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Abstract. In this paper, we show that if the sum )~ , ¥(r) diverges, then the set of points (z,z,w) € R x C x Q,
satisfying the inequalities | P(x)| < H "W (H), |P(z)| < H~"2W*2(H), and |P(w)|, < H~"*W*3(H) for infinitely
many integer polynomials P has full measure. With a special choice of parameters v; and \;, ¢ = 1,2, 3, we can obtain
all the theorems in the metric theory of transcendental numbers which were known in the real, complex, or p-adic fields
separately.
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A starting point for many problems in metric Diophantine approximation is Khintchine’s theorem [10]
proved more than 80 years ago. Let ¥(x) be a decreasing function defined for = > 0, and let 111 (A) denote
the Lebesgue measure of a measurable set A C R. Let I C R be an interval. The set L (¥) is defined as the
set of real numbers = € I satisfying the inequality

[z —p/ql <¥(a)/q
for infinitely many p, g € Z with g # 0.

Theorem 1 [Khintchine].
0 Sl ¥(r) < oo
Li(¥) = ’ st ’
H 1( ) { :Ufl(I)a Z’r:l W(r) = 0.

There are many extensions and generalizations of this theorem, and this paper is concerned with one
of them. In [8], a convergent Khintchine theorem was obtained for the approximation of zero by integer
polynomials in the real, complex, and p-adic fields simultaneously. In this paper, we consider the divergence
part. First, let

P(f) =anf"+ anaf" ' +...+a1f +ao, aj€Z,
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A divergent Khintchine theorem in the real, complex, and p-adic fields 159

be an nth degree integer polynomial with height I = H(P) = maxigj<n|a;j|. Using Dirichlet’s box
principle or Minkowski’s linear forms theorem, it is easy to show that, for w < n, the inequality

[P(f)l <H™® (M

has infinitely many solutions P € Z[z] (with deg P < n) for all # € R. On the other hand, Sprindzuk [12]
proved that, for almost all x, inequality (1) has at most finitely many solutions when w > n. We define
L, (w) as the set of points € R for which the inequality

|P(x)| < H"w(H)

has infinitely many solutions P € Z[z]. A full analogue of Khintchine’s theorem for L,,(w) can be found in
[5, 1]. This result has also been generalized to the field of complex numbers in [6] and to the field of p-adic
numbers in [11, 3]. In this paper, we generalize the divergence case to S = R x C x Q.

To this end, let 11 (A) be the Lebesgue measure of a measurable set A C R, ps(A) the Lebesgue measure
of a measurable set A C C, and p3(A) the Haar measure of a measurable set A C Q,. We put these
together in the obvious way by defining u(A) = w(B x C x D) = p1(B)u2(C)us(D) for a measurable
set A=BxCxDCRxCxQ, Letv= (v,v2,vu3) and A = (A1, A2, A3) be real vectors satisfying
v, Vg = —}1, vg > 0,and \; > 0, i = 1,2,3. Denote by L, x(¥) the set of points in a parallelepiped
T =1x K x D, where I C Ris an interval, K C C is a disk, and D C Q, is a cylinder, for which the
system of inequalities

|[P(z)] < H™"0M (H),
[P(2)] < H™0™(H), )
|P(w)lp < H™w™ (H),

with v1 + 2vy + v3 = n — 3 and \; + 2\y + A3 = 1 has infinitely many solutions P € Z[z]. In this paper,
we prove the following theorem.

Theorem 2. Suppose that (2) holds. If n > 3 and Y ;2 W (r) = oo, then
p(LyA(¥)) = u(T)

with v = (”24, ”14, W) and X = (}l, 1117 }l)

Let 9 > 0 be a fixed real number; without loss of generality we assume that points z € K satisfy
Im z| > &;. In what follows, inequalities of the form |z — a| < H(P)™', t > 0, appear several times.
Since the RHS (the right-hand side) tends to zero as H — oo, it follows that (for sufficiently large H)
[Im «t| > }6;. There is also a conjugate root & of P which clearly satisfies | — a| > §;. Similarly, for a real

root 3 of P, the inequalities |3 — a| = |3 — @| > ;01 hold. Hence, from now on we assume that

\Im Oé| > ;51,
Im 2| > 61, 3)
oo — & > 01,
1
‘ﬁ — Oé| > 251.
Given the conditions of Theorem 2 and (3), the restriction deg P > 3 is automatic.

One of the main parts of the proof of this theorem is the construction of an optimal regular system of sets
of roots of integer polynomials P of the form («, 3,7), P(a) = P(8) = P(y) = 0witha € R, 8 € C,
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160 V. Bernik, N. Budarina and D. Dickinson

[Im 3| > %(51, and v € Q. In [2], an optimal regular system is defined and is then used to prove a divergent
Khintchine theorem. We shall give a similar obvious construction of an optimal regular system for the roots
discussed above.

Let P € Z[z] be an irreducible polynomial over R with height H = H(P) and roots « € R, €
C, and v € Q,. Assume that P is the minimal polynomial for o, 3, and . Consider a vector w =
(w1 + 1, w9 + 1, ws3) such that

wi,we 20, w3 >0, w4+ 2wy+w3=n—2. )
DEFINITION 1. The set of points v = («, [3,y) with the vector-function
N(v) = (H" " H= " HY)

is called an optimal regular system if there exist constants ¢; > 0 and ¢o > 0 such that, for any parallelepiped
Ty C T, there exists a sufficiently large number M (7Ty) such that, for any integer M > M, we can choose
points v1, Vo, - - - , 14 such that:

H" (o) < M,
the parallelepipeds

II = {|lz — ay] < Ml |z — 6| < M—w—l lw — ], < M3}
do not intersect for any ¢, 5, 1 <i <1 < j <t, and
aMp(Ty) <t < coaMu(Tp). %)
If (5) satisfies t > ¢; M u(Tp), then the system is called a regular system.

We use ¢(n) to denote positive constants depending only on n; we use the formal rules ¢(n)+c(n) = ¢(n)
and c¢(n)c(n) = ¢(n). Where necessary, the constants will be indexed ¢;, j = 1,2,.. ..

Using Dirichlet’s box principle, it is easy to prove that, for some constant c3 > 0, any point u € Ty, for
any Q > 1, and for numbers w;, ws, ws such that wy + 2wy + w3 < n— 2, we can find a nonzero polynomial
P such that

|P(z)] < esQ™,
|P(2)] < e3Q77, (6)
|P(w)lp < e3Q7,

with H(P) < @ and deg P < n. Clearly, it is necessary to consider ws > 0.

The system of inequalities (6) forms a base for construction of an optimal regular system of roots of
polynomials P € Z[xz] which are close to x, z, and w, respectively.

Theorem 3. For any vector w = (w1, wa, w3) satisfying (4), it is possible to construct a regular system from
the vectors v.

The important part of this is the simultaneous solvability of system (6) and the system

|P'(z)] > esQ,
|P'(2)] > 5@, (7
[Pl (w)lp > cs,
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for some set By C Ty with u(Bg) > p(Ty)/2 and some constant c5 > 0. There are several cases to consider
by replacing one or more of the > signs with < in the above system.

For some constant € > 0, denote by Bj; the set of u € Ty for which (6) and

C5Q7 (8)

are satisfied simultaneously. We will prove that there exists a constant c5 such that ;(By1) < 27%u(Tp) for
s < ¢

Let aj,ag, -+, ay be the complex roots of P and 71,72, -+ , 7, be the roots of P in Qj, where Qj
is the smallest field containing @@, and all algebraic numbers. Suppose, without loss of generality, that all
the coordinates of u are transcendental (the measure of u € R x C x @, that have at least one algebraic
coordinate is zero). It is also possible to assume that the polynomials in (2) are irreducible and that they
satisfy the conditions

H = H(P) = ‘an‘a |an|p >p—n_ (9)

The reduction of the general case to irreducible polynomials is done in [12]. Let P,(H) be the set of
irreducible polynomials P satisfying the conditions with deg P < n. Further define P,, = U7—; P.(H). It
is not difficult also to obtain that

| <2 and |y| < p" (10)

for i = 1,...,n. Order the roots o;, 1 < i < n, of P € P,(H) by increasing real part; if two roots have
equal real parts, then order by increasing nonnegative imaginary part. The roots v;, 1 < ¢ < n, are ordered
by increasing norm. For every root oy, v;, 1 < ¢ < n, define the sets

S(a;) = {z eC: |z—a4] = 1%12n|z - aj\},
S/(Oéi) = S(Oéz) NR,
Sp(ri) = {w € @t fw—ily = min fw—nly .
Clearly, we can fix j and consider the system of inequalities with vectors u € S’(;) x S(o;) % S(7k),

1 < 4,4,k < n. Without loss of generality, we shall suppose that ¢ = j = k = 1 and order the remaining
roots with respect to a1, (31, and ; so that

lag — | < |og —ag| < <o — ap, |,
|61 — B2 < |61 — B3| < ... < |51 — Bnals
V1 —72lp < v —3lp < oo < v — Talp

with ny + no = n.

The next lemma is proved in [12].
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162 V. Bernik, N. Budarina and D. Dickinson

Lemma 1. Let P € P,(H) and x € Si(a1), z € Sa(a1), w € Sp(y1). Then

[u— & < 2"[Pu)| [P'(&)]
w =] < [P()| P'()]

J ;
lu — &1| < min <2"_j|P(u)||Pl(fl)|_1H|§1—§k|> ,

2<j<n

k=2
. |
. / —
o=l < i, (1RGP0 T =20l ) (an

where (u,&;) = (z, o) or (2, 35).

From (2), (9), (10), and Lemma 1 it follows that all solutions of (2) are contained in the parallelepiped
A =1 x K1 x Dy, where I} = [-3,3], K1 = {2 € C: |2/ <3}, and D; = {w € Qp, |w|, < p"}. Fix
a sufficiently small number 10=2 > ¢ > 0, and suppose that ¢; = ed !, where d = d(n) > 0 is sufficiently
large.

We define the real numbers p;;, i = 1,2,3, 2 < j < n, by

‘041 — O[j‘ = H_plj,
61— Bj| = H™ ",
=l = H,

and the integers k;, [;, m; for 2 < j < n from the relations

ky— 1 kj

<py <’
T /01]< T’

I —1 L
AN < )

T SPESp
mj— ‘ ’I?”Lj
T SPS o

kixi+ ...+ ky
(. T )
liv1+ ...+ 1,
K3 T )
m1+1+...—|—mn
f T

We associate with each polynomial P € P, (H) three integer vectors q = q(P) = (ka2,...,k,), r =r(P) =
(la,...,lp), and s = s(P) = (ma, ..., my). From (10) it is possible to obtain lower bounds for k;, [;, and
m; with 2 < j < n. On the one hand, the discriminant of an irreducible polynomial is a natural number.
On the other hand, the discriminant is determined by the product of the root differences. This means that
the roots cannot be too close and therefore gives upper bounds for k;, I;, m; with 2 < j < n. These
estimates can be found in [12]. They imply that the number of vectors (q,r,s) is bounded. Therefore, we
may restrict our attention to considering polynomials P € P,(H ) with the same triple of vectors (q,r,s)
and denote this set by P, (H,q,r,s). The proofs of the following two lemmas can be found in [7] and [4],
respectively.



A divergent Khintchine theorem in the real, complex, and p-adic fields 163

Lemma 2. Let P € P,(H,q,r,s). Then

[P ()| < e(n)H' -0t =De,
[POBY)] < e(n)H' it =0a,
PO )]y < e(m)yH—=+0=Da 1 <l<n—1. (12)

Lemma 3. Let G(w) be the set of u(x, y, z) for which the inequality
(P(2)] |P(=) | P(w)l, < H"
has infinitely many solutions P with n = degP(f) > 3 and H = H(P). Then, for w > n — 2,
u(G(w)) = 0.
Lemma 4. Let z € S(31). Then
|z — Bi] < n|P(2)| |[P'(2)| . (13)

Proof.  Write the derivative of P as P'(z) = (an(z — (1)(z — B2) ... (2 — B,))’ to obtain
|P'(2)[|P(2) Z\Z—ﬂzl P<nlz - BT

Clearly, (13) follows. O
It should also be similarly clear that inequality (13) holds for z € S(ay), namely,
2 — aa| < nlP()] | P'(2)| "
In the p-adic case for w € S(71),
|—1

w = 71lp < [P(w)]p| P'(w)

From the Taylor decomposition of P’(z) in the neighborhood of the root 3; we obtain
(2) =2 (G =D) " PV B (14)
j=1

The RHS of the above equation is estimated by using Lemma 1, (6), (8), (12), and (13) for sufficiently
large ) so that

|P"(2)| |2 = Bi] < e(n)Q' "=+ =Der ey | P ()|

< a(n—1) |P'(2)]. (15)

From (15) and similar inequalities for the other terms in (14) we obtain that
P'(z) = P'(B1) + R
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164 V. Bernik, N. Budarina and D. Dickinson

with |R| < |P’(z)|/2. From this we have
|P'(2)|/2 < |P'(B1)| < 3/2|P'(2)|.

Similar estimates are easily obtained for the real case. Then, system (8) can be rewritten as

1 3
2621/2 < |P(en)] < esQ,

w

1

Q2 <IP'(B)] < ,esQ,

Q< IP'(m)lp < c5. (16)
From (6), (11), and (16) it follows that all u € S(ay) x S(51) x S(71) are contained in the parallelepiped

_ 1
|z — a1] < e3¢(n)@ w1|P’(a1)| ,

o(P)i= 1 |2 = il < esclmQ= | P/(3n)|
=1l < exelm)@ | P/

For numbers w3, wy, ws satisfying
wy < wy,ws < w2, We+€<wsy, wg+2ws+ws=n—3, ws,ws, we =0,
define the parallelepiped

|z — 1] < ¢q(n)Qwrtws P’(a1)|_11,
o1(P) =14 |z = p1] < cac(n)Q~">1%=| P (B1)| 3
lw —1lp < C4C(n)Q_w3+w6’P/(71)|; ,

and choose a constant ¢4 such that o(P) C o1(P).

Develop the polynomial P(t) (¢t = x, t = 2z, t = w as appropriate) as a Taylor series on o1(P) in
the neighborhoods of the roots o, 1, and v, and estimate from above |P(z)|, |P(z)|, and |P(w)|,. For
example, in the complex case (using condition (16)),

n

P(z) =Y () PY(B1)(= = B,

=1
[P'(B1)| |2 = 61| < cac(n)@ =",
PO B2 = Bi]D < eac(m)Q 7772 < ege(n)Q T

with 2 < 7 < n. Hence,
|P(2)] < cac(n)@Qw2ts, (17)

Similarly, in the real and p-adic cases, one can show that

|P(2)] < cac(n)Q 7,
|P(w)], < cac(n)Qwstwe, (18)

From the definitions of o(P) and o4 (P) it follows that

p(o(P)/u(o1(P)) < cgte(n)@Q(wst?wstue) — ¢ te(n)Q " Fe, (19)
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Fix the integer vector b = (ay4,as, ... ,ay) of the coefficients of P € P,(H,q,r,s) and denote the subset
of polynomials with the same vector b by P, (H,q,r,s). Now, consider the relative position of the
parallelepipeds oy (P) for different polynomials P, and P in P, ,(H,q,r,s). The parallelepiped o1 (F;)
is called essential if there is a polynomial P, € P, ,(H,q,r,s) such that

p(o1(Pr) Noi(P)) < 1/2u(o1(Pr)) (20)
and inessential otherwise. Hence, P; is inessential if there exists P € P, ,(H,q,r,s) such that
plor(Pr) Noi(P2)) 2 1/2p(01(Pr)).

Let the parallelepiped o1 (P ) be essential. Then from (20) it follows that

> (o1 (Pr)) < p(To). 1)
Plepn,b(quJ'vs)

By (19) and (21) we obtain

> (o (Py)) < exe(n)u(Tp) Q™ Wat2wstwe) < crde(n) Q"3 u(Ty). (22)
P eP, v(H,q,r,s)

Since the number of vectors b is < Q"~*, from (22) we have

S0 X wle(P) < tem)@Q T N(T) < rtfem)n(Th).(23)

la;|<Q b PeP,(H,q,r,s)
Now let the parallelepiped o1 (Py) be inessential, and define o1 (Py, P3) = 01(P1) () o1(FP2). Inequalities
(17))—(18) hold simultaneously on o1 (P;, P») for P; and P,. By (17)—~(18) the polynomial R = P, — P;
with deg R < 3 and H(R) < 2H satisfies

[R(2)] < cac(n)@ ™,
[R(2)| < cac(n)Q™"T,
[R(w)lp < cac(n)Q™Te. 24

Using the estimates for P’(¢) in (16), it is readily verified that, on o (P;, P») and for @ sufficiently large,

Plz) =" ((i— 1)) PD(a)(@ —ar)' 7,

i=1
Plan)] < es
|PO ()| — g |71 < 7 e(n) Q1D =w) | P ()| < yese(n)Q, 3< i<
It follows that |P'(x)| < ¢qcs5¢(n)@ and
|R'(z)| < cacse(n)Q.
Similarly, inequalities in the complex and p-adic cases can be obtained so that

R (2)| < cacse(n)Q,
|R'(w)|p < eqe5¢(n).
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We denote by a;(R), Bi(R), and ~;(R) the roots R in R, C, and Q,. From (24) and (3) it follows that
the roots a1 (R), (1(R), and 31 (R) are at least d; apart. Thus,

H(R) < ¢(n,0)|R (z)| < cacse(n, 61)Q. (25)

We estimate the measure of u for which the system of inequalities (24) and condition (25) holds.
Whence,

| — a1 (R)] < cac(n)Q™ T |H(R)| ™,
|2 = Bi(R)| < cac(m)Q™ " [H(R)[ Y,
w = 71(R)|p < cac(n)Q™ | H(R)[,™.
Using this gives an estimate for the measure of u in the inessential parallelepipeds, namely,
cle(n)Q (i Rumtwa w2 ) F(R) ™ = cle(n)Q T H(R) ™.

Summing the previous estimate over the remaining coefficients shows that none of these sums exceeds
H(R) x (|I|, u(K),n(D)). This further implies that the measure of the union of all inessential paral-
lelepipeds is

< QT H(R)u(To) < ciesp(Th) (26)

by (25). This completes the proof.
There are six other cases where one or more of the inequalities in (7) does not hold.

1. Assume that the inequality |P’(z)| > ¢g@ holds for some constant ¢4 > 0. In this case, one must
show that the set Bis of solutions of system (6) and the system

Q2 < |P(x)| < esQ, |P'(2)] >cQ, QM2 <|P(w)]y < e

for some c; has the measure ;(B12) < 27%u(Tp).

2. Assume that the inequality |P’(x)| > ¢s@ holds for some constant ¢g > 0. In this case, one must
show that the set B3 of solutions of system (6) and the system

|P'(z)| > sQ, QY2 < |P'(2)] <@, Q%< [P (w)], < e

for some constant cg < cj has the measure u(B13) < 27%u(Tp).

3. Assume that the inequality |P’(w)|, > cio holds for some constant ¢jp > 0. Then one must show
that the set B4 of solutions of system (6) and the system

Q1/2 < ’P/(LU)’ < c11Q, Q1/2 < ’P/(Z)’ < c11Q, ’P,(’LU)LD > C10

for some c11 < ¢}, has the measure ;1(B1y) < 27%u(Tp).

4. Assume that the inequalities |P’(x)| > ¢12Q and |P’(z)| > ¢12Q hold for some constant ¢15. Then
one must show that the set By5 of solutions of system (6) and the system

|P,(ZL')| > Cng, ]P’(z)] > Cle, Q_1/2 < ]P'(w)|p < C13

for some ¢13 < ¢}, has the measure p(Bis) < 275u(Tp).
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5. Assume that the inequalities |P’(x)| > ¢14@Q and |P’(w)|, > ci4 hold for some constant ci4. Then
one must show that the set Bjg of solutions of system (6) and the system

|P'(z)] > caQ,  QY* < |P'(2)| < c15Q, |P'(w)|, > c1a

for some constant c15 < |5 has the measure p(Big) < 27 %u(Tp).

6. Assume that the inequalities |P'(z)| > c16Q and |P’(w)|, > ci6 hold for some constant c¢js. Then
one must show that the set By of solutions of system (6) and the system

Q2 < |P'(@)] <errQ, [P'(2)] > 16Q,  |P'(w)], > ci6

for some constant c17 < ¢}, has the measure p(Bi7) < 27 %u(Tp).

The proofs of these six cases are based on the simple statement that, according to Lemma 1, if we have
|P'(x)] > ¢(n)Q for all x € I, then the measure of such z which satisfy the inequality |P(x)| < c3Q "
is at most ¢(n)Q "' ~L. Similar results hold for the measure of a disk in C in which |P(2)| < c3Q ™2
and |P'(z)| > ¢(n)Q and for the measure of a cylinder in @, in which |P(w)|, < ¢3Q~"* and |P'(w)| >
c(n).

As before, we will construct similar sets to o(P) and o1(P) for some of the above listed cases.

For Case 1, we obtain

2 — | < 1@

{ |z — a1] < c1sQ ™ [P (an)| 71,
o(P) =
lw —y1lp < ClsQ_%\P/(’Yl)BI;

[z — ai] < c19Q T4 P ()|,
O'l(P) = ‘Z - ﬁl‘ < CIQQ_w2+w5_1a
w —yilp < c19Q | P/ ()|,
For Case 2,
|z — an| < c20Q L,
o(P):=q |2 —Bi] < caQ *|P'(B1)| ",
lw—1lp < c20Q"*|P' (1),
2 — aq] < e QW
o1(P) =14 |z = b1l <enQ | P/(By)| 7,
lw—1lp < QWP ()1
For Case 6,

|z — Bi1] < cea@Q W21
lw —y1p < c220Q ™2

{ |z — 1| < ca3@Q Y| P (ay)|7E,

{ |z — 0| < Q[P (o),
o(P) =

01(P) =19 |z — Bi] < cogQw2tws—L

[w —y1lp < ca3@ oM.
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In every case, the polynomials P and P’ are developed as Taylor series on the parallelepipeds o1 (P), and
an upper bound is obtained. Then, a vector b = (aq4, as, ..., a,) is fixed, and the essential and inessential
parallelepipeds are investigated. Similar results to (23) and (26) are readily obtained.

The constant ¢4 in (23) is chosen so that the estimate is at most 27 u(Tp). Then, in (26), the
constant c5 is chosen small enough so that this estimate also is at most 2_7M(T0). Thus, in all seven
cases, the estimate of the measure of u for which the systems of inequalities (6) and (8) hold is at most
5o i(To) < 3 p(Tp).

If in (8) one of the derivatives is less than Q'/2 in the real or complex case, or |P'(w)|, < Q¢ in
the p-adic case, then, as is shown in [8] and [9], the measure of u tends to zero as ) — oo. Hence,
there exists a sufficiently large number () > Qo such that the measure of u is < 111 w(To).

Thus, the systems of inequalities (6) and (7) hold on some set By with u(Bs) > (1) /2.

Now we use Lagrange’s Theorem and Hensel’s lemma (stated below).

Lemma 5 [Hensel]. Let P € Zyz], £ = & € Zy, and |P(€)|, < |P'(€)[2. Then, as n — oo, the sequence

Eni1 = & — P(&,)P'(&,) " tends to some root o € 7y, of P and o — €], < [P(&)|p|P'(€)], < 1.

The construction of an optimal regular system will now be demonstrated. From the first inequalities
of systems (6) and (7) we obtain that there exists a real root oy of P such that

|z — 1| < e(n)@ Y 7)
from the second inequalities it also follows that
12— Bi] < c(n)Q "> 1; (28)

finally, from the third inequalities (and using Hensel’s lemma) we get that if |P(w)|, < ca4|P’(w) %, then
there exists a p-adic root v; € Q,, such that

[w—71lp < c20Q7". (29)
The union B of parallelepipeds defined by (27))—(29) has the measure
u(B) > u(To)/2, (30)
as proved above.
Now we choose a maximal system of vectors v1,va, ... v, € T, with v; = (o, 55,7;), 1 < j < ¢,
aj € R, 3; € C, Im 3 > 41, 7; € Qp, which satisfy the condition
H(vj) < c(n)@Q; 31)
also, for all 7,7, 1 < i < j < t, the parallelepipeds
Ty={ueTy: |zv— o] <cQ " |z = Bi] <easQ 7 Jw — 7ilp < c25Q 7%}

do not intersect.
For the proof of the regularity of this system, it is necessary to obtain the estimate

t > c(n)Q" " u(Ty). (32)

In order to do this, we take all vectors v;,, 1 < ¢ < ¢, satisfying (31), so that all the parallelepipeds 77,
constructed on the vectors v, intersect with the parallelepipeds 7; which are constructed on the vectors
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v;, 1 <i<t and

M<QT> > ;u([zle]) (33)

By (30), the RHS of (33) is > 2 *u(Tp), and the LHS (the left-hand side) of (33) is at most
teos @1, whence inequality (32) follows.

Proof of Theorem 2. For any vector v = («, [3,7), define the parallelepiped

7 — ] < H(w)=—10 ().
O‘(V):{UERX(CXQPI |z — Bl < H(v)~=~'w*(H), }
w =]y < H(v) @ (H).

Clearly, the set of solutions of (2) contains all u belonging to infinitely many parallelepipeds o(v). O
The following two lemmas are proved in [1] and [13, Chapter 2], respectively.

Lemma 6. Let A C T be a measurable set. If there exists a positive constant ¢y < 1 such that pn(ANT") >
c1i(T") for any parallelepiped T' C T, then A has full measure, i.e., pu(A) = u(T).

Lemma 7. Let E; C T be a sequence of measurable sets, and let E be the set of points belonging to infinitely
many of the E;. If each E; is totally bounded and Y ;2 j/(E;) = 0o, then

(N u(E;:))?
E lim
wE) 2 Nflipzz Vo W ENE;)

The next two lemmas are from [1].

Lemma 8. Let {a;}°, be a decreasing sequence of positive numbers such that y ;2 a; = oc. Define b; =
min{a;; i1} Then {b;}32 also decreases, and 332, b; = oo

Lemma 9. Given a decreasing sequence W(h) of positive numbers such that > ;> | W(h) converges/diverges,
for any number ¢ > 0, the series .72, 280 (c2") converges/diverges.

Clearly, from these we may assume without loss of generality that
(h) <h~'/2 forall h e N. (34)

Define #(h) = h¥(h). By Lemma 9,
3 a(2h) = (35)
k=0

For each @, we can find k € N such that 2F < Q < 2¥+1. All the inequalities used in the construction of
the regular system are now rewritten in terms of k. Hence, there exists a positive constant kg = kq(n, Tp)
such that, for any k > kg, there exists a set of vectors

Ap(To) = A{v1, ... ve b

such that
H(v;) < 2

Lith. Math. J., 48(2):158-173, 2008.
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for all v; € Ag(Ty). The parallelepipeds

|x . O<i| < 2—(w1+1)k’
Ow;))={ueT: |z—p] <2 Wtk (36)
|’UJ - %‘p < 2_w3ka

do not intersect for any v; # v, so
52 VR (Ty) <ty < a2 PVR u(Ty). (37)
Define the parallelepipeds
|z — a1 < 27 (0 +Dkg (27,

Epy(v):=queT: |z—fF] <2 @=tDigl (k) (38)
[w —ylp < 27F0A (2F)

9

and let
E,= | E).
veAL(Ty)
By (38),
p(Ep(v)) =2 275 (2F) = 2. 27 Hn g (2), (39)

Clearly, pu(Ly Ax(¥)NTo) = u(E(To)), where E(Ty) = NF=p, Uiy Ex. From (34) and (36) it
follows that Fy(v1) (N Ex(ve) = 0 for all vi,ve € Ax(Tp), v1 # vo. Then p(Ey) = tpEr(v), where
v € Ai(Ty). By (37) and (38), we obtain

295D (28) (Tp) < pu(Ey) < 2e26P(28) u(Tp). (40)

Hence,
N N

> u(Ey) = 2e05u(Ty) Y (29).

k=ko k=ko

Using this and (35) gives that Z,QV:,CO w(Ey) = oo
Furthermore, choose a number Ny > kq such that

No
> o2 > 1 (41)
k=ko

Fix [ and k such that kg < k <! < N and N > Ny. For any v € A,(Tp),

ENEw)= |J Eivi)nEg(vy). (42)
veA(To)

For (vy,vg,v3) and (A1, A2, A3) defined in Theorem 2, we shall construct a regular system with w; =

v1+ A1, wo = va+ A9, w3 = v3+ A3. Given vy € Ay(Tp), the number of different vy € A;(T)) satisfying
the condition Ej(v2) () Ex(v1) # 0 is at most

(2 + 2—]{:(’01 +1)WA1 (2k)2(w1 +1)l) (2 + 2—]{:(’02—&-1)@)\2 (2k)2(w2+1)l)2 (2 + 2—]{:’[)3 EPAS (2k)2w3l) . (43)
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By Theorem 2, we have v1 = vy = (n — 4)/4, v3 = n/4. Then wy = wy = (n —3)/4, ws = (n+1)/4,
and expression (43) is a product of four identical factors. There are two cases that must be considered.
Firstly, the second term in the summand is greater than the first term in every bracket in (43). Secondly,
the second term in the summand does not surpass the first term in every bracket in (43).
Consider the first case. Firstly, the estimate of (43) is
< 16 - 2—]{:(’01+2’U2+’U3+3)W/\1+2)\2+)\3 (2k)2(n+1)l =16 - 2—knw(2k)2(n+l)l =16 - 2(n+1)(l—k)¢(2k)
From this, (39), and (42) we obtain
M(El N Ek(Vl)) < 16ME1(VQ)Q(n+1)(l_k)¢(2k) < 32. 2—l(n+1)+(n+1)(l—k)¢(2l)@(216)
32. 27 (ntDkg(2hg(2F).

Further, using (37), we have

W(ENEL) < tp(u(E N Er(vy)) < 3209620 TR~ DEG (91 p(28),14(Ty ) (44)

= 32c06P(2) (27 u(Tp). (45)

Since E,. N E; = BN Ey,

N -1
Z Z W(Er N EBy) = Z p(Er)+2 > Y BN Ey). (46)
l kok k}o :ko l:ko—‘rl k}:k}o
From (40) it follows that
N N
> u(Er) < 2e260(To) D B(2"). (47)
k':k'o k:ko

Using (44), the second summand in (46) can be estimated so that

N -1 N 2
2 > > wENEy) < 64casu(Th) Z Z D(2 32626,LL(T0)( > @(2’“)) . (48)
l:ko—‘rl k}:k}o l k}o—‘rl k} k}o k:ko

By (41) and (46)—(48) we obtain that

N N N 2
S 3 BN B < BtesuTy)( 3 22)
l=ko k=ko k=ko

According to the last estimate and Lemma 7,

(Shope w(ER)? _ (2e25(T0))* (Shi, 2(29)° _ 2
S ke bk, BN ER) ~ Bdeasp(To) (Siy, P(2F)2 17
for any N > Ny. From Lemma 7 it therefore follows that (L (Ty)) > corpe(To) and p(Ly A(¥) NTy) >

corp(Tp) for any finite parallelepiped 7. The proof of Theorem 2 can be completed by using Lemma 6.
Consider the second case. This time, the estimate for (43) is < 256. Using this, (39), and (42) gives

3555 1(To) = corp(Tp)

w(E; 0 E(v1)) < 256u(Ey(vy)) = 2° - 271D (2l
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and therefore, by (37),
(B N Ey) < 2copu(Th)2~ P 0@(2)). (49)

Since Fp N E; = E;N Ey, we have (46). The double sum on the RHS of (46) is estimated by means of
(49) to obtain

N -1 N -1
2 3 N wENE) < 2Xeu(Ty) Y. Y 27 mRet gl

l=ko+1 k=ko l=ko+1 k=ko
N
< 219 esu(T) Y @(2)
l=ko+1
N
< 2Meep(To) Y (2. (50)
l=ko+1

Thus, from (40), (41), and (50) we conclude that

N N N 2
D> wWENE) < 130026M(T0)< > ¢(2’“))
l—ko k}:k}o kfk()

This and (40) imply

(SR, (ER)” _ (easpl(To)*(Sig, 2(2)% _ 2
SN e SN (BN By) ~ 130co61(To) (S hy, P(2F))2 65

for any N > Ny. It follows that p(E(Ty)) > cosp(To) and from Lemma 7 that p(Ly x(¥) N To) >
cospt(Tp) for any finite parallelepiped 7. By Lemma 6 the proof of Theorem 2 is complete. O

35C5g 1(To) = casp(Tp)
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