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ABSTRACT Despite enhancement in rural areas is one of the main requirements in next generations of
wireless networks (i.e., 5G and 6G), the low expected profit prevents telecommunication providers from
investing in such sparsely populated areas. Hence, cost efficient alternatives are required for extending
the cellular infrastructure to these regions. A concrete mathematical model that characterizes and clearly
captures the aforementioned problem might be a key-enabler for studying the efficiency of any potential
solution. Unfortunately, the commonly used mathematical tools that model large scale wireless networks
are not designed to capture the unfairness, in terms of cellular coverage, suffered by exurban and rural
areas. In big cities, in fact, cellular deployment is essentially capacity driven and thus cellular base station
densities are maximum in the town centers and decline when getting far from them. In this paper, a new
stochastic geometry-based model is implemented in order to show the coverage spatial variation among
urban, suburban, and exurban settlements. Indeed, by implementing inhomogeneous Poisson point processes
(PPPs) it is possible to study the performance metrics in a realistic scenario where terrestrial base stations
(TBSs) are clustered around the urban center while outer aerial base stations (ABSs) are uniformly distributed
outside an urban exclusion zone. Based on this, our simulation results can quantify the improvement, in
terms of coverage probability, that even a surprisingly low density of ABSs can bring to peripheral regions
depending on the extension of the exclusion zone, enabling us to draw insightful considerations.

INDEX TERMS Stochastic geometry, Poisson point process, coverage probability, UAV, rural areas.

I. INTRODUCTION
Even though wireless connectivity is rapidly spreading all
around the world, the number of uncovered users living in
rural and low income areas is still large because telecommu-
nication operators are not motivated to invest in low return
on investment (ROI) rate zones [1]. Therefore, appropriate
countermeasures are needed in order to even the connectivity
opportunities of all users, no matter the type of area they live
in.

During the last decade, the number of use cases and applica-
tions of unmanned aerial vehicles (UAVs), especially drones,
dramatically increased [2], [3] despite their strong limitations
in terms of payload capability and flight time. Particular re-
search interest now regards the introduction of UAV-mounted
base stations (BSs) in order to serve ground users [4], [5].
This is motivated by the fact that increasing the altitude of

the BSs leads to higher probability of establishing a line-of-
sight (LoS) channel, which is more efficient than its non-LoS
(NLoS) counterpart. Finally, low cost, high mobility, and fast
deployability of drones make them appropriate for covering
large regions with low traffic demand density such as rural
areas, apart from the fact that they could be used for other
applications such as precision farming [6] or precision agri-
culture [7] and even delivery of small and light packages [8].

One of the most popular mathematical tools that are widely
used to analyze cellular networks is stochastic geometry.
However, there is always an underlying assumption of ho-
mogeneity, which does not capture the spatial variation of
coverage between different environments such as urban or
rural. In this paper, we develop a stochastic geometry based
framework that captures such variation while deploying ABSs
to enhance the coverage only where required, which is mainly
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rural and remote areas. More details on the contributions of
this paper will be provided in Sec. I-B. But first, we enlist
some of the most relevant literature in the next subsection.

A. RELATED WORK
This subsection provides a concise summary of the related
papers belonging to two general fields of study: (i) coverage
enhancement in rural areas and (ii) stochastic geometry-based
analysis of UAV networks.

1) COVERAGE ENHANCEMENT IN RURAL AREAS
Several papers suggested various solutions for ensuring better
services to rural users. In [9], for instance, an overview of the
main smart and cost-aware fronthaul and backhaul solutions
for rural connectivity has been provided for the most com-
mon scenarios. Similarly, authors in [10] compared relevant
communication paradigms to evaluate their effectiveness in
rural environments, based on their network architectures, per-
formance parameters, and deployability. On the other hand,
authors in [11] firstly developed a simplified model to evaluate
the required subscription fees for users living in rural and low
income environments in order to amortize the costs of a 5G
architecture, eventually proving that the UAV-based solution
would be effective. Next, an innovative algorithm was pro-
posed in [1] in order to optimize the selection of the ground
sites needed for the UAVs and their optical fiber links, taking
into account both coverage and energy constraints. However,
since there are still large low-income rural regions around the
globe that need very basic connectivity, works such as [12]
mostly discussed previous wireless technologies (including
2G and 3G), primarily with respect to their performance in
cost. In [13], TV band white space (TVWS) with 5G infras-
tructure is suggested as a supplement for rural communica-
tions, since it may be cost-effective from a service provider’s
perspective.

Another important field of study regards the improvement
of coverage and capacity for rural vehicular users, which has
been evaluated in case of deployment of high-altitude plat-
forms (HAPs) in [14]. On the other side, studies such as [15]
proposed software defined networks (SDNs) in order to com-
pensate the unpredictability that characterizes rural zones by
efficiently managing their wireless networks. Finally, it is
believed that dense deployment of low Earth orbit (LEO)
satellites can lead to improving the coverage in various rural
and remote regions [16], [17].

2) STOCHASTIC GEOMETRY FOR UAV NETWORKS
Nowadays, stochastic geometry is recognized as an effective
mathematical tool to model and analyze various performance
metrics of wireless networks [18] –[26]. The performances of
UAV networks and UAV-assisted terrestrial cellular networks
(typically referred to as vertical heterogeneous networks or
VHetNets) have been evaluated by means of stochastic ge-
ometry in works such as [21], [22] and [23], respectively. In
particular, [23] assumes a setup where both TBSs and ABS are

uniformly distributed over their respective horizontal planes.
Another interesting setup is proposed by authors in [24],
where the network architecture consists of three tiers (macro
and small TBSs supported by ABSs). As shown in [25],
stochastic geometry approaches are effective also for cap-
turing how the coverage probability depends on the spatial
distribution of the charging stations. While all the aforemen-
tioned works referred to untethered UAVs (U-UAVs), in [26]
an innovative stochastic geometry approach is proposed to
derive the probability distribution of the minimum inclination
angle of the wires supplying power and data to tethered UAVs
(T-UAVs).

B. CONTRIBUTIONS
The contributions of this paper can be summarized as follows:

• This paper provides the first stochastic geometry-based
framework specifically designed to analyze the downlink per-
formance of large scale wireless networks while capturing the
performance variation among different types of environments:
urban, suburban, exurban, and rural areas;

• The unfairness (in terms of coverage probability) expe-
rienced by users located far from town centers is captured
by modeling the locations of terrestrial base stations using
inhomogeneous PPP;

• Given the inherent challenges in analyzing inhomoge-
neous PPP-modeled networks, we derive various novel dis-
tance distributions in order to evaluate the quality of service
(QoS) experienced by mobile users as a function of their
distance from the town/city center;

• Unlike existing works, where ABSs are typically assumed
to be deployed everywhere, we propose a realistic setup where
ABSs are sent only in regions that suffer from lower perfor-
mance. This is achieved by introducing an exclusion zone, in
which the deployment of ABSs is not needed since existing
TBSs are already providing sufficient coverage probability.
We compute the coverage probability for this novel setup and
show how the degradation in the performance, as the users
move away from the town or the city center, can be lifted
in a cost efficient manner by deploying ABSs only where
needed.

II. SYSTEM MODEL
A. NETWORK MODELING
Letting the types of BSs A, L, N , T , M, B, C, and Q be
defined as in Table 1, their use as subscripts or superscripts
will characterize each quantity accordingly.

By introducing a polar coordinate system (θ, r) centered
around the town center, we introduce a downlink cellular
network in which all the TBSs are located according to
an inhomogeneous PPP �T ≡ {Yi} ⊂ R2 of density λ̃T (y) =
GT (‖y‖) λT , where GT (‖y‖) represents the probability density
function (PDF) describing the planar distribution of the TBSs.
To describe our scenario, GT (‖y‖) is assumed to be a mono-
tonically decreasing function. In addition, we consider the
deployment of ABSs at altitude h (assumed to be constant, for
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TABLE 1 BSs’ Subscripts and Superscripts

FIGURE 1. Schematic representation of the setup considered: each user Ui is located at a distance ru,i (with i ∈ N+) from the origin and associates to the
BS that provides the maximum average received power. The exclusion zone is showed in red at altitude h, which is common to all the UAVs.

simplicity) according to a PPP �A with density λA outside an
exclusion zone of radius re centered at around the origin (see
Fig. 1). Note that the PPP assumption is widely accepted for
modeling cellular networks and has been empirically verified
in many studies (e.g., [27]–[29]).

We will derive mathematical expressions for the coverage
probability considering that the signals transmitted by any
Q BS have fixed constant transmit power pQ, and experi-
ence standard power-law path loss propagation model with
path loss exponent αQ > 2. For simplicity, it is also assumed
that random channel effects are incorporated by multiplica-
tive random values that correspond to Nakagami fading gains
annotated by H for the desired signal and GQ,Wi for each
interferer of type Q located at the point Wi of the respective
point process.

For the terrestrial network model, we consider a scenario
where λ̃T is only function of the horizontal distance r from the
origin, which means that the system is radially-symmetric and
hence isotropic (i.e., rotation-invariant when rotated around
the origin [30]). As a result, if the typical user is located at a

generic point U = (θu, ru), we can arbitrarily put θu = 0 for
simplicity.1

Regarding the aerial network model, UAVs are deployed
starting from a distance re from the origin, according to a
homogeneous PPP with density λA on a horizontal plane at
fixed altitude h. Note that this assumption is very realistic,
since it has been shown in [31] that the coverage probability
depends on the average value of ABSs’ altitude rather than
on its distribution. Hereby, backhaul links of the ABSs are
considered ideal, meaning that they have sufficient bandwidth
and no errors. Practical solutions for backhaul in rural areas
might rely on LEO satellites, TBSs, or even tethered UAVs,
as suggested in [32]. However, this paper mainly focuses on
the use of ABSs for providing more a reliable access link to
the typical user.

1Indeed, even assuming θu �= 0 it would still be possible to perform a
rotation of the axis around the origin such that the new angle of the user
is zero.
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B. CHANNEL MODELING
This subsection aims to characterize both the terrestrial and
the aerial wireless channels. Let m and η respectively denote
the Nakagami-m shape parameter and the mean additional
transmission losses. Introducing ξQ = ηQ pQ, then the terres-
trial and the air-to-ground (A2G) channels can be character-
ized as follows.

1) TERRESTRIAL CHANNEL
For the terrestrial links, we consider a standard power-law
path-loss model given by �T (z) = ηT zαT for any TBS lo-
cated at generic distance z from the user, where L denotes
the path loss. Furthermore, we assume that the terrestrial links
experience small-scale fading in the form of Nakagami-m
distribution with shape parameter mT , and the channel fading
power gains GT,Yi follow a Gamma distribution with PDF
given by

fGT,Yi
(g) = mmT

T gmT −1

	(mT )
e−mT g, ∀Yi ∈ �T , (1)

where Yi indicates the location of the i-th TBS and 	(m) =∫ ∞
0 xm−1 e−x dx is the Gamma function. Hence, the received

power at the typical user from a TBSs located at Yi is given by
KT = ξT GT,Yi Z−αT

T , where ZT represent the random horizon-
tal distance between the typical user and the TBS considered.

2) A2G CHANNEL
Small-scale fadings on NLoS and LoS links are usually
Rayleigh or Rician distributed, respectively. However, the

Nakagami-m distribution with shape parameter2 m = (K+1)2

2K+1
approximates the Rician distribution with factor K [23]. Fur-
thermore, independent small-scale fading will be considered
on each link for NLoS and LoS transmissions, which occur
with specific probabilities depending on the height and density
of the buildings, the type of environment, and the elevation
angle. Indeed, according to [33] we introduce the LoS proba-
bility as

PL(z) = 1

1 + Sa exp
(
−Sb

(
180
π

tan−1
(

h
z

)
− Sa

)) , (2)

where Sa and Sb are the so-called s-curve parameters and are
environmental constants, z is the horizontal component of the
Euclidean distance between the typical user and the ABSs.
For the sake of an easier tractability, we assume Sa and Sb to
be uniform over the entire environment considered. Trivially,
the NLoS probability is the complement to unity of the LoS
one, that is PN (z) = 1 − PL (z). Each ABS is either in LoS
or NLoS condition with the user, independently of the other
ABSs. From the user’s perspective, therefore, it follows that
�A = �L ∪�N , where each point of �A is mapped into �L

if the respective ABS is in LoS condition with the user and
into �N otherwise.

2Recall that the respective scale parameter is equal to the reciprocal of the
shape parameter.

The channel fading power gains for either LoS or NLoS
ABSs, GM,Xi , follow similar distributions to their terrestrial
counterpart, i.e.

fGM,Xi
(g) = mmM

M gmM−1

	(mM )
e−mM g, ∀Xi ∈ �M , (3)

where M ∈ {L,N} and Xi indicates the location of the i-th
ABS and m denotes the Nakagami-m shape parameter. The
received power at the typical user from an ABS located at
point Xi can be computed as

KM,Xi = ξM GM,Xi D−αM
M,Xi

, ∀Xi ∈ �M , (4)

where DM,Xi ’s are the random variables (RVs) identifying the
Euclidean distances between any ABS located at the point Xi

and the typical user.

C. ASSOCIATION POLICY
In this paper, the strongest average received power association
rule is adopted as in [23], that is, the user connects to the BS
providing the highest average received power. This, however,
does not exclude the possibility of having an interfering BS
that provides the highest instantaneous received power. Also,
note that due to possible differences in terms of path-loss ex-
ponent, mean additional transmit losses, and transmit power,
the serving BS may be farther than some interfering BSs from
other tiers. However, it is evident that the serving BS is always
the closest within its tier. Finally, no bias cell association is
adopted and hence the expected values of the fading gains over
all the sets of BSs (i.e., E[GQ,Wi ],∀Wi ∈ �Q) are assumed
unitary. Because of this, the location of the tagged BS will
be provided by the maximum product ξQ D

αQ
Q,Wi

, that is

W ∗ = arg max
Wi∈�Q

Q∈{L,N,T }

(ξQ D
−αQ
Q,Wi

) . (5)

D. INTERFERENCE AND SIGNAL TO INTERFERENCE PLUS
NOISE RATIO (SINR)
Being W ∗ ∈ �B the location of the serving BS, the instanta-
neous SINR at the typical user can be expressed as

SINR = KB,W ∗

σ 2
n + I

, (6)

where σ 2
n is the additive white Gaussian noise (AWGN) power

and I is the aggregate interference power. Since C denotes the
type of each interfering BS, then the RV I can be introduced
as

I =
∑

C∈{L,N,T }

∑
Wi∈�C
Wi �=W ∗

KC,Wi . (7)

E. COVERAGE PROBABILITY
The coverage probability is defined as the complementary cu-
mulative distribution function (CCDF) of the SINR evaluated
at a designated threshold τ , that is

Pc = P(SINR > τ ). (8)
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III. PERFORMANCE ANALYSIS
In this section, the distributions of the distance to the closest
BS, the SINR, the association probabilities, and the condi-
tional Laplace transforms of the interference will be derived
for each type of tagged BS in order to obtain the approximate
coverage probability.

A. DISTANCE TO THE NEAREST TBS
Intuitively, the coverage probability is function of the distance
of the tagged BS. In order to derive the final expression of the
coverage probability, for each type of BS we characterize the
distribution of the horizontal distance between the user and the
closest transmitter by computing the cumulative distribution
function (CDF) and consequently deriving the PDF.

Theorem 1: Let (β, z) be the polar coordinate system cen-
tered at the user. Then the CDF of the random horizontal
distance3 ZT between the user and the closest TBS in an
inhomogeneous PPP with density λ̃T (r) = GT (r) λT is given
by

FZT (z) = 1− exp

(
−λT

∫ z

0

∫ π

−π
GT (r(β, z′)) r(β, z′) dβ dz′

)
,

(9)
where r(β, z′) = √

r2
u + z′2 − 2 z′ ru cosβ is the horizontal

distance to the town center expressed in the polar coordinate
system centered around the typical user, and ru is the distance
between the typical user and the town center.

Proof: See Appendix A. �
Corollary 1: The PDF of the distance between the user and

the serving TBS can be computed as

fZT (z) = F̄ZT (z) λT

∫ π

−π
GT (r(β, z)) r(β, z) dβ, (10)

where F̄ZT (z) denotes the CCDF of the RV ZT .
Proof: The result follows directly by taking the derivative

of the expression in (9). �
Theorem 2: When deploying the aerial network in the pro-

posed scenario, the following seven regions (four if the user
is outside the exclusion zone and three otherwise) need to be
identified according to Fig. 2 in order to describe the distribu-
tion of the minimum horizontal distance to the closest LoS or
NLoS ABS:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
I: z ≤ ru − re

II: ru − re < z ≤ zX (β∗)

III: zX (β∗) < z ≤ ru + re

IV: z > ru + re

if ru > re, (11)

and⎧⎪⎨
⎪⎩

V: z ≤ re − ru

VI: re − ru < z ≤ re + ru

VII: z > re + ru

if ru ≤ re, (12)

3Whenever not specified, we always refer to the distance from the user,
around whom the polar coordinate system is centered. Note also that for any
TBS the Euclidean distance equals its horizontal projection.

FIGURE 2. Schematic representation of the seven different regions formed
when introducing the vacancy (i.e., the grid shown in gold) for ABSs. The
four regions on the top correspond to the case with ru > re, whereas the
remaining three regions refer to the case ru ≤ re.

where β∗ = arcsin re
ru

and zX (β ) = ru cosβ +√
r2

e − (ru sin β )2 respectively denote the maximum angle
β and the maximum horizontal distance z of the points
describing the exclusion zone for any given angle ±β.

The CDF of the horizontal projection of the distance be-
tween the user and the closest ABS in LoS or NLoS condition
can be thus expressed as

FZM (z) =
{∑IV

i=I F i
ZM

(z)1i(z), if ru > re∑VII
i=V F i

ZM
(z)1i(z), if ru ≤ re

,

where each indicator 1i(z) is met if the circumference of
radius z falls into region i, and F i

ZM
(z)’s are expressed in terms
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of κM |ba = ∫ b
a PM (z) z dz as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F I
ZM

(z) = 1 − exp

(
− 2π λA κM |z0

)

F II
ZM

(z) = 1− exp

(
−λA

(
2πκM |z0−

∫ βi (z)
−βi (z) κM |zzm (β )dβ

))

F III
ZM

(z) = 1 − exp

(
− λA

(
2π κM |z0 − ∫ βi (z)

−βi (z) κM |zzm (β ) dβ

−2
∫ β∗
βi (z) κM |zX (β )

zm (β ) dβ

))

F IV
ZM

(z) = 1− exp

(
−λA

(
2πκM |z0−

∫ β∗
−β∗ κM |zX (β )

zm (β )dβ

))
,

(13)

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

FV
ZM

(z) = 0

FVI
ZM

(z) = 1 − exp

(
− λA

(
2π κM |z0 − ∫ βi (z)

−βi (z) κM |z0 dβ

− ∫ 2π−βi (z)
βi (z) κM |zX (β )

0 dβ

))

FVII
ZM

(z) = 1− exp

(
−λA

(
2πκM |z0−

∫ π
−π κM |zX (β )

0 dβ

))
,

(14)

where βi(z) = arccos z2+r2
u−r2

e
2 z ru

is the angle of intersection be-
tween the circumference of radius z centered at the user and
the exclusion zone and zm(β ) = ru cosβ − √

r2
e − (ru sin β )2

is the minimum distance of any point inside the exclusion zone
which angular coordinate is ±β (see Fig. 2). Note also that

FVII
ZM

(z) = F IV
ZM

(z)

∣∣∣∣ zm (β )=0
β∗=π

.

Corollary 2: The PDF of the horizontal projection of the
distance between the user and the closest N or L ABS is given
by

fZM (z) =
{∑IV

i=I f i
ZM

(z)1i(z), if ru > re∑VII
i=V f i

ZM
(z)1i(z), if ru ≤ re

,

where the functions f i
ZM

(z)’s are the derivatives of the respec-
tive F i

ZM
(z)’s, namely

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f I
ZM

(z) = 2π λA z PM (z) F̄ I
ZM

(z)

f II
ZM

(z) = 2 λA zPM (z)

(
π −

(
dβi (z)

dz + βi(z)
))

F̄ II
ZM

(z)

f III
ZM

(z) = 2 λA

(
zPM (z)

(
π − dβi (z)

dz + βi(z)
)

+ κM

∣∣∣∣
zX (βi (z))

zm (βi (z))

dβi (z)
dz

)
F̄ III

ZM
(z)

f IV
ZM

(z) = 2π λA z PM (z) F̄ IV
ZM

(z)

,

and⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f V
ZM

(z) = 0

f VI
ZM

(z) = 2 λA

(
zPM (z)

(
π − dβi (z)

dz + βi(z)
)

+ κM |zX (βi (z))
0

dβi (z)
dz

)
F̄VI

ZM
(z)

f VII
ZM

(z) = 2π λA z PM (z) F̄VII
ZM

(z)

,

in which dβi (z)
dz = r2

u−z2−r2
e

z
√

4z2r2
u−(z2+r2

u−r2
e )2

.

Proof: By applying Leibniz integral rule and taking the
derivative of the CDFs in (13) and (14), the final results follow.
�

B. ASSOCIATION PROBABILITIES
The association probabilities are defined as the probabilities
that the average power received from the closest BS of a
specific type is greater than the powers received from the
closest BSs of any other type.

Theorem 3: Assume the polar coordinate system (β, z)
centered around the user and let B,C ∈ {N,L,T } respec-
tively refer to the type of tagged and interferer BSs. Then,
any function DC

B (z) defined as in Table 2 represents the
minimum Euclidean distance of any interferer when the
tagged BS is located at horizontal distance z, and zC

B (z) ={
dC

B (z), if C = T√
(dC

B (z))2 − h2, otherwise
denotes the horizontal pro-

jection of dC
B (z). Let M ∈ {L,N}. Then the association proba-

bilities can be expressed as

AM =
∫ ∞

max(0,re−ru )
fZM (z) aM (z) dz, (15)

AT =
∫ ∞

0
fZT (z) aT (z) dz = 1 − AL − AN , (16)

where aL(z) = F̄ZT

(
dT

L (
√

z2 + h2)
)

F̆ZN

(
zN

L (z)
)

with F̆ZN (z) =
{

1, if z < zL
N (0)

F̄ZN (z), otherwise
, aN (z) =

F̄ZT

(
dT

N (
√

z2 + h2)
)

F̄ZL

(
zL

N (z)
)

and aT (z) =
F̄ZL (dL

T (z)) F̄ZN (dN
T (z)) respectively represent the association

probabilities conditioned on the association to L, N , and
T BSs, which we refer to as conditional L-, N-, and
T -association probabilities.

Proof: See Appendix B. �

C. CONDITIONAL LAPLACE TRANSFORM
OF THE INTERFERENCE
Since all the base stations are assumed to work on the same
frequency spectrum, they interfere with each other. By com-
puting the Laplace transform of the random interference I we
can essentially characterize the interference statistics. Each
conditional Laplace transform of the interference is the prod-
uct of the conditional Laplace transforms of each type of
interferers.
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TABLE 2 Minimum Interferer Distances (dC
B (z))

Theorem 4: Let r(β,′ z′) = √
r2

u + z′2 − 2 ru z′ cosβ ′ de-
note the horizontal distance between a generic TBS located
at (β,′ z′) and the origin. The conditional Laplace transform
of the interference coming from the interfering TBSs when
the serving BS is located at distance z can be expressed as

LT
I,B(s, z) = exp

(
−λT

∫ ∞

zT
B (z)

∫ 2π

0

(
1−

(
mT

mT + sξT z′−αT

)mT
)

× GT
(
r(β,′ z′)

)
z′ dβ ′ dz′

)
, (17)

where B refers to the type of the tagged BS and GT (r) is the
PDF of the distribution of the TBSs’ distribution with respect
to the origin.

Proof: See Appendix C. �
Theorem 5: Let 1i be defined as in Theorem 2. Then the

Laplace transform of the interference coming from either the
LoS or the NLoS ABSs can be expressed as

LM
I,B(s, z) =

⎧⎪⎨
⎪⎩

∑IV
i=I L

M,i
I,B (s, z)1i(zM

B (z)), if ru > re

∑VII
i=V LM,i

I,B (s, z)1i(zM
B (z)), if ru ≤ re

,

(18)

where

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LM,IV
I,B (s, z) = exp

( − 2πλA

∞∫
ZM

B (z)

IM (s, z′) dz′)
LM,III

I,B (s, z) = LM,IV
I,B (s, z)

× exp
(
λA

βi (ZM
B (z))∫

−βi (ZM
B (z))

zX (β )∫
ZM

B (z)

IM (s, z′) dz′ dβ ′)
LM,II

I,B (s, z) = LM,III
I,B (s, z)

× exp
(
2λA

β∗∫
βi (ZM

B (z))

zX (β )∫
ZM

B (z)

IM (s, z′) dz′ dβ ′)
LM,I

I,B (s, z) = LM,IV
I,B (s, z)

× exp
(
λA

β∗∫
−β∗

zX (β )∫
zm (β )

IM (s, z′) dz′ dβ ′)

and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LM,VII
I,B (s, z) = exp

( − 2πλA

∞∫
ZM

B (z)

IM (s, z′) dz′)
LM,VI

I,B (s, z) = LM,VII
I,B (s, z)

× exp
(
λA

βi (ZM
B (z))∫

−βi (ZM
B (z))

zX (β )∫
ZM

B (z)

IM (s, z′) dz′ dβ ′)
LM,V

I,B (s, z) = LM,VII
I,B (s, z)

× exp
(
λA

π∫
−π

zX (β )∫
ZM

B (z)

IM (s, z′) dz′ dβ ′) ,

with IM (s, z)=
(

1 −
(

mM

mM+s ξM (DM
M (z))−αM

)mM
)

zPM (z).

Note also that LM,VII
I,B (s, z) = LM,IV

I,B (s, z).
Proof: See Appendix D. �
Corollary 3: Let C ∈ {L,N,T }. Then the conditional

Laplace transform can be expressed as

LI,B(s, z) = LL
I,B(s, z)LN

I,B(s, z)LT
I,B(s, z)

=
∏
C

LC
I,B(s, z) . (19)

D. COVERAGE PROBABILITY
Based on the expressions derived for the PDFs of the distance
to the closest BS, the conditional association probabilities, the
SINR, and the Laplace transform of the interference, hereby
we finally provide the exact and the approximate expressions
of the coverage probability.

Theorem 6: Let Pc,B(z) denote the exact coverage proba-
bility conditioned on the association to a B ∈ {L,N,T } BS at
horizontal distance z. Then, the exact coverage probability for
a typical user in the VHetNet described in Section II is given
by

Pc =
∫ ∞

0
aT (z) Pc,T (z) fZT (z) dz

+
∑

M={L,N}

∫ ∞

max(0,re−ru )
aM (z) Pc,M (z) fZM (z) dz, (20)

where Pc,B(z) = ∑mB−1
k=0

(−s)k

k!
∂k

∂sk LJ,B(s, z)
∣∣
s=μB(z) with

μB(z) = mB
τ
ξB

(
dB

B (z)
)αB and J = σ 2

n + I . The expressions
of the functions fZB (z)’s, aB(z)’s, and LI,B(s, z)’s are provided
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TABLE 3 Main System Parameters Used in Simulations

in Corollaries 1 and 2, Theorem 3, and Theorems 4 and 5,
respectively.

Proof: See Appendix E. �
Since computing the exact expression of the coverage prob-

ability may require high order derivatives of the Laplace
transform of the interference, it is usually more convenient
to make use of the approximations suggested by the following
theorem.

Theorem 7: To ease the evaluation of the exact coverage
probability introduced in Theorem 6, the conditional coverage
probability can be approximated as

P̃c,B(z) =
mB∑
k=1

(
mB

k

)
(−1)k+1 LJ,B

(
k ε2,B μB(z), z

)
, (21)

where μB(z) defined as in Theorem 6 and ε2,B = (mB!)−
1

mB .
Proof: See Appendix F. �

IV. RESULTS AND DISCUSSION
Hereby we present the analytical results based on the pre-
viously derived expressions and validate them by means of
simulations. The results we obtained explain the influence of
various system parameters on the overall performance of the
network, where TBSs are deployed according to a 2D Gaus-

sian distribution, and hence GT (r) = 1
σT

√
2π

e
− r2

2 σ2
T , ∀r ≥ 0.

In particular, we have chosen λT and σT in order to have more
than 8 TBSs/km2 within a distance of 2 km from the town
center (urban environment) and less than 0.1 TBSs/km2 when
the distance exceeds 10 km (rural environment).

Whenever omitted, the values of the system parameters
mentioned in this section refer to Table 3.

FIGURE 3. Numerical results for the coverage probability as function of
the distance of the user from the town center. The analytical results have
been obtained by computing the exact coverage probability when λA = 0
and the approximate coverage probability when λA = 0.15 ABSs/km2.

FIGURE 4. Simulation results for the coverage probability as function of
the distance of the user from the town center with various ABSs densities.

A. COVERAGE PROBABILITY
To prove the correctness of our mathematical model, the be-
haviour of the coverage probability versus the distance ru is
shown Fig. 3, where the analytical results show the exact
coverage probability for the terrestrial network and the ap-
proximate coverage probability for the UAV-assisted one. The
influence of the density of ABSs on the coverage probabil-
ity is highlighted in Fig. 4. When no UAVs are deployed,
the coverage probability generally decreases as moving away
from the town center, and hence rural users are rarely served.
On the other hand, assuming re = 8 km, deploying drones
with a density of 0.15 ABSs/km2 allows to even the coverage
probability with negligible deterioration for urban users, and
by going up to just 0.2 ABSs/km2 rural zones become much
better covered than urban ones (see Fig. 4). This is because the
UAVs are deployed only in the periphery and hence the urban
users experience interference from almost only far N ABSs,
receiving a negligible power from them. On the other hand,

VOLUME 2, 2021 201



MATRACIA ET AL.: COVERAGE ANALYSIS FOR UAV-ASSISTED CELLULAR NETWORKS IN RURAL AREAS

FIGURE 5. Simulation results for the probability of association to LoS
ABSs and TBSs (the ones for NLoS ABSs are the complement to unity, and
are always negligible) as function of the distance of the user from the
town center for various exclusion radii. The results have been obtained by
averaging over 100 000 iterations.

rural users can see many more L ABSs and, since TBSs are
sparse, mostly associate with one of them taking advantage
of a better communication channel (see Fig. 5) and hence the
coverage probability is consistently improved.

B. ASSOCIATION PROBABILITIES
To better understand the results previously obtained, Fig. 5
shows the behaviors of the association probabilities to L and
T BSs.4 It is evident that when deploying UAVs and fixing
a value of re, three regimes can be identified: for re = 8 km,
the first regime is characterized by associations to TBSs only
and it occurs within 0-7 km, whereas the second and most
unpredictable regime is a mix of T and L associations and the
third one is mainly characterized by L associations and a small
percentage of T and N ones, starting from around 25 km. As
the exclusion zone expands, the first regime is also extended to
larger distances from the town center, but the transition to the
second regime becomes sharper because of the low density of
TBSs. Intuitively, the exclusion radius has almost no influence
on the associations in the third regime since they happen at
much larger values of ru, where the environment has become
quite homogeneous.

Revisiting Fig. 4, we observe that when UAVs are deployed
the coverage probability experiences a local minimum at ru =
11–13 km (second regime). Within this interval, indeed, there
is an excessive drop in coverage probability whenever the user
associates to a TBS, as shown by the blue curve for λA = 0,
and therefore the required density of UAVs is maximum. This
is definitely a nontrivial result since the support provided by
LoS UAVs already starts being evident at the edge of the
exclusion zone, where the association to ABSs is a relatively
rare event (AL equals just one third at ru = re = 8 km).

4The association probability to N BSs has not been plotted since it is
the complement to unity of the other two association probabilities, and it is
negligible over the whole range of ru considered.

FIGURE 6. Simulation results for the minimum coverage probabilities
(among the values of ru from 0 to 30 km with step 3 km) versus the
exclusion radius with various ABSs densities.

FIGURE 7. Simulation results for the maximum of the minimum coverage
probability as a function of the ABS density. This plot has been obtained
by replicating the simulations in Fig. 6 for many values of λA and extracting
the maximum value of the minimum coverage probability for each. The
labels indicate the values of r∗

e , which is defined as the largest value of re

that allows to achieve the minimum coverage probability given a specific
density of ABSs.

C. MINIMUM COVERAGE PROBABILITY
Let the minimum coverage probability (Pc,m) be defined as the
minimum value of the coverage probability within the range of
values of ru considered in Fig. 4, for a given exclusion radius
and a given density of ABSs. Fig. 6 shows that increasing
the density of UAVs generally ameliorates Pc,m, especially
for relatively small values of re. However, it is expected for
the value of Pc,m to start decreasing when λA exceeds a crit-
ical value, since eventually the effect of increasing the aerial
interference would dominate over the effect of reducing the
average minimum distance to the serving BS. However, this
critical value is larger than those simulated in Fig. 6.
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Another interesting result is shown in Fig. 7, where the
maximum (over the values of ru going from 0 to 30 km with
step 3 km) of the minimum coverage probability is plotted
versus the density of deployed UAVs considering our standard
parameters. The figure shows that this quantity rapidly sat-
urates over λA ≈ 0.2 ABSs/km2, never exceeding 74%. The
best scenario expects to start deploying UAVs at distances
greater or equal to r∗

e , that is the maximum exclusion zone for
which the maximum Pc,m is achieved. However, for λA = 0.15
ABSs/km2 it is evident from Fig. 6 that the benefit in terms of
minimum coverage probability would be negligible compared
to the case with re = 8 km, and probably not convenient since
it would require to deploy a surplus of around eighteen UAVs.
For very small values of λA, r∗

e is large because the interfer-
ence coming from TBSs dominates at any value of ru, and
hence, it is better not to deploy UAVs close to the town center.
The value of r∗

e keeps decreasing until a point of minimum
around λA = 0.2, over which the density of ABSs is such that
aerial interference becomes predominant for ru > re, and thus
it becomes convenient to extend the exclusion zone.

V. CONCLUSION AND FUTURE WORK
A new stochastic geometry framework has been presented in
this paper in order to evaluate the coverage probability in a
typical region including urban and rural areas, where TBSs are
typically getting sparse as we move away from the city center
and ABSs are supposed to compensate this deficiency. Thus,
ABSs have been introduced and analytical expressions have
been derived for the distribution of the distances between a
typical user and the tagged BS as well as the association prob-
abilities. Exact and approximate expressions for the overall
coverage probability were derived as a function of the distance
between the user and the town center. We showed that sup-
porting the terrestrial infrastructure with ABSs in peripheral
areas results in an overall improvement of the QoS, although
the number of interferers consequently grows. This actually
means that the users close to the urban center will slightly lose
coverage, but the benefit for all the remaining users definitely
outperforms this drawback.

This work can be extended in multiple directions. For in-
stance, different types of aerial platforms can be considered
such as HAPs or tethered balloons, depending on the ground
users’ spatial distribution and the requirements of the network.
Furthermore, another interesting extension to this work would
consider the use of TV white space (TVWS) spectrum band
for aerial platforms, given that TVWS is well-known to have
a good potential to enhance coverage in rural areas.

APPENDIX A
PROOF OF THEOREM 1
Recalling that the altitude of the TBS antennas is assumed
to be negligible compared to the altitude of the ABSs, let ZT

indicate either the Euclidean distance between the user and the
tagged TBS or the horizontal projection of the same distance,
then the expression of the respective CDF can be derived
from the null probability of the PPP [27]. For simplicity, we

consider the polar coordinate system (β, z).

FZT (z) = P(ZT ≤ z) = 1 − P(ZT > z)

= 1−P[NT (ru, z) = 0] = 1− exp

(
−

∫
B0

λ̃T (r) dS

)

= 1− exp

(
−λT

∫ z

0

∫ π

−π
GT (r(β, z′)) r(β, z′) dβ dz′

)
,

(22)

where NT (ru, z) denotes the number of TBSs located inside
a circle of radius z centered around the typical user, B0

describes the ball of radius z centered around the user, and
r(β, z) = √

r2
u + z2 − 2 z ru cosβ.

APPENDIX B
PROOF OF THEOREM 3
The association probability is defined as the probability that
the average power received from the closest BS of a specific
type is greater than the power received from the closest BSs
of any other type.

Let dC
B (z) be the minimum Euclidean distance of any inter-

fering BS of type C, given that the user associates to a BS of
type B located at horizontal distance z, since the correspond-
ing Euclidean distance equals z if B = T and

√
z2 + h2 other-

wise, it follows that zC
B (z) =

{
dC

B (z), if C = T√
(dC

B (z))2 − h2, otherwise

defines the horizontal projection of dC
B (z). Recalling that

ξQ = pQ ηQ and introducing the random Euclidean distance
DQ = dQ

Q (ZQ), the association probabilities will be derived for
each type of BSs.

1) ASSOCIATION PROBABILITY FOR L BSS
For this association probability we have to consider that there
is a distance dL

N (0) below which the user surely associates
with a LoS; indeed, since ηL > ηN , αL < αN , and all the
ABSs are assumed to be deployed at the same altitude, we
have

P

(
DL <

(
ηL

ηN

) 1
αL

D
αN
αL
N

)
= 1,

if h < DL < dL
N (0), (23)

where dL
N (0) = ( ηL

ηN
)

1
αL h

αN
αL . This implies

dN
L (ZL ) =

⎧⎨
⎩

h, if h < DL < dL
N (0)(

ηN
ηL

) 1
αN D

αL
αN
L , if DL > dL

N (0)
. (24)

Since the probabilities that the type of the tagged BS is L
rather than N and L rather than T both depend on DL , then

AL = EZL

[
1(ZL ≤ zL

N (0)) P(ZT > dT
L (DL ) | ZL = z)

+ 1(ZL > zL
N (0)) P(ZT > dT

L (DL ) | ZL = z)

× P(ZN > zN
L (ZL ) | ZL = z)

]
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=
∫ ∞

max(0,re−ru )
fZL (z) F̄ZT

(
dT

L (
√

z2 + h2)
)

F̆ZN

(
zN

L (z)
)

dz

=
∫ ∞

max(0,re−ru )
fZL (z) aL (z) dz, (25)

where the function F̆ (z) =
{

1, if z < dN
L (0)

F̄ (z), otherwise
has been

introduced in order to compute the conditional L-association
probability aL (z) = F̄ZT (dT

L (
√

z2 + h2)) F̆ZN (zN
L (z)).

2) ASSOCIATION PROBABILITY FOR N BSS

Let us firstly recall that dT
N (d ) =

(
ξT
ξN

) 1
αT d

αN
αT and dL

N (d ) =(
ξL
ξN

) 1
αL d

αN
αL =

(
ηL
ηN

) 1
αL d

αN
αL , where the last equality is jus-

tified by the fact that all ABSs have the same transmission
power pM .

Now, the association probability for N BSs can be obtained
as

AN = EZN

[
P

(
ZT > dT

L (DN ) | ZN
)

P
(
ZL > zN

L (ZN ) | ZN
) ]

=
∫ ∞

max(0,re−ru )
fZN (z) F̄ZT

(
dT

N (
√

z2 + h2)
)

F̄ZL

(
zL

N (z)
)

dz

=
∫ ∞

max(0,re−ru )
fZN (z) aN (z) dz,

where aN (z) = F̄ZT

(
dT

N (
√

z2 + h2)
)

F̄ZL

(
zL

N (z)
)

expresses

the conditional N-association probability.

3) ASSOCIATION PROBABILITY FOR T BSS
In this last case, the association probability can be obtained as
the complement to unity of the sum of the other two associa-
tion probabilities, that is

AT = 1 − AL − AN ,

or, alternatively, it can be computed as

AT =
∫ ∞

0
fZT (z) F̄ZL

(
dL

T (z)
)

F̄ZN

(
dN

T (z)
)

dz

=
∫ ∞

0
fZT (z) aT (z) dz, (28)

where aT (z) = F̄ZL (dL
T (z)) F̄ZN (dN

T (z)) denotes the condi-
tional T -association probability.

APPENDIX C
PROOF OF THEOREM 4
Assuming a polar coordinate system centered around the
user, the horizontal distance r from the origin to any
TBS located at (β,′ z′) can be expressed as r(β,′ z′) =√

r2
u + z′2 − 2 ru z′ cosβ ′. To obtain the expression of the

conditional Laplace transform of the interference generated
by TBSs, firstly we have to take the expectation over both the

point process and the set of fading gains [34]:

LT
I,B(s, z) = E

[
e−s IT

]
(a)= E�T

[ ∏
Yi∈�T \{B0}

ψT (s,Yi )

]

(b)= exp

(
−

∫
R2\{B0}

λ̃T (X ) (1 − ψT (s,X )) dX

)

= exp

(
− λT

∫ ∞

zT
B (z)

∫ 2π

0
GT (r(β,′ z′))

×
(

1 −
(

mT

mT + s ξT z′−αT

)mT
)

z′ dβ ′ dz′
)
,

(29)

where, (a) follows from the independence of the exponen-
tially distributed gains GT,Yi ’s, having introduced the function

ψC (s,Wi ) = EGC [exp(− s GC,Wi pC

‖Wi‖αC )] for any type of interfer-
ers, and (b) derives from the application of the probability
generating functional (PGFL) to the latter function.

APPENDIX D
PROOF OF THEOREM 5
Having obtained the general expression for the conditional
Laplace transform of the terrestrial interference, the aerial one
can be easily derived by simply identifying the domains of
the interfering ABSs and applying the same procedure shown
in Appendix C. Each domain essentially is the projection at
altitude h of the complement5 of the circle of radius zM

B (z)
centered around the user. According to Fig. 2, for each of
the regions hosting the respective circumference of radius
zM

B (z), we can easily identify the resulting domain of the aerial
interferers as one of the following:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

IV′ = [
zM

B (z),∞]
III′ = [

zM
B (z),∞]
− [−βi(zM

B (z)), βi(zM
B (z))

] × [
zM

B (z), zX (β )
]

II′ = [
zM

B (z),∞]
− ([−βi(zM

B (z)),−β∗] ∪ [
βi(zM

B (z)), β∗])
× [

zM
B (z), zX (β )

]
I′ = [

zM
B (z),∞] − [−β∗, β∗] × [zm(β ), zX (β )]

,

if ru > re, and⎧⎪⎪⎪⎨
⎪⎪⎪⎩

VII′ = [
zM

B (z),∞]
VI′ = [

zM
B (z),∞]
− [−βi(zM

B (z)), βi(zM
B (z))

] × [
zM

B (z), zX (β )
]

V′ = [
zM

B (z),∞] − × [
zM

B (z), zX (β )
] ,

if ru ≤ re, which indeed are consistent with the respective
integration limits in the expressions of the various LM,i

I,B (s, z)’s.

5For any given set S, we identify its complement as S′.
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APPENDIX E
PROOF OF THEOREM 6
Recalling from Table 2 that dB

B (z) =
{

z, if B = T√
z2 + h2, otherwise

and

following the same approach proposed in [35], the exact ex-
pression of the coverage probability can be obtained as

Pc = EZB [P(SINR > τ | ZB = z)]

=
∑

B=L,N,T

EZB

[
aB(ZB) Pc,B(ZB) | ZB = z

]

=
∑

B=L,N,T

∫
R+

aB(z) Pc,B(z) fZB (z) dz

=
∫ ∞

0
aT (z) Pc,T (z) fZT (z) dz

+
∑

M={L,N}

∫ ∞

max(0,re−ru )
aM (z) Pc,M (z) fZM (z) dz, (30)

in which DB = dB
B (ZB) and the exact expressions of the con-

ditional coverage probabilities are given by6

Pc,B(z) = P

(
ξB HB

(
dB

B (z)
)−αB

J
> τ

)

= P

(
HB >

τ

ξB

(
dB

B (z)
)αB J

)
, (31)

with J = σ 2
n + I . By definition, the CCDF of the Gamma

distribution is F̄G(g) = 	u(m,m g)
	(m) , where 	u(m,m g) =∫ ∞

m g tm−1 e−t dt is the upper incomplete Gamma function.

Let μB(z) = mB
τ
ξB

(
dB

B (z)
)αB , taking the expectation with

respect to J yields [23]

Pc,B(z) = EJ

[
	u(mB, μB(z) J )

	(mB)

]

(a)= EJ

[
e−μB(z) J

mB−1∑
k=0

(μB(z) J )k

k!

]

(b)=
mB−1∑
k=0

(μB(z))k

k!
EJ

[
e−μB(z) J Jk

]
, (32)

where (a) is from the definition 	u(m,g)
	(m) = e−g ∑m−1

k=0
gk

k! , and
(b) is obtained from the linearity of the expectation operator.
Taking into account that

EJ

[
e−s J Jk

]
= (−1)k ∂

k

∂sk
LJ (s, z),

where

LJ (s, z) = E
[
e−s J] = E

[
e−s I e−sσ 2

n

]
= e−s σ 2

n E
[
e−s I] = e−s σ 2

n LI (s, z) ,

6In the particular case of Rayleigh fading channel (mB = 1), we
can compute the conditional coverage probability as just Pc,B(z) =
exp

(
− τ

(
dB

B (z)
)αB σ 2

n
ξB

)
LI,B

(
τ

(
dB

B (z)
)αB

ξB
, z

)
.

the final expression is obtained. This, however, implies the
need of computing higher order derivatives of the Laplace
transform of the interference, with the number of terms to be
computed directly depending on the value of mB.

APPENDIX F
PROOF OF THEOREM 7
A tight bound can be applied to the CDF of the Gamma
distribution in order to ease the computation of the con-
ditional coverage probabilities provided in Theorem 6. Let
	l (m,m g) = ∫ m g

0 tm−1 e−t dt denote the lower incomplete
Gamma function, then the CDF of the Gamma distribution
F	 (g) = 	l (m,m g)

	(m) = 1 − 	u(m,m g)
	(m) , can be bounded as

(1 − e−ε1 m g)m ≤ 	l (m,m g)

	(m)
≤ (1 − e−ε2 m g)m,

where ε1 =
{

1, if m ≥ 1

(m!)−
1
m , if m < 1

and ε2 =
{

(m!)−
1
m , if m > 1

1, if m ≤ 1
.

Note that for m = 1 the upper and the lower bounds become
equal and thus 	l (1,g)

	(1) = 1 − e−g.
It has been shown in [36] that the upper bound actually is a

good approximation, hence we consider ε2 = (m!)−
1
m .

Let νB = mB
τ
ξB

DαB
B , the approximate conditional coverage

probabilities can be derived as [23]

P̃c,B(z) = EJ

[
	u(mB, μB(z) J )k

	(mB)

]

= EJ

[
1 − 	l (mB, μB(z) J )

	(mB)

]
(a)≈ 1 − EJ

[ (
1 − e−ε2,B μB(z) J)mB

]
(b)= 1 − EJ

[ mB∑
k=0

(
mB

k

)
(−1)mB−k ( − e−ε2,B μB(z) J)k

]

= EJ

[ mB∑
k=1

(
mB

k

)
(−1)k+1 exp(−k ε2,B μB(z) J )

]

(c)=
mB∑
k=1

(
mB

k

)
(−1)k+1 EJ

[
exp(−k ε2,B μB(z) J )

]
,

(33)

where (a) follows from the upper bound previously intro-
duced, (b) from the binomial theorem under the assumption
that mB ∈ N, and (c) from the linearity of the expectation
operator. The final result in (21) can be obtained by apply-
ing the definition of the conditional Laplace transform of the
interference.
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