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Abstract—For general connections, the problem of
finding network codes and optimizing resources for those
codes is intrinsically difficult and little is known about its
complexity. Most of the existing methods for identifying
solutions rely on very restricted classes of network
codes in terms of the number of flows allowed to be
coded together, and are not entirely distributed. In this
paper, we consider a new method for constructing linear
network codes for general connections of continuous flows
to minimize the total cost of edge use based on mixing. We
first formulate the minimum-cost network coding design
problem. To solve the optimization problem, we propose
two equivalent alternative formulations with discrete
mixing and continuous mixing, respectively, and develop
distributed algorithms to solve them. Our approach
allows fairly general coding across flows and guarantees
no greater cost than existing solutions. Numerical results
illustrate the performance of our approach.

Index Terms—network coding, network mixing, gen-
eral connection, resource optimization, distributed algo-
rithm.

I. INTRODUCTION

In the case of general connections (where each
destination can request information from any subset
of sources), the problem of finding network codes is
intrinsically difficult. Little is known about its com-
plexity and its decidability remains unknown. In certain
special cases, such as multicast connections (where
destinations share all of their demands), it is sufficient
to satisfy a Ford-Fulkerson type of min-cut max-flow
constraint between all sources to every destination in-
dividually. For multicast connections, linear codes are
sufficient [1], [2] and a distributed random construction
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exists [3]. In the literature, linear codes have been the
most widely considered. However, in general, linear
codes over finite fields may not be sufficient for general
connections, as shown by [4] using an example from
matroid theory.

Different aspects of the connection between a ma-
troidal structure and the network coding problem with
general connections have been investigated in the liter-
ature [5]-[13]. However, progress in understanding the
matroidal structure of the general connection problem
has not yet provided simple and useful approaches
to generating explicit linear codes. There has been
considerable investigation of special cases [15]-[20].
However, the studies of these special cases do not offer
satisfactory solutions for the general case.

Even when we consider simple scalar network codes
(with scalar coding coefficients), the problem of code
construction for general connections (i.e., neither mul-
ticast nor its variations) remains vexing [21]. The main
difficulty lies in canceling the effect of flows that are
coded together but not destined for a common destina-
tion. The problem of code construction becomes more
involved when we seek to limit the use of network
links for reasons of network resource management.
In the case of multicast connections of continuous
flows, it is known that finding a minimum-cost solution
for convex cost functions of flows over edges of the
network is a convex optimization problem and can be
solved distributively using convex decomposition [22].
In the case of general connections of continuous flows,
however, network resource minimization, even when
considering only restricted code constructions, appears
to be difficult.

In general, there are two types of coding approaches
for optimizing network use for general connections.
The first type of coding is mixing, which consists of
coding together flows from sources using the random
linear distributed code construction of [3] (originally
proposed for multicast connections), as though the
flows were parts of a common multicast connection. In
this case, no explicit code coefficients are provided and
decodability is ensured with high probability by the
random coding, given that mixing is properly designed.
For example, in [23], a two-step mixing approach
is proposed for network resource minimization of
general connections, where flow partition and flow

Digital Object Identifier: 10.1109/TNET.2018.2865534

1558-2566 (O 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_ standards/publications/rights/index.html for more information.

< IEEE



rate optimization are considered separately. In [14],
[24], we introduce linear network mixing coefficients
for general connections that generalize random linear
network coding (RLNC) for multicast connections, and
present a new method for constructing linear network
codes for general connections of integer flows to
minimize the total cost of edge use. The minimum-
cost network coding design problem in [14], [24] is
a discrete optimization problem that jointly considers
mixing and flow optimization. The second type of
coding is an explicit linear code construction, where
one provides specific linear coefficients, to be applied
to flows at different nodes, over some finite field. In
this case, the explicit linear code constructions are
usually simplified by restricting them to be binary,
generally in the context of coding flows together only
pairwise. For example, in [25] and [26], simple two-
flow combinations are proposed for network resource
minimization of general connections.

The flow rate optimization in [23], the joint mixing
and flow optimization in [14], [24], and the joint two-
flow coding and flow optimization in [25], [26] can
be solved distributively. However, the separation of
flow partition and flow rate optimization in [23] and
the pairwise coding in [25], [26] lead in general to
feasibility region reduction and network cost increase.
The joint mixing and flow rate optimization for general
connections of integer flows in [14], [24] allow fairly
general coding across flows. However, in [14], [24],
we consider integer flow rates and edge capacities,
and do not allow flow splitting and coding over time,
leading to coded symbols flowing through each edge
at an integer rate. The restriction of integer flow rates
affects the network cost reduction.

In this paper, we consider a new method for con-
structing linear network codes to minimize the total
cost of edge use for satisfying general connections
of continuous flows. We generalize the linear network
mixing coefficients introduced in [14], [24] to allow
flow splitting and coding over time, leading to coded
symbols flowing through each edge at a continuous
rate, to further reduce network cost. Using mixing
with generalized mixing coefficients, we formulate the
minimum-cost network coding design problem, which
is an instance of mixed discrete-continuous program-
ming. Our mixing-based formulation allows for fairly
general coding across flows, offers a tradeoff between
performance and computational complexity via tuning
a design parameter controlling the mixing effect, and
guarantees no greater cost than any solution without
inter-flow network coding, the solution of the two-step
mixing in [23], and the integer solution of the discrete
joint mixing and flow rate optimization in [14], [24].
To solve the mixed discrete-continuous optimization
problem, we propose two equivalent alternative for-
mulations with discrete mixing and continuous mix-

ing, respectively, and develop distributed algorithms to
solve them. Specifically, the distributed algorithm for
the discrete mixing formulation is obtained by relating
its discrete subproblem to a constraint satisfaction
problem (CSP) in discrete optimization and applying
recent results in the domain [27], and solving its
continuous subproblem using a primal-dual method.
The distributed algorithm for the continuous mixing
formulation is based on penalty methods for nonlinear
programming [28]. Note that the methods for solving
the continuous problems are new compared to [14],
[24]. In addition, note that this paper extends the
results in the conference version in [29] which does
not present a distributed algorithm for the continuous
mixing formulation.

II. NETWORK MODEL AND DEFINITIONS

In this section, we first define the network model for
general connections of continuous flows. The model
is similar to the one we considered in [14], [24] for
integer flows, except that here we consider general flow
rates and edge capacities, and allow flow splitting and
coding over time. Next, we also briefly illustrate the
formal relationship between linear network coding and
mixing established in [14], [24].

A. Network Model

We consider a directed acyclic network with general
connections. Let G = (V,€) denote the directed
acyclic graph, where ) denotes the set of V = |V
nodes and & denotes the set of £ = |£]| edges. To
simplify notation, we assume there is only one edge
from node ¢ € V to node j € V, denoted as edge
(i,j) € E.! For each node i € V, define the set of
incoming neighbors to be Z; = {j : (j,i) € £} and the
set of outgoing neighbors to be O; = {j : (4,j) € £}
Let I; = |Z;| and O; = |O;| denote the in-degree
and out-degree of node 7 € V), respectively. Assume
I; < D and O; < D for all ¢ € V, where D is a
constant. Consider a finite field F with size F' = |F|.
Let P = {1,---,P} denote the set of P = |P|
flows of symbols in finite field F to be carried by
the network. For each flow p € P, let s, € V be its
source. We consider continuous flows. To be specific,
each continuous flow consists of symbols from finite
field F, and its source rate (i.e., the number of symbols
generated at its source per unit time) can be a real
number. Let R, € R" denote the source rate for
source p, where RT denotes the set of non-negative
real numbers. Let S = {s1,---,sp} denote the set
of P = |S| sources. We assume different flows do
not share a common source node and no source node

"Multiple edges from node i to node j can be modeled by
introducing multiple extra nodes, one on each edge, to transform
a multigraph intro a graph.



has any incoming edges. Let 7 = {¢1,--- , ¢} denote
the set of T' = |7 terminals. Each terminal ¢ € T
demands a subset of P, = |P;| flows P; C P. Assume
each flow is requested by at least one terminal, i.e.,
UseTP; = P. Let P = (P;)ieT denote the demands
of all the terminals. We assume no terminal has any
outgoing edges.

Let B;; € RT denote the edge capacity for edge
(i,7). We assume a cost is incurred on an edge
when information is transmitted through the edge and
let U;;(z;;) denote the cost function for edge (4, j)
when the transmission rate through edge (i,j) is
zij € [0, Bj;]. Note that we allow flow splitting and
coding over time, leading to coded symbols flowing
through each edge of the network at a continuous rate.?
Assume U, (z”) is convex,’ non-decreasing, and twice
continuously differentiable in z;;. For example, we can
choose UZ](Z”) = a® with a > 1 or U”(ZZ]) = Zija
with a > 1. We are interested in the problem of finding
linear network coding designs and minimizing the
network cost 3 ; iy ce Uij(zi;) for general connections
of continuous flows under those designs.

B. Scalar Time-Invariant Linear Network Coding and
Mixing

For ease of exposition, in this section, we illustrate
linear network coding and mixing by considering unit
flow rate, unit edge capacity and one (coded) symbol
transmission for each edge per unit time, and adopt
scalar time-invariant notation. Later, in Sections III,
V, and IV, we shall consider general flow rates and
edge capacities and allow flow splitting and coding
over time, which enable multiple (coded) symbols to
flow through each edge at a continuous rate.

In linear network coding, a linear combination over
F of the symbols in {oy; € F : k € Z;} from
the incoming edges {(k,i) : k € I;}, ie., o =
> rer, MkijOkis can be transmitted through the shared
edge (i, ) € &, where coefficient ay,;; € F is referred
to as the local coding coefficient corresponding to edge
(k,i) € & and edge (i,j) € £. On the other hand,
the symbol of edge (i,7) € £ can be expressed as
a linear combination over F of the source symbols
{Up e F p € 7)}, i.e., 055 = ZPEP Cij,pOp>
where coefficient ¢;;, € F is referred to as the
global coding coefficient of flow p € P and edge
(i,7) € €. Let ¢ij = (cijp)pep € FT denote the P
coefficients corresponding to this linear combination
for edge (i,7) € &, referred to as the global coding
vector of edge (i,7) € &. Here, F¥ represents the
set of global coding vectors, the cardinality of which

2A detailed illustration of flow splitting and coding over time can
be found in Appendix A.

3The convexity assumption precludes the case where transmission
rates over some edges are too large compared with others, hence
balancing traffic over a network.

is FP. Note that, we consider scalar time-invariant
linear network coding. In other words, ay;; € F and
cij,p € JF are both scalars, and do not change over time.
When using scalar linear network coding, for each
terminal, extraneous flows are allowed to be mixed
with the desired flows on the paths to the terminal, as
the extraneous flows can be cancelled at intermediate
nodes or at the terminal.

In many cases, we shall see that the specific values
of the local or global coding coefficients are not
required in our design. For this purpose, we introduce
the mixing concept based on local and global mixing
coefficients established in [14], [24]. Later, we shall
see that distributed linear network mixing designs in
terms of these mixing coefficients are much easier.
Specifically, we consider the local mixing coefficient
Brij € {0,1} corresponding to edge (k,i) € £ and
edge (i,7) € &, which relates to the local coding
coefficient av;; € F as follows. Bj;; = 1 indicates that
symbol oy; of edge (k,i) € £ is allowed to contribute
to the linear combination over F forming symbol o,
and By;; = 0 otherwise. Thus, if Bi;; = 0, we have
arij = 0; if Bry; = 1, we can further determine
how symbol oy; contributes to the linear combination
forming symbol o;; by choosing ay;; € F (note
that ay;; can be zero when f3i;; = 1). Similarly, we
consider the global mixing coefficient z;;, € {0,1}
of flow p € P and edge (i,j) € &, which relates
to the global coding coefficient ¢;;, € F as follows.
Zijp = 1 indicates that flow p is allowed to be
mixed (coded) with other flows, i.e., symbol o, is
allowed to contribute to the linear combination over
F forming symbol o;;, and x;;, = 0 otherwise. Thus,
if Tijp = O, we have Cijp = 0; if Tijp = 1, we
can further determine how symbol o, contributes to
the linear combination forming symbol o;; (note that
cijp can be zero when ;5 , = 1). Then, we introduce
the global mixing vector x;; = (2i;,)pep € {0,1}F
for edge (i,7) € £, which relates to the global coding
vector ¢;; = (cijp)pep € F. Here, {0,1}F repre-
sents the set of global mixing vectors, the cardinality
of which is 2F. Similarly, we consider scalar time-
invariant linear network mixing. That is, 8;; € {0,1}
and x;;, € {0,1} are both scalars, and do not change
over time.

Global mixing vectors provide a natural way of
speaking of flows as possibly coded or not coded
without knowledge of the specific values of global
coding vectors. Intuitively, global mixing vectors can
be regarded as a limited representation of global coding
vectors. Network mixing vectors may not be sufficient
for telling whether a certain symbol can be decoded
or not. Therefore, using the network mixing repre-
sentation, extraneous flows which are mixed with the
desired flows on the paths to each terminal, are not
guaranteed to be cancelled at the terminal. Let e,



denote the vector with the p-th element being 1 and
all the other elements being 0. Let V denote the “or”
operator (logical disjunction).

Definition 1 (Feasibility of Scalar Linear Network
Mixing): [14], [24] For a network G = (V,&) and
a set of flows P with sources S and terminals 7, a
linear network mixing design x = (Zijp) (i j)ee pep
is called feasible if the following three conditions are
satisfied: 1) x, ; = e, for source edge (s,, ) € &, for
all s, € Sand p € P; 2) X5 = Vier, BrijXki for edge
(i,j) € & not outgoing from a source, for all i ¢ S
and fSri; € {0,1}; 3) Vier, @it = 1 for all p € Py
and z;z, =0foralli €Ty, pg Prand t € T.

Note that z;;, =0foralli € Z;, pg P, and t € T
in Condition 3) of Definition 1 ensures that for each
terminal, the extraneous flows are not mixed with the
desired flows on the paths to the terminal. In other
words, using linear network mixing, only mixing is
allowed at intermediate nodes. This is not as general as
using linear network coding, which allows both mixing
and canceling (i.e., removing one or multiple flows
from a mixing of flows) at intermediate nodes.

Given a feasible linear network mixing design (spec-
ified by B = (Brij) (k.i),(i,j)ec)> One way to implement
mixing when F is large is to use RLNC [3] (to
obtain a@ = (ki) (k,i).(i,j)ee)» as discussed in the
introduction. Specifcially, when B;; = 1, agi; can
be randomly, uniformly, and independently chosen in
F using RLNC; when f;; = 0, a5 has to be chosen
to be 0.

III. CONTINUOUS FLOWS WITH MIXING ONLY

In this section, we consider the minimum-cost scalar
time-invariant linear network coding design problem
for general connections of continuous flows with
mixing only. Starting from this section, we consider
multiple global mixing vectors for each edge and
allow coded symbols to flow through each edge at a
continuous rate.

A. Design Parameter

Now, we generate the mixing design illustrated in
Section II-B [14], [24] by considering multiple global
mixing vectors for each edge, allowing flows mixed
over each edge in different ways. We refer to the num-
ber of global network mixing vectors for each edge as
the mixing parameter, denoted as L € {1, -+, Liyax},
where L.« is the maximum number of global network
mixing vectors necessary for decodability using mixing
(cf. Definition 1). First, we introduce the global and
local network mixing vectors, for a given mixing
parameter L. Denote £ = {1,--- ,L}. Foreach ] € L,
let x;5; 2 (Tijpi)per € {0,1}F denote the I-th
global network mixing vector over edge (i, ) € £. Let
Briji.m € {0,1} denote the local mixing coefficient

Fig. 1: Tlustration of flow partition Y and mixing parameter
L. 'P = {1,2,3}, S = {81,82,83}, R1 = R2 = R3 = 1,
Bi]' = 10 for all (Z,]) S 5, U45(Z45) = 10245, UZJ(ZZJ) =
Zij for all (’L,j) eé \ {(4,5)}, T = {tl,tg}, P = {1,2}
and P> = {1,2,3}. Thus, Y = {{1,2},{3}}, Lmax =
|Y|=2and L € {1,2}.

corresponding to the [-th global network mixing vector
of edge (k,i) € £ (i.e., Xx;;) and the m-th global
network mixing vector of edge (,j) € £ (i.e., X;ij,m),
where [, m € L. Next, we illustrate the maximum num-
ber of global network mixing vectors L,.x. Denote
Y2 { etV : Yo = Pror Y, = P—P;}—{0}, which
gives a set partition of P that represents the flows that
can be mixed (cf. Definition 1) over an edge in the
worst case (i.e., all terminals obtaining flows through
the same edge). We choose Liyax = |Y|- Note that
1 < Lpax < P, where L, = 1 for the multicast
case, i.e., P = P forall t € T, and L,.x = P for
the unicast case, i.e., Py NPy = () for all ¢ # t' and
t,t’ € T. Fig. 1 illustrates an example of flow partition
Y and mixing parameter L for the general case.

Let fi;,, > 0 denote the transmission rate of flow
p € Py to terminal ¢ € T over edge (i,5) € £ using
X;j,1, and let z;;; > 0 denote the transmission rate
corresponding to x;;; over edge (i,j) € £, where [ €
L. As we allow flow splitting and coding over time,

t g
ij.pq @nd zi5; can be real numbers.

B. Problem Formulation

We would like to find the minimum-cost scalar time-
invariant linear network coding design with design
parameter L € {1,---, L.} for general connections
of continuous flows with mixing only.*

4Note that (1) with j = ¢, (6) with ¢ = ¢, and (7) with j = ¢
imply Viez, iecTit,py = 1 for all p € Pt in Condition 3) of
Definition 1, where t € T.



Problem 1 (Mixing):

> Uy (Z Zwvl)

(i,5)€€ leL
st wipn €101}, (i) €& peP, lel (1)
Brijim € 10,1}, (k,9),(i,5) €&, ,me L

min

U*(L) - z,f.x,8

2
flipi =0, (i,j) €€, peEP, teT, l€L

3
Z fitj,p,l < Zig,ls (Za]) € 57 te Ta lel
pEP:L

4
>z < Bij, (i,4) €€ ©)
lel

Z fitk,p,l - Z flf:i,p,l = Uf,p7

keO;,lel keZ;,lel

variables x and 3 do not appear, and the constraints
in (1), (2), (7), (8), (9) and (10) can be removed.

Remark 2 (Comparison with Intra-flow Coding):
Problem 1 (with any L € {1,---,Lyax}) with an
extra constraint > ijp1 € {0,1} forall (i,7) € €
and | € L is equivalent to a minimum-cost intra-flow
coding problem. Thus, the minimum network cost of
Problem 1 (with any L € {1, -+, Liyax}) is no greater
than the minimum cost for intra-flow coding.

Remark 3 (Comparison with Two-step Mixing):
Problem 1 with L = L. and Biij,m = 1 instead
of (2), is equivalent to the minimum-cost flow rate
control problem in the second step of the two-step
mixing approach in [23]. Thus, the minimum network
cost of Problem 1 with L = Ly,,x is no greater than
the minimum cost of the two-step mixing approach in
[23].

Remark 4 (Comparison with Joint Design for Integer

i€V, pe Py, teT Flows): Problem 1 with L = 1, z;: € {0,1}

(6)
t

17,p,l S xij,p,lBija (7’7.7) € 57 p S ,Ptv

teT,lel @)
Xs, il =€p, (8p,J) €&, peP, 1L (8)
Xijl = VieI;meLBrijm 1 Xkim,
1S, (i,5)eé& lel 9
Titpl =0, 1 €Ly, pg€ P, teT, leL,

(10)
where
R,, i=3s,
ol, = —R,, i=t i€V, peP, teT.
0, otherwise
(11)
Here, =z = (zij 1), jyeeiec, £
t A
(fij7p7l)(i,j)Eg,pG'Pt,tGT,leﬂ’ X =
N

(Tijp,i)(ij)ee peP el and B

(Bkij,l,m)(k,i),(i,j)ES,l,me[x

Problem 1 is a mixed discrete-continuous optimiza-
tion problem, and does not appear to have a ready
solution.

Remark 1 (Problem 1 with L = 1 for Multicast):
For the multicast case (i.e., P, = P for all t € T)
and L = 1, the constraint in (10) is vacuous, and
the constraint in (7) is always satisfied by choosing
Brijia = 1 for all (k,i),(¢,j) € € and choosing x
according to (8) and (9). Therefore, in the multicast
case, Problem 1 with L = 1 for general connections
reduces to the conventional minimum-cost network
coding design problem for the multicast case [22]. The
complexity of the optimization for the multicast case
is much lower than that for the general case. This is
because in the optimization for the multicast case, the

and fj%l € {0,1} instead of (3), is equivalent
to the discrete minimum-cost joint mixing and flow
rate optimization problem for general connections of
integer flows in [14], [24], which does not allow flow
splitting and coding over time. Thus, the minimum
network cost of Problem 1 is no greater than that of
the discrete optimization problem in [14], [24]. If the
optimal solution of Problem 1 is a non-integer solution,
it has a lower network cost than that of the discrete
optimization in [14], [24]5

Example 1 (Illustration of Linear Network Mixing):
We illustrate a feasible mixing design (corresponding
to a feasible solution) to Problem 1 with L = 2
for the example in Fig. 1. For ease of illustration,
in this example, we consider unit source rate and do
not consider flow splitting and coding over time. For
source edges (1,6), (1,4), (2,7), (2,4) and (3,4), choose
the global mixing vectors as follows: Xi6,; = X14, =
(1, 0,0), X24,1 = X27,1 = (O, 1, 0) and X34,1 = (0, 0, 1)

for all [ = 1,2. In addition, choose the local cod-
ing coefficients as follows: Bi4511 = Bassi,1 =
Baasi2 = 1, Puas21 = Paas21 = Baasz2 = 0,
B145,m,2 = B245,m,2 = P3as,m1 = 0 for all m = 1,2,
Base, 11 = 1, Base21 = Base,1,2 = Base22 = 0,
Basti1 = Pasr22 = 1 and Bas712 = Pasre1 =

0. Therefore, for edges (4,5), (5,6) and (5,7) not
outgoing from a source, the global mixing vectors
are given by x451 = (1,1,0), x452 = (0,0,1),
X56,1 = (1,170), X56,2 = (070,0), X57,1 = (1,1,0)
and x572 = (0,0,1). On the other hand, flow paths
(sets of ordered edge-mixing index pairs ((4,7),1)

SDue to space limitations, we do not numerically verify the gains
of the proposed design in this paper over the ones in [14], [23], [24].
Please note that in [14], we have shown the gain of the proposed
solution in [14], [24] over the solution in [23] using numerical
experiments, and the gain of the solution of Problem 1 over the
solution in [14], [24] is obvious.



such that ff; , = 1) from the three sources, ie.,
{090 = flo0 = 1, (i,4) € € 1 € L} for all
p € Py and t € T, are illustrated using green, blue
and pink curves in Fig. 1. Accordingly, choose the
transmission rates as follows: z;;1 = 1 and z;;2 =
0 for all (i,5) = (1,6),(1,4),(2,7),(2,4),(3,4),
2451 = 2452 = 256,01 = 257,01 = 2572 = 1, and
256,2 = 0.

The following lemma shows the existence of a fea-
sible linear network code corresponding to Problem 1.

Lemma 1: Suppose Problem 1 is feasible. Then, for
each feasible solution, there exists a feasible linear
network code with a field size F' > T to deliver the
desired flows to each terminal.

Proof: Please refer to Appendix A. ]

Example 2 (Illustration of Linear Network Cod-
ing): We illustrate how to obtain a feasible linear
network code using random linear network coding,
based on the feasible linear network mixing design
illustrated in Example 1. In this example, one local
mixing coefficient (global mixing vector) corresponds
to one local coding coefficient (global coding vec-
tor).% For the source edges, choose the global coding
vectors as follows: c¢;;; = x;;; for all (i,5) =
(1,6),(1,4),(2,7),(2,4),(3,4) and I = 1,2. For all
Il,m € L and (k,l),(’t,j) e &, if Bkijj,m = 0,
choose agijim = 05 if Brijim = 1, choose i im
uniformly at random from F. Therefore, for the edges
not outgoing from a source, the global coding vectors
are given by c¢;;; = ZkeL,mGE Qkij,m,iCki,m for all
(i,7) = (4,5),(5,6),(5,7) and I € L.

C. Network Cost and Complexity Tradeoff

The design parameter L in Problem 1 determines the
complexity and network cost tradeoff. First, we illus-
trate the impact of L on the complexity of Problem 1.
By (2), we know that for given (k,%), (¢,5) € &, the
number of possible choices for (Bkijim)i,mec 1S L2
Since >0 1ee O5 = Xjev 1i0; < 3250y DO; =
DE, the number of possible choices for 3 =
(Brij,i,m) (k,i),(i,5)e€,1,mec s smaller than or equal to
L2DE. Note that by (8) and (9), x can be fully
determined by 3. Therefore, the number of choices
for x and 3 of Problem 1 is L2DFE, which increases
with L.

Next, we discuss the impact of L on the network
cost.

Lemma 2: If Problem 1 is feasible for design
parameter L, then Problem 1 is feasible for design
parameter L + 1 and U*(L + 1) < U*(L), where
Le{l, -+, Lyaz —1}.

SWhen flow splitting or coding over time happens, one local
mixing coefficient (global mixing vector) may correspond to multiple
local coding coefficients (global coding vectors), and a linear net-
work code can be designed in a similar way based on the sub-flows
and sub-edges established in the proof of Lemma 1.

Proof: Given a feasible solution to Problem 1 with
design parameter L, by setting variables w.r.t. index
l=L+1orm=L+1 to be zero, we can easily
construct a feasible solution to Problem 1 with design
parameter L + 1. This feasible solution corresponds to
the same network cost as the one with design parameter
L. But the network cost with design parameter L + 1
can be further optimized by solving Problem 1 with
design parameter L + 1. Therefore, we complete the
proof. ]

By Lemma 2, we know that the network cost U* (L)
is non-increasing w.r.t. L. This can also be understood
from the example in Fig. 1. Note that by Condition 3)
in Definition 1, flow 3 is not allowed to be mixed with
flow 1 and flow 2 on their paths to terminal ¢;. When
L =1 < Lpax, flow 3 cannot be delivered over edge
(4,5) to terminal t using feasible mixing. In other
words, Problem 1 with L = 1 is not feasible (i.e., of
infinite network cost). However, when L = 2 = Ly,
flow 3 can be delivered to terminal ¢, without mixing
with flow 1 and flow 2 over edge (4,5), e.g., using
global mixing vectors x451 = (1,1,0) and x450 =
(0,0,1) over edge (4,5). In other words, Problem 1
with L = 2 is feasible (i.e., of finite network cost).

IV. ALTERNATIVE FORMULATION WITH DISCRETE
MIXING

Problem 1 is a mixed discrete-continuous optimiza-
tion problem with two main challenges. One is the
choice of the network mixing coefficients, i.e., x and
3 (discrete variables), and the other is the choice of
the flow rates, i.e., z and f (continuous variables). In
this section, we first propose an equivalent alternative
formulation of Problem 1 which naturally subdivides
Problem 1 according to these two aspects. Then, we
propose a distributed algorithm to solve it.

A. Alternative Formulation
Problem 1 is equivalent to the following problem.
Problem 2 (Equivalent Discrete Mixing for Prob-

lem 1):

min

U*(L) =
( ) xeEM(L)

U; (%),
where U(x) and M(L) are given by the following
two subproblems, respectively.
Subproblem 1 (Flow Optimization for Problem 2):
For given x, we have:
Uz (x) =min > Uy (Z Zij,l)

(i,)€€ leL
st (3),(4),(5),(6), ().
The optimal solution is written as (z*(x), f*(x)).

Subproblem 2 (Feasible Discrete Mixing for
Problem 2): Find the set M(L) = {x



(1),(2),(8),(9),(10), (12)} of feasible x, where (12) is
given by:

Viet, le Titpl =1, pE Py, t€T. (12)

For given x, Subproblem 1 is a convex optimiza-
tion problem (optimizing z and f for given x) and
has polynomial-time complexity [30]. On the other
hand, Subproblem 2 is a discrete feasibility problem
(obtaining the set of feasible x) and is NP-complete in
general [31]. Thus, Problem 2 is still a mixed discrete-
continuous optimization problem and is NP-complete
in general.

B. Distributed Solution

In this part, we develop a distributed algorithm
to solve Problem 2 by solving Subproblem 1 and
Subproblem 2, respectively, in a distributed man-
ner. First, we consider Subproblem 1. Given a fea-
sible x € M(L), Subproblem 1 is convex and
can be solved distributively using the primal-dual
method [32]. By relaxing the constraints in (4), (5),
(6) and (7) of Subproblem 1, we have the La-
grangian function L (z,f, A\, m, u, &) given in (13)
where A £ ()\Ej,l)(i,j)es,teT,leL = 0, n
(i) jyee = 0, m = (uk,)icvpep, e and &
(&ij.p1)Gid)ee peP, teT icr = 0 denote the Lagrangian
multipliers w.r.t. the constraints in (4), (5), (6) and (7)
of Subproblem 1, respectively. The partial derivatives
of L(z,f, A\, n, &) are given by:

3zm =i (Z . m) B ZAZJJF%

meL teT

L

(14)

oL
8t 7)‘tjl+:uzp [07“2”
i7,p,l
(15)
Z igp,l — Figl (16)
Zj ! PEP:
Zijg — (17)
Z ftk,p, Z f/ii,p,l - Uf,p
'ulp keO;,lel keZ; leL
(18)
oL
i »1Bij, 19
aglj N fz] p,l — Lij,p,lDij (19)

where 1[] denotes the indicator function. The corre-
sponding dual function is given by:

g(>‘7 n, K, E) = I?;llfn L (Za f7 Aa n, K, 6)
s.t. (3).

(20)

The corresponding dual problem is as follows:

max AN, L,

max - g(Am, 4, €)
st. A=0,n>=0,§>=0. (1)
For given x € M(L), the primal
optimal (z*(x),f*(x)) and the dual optimal

(A" (x), n*(x), p*(x),£"(x)) can be obtained using
the primal-dual algoritm summarized in Algorithm 1.
The update equations in Algorithm 1 are given below:

oL

ziga(n +1) =zija(n) = 6(n) 57— (n) (22)
Zig,l
+
‘ ¢ oL
a1 =1 fi;,.(n) —dn )8 —(n)
i7,p,l
(23)

A,Jl<n+1>=<xm< )+ 80) o

i,

n
(n)> (24)

oL *
nij(n+1) = <77¢j (n) +6(n) o (n)) (25)
ij
phpln 1) =y () + 0 () (@6)
i p
+
oL
s+ 1) = (€ a0 ) ,
jpa(n+1) ( jp(n) —d(n )85” N l( n)
(27)

where (z)* £ max{0,z}, the partial derivatives of

given by (14)-(19), and {6(n)} denotes the diminishing
stepsize’ satisfying:

d(n) — 0 as n — oo, ié(n):

n=1

00, Zé(n)2

(28)

t t
— Hpl Z; #®]+€ij,p,l(22)—(27) can be computed at each edge based

on local information. Thus,
implemented locally.

Algorithm 1 can be
In addition, it has been
shown [32] that as n — oo, (z(n),f(n)) —
(z*(x),£*(x)) and (A(n),n(n), p(n).E(n))
(A (%), n*(x), p*(x),&€"(x)). In other words, for
given x € M(L), Algorithm 1 converges to
the primal and dual optimal of Subproblem 1,
as n — oo. Fig. 2 illustrates the convergence of
Algorithm 1 of the network in Fig. 1, with x
given in Example 1. From Fig. 2, we can see that
L(z(n),f(n),A(n),n(n), u(n),&(n)) converges to
28, which is the optimal network cost U*(x) to
Subproblem 1, for x given in Example 1.

Next, we consider Subproblem 2. Subproblem 2
can be treated as a CSP and solved distributively

"Note that the diminishing stepsize can guarantee convergence,
although the associated convergence may be slow. For our problem,
it is difficult to determine an appropriate constant stepsize with
guarantee of convergence.



L(z,fAnmé) = > Uy <ZZij,z)+ > N

(i,5)€E leL (4,5)€E,
teT,leL
2 : t
+ l’[’i,p
i€V, keO; lel
pEPL,tET

rEPL

Z fitj,p,l - Zij,l) + Z Nij <Z Zij,l — Bij)

(i,j)e€ leL

keZ;,leLl

t t t t t
Yo Fhwi— D Fhpi—oip |+ D Ehpa (Flips — TijwaBij)
(i:4)€E.pEPy,

teT,lel

13)

Algorithm 1 Primal-dual Method for Subproblem 1
(Flow Optimization)
INPUT: x € M(L)
OUTPUT: z*(x), £ (x), A" (x), n"(x), u" (x), £ (x)
1: initialize n = 0, z(0), £(0), A(0), n(0), n(0), £(0)
2: loop
3:  For all (3,j) € &, edge (4,5) updates z;;,;(n +
1)7 fitj,p,l (TL+ 1)7 Azj,l(n + 1)7 Nij (n+ 1)7 M;p(n + 1)
and fijp’l(n + 1) according to (22), (23), (24), (25),
(26) and (27), respectively, under given x € M(L).
4: Setn=n+1.
5: end loop

according to (8). In addition, 3 can be obtained from
feasible x by (8) and (9).

For notational simplicity, we write the clauses for x
in a more compact form as follows:

Pijop.l (Xij,lv {Xrim :m € Lk € L},
{ijmlmeli,kelj,j eT})

, if j €T, (29) holds

, if j €T and p € P}, (29) and (12) hold

if j €7 and p & P;, (29) and (10) hold
otherwise

[I>

1
1
1
0

)
)

(i,j) €&, i ¢S, peP, leL. (30)

Note that, when j & T, {xxjm : k€ Z;,j € T,m¢€
1L} = 0 and we ignore it in the clause ¢;;,(-). For
12) and (10) in clause ¢;;,(-), we use j as the

.30 T T T T T
o
c
=
5 FVW/\’W
g20 1
k=)
c
g
o10}
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Fig. 2: Convergence of Algorithm 1 (Primal-dual Method
for Subproblem 1) for the network in Fig. 1, with x given
in Example 1. The curve represents the Lagrangian function
L(z(n),f(n),A(n),n(n), u(n),&(n)) at the n-th iteration,
where L(-) is given by (13). Note that in the simulation
for this figure, we use 1.12G.Jee Ui (Siec =) as the
objective function, where U;;(-) is given in Fig. 1.

using clause partition and the Communication-Free
Learning (CFL) algorithm from [27]. While CSPs are
NP-complete in general, CFL provides a probabilistic
distributed iterative algorithm with almost sure conver-
gence in finite time. Specifically, the elements of x can
be treated as the variables of the CSP. {0,1} can be
treated as the finite set of the CSP. From (9), we have
an equivalent constraint purely on x, i.e.,

3 (ﬂkij,m,l)keli,méﬂa 6kij,m,,l € {Oa 1})
S.t. Xi5.1 = VieZ, meLBrijm, i Xki,m,

leL, (i,j) €&, i¢gs. (29)

In the following, we shall only consider solving for
the variables x of the CSP in a distributed way using
clause partition and CFL. Note that we directly choose
X550 = €p forall I € L, (sp,j) € £ and p € P

x10

f’[erminal index instead of t. It can be seen that the

constraints in (9) (i.e., (29)), (10) and (12) are con-
sidered in clause ¢;;,;(-). In addition, the constraint
in (8) is considered when choosing x; ;; = e, for
all (sp,j) € &, p € P and | € L. Therefore, all
the constraints in Subproblem 2 has been considered
in the CSP. We now construct the clause partition of
Subproblem 2. Specifically, the set of clauses variable
Z44,p, participates in is as follows:

Dijpi EA{ijpit U{djhpm : k€ Oj,me L}
U{®rjpm 1 k €TL;,5 € T,me L}

i¢S, (i,j)e& peP,lel. (31)

Note that, when i & T,
{(bkj,pA,m ke Ij,j eT,mée E} = ( and we
ignore it in ®;; ,; in (31).

We thus have the following proposition.

Proposition 1 (CSP for Subproblem 2): The CSP
with variables z;; ,; € {0,1}, (i,j) € E,peP,le Ll
and clauses (31) has considered all the constraints in
Subproblem 2.

Therefore, a feasible x € M(L) to Subproblem 2
can be found distributively using the probabilistic
distributed iterative CFL algorithm [27, Algorithm 1].
Specifically, for all (i,j) € &, p € P and | € L, in
each iteration, each node 7 realizes a Bernoulli random
variable selecting x;; ,;; messages on X are passed
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Fig. 3: Convergence of Algorithm 2 (CFL for Subproblem 2) for the network in Fig. 1. @ = 0.1 and b = 0.1. These
convergence curves are for one realization of the random Algorithm 2.

Algorithm 2 CFL for Subproblem 2 (Feasible Discrete
Mixing)
Output: x € M(L
1: For all (7, j) 16 E,pePandl € L, edge (3, ) initializes
oL

Qij.pa(T) = 3, where z € {0, 1}.
2: loop
3:  Forall (,j) € &, p € Pand |l € L, edge (3,5)
realizes a random variable, selecting x;;,,; = = with
probability ¢;;p.1(z), where z € {0,1}.

4: for (i,j) €&, pePandl e L do
5: Each edge (%, j) evaluates all the clauses in ®;; ;.
6: if all clauses in ®;; ,; are satisfied then
1, if x = Tij,p,l
7 set Gugp () = 0, otherwise
8: else
9: set Gij,p.i(T) =

(L= 0)aijpi(@) + 155751 © = Tijpi
(1 —0)gij,p,i(x) + %a/b,otherwise
where a,b € (0, 1] are design parameters.
10: end if
11:  end for
12: end loop

between adjacent nodes for each node ¢ to evaluate its
related clauses in (31); based on the evaluation, each
node ¢ updates the distribution of the Bernoulli random
variable selecting x;;, ;. The details are summarized
in Algorithm 2, which obtains a feasible solution to
Subproblem 2 using CFL. Based on the convergence

result of CFL [27, Corollary 2], we know that Algo-
rithm 2 can find a feasible solution to Subproblem 2
in almost surely finite time. Fig. 3 illustrates the
convergence of Algorithm 2 for the network in Fig. 1.
From Fig. 3, we can see that Algorithm 2 converges to
a feasible solution (i.e., the feasible solution illustrated
in Example 1) to Subproblem 2 quite quickly (within
40 iterations).

Now, we can develop a distributed algorithm to solve
Problem 2, relying on the distributed algorithm for
Subproblem 1 (i.e., Algorithm 1) and the distributed al-
gorithm for Subproblem 2 (i.e., Algorithm 2), as briefly
illustrated in Algorithm 3.8 Based on the convergence
results for Algorithm 1 and Algorithm 2, we can easily
see that U, — U*(L) almost surely as n — oo.
Fig. 4 illustrates the convergence of Algorithm 3 at one
instance for the network in Fig. 1. From Fig. 4, we can
see that Algorithm 3 obtains the optimal network cost
28 to Problem 2 (Problem 1) quite quickly (within 5
iterations for the outer loop).

8In Step 3, CFL is run for a sufficiently long time. Step 4 (Step
6) can be implemented with a master node obtaining the network
convergence information of CFL (network cost) from all nodes or
with all nodes computing the average convergence indicator of CFL
(average network cost) locally via a gossip algorithm.



Algorithm 3 CFL-based Optimization for Problem 2
(Discrete Mixing)

1: initialize n = 1 and U; = +o0.
2: loop
3:  Run the CFL in Algorithm 2.

4:  ifthe CFL finds a feasible solution x to Subproblem 2

then
5: For the obtained x, run Algorithm 1 to obtain the
optimal solution (z*(x),f"(x)) to Subproblem 1.

10

min_
z,f,%,0

Z Usij (Z Zij,l)
(i,5)€€& Lel
s.t. (3),(4),(5),(6),(8), (10)
Tijpl € [O, 1], (i,j)e& peP, leLl (32)
Brijim € (0,1, (k,),(i,5) €&, l,meL

Let U, denote the corresponding network cost (33)
Uz (x). _ ¢ 7 B (i i
6: Set Un — min{Un, Un}, Un+1 — Un and n = fij,p,l S l"L],;D,lBZJ? (Za]) € g, p S Ptv
n+ 1. teT,lel (34)
7:  end if _ 5 _
$: end loop Tijpm = BrijlmThipl, k€L, Iy # 0,
(i,j) €&, peP, lmeL (35)
Tijpm < Z BrijlmThip.l;
38 % ® & ® ; keT;lel
536 O Networkcost | 4 Z,#0, (i,j)e&, peP, me L. (36)
O34 1 _
g 32 Here, X = (Zijp1)j)ecperiec and B =
Za0r {Brijiym) (k,i),(i,5) €€ L meL-
28 s : : o o o : ‘ o Note that Constraints (32) and (33) in Problem 3 can
5 10 15 20 25 30 3 40 45

lteration

Fig. 4: Convergence of Algorithm 3 (CFL-based Opti-
mization for Problem 2) for the network in Fig. 1. Each
dot represents the network cost (obtained by Algorithm 1)
of a feasible solution (obtained Algorithm 2). While the
curve represents the minimum network cost obtained by
Algorithm 3 within a certain number of iterations. The dots
and curve are for one realization of the random Algorithm 3.

V. ALTERNATIVE FORMULATION WITH
CONTINUOUS MIXING

The complexity of solving Problem 2 mainly lies in
solving for the network mixing coefficients (discrete
variables) in Subproblem 2. In this section, we first
propose an equivalent alternative formulation of Prob-
lem 1 (Problem 2) with continuous mixing. Then, we
propose a distributed algorithm to solve it.

A. Alternative Formulation

Problem 1 is a mixed discrete-continuous optimiza-
tion problem. Applying continuous relaxation to (1)
and (2) and manipulating (9), we obtain the following
continuous optimization problem.

Problem 3 (Equivalent Continuous Mixing for Prob-

e treated as the continuous relaxation of Constraints
(1) and (2) in Problem 1. Constraint (34) in Problem 3
corresponds to Constraint (7) in Problem 1. Constraints
(35) and (36) in Problem 3 can be treated as the
continuous counterpart of Constraint (9) in Problem 1.
The following lemma shows the relationship between
Problem 1 (mixed discrete-continuous optimization
problem) and Problem 3 (continuous optimization
problem).

Lemma 3 (Relationship between Problem 1 and
Problem 3): (i) If (z,f,x,3) is a feasible solu-
tion to Problem 1, then (z,f,%,3) is a feasible
solution to Problem 3, where T;;,; = w;jp; and
Bkiﬂym = Brijim; if (z,f,%,B) is a feasible so-
lution to Problem 3, then (z,f,x,3) is a feasible
solution to Problem 1, where x;;,; = [Zi;p| and
Brijim = [Brijum]. (i) The feasibilities of Prob-
lem I and Problem 3 imply each other. (iii) The optimal
values of Problem 1 and Problem 3 are the same, i.e.,
U*(L) =U*(L).

Proof: (Sketch) We can easily show that (i) im-
plies (ii) and (iii). Thus, to show Lemma 3, it is
sufficient to show (i). To show (i), we first show that
Constraint (9) is equivalent to two constraints. Then,
we show the first statement of (i) based on the fact
that Constraints (32), (33) and (34) in Problem 3 can
be treated as the continuous relaxations of Constraints
(1), (2) and (7) in Problem 1, respectively; Constraints
(35) and (36) in Problem 3 can be treated as the
continuous relaxations of the two equivalent constraints
of Constraint (9) in Problem 1. Finally, we show the
second statement of (i) by showing that a feasible
solution of Problem 3 satisfies Constraints (32), (33),
(34) and (9). Please refer to Appendix B for the
detailed proof. ]



By Lemma 3, solving Problem 1 is equivalent to
solving Problem 3. Problem 3 is a (pure) continuous
optimization problem. It is not convex due to the
constraints in (35) and (36). In general, we can obtain a
stationary point to a non-convex (continuous) problem
with polynomial-time complexity.

B. Distributed Solution

In this part, we develop a distributed algorithm to ob-
tain a stationary point of Problem 3 with polynomial-
time complexity, by using penalty methods [28], the
basic idea of which is to eliminate some or all of the
constraints and add to the objective function a penalty
term that prescribes a high cost to infeasible points.

First, by eliminating the non-convex constraints in
(35) and (36) and adding to the objective function of
Problem 3 a penalty term reflecting a high cost of
violating (35) and (36), we introduce the augmented
Lagrangian function L. (z,i, 8,7, g) given in (37),
where EA 2 (Phijptom) (i), (i, yee pepamies. = O
and v £ (2y,m ()eEpePmer = 0 denote the
Lagrangian multipliers corresponding to the constraints
in (35) and (36), respectively, and

_ A 5 _ _
Grijopil,m = Brijl,mThipl — Tij,p,m (38)

A > _ _
= - Z Brijl,mThipl + Tijpm- (39)
ke, leL

9ij.p,m

Here, the second and third terms in the augmented
Lagrangian function in (37) are the penalty terms
that prescribe high costs to infeasible points violating
the non-convex constraints in (35) and (36), and c
is a positive penalty parameter which determines the
severity of the penalty.

We now consider an approximated problem to Prob-
lem 3 which minimizes the augmented Lagrangian
function in (37) subject to the constraints of Problem 3
except (35) and (36).

Problem 4 (Penalty Approximation for Problem 3):
For given ¢ > 0, 7 = 0 and v > 0, we have:

min L. (z,i, 8,7, g)
z,X,3

s.t. (z,i,ﬁ) ex,

11

Algorithm 4 Penalty Method for Problem 3 (Contin-
uous Mixing)

OUTPUT: z', ', B'
1: initialize n = 0, ¢(0) = 1, 7(0) and v(0).
2: loop .
3:  Compute a stationary point (z(n),X(n),B(n))
of Problem 4, usi 0-
rithm 5, e, (z(n),x(n), B(n)) =

obtained by Algorithm 5.

4:  For all (i,5) € € and I, € L, each edge (i,7)
updates c(n+1), Dkij,p,i,m(n+1) and v, - (n+1)
according to (40), (41) and (42), respectively.

50 Setn=mn+1

6: end loop

of problems obtaining a stationary point of the form in
Problem 4 with increasing c. The details of the penalty
method for Problem 3 is summarized in Algorithm 4.
The update equations in Algorithm 4 are given by:

e(n+1) = Be(n)

_ _ _ +
Ukijpim(n+1) = (Vkij7p7l,m(n) + C(n)gkij,p,l,m(n))
(41)

()"
42)

(40)

Eij,p,m(” + 1) = (Zij,pﬂn(n) + C(n)g

Zij,pym

Here, G;; p.1,m(n) and g, - (n) denote the the values
of the functions in (38) and (39) at a stationarg point
(7 (c(n), (0, w(n), % (e(n), (n), v(n)), B
of Problem 4 at the n-th iteration, which can be
obtained in a distributed manner using the gradient
projection algorithm in Algorithm 5. We shall illustrate
the details of Algorithm 5 later. In addition, the update
equations in Step 4 can be computed at each edge
based on local information. Therefore, Algorithm 4
can be implemented in a distributed manner. As the
number of iterations n goes to infinity, we can obtain
a stationary point of Problem 3, as summarized in the
following theorem.

Theorem 1 (Convergence of Algorithm 4): As
n — oo, (z(n),%(n),B(n)) — (ZT,iT7BT), where
(z(n),X(n),B(n)) is given by the n-th iteration of

. A . .
where X 2 {(2,%,B) : (3),4),(5), (6), (8), (10), (32), (3%, &jihm 4, and (#!.%".B") is a stationary point of

The objective function of Problem 4 is differentiable
but non-convex. The constraint set X of Problem 4
is convex. In general, for given (¢,7,v), we can
only obtain a stationary point of Problem 4, denoted
as (ZT(C, ,v),% (c, 7, Z),BT(C, v, g)), e.g., using
gradient projection methods, which will be illustrated
later.

As c increases, the approximated problem in Prob-
lem 4 becomes increasingly accurate to Problem 3. The
penalty method for Problem 3 consists of a sequence

Problem 3.°
Proof: Please refer to Appendix C. ]
Fig. 5 illustrates the convergence of Algorithm 4
for the network in Fig. 1. From Fig. 5, we can see
that as n increases, the non-convex constraints in (35)
and (36) tend to be satisfied, and the network cost
goes to 28, which is the optimal network cost to

9The _constraint set of Problem 3 can be written as
(z,zﬂ : (35),(36)} A X, in terms of (z,i, B), where X is
the constraint set of Problem 4.

(e(n). B(n), (n)))
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1 _ — +\2 2
+ 270 Z (((Vkij,p,l,m + Cglm-]-,p#l,m) ) - Vkij,p,l,m)

(k,i),(i,5)€E,

pEP,l,meL

Le (z%.B,0,v) = > Uy (Z Zij,l>
()€ lec
1
ton DL

Z; #0, (i,5)€E,
pEP,mEL

+\?2
(7” pam € “Lij.p, m) ~ Kigpm

(37

Problem 2 (Problem 1). Algorithm 4 converges quite
quickly (within 5 iterations for the outer loop).

focus on obtaining a stationary
point (zT (c,7,v),X (c,D, g),BT (¢, 7, g)) of
Problem 4, using gradient projection methods [28,
pp. 228]. We first compute the partial derivatives of
Lc(z,%,8,7,v) in (37) as follows:

OLe .
82131 U <ZZ”7 )

Now, we

(43)

Algorithm 5 Gradient Projection Method for Prob-
lem 4 (Penalty Approximation)
INPUT: ¢,v, v
OUTPUT: z' (¢, 7,v), X (c
1 initialize n = 0, z(0), %(0),
2: loop
3 For all (i,j) € €&, each edge (i,5) updates
ziji(n + 1), Tijpm(n + 1) and Bkij,l,m(n + 1)
according to (46), (47) and (48), respectively,
where the projection [ |« on the constraint set
of Problem 4 is computed using Algorithm 6. In
other words, (z(n+1),X(n+1),B(n+1)) =

meL — — —* —7
oL, ~ _ . (z (#.%.8).% (+.%,8).8 (+.%.8))
BT = Z (Vkijyp’l,m + Cgkij,p,l,m) obtained by Algorithm 6, where
ij,p,m keZ;lel Zi5 = ziji(n)  —  e(n)Z 8 n),

_ = _ + — 7 OLc
+ Z ﬁkij,l,m (Vkij,p,m,l + Cgk:ij,p,m,l) i;j,p,m B ﬁkij,l,m(n) - E(TL) 8ﬂkij,z,m (n)’ and
keO;.leL Bkz]lm _ﬂkzglm(n)_e(n)%(n)
4 Setn=n+1. .
5: end loop
_ +
- Z ﬁijk,m,l( Vikp,l +Cg7k p,l )
e el . {e(n)} denotes the diminishing stepsize satisfying:
 (Vigpun + G4y ) (44) = =
e n e(n) = 0 as n — oo, Z e(n) = oo, Z e(n)?
- Lki,p,l ((Vk:ij,p,l,m + cgkij,p,l,m) n=1 n=1
861%] I,m I;) (49)
+ and []. denotes the projection on the convex con-
- (Zij,p,m""cgij’p,m) ) (45)  straint set of Problem 4, i.e., the set of solutions
satisfying (3)-(6), (8), (10), (32)-(34), which can be
For given (c,7,v), the gradient projection obtained in a d.1str1buted. manner using the. primal-
method to  compute a  stationary  point dual algorlthm in Algorlthm 6. We shall illustrate
i —t =t = .. the details of Algorithm 6 later. It has been shown
z'(c,v,v),X'(c,v,v),3 (¢,U,v)) of Problem 4 is — N\ =
that as n — oo, (z(n),X(n),B3(n)) converges to a

summarized in Algorithm 5. The update equations in
Algorithm 5 are given below:

0L,
ziji(n+1) = |zi1(n) — €e(n) B (n)} (46)
L g, *
0L,

Tijpm(n+1) = |Tijpm(n) — 6(”)%(”)]

] @)
_ [ OL,
Brijim(m+1) = |Brijim(n) — 6(”)85(”)]

L kij,l,m

(48)

where the partial derivatives of L. (z,i, 6,7, g) in
(46), (47) and (48) are given by (43), (44) and (45),

' (2,%, 8) and (z’,iﬂﬁ

stationary point (z'(c, 7, v), % (c,7,v), ,6T(C, v,v)
of Problem 4 [28, pp. 232]. Fig. 6 illustrates the
convergence of Algorithm 5 for the network in Fig. 1.
We can see that Algorithm 5 converges quite quickly
(within 50 iterations for the outer loop).

. . g =
Next, we study the projection of (z’ 5 ,B)
on the convex constraint set of Problem 4, i.e.,
. First, define the distance between

/) as follows:

(1>
—
R
=
IS
S
=
_|_

(i,7)EElEL (i,j)€EleL

(@ijpa — Tojpi)”
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Fig. 5: Convergence of Algorithm 4 (Penalty Method for Problem 3) for the network in Fig. 1. In (a), the curve represents
the augmented Lagrangian function L) (z(n),X(n), 8(n),¥(n),v(n)) at the n-th iteration, where Lc(-) is given by (37).

_ +
In (b), the curve represents Y, . ; ee pep imer (Tkijpoim (7)) T21 40, (j)eEpePmes (g

+
(n)) at the n-th

=ij,p,m

iteration. In (c), the curve represents > ; ;o Uij (X1 ziji(n)) at the n-th iteration.

40

35
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25

20

Obj. Func. of Prob.4
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Fig. 6: Convergence of Algorithm 5 (Gradient Projection
Method for Problem 4) for the network in Fig. 1. The curve
represents L (z(n),X(n), 3(n),v,v) at the n-th iteration
for given ¢ > 0, 7 = 0 and v = 0, where L.(-) is given by
(37).

+ (Bkij,l,m - Bllﬂ‘j,l,m)2' (50)

>

kETi#0,(i,5)€E L,mEL

The projection of (z’ X ,B/) on the convex constraint
set of Problem 4 can be obtained by solving the
following problem.

Problem 5 (Projection on Constraint Set of Prob-
lem 4): For given (z’ %', 8 ), we have:

D (2%8,7.%.8)

min
z,%,08,f
s.t. (3),(4),(5),(6),(32),(33),(34).

The optimal solution to Problem 5 is written as
(= (#.%.8) % (#.%,
In addition, we have z X ,B/)}
(+ (#.x.8) % (+%.8).8 (+%.8)).
Problem 5 is convex and can be solved us-
ing the primal-dual method. By relaxing the con-
straints in (4), (5)/, (6) and (34) of Problem 5,
for given (z/,X',3), we have the following La-

grangian function L(z,i,ﬁ,f,)\,n,uf) given in
(51), where X £ (A )i jjeseTiec = 0, m =
A

(i) Gjyee = 0, p = (uk,)icvpep, e and &
(&ij.p1)(id)ee peP, teT icc = 0 denote the Lagrangian
multipliers w.r.t. the constraints in (4), (5), (6) and (34)
of Problem 5, respectively, with abuse of notations. The

9) 3 (v 1 (4x.3))

artial derivatives of L (z,%, 3,f, X, n, u, §) are given
by:
| oL
iyl teT
oL _ _
0T+ =2 (‘TijJLm - x;ﬁj,p,m) - Z gfj,p,mBij
t,p,m te{t:peP:}
(53)
oL — —
——— =2 Byt — Brigiom (54)
aﬁkij,l,m 1;t,m WAL
oL t t t t
A = Nija T 1 p L [0 # 0] — i 1 [Z5 # 01+ &5 4
i7,p,l
(55)
oL
W = Z fj,p,z — Zij,l (56)
i, pEP:
oL
— = Zzij,l — Bjj (57
Onij leL
oL t t t
B = Z fikpt — Z Jrips = Oip
vp keO;,lel keZ; leL
(58)
oL _
e = Jijpa — TijpaBij- (59)
i7,p,l
Similar to Subproblem 2 in Section IV,
for given 7z, X ,B/ , the primal optimal

(# (+.%.8).x (#.x.8) .8 (#.x.8) .t (+.x.5))

and the dual optimal

(Xk (z',i’,ﬁ) " (z’,x

of Problem 5 can can be obtained using the primal-
dual algoritm summarized in Algorithm 6. The update



= — 7 . = */ 2 : E t § g
L (Z7X7 ﬁ7 f7 >\7T'7M7§) =D (Z7X7 ﬁ,Z » X ) )‘le ( fij,p,l Zij,l) + Nij ( Zij,l Bz])
(i,7)€E, PEP: (i,§)€E lel
teT,leL
t t t t t t —
+ D Hip Yo fhwi— D fhipi—oip |+ Y &t (Fpr — FigpaBi)
i€V, ke, leL keT;,leL (4,5)€E,pEPy,
PEP,LET teT,leL

14

(51

equations in Algorithm 6 are given below:

oL
zija(n +1) =zija(n) = 5(n) 57— (n) (60)
Zig,l
oL
Tijpi(n+1) = [xij,p,l(n) —7(n) s (n)} o
(61)
_ _ oL
Biagaan (14 1) = Buyam() = 20) =2— (o)
OBrijim [0,1]
2)
oL +
fipal4 1) =( Fpa) = 20) 55— ()
i7,p,l
(63)
oL +
1) = (M) 42 () (64
17,1
oL +
w1 = () 4o T ) (63)
771_]
oL
pf ,(n+ 1) =pi ,(n) + y(n)a—t(n) (66)
i p
oL +
a1+ 1) =(€hspalo) #2005~ (0))
i7,p,1
(67)
where the partial derivatives of

L (z(n),%(n), B(n),f(n), X(n),n(n), p(n),&(n)) in
(60), (61), (62), (63), (64), (65), (66) and (67) are
given by (52), (53), (54), (55), (56), (57), (58) and
(59). [z][0,1] denotes the projection of 2 on [0,1], and
{v(n)} denotes the diminishing stepsize satisfying

~v(n) — 0 as n — oo, Z v(n) = oo, Z’y(n)Q
n=1

n=1

< 0.

(68)

Note that Algorithm 6 can be implemented in a
distributed manner. In addition, it his been shown
[32] that as n — oo, (z(n),X(n),B(n),f(n)) —

B B).B (.%.8).¢
(r (rx (A)m),ngz),};(m,)e(n))(z o)l
()\* (z’,i/,ﬁ/) ,n* (z’,i/,,@l> s Z',i/,5/> & (
(z' %8, Algorithm 6

L =
converges to the projection of (z’ 7x’,ﬁ) on

In other words, for given

Algorithm 6 Primal-dual Method for Problem 5 (Pro-

jection)

INPUT: Z/, X' and B

OUTPUT: z* (z’,i’,ﬁ’) X ( )
i

A* (Z,7§/7B/) 717* (z/7§,73l) ’IJ’* (
¢ (+.%.8)
1: initialize @ n = 0,
z(n),X(n), B(n), £(n), A(n),n(n), u(n) and &(n).
2: loop
3:  Update zji(n + 1),Tijpi(n + 1), ,Bkwlm(n +
1) f1] P, l(n+ 1) )‘1] l(n+1)7nlj(n+ 1) i p(n+1)
and 52 1(n + 1) according to (60), (61), (62), (63),
(64), (65) (66) and (67), respectively.
4. Setn=n-+1.
5: end loop

u\ Q\

) and

() o

n
o

- o
[S=-1
T

=)

—
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Fig. 7: Convergence of Algorithm 6 (Primal-dual Method for
Problem 5) for the network in Fig. 1. The curve represents

D (2(n),%(n), Bn), 7, %', B')
given (z’,i’,ﬁl), where D(-) is given by (50).

at the n-th iteration for

the convex constraint set of Problem 4, i.e.,

[(z’,i’,ﬁlﬂ , as n — oo. Fig. 7 illustrates the
convergence of Algorithm 6 for the network in Fig. 1.

VI. CONCLUSION

In this paper, we considered linear network code
constructions for general connections of continuous
flows to minimize the total cost of edge use based on

To solve the minimum-cost network coding

XJ-v:f)problem we proposed two equivalent alter-
natlve ormulatlons with discrete mixing and contin-
,uouﬁ ing, respectively, and developed distributed
algorithms to solve them. Our approach allows fairly
general coding across flows and guarantees no greater
cost than existing solutions.

10000

—/

B
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APPENDIX A: PROOF OF LEMMA 1

First, we consider L = 1. We omit the index terms
(1) and (1, 1) behind the variables for notational sim-
plicity. Let {zi;}, {%ijp}, {Bri;} and {f{; ,} denote
a feasible solution to Problem 1. We shall extend the
proof of Lemma 1 in [14], [24] for the integer flows
( Z-tjyp € {0,1}) and unit source rates (R, = 1) with
one global coding vector over each edge (z;; € {0,1})
to the general continuous flows ( fj)p € [0, B;;]) and
source rates (R, € R") with multiple global coding
vectors (z;; € [0, Bij]) over each edge. In the general
case, we code over time n > 1. For all p € P,
convert source p with source rate I, over time n to
|nR, | unit rate sub-sources py,- -+ ,p|ng,|- For each
edge (i,j) € &, allow the total number of the sub-
flows of flow p € P, to terminal ¢ € T to be fewer
than or equal to [nf}; ]. Therefore, the flow path
of flow p can be decomposed into |nR,]| unit rate
sub-flow paths py,--- ,p g, from source p € P,
to terminal ¢ € 7. The sum rate of unit rate sub-
flows of flow p over edge (i,7) € £ is less than or
equal to [nf}; ,]. The sum rate of unit rate sub-flows
of all the flows over edge (i,j) is less than or equal
to Zjj = maxie7 y_,cp,[nfi;,]. Decompose edge
(¢,7) into Z;; sub-edges. Let sub-flows to terminal ¢
pass different sub-edges, i.e., each sub-edge transmit
at most one sub-flow to terminal ¢{. We have now
reduced the general case to the special case considered
in Lemma 1 in [14], [24]. Therefore, we can show that
there exists a feasible linear network code over time
n. The associated average sum transmission rate over
edge (4,7) is Z;;/n. Note that z;;/n — z;;/n < P/n.
Therefore, this code design can achieve the minimum
cost U*(1) by taking n arbitrarily large.

When L > 1, we can convert each edge (i,5) € €
into L edges. Then, we can apply the above proof for
L =1 to the equivalent constructed network.

APPENDIX B: PROOF OF LEMMA 3

It is obvious that (i) implies (ii). Next, we show
that (i) implies (iii). Suppose (i) holds, which indicates
that each {z;;;} associated with a feasible solution to
Problem 1 is also associated with a feasible solution to
Problem 3, and vice versa. By noting that {z;;;} fully
determines - ; oo Uij(3o1e . 2ij,), the two related
feasible solutions for the two problems have the same
network cost. Thus, the set of feasible network costs to
Problem 1 is the same as that to Problem 3, implying
the optimal values of the two problems are the same.
Therefore, we can show that (i) implies (iii). Thus, to
show Lemma 3, it is sufficient to show (i). Note that
in the proof, we only need to consider the different
constrains between Problem 1 and Problem 3.
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To show (i), we first show that when x;; ,; € {0,1}
and Biiji1m € {0,1}, Constraint (9) is equivalent to
the following two constraints in (69) and (70).

Lij,p,m > ﬁkij,l,mxk'i,p,lv kel lecL

meLl, L; #0, (i,j) €E,peP (69)
Tijpm < BrijlmThips
keZ;lel
mecL, L, #0, (i,j)e&peP. (70

Note that Constraints (9), (69) and (70) are for all
meL, L, #0, (i,5) € £ and p € P. Thus, we prove
this equivalence by considering the following two cases
forany m € £, Z, # 0, (i,j) € € and p € P.
First, consider the case where Biij i mrip1 = 0 for
all £k € Z; and [ € L. Constraint (9) implies that
Zij,p,m = 0, and Constraints (69) and (70) also imply
that z;; , » = 0. Second, consider the case where there
exists at least one pair (k,!), where k € Z; and | € L,
such that Srij i m®rip; = 1. Constraint (9) implies
that x5, .,m = 1, and Constraints (69) and (70) also
imply that x;;, ., = 1. Note that under the integer
constraints z;;,; € {0,1} and Bijim € {0,1},
the above two cases are the only two possible cases.
Therefore, we can show Constraint (9) is equivalent to
Constraints (69) and (70).

Next, we show that the first statement of (i) holds.
Suppose {ziji}, {fi; p1}s {%igpi}ts {Brijim} is a fea-
sible solution to Problem 1. Let Z;j,; = ij,p;1 €
{0,1} for all [ € L, (i,j) € £ and p € P, and
Brijim = Brijum € {0,1} for all k € I;, I, #
0, (¢,4) € £andl,m € L. Since Constraints (32), (33)
and (34) in Problem 3 can be treated as the continuous
relaxation of Constraints (1), (2) and (7) in Problem 1,
{1 A%ijpa}s {Brijim} satisfies Constraints (32),
(33) and (34). In addition, since Constraint (9) is
equivalent to Constraints (69) and (70), and Constraints
(35) and (36) can be treated as the continuous relax-
ation of Constraints (69) and (70), {Z;; p.}, {Bkij,l,m}
satisfies Constraints (35) and (36). Therefore, we can
show {zij0}, {f}; pu} AZijpa} {Brijp.m} is a feasible
solution to Problem 3.

Finally, we show that the second statement of (i)
holds. Suppose {zij1}, {f{; 1} {Zijpa}s {Brijim} is
a feasible solution to Problem 3. Let 2,1 = [Zij p.1]
forall I € £, (i,j) € € and p € P, and Biijim =
I_Bkij,l,m-| for all k € Zi, I; 7é @, (Z,]) € & and
[,m € L. In other words, if Z;;,; =0 (Bk’ij,l,m =0),
then zijp1 = 0 (Brijrm = 0); if Tijpy € (0,1]
(Brijim € (0,1]), then xijp; = 1 (Brijum = 1.
It is obvious that {ff; ;},{%ijp1}s {Bkijim} satis-
fies Constraints (1), (2) and (7). It remains to show
{Zijpats {Briji,m} satisfies Constraint (9). Note that
Constraint (9) is for all m € £, Z; # 0, (i,j) € €
and p € P. Thus, similarly, we prove this result by
considering the following two cases for any m &



L, T, #0, (i,j) € € and p € P. First, consider the
case where Byij1.mZrips = 0forallk € Z; and [ € L.
Constraints (35) and (36) imply that Z;;,., = 0,
and hence, we have z;;p.m = [Zijpm] = 0. In
addition, Bkij,l,mi'ki,p,l =0forallk€Z;,andl € L
also implies Brij,i,mTripi = [Brijim|[Tripi] = 0
for all kK € Z;, and | € L. Thus, in this case,
we can show {x;; p1}, {Brijim} satisfies Constraint
(9). Second, consider the case where there exists at
least one pair (k,l), where k € Z; and | € L,
such that Bkj1.mZripi € (0,1]. Constraints (35) and
(36) together with Constraints (32) and (33) imply
that Z;; ,m € (0,1], and hence, we have z;;p, m =

[Zripi] = 1. In addition, BrijimZrips € (0,1]
together with Constraints (32) and (33) also imply
BrijimThipi = |Brijim|[Zripy] = 1. Thus, in

this case, we can show {x;;, i}, {Bkijim} satisfies
Constraint (9). Note that under the continuous con-
straints z;;,; € [0,1] and Brij1.m € [0,1], the above
two cases are the only two possible cases. Therefore,
we can show {21}, {ff; , 1} A%ijpa}s {Brijim} is a
feasible solution to Problem 1.

Therefore, we complete the proof of Lemma 3.

APPENDIX C: PROOF OF THEOREM 1

In the following, we prove a theorem, i.e., Theo-
rem 2, which is more general than Theorem 1. For
ease of illustration, we first introduce some notations.
Denote x = (z1,---,%,), z2 = (21, --,2) and

xf Bm - ,%fn) , Where r < n. Consider
the following optlmization problem.

Problem 6 (Equality and Inequality Constrained
Problem):
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Its augmented Lagrangian function is given by [28,
3981

L. (x,z,\, p) = f(x) + ATh(x) +

+ Z (Mg‘ (95(%) + 25)

where h = (hy,---
p= ()T
Assume f, h;, i =1,--- ,mand g;, j=1,---,7
are continously differentiable. Assume the constraint
set X £ {x € R'hi(x) = 0,9;(x) < 0,i =
1,--+m,7 =1,---r} of Problem 6 is nonempty. The
following theorem shows that a stationary point of
Problem 6 can be obtained using the penalty method
considered in this paper. Note that Theorem 2 extends
Proposition 4.2.1 in [28]. In addition, Theorem 2
implies Theorem 1.
Theorem 2: For n

SIh()?

Cc
+5la;0) +22P) . (72)

h)s A= (A, Am) T and

= 0,1,---, let x(n) € X
be a stationary point of Lc,)(x,A(n),u(n)), ie.,
VL) (%, A(n), p(n))T(x — x(n)) > 0 for all
x € X, where {A(n)} and {p(n)} are bounded
and {c(n)} satisfies 0 < c¢(n) < ¢(n + 1) for all
n and ¢(n) — oo as n — oo. Assume x(n) —
x* € X, N(n) — A7 and p;(n) — pf, where
Ai(n+1) = Xi(n) +c(n)hi(x(n)), i =1,--- ,m and
i+ 1) = pg(n) + e(n) (g5 (x() + 2(n)%), j =
1,---,r. Then, x* is a stationary point of the prob-
lem 6, i.c., Vi f(x*)T(x — x*) > 0 for all x € X.

Proof: By the proof in [28, 405], we know that
for given ¢(n), A(n) and p(n), we have:

min f(x) _
Lc(n) (X7 A(n)a H(n)) = min Lc(n) (X7 z, )‘(n)7 /L(Tl))
s.t. hi(x) =0 s han(x) = 0, B z
9;(%) <0, , g (x) < 0. =Ly (%,2 (x,¢(n), AM(n), u(n)), A(n), u(n)) ,V(>;3€) X,
Its augmented Lagrangian function is given by [28, pp.  Where
406]: c z (x,¢(n), A(n), u(n)) £ arg min Ec(n) (x,2,A(n), u(n
Le (6. A1) = (x) + ATh(x) + £ [h(30)|? ‘
L First, we show that (x(n), z(n)) is a stationary point
+ % Z ((max (0, pj + cgj x)))* — ,u?)qf Le(ny (x,2,X(n), pu(n)). By (73), we have:
=1
7)) VaLew) (x,2(x,¢(n), A(n), u(n) , A(n), p(n))"
where h 2 (hy,--- ,hy) and A 2 (A, -+, A7, (z — z(x,¢(n), A(n), u(n))) =0, Vx € X

Convert Problem 6 to the following problem [28, pp.
406]:
Problem 7 (Equality Constrained Problem):

min f(x)
st hi(x) =0, hp(x) =0,

=V, Loy (x(n), 2(n), A(n), ()" (2~ 5(n)) = 0, Va € R,

(74)

where z(n) £ z (x(n),c(n), A(n), u(n)). Since x(n)
is a stationary point of L(,)(x, A(n), u(n)), we have:

Vch(n) (X(n)v A(n)’ ll’(n))T (X - X(n)) >0, Vxe X.
(75)



By (73) and (75), we can get:
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Thus, (x*,z*) is the stationary point of f(x). So, we

have:

Vi Le(n) (x(n), 2(n), A(n), p(n))"
(76)

By (74) and (76), we can get:

VL) (x(n), 2(n), A(n), u(n))" (x = x(n))
+ VZI/(‘(TL) (X(’I’L), Z(n)7 )\(TL), p’(n))T (Z - z(n)) 20,
Vx € X, Vz e R". 77

z(n)) is a stationary

Thus, we can show that (x(n), [1]
(

point of L.,) (x,2, A(n), p(n)).
Next, we show that (x*,z")

m>va+z%m

know:

Vx

a stationary point of

is
) zj). By (72), we

(2]

[3]

(x,2,A\, ) = Vf(x) + Vh(x)X + c¢Vh(x)h(x)
(4]
Vgi(x)p; +clg;(x) + 25)Vg;(x))  (78)
[5]
(%,2, A\, 1) = 2525 + 2cz (9]( )*Z?)v j=1,-
(79) (6]

L.
3
V., Le

Substituting (78) and (79) into (77), we have: 1
(Vf(X(n)) + Vh(x(n)) (A(n) + c(n)h(x(n)))
+ XT: Vg, (x(n

+Z 2z;(n

- [8]
Mmmwmﬂwwm»+mm%@

19
(n) + c(n) (g5 (x(n)) + z;(n)°)))

(x —x(n

(2 — 2(n)) > 0, Vx € X, ¥z € R. 8oy
Since x(n) — x*, Aj(n) — A7 forall i =1,--- . m, |
j(n) — p; and zj(n) — 25 forall j =1, ,r, we
have:
T [12]

(Vf(x*)+v11 +Z Vg, (x )) (x —x%)

+ > 2255 (25— 27) 20, VX € X, z €R. 81

j=1
Since the L.IL%“.S of (81) is the gradient of f(x) + 114
AN h(x) + '21 15 (95(x) 4+ 27), we can show that
j:

(x*,2*) is a stationary point of f(x) + A* h(x) +

U [15]
Zluj (95(x) + 25)-
j=

Finally, we show that x* is the stationary point of
f(x), for all x € X. We denote Y £ {(x,2z)|hs(x
0,i = 1,---,m,g;(x )+z = 0,z; € Rg = 6]
1,---,r}. Note that (x,z) € y implies x € X. For all
@meywmwvfm+z%@m+w—[m
0. Note that, we have shown that ( z") is a station- g,

ary point of f(x) + A""h(x) + ; uj(gj(X) +23).

(x —x(n)) >0, VX€X . - .
Vaf (%) (x = x") + Vo f(x)" (2 —2") >0, V(x,2) € V.

(82)
Since V,f(x) = 0, we have Vyf(x)T(x — x*) >
0, for all x € X. Thus, we can show that x* is the
stationary point of f(x), for all x € X. [ |
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