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Achieving the highest possible precision for theoretical predictions at the present and future high-energy
lepton and hadron colliders requires a precise determination of fragmentation functions (FFs) of light and
heavy charged hadrons from a global QCD analysis with great accuracy. We describe a simultaneous
determination of unpolarized FFs of charged pions, charged kaons and protons/antiprotons from single-
inclusive hadron production in electron-positron annihilation (SIA) data at next-to-leading order and next-
to-next-to-leading order accuracy in perturbative QCD. A new set of FFs, called SGKS20, is presented. We
include data for identified light charged hadrons (π�, K� and p=p̄) as well as for unidentified light charged
hadrons, h� and show that these data have a significant impact on both size and uncertainties of the
fragmentation functions. We examine the inclusion of higher-order perturbative QCD corrections and
finite-mass effects. We compare the new SGKS20 FFs with other recent FFs available in the literature and
find in general reasonable agreement, but also important differences for some parton species. We show that
theoretical predictions obtained from our new FFs are in very good agreement with the analyzed SIA data,
especially at small values of z. The SGKS20 FF sets presented in this work are available via the LHAPDF
interface.

DOI: 10.1103/PhysRevD.103.054045

I. INTRODUCTION

The two nonperturbative elements in theoretical high
energy cross sections of hard scattering processes are the
parton distribution functions (PDFs) and the collinear unpo-
larized fragmentation functions (FFs) [1–12]. The factoriza-
tion theoremof quantumchromodynamics (QCD) tells us that
these are universal and their evolution can be calculated from
perturbative QCD. A precise determination of FFs is crucial
for studies of the strong interaction in high energy scattering
processes. FFs describe how high energy colored partons
produced in the hard interactions are turned into the hadrons
measured and identified in an experiment. As is the case for
PDFs, FFs need to be determined through a QCD analysis of

high-energy experimental data due to their nonperturbative
nature. Currently, several experimental measurements from
different processes are available which can be used for the
determination of FFs. Hadron production in single-inclusive
eþe− annihilation (SIA) provides the main information on
FFs, but measurements from semi-inclusive deep inelastic
scattering (SIDIS) and from proton-(anti)proton collisions at
hadron colliders can also be used to determine well-con-
strained FFs. SIDIS and proton-proton collisions are particu-
larly important for a complete flavor decomposition of FFs
into quark and antiquark components. However, among these
high-energy processes, SIA is the cleanest process and the
interpretation of it does not require a simultaneous knowledge
of PDFs.
There have been several analyses aiming to extract FFs

of the lightest charged hadrons π�, K� and p=p̄ [2–4,13–
19]. The most important experimental information for
determining the FFs comes from SIA data and most of
the recent analyses have considered only these data to
determine FFs up to next-to-next-to-leading order (NNLO)
in perturbative QCD. For the case of charged pion, kaon
and proton/antiproton analyses which include SIDIS and
pp data, we refer to Refs. [11,13,14].
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The analyses performed so far for extracting π�, K�, and
p=p̄ FFs differ in various aspects, such as the experimental
data included, the QCD perturbative order, the phenomeno-
logical framework, the error calculation procedure, and so
on. In particular we note that up to now, it was customary to
analyze the light charged hadron data independently from
each other, i.e., the extraction of FFs for one type of hadron
was solely performed through the analysis of production data
for that type of hadron. In contrast, in our most recent study
[2], we have shown, for the first time, that a simultaneous
analysis of pion and unidentified light charged hadron data
for extracting pion FFs is also possible and leads to a
reduction in the uncertainties of the extracted pion FFs.
The main goal of the following study, referred to as

SGKS20 FFs, is to revisit our previous analysis [2] and
extract π�, K�, and p=p̄ FFs simultaneously by including
all available SIA data for pion, kaon, proton production
along with data for unidentified light charged hadrons h�.
We perform a QCD analysis at next-to-leading order (NLO)
as well as at next-to-next-to-leading order (NNLO).
Moreover, in the present analysis, we also study hadron
mass corrections. We find that these corrections are impor-
tant at small z, the ratio of momentum transferred from the
parton to the observed hadron, and at low values of center-
of-mass energy

ffiffiffi
s

p
. Since the contribution of unidentified

light charged hadrons h� is mostly related to the pion, kaon
and proton, we show that the extraction of π�, K�, and p=p̄
FFs in a simultaneous analysis of identified and unidentified
light charged hadron production data and including the
hadron mass corrections significantly improves the fit
quality and leads to well-constrained FFs.
This article is organized in the following manner. In Sec. II

we present the SIA data used in our NLO and NNLO FFs
analyses, along with their corresponding observables and the
kinematic cuts we impose on the data. Then, in Sec. III we
discuss the theoretical details of the SGKS20 FFs determi-
nation of π�, K� and p=p̄ FFs, including the parameter-
izations and the evolution of FFs. Our assumptions and the
hadron mass corrections are discussed in this section as well.
Section IV deals with the method of χ2 minimization and
estimation of theSGKS20 FFs uncertainties. Considering the
best fit parameters, themain results of this study are presented
in Sec. V.We first turn to discuss theSGKS20 FFs sets. Then,
we compare our best fit obtained for pion, kaon, and proton/
antiproton FFs at NNLO with other results in the literature.
We also present a detailed comparison between all analyzed
SIA data and the corresponding theoretical predictions
obtained using the SGKS20 FFs. Finally, in Sec. VI we
present our summary and conclusions.We also outline in this
section some possible future developments.

II. EXPERIMENTAL OBSERVABLES

The SIA processes have provided us with a wealth of
high-precision experimental data carrying information

about how partons fragment into a low-mass charged
hadron. In this section, we provide details of the exper-
imental measurements used as input for the determination
of the SGKS20 FFs along with the corresponding observ-
ables and kinematic cuts applied. The simultaneous deter-
mination of light charged hadron FFs presented in this work
is based on comprehensive datasets from electron-positron
annihilation into a single identified and unidentified
hadron. In addition to the inclusive measurements, the
dataset entering the SGKS20 analysis also includes flavor-
tagged measurements.
We note that SIA data are particularly clean, however,

they provide only a limited sensitivity to the flavor
separation of different light quark FFs. In addition, it is
known that the gluon FF is poorly constrained by the total
SIA cross section measurements. Hence, in order to
improve the discrimination between different quark and
antiquark flavors, one would have to include SIDIS and
hadron collider observables. This is, however, beyond the
scope of the present work.
In our analysis of π�, K�, p=p̄, and h� data, we will

include all available SIA measurements from different
experiments and with different center-of-mass energies.
For the case of π�, K�, and p=p̄, we use the data from
the BELLE, BABAR, TASSO, TPC, TOPAZ, ALEPH,
DELPHI, OPAL, and SLD Collaborations [20–32]. These
data are based on inclusive cross section measurements
which contain all quark flavors, as well as flavor-tagged light
(uds)-, charm (c)-, and bottom (b)-quark samples. Note that
constraints on heavy quark FFs is provided by the heavy
flavor-tagged data.
For the case of unidentified light charged hadron h�

data, we use the SIA measurements by the TASSO, TPC,
ALEPH, DELPHI, OPAL and SLD Collaborations
[23,24,27,28,30,31]. The SIA data included in our analysis
are listed in Tables I and II. The second column of these
tables contains the value of the center-of-mass energy for
each experiment. The data cover center-of-mass energies
between 10.52 GeVand 91.2 GeV. The total number of data
points included is 1492. This combines 392 data points for
unidentified light charged hadrons h�, 412 for pions, 369
for kaons and 319 for protons.
The details of our fitting procedure will be discussed

below, but we present already here, in the last four columns
of Tables I and II, the values of χ2 per number of data
points, χ2=ðNptsÞ, for each dataset. The value of the total χ2
per number of degrees of freedom, χ2=ðd:o:f:Þ, is shown in
the last line of these tables. It should be noted that the
number of data points of each dataset shown in the tables is
subject to kinematic cuts. Actually, we remove data points
at small- and large-z in order to avoid regions where
resummation effects are sizeable.
We have examined a variety of kinematic cuts for

different hadrons at small values of z. Since we include
hadron mass effects in our analysis which could affect the
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TABLE I. The list of input datasets for π�, K�, p=p̄, and h� production included in the present analysis. For each dataset, we have
indicated the corresponding reference and the center-of-mass energy

ffiffiffi
s

p
. In the last four columns we show the value of χ2=Npts resulting

from the FF fit at NLO order. The total value of χ2=d:o:f: is shown at the bottom of the table.

Experiment
ffiffiffi
s

p
χ2

Npts
ðπ�Þ χ2

Npts
ðK�Þ χ2

Npts
ðp=p̄Þ χ2

Npts
ðh�Þ

BELLE [20] 10.52 0.467 0.966 … …
BABAR [21] 10.54 1.793 2.838 1.017 …
TASSO12 [22] 12 1.154 0.930 0.648 …
TASSO14 [23,32] 14 1.202 1.447 2.237 0.607
TASSO22 [23,32] 22 2.461 2.472 1.969 0.628
TPC [24] 29 0.601 0.664 4.419 0.636
TASSO30 [22] 30 … … 1.239 …
TASSO34 [25] 34 1.265 0.136 1.704 …
TASSO35 [23] 34 … … … 1.165
TASSO44 [23,25] 44 2.052 … … 0.770
ALEPH [26,27] 91.2 1.876 0.797 2.248 0.814
DELPHI (incl.) [28] 91.2 1.274 0.731 0.559 0.537
DELPHI (uds tag) [28] 91.2 0.813 1.062 0.671 0.378
DELPHI (b tag) [28] 91.2 0.928 0.632 0.817 0.374
OPAL (incl.) [29,30] 91.2 1.455 0.879 … 0.682
OPAL (uds tag) [29,30] 91.2 … … … 0.554
OPAL (c tag) [29,30] 91.2 … … … 0.619
OPAL (b tag) [29,30] 91.2 … … … 0.232
SLD (incl.) [31] 91.2 1.865 0.578 0.824 0.307
SLD (uds tag) [31] 91.2 1.602 2.045 1.690 0.669
SLD (c tag) [31] 91.2 0.880 1.087 2.905 0.592
SLD (b tag) [31] 91.2 0.702 1.214 2.888 0.170

Total χ2=d:o:f: 1685.057=1438 ¼ 1.171

TABLE II. Same as Table. I but for the SGKS20 FFs fit at NNLO.

Experiment
ffiffiffi
s

p χ2

Npts
ðπ�Þ χ2

Npts
ðK�Þ χ2

Npts
ðp=p̄Þ χ2

Npts
ðh�Þ

BELLE [20] 10.52 0.295 0.993 … …
BABAR [21] 10.54 1.504 2.503 0.234 …
TASSO12 [22] 12 1.135 0.933 0.669 …
TASSO14 [23,32] 14 1.194 1.392 2.166 0.627
TASSO22 [23,32] 22 2.348 2.580 1.920 0.697
TPC [24] 29 1.099 0.519 4.814 0.438
TASSO30 [22] 30 … … 1.339 …
TASSO34 [25] 34 1.136 0.175 1.496 …
TASSO35 [23] 34 … … … 1.362
TASSO44 [23,25] 44 2.129 … … 0.799
ALEPH [26,27] 91.2 1.362 0.747 0.991 0.738
DELPHI (incl.) [28] 91.2 1.471 0.684 0.541 0.508
DELPHI (uds tag) [28] 91.2 0.991 1.050 0.578 0.413
DELPHI (b tag) [28] 91.2 0.850 0.651 1.537 0.295
OPAL (incl.) [29,30] 91.2 1.380 1.126 … 0.780
OPAL (uds tag) [29,30] 91.2 … … … 0.552
OPAL (c tag) [29,30] 91.2 … … … 0.624
OPAL (b tag) [29,30] 91.2 … … … 0.175
SLD (incl.) [31] 91.2 1.181 0.549 0.831 0.289
SLD (uds tag) [31] 91.2 1.186 2.065 1.197 0.604
SLD (c tag) [31] 91.2 0.818 0.992 3.661 0.617
SLD (b tag) [31] 91.2 0.667 1.282 2.664 0.140

Total χ2=d:o:f 1558.169=1438 ¼ 1.083
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small-z region, we include more small-z data points in
our QCD fits than has been done in previous studies.
Here we provide some details about the choice of the
interval ½zmin; zmax� in which data points are included in
our fit. In general, our choice for zmin and zmax varies
with the center-of-mass energy. Choosing the same value
of zmin ¼ 0.02 for all experiments and for all center-of-
mass energies leads to χ2=d:o:f: ¼ 1.415 and 1.228 for our
NLO and NNLO analyses, respectively. Choosing the
values of zmin ¼ 0.075 instead of 0.02 leads to χ2=d:o:f: ¼
1.167 and 1.131 for the NLO and NNLO analyses,
respectively. We found that it is indeed much better to
include the data points with z ≥ 0.02 for the center-of-mass
energy of

ffiffiffi
s

p ¼ MZ, and z ≥ 0.075 for
ffiffiffi
s

p
< MZ, where

MZ is the mass of Z boson, for all different hadrons
considered in the analysis. After imposing these kinemati-
cal cuts, we end up with a total of Npts ¼ 1492. As shown
in Tables I and II, with these choices of kinematic cuts we
find χ2=d:o:f: ¼ 1.171 for NLO and χ2=d:o:f: ¼ 1.083 for
the NNLO fit, i.e., the NNLO fit shows in general a better
fit quality.
Compared with the most recent analysis by the

NNFF1.0 collaboration [3], we use the same datasets
for the identified light charged hadron production.
However, our analysis is enriched with the additional
unidentified light charged hadron production datasets.
We agree with NNFF1.0 in the choice of zmin: zmin ¼
0.02 for experiments at

ffiffiffi
s

p ¼ MZ, and zmin ¼ 0.075 for all
other experiments. However, NNFF1.0 use only data up to
zmax ¼ 0.9 for all experiments.

III. THE QCD FRAMEWORK
FOR THE SGKS20 FFS

In this section, we turn to present our theoretical
framework to perform a simultaneous determination of
charged pion, charged kaon, and proton/antiproton FFs
using the available SIA experimental data, together with
data for unidentified light charged hadron production.
It is, of course, impossible to determine a set of functions

from a finite set of data points. One has to assume an ansatz
which reduces the unknown functional dependence to a
finite set of parameters. The particular choice is always a
compromise between physical motivation and flexibility,
and a certain amount of bias resulting from a too restrictive
choice is unavoidable.
In the present analysis, following Ref. [2], we para-

metrize all the charged pion, charged kaon, and proton/
antiproton FFs at the input scale μ0 ¼ 5 GeV, using the
following functional form:

DH
i ðz;Q0Þ ¼

N izαið1 − zÞβi ½1þ γið1 − zÞδi �
B½2þ αi; βi þ 1� þ γiB½2þ αi; βi þ δi þ 1� ;

ð1Þ

where B½a; b� is the Euler Beta function, H refers to the
type of hadron, H ¼ π�, K� or p=p̄, i denotes the parton
type, and N i is the normalization constant for each flavor
which is considered to be a fit parameter.
Data provide information for inclusive and flavor tagged

hadron production, i.e., we can expect that there is
sufficient information to separate light flavor from charm-
and bottom-quark initiated fragmentation. The separation
of the gluon and the light-flavor FFs enters indirectly
through the scale dependence. In particular, light flavors are
separated by the fact that up- and down-quarks enter with
scale-dependent coupling weights [3]. We therefore con-
sider FFs for the flavor combinations i ¼ uþ, dþ, sþ, cþ,
bþ, and the gluon g, where qþ ¼ qþ q̄. SIA data allow us
to consider only the sum of quark and anti-quark FFs since
these data provide information on certain hadron species
summed over the two charge states.
For the π� FFs, we use isospin symmetry and relate

Dπ�
uþ ¼ Dπ�

dþ :

For the proton/antiproton FFs, we parametrize dþ and sþ
FFs, as described above in Eq. (1), but assume that the uþ

FF has the same shape as the dþ FF, i.e., these two FFs are
related by a z-independent normalization factor N [8],

Dp=p̄
uþ ¼ NDp=p̄

dþ : ð2Þ

For the case of kaon FFs, one cannot assume that u and d
FFs are related in the same way as for pions. The d quark to
kaon fragmentation is unfavored. We therefore allow all
light-flavor kaon FFs to be different,

DK�
uþ ≠ DK�

dþ ≠ DK�
sþ :

This parametrization with 6 independent kaon FFs provides
us with additional flexibility and follows the choice of other
studies [15,33], but differs from the one in Ref. [3] for
NNFF1.0 where only a 5-component parametrization for
the kaon FFs was used.
Data with unidentified light charged hadrons contain

additional information which can provide further con-
straints on the determination of FFs. In our recent analysis
of pion FFs [2], we could show that the inclusion of data for
unidentified light charged hadrons affected the determina-
tion of pion FFs and has also led to a reduction of their
uncertainties in some kinematic regions. We are therefore
motivated to include unidentified hadrons also in the
present analysis.
By definition, unidentified light charged hadrons include

π�, K�, p=p̄, and an additional small residual contribution
from other light hadrons. Hence, the FFs of unidentified
light charged hadrons is given by
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Dh�
i ¼ Dπ�

i þDK�
i þDp=p̄

i þDres�
i : ð3Þ

The residual light hadrons contribution is expected to be
rather small. However, the most recent study in Ref. [34]
shows that the contribution from residual hadrons is
significant for the case of c- and b-tagged cross sections.
We consider a simple parametrization for the residual light
hadron FFs Dres� as described in Ref. [34]. It is given by

Dres�
i ðz;Q0Þ ¼ N i

zαið1 − zÞβi
B½2þ αi; βi þ 1� ; ð4Þ

where i refers to uþ, dþ, sþ, cþ, bþ and g. The
normalization N i of the FFs will be determined along
with the other free parameters αi and βi from the fit to the
data. Since the analyzed SIA data are not sensitive to the
separation of light quark flavors ðu; d; sÞ, we assume an
SU(3) flavor symmetric ansatz,

Dres�
uþ ¼ Dres�

dþ ¼ Dres�
sþ :

With these assumptions we have introduced 12 additional
fit parameters for the residual light hadron FFs.
The currently available SIA data do not fully constrain

the entire z dependence of quark and gluon FFs presented
in Eqs. (1) and (4). Consequently, we are forced to make
some further restrictions on the parameter space of the FFs.
In particular, we found that the parameters γ and δ are not
well constrained by the SIA data. Therefore we consider
them equal to zero for each flavor i of the K� and p=p̄ FFs,
and also for the sþ, cþ, and g FFs of π�. To be more
precise, just the uþ and bþ FFs of pions are considered to
include five free parameters. In addition we found that the
parameters απ

�
sþ , α

K�
sþ , βp=p̄cþ , and βp=p̄bþ are not well con-

strained by SIA data and we have fixed them at their best
values which were found in prefits. Finally, for the residual
light hadron FFs, the parameters α and β for the uþ, dþ, sþ,
cþ and the gluon FFs and α for the bþ FF are only loosely
determined by the fit and we fix them as well.
We find that these restrictions of the shape parameters of

FFs only marginally limit the freedom of the input func-
tional form for the kaon and proton/antiproton FFs. In total,
we have 54 free fit parameters which we include in the FFs
uncertainty estimation.
Our results show that taking into account these residual

contributions decreases the χ2=d:o:f: from 1.297 to 1.171
for the NLO analysis and from 1.261 to 1.083 for our
NNLO analysis which in general indicates a better agree-
ment of data and theory. We observe that the residual FFs
obtained from the combined fit of the present work agree
very well with the previous determination described in
Ref. [34] where theDres�

i have been found using NNFF1.0
FFs for the identified hadrons.

As indicated, mass effects in pion, kaon, and proton
production are included in our QCD analysis. According to
the definition of unidentified light charged hadrons in
Eq. (3) and considering the fact that most of the contri-
butions of light hadrons in unidentified light hadrons is
relevant to the pion, kaon, and proton, respectively,
including their mass corrections is expected to improve
the results, especially in the region of small z and small

ffiffiffi
s

p
.

Hadron mass effects have been studied in Ref. [11,35] for
eþe− annihilation processes. We follow the strategy
described in these references and incorporate hadron mass
effects in single inclusive hadron production in SIA. For
zero hadron mass, the scaling variable is expressed as
z ¼ 2EH=

ffiffiffi
s

p
. A finite value of the hadron masses can be

incorporated by a specific choice of the scaling variable.
We define the light-cone scaling variable η as

η ¼ z
2

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
H

sz2

s !
; ð5Þ

where mH is the hadron mass. Accordingly, the differential
cross section in the presence of hadron mass effects reads

dσ
dz

¼ 1

1 − m2
H

sη2

X
a

Z
1

η

dxa
xa

ˆdσa
dxa

DH
a

�
η

xa
; μ

�
: ð6Þ

According to Eqs. (5) and (6), the hadron mass corrections
are most relevant in the small-z and low-

ffiffiffi
s

p
regions. These

formulas are applied for all three types of hadrons, i.e., pions,
kaons and protons. The values of the hadron masses used in
Eqs. (5) and (6) are considered to be mπ ¼ 0.140 GeV,
mK ¼ 0.494 GeV, and mp ¼ 0.938 GeV. We omit the
hadron mass corrections for unidentified hadrons.
We note that the effects of accounting for nonzero hadron

masses in extracting the light hadron FFs have been explored
recently also by NNFF1.0 for the case of pions, kaons, and
protons FFs [3]. It was observed that hadron-mass correc-
tions can become significant in the kinematic region covered
by the SIA data. Indeed, our present analysis confirms that
hadron-mass corrections do improve the fit quality. Our
detailed investigations show that ignoring these corrections
in our QCD fits would lead to larger values of χ2. At NLO
we find χ2=d:o:f: ¼ 1.280 and at NNLO χ2=d:o:f: ¼ 1.241
if mass effects are omitted, while with mass effects included
the corresponding values decrease to 1.171 and 1.083 for
NLO and NNLO, respectively.
In the present study, we use the publicly available

APFEL package [36] for both evolving FFs and performing
the numerical calculation of the SIA cross sections. Note
that, using APFEL, the related calculations can be per-
formed up to NNLO accuracy in QCD. We should stress
here that measurements of the longitudinal SIA cross-
section (dσh

�
L =dz) are only available for the production of
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unidentified hadrons, h�. However, one cannot analyze
these data at NNLO as perturbative corrections to the
coefficient functions are only available up the NLO accuracy
in this case [1]. Hence, we omit the data from the
measurements of the longitudinal SIA cross section. The
effect of heavy quarkmasses are not taken into account in the
present analysis and we use the zero mass variable flavor
number scheme (ZM-VFNS) with five active flavors, includ-
ing charm and bottom FFs. Moreover, the value of the strong
coupling constant at the scale of the Z boson mass is
considered to be αsðM2

ZÞ ¼ 0.118 [37]. For performing
minimization and determination of fit parameters, we use
the CERN program MINUIT [38]. The definition of χ2 is the
same as the one we used in our previous works [2,6],
including the overall normalization errors of the experimen-
tal datasets. For calculating the uncertainties of the extracted
FFs, we use the standard “Hessian” approach [39,40] with
Δχ2 ¼ 1 (for further details, see Ref. [6]). We will briefly
describe our method of minimization and uncertainty esti-
mation in the next section.
The best values of the fit parameters for charged pion,

charged kaon, proton/antiproton, and residual light hadrons
FFs determined at the initial scale μ0 ¼ 5 GeV are listed in
Tables III and IVat NLO and NNLO accuracy, respectively.

Note that the parameters labeled with an asterisk ( �) are
either fixed input quantities, or have been determined in a
pre-fit and are kept fixed in the final fit to determine the
other fit parameters and their uncertainty ranges.

IV. χ 2 MINIMIZATION AND UNCERTAINTY
ESTIMATION

The best values of the independent fit parameters defined
in Eq. (1) need to be determined from SIA data by
performing a minimization procedure using an effective
χ2 function. This function quantifies the goodness of fit to
the SIA data for a given set of fit parameters, fpig. The
simplest method to calculate the total χ2ðfpigÞ for a set of
independent fit parameters fpig is given by,

χ2ðfpigÞ ¼
Xndata
i

ðOdata
i − T theory

i ðfpigÞÞ2
ðσdatai Þ2 ; ð7Þ

where Odata
i refer to the experimental observables, and

T theory
i indicate the corresponding theoretical values at a

given z and μ2. In this study, the experimental errors, σdatai , in
the above equation are calculated from the statistical and
systematical errors added in quadrature. However, the
analyses available in the literature [39,41–43] have shown
that such a simple χ2ðfpigÞ definition needs to be modified
to account for correlations in the experimental uncertainties.

TABLE III. Best-fit parameters for the fragmentation of partons
into π�, K�, p=p̄, and residual light charged hadrons (res�)
obtained through a simultaneous analysis at NLO accuracy within
the framework described in Sec. III. The starting scale has been
taken to be μ0 ¼ 5 GeV for all parton species. Parameters marked
with an asterisk are fixed input quantities.

Parameter π� K� p=p̄ res�

N uþ 0.9527 0.2531 0.8039 0.0019
αuþ −0.7271 −0.8381 1.4098 152.1475�
βuþ 1.6150 1.7252 5.3543 15.0465�
γuþ 4.4861 0� 0� 0�
δuþ 3.6961 0� 0� 0�

N dþ 0.9527 0.1551 0.0620 0.0019
αdþ −0.7271 −0.4391 1.4098 152.1475�
βdþ 1.6150 7.6257 5.3543 15.0465�
γdþ 4.4861 0� 0� 0�
δdþ 3.6961 0� 0� 0�

N sþ 0.7098 0.3125 0.0200 0.0019
αsþ 0.0311� −0.5743� 1.1364 152.1475�
βsþ 9.8675 2.0694 2.0407 15.0465�

N cþ 0.7908 0.2770 0.0198 0.030
αcþ −0.7437 −0.3101 10.8627 5.6831�
βcþ 5.7138 4.9055 52.8237� 11.7035�

N bþ 0.7499 0.2175 0.0049 0.1082
αbþ −0.2896 0.2811 3.8762 1.6225�
βbþ 5.2067 12.2417 159.332� 6.5464
γbþ 9.6277 0� 0� 0�
δbþ 8.8143 0� 0� 0�

N g 0.4801 0.1018 0.1910 0.0270
αg 1.5868 9.5790 2.3699 20.4675�

βg 29.8298 7.5076 7.6487 13.8349�

TABLE IV. Same as Table. III but at NNLO accuracy.

Parameter π� K� p=p̄ res�

N uþ 0.9243 0.2409 0.7188 0.0019
αuþ −0.8411 −0.7248 0.6275 144.9869�
βuþ 1.7556 2.0895 4.8433 16.5308�
γuþ 3.2186 0� 0� 0�
δuþ 4.3105 0� 0� 0�

N dþ 0.9243 0.2486 0.0860 0.0019
αdþ −0.8411 −0.6878 0.6275 144.9869�
βdþ 1.7556 5.6757 4.8433 16.5308�
γdþ 3.2186 0� 0� 0�
δdþ 4.3105 0� 0� 0�

N sþ 0.8006 0.2614 0.0162 0.0019
αsþ −0.1781� −0.6810� 0.6308 144.9869�
βsþ 8.1331 1.6131 1.8532 16.5308�

N cþ 0.8070 0.2836 0.0369 0.0291
αcþ −0.8247 −0.4406 3.6331 9.8796�
βcþ 5.6455 4.7087 25.0310� 19.1145�

N bþ 0.7686 0.2279 0.0058 0.1246
αbþ −0.3955 0.1040 3.3027 0.5507�
βbþ 4.9983 11.4295 166.0012� 5.6387
γbþ 9.2937 0� 0� 0�
δbþ 8.7525 0� 0� 0�

N g 0.4669 0.0884 0.1986 0.0115
αg 0.7742 12.1509 −0.1871 24.6488�

βg 24.7398 8.6869 3.7138 11.2409�
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In particular, most of the SIA data come with an overall
normalization uncertainty which is fully correlated within
one data set, but uncorrelated between different datasets.
Therefore we split the global χ2globalðfpigÞ into contributions
from individual data subsets,

χ2globalðfpigÞ ¼
Xnexp
n¼1

Wnχ
2
nðfpigÞ; ð8Þ

where nexp is the number of individual experimental data sets
and Wn indicates a weight factor for the nth experiment.
Then, χ2nðfpigÞ defined in Eq. (7) needs to be corrected as

χ2nðfpigÞ ¼
�
1 −N n

ΔN n

�
2

þ
XNdata

n

k¼1

�ðN nOdata
k − T theory

k ðfpigÞ
N nδDdata

k

�2

; ð9Þ

in which i runs over all data points and Ndata
n corresponds to

the number of data points in each dataset. In order to
determine the best fit parameters of the SGKS20 light
charged hadrons FFs, we minimize the χ2globalðfpigÞ function
with respect to the fit parameters fpig presented in Eq. (1).
The normalization factors ΔN n need to be fitted along with
the independent fit parameters ðfpigÞ and then can be kept
fixed. The default value of the weight factors for each
experimental dataset is considered to be equal to 1 [44,45].
In the following, we briefly discuss our method to

estimate the uncertainties of the SGKS20 light charged
hadrons FFs. Three different approaches are available in the
literature to estimate the uncertainty. They are based on
Lagrange multipliers or Monte-Carlo sampling, but the
most commonly used method is the so-called Hessian
approach [39]. Following the notation adopted in
Refs. [40,46], our uncertainty estimation is done using
the standard Hessian approach. In this method, the uncer-
tainty for a fragmentation function,ΔDðzÞ, can be obtained
from linear error propagation. It is given by

½ΔDðzÞ�2 ¼ Δχ2global

�Xn
i

�∂Dðz; p̂Þ
∂pi

�
2

Cii

þ
Xn
i≠j

�∂Dðz; p̂Þ
∂pi

∂Dðz; p̂Þ
∂pj

�
Cij

�
; ð10Þ

where pi (with i ¼ 1; 2; ...; n) denotes the independent free
parameters for each FF, n refers to the total number of
optimized parameters, and p̂i comprises the numerical
values of the optimized parameters. Ci;j ≡H−1

i;j are the
elements of the covariance matrix determined in this
analysis at the input scale. In order to estimate the
uncertainties of the SGKS20 light charged hadrons FFs,
we follow the standard parameter-fitting criterion by

considering contours of T ¼ Δχ2global ¼ 1 defining the
68% (1-σ) confidence level (CL). For minimization and
the determination of both fit parameters and elements of the
covariance matrix we use the publicly available CERN
program MINUIT [38].

V. RESULTS OF THE SGKS20 FF ANALYSIS

The following part of this article describes in greater
detail the results of the SGKS20 FFs analysis. We focus on
the inclusion of higher-order QCD corrections in our
NNLO results. We also compare our best fit pion, kaon,
and proton/antiproton FFs with their counterparts from the
NNFF1.0 analysis [3].
In Tables III and IV we present the best fit parameters for

the fragmentation functions of partons into π�, K�, p=p̄
and the residual FFs at NLO and NNLO accuracy,
respectively.
The NNLO charged hadron FFs, zDH�

i ðz;Q2Þ, for
singlet (DH�

Σ ¼PqðDH�
q þDH�

q̄ Þ, q ¼ u, d, s), heavy-
quark- and gluon-to-hadron fragmentation obtained from
the combined fit are illustrated in Figs. 1–3 together with
their 1-σ uncertainty bands for charged pions, charged
kaons and protons/antiprotons, respectively. The NNLO
results from the most recent determination available in the
literature, namely the NNFF1.0 FFs, are also shown for
comparison. The results at Q2 ¼ 100 GeV2 reveal the
following findings. A noticeable feature of the distributions
shown in Fig. 1 is the remarkable agreement between our
zDπ�ðz;Q2Þ FFs for heavy and singlet quarks with the
corresponding results from NNFF1.0. Figure 1 shows a
small difference for the gluon density, especially at small
values of z. A further remarkable aspect of the comparison
in this figure is related to the size of the uncertainties. For
all cases, the SGKS20 1-σ error bands are smaller than
those of the corresponding NNFF1.0 FFs.
Our charged kaon zDK�ðz;Q2Þ FFs at NNLO accuracy

are shown in Fig. 2 in comparison with the NNFF1.0 FFs.
Concerning the shapes of the kaon FFs, a number of
interesting differences between the SGKS20 and
NNFF1.0 FFs can be seen. The differences in shape
among the two FF sets are more marked than in the case
of the charged pion FF. Moderate differences are observed
for the central value of the singlet FF at smaller values of z,
especially at z < 0.1, and for the uncertainty band of the
bottom FF below z < 0.05. A more noticeable difference in
shape is observed for the gluon and charm FFs for which
the SGKS20 results are more suppressed and enhanced,
respectively, at z < 0.4, than the gluon and charm FFs from
NNFF1.0.
Let us now discuss the SGKS20 protons and antiprotons

zDp=p̄ðz;Q2Þ FFs. A fair agreement is observed only in the
case of the heavy-quark and singlet-quark FFs at large
values of z. These FFs are more suppressed at medium to
small z values, compared with the corresponding FFs from
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NNFF1.0. For zDp=p̄
g , big differences can be seen both in

the magnitude and the error band of the FFs in the whole
range of z. Overall, the error bands for all heavy quark,
singlet and gluon FFs for all light hadrons are dramatically

reduced, except for the singlet FF of the kaon at medium to
large z.
There are a number of similarities and differences

between the SGKS20 and NNFF1.0 analyses. The QCD

FIG. 1. Comparison of SGKS20 NNLO charged pion FFs, zDπ�
i ðz; Q2Þ (i ¼ g; c; b;Σ) together with their 1-σ uncertainty bands at

Q2 ¼ 100 GeV2 with the results from the NNFF1.0 Collaboration.

FIG. 2. Same as Fig. 1 but for the charged kaon zDK�
i ðz; Q2Þ FFs.
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approach used in this study is similar to the one used by
NNFF1.0. In both cases, NNLO QCD and hadron-mass
corrections are taken into account. Also, the kinematic cuts
imposed on data points in the small z region are the same in
both analyses. The origin of the differences between the

SGKS20 and NNFF1.0 FFs is likely to be due to the
following reasons.
First, the NNFF1.0 approach is based on neural net-

works without fixing a priori a specific parametrization.
This allows one to obtain much more flexibility in the

FIG. 3. Same as Fig. 1 but for the proton and antiproton FFs, zDp=p̄
i ðz; Q2Þ.

FIG. 4. Comparison of SGKS20 NNLO charged pion FFs, zDπ�
i ðz; Q2 ¼ 100 GeV2Þ (i ¼ g, c, b, Σ) presented in this study with

results extracted from a fit without including unidentified light charged hadron data.
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description of FFs. In contrast, SGKS20 uses the standard
Hessian method with the choice of tolerance Δχ2 ¼ 1 at
68% confidence level. It can, therefore, be expected that the
uncertainties of the NNFF1.0 FFs are larger than those of
SGKS20. This is indeed the case, as seen in the figures.
Second, the origin of differences in the shape and error
bands for the SGKS20 FFs is also due to the fact that we

include more data in the analysis: data for unidentified light
charged hadrons are taken into account along with iden-
tified π�, K� and p=p̄ production data, simultaneously in
one fit.
In the following, we present a systematic study in order

to investigate in more detail the origin of differences
between our results and NNFF1.0. We will quantify the

FIG. 5. Same as Fig. 4 but for the charged kaon zDK�
i ðz; Q2Þ FFs.

FIG. 6. Same as Fig. 4 but for the proton and antiproton FFs, zDp=p̄
i ðz; Q2Þ.
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additional constraints due to the inclusion of unidentified
light charged hadron data. To do so, we have extracted FFs
from QCD analyses in which we excluded unidentified
light charged hadron data from the fit, i.e., for each of the
pion, kaon, and proton FFs we performed separate fits
using only data for the respective hadron species. We
present the results in terms of ratios where all FFs are
normalized to their central values obtained in the separate-
hadron fits. In Figs. 4–6 the FFs for π�, K�, and p=p̄ are
shown at the reference scale Q2 ¼ 100 GeV2.
As one can see, the inclusion of unidentified light

charged hadron data affect both the shape and the uncer-
tainties of FFs. For all cases, by adding unidentified light
charged hadron data, smaller uncertainties are obtained. For
the case of pion FFs in Fig. 4, the reduction of the
uncertainty bands is clearly visible. The inclusion of
unidentified light charged hadron data also affects the
shape of the gluon FF of pions. These findings are in
good agreement with our previous study [2] where we had
examined the effect of such data on the determination of
pion FFs.
Similarly, results for the case of charged kaon FFs are

presented in Fig. 5. Here again, one can conclude that the
inclusion of unidentified light charged hadron data leads to
a reduction of the uncertainties in the case ofDK�

g andDK�
Σ ,

although by a smaller factor than in the case of the
pion FFs.
In the case of proton and antiproton FFs, Dp=p̄

i , we find
particularly significant changes of the shape between the
“proton fit” and the combined SGKS20 analysis, except for

the case of Dp=p̄
Σ . The gluon and the heavy-quark FFs are

strongly affected at large z, while the bþ FF changes over
the whole range of z. As can be seen in Fig. 6, adding
unidentified light charged hadron data also leads to a large
reduction of the uncertainty bands, again with the exception
of the Σ FF.
Now we also want to discuss in detail the effect arising

from the inclusion of hadron mass corrections on the shape
and uncertainties of FFs. In Fig. 7, we compare the
SGKS20 NNLO proton and antiproton FFs presented in
this study with the corresponding results that have been
extracted from the QCD analysis in which we exclude
hadron mass corrections. Since the mass of the proton is
larger than those of the pion and kaon, the effect of hadron
mass corrections is expected to be most important for the
proton FFs. Hence, we present our results for this case only.
Concerning the shapes of the p=p̄ FFs, a number of

interesting differences between the two results can be seen
from the comparisons in Fig. 7. The inclusion of proton
mass corrections affects both the shape and the uncertainty
of p=p̄ FFs. In particular, the low z region is strongly
affected in all cases. There is also a slight reduction of the
uncertainties at low z, but this is not particularly strong.
As a short summary, our systematic study has shown that

there are significant changes of the FF fit results due to the
inclusion of unidentified light charged hadrons. This can
explain part of the differences between the SGKS20 and
NNFF1.0 fits. A detailed comparison of the results shown
in Figs. 1, 2, 3 with those in Figs. 4–6 allows us to conclude
that a large part of the differences of the width of the

FIG. 7. Comparison of SGKS20 NNLO proton and antiproton FFs presented in this study with results extracted from a QCD analysis
without including hadron mass corrections.
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uncertainty bands is, however, more likely due to the
different fit methodology, i.e., due to the fact that we
use the Hessian method with a χ2-based definition of a
confidence interval.
Considering the fit quality upon inclusion of higher-

order QCD corrections, one can conclude from Tables I
and II that the NNLO corrections slightly improve the
overall fit quality for almost all SIA data. As one can see
from these tables, the χ2=ðd:o:f:Þ values at NNLO accuracy
are lower than at NLO. Moreover, the fit quality suggests
that the inclusion of residual light-hadron contributions as
well as unidentified light charged hadron data in our
identified zDH�ðH� ¼ π�; K�; p=p̄Þ analysis leads to an
improved agreement between theory and data.
Having at hand the SGKS20 NLO and NNLO light

charged hadron FFs, we are now able to compare the
analyzed data against the theory predictions for the nor-
malized SIA cross sections. In Fig. 8, our theory

predictions are compared to the total SIA cross section
measurements for inclusive [26–30], light [28–31], c-
tagged [29–31] and b-tagged [28–31] unidentified light
charged hadron ðh�Þ from ALEPH, DELPHI, OPAL, and
SLD experiments. In general, the agreement between data
and theory is excellent. In addition, we observe that our
NNLO results show a better agreement with the SIA data,
especially for the total inclusive, c-tagged and light charged
hadron cross sections at small values of z. One can also see
that the error bands for the NLO and NNLO theory
predictions are very similar, except for the case of c-tagged
cross sections where the NNLO predictions show smaller
uncertainties.
We also present a comparison of the charged pion, kaon

and proton/antiproton data used in this analysis with the
corresponding theoretical predictions obtained using our
NNLO FFs. In Figs. 9–11, data over theory ratios are
displayed for the SLD [31], DELPHI [28] and BABAR [21]

FIG. 8. NLO and NNLO theory predictions for the normalized SIA cross sections of unidentified light charged hadrons in comparison
with the total inclusive [26–30], light [28–31], c-tagged [29–31] and b-tagged [28–31] SIA cross section measurements from the
ALEPH, DELPHI, OPAL, and SLD experiments. The green (NLO) and yellow (NNLO) shaded bands correspond to uncertainty
estimates based on the Hessian approach with Δχ2 ¼ 1.
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data for charged pion (π�), charged kaon (K�), and proton/
antiproton (p=p̄) production in SIA.
For the case of pion production, Fig. 9, overall good

agreement between measurements and the NNLO theory
predictions is found for most of the data points, except for

the large-z region of some experiments. The uncertainties
of our theory predictions are getting large in this region for
the case of SLD and DELPHI heavy quark production.
The comparison for charged kaons is presented in

Fig. 10. We notice that for some data the agreement is
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FIG. 9. The data/theory ratio for the charged pion (π�) production data from SLD [31], DELPHI [28], and BABAR [21] experiments
included in the SGKS20 fit. Our theoretical predictions are computed at NNLO accuracy with our best-fit NNLO FFs.
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good, in particular for the SLD and BABAR experiments,
while for DELPHI we see some deviations in the small-z
region. As one can see, the experimental data points for all
datasets fluctuate inside the error bands of the theory
predictions.
Finally, we display in Fig. 11 the data/theory ratios for

proton/antiproton (p=p̄) production for all experimental
data analyzed in this work. One can see that for c- and b-
tagged data the agreement is poor, but the comparison
between our predictions and the total inclusive and uds-
tagged data is reasonable. Deviations appear specifically
for almost all experiments in the small-z region, except for
the case of inclusive measurements from the BABAR
experiment. For the inclusive measurements of SLD,
DELPHI, and BABAR, the agreement is acceptable in
the medium-to-large range of z-values. The same conclu-
sion can be made for the uds-tagged data from the SLD and
DELPHI experiments.

VI. SUMMARY AND CONCLUSIONS

The main goal of the current study is to present a set of
FFs, called SGKS20, for light charged hadron (π�, K�,
p=p̄) production. These FFs are obtained in a simultaneous
fit and we include both identified and unidentified light
charged hadron data taken from electron-positron annihi-
lation. We included finite-hadron mass corrections which
are significant for small z and small

ffiffiffi
s

p
. For FFs which

involve heavy quarks, we adopted the zero-mass variable-
flavour-number scheme. As a third improvement, the
residual light hadrons contributions have been included

in our fit for unidentified light hadrons. We have shown that
this approach improves the total χ2 at both NLO and NNLO
accuracy and also reduces the uncertainties for the FFs of
light hadrons. Our results show that the inclusion of higher-
order QCD corrections helped to obtain a much better
agreement of data with theory. Finally, we compared our
pion, kaon and proton FFs with the one recently extracted
by the NNFF1.0 Collaboration.
The most important limitation of the present analysis is

related to the fact that we have included data from SIA
measurements only. The precise data from proton-(anti)
proton (pp) collisions, which cover a wide range in energy
and momentum fractions, contain vital information about
FFs, especially for the gluon FF, and also are sensitive to
different partonic combinations [1]. These measurements
include CDF [47,48] experiment at the Tevatron, STAR
[49] and PHENIX [50] at RHIC, and CMS [51,52] and
ALICE [53] experiments at the LHC. It is expected that the
inclusion of these data will lead to much better constrained
FFs. Hence, it will be interesting to repeat this analysis by
considering the SIDIS data as well as hadron collider data
which could provide a flavor separation between quark and
antiquark FFs and also the gluon FF. In addition, a future
study investigating the improvements of description of the
data at low center-of-mass energy due to the effect arising
from heavy quarks mass corrections would be very
interesting.
The FF parametrizations at NLO and NNLO for iden-

tified light charged hadron, zDH�ðH� ¼ π�; K�; p=p̄Þ,
presented in this study are available in the standard
LHAPDF format [54] from the authors upon request.
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