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Abstract—In cognitive multiple access networks, primary-
secondary feedback links are needed to convey secondary trans-
mitter primary base station (STPB) channel gains from the
primary base station (PBS) to the secondary base station (SBS).
To reduce the amount of feedback exchange between PBS and
SBS, this paper proposes a feedback control protocol called K-
smallest channel gains (K-SCG) feedback protocol in which the
PBS feeds back the K smallest STPB channel gains, out of
N of them, to the SBS. We study the performance of K-SCG
feedback protocol for total power and interference limited (TPIL)
networks when transmit powers of secondary users (SUs) are
optimally allocated. In TPIL networks, transmit powers of SUs
are limited by an average total power constraint as well as a
constraint on the average total interference gower that they cause
to the PBS. It is shown that for Kxy = N° with § € (0,1), K-
SCG feedback protocol is asymptotically optimal, i.e., secondary
network throughput under K-SCG and full feedback protocols
scales according to ﬁ loglog (N) where ny, is a parameter ob-
tained from the distribution of secondary transmitter secondary
base station (STSB) channel power gains, and N is the number
of SUs. It is also shown that for Ky = o (IV), the interference
power at the PBS converges to zero almost surely and in mean as
N becomes large. This result implies that for NV large enough, the
secondary network just requires the indices of SUs corresponding
to the K smallest STPB channel gains for performing jointly
optimal user scheduling and power allocation rather than the
actual realizations of STPB channel gains.

I. INTRODUCTION

Cognitive radio technology alleviates the spectrum scarcity
problem by allowing cognitive users (also called secondary
users or SUs) to share the same bandwidth with legacy users
(also called primary users or PUs) provided that certain level of
quality-of-service (QoS) delivered to PUs. Various paradigms
for the coexistence of primary and secondary networks have
been proposed such as underlay, overlay and interweave
paradigms [1]. The paradigm of interest in this paper is the
underlay paradigm, which is also known as spectrum sharing
technique [2]. Under the spectrum sharing setup, SUs transmit
simultaneously with PUs, but they are required to manage their
interference at the primary receiver in order to guarantee a
predefined level of QoS at the primary network.

In cognitive multiple access networks, optimal resource uti-
lization and interference management tasks rely heavily on the
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knowledge of STPB channel gains that are conveyed from the
PBS to the SBS by means of feedback links or a band manager
mediating communication between primary and secondary
networks [2], [3] (see also Fig. 1). For large numbers of SUs, it
becomes impractical for the PBS to convey all STSB channel
gains to the SBS due to various physical restrictions such as
feedback link capacity limitations and energy constraints. This
paper studies the effect of feedback link limitations on the
throughput scaling behavior of secondary networks.

Throughput scaling behavior of cognitive radio networks
has been studied in some recent papers. The authors in [4]
obtained the capacity scaling laws for a cognitive multiple
access channel (CMAC) under peak transmit power and peak
interference power constraints. In [5], Zhang et al. extended
these results to cognitive broadcast channels and cognitive
parallel access channels. In [6], Nekouei et al. established log-
arithmic and double-logarithmic capacity scaling behavior for
interference-limited and power-interference-limited CMACs,
respectively, when transmit powers of SUs are optimally
allocated. In [7], the double-logarithmic capacity scaling laws
were established for a secondary network with N secondary
transmitter-receiver pairs sharing M frequency bands with a
primary network under optimum pairing of SUs and frequency
bands. In [8], multiuser and multispectrum diversity gains were
studied for a cognitive broadcast network sharing multiple
orthogonal frequency bands with a primary network.

In this paper, we consider a secondary network with N
SUs under an average total power constraint and an average
interference power constraint as shown in Fig 1. Different from
previous works, we consider a more realistic scenario in which
the PBS is able to send the STPB channel gains of at most
K SUs to the SBS, where K is a function of N. To protect
the primary transmission, the PBS picks the least harmful SUs
by feeding back the channel gain g; of the SU-¢ if and only if
9i < gk p:N, Where g .y is the K yth smallest value in the
set {g;};_,. We refer to this feedback policy as the K-smallest
channel gain (K-SCG) feedback protocol. Ky = N case is
named as the full-feedback protocol. To avoid any harmful
interference at the PBS, the SBS schedules an SU if its STPB
channel gain is available at the SBS. We study throughput
scaling behavior of secondary networks under both K-SCG
and full-feedback protocols when transmit powers of SUs
are optimally allocated, and distributions of STSB and STPB
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channel gains belong to a fairly large class of distribution
functions called class C distributions ( see Definition 1).

Our results indicate that the secondary network throughput
under the K-SCG and full-feedback protocols scales according
to ;-loglog(Ky) and -loglog(N), respectively. ny, is a
parameter determined from the distribution of STSB channel
power gains. Hence, for Ky = N° with 0 < § < 1, the
secondary network can achieve the same throughput scaling
as with the full-feedback case. For Ky growing to infinity as
Kn = o(N), we show that the worst-case interference power
at the PBS converges to zero almost surely (a.s.) and also
in mean as N tends to infinity. This result implies that the
interference constraint cannot be satisfied with equality for N
large enough. Hence, we can relax the interference constraint,
and the SBS just requires the indices of the SUs for which
gi < gk ,.n rather than the actual realizations of the STPB
channel gains, which further reduces the amount of feedback
required between two networks.

The rest of the paper is organized as follows. Section
IT describes the system model and network configuration
along with our modeling assumptions. Section III derives and
presents the secondary network throughput scaling laws under
K-SCG and full feedback policies. Section IV presents some
numerical results to illustrate the derived scaling laws. Section
V concludes the paper.

II. SYSTEM MODEL

We consider a cognitive multiple access network where
N SUs transmit data to an SBS and interfere with the
signal reception at a PBS as shown Fig. 1. Let h; and g;
represent the fading power gains for the ¢th STSB and STPB
links, respectively. We assume that {h7}11\i1 and {g,}i\[:1 are
collections of independent and identically distributed (i.i.d.)
random variables. The random vectors k = [h1, ha, ..., h N]T
and g = [91,92,-- -, gN]T are also independent. The fading
model is the classical ergodic block fading model.

Definition 1: We say that the cumulative distribution func-
tion (CDF) of a random variable X, i.e., F' (x), belongs to the
class C distributions if it satisfies the following properties:

o F(z) has a positive support, i.e., F(x) =0 for z < 0.

e F'(x) is continuous and strictly increasing for « > 0.

o The tail of F'(x) decays double exponentially, i.e., there

exist constants « > 0, 8 > 0, n > 0,1 € R and
a function H(mg satisfying H(z) = o(z™) such that
. 1-F(x
A T @)
o F(z) varies regularly near the origin, i.e., there exist

constants 7 > 0 and v > 0 such that lim Flz) =1
0 NIy
In this paper, we assume that the CDFs of all fading power
gains belong to the class C distributions. The parameters
characterizing the behavior of the distribution of fading power
gains around zero and infinity are illustrated in Table I for the
commonly used fading models in the literature. To avoid any
confusion, we represent these parameters with subscript h for

Secondary-Transmitter-Secondary-
Base-Station (STSB) Channel gains
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Fig. 1. N SUs forming a multiple access channel to the SBS and interfering
with signal reception at the PBS.

STSB channel gains and with subscript g for STPB channel
gains, e.g., 1y O Ny,

We define a power allocation policy P (h,g) =
[Py (h,g), -, Py (h,g)]" as a mapping from R2V to RY in
which P; (h,g) is the transmit power of SU-i. We study the
throughput scaling of secondary networks under the following
constraints:

Eng [17P(h,g)] < Paye, (1a)
Eng [g P (h.8)] < Qave, (1b)
P; (h,g) 1{g7~,>gKN:N} =0 1<i<N, (Ic)

where (la) and (1b) are average total power and average total
interference power constrains, respectively. (1¢) is a constraint
to guarantee that a SU is allowed to transmit only if its
STPB channel gain is available at the SBS. Note that such
average total power constraints have been employed to study
the capacity of multiple access channels before (e.g., see [6]
and references therein), but only for very specific channel
gain distributions under the full-feedback case. We examine
the secondary network throughput scaling behavior in two
communication scenarios (CoSs): CoShpy, and CoSfr(pIL. In
COSEPIL, transmit powers of SUs are limited by an average
total power constraint and an average total interference power
constraint. In this CoS, the PBS feeds back all STSB channel
gains to the SBS. Thus, transmit powers of SUs are allocated
according to the solution of the following optimization prob-
lem:

max Ej ¢ [log (1 +h'P (h,g))] .

P(h,g) 2)
subject to : (1a) and (1b)
The solution to (2) was derived in [6], [9] as
1) e b
_ SvTive T If 1 = argmaxi<;j<n X Fung .
0 otherwise

Let RYppp (N) be the sum-rate of the secondary network in
CoS%pyp. Then, it follows directly that

o, (N) = E [log (X3 (O 13)) L (g 21} -
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TABLE I
COMMON FADING CHANNEL MODELS AND THEIR PARAMETERS

Channel Model Parameters
« ! B n h(z) n v
Rayleigh 1 0 1 1 0 | |
Rician vy lef(KfH) -1 Kpvl 1 oK (K ene S |
Nakagami-m % m—1 m 1 0 % m
Werbel ! 0o ria+d 5 0 ria+?) ¢

where Ay and p are Lagrange multipliers associated with
the average total transmit and interference power constraints,
respectively, and X% (Ay, n) = maxi<i<n /\Nfﬁ

On the other hand, transmit powers of SUs in CoS&py;
are also limited by the extra feedback constraint in (lc),
besides the average total transmit and interference power
constraints above. Hence, transmit powers of SUs in this
case are allocated according to the solution of the following
optimization problem:

max E [10 (1 “hP(h, )]
Pl e [0 h8)] . 3)
subject to : (la), (1b), (1c)

Lemma 1: Let’s define 7(j) as mapping from {1,--- , Ky}

to {1,---, N} such that

m(j) =1 if gi=gjn.

Then, the solution for (3) is given by

*
v (h.g)
J’_
1 1 e hx(5)
= (>\N+NN£H h'i) ifi=mn (arg 1<r;13)1<{ )\N+HNg1r(J)>
0 otherwise

Proof: Follows directly by inspecting the structure of the
solution given for (2). [ |
Hence, the sum-rate in COS%}IL scenario is given by

RTPIL (KN) =E [1Og(XKN AN"uN {X (/\NVILN)Zl}:| ’

hr ()

N _ hry
where X7 (AN, IN) = maxXi<j<Ky ANFUNGr(5)

III. RESULTS AND DISCUSSIONS

In this section, we study the throughput scaling behavior
of TPIL networks under CoS%py;, and CoS&p; . The next
theorem establishes the scaling behavior for RYpyp (N) and
Rifpry, (Kn).

Theorem 1: Let K grow to infinity at a rate Ky = o (N).
Then,

R%(PIL (KN)

li Ripp, (N) 1
N—oo log (log (Kn))

—
N log (log (N))  np

Proof: Please see Appendix A. |

Theorem 1 implies that for Ky = N? with § € (0,1),
the secondary network throughput scaling behavior under
COSEPIL and COS%(PIL are the same. Hence, under the K-
SCG feedback protocol, the amount of feedback between
the PBS and SBS can be dramatically reduced while the
secondary network still achieves the same scaling behavior
as the one achieved by the full-feedback protocol. Moreover,
Theorem 1 reveals that secondary network scaling behavior
under COSEPIL and COS¥PIL is controlled by a pre-log factor
of - 1 . The pre-log factor is equal to 1 for Rayleigh, Rician
and Nakagaml -m distributed STSB channel gains, and to E
for the Weibull distributed STSB channel gains where c is the
Weibull fading parameter. Based on our analysis in Appendix
A, we can characterize the effect of P,,. and other second
order effects of fading parameters on the secondary network
throughput under CoSY.py; for finite number of SUs. That
is, Ripy, (N) can be upper and lower bounded as (4) for
all ¢ > 0 and N large enough (see (14)). Based on (4),
we conclude that the average power constraint P, has a
logarithmic effect on the secondary network throughput under
CoS% by, and the second order effect of fading parameters on

REpr (N) can be expressed as n— log ( . Moreover, we

log (

secondary network throughput under CoSTPIL (see (12)).

note that P,y and -~ have similar effects on the

The next theorem establishes an important convergence
behavior of interference at the PBS under COS¥PIL as the
number of SUs grows large.

Theorem 2: Let 1k, be the secondary network interfer-

ence power at the PBS under CoS%p;, . For Ky = o(N),
lmpy o0 Zicy = 0 as. and limy o0 E[Zx,] = 0.
Proof: Please see Appendix B. |

Theorem 2 implies that the average interference power
constraint at the PBS cannot be satisfied with equality for
N large enough. Therefore, Lagrange multiplies associated
with the average interference constraint are set to zero for
all N large enough. Hence, the SBS just requires the index
set I, = {i:i=m(j),1 <j < Kn} for scheduling and
optimal power allocation. This provides an extra reduction in
the total primary-secondary feedback load.
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Fig. 2. Secondary network throughput scaling under CoS%PIL and CoSfF(PIL.
Pave and Qave are set to 15dB and 0dB, respectively. STSB and STPB
channel gains are distributed according to Weibull and Nakagami-m fading
models, respectively, with ¢ = 4 and m = 0.5.

IV. SIMULATION RESULTS

In this section, we present our simulation results for sec-
ondary network throughput under K-SCG and full feedback
protocols. In our simulations, P,y. and @,y are set to 15dB
and 0dB, respectively.

Figures 2 and 3 demonstrate throughput scaling behavior
of the secondary network under CoS%p;, and CoS&py; as a
function of the number of SUs. In Figs. 2 and 3, the curves
with Ky = N represent the secondary network throughput
under CoSTpy;., and the curves with Ky = N9 represent the
secondary network throughput under COS!EPIL. In both figures,
STSB and STPB channel gains are distributed according to
Weibull and Nakagami-m fading models, respectively. Weibull
fading parameter, c, is set to 4 in Fig. 1 and to 1 in Fig. 2.
In both figures, Nakagami fading parameter m is set to 0.5.
In both figures, the throughput of secondary network under
CoSY oy, and CoS%py; scales according to 2 ]oglog (N), as
predicted by Theorem 1. In particular, the closeness of simu-
lated data rates and ;- log log (N) +10g (Paye) + ;- log (5%)
curves further mdlcates the logarithmic effect of P,y. as well
as the other second order effects on the secondary network
throughput under CoShpy;, and CoS&py. Finally, as Figs.
2 and 3 demonstrate, the throughput loss due to K-SCG
feedback protocol is negligible, which indicates that the K-
SCG feedback protocol is an effective feedback policy.

Figure 4 depicts average interference power at the PBS
under CoSX,;; for Ky = N9 when STSB channel gains

200 300 400 500 600 700 800 900 1000
Number of Secondary Users

Fig. 3. Secondary network throughput scaling under CoSrI;PIL and CoSrIF{PIL.

Pave and Qave are set to 15dB and 0dB, respectively. STSB and STPB

channel gains are distributed according to Weibull and Nakagami-m fading
models, respectively, with ¢ = 1 and m = 0.5.

Average Interference Power at PBS in CoS45,;, Ky = N°°
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Fig. 4. Average interference power at PBS under CoSfF(PIL Ky = NO5,
Pave and Qave are set to 15dB and 0dB, respectively.

are distributed according to the Weibull fading model with
c¢ = 1, and STPB channel gains are Nakagami-m distributed
with m = 0.5. As Fig. 4 shows, the average interference power
at the PBS under CoS%py; converges to zero as the number
of SUs becomes large.

V. CONCLUSION

In this paper, we have proposed an efficient primary-
secondary feedback protocol called K-smallest channel gains
(K-SCQG) feedback control protocol in which the PBS feeds
back the Ky smallest STPB gains to the SBS. We have
examined the effect of K-SCG feedback protocol on the
throughput scaling behavior for total power and interference
limited networks in which transmit powers of SUs are limited
by an average total power constraint as well as a constraint
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on the average total interference power that they cause to the
PBS. It has been shown that for Ky = N°® with § € (0,1), K-
SCG feedback protocol is asymptotically optimal. This result
implies that the amount of primary-secondary feedback load
can be reduced dramatically while the secondary network
preserves optimal throughput scaling behavior. It has also been
shown that the interference power at the PBS converges to zero
almost surely and in mean as N becomes large if Ky grows
to infinity at a rate Ky = o (N).

APPENDIX A
The asymptotic — behavior of REp; (N) and
R%o1 (Ky) depends on the asymptotic behavior of
X5 Qo) = max s and X, (v i) =

IZ0)

maXxi1<i<Ky W Since

respectively. Lagrange

N
multipliers Ay and py change with N, {W}

-
d 1o Kn z
an -
{ AN FHN G (i) }

variables which compﬁcates the analysis to some extent. To
simplify our analysis, first, we study the asymptotic behavior
of X§ (A p) and Xj (A, u) for some fixed non-negative
real numbers A and p. Then, we use this result to obtain the
asymptotic behavior of REprp (N) and REpy (Kn).

The next four assisting lemmas play a key role in the proof
Theorem 1. In the next Lemma, we study the concentration
behavior of the extreme order statistic of a sequence of i.i.d.
random variables as the number of elements in the sequence
grows large. Later, this result will play a central role in
deriving the scaling behaviors of Ripy; (N) and REL;; (K ).

Lemma 2: Let {Y;}Z].V:1 be a sequence of i.i.d. random
variables with a common CDF F(z) such that F'(z) < 1
for x < oo. Let tail behavior of F(x) be characterized by
G(z), ie, limy oo G(z) (1 — F(z)) = 1. Also, let Y3 =
maxj<;<n Y;. Then, for any e belonging to (0, 1), we have

form triangular arrays of random

Jim Pri{GTH (M) <YR <G (NT)F =10 5)

Proof: Since lim,_,oo G(z) (1 — F(z)) = 1, we can
express Fi(z) as Fi(z) = e NO(ew) for x large enough.
By using this expression for Fy;(x), we have:

Pr {YJ’\} < G™1 (NlJrE)} = eiN@(N1+€)
1
= 1-0(— 6
(L)
and
Pr{Y; <G (N9} = e Vol(z=)
e OV, (7

Therefore, we have

-0 ()

for all € € (0,1) and N large enough.

Pr{G™"(N'"9) <Y} <G (N}

which complets the proof.

Let R (N, )\, p) = E [log (X% (A, 1)) 1{X;\[()\7IL)21}:|- Next

lemma characterizes the asymptotic behavior of R (N, )\, 0),
which will be helpful in upper bounding the sum-rate in

COSTPIL - :
R(N,\,0

—1 frng

log(% (& tog(anN) ) ™ )
B log(XX (A,0)1y

Proof- Let X% (A\,0) = {xaom=1}

log<§ (ﬁ log(ahN)) "h >

Hence, to show the desired result, it is enough to show

limy o0 E [X;V (A,o)} = 1. Note that X% (\,0) = 1h%,

where h}, = maxj<;<n h;. Recall Fy(z) is the probabil-

ity distribution function common to all h;, 1 < ¢ < N.

From Definition 1, the tail behavior of Fj(x) is character-

Lemma 3: For A > 0, imy_, o

. -1 n .
ized as G(z) = —”ahh efne"" —H(z) Hence, we can write
—1 ﬁ log(apx) "
G (‘/E) = 1_1}1lf’g(c_l(z))+H(G_1(a:)) . NOte that 1 -
B(G—1(x))™h

Ihlog(G™ (@) +H(G ' (2))
Br(G=1(2)7h -

(B%L log (ahx)) " (14 0(1)). Using Lemma 2, we have

(e N}
< < (1+e)" (1+0(1)
(Bihlog (oth))W

1 — o(1). Thus, G~ (z) =

Pr{G™" (o;,"N'"™) <hj <G~

p ) 1290w

(ﬁ% log (ahN)) "

o)

for N final that
X% (M, 0) 5 1 as N goes to infinity, where i.p. stands
for in probability. Since convergence in probability does not
always 1mp1y convergence in mean, we need to show that
{fr o0}
integrability fo fN llows from standard techniques of mathematical
analysis, and is omitted due to space limitations. |

The next lemma will assist us to upper and lower lower
bound the sum-rate in CoS¥p .

Lemma 4: For A > 0, p > 0 and Ky grow-

ing to infinity at a rate Ky = o(NN), we have
R(EN A1) -1

- =
log(% (ﬁ log(ahKN)) "h )

log(X e, (Ansm))1 {

large enough. This result implies

is uniform integrable. The proof of uniform

limpy o0

Xy Q1)

.
el G )

First, we show that XI*(N (A 1) P 1 as N grows large.
To this end, we will show that g.(x,) converges to zero
in probability. The CDF of the K Nth smallest value for the
collection of random variables {gl} ._1> which we denote as

F(KN)( ), is given by

Fy(z) ,.Kn—1(1 _
F;KN)(J:) _ / 9 N (1 x
0 B(KN,N—KN+1)

Proof: Let X;{N \p) =

)N—KN

dz, (9)
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where B(a,b) = fol ta=1(1—¢)b~1dt is the beta function [10],
and Fy(x) is the CDF common to all g;, 1 < i < N. We
define zx, as zx, = Fy (gW(KN)). Using (9), the CDF of
ZKy» Which we denote as F, (), is given as
FZKN ((E) = Pr{ZKN < :E}
@ .
= Pr{gky:n < F, Y2)}
/Z xKNfl(l 7I)N7KN d
= 1’7
o B(Kn,N—Ky+1)
where (a) follows from the fact that Fj;(x) is invertible and
monotone increasing for z > 0 and Ir(Ky) = 9K y:N- Note
that the random variable X is said to be Beta distributed
with parameters v and w if its CDF is given by Fx () =
v—1 w—1

[ DT gt Thus, 2k, is indeed a Beta distributed

0 B(v,w)
random variable with parameters K and N — Ky + 1. Using

the fact that zx, is Beta distributed, we can upper bound the
tail probability Pr{g.(xy) > €} of gr(xy) for all € > 0 as

Pr {gﬂ(KN) > e} Pr {Fg (gﬂ(KN)) > F(e)}
Pr{zk, > F(€e)}

(10)

,\
= |l

E[ZKN]
= )
(b) N
T FOWE "

where (a) follows from the Markov inequality, and (b) follows

from the formula E [2x ] = & _f_Vl for the mean value of Beta

distributed random variables [11]. This implies g (g ) LN 0
as IV grows large. We will use this convergence property of
() While we obtain a tight lower bound for X7 (A, u),
hence for X} v (A, ), below.

We note that the collection of random variables {h,,(z)} v
are ii.d. with the common distribution F}, () because h
and g are independent, and our selection criterion depends

on g. Since gr(x,) is the largest value in {gﬂ(i)}fg,

R
max Ai() <
1<i<Kn MTPRInen)

Xy (A, p). Therefore, we can upper and lower bound

h, h}
X, (A p) as ﬁ?’}() < Xk, (A p) < X, where

hi, = maxi<i<k, hr ;). From continuous mapping theorem
[12], we have

X (A, ) can be lower bounded as

i.p. .
[E= TR — 1 as N grows large, which

1 "kn
. . 1+ﬁgﬂ' ‘. .
implies Ary) - P 1 oag N grows large by
Grmowr)®
using Lemma 3. Thus, foy Al —— converges to 1

+ ﬁlog(ahKN) "h

in probability, which, in turn, implies the convergence of
X’}}N (A, pt) to 1 in probability. The proof of uniform inte-
grability is omitted due to space limitations. |

In the next lemma, we state an important convergence
property for the Lagrange multiplier Ay as N grows large.
This result will be used to obtain lower and upper bounds for
the sum-rate in COS{«{pIL and to show the logarithmic effect
of P,ye on the secondary network throughput under COSr[f{PIL.

Lemma 5: Let An be the Lagrange multiplier correspond-
ing to the average total transmit power constraint in CoSff(PIL.
Then, imy_ oo Ay = #

Proof: The proof i 1s “similar to that of Lemma 6 in [6]. m

A. Proof of Throughput Scaling in CoSgpIL

We first note that R (KN, A, i) is a decreasing function of
A and p. Thus, for any given € > 0, we can find a constant Vg
large enough such that R?PIL (Kn) can be upper and lower
bounded as

1+e¢ 1
ave Qave

for all N > Ny since Ay converges to P - by Lemma 5 and
un < Q— Using Lemma 4, for any glven € > 0 and N large
enough, R%,;; (Kx) can be further upper and lower bounded

as (12) which implies lim o o) — 1

- 1—
R(KN, ) < REon (KN)§R<KN7P€,0>

B. Proof of Throughput Scaling in CoSgpIL

Consider a secondary network under CoS.py; with a total
average transmit power constraint P, total average inter-
ference power constraint (Q,ve and N SUs. By removing the
average interference power constraint, we obtain a primary
MAC network with a total average transmit power constraint
Paye. Hence, the sum-rate in CoShpy;, can be upper bounded
by the sum-rate Rrpy, (V) of the primary MAC network
with the same total average transmit power constraint, i.e.,
REpi, (N) < Rrpr (N). In the next lemma, we establish
the asymptotic scaling behavior of Rrpy, (N), which will also
serve as an upper bound for Ripy (N).

Lemma 6: Rrpr, (N) scales according to
: RrpL(N) _ 1 .
mpy oo loglog(N) — - Furthermore, for any given

e > 0, there exists a constant Ny large enough such that
Rrpy, (N) can be upper and lower bounded as (13) for all
N > Np.
Proof: Since the proof is similar to the analysis given
above, we skip it to avoid repetitions. |
The proof of throughput scaling in CoS};pIL is completed
if we obtain a lower bound for RYpyp (V) that also scales
according to 7T loglog (N) as N grows large. To this end,
we observe that RE (Ky) serves as a lower bound for
REGqp (N) since more information is available at the SBS to
perform power control and user scheduling under COSFII:PIL.
Thus, for any given ¢ > 0, 0 < § < 1 and N large enough,

we have (14) which implies limy _, oo % — 1

APPENDIX B

Since Z (Ky) is a positive random variable, it is enough
to show that limy o, E[Z (Kxn)] = 0 for Ky increasing to
infinity at a rate Ky = o (V) as N goes to infinity. We can
upper bound Z (K ) as

I(Kn) = it o P (hag)

zK K
9K n:N

< ;
AN
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P ave

1
+ —log
np

(ﬂlh log (O‘hKN)):| < Ripr, (Kn) < (1+6) [log (1

ave

1
+ —log
Np

) (Blhlog (athﬂ (12)

— €

()
Paye

log (ﬂlh log (ahN)ﬂ < Rrpr (N)

ave

1
+ —log
np

<(1+e) [10g<1

)

(Blh log (ahN))] (13)

— €

1
1—e) |l -
( 6)[0g(1+€>+nh

(1=¢) {log (1P+e>

1
+ —log
nh

(;h log (ahNé)ﬂ < REp (N) < (1+¢) [1og <1Pv>

1
+ —log
nh

<ﬁlhlog (ahm)] (14)

— €

20

vl B Hence, using the

where i}, =7 | arg max
N 1<i<Ky

fact that liminfy .o Ay > 0, it is enough to show that
limy 00 E[gry:n] = 0. To this end, for any given ¢ > 0,
we can upper bound E [gx,.n] as

E[grn:n]
=E [gKNiNl{gK:N«}] +E [gKN:Nl{eﬁgK;N<N}]

+ Z E [9kn NN <gren<Nit1})

i=1
> .
<e+ NPri{gxy.n > €} + ZNH_lPr {9ky:n.> N'}
i=1
Below, we will show that Pr{gx,.n >e€} and

Pr{gxy:n = N'} can be asymptotically bounded as
Prigry.n =€} < e ©N and Pr{gx,.n >N'} <
e_Q(N mﬂ). Assuming for a while that these asymptotic
bounds hold, E [gx,.n] can be upper bounded as

Elgry:n] < e+ Ne ©W) 4 Z Nitte=O(N")
i=1
< €4 Ne ©WV) +Ne_NZNiefe(Nm)a

i=1

which implies lim supy_, . E [gxy:~] = 0 and completes the
proof.

Now, we derive the aforementioned asymptotic expan-
sions for Pr{gx .~ > €} and Pr{gx,.n > N'}. Note that
Prigisn <@} =i, (Y)Fy(2) (1= Fy (2) 7" (101,
Therefore, for all z > 0 and N large enough, Pr {gx,.n > =}
can be upper bounded as

Kny—1 )
Pri{gry:n >} = Z (7) F; () (1—F, (x))N—z
1=0
© KN(;(VN ) (1 F, ()N~
(<b) \/NKN2NHI><KTN> (1 B Fg (m))NﬁKN
- 7TKN (N*KN)
< NV ) (1 )V

where (a) follows from the fact that Ky < (N + 1) F, (z)—1
for x > 0 and N large enough, (b) follows from (Igv ) <

K
QNHZ;(TN> \/% for Ky ¢ {0, N}, where Hy(-) is

the binary entropy function [13]. Using (15), Pr{gx .~ > €}
can be upper bounded as

Prigry.n > €}
K
< N2 () (1 R ()Y

N (1580 ) tom(1—Fy () Hy (¢ ) log(2) + 1251 )

=2
Using similar technique, it is easy to show that
Pr{gyy > N} < a0V
rigxy:n > N } <e .
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