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Abstract

This article provides a short overview of the theory of First Order Auto-
matic Differentiation (AD) for readers unfamiliar with this topic. In par-
ticular, we summarize different characterisations of Forward AD, like the
vector-matrix based approach, the idea of lifting functions to the algebra
of dual numbers, the method of Taylor series expansion on dual numbers
and the application of the push-forward operator. We give short, but pre-
cise mathematical descriptions of these methods and show why they all
reduce to the same actual chain of computations (and are, hence, equiv-
alent). Finally, we give a short summary of Reverse AD and again point
out the underlying computational steps.
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1 Introduction

1.1 Content and Motivation

The evaluation of (often complicated) derivatives is a task that appears often in
the work of many researchers in applied mathematics, physics, engineering or, in
fact, any natural science. Typically, these computation will be performed with
the help of a computer and there are two main distinct methods to determine a
derivative of a function: On the one hand, there are numerical methods, usually
based on finite differences, which only approximate the sought result and are
inherently prone to rounding errors (which already occur due to floating point
arithmetic). Computer Algebra systems (like Maple, Mathematica or the older
system Maxima), on the other hand, evaluate the derivative symbolically, which
may, in certain cases, lead to significantly long computation times.

Automatic Differentiation, also called Algorithmic Differentiation, (short
AD) is now a third way to evaluate derivatives, which differs significantly from
the two classical methods. The very first article on this method is probably due
to Wengert [12]. Two further major publications regarding AD were published
by Rall in the 1980s [9], [10] and, since then, there has been a growing commu-
nity of researcher interested in this topic (see for example [2], [5], [6] or [7]). Of
course, the majority of publications on Automatic Differentiation are concerned
with certain improvements, extensions or implementations of AD, but usually
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provide also short introductions to the topic for the unfamiliar reader. Further-
more, there are also excellent and comprehensive publications which describe
the area as a whole (see for example Griewank [3] and Griewank and Walther
).

An interested reader new to the theory may find it nevertheless difficult to
grasp the essence of Automatic Differentiation. The problem lies in the diversity
in which the (actual simple) ideas can be described. While in [3] and [8, section
2] a vector-matrix approach is used, in [5] and [10] AD is defined via a certain
multiplication on pairs (namely the multiplication which defines the algebra of
dual numbers). Similarly, in [11] the lifting of a function to named dual numbers
is presented as the main idea of AD, where in [7] this lifted functions is defined as
a Taylor Series (on dual numbers). Finally, Manzyuk [6] bases his description
on the push-forward operator known from differential geometry and gives a
connection to category theory. While some of these descriptions are, in their
core, quite similar, at the very least the vector-matrix based approach appears
to differ from the remaining approaches quite a lot. For somebody unfamiliar
with the theory, this may lead to the (wrong) impression that different authors
essentially describe different methods which are only unified under the label of
Automatic Differentiation. This is effectively not the case and this article hopes
to clarify the situation.

We will in the following give short, but precise, overviews of the distinct
descriptions of AD! mentioned above and show, why they all are just different
expressions of the same principle. It is clear that the purpose of this article is
completely educational and there is nothing intrinsically new in our elaborations.
Indeed, in particular with regards to [3], we only give a extremely shorted and
simplified version of the work in the original publication. Furthermore, there are
actually at least two distinct versions, or modes, of AD. The so-called Forward
Mode and the Reverse Mode (along with variants such as Checkpoint Reverse
Mode [2]). The different descriptions mentioned above all refer to the Forward
Mode only. We are, therefore, mainly concerned with Forward AD and will only
briefly discuss the standard Reverse Mode at the end of this paper.

In addition, we will restrict ourselves to AD in its simplest form. Namely,
First Order AD, that is Automatic Differentiation to compute first order deriva-
tives, of a differentiable, multivariate function f : X — R™, on an open set
X C R™ Although, there are, of course, version which are able to evaluate
higher order derivatives (see for example [7]), we view these as extensions or
modifications of the original system and will, therefore, not consider them in
this article. The same holds for Nested Forward Automatic Differentiation,
which involves a kind of recursive calling of Forward AD (see, for example,
[11]). Again, we will not be concerned with this extension in this paper.

1.2 Notation

Unfortunately, when one wants to describe the techniques of AD precisely, things
get easily quite messy. In particular, a significant number of indices is necessary,
which may make the reading of some parts of this article difficult. The reader
should not feel discouraged by this, since the principle are really quite sim-
ple. We give, wherever possible, easy examples to bring the basic ideas across.

1To be more precise, of the Forward Mode of AD.



Further, we summarize the main results at the end of most section.

As mentioned above, the function we want to differentiate will be denoted
by f: X — R™ and defined on an open set X C R". In particular, in this
paper n always denotes the number of variables of f, while m denotes the
dimension of its co-domain. If the image of f is multi-dimensional, we will use
fU! (instead of the commonly used f;j) for its one-dimensional sub-functions.
(This is to avoid having too many sub-indices.) Open domains of functions
other than f, will be denoted by U (usually with indices). In Sections 3 and 7,
the notation x; is reserved for variables of the function f, while other variables
are denoted by v;. The symbol ¢ always denotes a fixed value (a constant).
For real vectors, we use boldface letters like x or ¢ (where the latter will be
a constant vector). In particular, x and ; will be (usually fixed) directional
vectors or their transposed, respectively. Entries of X or ; will be denoted by
o} or yl, respectively?.

1.3 The basic idea of Automatic Differentiation

Before we start with the theory, let us demonstrate the ideas of of AD in a
very easy case: Let f,¢1,92,p3 : R — R be differentiable functions with f =
p3 0 w2 0 1. Let further c,z’,y’ € R be real numbers. Assume we want to
compute f'(c) -2’ or 3y - f'(c), respectively.

By the chain rule,

fl(e) -2 = @5 (w2 (01(c))) - ¥ (p1(c)) - @i (c) -2

As one easily sees, the evaluation of f’(c) - 2’ can be achieved by computing
successively the following pairs:

and taking the second entry of the final pair. As we see, the first element of
each pair appears as an argument of the functions ¢;, ¢} in the following pair,
while the second element appears as a factor (from the right).

Regarding the computation of 3’ - f'(c), we have obviously

v F1e) =y @ (@2 (91(0))) - @3 (p1(0)) - @1 (o).

The computation of this derivative can now be achieved by the computing the
following two lists of real numbers:

y
oo 4 len O -0 (0)
y<P w2 (P1 ') c
2221t (0 (01(0) b (91(0)) - 4(6)

2The notation x, for entries of X is somewhat historical and based on the idea that, very
often, z may be considered as a derivative of either the identity function, or a constant
function. For us, however, each z/ € R is simply a chosen real number. The same holds for
the notation ;.



and taking the last entry of the second list. Here, each entry (apart from y’) in
the second list consists of values of ¢} evaluated at an element of the first list
(note that the order is reversed) and the previous entry as a factor (from the
left).

If now values of the functions o1, ¢, 3 and their derivatives ¢}, @5, ©% are
already implemented in the system, then the evaluation of the ¢;(c), ¢}(c) means
simply calling these functions/derivatives, which can be achieved with limited
computational time. Thus, the computation of f'(c)-a’ and ¥’ f/(c) is nothing
else than obtaining these values, performing some arithmetic operations on real
numbers and passing the results on. That is, no actual differentiation takes
place to compute the sought numbers. This is the main idea® of Automatic
Differentiation.

In the following, we describe the setting in general.

2 Preliminaries

As mentioned above, (First Order) Automatic Differentiation, in its simplest
form, is concerned with the computation of derivatives of a differentiable func-
tion f: X — R™, on an open set X C R™. The assumption made is that each
fi=fU:X -5 Rin

fi(zr, ., zn) f[l](xl,...,:cn)
F@1, ) = ; - -

fm(xl,...,xn) f[m](iCl,,ZEn)

consists (to be defined more precisely later) of several sufficiently smooth so-

called elementary functions <p£j] : UZ-U [ R, defined on open sets Ui[j I R”Eﬂ,
such as addition and multiplications, constant, trigonometric, exponential or
logarithmic functions etc. (Here, i € IU] for some index set 1) In particular,

o)

Ovg

the gpy] have to have the property that they and their partial derivatives
(and, therefore, their gradients Vgpgﬂ
in the system.

Further, AD does not compute the actual mapping x — Jy(x), which maps
a vector x € X to the Jacobian Jy(x) of f at x. Instead, directional derivatives
of f or left-hand products of row-vectors with its Jacobian at a fixed vector
c € X are determined. N B

That is, given c € X and x € R" or y € R'*™, we determine either

) are already implemented (as functions)

Ji(e)-x or y-Js(c).

(This appears to be a subtle difference, however, while x — J;(x) is a matrix-
valued function, Jy(c) - xandy-J r(c) are vectors or one-row matrices, respec-
tively, in euclidean space.)

The computation of directional derivatives of J¢(c) is referred to as the
Forward Mode of AD, or Forward AD (short FAD), while the computation of

y - J¢(c) is referred to as the Reverse Mode of AD, or Reverse AD (RAD).*

3In our opinion, of course.
4 As mentioned in the introduction, we will consider mainly the easier Forward Mode in
this article.



The first and foremost principle of AD is now that the computation of named
derivatives should essentially only involve computations (which means calling)
of the elementary functions @EJ] and their partial derivatives plus some real

number arithmetic. Indeed, we may give the following, informal descriptions:

o Forward Automatic Differentiation is the computation of Jf(c)-; for fized
c € X and x € R™ through the successive computation of the pairs of real

numbers N
(@Eﬂ (el V(pgj] (cliily. ;[LJ]) g2
in suitable order, for suitable vectors ¢, ;hd] c R

e Reverse Automatic Differentiation is the computation ofs_f -Jg(c) for fized
c € X and y € RY™™ through the computation of the real numbers

T ol :
o (clhily e R and v+ (;01 () v €R, k=1,..,n
Vg

7

in suitable order, for suitable vectors cl"1) € R™” and suitable numbers
Vi,j.k>Vij € R.
(Of course, the vectors and numbers clbdl ;[I’J] , V4 4k, Vi j Will be determined
in a certain way; as will be the order in which the computations are performed.)
The advantage of Forward AD in the case of a function of one variable f :
R — R™ is clear: If we choose in that case x = 1, we obtain the whole Jacobian
of f. Conversely, if f : R™ — R is real valued, Reverse AD is advantageous: If
we choose ; =1 in that case, we obtain the whole gradient of f.
As mentioned above, addition and multiplication are considered to be ele-
mentary functions. That is, the mappings

sum:R? - R with sum(zy,x2) = 21 + 29

and
prod : R? 5 R with prod(z1, z2) = 1 - 2

are part of the @EJ ], whose partial derivatives are already implemented in the
system. (It is clear that sums and products of more than two summands or
factors can be expressed by iterating the mappings sum and prod.)

For reasons of convenience, we will not use the notations sum, prod but
instead express sums and products using + or - as usual.

Now each £l will in general consist of several levels of elementary functions.
To express this fact accuratt]ely, we will have to use a subtler way of indexing

J

the elementary functions ¢,;”*. We first give an example, before we describe the

(actually trivial) situation formally.

Example 2.1. Consider the function f : R? — R? given by

exp(sin(x1)) + 423

flar,22) = ( sin(z2) + cos(a? + 3) - 5 >



In this case, flI depends on the following elementary functions:

(1l (1]

P (02) = sin(wa), @\'h(z1) = a3, olh(w2) = 5,
o5 (23) = 23 +3,

saé”l (3 +3) = cos(a} + 3),

<p4 1(cos( 2 +3),5x9) = cos(x? + 3) - 5,

W(sin(xy), cos(@? + 3) - barg) = sin(aa) + cos(z? + 3) - 5wy = f(zy, 22).

Analogously, for f2

(10[127]1(:1;1) = Sin(.rl)’ S0[12,]2([L'2) = .’L'g’
[ 9 )

2 (sin(21)) = exp(sin(a1)), @5 (v, 23) = 23 - 22 = a3,
2
90[3 ]1(‘T2) = 41'3’
go[l](exp(sin(xl)),élxg) = exp(sin(z1)) + 423 = fP(zq, 2).
The general situation is now that each fl/! may depend on elementary func-
tions
(10[1J]13' ago[lj]kjla (10[2]]13' aSD[QJ]k]2a a‘Pij],lyp- a‘PLj],1 k]l 10 @Ej]a

. 151 . [4]
defined on open sets UH C R""]ﬂ, v=1,.,0;—-1,i=1,..,k;,,and Ug] c R™,
with the properties that

Fl(zy, . @) 7()023](”23]1,_. ugj]l ) with

ugjll,.. U’Lj]l[

S {ml, . (Enago{lj]l( ')’ ago[lj]k ( ')) a(pzfl,l(' : ')a a‘PLj],1 k][ 71( : )}a

where

‘PLJ]A z( )= ‘PEJ]A z(ugj]fl PR “ij]fl,i,l[j,lyi) with

(4] (4]

U100 Ul —1d0, s

(4] (4] . 4] . (4] ..
€ %1, zna‘P11( )7 2 P1kjq ( )a a@ej_2,1( )7""’50€j—2,kj’gj,2( ) )
where

‘PEJJ—M( )= 50%—24 EJJ—QZ17“'7“21—2,1',1%,2,1-) with

(5] [j]
Up 94,10 Uy, ~2,i,le; -

6{131,-- l‘nago[lj]l( ), ’(p[lj]k (0)s e a‘PLj]731(")a a‘PLj]73k[,3(")}a



where

o5 () = QL) 1), ) with
(4] (4]
ugy 1 ...,u;’iyl%
4] (L] (] (4] (4] (4]

S {,731, ooy T (pl,l(ul,Ll..., ul,l,ll,l)’ ey @11kj,1(u11kj,171..., ulvkj,lvll,kj’l)} ,
where u[l{]i,l, ...,u[ﬁ]i,llyi {1, ..., xnt,
for all z1,...,2p, € X and fori=1,....,k;,, v=1,...,¢; — L.

This description is somewhat necessary for formally discussing the Forward
Mode of AD using the algebra of dual numbers (see Section 4). It is indeed not
too important for the approach we will discuss first.

3 Forward AD—An elementary approach

In this approach, the function f is described as a composition of multi-variate

and multi-dimensional mappings. Differentiating this composition to obtain

J¢(c) - >_<\, for given ¢ € X C R" and x € R™ leads, by the chain rule, to a

product of matrices. This method has, for example, been described in [8, section

2] and, comprehensively, in [3] and [4]. We follow mainly the notation of [3].
The simple idea is to express f as a composition of the form

f=Pyrod,o0---0d;0Px.

Here, Px : X — H is the (linear) natural embedding of the domain X C R"
into the so-called state space H = RY™H  where dim H = n + u for p being
the total number of elementary functions gol[j] ]k, @Lj,] which make up the function
f. Each ®; : H — H, referred to as an ele}nentary transition, corresponds to
exactly one such elementary function. The mapping Py : H — Y = f(U) is
some suitable linear projection of H down onto Y = f(U) C R™.

Determining now Jy(c) - x for fixed ¢ € X and fixed X € R" becomes, by
the chain rule, the evaluation of the matrix-vector product

Jp(e) - x =Py @, - @), Px-X, (3.1)
where ®; . denotes the Jacobian of ®; at (®;—1 0---0®; 0 Py) (c).

Each computation of @;70 should now only involve one computation of (some
directional derivative of) the gradient V;(c!) of some elementary function ¢;
(equal to wg]k or gpz] for some j,v, k) at some cl/. Again, the computation
of the V(pi(cm) simply reduces to calling partial derivatives, and, similarly,
computing the numbers ¢!/ shall also only require the calling of some other
elementary function ¢;. This way, J;(c) - X is computed ‘automatically’ and,
at no time in this process, any actual differentiation takes place.

The process is now performed in a particular ordered fashion, which we
describe in the following.

The evaluation of f at some point x = (x1,...,2,) can be described by a
so-called evaluation trace vI% = vI%(x), ..., vIHl = vlH(x), where each vl € H



is a so-called state vector, representing the state of the evaluation after ¢ steps.

More precisely, we set

vl .= Px(z1, ., @n) = (X1, ey T, 0, ...

,0) and vl =&,(vITU) i=1, ..

The elementary transitions ®; are now given by imposing an ordering on the

<p[uj ]k, gp% ], such that ¢; is the i-th elementary function with respect to this order,
U1
U1 Unti—1 vl
and by setting ®; : =1 wi(viy, i) |, for all : € H,
Untp Un+i+1 Untp
’Un+#

and iy, .. Vi, € {V1, ., Unti—1} N U, where U; C R™ is the open domain of
;. Note that this is not a definition in the strict sense, since we do not specify
the arguments v;,, ..., v;, of ¢;. These will depend on the actual functions f
and ;. (Compare the example below.)

Therefore, we have

V[f;l] (x) =1 v[f;H =

KA
v%fl} (x) = 2p v%fl} =z,
(1] — &, (vli—1 _ o _ C
vii(x) = &;(v X)) = i—1 = i—1 )
() = B+ () . S
@i(vil (X)a ey Vi, (X)) @i(vila ooy Vi
0 0
0 0
s o [i—1] [i-1] ,
for vy, = i, (%), .y vi, = v, () €{vy vyl N UL

It is clear that, for the above to make sense, the ordering imposed on the
‘Py]ka‘:"z] must have the property that all arguments in ¢;(v;,, ...,’Uini) have
already been evaluated.

The definition of the projection Py : H =Y = f(U) C R™ depends on the
ordering imposed on the @Lj ]k, @E]j I If this ordering is such that we have for the

top-level elementary functions (lel] = QOndp—ms o (me]

have

= Qn+u, then we will

m

f[l] ('rlv 7:Cn) = V[M]

ntpu—m o f[m] (xlv wrn) — V[M]

n+u

and we can choose Py (V1 ..., Ungp) = (Untp—m, o Ungpr)-

Example 3.1. The following is taken from [3, page 332].
Consider the function f : R? — R given by f(z1,72) = exp(x1)-sin(z1 +2).



Choose H =R% and f = Py o ®4 0 &3 0 &y 0 $; 0 Px with

Px :R?* 5 RS, with Px(x1,29) = (21, 22,0,0,0,0),

dq
®,

@32
@42

f%/:

:R% — RS,
: RS %RG,

RS — RS,

RS — RS,

Wlth (I)l 1}1,’1}2,1)3,'04,’1}5,1)6>:
Wlth (1)2 1}1,’1}2,'03,'04,’1}5,1)6>:

(
(

with ®3 (v1, v2, V3, V4, U5, Ug
(

with @4 (v1,v2,v3,v4, V5, Vs)

1}1,'02,6)(})(’1}1),’04, Us, vG)a

(

(v17’02703; v1 + V2, Vs, UG),
(Ula V2, V3, V4, Sin(’l}4), UG)’
(

U1, V2, V3,04, V5,03 * ’1)5),

6 .
R® - R, with Py (v1,v9,vs,v4,v5,v6) = vs.

Analogously to the evaluation of f(x), the evaluation of the matrix-vector

product (3.1) for some ¢ € R™ and some x = (x},
as an evaluation trace v/ = v/[°) (c, X), ..., v — (c, x), where

—

— — / /
:=Px-x=(2],..,x

ey Iy

x}) € R™ can be expressed

ceey iy

0,.,0) and v'i=a) VI i1

By the nature of the elementary transformations ®;, each Jacobian
@ . = Jg, (vI71(c)) will be of the form

1
0
- d¢i
¢ip - Bv;(
0
0
here 92
where 3
Ve
on vg.

Thus, each v/

0 0 e 0

1 0 0

) oo
OVnyp

0 1 0

(&) will be of the form

v =

+ (n +1i)-th row,

(3.2)

()= %f—; (vi, (€), .., i, (€)) is interpreted as 0 if ¢; does not depend




~ ~ - -
forv] =] (¢, x),...,v] =] (c,x)E{v’[lZ ],...,V/,[;_H]_l , where the v

SRL i,
[i—1]

That is, if v =V (c), then ”éj =

/ /
iy e Vi,

correspond exactly to the v;,,...,v;
v’yfu (c,;).

The directional derivative of f at c in direction of X is then

T

Jr(c) - x =Py v/,

/

Example 3.2. The computation of Jy(c1,c2) - ( i,l ) for f : R2 — R given by
2

flx1,x2) = exp(aq) - sin(xy + x2)

has four evaluation trace pairs [V[O],V/[O]], vy [V[4],v’[4]], where
c1 x}
Co xh
o_| 0 Mo _ | 0
v o |V 0
0 0
0 0
and
C1
C2
[4 _ exp(c1)
v 1+ co ’

sin(cy + ¢2)
exp(c1) - sin(e; + ¢2)

Ty
i
v exp(c1 )}
v = ! /
7+ X9
cos(c1 + c2)(x] + b)
sin(cy + ¢2) exp(cr)x] + exp(cr) cos(er + o) (2] + 25)
Then
] 4
ViJg((er,e2)) - ( o ) =Py v
2

= (exp(c1)sin(cy + ¢2) + exp(cr) cos(c1 + ¢2)) 2] + exp(c1) cos(cy + c2)xh.

Note that in the evaluation process, given the ®;, each pair [vl v’ [i]] de-
pends only on the previous pair [vli=1, v/ [ifl]] and the given vectors ¢, x. (Since
vlil = @,(vli=1) and v/ = Jg, (vIi=1(c)) - v/ 1) Therefore, in an implemen-
tation, one can actually overwrite [vIi=1 v/ [i_l}] by v, v/ [i]] in each step.

Note further that the (n + )-th entry in each pair [v[i],v’[i]] is of the form

’Uil

(pi(’Uil,...,’l}ini),V(pi(’Uil,...,’Uini) . S RQ, (33)

10



i.e. consisting of a value of p; and a directional derivative of this elementary
function. Since the previous n + ¢ — 1 entries are identical to the first
n + i — 1 entries of [v[i’l],v’[ifl]], the computation of [v[i],v’[i]] is effectively
the computation of (3.3).

We summarize the discussion of this section in the following theorem:

Theorem 3.3. By the above, the evaluation of Jy¢(c) - X can be achieved by
V/[i]]_

the process of computing the evaluation trace pairs [V[i], This process is

equivalent to the process of computing the pairs (3.3).

The following section is concerned with a method which uses this last fact
directly from the start. This approach also provides a better understanding on
how an Automatic Differentiation system could actually be implemented. A
question which may not be quite clear from the discussion so far.

4 Forward AD—An approach using Dual Num-
bers

Many descriptions and implementation of Forward AD actually use a slightly
different approach than the elementary one that we have just described. Instead
of expressing the function whose derivative one wants to compute as a compo-
sition, the main idea in this ‘alternative’ approach? is to lift this function (and
all elementary functions) to (a subset of) the algebra of dual numbers D. This
approach has, for example, been described in [5], [7] and [10].

Dual numbers, introduced by Clifford [1], are defined as D := (R% +,.),
where addition is defined component wise as usual and multiplication is defined
as

(x1,y1) - (x2,92) == (122, T1Y2 + Y122), YV (21,y1), (®2,¥2) € R?.

It is easy to verify that D with these operations is an associative and com-
mutative algebra over R with multiplicative unit (1,0) and that the element
¢ :=(0,1) is nilpotent of order two.

Analogously to a complex number, we write a dual number z = (z,y) as
z = x + ye, where we identify each € R with (2,0). We will further use
the notation (z,z’) instead of (x,y), i.e. we write z = x 4+ 2’c. The 2’ in this
representation is referred to as the dual part of z.

We now define an extension of a differentiable function g : U — R, on an
open set U C R*, to a function g : D* D U x R* — D on a subset of the dual
numbers®, by setting

!
1

glxr + xie, o, +ale) == g(wr, . x,) + | Vg(an, . zy) - : -e.

(4.1)

5Indeed, we will see at the end of this section, that Forward AD using dual numbers is
completely equivalent to the method of expressing f as Py o ®,0---0®; o Px.

6Here, 1 € NT is just some positive integer and does not have the same meaning as in the
previous section.

11



This definition easily extends to a differentiable function f: X — R™, on open
X CR" as f: D" D X xR"” — D™ with

o~

FU(z1 + 2le, oy Ty + 2h6)
flar + e,y zn + 2le) = :

(4.2)

flml(zy + 2le, .,z + 2hE)

:f(:L'l,...,SCn)+Jf($1,...,:cn)~ E.

!
Ty

We first have to show that definition (4.1) makes sense. ILe., that it is
compatible with the natural extension of functions on U which are defined via
usual arithmetics. That is, we show the following:

Proposition 4.1. Definition (4.1) is compatible with the natural extension of
(i) the identity function,
(ii) constant functions,

(iii) the mappings sumy, prody : R¥ — R, defined by

sumg (z1,...,xg) =21+ - +x and prod(xy,...,xx) =21 - X,

(iv) (multivariate) polynomials
to the dual numbers D.

Proof. (i) and (ii) follow directly from the definition.
(iii): We have
sumg (z1 + x€, ..., Tk + ThE)
=z +2ie+ - +ap+ahe

/

:(ZL'1+"'+:C]€>+(:C1+“~+:C;€)€

T
1 xh
=(z1+ - +xp) + . e
1 x,
21
= sumg (1, ..., xx) + | Vsumg(z1, ..., k) - €
!
L

12



and, since €2 = 0,

—

prody (z1 + 2} €, ..., Tk + T}E)
= (z1 + i) - - (zg + 7€)
k k
=(xy--- z) + Zx;H% e
=1 j=1
J#i
T
T2X3 Lk /
1
T1X3T4 Tl
= (501 ..... :Ck) —+ . g
. /
L1&2 " Tk-1 Tk
i
= prod, (21, ....,zx) + | Vprod,(z1,...,xx) - €
)
(iv): This follows from (i)-(iii). O

We further need to prove that definition (4.1) behaves well for functions
which depend on other functions. That is, we show the following;:

Proposition 4.2. Let g : U — R be differentiable on the open set U C R¥,
such that

g(,ﬁEl, ...,.Z'H) = gg(xo,l, ceey ,CCQ,HO,gl(.’L'Ll, ceey ,CCl,Hl), ---,ge—1(9€e—1,1, ...,$5_17M€71)),

where g; : U; — R are differentiable on the open sets U; C R*: with
x;; € {z1,....,xu}. Then

o~ !/ /
g(w1 +exy, .,y +£T,)
-~ ! ! -~ / !
= G0(T0,1 + €0 15 oy TOpg + €T s GL(T11 + ETY 15y T1 oy +ETY )y ens

97\*1(1'5*111 + 51‘271,15 vy Tl—1, 10y + 550271,#[,1))- (43)

Proof. The right hand-side of equation (4.3) is equal to

-~ / /
qe (x(),l + 5560717 o0y LO, g + E':CO,,LL’

z/1,1
gl(zlﬂl,...,xlym)Jr Vg1() Eyeny
x'l#
$2—1,1
Go—1(To—1,1, s To—1, 1) + | Vge—i(---) - : 5)

/
xeflnul—l

13



=gt (:CO,lv ---7$0,,uo;gl(1'1,17 "'7$1,#1)7 "'79871(1'671,17 "'7:1:271,}1,[,1))

where Vg,(---) =

g(l'l,

Zo,1
0,51
z/1,1
Voi(---)- :
) : 1./ g,
1,p
$2—1,1
Vgeq(' .. ) . :
502717#[71
dge ().
d(IU,l ..... Io’uo,gl(---) ..... 9171(“'))
The left hand side of (4.3) is obviously equal to
4
woxp) + | Voo, hzy,) - - €.
T

By assumption,

g(zlv ...,ZE#) = gl(zo,l

Further,

Vg(xl, cey xu)
4
d(l‘l,...

» L

3

)92($0,1, ceey zo,#oagl(xl,la RS 1'1,#1)5

L) :L'Oﬁlu‘O?gl(:rl,l) c 1'11#1)) ---,92—1($271,17

aglfl(:rlfl,lv

(4.5)

---7$271,,u[,1))-

T )

= V92($0,1, sy zo,#oagl(xl,la RS 1'1,#1)5 ---,92—1($271,1, "'7:1:271,}1,[,1))

. m ((zl, e Xp) (1'0,17 s 0,0, 91 (), e Go—1 (- ))),

where Vg(--)

dge

Now, clearly

m ((zl, e Xy) ($0,1, s 0,0, G1( ), s Go—1 (- ))) .

14
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equals

/
Lo,1
61071 . 61071 :L,/
dzy dzy, O,u ,
6$0,”0 . BZ()YMO , :Cl,l
dzy dx, 1 Vai(---
991 () | 991(--) . _ i) :
dzy dz,, : = 7!
2 1p
: : : o
9g9¢—1() .. 9ge—1(-) 2
dx dx,, £—1,1
Vge_l(. .. ) .
/
To—1, e
Hence, (4.4) equals (4.5) and we are done. O

One can now determine the directional derivative J¢(c)- x of a differentiable

C1
f:R™ D> X — R™ X open, at a fixed ¢ = : € R”™ in direction of a fixed
Cn
3
X = : € R™, by extending each fl! to the dual numbers and. That
Ty,

is, one replaces the arguments (21, ..., ,,) in fU! by (¢; + e, ..., cp + 2/,€) and
applies first (4.1) to the elementary functions <p[1j,]1, ey 90[1] ]kj .- This then leads
to the extension of the @[2] ]1, e @[2] ]kj , to the dual numbers and one can apply

(4.1) again and so on.
We obtain therefore for i =1,...,k;,, v=1,...,0; — 1:

Y . . / . . /
o0 (a4 () vl + (4, ) )

= ori (s gy, )+ | Velhl oy, ) 5 2

. !/

with

. . / . . I
u[lﬂzl + (U[1J]z1) €, ...,u[f’]iJM + (um ) e €{a+2ie,...,cn+ e}

14,014
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(U[zj]z 1)/

— )l )+ | VA @l ) 2 Z

/
(U[zj]z lai )

with
’ /
B () el () <

6{01+$/1€ Cn+-T5 SD[J]()’ a(p{lj]k ()}

— / o i !
(ng]fl K (ugj]l il T (UEJLl i 1) Eaees ugi]*lvi*lljflvi + ( Lj]fl rhle - ) E)
= SDEJ']—l i ( Ejl—l 3,100 uz]_lvi’lfjfl’i)

()
(4] (4]

—+ V@év_lz ( [_111;-"ﬂuéj—1,i,lej71,i) ’ : ©

(UEJ.]_l ile; -1 1)1

, /
(5] [7] [7] 7]
u[_lll + u[—lzl E;"'ﬂuéj—l,i,lgjfl,i + uéj—l,@lhfl,i €
—

G{Cl+1'/15,.. Cn + T, @[J]("')v 7@[1]]k (- )‘P[;]l( )y ’50[;]’%2(”)""

’805172 1( .. ), ey (,02_]727]%751_72(' o )} :

Finally,

/ ; j '
wgﬂ < [j],l + (UEJ] 1) o .“7uz]’lej * (ugjf]’l‘f) E)

_— ( b, [JJ]JE )+ Vil (ugﬂl,,_.,ugﬂj}%). : e,

(4.6)
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— — - o —

S {Cl + 1'/155 <5 Cn + .CC,/nE, 50[1]7]1( o )7 ey 90[1{]]%,1(' o )7 90[2],]1( o )5 sty 80[2],]1@,2(. o )5

Tt cpgjj—l,l(. o )’ R ngj‘]—l,k‘j’gjfl(. o )} .

Now, we have the following:

Theorem 4.3. The lifting process of fU! to a subset of the dual numbers, as
described above, computes the directional derivative V U] () x of fUl at fized

—

c € R" in direction of fized x € R" as the dual part of goz](- o).

Proof. By applying proposition 4.2 successively, we obtain
S () LY [ G\ ) — gl / /
oo, (ugq+ (uga ) &gy, + ugy, ) e)= f9 1 + xie, .. cn + 2 8).

Since gaz] (U%],p s u%}7lej) = fUl(cy, ..., cn) by construction, (4.6) implies

. !
(“Ejj]l) x)

V(pz] (UZ],D ""uz],lzj) . : =Vil(er, . en)

. / /
W x,,
Lysle;

Example 4.4. Consider again the function f : R2 — R? given by

(sl +con(at +3) -5
flxr,22) = ( eip(sin(xl)i + 43 2 ) .

We replace z1,z2 in fIU and fB by ¢; + 2% and ¢y + zhe.
We have, by definition (4.1), proposition 4.1 and proposition 4.2,

(e, + @e, ea + xhe)
(co + xhe) + 5(ca + whe) - cos((cr + €)? + 3)
(ca) + cos(ca)ahe + (5ea + bahe) - cos(ci + 3 + 2¢17)¢€)
= sin(cp) + cos(cz)xhe + (5ea + 5rhe) - (cos(cd 4 3) — sin(ch + 3)2¢14¢€)
(
(

= Sin

= sin(ca

)

)

= sin(cy) + cos(cz)zhe + Heg cos(cr + 3) — 10cieasin(c? + 3)x)e + 5 cos(c? 4 3)he
)

= sin(cz) 4 5z cos(ci + 3) + (—10c1co sin(c] + 3)a] + (cos(c2) + 5 cos(cf + 3))ah) e.

/
By theorem 4.3, the dual part of this expression is V f[1(c1, ¢2) - < i} > Le.,
2

/
Vi (e, e) - < i,l > = —10c;casin(ci + 3)2) + (cos(cz) + 5cos(ch + 3))ah.
2

17



Similarly,
FP(er + @le, e + abhe)
= exp(sin(c; + #1€)) + 4 - (ca + w5e) - (ca + he)
= exp (sin(ey) + cos(cr)z)e) + 4(cy + cawhe + 2c5wh¢)

2

= exp( n(c1)) + exp(sin(cy)) cos(cy )xhe 4 4¢3 + (4cixh 4 8caxh)e
= exp(sin(c1)) + 4¢3 + (exp(sin(c1)) cos(cr )z + 12c3zh) e.
Then, by theorem 4.3,

!
L

V2 (e, ) - ( o ) = exp(sin(cy)) cos(cr )z + 12c2h.
2
Therefore,

J(eres) - 1) = ( T10ercosin(et +3)ai + (cos(ca) + 5cos(c +3))z; )
2 exp(sin(cy)) cos(c1)z) + 12¢37)

Thus, a (basic) implementation of an Automatic Differentiation System can
be realised by implementing (4.1) for all elementary functions together with the
rules of addition and multiplication on dual numbers. The actual computation
of a directional derivative of a function f is then performed by simply replacing
the arguments of each fU! by dual numbers ¢, + ¢, ..., ¢, +2/,¢ and evaluating
Tl ey + 2he, .o e + 2hE).

Note again that, at no time during this process, any actual differentiation
takes place. Instead, we are computing and passing on the pairs

. !
_ (k)

)=o), vl () : (4.7)

. I
(W)
(- G

and P () = [ @B(o), vl (o) : , (4.8)

()

which computes ‘automatically’ the directional derivatives V fUl(c) - x and,
therefore, the directional derivative J¢(c) - X..

Note further that the pairs (4.7), (4.8) are exactly the same pairs (just with
different indices) as the ones in (3.3). This means that the processes described
in this and in the previous section reduce to exactly the same arithmetic oper-
ations.

Indeed, if we impose a suitable ordering on the <p[ ]k, gpgj], let ; the i-th

function with respect to this ordering, and store the pairs (cz7 %) and
/
Ui 1

wil-++), Vi(--+) in an array, we obtain the evaluation trace pairs
vl v/, In summary:

18



Theorem 4.5. The evaluation of the directional derivative Jy(c) - x through
the lifting of each fl9! to a function defined on a subset of D, is equivalent to
the process of computing the evaluation trace pairs [v[i],v’ [i]], as described in
the previous section. This process is equivalent to the computation of the pairs

(4.7), (4.8) in suitable order.

5 Forward AD and Taylor Series expansion

In the literature (see, for example, [7]), definition (4.1) is often described as
being obtained by evaluating the Taylor Series Expansion of § about (z; +
TYE, ooy Ty + TE).

To understand this argument, recall that the Taylor series of an infinitely
many times differentiable multivariate function g : U — R on an open set
U C R* about some point ¢ = (ci, ...,¢,) € U is given by

o0
(w1 —c1)™ - (T —cp)™ OMT g
Tge)x) = Y o ) O
ny+--+n,=0 ny: Ty ]t Oz,

for all x = (x1,...,z,) € U.
Let now g : D* D U x R* — D be an extension of g to the dual numbers
(that is gly = g). We define the Taylor series of § about some vector of dual

numbers (c, :) = (c1+ e, . ¢+ ce) € U X R* analogously to the real case.
That is,

T(g; (c, ©))((x, X))

_ i (w1 —c + (@) —d)e)™ - (wp — e + (), — ¢)e)"™
o l...;p |
ety =0 ny: m

8"1+"'+"“§ N )

'm((cv c))

for all (x, Q) = (21 + 218, oy vy +20,6) €U X R

Trivially, this series converges for (x, §) = (c, G) Further, due to €2 = 0,
the Taylor series about any (x,0) = (z1 + O¢,...,z, + 0¢) € U x R* converges
for the arguments (x, x) = (21 + 21¢, ..., 7, + 7€), for all x € R*. We have,
identifying x with (x,0),

)
- (50/16)7“ cee (:C/ [—j)”u orittnu
T(g;x)(x, x) = E © N 51
(g )( ) ni+--+n,=0 nl'nu' 6557111 a,CCZ“g( ) ( )
n=
1 e
B N C LR L T R
ni+--+n,=0 nl'nu| ax?l "'a:EM“

= 89 k
k=1
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=g(@1, .y zy) + | V(zr,.yzy) - : c
)
4
=g(z1,....,zu) + | Vg(z1,...,z,) - ; c.
T

As we see, the right-hand side of the last equation is equal to
g(x1+ahe, ...z, + 7)) in definition (4.1). Hence, if we choose g as g, we obtain

Gz +2he, oz, + st) =T(G; (w1, ey zp))(x1 + 218, oy Ty + st) (5.2)
That is:

Proposition 5.1. The extension of a differentiable g : R* C U — R, U open,
to a subset of the dual number as defined in (4.1), is the (unique) function g,
with the property that the images of any (x1 + i€, ...,z + x),€) under g and
T(g; (x1,...,x,)) are equal.

(Note that this does not mean that g is analytic on U.)

Since we identify U with its natural embedding into D, we can replace §(x)
by g(x) in the right-hand side of (5.1). It is custom to do this in the left-hand
side of (5.1) as well. That is, one usually writes T'(g; (21, ...,2,)) instead of
T(g; (z1, ...y xp)) or T(g; (x1,...szp)).

By the above, it is obvious that one can describe the process of determining
the directional derivatives V fl/(c) - x of each fUl in terms of Taylor series
expansion. Le., one determines these derivatives by replacing the (1, ..., 2,) in
the elementary functions gp[ﬁ]l, ey w[l{]kj,l by (c1+ e, ..., cn +2,€) and evaluates
the Taylor series of these functions or, more precisely, of their extensions to
the dual numbers, about the real parts of their arguments. This leads to the
extension of the <p[23, ]1, e <p[2j ]k, , to the dual numbers and one evaluates the Taylor
series of these functions and so on.

This process is, by (5.2), obviously identical to the one described on the

previous pages.

6 Forward AD, Differential Geometry and Cat-
egory Theory

In recent literature (see [6]) the extension of differentiable functions g : U — R
on open U C R¥ to a function g : D* D U x R* — D is described in terms
of the push-forward operator known from Differential Geometry. We shortly
summarize the discussion provided in [6].

Let M, N be differentiable manifolds, 7'M, TN their tangent spaces and let
h : M — N be a linearly approximatable function. The push-forward (or
differential) T'(h) = dh of h can be defined” as

T(h): TM — TN with T(h)(x,x) = (h(x), dxh(x)),

"The definition we are using here is the same as in [6]. Some authors define T'(h) = dh via
dh(x, X) = dxh(X).
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where dxh(Q) is the push-forward (or differential) of h at x applied to .
If now f: X — R™ on open X C R" is a differentiable function, this reads

T(f): X x R" - R* with T(f)(x,x) = (f(x), T4 (x) - 2) .
Identifying R?™ with D™ and in light of (4.2), this means nothing else than

T(f)=r

Furthermore, in the special case of a real-valued and infinitely many times dif-
ferentiable function g : U — R on open U C R* we also have, by equation
(5.2),
T(9)(x,X) = T(g; x)(x, X), V(x,%) €U x R,
which justifies using the letter T for both, the push-forward and the Taylor-series
of g in this setting.
It is now easy to check that T'(idps) = idrp and that

T(hog)=T(h)oT(g),

forall g: M — N and h : N — L, for differentiable manifolds M, N, L. Hence,
the mapping T" given by

M—TM
h— T(h)

is a functor from the category of differentiable manifolds to itself. Furthermore,
since TR = R?, one can even consider the ring of dual number D as the image
of R under T, equipped with the push-forwards of addition and multiplication.
That is,

(D,+,:) = (TR, T(sum), T'(prod)) .

Extending this to higher dimensions, the lifting of a differentiable function f :
X — R™ on open X C R™ to a function f on a subset of the dual numbers
X x R™ C D™ may be considered as the application of the functor T to X, R™
and f. In other words,

FiXxR*"»D" = T(f):TX -TR™ = T(f:X—>R™).

In summary, the Forward Mode of AD may also be studied from viewpoints of
Differential Geometry and Category Theory.

7 The Reverse Mode of AD

Let, as before, f : X — R™ on open X C R" be differentiable. As already
mentioned, the Reverse Mode of Automatic Differentiation evaluates products
of the Jacobian of f with row vectors. That is, it computes

;-Jf(c), for fixed c € X and y € RV™,

It not really possible to encode this evaluation using dual numbers. Instead,
an elementary approach, similar to the FAD approach in section 3 will have to
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suffice. The Reverse Mode is, for example, described in [3], [4] and [8]. We
follow mainly the discussion in [3].

Express again f as the composition Py o ®, 0---0 ®; o Px, with Px, Py
and the ®; as in section 3. The computation of ; - J¢(c) is, by the chain rule,
the evaluation of the product

;.Jf(c):§.py.q);7C (I)'Lc.pX
.T LT
where again <I>;7c denotes the Jacobian of ®; at ($;—1 0---0 P10 Px)(c).
Obviously, the sequence of state vectors vl € H is the same as in the
Forward Mode case. The difference lies in the computation of the evaluation
trace of (7.1), which we denote by v/ = vl (c,y), ..., v1% = vl9(c, y).
For simplicity, assume Py (v1, ..., Unt+p) = (Untp—m; -y Untp), for all

T
(1, ., Unyp) € H and denote y = (¥4, ..., yp,). We define the evaluation trace
of (7.1) as

~T . .
v .=pl.y = 0,...,0,91, ..., y.,) and vl .= (I);Tc v
By (3.2)
(n + 4)-th column
!
9pi
1 ... 0 2ei(-en) 0 --- 0
0 1 0 0
1 = ,
0 0 1 0
: : o : oo
0 --- 0 ﬁ() 0o --- 1

where %ff(- ) = %f—; (vi, (€), -y i, (€)) 18 interpre.ted as 0 if ; does not depend
on v, and the v;, (c),...,v;, (c) € {v[f*l] (c), ,vg;lll(c)}

Therefore, each v is of the form

Vil g () T,

i s i
VL]HA + TL() VL}H

I I

v’n“r'b“rl B’Un+i+1

i . i
Vn-i-u + OVnp ( o )
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The value y - J¢(c) is then given by

(v Jr(e) = PE-¥9.

Note that, in contrast to Forward AD, the sequence of evaluation trace
pairs [vI], %] appears in reverse order (that is, [vl®, ¥, . (vl ¥1]). In
particular, unlike to Forward AD, it is not efficient to overwrite the previous
pair in each computational step. Indeed, since the state vector v’ is needed
to compute ¥, the pairs [vl?, ¥l1] should not be computed (as pairs) at all.
Instead, it is more efficient to first evaluate the evaluation trace vl ... v#l
store these values, and then use them to compute the v1*, ..., 11 afterwards.

Example 7.1. Consider the function

exp(z) sin(x)

f:R =R with f(x):( N )

We want to determine (y; y5) - Js(c) for fixed ; = (y, vbh) € R™*2 and
c=ceR
Set H=R? and f = Py o &40 ®3 0 Py 0 &y 0 Px with

Px :R = R5 with Px(z)=(z,0,0,0,0),

@1 :Rs — RE), with (I)l ’017’02;”3;1)4;1)5)
d, : R® - R5, with ®o

vl,exp(m),vg, Vg, )7

=(

V1, V2, U3, V4, Vs) = (V1,v2,sin(v1), v4,0s),
vs) = (

=(

(
(

P35 : R® - R®, with @3 (v1,v2,v3,v4, U5 V1, V2, V3, V1,Vs),
(

. RS 5 :
®4 'R HRv with (1)4 ’017’0251)3;1)4;1)5) ’01702;”3;”47’02'”3)5

Py : R — R, with Py(’l)l,’Ug,’U3,U4,U5) = (’U4,U5).
Clearly, we obtain the evaluation trace vI%(c), ..., v[4(¢c) with

exp(c)
o vill(e) = sin(c)
exp(c) sin(c)

00 (c)

S oo o0

The Reverse Mode of Automatic Differentiation produces now the vectors
v, .. v with

0 0 vl
0 y4 sin(c) y4 sin(c)
vi=1 0 [ =1 gepl) [, v = yexple) |,
vi i 0
yh 0 0
Y1+ ya cos(c) exp(c) Y1 + yz exp(c)(sin(e) + cos(c))
yh sin(c) 0
vl = 0 V0 = 0
0 0
0 0
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Then
(v, ya) - Jr(c) = P -¥° =y} + yhexp(c)(sin(c) + cos(c)).

We summarize:

Theorem 7.2. The evaluation of ; - Jy(c) can be achieved by computing the
vectors vIO, .. vt and ¥ TV where the computation of each VU s
effectively the computation of the real numbers

Op;

Vit Gor (01 (©), i, (€) Tk K E it
0 i 7
and o (00 (©): i, (€)W

Remark 7.3. (i) It is not hard to see that the Reverse Mode is the dual con-
cept of the Forward Mode. As a matter of fact, while J¢(x) - x is the
push-forward of f at x applied to Q, the matrix product ;r - J¢(x) is the

pull-back of f at x applied to the linear map ; (which is an element of
R*™ the dual space of R™). Indeed, given x, we have trivially

(v-Jr) - x =y (10 %). (7.2)
for all y € R1*™ x € R™.
- - T
(ii) If we use the notations vIE= x v Ji(c)-x and v =y
. T
vi- .= (y : Jf(c)) , then (7.2) (with x = ¢) reads

v[71]T . V/[*l] _ V[,Ur‘rl]T . V/[#Jrl]'

In fact, given c, x and ;, it follows immediately from the definitions of
v/l and ¥ that the scalar products of the evaluation trace vectors of the
Forward and Reverse Mode

V[z']T /1

are constant (equal to ;Jf(c)g) forall i = —1,...,u+ 1. (That is, at each
time of the computations.)

Acknowledgement I

I am thankful to Barak Pearlmutter for valuable suggestions which led to an
improvement of this paper.

Acknowledgment 11

This work was supported by Science Foundation Ireland grant 09/IN.1/12637.

24



References

1]

2]

W. K. Clifford, Preliminary Sketch of Bi-quaternions,Proceedings of the
London Mathematical Society 4 (1873), 381-395.

A. Griewank, Achieving Logarithmic Growth of Temporal and Spatial
Complexity in Reverse Automatic Differentiation, Optimization Methods
and Software 1 (1992), 35-54.

A. Griewank, A Mathematical View of Automatic Differentiation, Acta
Numerica 12 (2003), 321-398.

A. Griewank and A. Walther, Evaluating Derivatives: Principles and Tech-
niques of Algorithmic Differentiation, second edition, STAM, Philadelphia,
PA, 2008.

D. Kalman, Double Recursive Multivariate Automatic Differentiation,
Mathematics Magazine 75 (3) (2002), 187-202.

O. Manzyuk, A Simply Typed A-Calculus of Forward Automatic Differ-
entiation, Electronic Notes in Theoretical Computer Science 286 (2012),
257-272.

B. A. Pearlmutter and J. M. Siskind, Lazy Multivariate Higher-Order
Forward-Mode AD, Proc of the 2007 Symposium on Principles of Pro-
gramming Languages, Nice, France (2007), 155-160.

B. A. Pearlmutter and J. M. Siskind, Reverse-Mode AD in a Func-
tional Framework: Lambda the Ultimate Backpropagator, TOPLAS 30
(2) (2008), 1-36.

L. B. Rall, Differentiation and generation of Taylor coefficients in Pascal-
SC, In: A New Approach to Scientific Computation, Academic Press, New
York, 1983, 291-3009.

L. B. Rall, The Arithmetic of Differentiation, Mathematics Magazine 59,
1986, 275-282.

J. M. Siskind and B. A. Pearlmutter, Nesting Forward-Mode AD in a
Functional Framework, Higher-Order and Symbolic Computation 21 (4)
(2008),361-376.

R. Wengert, A Simple Automatic Derivative Evaluation Program, Com-
munications of the ACM 7 (8) (1964), 463-464.

Philipp Hoffmann

National University of Ireland Maynooth
Department of Computer Science
Maynooth, Co. Kildare

Ireland
email: philipp.hoffmann@cs.nuim.ie

philip.hoffmann@maths.ucd.ie

25


http://arxiv.org/pdf/philipp.hoffmann@cs.nuim.ie
http://arxiv.org/pdf/philip.hoffmann@maths.ucd.ie

	arxiv.org
	http://arxiv.org/pdf/1411.0583v1.pdf
	1 Introduction
	1.1 Content and Motivation
	1.2 Notation
	1.3 The basic idea of Automatic Differentiation

	2 Preliminaries
	3 Forward AD—An elementary approach
	4 Forward AD—An approach using Dual Numbers
	5 Forward AD and Taylor Series expansion 
	6 Forward AD, Differential Geometry and Category Theory
	7 The Reverse Mode of AD



