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A Simple Soft Limiter Describing Function for
Biomedical Applications

Annraoi de Paor and John Ringwood* , Senior Member, IEEE

Abstract—This paper suggests an arctangent function as a suit-
able parameterisation for the soft-limiting gain characteristic fre-
quently encountered in models of biomedical systems. This func-
tion is shown, as an example, to fit the neural arc component of the
baroreflex with the main contribution of the paper being the devel-
opment of a simple describing function (DF) characteristic for the
arctangent. The simple form of the DF allows transparency of the
physiological parameters in, for example, stability analysis. For il-
lustration, the derived DF is used to examine low-frequency limit
cycles in blood pressure, sometimes termed Mayer waves.

Index Terms—Baroreflex, describing function, limit cycle.

1. INTRODUCTION

LL real systems are characterized by finite limits on

system variables, such as temperatures, pressures, con-
centrations, displacements, etc. In man-made systems, this is
usually represented by a hard saturation characteristic which
observes the upper and lower bound on a variable. Physiolog-
ical systems, however, are generally not as “mechanical” and
are usually characterized by soft limiting functions. In addition
to soft-limiting characteristics, sigmoidal characteristics have
been observed in a variety of physiological control systems,
such as neuron recruitment [1] and the blood pressure regula-
tion (baroreflex) system [2].

A number of physiological subsystems [3], such as blood
pressure control [4] and the tubuloglomerular feedback system
[5], exhibit sustained oscillations which are thought to be limit
cycles, i.e., they are a consequence of the feedback system them-
selves. While oscillations in many physiological variables are
deliberate and easily explained, such as the cardiac rhythm in
blood pressure, the reason for oscillation in the above cited ex-
amples is not so clear. Indeed, some suggest that the param-
eters of such oscillations could form the basis for diagnostic
measures, since the presence/absence, amplitude and frequency
of oscillations can sometimes be related to physiological/patho-
logical condition, for example haemorrhage [6]. In general, for
stable limit cycles to develop, the feedback loop must contain
some nonlinear element and sigmoid-like nonlinearities have
been modelled in both the baroreflex (relay [7] and sigmoid [8])
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Fig. 1. Arctan function fits to baroreflex data.

and tubuloglomerular (hyperbolic tangent) cases. Indeed, varia-
tions in the sigmoid shape have been observed during changes in
physiological condition (see Fig. 1 for a hypoxia case) and these
shape changes can be used to predict changes in oscillation con-
dition using relatively straightforward analysis [9], [10]. How-
ever, if measurement of such oscillations can provide diagnostic
information about the physiology, there must be the following:
1) an analysis route connecting the physiological parameters
to those of the oscillation;
2) transparency of the physiological parameters in the oscil-
lation parameters.
Condition 1) above is relatively straightforward, via the de-
scribing function (DF) technique [9] and this has been used
in the physiology setting to examine low-frequency (circa.
0.1 Hz in humans) oscillations in blood pressure [8]. How-
ever, achieving 2) has proved somewhat elusive, with highly
unwieldy DF expressions resulting from a variety of approxi-
mations [11], [12] to the sigmoid characteristics, necessitated
due to the inability to get closed-form DF expressions for the
original sigmoid descriptions.

This paper proposes the ubiquitous arctangent function as a
suitable parameterisation for sigmoidal characteristics typical in
physiological subsystems. It is shown how a DF description for
the arctan function can be developed without the need for any
approximation to the function and, most importantly, the final
developed analytical connections between the oscillation pa-
rameters (such as amplitude) and the physiology are simple, al-
lowing clear connections to be made between possible patholo-
gies and measured oscillation parameters.
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The remainder of the paper is organized as follows: Section II
examines the validity of using an arctan function to approxi-
mate sigmoidal curves typically found in physiological appli-
cation and compares the arctan description to others typically
employed. Section III provides the essence of the paper in devel-
oping the DF for the arctan function, while Section IV provides
a brief analysis confirming the monotonicity of the derived DF.
Section V looks at how the DF can be employed in limit cycle
analysis and example calculations using the DF are given in Sec-
tion VI. A short discussion on simplifications used in the paper
is given in Section VII and, finally, conclusions are drawn in
Section VIIL

II. SIGMOIDAL CURVES

A variety of sigmoid-like parameterisations, both symmetric
and asymmetric, are reported in the literature, many of which
are reported in [10]. These include the following.

e The symmetrical sigmoid, employed by Ringwood and

Malpas [8]

50 = Ty — Tyt O
where
T input to the characteristic;
si(x) output of characteristic ;
16} “curvature” (input scaling) parameter;
h is the vertical range of the characteristic;

with the characteristic centered at (z*, y*).
* The alternative symmetrical sigmoid, used by Head and
McCarthy [13], Kingwell et al. [14], and others

) .
so(z)=h+ (%) +y . 2)

» The hyperbolic tangent, used by Seidel and Herzel [15] and
Eyal and Akselrod [16]

eﬂ(m—m*) _ e—,ﬁ(ﬂf—m*) )
=h <e[’(-’”—-@*) + e—ﬂ(m—m+)> ty- “)

* The asymmetric sigmoid function of Ricketts and Head
[17]

(2)= 2h Fhty”
R s P e I (I ) P
®)
where
_ 1 2By
f(x) = m and ¢= m (6)

where 3; and (3, describe the curvature at top and bottom
of the curve individually, respectively.
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It is debatable as to the value of an asymmetric curve, though a
degree of asymmetry can be observed in the cardiac baroreflex
[18].

Reviewing the range of sigmoid descriptions in (1) to (6), a
common feature is the presence of an exponential term in the
input, z. This, aside from any other complications, leads to dif-
ficulties in analytical evaluation of the Fourier integrals associ-
ated with DF calculations for these characteristics and has ne-
cessitated the polynomial approximations used in [11] and [12].
One sigmoid description which avoids the use of exponential
terms is the Hill function, as used by Abbiw-Jackson and Lang-
ford [19]

(x —a")"

a—z*)" + (x —

ss(z) =h *, 7

@ =n; ) o
Though this function has no exponential terms, an analytic so-
lution to the Fourier integral cannot be found with all of n, a,
x*, and y* specified as variables, though solutions can be found
for fixed n over specific ranges of a. In addition the following
hold.

* The Hill function is naturally asymmetric and can be diffi-
cult to make symmetric over all ranges.

* Some criteria developed by Heidel and Moloney [20] sug-
gest that the Hill function, developed primarily for appli-
cations in pharmacology, is not a good candidate for the
baroreflex curve data, following application to a range of
test points on the curve.

Our proposal is to use the arctangent function, of the form

sq(z) = htan™" (B(z — z*)) + y*. (8)

This function provides a simple, symmetrical description of a
sigmoid-like function and can, without approximation, be ma-
nipulated in a DF calculation to yield an attractive simple re-
sult. Note that the output range (upper limit to lower limit) of
the arctan function is Am, from (8).

The applicability of the arctan function in fitting (at least
some) physiological data is confirmed by Fig. 1, which shows
the fit achieved to the (vasoresistive) baroreflex data of Malpas
[2] for normoxia (control) and hypoxic conditions, with param-
eters as documented in Table I. This fit was achieved using
manual manipulation of the arctan parameters (indicative of the
transparent relationship between the function parameters and
its appearance), but a suitable optimisation routine (which min-
imises the fit error) could also have been easily employed.

Note that the negative values for (3 give the ‘reversed’ sigmoid
appearance. This form, as modelled in the baroreflex, results
from the use of the curve as a control element following negative
feedback (i.e., the input, z, is effectively negated).

III. DF DEVELOPMENT

The DF technique [9] assumes a (single frequency) sinusoidal
input to the nonlinear element, f(x), of the form

z(t) = Msinf, 6= w,t. 9)
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TABLE 1
ARCTAN PARAMETERS FOR BAROREFLEX CURVES

-0.12 | -71 55
-0.15 | -75 | 105

Normoxia | 33
Hypoxia 62

The output is then expressed in a Fourier series, as

y(t) = ao + Y _ a;sin(i) + b; cos(if) (10)
i=1
with
VL 1] .
a; = — / f(z)sin(if)dl, b, = — / f(z) cos(if)de.
™ ™
-7 - (11)

For brevity, during the DF calculation, we will assume that z* =
y* = 0 in (8), with the corollary that the input sinusoid will be
centered on the sigmoid. Preserving this situation, vertical and
horizontal translation of the function can easily be added at a
later stage by suitable choice of z* and y*. Thus, for the mo-
ment (z* = y* = 0), a, = 0 and for single valued symmetric
functions, it can easily be shown that all b; terms are zero. Also,
the a; terms can be evaluated over 0 — 7 or 0 — (7/2) as de-
sired. The DF, representing the gain between the fundamental
of the output and the input, can now be defined as

aysin 6 al

DF(M) = Msind ~ M’ 12)
For the sigmoid of (8), with z* = y* = 0
DF _ 2k / L(8M sin 0) sin fdf 13)
=7 sin 6) sin (
0
Equation (13) can be recast as
d
DF / L(BM sin 9)@(005 6)do  (14)

0

and integrated, by parts, to give

2h

DF(M) = orl

cosadia (tan~'(BM sin)) d6 (15)

cos? 6

_ 2 / ST g (16)
1+ B2M2sin?9
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with the second term of the “integration by parts” disappearing
at both upper and lower limits. Equation (16) is easily recast as

o3 [ 1
DF(M) =="— / T Esnte?
0

2h B2M? sin” 0
mBM? | 14 2M2sin?6
0

23 [ 1
e P T,
w J 1+ [(2M?2sin” 0
0

o | 1
S Y . S
TBM? / ( 1+/32M2sin20>
0

ong <1+ 1 )/ d
oo B2M? 1+ 32M2sin?6
0

2h

— W (17)

The remaining integral in (17) may be evaluated [21] as

™

db 1
- tan—
/1+,[32M251n20 v 1+32M2 o
0

Y/14+62M2 tan 6).

(18)
Though the integral appears to be zero at both limits, observa-
tion of the symmetry of the integrand in (17) allows the integral
to be recast as

s
s b

df df
———— =2 ————— (19
1+ 32M?sin” 0 14 #2M?2sin” 6

0 0

and, with the final observation that
hm tan~ (P tan ) = g VP (20)

the DF in (17) may be evaluated as

2h

DF(M) = ——(/1+ /2M? - 1). 20

pM?

A. Asymptote for Large M

The asymptotic approximation of the DF for M — oo is
easily obtained from (21) as

DF(M) — M — . (22)

2h
M’
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This is easily verified intuitively, due to the saturation effect of
the tan—! function.

B. Asymptote for Small M

Using the first two terms of a Maclaurin series, the integrand
in (17) may be approximated (for small M) as

1
—————~1-3*M?sin®f, M<1l (23
1+ B2M2sin2 0 F*M”sin”6, @3)
Using this in (17) gives
2h0 1
DF(M) = — (1 + 52M2>
r 1 —cos26 2h
2772

0

_2hp 1 B2 M2 2h
—T<1+m)“<1‘ 2 )‘W

=hp(1 — B*M?). 24)

The expression in (24) can be used to determine the zero-am-
plitude limit of the DF and is used in the stability analysis of
Section V-C.

IV. MONOTONICITY OF DF

An important characteristic of the DF is whether it is mono-
tonic in M, or not, i.e., whether DF(M) increases or decreases
consistently with increasing M. This has consequences for the
stability analysis in Section V in terms of a unique solution for
the limit cycle amplitude. The DFs of previous approximations
have displayed a variety of properties: the polynomial approx-
imation of Kinnane et al. [12] is monotonic, while the Taylor
series approximation of Holohan [11] is not.

Using the DF expression in (21), the monotonicity of this
function may be determined by examining the derivative
(or slope) of the DF with respect to M, i.e., if the slope of
d(DF)/dM is always positive (or negative), then the DF is
monotonic. Evaluating the derivative

285M3h 2072
7\/l+ﬁiM 4hﬁM(\/1—|—ﬂ M 1)
= PN . (25)

d(DF)
dM

Clearly, the denominator (always positive) does not affect
the sign of d(DF)/dM and it is sufficient to focus on the
sign of the numerator. Multiplying across numerator terms by
v/ 1+ B2M? (always positive) and collecting terms reduces to

—2 — 2M? 4 2\/1 + 2 M?

(26)
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Fig. 2. Baroreflex feedback loop.

or, with appropriate scaling

! 1+ 32M2.

2— — — 27
v/ 1+ B32M?2
Now, since
1
~—4+a>2 VYV a>0 (28)
a
we get that
1
2— ——— —\/1+32M2<0 V M 29)

V14 [B2M?2

and we can conclude that the DF expression in (21) decreases
monotonically for increasing M.

V. OSCILLATION EXAMPLE

A. Nonlinear Feedback Model

An example of the peripheral resistance (PR)! baroreflex in
the rabbit, similar to the model documented in [8], will be used
here to illustrate the use of the DF in stability and diagnostic as-
sessment. The essential components of the PR baroreflex model
are shown in Fig. 2, consisting of delays due to nerve conduction
time (in G(s) and H (s)), operation of the controlling action of
the central nervous system (represented by k), and the sigmoid,
N(M)) and the dynamics of the vasculature (in G(s)), with:

—ST,

e
T 147,

G(s) H(s)=e .

(30)

Note the folowing:

* T, represents afferent (both preganglionic and postgan-
glionic) nerve delay;

* 7. represents efferent nerve delay;

e the dynamic lag is the vasculature, 7, is primarily due
to the dynamics of contraction of the smooth muscle sur-
rounding the arterioles;

« for convenience, the gain term, k,, will be absorbed into
the input scaling term, (3, of the arctan function as

B = Bkp.

Note that the full baroreflex comprises both PR and cardiac output subsys-
tems.

€1y
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TABLE II
MODEL PARAMETER VALUES

kp Te Ta Ty
30 [ 0.67 | 0.2 | 10.0

Note also that the steady-state (dc) gain of G(s) has been nor-
malized. This is partly due to the fact that there is some ambi-
guity over the dc gain between efferent sympathetic nerve ac-
tivity (SNA) and mean arterial pressure (MAP) and partly due
to the fact that such gain has been absorbed elsewhere (in &, and
N (M)). The sigmoidal nonlinearity, N (M), can be represented
as in Fig. 1, with the “normalized units” (NU) again showing
the ambiguity over SNA quantification. This ambiguity is due to
the fact that current SNA sensors do not recruit a consistent (or
measurable) number of nerve fibers. The model, via the values
in Table II, is parameterized for the rabbit [22], with the value
of k,, chosen to reflect the experimental observation that no os-
cillation in MAP exists in the nominal (control) situation shown
in Fig. 1, while a distinct oscillation at about 0.3 Hz exists in the
case of hypoxia. Note that the oscillation frequency, and model
parameters, are species dependent [8]. For this parameterisation,
the feedback loop oscillates with a frequency of 0.2967 Hz, for
the hypoxia case only.

B. Validity of DF Approximation

From Section III, it is seen that the DF is essentially an input/
output gain representation at a fundamental frequency. The as-
sumption that the input is of single frequency and the discarding
of all higher harmonics can now be examined in a physiological
setting.

Most, but not all, naturally occurring systems respond better
to low frequencies (i.e., are “low-pass”) rather then higher fre-
quencies. An example of this is the renal vasculature, as quan-
tified by [23] and Guild er al. [24]. It can be seen that the block
representing the dynamics of the vasculature in Fig. 2 contains
a first order low-pass element, giving a relative reduction of 6
dB (factor of 2) at 0.6 Hz, compared to 0.3 Hz. The more com-
prehensive dynamical model of Guild ef al. [24] gives a relative
gain reduction of 12 dB (factor of 4). While these quantities
are not excessively large, they are sufficient to significantly re-
duce the loop gain at harmonic frequencies to a value below that
required for sustained oscillations, and it is reasonable to con-
clude that the second (and higher) harmonics play no part in the
sustained oscillations and a description which only models the
fundamental (i.e., the DF) is sufficient. Spectra of blood pres-
sure [22] also demonstrate no harmonics of the low-frequency
oscillation.

Note that some researchers [25] have included a mild high-
pass dynamical block to represent the baroreceptors. However,
this does not produce any significant effect at the frequency of
interest.

C. Stability Assessment

Following the analysis route described in [8], we can examine
for sustained limit cycle oscillations by looking for an intersec-
tion between the GH (jw) curve and the —1/DF (M) line in the
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Fig. 3. Stability diagram for nonlinear feedback loop.

complex plane. This is illustrated in Fig. 3. Intersection between
the GH(jw) curve and the —1/DF (M) line achieves a stable
limit cycle, since operation in the ‘region of instability’ causes
an increase in M and movement towards (—g, 0), while oper-
ation in the ‘region of stability’ causes a decrease in M, also
resulting in movement towards (—g, 0). Note that the rightmost
limit of the —1/DF(M) is given by

11
~ DF(0)  hpB*

(32)

using the “small M asymptote developed in (24).

Since GH (jw) is a function of frequency, w, and —1/DF (M)
is a function of amplitude, M, we can solve for the limit cycle
amplitude and frequency at the intersection point. Denoting
(—q,0) as the intersection point, we can solve for limit cycle
amplitude and frequency, respectively, as

1 2h
—_ = = —_— *2 2 _
L = DFOL) = 550 (\/1 ¥ B2 1) (33)
and
—WoTe — WoTq — tan_l(u)oﬂ,) = —7. (34)

Note that, since —1/DF(M) is always real, the intersection is
always achieved on the negative real axis. Therefore, the proce-
dure to determine w, and M, may be stated as follows.

1) Solve (34) for w,.

2) Determine ¢ from |GH (jw, )|, or

1
(= (35)

N E
3) Solve for M, from (33).

Though (34) is nonlinear and does not have an exact analytical
solution, we can observe that the following approximation is
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valid for the range of parameter and frequency values typical in
baroreflex oscillations:(10 < w,7, < 30):

T 1

tan~! N — — — 1 36
an~ () 55 ° > (36)

reducing (34) to the quadratic
To(Te + Ta)wg — gruwo —1=0 (37)

with solution
Tr, £ \/ﬁTf + 47y (Te + Ta)
wh? =2 . : (38)
27y (Te + 7o)

Since

T 2
57—17 < \/ZTE + 47—'17(7}, + Ta,) v Tuy TesTa > 0 (39)

only one positive solution for w, is permitted as

5T + \/’Z—ZTE + 47y (Te + Ta)
27,(Te + 7a)

(40)

Wy =

The validity of the approximation in (36) (and, therefore, the
approximate solution in (40)) is enhanced by noting that the
product w,T, is relatively invariant across species, i.e., for
smaller species (e.g., rats), w, increases, while 7, decreases,
with the converse being true for larger species (e.g., humans).

The uniqueness of a solution to (33) is guaranteed since the
monotonicity of DF(M) (and hence —1/DF(M)) was proven
in Section I'V. This is not, for example, the case with the sigmoid
DF approximation in [11], where the —1/DF (M) line doubles
back on itself.

Finally, a solution to (33) for M, may be achieved by pro-
ceeding as follows. From (33)

G M2 = 2hg (v/1+ 5202 — 1) 1)
or
prM;
V14 p2M2 = —2 4+ 1. (42)
2hq
Squaring both sides and dividing across by 3*M? gives
M? 1
> (43)

1= —_—
4h%2q%2 = B*hg
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yielding a solution for M, as

1
M, = 2Hh 1-— .
T Brig

VI. EXAMPLE CALCULATIONS

(44)

Some sample calculations will now be shown to illustrate the
use of the DF. The case taken will be that for the rabbit param-
eters (detailed in Section V-A) for the normoxia and hypoxia
cases, detailed in Section II.

A. Normoxia

Following the procedure in Section V-C, we first determine
the (first) frequency for which the imaginary part of GH (jw)
is zero. Using (40), this can be determined as w, = 1.86702
rads/s [exact frequency response gives a value of 1.86707, jus-
tifying the approximation in (36)]. This is equivalent to 0.2972
Hz, comparing well to the value obtained from simulation in
Section V-A. The magnitude (equal to the negative of the real
part, in this case) of GH (jw) is easily evaluated from (35)
as ¢ = 0.053. However, checking the value for the rightmost
limit of —1/DF (M) gives a value of —1/(8*h) = —0.084 and
clearly there is no intersection of the GH (jw) and —1/DF (M)
loci. Therefore, we conclude that there is no oscillation for this
case.

B. Hypoxia

For the hypoxia case, there is significantly more “gain” in the
baroreflex curve (see Fig. 1) and an intersection exists between
the GH(jw) and —1/DF (M) loci. Again, using the value of
q = 0.053 (from Section VI-A), the amplitude of the limit cycle
oscillation can now be determined from (44) as

1
M, =2hq\/1 = ——— = 3.78 mmHg
B*hq

which is confirmed by simulation (using the MATLAB
SIMULINK environment) and, qualitatively, typical of exper-
imental observations [2], [22].

(45)

VII. DISCUSSION

While the approach outlined in this paper avoids approxima-
tion of the function which provides the basis for the DF, some
milder simplifications and approximations have been made to
achieve transparency in the result and these are summarized in
the following text.

The DF, as detailed in Section III [see (12)], assumes an input
sinusoid of a single frequency. The nonlinear soft limiter char-
acteristic will, however, produce harmonics of this single fre-
quency which may propagate around the feedback loop (Fig. 2).
The attenuation of these harmonics has been dealt with in Sec-
tion V-B and previous work in this area [26] has also confirmed
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that the first harmonic at the nonlinearity output is approxi-
mately 30 dB down on the fundamental, corresponding to a re-
duction factor of 0.03. Therefore, it is reasonable to assume that
the single frequency DF is valid in this case.

Another approximation which is introduced is that in (36).
A typical value for w,7, (e.g., in the example used) is 18.67,
resulting in values for the left- and right-hand sides of (36)
of tan~!(z) = 1.51728 and (7/2) — (1/x) = 1.51723, re-
spectively, confirming the validity of the approximation. Sec-
tion VI-A also confirms that the solution for w, is correct to 5
significant places.

Finally, the “small-amplitude” asymptote for the DF, as used
in the stability analysis of Section V-C to evaluate DF(0), in-
volves an approximation. As a reference, the exact DF of (21)
can be used to determine the value for DF(0) using I’'Hopital’s
rule (since limp;_,o DF(M) is indeterminate), giving an iden-
tical result to (24) of h3. This is not surprising, since (23) be-
comes exact at M = 0.

VIII. CONCLUSION

This paper develops a DF for a sigmoid-type characteristic
found in a variety of physiological subsystems. The DF permits
an analysis (e.g., stability analysis) to be performed on predom-
inantly linear systems containing such a nonlinear element. The
relatively simple form of the DF in (21) leads to a transparency
between, for example, oscillation parameters (in the PR barore-
flex case) and contributing physiological parameters. For ex-
ample, it is clear from the solution for the oscillation amplitude,
M,, in (44) that oscillation amplitude increases as follows:

» with increase in h and, less directly, with increase in (3*
(due to an increase in (3 or k), which represent the output
and input “gains” of the sigmoid, respectively;

* with increase in g, resulting from an increase in gain of the
vasculature dynamics (normalized to unity in the example
shown).

Note also that g could also increase with an increase in the pure
delay (phase) of the system (resulting in clockwise rotation of
the GH (jw) curve). However, this physiological parameter is
unlikely to change due to pathology or intervention.

The position of the right-hand extreme of the —1/DF(M)
curve, relative to the value of ¢, determines whether oscilla-
tions will be present or absent. The onset of oscillations is de-
termined when 1/*h (determined from (24) with M = 0) be-
comes equal to q. Therefore, the likelihood of oscillations also
increases with increases in 3, k;, h, and ¢. Note that the con-
dition for onset of oscillations can also be found by examining
for the point where the solution for M, [in (44)] becomes imag-
inary. This occurs when (1 — (1/8*hq)) = 0 or (1/8*h) = q.

In addition to the simple, transparent, solution for the DF, one
of the chief merits of the DF calculation in this paper is that it is
based on the sigmoid itself, rather then an approximation to it.
The approximation of Holohan [11] is inaccurate for any values
of M marginally greater then zero, while the approximation of
Kinnane et al. [12] penalises error uniformly across the range of
M, resulting in regions of poor approximation, particularly for
small M.
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