΔΩ,BB λ ap (22)

where Aap is the area of the source and λΔ is the unit bandwidth. ΔΩ is
the solid angle of the blackbody that covers the pixel aperture and is
found by integrating across the angle subtended by the pixel and the
pinhole aperture such that ∫ ∫= θ θ ϕΔΩ sin d dπ χ

0
2

0 . The total power
absorbed by the pixel is thus found by scaling the power incident on the
pixel aperture, PBB by the pixel efficiency given in 20 and also by the
function τ λ( ) which represents the effect of the filters. The total power
absorbed by the system and thus read out by the detectors is given by

=P η P τ λ( ).absorbed pixel BB (23)

3. Comparison of simulated and measured results

In this section, the analysis techniques outlined previously will be
applied to the SAFARI pixel that was tested at SRON, with the simulated
results compared to measured results. A schematic of the pixel tested is
shown in Fig. 1, along with the relevant dimensions. The measurement
system is shown in Fig. 3. The system was measured in three config-
urations which correspond to three sets of values for DBB and LBB the
details of which are given in Table 1. These configurations effectively
vary the angular size of the pinhole aperture, as seen by the pixel. The
layer of tantalum that functions as the superconducting absorbing layer
used by the TES coupled bolometer was modeled as an ohmic sheet
with a surface impedance of 368 Ω/sq and the integrated power that
would be read out by the detectors was calculated across the 35–70 μm
band (4.3–8.5 THz). Simulations of the experimental measurements

were carried out, including and excluding the 50 μm free space gap, and
compared to the measured values as illustrated in Fig. 4. Fig. 4 also
shows the measured pixel efficiency. This was found by using the ap-
proach outlined in Section 2.5 to convert the power read out by tran-
sition edge sensors into an efficiency. Excellent agreement is noted
between measurement and simulation for all three configurations of the
system, validating the modelling technique. As expected the addition of
the 50 μm gap does not hugely impact upon the total power removed
from the system, emphasising that the cavity is working well with most
of the power being absorbed by the tantalum layer rather than dif-
fracting out of the system. When the pixel is empty, most of the power is
lost through the gap as the modes make many passes of the gap region
as the system is a high Q-factor resonant cavity. On each subsequent
pass of the gap the modes are diffracted more and so more power is lost
from the centre of the pixel. When an absorbing layer is added, sig-
nificantly less power is available to traverse the gap more than once, as
the majority of power is absorbed by the tantalum on the first pass,
resulting in less power being lost due to diffraction.

3.1. The effect of the free space gap

In this section the effect on the cavity performance of the free space
gap is examined.

The system is now examined with the gap present, but in the ab-
sence of the absorber (referred to as an open, empty pixel). Physically
this is very different to having an absorber present as now the system
behaves like a high Q-factor resonant cavity that is not damped. It is
clear from Fig. 5 that the overall trend is for the total power lost to
decrease with increasing wavelength. With the gap width fixed at
50 μm, it appears larger at the shorter wavelength end of the band.
More diffraction will therefore occur at these wavelengths, resulting in
more losses due to the gap. It is expected therefore that as the effective
size of the gap changes in terms of wavelength, that resonant features
will be noted in the amount of power leaked, something which is clear
from Fig. 5 where resonant dips are clearly visible at specific wave-
lengths.

With both the gap and the absorber included, the simulations were
repeated. It is important to note again that since SCATTER models two
port systems, the power ’missing’ from the system is the power lost via
the gap summed with the power lost via the absorber. It is also im-
portant to note that the overall system is not a linear combination of an

Table 1
Details of the system configuration for each of the 3 configurations.

Configuration # DBB LBB

1 0.9 mm 10.77 mm
2 0.5 mm 10.2 mm
3 1.4 mm 10.2 mm

Fig. 4. Comparison of the loss efficiency for each configuration, for the three
configurations of the system.
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open, empty pixel and a closed pixel with an absorber. Adding the
power lost in both cases will not return the total power lost when an
open pixel with an absorber is run, as the cavities have different Q
factors in each case.

Fig. 6 shows the total power lost from the system as a function of
wavelength for configuration 2 (see Table 1), with similar results ob-
tained in the other two cases. When an absorber is included, the same
trend is still noted whereby the leaked power decreases with increasing
wavelength. The system also exhibits fewer resonant peaks, as the ab-
sorber dampens the resonant nature of the cavity/gap system. Both
systems show similar levels of total power loss, but this does not imply
that the absorber has little impact. As stated, the addition of the ab-
sorber fundamentally changes the system, so although the total levels of
power not returned to the entrance port remain similar, the sources of
the losses are entirely different in the two cases. With the absorber
present, most of each mode (in terms of power) will only traverse the
gap once as they will undergo two passes of the absorber before exiting
the cavity back into the gap region. Most of the power will therefore be
absorbed, with very little power available for subsequent passes of the
gap which is where the power is leaked from in the case of the empty
pixel. This again shows that the cavity is working well, with the ma-
jority of the power being absorbed when an absorbing layer is present.

4. Conclusion

For future far-infrared missions, it is necessary to develop highly
sensitive multi-mode pixels. Such pixels have been designed, manu-
factured and tested by SRON Groningen with a view to being used for

the proposed SAFARI instrument. In this paper we have outlined the
development and verification of an efficient analysis tool, based on the
mode-matching technique, that can be applied to these pixels. We ap-
plied the developed tool to a prototype SAFARI pixel, including addi-
tional modifications made to account for the SRON measurement
system. Excellent agreement was obtained between the simulations and
the SRON measurements. The impact of the free space gap on the ef-
ficiency of the pixel was also investigated.

The modifications made to the mode-matching technique have al-
lowed the expedient and accurate simulation of complex test pixels
containing cavities, free space gaps and absorbers for future far-infrared
missions, and can be used in the future design, optimisation and ex-
perimental verification and analysis of such pixels.
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