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Abstract. In this paper, we show that if the sum
∑
∞

r=1
Ψ(r) diverges, then the set of points (x, z, w) ∈ R × C × Qp

satisfying the inequalities |P (x)| < H−v1Ψλ1(H), |P (z)| < H−v2Ψλ2(H), and |P (w)|p < H−v3Ψλ3(H) for infinitely
many integer polynomials P has full measure. With a special choice of parameters vi and λi, i = 1, 2, 3, we can obtain
all the theorems in the metric theory of transcendental numbers which were known in the real, complex, or p-adic fields
separately.
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A starting point for many problems in metric Diophantine approximation is Khintchine’s theorem [10]
proved more than 80 years ago. Let Ψ(x) be a decreasing function defined for x > 0, and let μ1(A) denote
the Lebesgue measure of a measurable set A ⊂ R. Let I ⊂ R be an interval. The set L1(Ψ) is defined as the
set of real numbers x ∈ I satisfying the inequality

|x− p/q| < Ψ(q)/q

for infinitely many p, q ∈ Z with q �= 0.

Theorem 1 [Khintchine].

μ1L1(Ψ) =

{
0,

∑∞
r=1 Ψ(r) < ∞,

μ1(I),
∑∞

r=1 Ψ(r) = ∞.

There are many extensions and generalizations of this theorem, and this paper is concerned with one
of them. In [8], a convergent Khintchine theorem was obtained for the approximation of zero by integer
polynomials in the real, complex, and p-adic fields simultaneously. In this paper, we consider the divergence
part. First, let

P (f) = anfn + an−1f
n−1 + . . . + a1f + a0, aj ∈ Z,
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be an nth degree integer polynomial with height H = H(P ) = max1�j�n |aj |. Using Dirichlet’s box
principle or Minkowski’s linear forms theorem, it is easy to show that, for w � n, the inequality

|P (f)| < H−w (1)

has infinitely many solutions P ∈ Z[x] (with deg P � n) for all x ∈ R. On the other hand, Sprindzuk [12]
proved that, for almost all x, inequality (1) has at most finitely many solutions when w > n. We define
Ln(w) as the set of points x ∈ R for which the inequality

|P (x)| < H−n+1Ψ(H)

has infinitely many solutions P ∈ Z[x]. A full analogue of Khintchine’s theorem for Ln(w) can be found in
[5, 1]. This result has also been generalized to the field of complex numbers in [6] and to the field of p-adic
numbers in [11, 3]. In this paper, we generalize the divergence case to S = R×C×Qp.
To this end, let μ1(A) be the Lebesgue measure of a measurable set A ⊂ R, μ2(A) the Lebesgue measure

of a measurable set A ⊂ C, and μ3(A) the Haar measure of a measurable set A ⊂ Qp. We put these
together in the obvious way by defining μ(A) = μ(B × C × D) = μ1(B)μ2(C)μ3(D) for a measurable
set A = B × C × D ⊂ R × C × Qp. Let v = (v1, v2, v3) and λ = (λ1, λ2, λ3) be real vectors satisfying
v1, v2 � −1

4 , v3 � 0, and λi > 0, i = 1, 2, 3. Denote by Lv,λ(Ψ) the set of points in a parallelepiped
T = I × K × D, where I ⊂ R is an interval, K ⊂ C is a disk, and D ⊂ Qp is a cylinder, for which the
system of inequalities

|P (x)| < H−v1Ψλ1(H),

|P (z)| < H−v2Ψλ2(H), (2)
|P (w)|p < H−v3Ψλ3(H),

with v1 + 2v2 + v3 = n − 3 and λ1 + 2λ2 + λ3 = 1 has infinitely many solutions P ∈ Z[x]. In this paper,
we prove the following theorem.

Theorem 2. Suppose that (2) holds. If n � 3 and
∑∞

r=1 Ψ(r) = ∞, then

μ (Lv,λ(Ψ)) = μ(T )

with v = (n−4
4 , n−4

4 , n
4 ) and λ = (1

4 , 1
4 , 1

4).

Let δ1 > 0 be a fixed real number; without loss of generality we assume that points z ∈ K satisfy
|Im z| � δ1. In what follows, inequalities of the form |z − α| < H(P )−t, t > 0, appear several times.
Since the RHS (the right-hand side) tends to zero as H → ∞, it follows that (for sufficiently large H)
|Im α| > 1

2δ1. There is also a conjugate root ᾱ of P which clearly satisfies |α− ᾱ| > δ1. Similarly, for a real
root β of P , the inequalities |β − α| = |β − ᾱ| > 1

2δ1 hold. Hence, from now on we assume that

|Im α| >
1

2
δ1,

|Im z| � δ1, (3)
|α− ᾱ| > δ1,

|β − α| >
1

2
δ1.

Given the conditions of Theorem 2 and (3), the restriction deg P � 3 is automatic.
One of the main parts of the proof of this theorem is the construction of an optimal regular system of sets

of roots of integer polynomials P of the form (α, β, γ), P (α) = P (β) = P (γ) = 0 with α ∈ R, β ∈ C,
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|Im β| > 1
2δ1, and γ ∈ Qp. In [2], an optimal regular system is defined and is then used to prove a divergent

Khintchine theorem. We shall give a similar obvious construction of an optimal regular system for the roots
discussed above.
Let P ∈ Z[x] be an irreducible polynomial over R with height H = H(P ) and roots α ∈ R, β ∈

C, and γ ∈ Qp. Assume that P is the minimal polynomial for α, β, and γ. Consider a vector w =
(w1 + 1, w2 + 1, w3) such that

w1, w2 � 0, w3 > 0, w1 + 2w2 + w3 = n− 2. (4)

DEFINITION 1. The set of points ν = (α, β, γ) with the vector-function

N(ν) = (Hw1+1,Hw2+1,Hw3)

is called an optimal regular system if there exist constants c1 > 0 and c2 > 0 such that, for any parallelepiped
T0 ⊂ T , there exists a sufficiently large numberM0(T0) such that, for any integerM > M0, we can choose
points ν1,ν2, · · · ,νt such that:

Hn+1(α) < M,

the parallelepipeds

Πi =
{
|x− αi| < M−w1−1, |z − βi| < M−w2−1, |w − γi|p < M−w3

}

do not intersect for any i, j, 1 � i < i < j � t, and

c1Mμ(T0) < t < c2Mμ(T0). (5)

If (5) satisfies t > c1Mμ(T0), then the system is called a regular system.

We use c(n) to denote positive constants depending only on n; we use the formal rules c(n)+c(n) = c(n)
and c(n)c(n) = c(n). Where necessary, the constants will be indexed cj , j = 1, 2, . . ..
Using Dirichlet’s box principle, it is easy to prove that, for some constant c3 > 0, any point u ∈ T0, for

any Q > 1, and for numbers w1, w2, w3 such that w1 +2w2 +w3 � n−2, we can find a nonzero polynomial
P such that

|P (x)| < c3Q
−w1 ,

|P (z)| < c3Q
−w2 , (6)

|P (w)|p < c3Q
−w3 ,

with H(P ) � Q and deg P � n. Clearly, it is necessary to consider w3 > 0.
The system of inequalities (6) forms a base for construction of an optimal regular system of roots of

polynomials P ∈ Z[x] which are close to x, z, and w, respectively.

Theorem 3. For any vectorw = (w1, w2, w3) satisfying (4), it is possible to construct a regular system from
the vectors ν.

The important part of this is the simultaneous solvability of system (6) and the system

|P ′(x)| > c5Q,

|P ′(z)| > c5Q, (7)
|P ′(w)|p > c5,
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for some set B0 ⊂ T0 with μ(B0) > μ(T0)/2 and some constant c5 > 0. There are several cases to consider
by replacing one or more of the > signs with � in the above system.
For some constant ε > 0, denote by B11 the set of u ∈ T0 for which (6) and

Q1/2 < |P ′(x)| � c5Q,

Q1/2 < |P ′(z)| � c5Q, (8)
Q−ε < |P ′(w)|p � c5,

are satisfied simultaneously. We will prove that there exists a constant c′5 such that μ(B11) < 2−6μ(T0) for
c5 < c′5.
Let α1, α2, · · · , αn be the complex roots of P and γ1, γ2, · · · , γn be the roots of P in Q∗p, where Q∗p

is the smallest field containing Qp and all algebraic numbers. Suppose, without loss of generality, that all
the coordinates of u are transcendental (the measure of u ∈ R × C × Qp that have at least one algebraic
coordinate is zero). It is also possible to assume that the polynomials in (2) are irreducible and that they
satisfy the conditions

H = H(P ) = |an|, |an|p > p−n. (9)

The reduction of the general case to irreducible polynomials is done in [12]. Let Pn(H) be the set of
irreducible polynomials P satisfying the conditions with deg P � n. Further define Pn =

⋃∞
H=1 Pn(H). It

is not difficult also to obtain that

|αi| � 2 and |γi| < pn (10)

for i = 1, . . . , n. Order the roots αi, 1 � i � n, of P ∈ Pn(H) by increasing real part; if two roots have
equal real parts, then order by increasing nonnegative imaginary part. The roots γi, 1 � i � n, are ordered
by increasing norm. For every root αi, γi, 1 � i � n, define the sets

S(αi) =
{
z ∈ C : |z − αi| = min

1�j�n
|z − αj |

}
,

S′(αi) = S(αi) ∩ R,

Sp(γi) =
{
w ∈ Qp : |w − γi|p = min

1�j�n
|w − γj|p

}
.

Clearly, we can fix j and consider the system of inequalities with vectors u ∈ S′(αi) × S(αj) × S(γk),
1 � i, j, k � n. Without loss of generality, we shall suppose that i = j = k = 1 and order the remaining
roots with respect to α1, β1, and γ1 so that

|α1 − α2| � |α1 − α3| � . . . � |α1 − αn1
|,

|β1 − β2| � |β1 − β3| � . . . � |β1 − βn2
|,

|γ1 − γ2|p � |γ1 − γ3|p � . . . � |γ1 − γn|p

with n1 + n2 = n.
The next lemma is proved in [12].

Lith. Math. J., 48(2):158–173, 2008.



162 V. Bernik, N. Budarina and D. Dickinson

Lemma 1. Let P ∈ Pn(H) and x ∈ S1(α1), z ∈ S2(α1), w ∈ Sp(γ1). Then

|u− ξ1| � 2n|P (u)|
∣∣P ′(ξ1)

∣∣−1
,

|w − γ1| � |P (w)|p
∣∣P ′(γ1)

∣∣−1

p
,

|u− ξ1| � min
2�j�n

(
2n−j |P (u)|

∣∣P ′(ξ1)
∣∣−1

j∏
k=2

|ξ1 − ξk|

) 1

j

,

|w − γ1|p � min
2�j�n

(
|P (w)|p

∣∣P ′(γ1)
∣∣−1

p

j∏
k=2

|γ1 − γk|p

) 1

j

, (11)

where (u, ξj) = (x, αj) or (z, βj).
From (2), (9), (10), and Lemma 1 it follows that all solutions of (2) are contained in the parallelepiped

A = I1 ×K1 ×D1, where I1 = [−3, 3], K1 = {z ∈ C : |z| � 3}, and D1 = {w ∈ Qp, |w|p < pn}. Fix
a sufficiently small number 10−3 > ε > 0, and suppose that ε1 = εd−1, where d = d(n) > 0 is sufficiently
large.
We define the real numbers ρij , i = 1, 2, 3, 2 � j � n, by

|α1 − αj| = H−ρ1j ,

|β1 − βj | = H−ρ2j ,

|γ1 − γj | = H−ρ3j ,

and the integers kj , lj , mj for 2 � j � n from the relations

kj − 1

T
� ρ1j <

kj

T
,

lj − 1

T
� ρ2j <

lj
T

,

mj − 1

T
� ρ3j <

mj

T
.

Further, define the numbers qi, ri, si (1 � i � n− 1) by

qi =
ki+1 + . . . + kn

T
,

ri =
li+1 + . . . + ln

T
,

si =
mi+1 + . . . + mn

T
.

We associate with each polynomial P ∈ Pn(H) three integer vectors q = q(P ) = (k2, . . . , kn), r = r(P ) =
(l2, . . . , ln), and s = s(P ) = (m2, . . . ,mn). From (10) it is possible to obtain lower bounds for kj , lj , and
mj with 2 � j � n. On the one hand, the discriminant of an irreducible polynomial is a natural number.
On the other hand, the discriminant is determined by the product of the root differences. This means that
the roots cannot be too close and therefore gives upper bounds for kj , lj , mj with 2 � j � n. These
estimates can be found in [12]. They imply that the number of vectors (q, r, s) is bounded. Therefore, we
may restrict our attention to considering polynomials P ∈ Pn(H) with the same triple of vectors (q, r, s)
and denote this set by Pn(H,q, r, s). The proofs of the following two lemmas can be found in [7] and [4],
respectively.
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Lemma 2. Let P ∈ Pn(H,q, r, s). Then

|P (l)(α1)| < c(n)H1−ql+(n−l)ε1 ,

|P (l)(β1)| < c(n)H1−rl+(n−l)ε1 ,

|P (l)(γ1)|p < c(n)H−sl+(n−l)ε1 , 1 � l � n− 1. (12)

Lemma 3. Let G(w) be the set of u(x, y, z) for which the inequality

|P (x)| |P (z)|2|P (w)|p < H−w

has infinitely many solutions P with n = degP (f) � 3 andH = H(P ). Then, for w > n− 2,

μ(G(w)) = 0.

Lemma 4. Let z ∈ S(β1). Then

|z − β1| � n|P (z)|
∣∣P ′(z)

∣∣−1
. (13)

Proof. Write the derivative of P as P ′(z) = (an(z − β1)(z − β2) . . . (z − βn))′ to obtain

|P ′(z)||P (z)|−1 =
n∑

i=1

|z − βi|
−1

� n|z − β1|
−1.

Clearly, (13) follows. �	

It should also be similarly clear that inequality (13) holds for x ∈ S(α1), namely,

|x− α1| � n|P (x)|
∣∣P ′(x)

∣∣−1
.

In the p-adic case for w ∈ S(γ1),

|w − γ1|p � |P (w)|p
∣∣P ′(w)

∣∣−1

p
.

From the Taylor decomposition of P ′(z) in the neighborhood of the root β1 we obtain

P ′(z) =
n∑

j=1

(
(j − 1)!

)−1
P (j)(β1)(z − β1)

j−1. (14)

The RHS of the above equation is estimated by using Lemma 1, (6), (8), (12), and (13) for sufficiently
large Q so that

∣∣P ′′(z)
∣∣ |z − β1| < c(n)Q1−r2+(n−2)ε1c3Q

−w2

∣∣P ′(z)
∣∣−1

<
1

2(n− 1)

∣∣P ′(z)
∣∣. (15)

From (15) and similar inequalities for the other terms in (14) we obtain that

P ′(z) = P ′(β1) + R
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with |R| < |P ′(z)|/2. From this we have
∣∣P ′(z)

∣∣/2 <
∣∣P ′(β1)

∣∣ < 3/2
∣∣P ′(z)

∣∣.
Similar estimates are easily obtained for the real case. Then, system (8) can be rewritten as

1

2
Q1/2 < |P ′(α1)| <

3

2
c5Q,

1

2
Q1/2 < |P ′(β1)| <

3

2
c5Q,

Q−ε < |P ′(γ1)|p � c5. (16)

From (6), (11), and (16) it follows that all u ∈ S(α1)× S(β1)× S(γ1) are contained in the parallelepiped

σ(P ) :=

⎧⎪⎪⎨
⎪⎪⎩
|x− α1| < c3c(n)Q−w1

∣∣P ′(α1)
∣∣−1

,

|z − β1| < c3c(n)Q−w2

∣∣P ′(β1)
∣∣−1

,

|w − γ1|p < c3c(n)Q−w3

∣∣P ′(γ1)
∣∣−1

p
.

For numbers w3, w4, w5 satisfying

w4 � w1, w5 � w2, w6 + ε < w3, w4 + 2w5 + w6 = n− 3, w4, w5, w6 � 0,

define the parallelepiped

σ1(P ) :=

⎧⎪⎪⎨
⎪⎪⎩
|x− α1| < c4(n)Q−w1+w4

∣∣P ′(α1)
∣∣−1

,

|z − β1| < c4c(n)Q−w2+w5

∣∣P ′(β1)
∣∣−1

,

|w − γ1|p < c4c(n)Q−w3+w6

∣∣P ′(γ1)
∣∣−1

p
,

and choose a constant c4 such that σ(P ) ⊂ σ1(P ).
Develop the polynomial P (t) (t = x, t = z, t = w as appropriate) as a Taylor series on σ1(P ) in

the neighborhoods of the roots α1, β1, and γ1 and estimate from above |P (x)|, |P (z)|, and |P (w)|p. For
example, in the complex case (using condition (16)),

P (z) =
n∑

i=1

(i!)−1P (i)(β1)(z − β1)
i,

∣∣P ′(β1)
∣∣ |z − β1| < c4c(n)Q−w2+w5 ,

(i!)−1
∣∣P (i)(β1)

∣∣ |z − β1|
(i) < c4c(n)Q1−i(w2−w5)−i/2 < c4c(n)Q−w2+w5

with 2 � i � n. Hence,
|P (z)| < c4c(n)Q−w2+w5 . (17)

Similarly, in the real and p-adic cases, one can show that

|P (x)| < c4c(n)Q−w1+w4 ,

|P (w)|p < c4c(n)Q−w3+w6 . (18)

From the definitions of σ(P ) and σ1(P ) it follows that

μ
(
σ(P )

)
/μ

(
σ1(P )

)
< c−4

4 c(n)Q−(w4+2w5+w6) = c−4
4 c(n)Q−n+3. (19)
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Fix the integer vector b = (a4, a5, . . . , an) of the coefficients of P ∈ Pn(H,q, r, s) and denote the subset
of polynomials with the same vector b by Pn,b(H,q, r, s). Now, consider the relative position of the
parallelepipeds σ1(P ) for different polynomials P1 and P2 in Pn,b(H,q, r, s). The parallelepiped σ1(P1)
is called essential if there is a polynomial P2 ∈ Pn,b(H,q, r, s) such that

μ
(
σ1(P1) ∩ σ1(P2)

)
< 1/2μ

(
σ1(P1)

)
(20)

and inessential otherwise. Hence, P1 is inessential if there exists P2 ∈ Pn,b(H,q, r, s) such that

μ
(
σ1(P1) ∩ σ1(P2)

)
� 1/2μ

(
σ1(P1)

)
.

Let the parallelepiped σ1(P1) be essential. Then from (20) it follows that
∑

P1∈Pn,b(H,q,r,s)

μ
(
σ1(P1)

)

 μ(T0). (21)

By (19) and (21) we obtain
∑

P1∈Pn,b(H,q,r,s)

μ
(
σ(P1)

)
� c−4

4 c(n)μ(T0)Q
−(w4+2w5+w6) � c−4

4 c(n)Q−n+3μ(T0). (22)

Since the number of vectors b is 
 Qn−4, from (22) we have
∑
|aj |�Q

∑
b

∑
P1∈Pn,b(H,q,r,s)

μ(σ(P1)) < c−4
4 c(n)Q1+n−4−(n−3)μ(T0) < c−4

4 c(n)μ(T0). (23)

Now let the parallelepiped σ1(P1) be inessential, and define σ1(P1, P2) = σ1(P1)
⋂

σ1(P2). Inequalities
(17))–(18) hold simultaneously on σ1(P1, P2) for P1 and P2. By (17)–(18) the polynomial R = P2 − P1
with deg R � 3 and H(R) � 2H satisfies

|R(x)| < c4c(n)Q−w1+w4 ,

|R(z)| < c4c(n)Q−w2+w5 ,

|R(w)|p < c4c(n)Q−w3+w6 . (24)

Using the estimates for P ′(t) in (16), it is readily verified that, on σ1(P1, P2) and for Q sufficiently large,

P ′(x) =
n∑

i=1

(
(i− 1)!

)−1
P (i)(α1)(x− α1)

i−1,

∣∣P ′(α1)
∣∣ <

3

2
c5Q,

∣∣P (i)(α1)
∣∣ |x− α1|

(i−1) < ci−1
4 c(n)Q1−(i−1)(w1−w4)

∣∣P ′(α1)
∣∣−(i−1)

< c4c5c(n)Q, 3 � i � n.

It follows that |P ′(x)| < c4c5c(n)Q and
∣∣R′(x)

∣∣ < c4c5c(n)Q.

Similarly, inequalities in the complex and p-adic cases can be obtained so that
∣∣R′(z)

∣∣ < c4c5c(n)Q,∣∣R′(w)
∣∣
p

< c4c5c(n).
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We denote by αi(R), βi(R), and γi(R) the roots R in R, C, and Qp. From (24) and (3) it follows that
the roots α1(R), β1(R), and β̄1(R) are at least δ1 apart. Thus,

H(R) < c(n, δ1)
∣∣R′(x)

∣∣ < c4c5c(n, δ1)Q. (25)

We estimate the measure of u for which the system of inequalities (24) and condition (25) holds.
Whence,

|x− α1(R)| < c4c(n)Q−w1+w4 |H(R)|−1,

|z − β1(R)| < c4c(n)Q−w2+w5 |H(R)|−1,

|w − γ1(R)|p < c4c(n)Q−w3+w6 |H(R)|−1
p .

Using this gives an estimate for the measure of u in the inessential parallelepipeds, namely,

c4
4c(n)Q−(w1+2w2+w3)+(w4+2w5+w6)H(R)−4 = c4

4c(n)Q−1H(R)−3.

Summing the previous estimate over the remaining coefficients shows that none of these sums exceeds
H(R) × (|I|, μ(K), μ(D)). This further implies that the measure of the union of all inessential paral-
lelepipeds is


 c4
4Q

−1H(R)μ(T0) 
 c4
4c5μ(T0) (26)

by (25). This completes the proof.
There are six other cases where one or more of the inequalities in (7) does not hold.

1. Assume that the inequality |P ′(z)| > c6Q holds for some constant c6 > 0. In this case, one must
show that the set B12 of solutions of system (6) and the system

Q1/2 <
∣∣P ′(x)

∣∣ < c8Q,
∣∣P ′(z)

∣∣ > c6Q, Q−1/2 < |P ′(w)|p < c7

for some c7 has the measure μ(B12) < 2−6μ(T0).

2. Assume that the inequality |P ′(x)| > c8Q holds for some constant c8 > 0. In this case, one must
show that the set B13 of solutions of system (6) and the system

∣∣P ′(x)
∣∣ > c8Q, Q1/2 <

∣∣P ′(z)
∣∣ < c9Q, Q−1/2 <

∣∣P ′(w)
∣∣
p

< c9

for some constant c9 < c′9 has the measure μ(B13) < 2−6μ(T0).

3. Assume that the inequality |P ′(w)|p > c10 holds for some constant c10 > 0. Then one must show
that the set B14 of solutions of system (6) and the system

Q1/2 <
∣∣P ′(x)

∣∣ < c11Q, Q1/2 <
∣∣P ′(z)

∣∣ < c11Q,
∣∣P ′(w)

∣∣
p

> c10

for some c11 < c′11 has the measure μ(B14) < 2−6μ(T0).

4. Assume that the inequalities |P ′(x)| > c12Q and |P ′(z)| > c12Q hold for some constant c12. Then
one must show that the set B15 of solutions of system (6) and the system

∣∣P ′(x)
∣∣ > c12Q,

∣∣P ′(z)
∣∣ > c12Q, Q−1/2 <

∣∣P ′(w)
∣∣
p

< c13

for some c13 < c′14 has the measure μ(B15) < 2−6μ(T0).



A divergent Khintchine theorem in the real, complex, and p-adic fields 167

5. Assume that the inequalities |P ′(x)| > c14Q and |P ′(w)|p > c14 hold for some constant c14. Then
one must show that the set B16 of solutions of system (6) and the system

∣∣P ′(x)
∣∣ > c14Q, Q1/2 <

∣∣P ′(z)
∣∣ < c15Q,

∣∣P ′(w)
∣∣
p

> c14

for some constant c15 < c′15 has the measure μ(B16) < 2−6μ(T0).

6. Assume that the inequalities |P ′(z)| > c16Q and |P ′(w)|p > c16 hold for some constant c16. Then
one must show that the set B17 of solutions of system (6) and the system

Q1/2 <
∣∣P ′(x)

∣∣ < c17Q,
∣∣P ′(z)

∣∣ > c16Q,
∣∣P ′(w)

∣∣
p

> c16

for some constant c17 < c′17 has the measure μ(B17) < 2−6μ(T0).

The proofs of these six cases are based on the simple statement that, according to Lemma 1, if we have
|P ′(x)| > c(n)Q for all x ∈ I , then the measure of such x which satisfy the inequality |P (x)| < c3Q

−w1

is at most c(n)Q−w1−1. Similar results hold for the measure of a disk in C in which |P (z)| < c3Q
−w2

and |P ′(z)| > c(n)Q and for the measure of a cylinder in Qp in which |P (w)|p < c3Q
−w3 and |P ′(w)| >

c(n).
As before, we will construct similar sets to σ(P ) and σ1(P ) for some of the above listed cases.
For Case 1, we obtain

σ(P ) :=

⎧⎨
⎩
|x− α1| < c18Q

−w1 |P ′(α1)|
−1,

|z − β1| < c18Q
−w2−1,

|w − γ1|p < c18Q
−w3|P ′(γ1)|

−1
p ;

σ1(P ) :=

⎧⎨
⎩
|x− α1| < c19Q

−w1+w4 |P ′(α1)|
−1,

|z − β1| < c19Q
−w2+w5−1,

|w − γ1|p < c19Q
−w3+w6 |P ′(γ1)|

−1
p .

For Case 2,

σ(P ) :=

⎧⎨
⎩
|x− α1| < c20Q

−w1−1,
|z − β1| < c20Q

−w2|P ′(β1)|
−1,

|w − γ1|p < c20Q
−w3 |P ′(γ1)|

−1
p ;

σ1(P ) :=

⎧⎨
⎩
|x− α1| < c21Q

−w1+w4−1,
|z − β1| < c21Q

−w2+w5 |P ′(β1)|
−1,

|w − γ1|p < c21Q
−w3+w6 |P ′(γ1)|

−1
p .

For Case 6,

σ(P ) :=

⎧⎨
⎩
|x− α1| < c22Q

−w1 |P ′(α1)|
−1,

|z − β1| < c22Q
−w2−1,

|w − γ1|p < c22Q
−w3 ;

σ1(P ) :=

⎧⎨
⎩
|x− α1| < c23Q

−w1+w4 |P ′(α1)|
−1,

|z − β1| < c23Q
−w2+w5−1,

|w − γ1|p < c23Q
−w3+w6 .
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In every case, the polynomials P and P ′ are developed as Taylor series on the parallelepipeds σ1(P ), and
an upper bound is obtained. Then, a vector b = (a4, a5, . . . , an) is fixed, and the essential and inessential
parallelepipeds are investigated. Similar results to (23) and (26) are readily obtained.
The constant c4 in (23) is chosen so that the estimate is at most 2−7μ(T0). Then, in (26), the

constant c5 is chosen small enough so that this estimate also is at most 2−7μ(T0). Thus, in all seven
cases, the estimate of the measure of u for which the systems of inequalities (6) and (8) hold is at most
7
32μ(T0) < 1

4μ(T0).
If in (8) one of the derivatives is less than Q1/2 in the real or complex case, or |P ′(w)|p < Q−ε in

the p-adic case, then, as is shown in [8] and [9], the measure of u tends to zero as Q → ∞. Hence,
there exists a sufficiently large number Q > Q0 such that the measure of u is < 1

4μ(T0).
Thus, the systems of inequalities (6) and (7) hold on some set B2 with μ(B2) > μ(T0)/2.
Now we use Lagrange’s Theorem and Hensel’s lemma (stated below).

Lemma 5 [Hensel]. Let P ∈ Zp[x], ξ = ξ0 ∈ Zp, and |P (ξ)|p < |P ′(ξ)|2p. Then, as n → ∞, the sequence
ξn+1 = ξn − P (ξn)P ′(ξn)−1 tends to some root α ∈ Zp of P and |α− ξ|p < |P (ξ)|p|P

′(ξ)|−2
p < 1.

The construction of an optimal regular system will now be demonstrated. From the first inequalities
of systems (6) and (7) we obtain that there exists a real root α1 of P such that

|x− α1| < c(n)Q−w1−1; (27)

from the second inequalities it also follows that

|z − β1| < c(n)Q−w2−1; (28)

finally, from the third inequalities (and using Hensel’s lemma) we get that if |P (w)|p < c24|P
′(w)|2p, then

there exists a p-adic root γ1 ∈ Qp such that

|w − γ1|p < c24Q
−w3 . (29)

The union B of parallelepipeds defined by (27))–(29) has the measure

μ(B) > μ(T0)/2, (30)

as proved above.
Now we choose a maximal system of vectors ν1,ν2, . . . ,νt ∈ T0, with νj = (αj , βj , γj), 1 � j � t,

αj ∈ R, βj ∈ C, Im βj > δ1, γj ∈ Qp, which satisfy the condition

H(νj) � c(n)Q; (31)

also, for all i, j, 1 � i < j � t, the parallelepipeds

Ti =
{
u ∈ T0 : |x− αi| < c25Q

−w1−1, |z − βi| < c25Q
−w2−1, |w − γi|p < c25Q

−w3

}

do not intersect.
For the proof of the regularity of this system, it is necessary to obtain the estimate

t > c(n)Qn+1μ(T0). (32)

In order to do this, we take all vectors νji
, 1 � i � t1, satisfying (31), so that all the parallelepipeds Tji

constructed on the vectors νji
intersect with the parallelepipeds Ti which are constructed on the vectors
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νi, 1 � i � t, and

μ

( t⋃
i=1

Ti

)
�

1

8
μ

( t1⋃
i=1

Tji

)
. (33)

By (30), the RHS of (33) is > 2−4μ(T0), and the LHS (the left-hand side) of (33) is at most
tc25Q

−n−1, whence inequality (32) follows.

Proof of Theorem 2. For any vector ν = (α, β, γ), define the parallelepiped

σ(ν) =

⎧⎨
⎩u ∈ R× C×Qp :

|x− α| < H(ν)−v1−1Ψλ1(H),
|z − β| < H(ν)−v2−1Ψλ2(H),
|w − γ|p < H(ν)−v3Ψλ3(H).

⎫⎬
⎭

Clearly, the set of solutions of (2) contains all u belonging to infinitely many parallelepipeds σ(ν). �	
The following two lemmas are proved in [1] and [13, Chapter 2], respectively.

Lemma 6. Let A ⊂ T be a measurable set. If there exists a positive constant c1 < 1 such that μ(A
⋂

T ′) >
c1μ(T ′) for any parallelepiped T ′ ⊂ T , then A has full measure, i.e., μ(A) = μ(T ).

Lemma 7. Let Ei ⊂ T be a sequence of measurable sets, and let E be the set of points belonging to infinitely
many of the Ei. If each Ei is totally bounded and

∑∞
i=1 μ(Ei) = ∞, then

μ(E) � lim sup
N→∞

(
∑N

i=1 μ(Ei))
2

∑N
i=1

∑N
j=1 μ(Ei

⋂
Ej)

.

The next two lemmas are from [1].

Lemma 8. Let {ai}
∞
i=1 be a decreasing sequence of positive numbers such that

∑∞
i=1 ai = ∞. Define bi =

min{ai; i
−1}. Then {bi}

∞
i=1 also decreases, and

∑∞
i=1 bi = ∞.

Lemma 9. Given a decreasing sequence Ψ(h) of positive numbers such that
∑∞

h=1 Ψ(h) converges/diverges,
for any number c > 0, the series

∑∞
k=0 2kΨ(c2k) converges/diverges.

Clearly, from these we may assume without loss of generality that

Ψ(h) < h−1/2 for all h ∈ N. (34)

Define Φ(h) = hΨ(h). By Lemma 9,
∞∑

k=0

Φ(2k) = ∞. (35)

For each Q, we can find k ∈ N such that 2k � Q < 2k+1. All the inequalities used in the construction of
the regular system are now rewritten in terms of k. Hence, there exists a positive constant k0 = k0(n, T0)
such that, for any k � k0, there exists a set of vectors

Ak(T0) = {ν1, . . . ,νtk
}

such that

H(νi) � 2k
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for all νi ∈ Ak(T0). The parallelepipeds

Π(νi) :=

⎧⎪⎨
⎪⎩u ∈ T :

|x− αi| � 2−(w1+1)k,
|z − βi| � 2−(w2+1)k,
|w − γi|p � 2−w3k,

⎫⎪⎬
⎪⎭ (36)

do not intersect for any νi �= νj , so

c252
(n+1)kμ(T0) � tk � c262

(n+1)kμ(T0). (37)

Define the parallelepipeds

Ek(ν) :=

⎧⎪⎨
⎪⎩u ∈ T :

|x− α1| � 2−(v1+1)kΨλ1(2k),
|z − β1| � 2−(v2+1)kΨλ2(2k),
|w − γ1|p � 2−v3kΨλ3(2k),

⎫⎪⎬
⎪⎭ (38)

and let
Ek =

⋃
ν∈Ak(T0)

Ek(ν).

By (38),

μ
(
Ek(ν)

)
= 2 · 2−knΨ(2k) = 2 · 2−k(n+1)Φ(2k). (39)

Clearly, μ(Lv,λ(Ψ)
⋂

T0) � μ(E(T0)), where E(T0) =
⋂∞

N=k0

⋃∞
k=N Ek. From (34) and (36) it

follows that Ek(ν1)
⋂

Ek(ν2) = 0 for all ν1,ν2 ∈ Ak(T0), ν1 �= ν2. Then μ(Ek) = tkEk(ν), where
ν ∈ Ak(T0). By (37) and (38), we obtain

2c25Φ(2k)μ(T0) � μ(Ek) � 2c26Φ(2k)μ(T0). (40)

Hence,
N∑

k=k0

μ(Ek) � 2c25μ(T0)
N∑

k=k0

Φ(2k).

Using this and (35) gives that
∑N

k=k0
μ(Ek) = ∞.

Furthermore, choose a number N0 > k0 such that

N0∑
k=k0

Φ(2k) > 1. (41)

Fix l and k such that k0 � k < l � N and N > N0. For any ν ∈ Ak(T0),

El ∩ Ek(ν) =
⋃

ν∈Al(T0)

El(ν1) ∩ Ek(ν2). (42)

For (v1, v2, v3) and (λ1, λ2, λ3) defined in Theorem 2, we shall construct a regular system with w1 =
v1 +λ1, w2 = v2 +λ2, w3 = v3 +λ3. Given ν1 ∈ Ak(T0), the number of different ν2 ∈ Al(T0) satisfying
the condition El(ν2)

⋂
Ek(ν1) �= ∅ is at most

(
2 + 2−k(v1+1)Ψλ1(2k)2(w1+1)l)(2 + 2−k(v2+1)Ψλ2(2k)2(w2+1)l)2(

2 + 2−kv3Ψλ3(2k)2w3l). (43)
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By Theorem 2, we have v1 = v2 = (n − 4)/4, v3 = n/4. Then w1 = w2 = (n − 3)/4, w3 = (n + 1)/4,
and expression (43) is a product of four identical factors. There are two cases that must be considered.
Firstly, the second term in the summand is greater than the first term in every bracket in (43). Secondly,
the second term in the summand does not surpass the first term in every bracket in (43).
Consider the first case. Firstly, the estimate of (43) is

� 16 · 2−k(v1+2v2+v3+3)Ψλ1+2λ2+λ3(2k)2(n+1)l = 16 · 2−knΨ(2k)2(n+1)l = 16 · 2(n+1)(l−k)Φ(2k).

From this, (39), and (42) we obtain

μ
(
El ∩ Ek(ν1)

)
� 16μEl(ν2)2

(n+1)(l−k)Φ(2k) � 32 · 2−l(n+1)+(n+1)(l−k)Φ(2l)Φ(2k)

= 32 · 2−(n+1)kΦ(2l)Φ(2k).

Further, using (37), we have

μ(El ∩ Ek) � tk
(
μ(El ∩ Ek(ν1)

)
� 32c262

(n+1)k2−(n+1)kΦ(2l)Φ(2k)μ(T0) (44)
= 32c26Φ(2l)Φ(2k)μ(T0). (45)

Since Ek ∩ El = El ∩ Ek,

N∑
l=k0

N∑
k=k0

μ(El ∩ Ek) =
N∑

k=k0

μ(Ek) + 2
N∑

l=k0+1

l−1∑
k=k0

μ(El ∩Ek). (46)

From (40) it follows that
N∑

k=k0

μ(Ek) � 2c26μ(T0)
N∑

k=k0

Φ(2k). (47)

Using (44), the second summand in (46) can be estimated so that

2
N∑

l=k0+1

l−1∑
k=k0

μ(El ∩ Ek) � 64c26μ(T0)
N∑

l=k0+1

l−1∑
k=k0

Φ(2l)Φ(2k) � 32c26μ(T0)

( N∑
k=k0

Φ(2k)

)2

. (48)

By (41) and (46)–(48) we obtain that

N∑
l=k0

N∑
k=k0

μ(El ∩ Ek) � 34c26μ(T0)

( N∑
k=k0

Φ(2k)

)2

.

According to the last estimate and Lemma 7,

(
∑N

k=k0
μ(Ek))

2

∑N
l=k0

∑N
k=k0

μ(El
⋂

Ek)
�

(2c25μ(T0))
2(

∑N
k=k0

Φ(2k))2

34c26μ(T0)(
∑N

k=k0
Φ(2k))2

=
2

17
c2
25c

−1
26 μ(T0) = c27μ(T0)

for any N > N0. From Lemma 7 it therefore follows that μ(E(T0)) > c27μ(T0) and μ(Lv,λ(Ψ)∩ T0) �

c27μ(T0) for any finite parallelepiped T0. The proof of Theorem 2 can be completed by using Lemma 6.
Consider the second case. This time, the estimate for (43) is � 256. Using this, (39), and (42) gives

μ
(
El ∩Ek(ν1)

)
� 256μ

(
El(ν2)

)
= 29 · 2−l(n+1)Φ(2l)

Lith. Math. J., 48(2):158–173, 2008.



172 V. Bernik, N. Budarina and D. Dickinson

and therefore, by (37),

μ(El ∩ Ek) � 29c26μ(T0)2
−(l−k)(n+1)Φ(2l). (49)

Since Ek ∩El = El ∩Ek, we have (46). The double sum on the RHS of (46) is estimated by means of
(49) to obtain

2
N∑

l=k0+1

l−1∑
k=k0

μ(El ∩ Ek) � 210c26μ(T0)
N∑

l=k0+1

l−1∑
k=k0

2−(l−k)(n+1)Φ(2l)

� 210−nc26μ(T0)
N∑

l=k0+1

Φ(2l)

� 27c26μ(T0)
N∑

l=k0+1

Φ(2l). (50)

Thus, from (40), (41), and (50) we conclude that

N∑
l=k0

N∑
k=k0

μ(El ∩ Ek) � 130c26μ(T0)

( N∑
k=k0

Φ(2k)

)2

.

This and (40) imply

(
∑N

k=k0
μ(Ek))

2

∑N
l=k0

∑N
k=k0

μ(El
⋂

Ek)
�

(2c25μ(T0))
2(

∑N
k=k0

Φ(2k))2

130c26μ(T0)(
∑N

k=k0
Φ(2k))2

=
2

65
c2
25c

−1
26 μ(T0) = c28μ(T0)

for any N > N0. It follows that μ(E(T0)) > c28μ(T0) and from Lemma 7 that μ(Lv,λ(Ψ) ∩ T0) �

c28μ(T0) for any finite parallelepiped T0. By Lemma 6 the proof of Theorem 2 is complete. �	
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