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Glossary

C>(R)
L?[0, 00)
LP(R)
Ip(Z4)
ZP(Z>
H?(Cy)
UBV

@@m:u@@ﬂ@.

s 3

positive integers, including 0

smooth functions on the real line

space of the p integrable functions on [0, co)

space of the p integrable functions on R

space of the p summable sequences on Z

space of the p summable sequences on Z

Hardy space of the right half plane

functions of uniform bounded variation

subclass of the locally integrable functions (see Definition 53)
subclass of L (see Definition 64)

subclass of the double-sided sequences (see Definition 19)
subclass of LT (see Definition 30)

linear space of linear functional with domain containing a
shift-invariant subspace of C*°(R) (see Section 4.4)

class of operators on T (see 4.5)

class of maximal extensions of the operators in Q7 (see Definition 36)
class of operators on 7Ta (see 5.4 )

class of maximal extensions of the operators in Q (see Definition 70)
locally integrable functions

good functions (see Definition 12)

good functions with bounded support

space of distributions (see Definition 13)

space of tempered distributions (see Definition 13)

regular functionals, functionals in Dg defined by members of R
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causality

stability

multipliers in the distributions (see Section 3.5)

multipliers in the tempered distributions (see Section 3.5)
periodic multipliers in the distributions (see Section 3.5)
Fourier transform of f(t)

Laplace transform of f(¢)

delta functional

analogue digital converter with sampling period T’

zero order hold

feedback system with plant P and controller C'

the condition that the output of a system depends only on the
current and previous inputs (see ([13])). More technical
Definitions of causality are dependent on the Formalism chosen,
and can be found in the corresponding Sections.

a performance measure of a system (see [1]). More technical
Definitions of stability are dependent on the Formalism chosen,
and can be found in the corresponding Sections.

it can denote both an operator and a sampling period.

The difference can be easily inferred from the context.

Tp, Ts and T are subspaces of 7 (see Section 4.4).

Dg, Den, Di, Din, Dv, Dy, DT, DL, DL, DL, DL, are subclasses of D (see

Section 3.5).

Us, Ug, Upn, Up, Upn, Uy, Uy N, UT, UL UL, UL, UL are the Fourier trans-

forms of the corresponding subclasses of D (see Section 3.5).
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Chapter 1

Introduction

A Mathematical Formalism is a rigorous mathematical method and Systems Theory
is a set of mathematical statements and principles devised to explain a system. The
elements for a Mathematical Formalism in Systems Theory are the class of signals
and the class of systems. In this work, the term Mathematical Framework is used

when the elements of a Mathematical Formalism satisfy certain requirements.

Systems theory is applied to many branches of engineering. Recently, the bound-
aries between the traditional disciplines have become blurred with, for example,
the application of control ideas to communication systems such as the internet and
the use of feedback in signal processing. Consequently, the engineering systems,
to which system theory is applied, have become more varied and complex. The
extension of the classes of signals and systems to cater for this trend requires a
careful choice of Mathematical Framework. When inadequate, inconsistencies can
arise. One such inconsistency, the Georgiou Smith Paradox, that has recently been

discussed widely, occurs when double sided signals are considered.

In this thesis, when the signals are either discrete time or continuous time signals,
three different Mathematical Formalisms for feedback systems are investigated. The
first one, the Standard Formalism, uses mathematical elements that are adopted
from the conventional analysis for feedback systems (conventional analysis as in [1]).

It is shown how consistency can be regained, but with the effect of severely restrict-
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ing the class of signals. Moreover, it is shown under which conditions the Standard
Formalism becomes a consistent Framework. The second one, the Generalised For-
malism, extends the class of systems but lacks of a transform domain analysis. The
third one, a Framework using Distributions, is shown to be consistent. Moreover,
the class of signals does not need any restriction and a transform domain analysis
can be performed. The class of signals is the space of distributions, or generalised
functions. Being those an extension of the concept of ”classical” function, the tradi-
tional class of signals is largely increased. The class of systems on the distributions
are, in time domain the convolutes on the distributions, and in transform domain
the multipliers on the Fourier transforms of distributions. Convolutes and multi-
pliers are a broader class of systems than the traditional class of convolutions and
algebraic functions, in time and transform domain, respectively. Since this is a
consistent Framework, paradoxes and inconsistencies, such as the Georgiou Smith
paradox, do not occur. Hence, it is proved that the Framework using Distributions

is suitable for the analysis and design of feedback systems.

The same conclusion, consistency and suitability for analysis and design, is reached
when the feedback system is hybrid single rate (a feedbacks system that mixes
continuous time and discrete time components). That is done showing the well

posedness of sampling formulas in a distributions context.

The outline of the thesis is the following:

- in Chapter 2 a review of the literature is given;

- in Chapter 3 the requirements for a Mathematical Formalism to be a consistent
Mathematical Framework are discussed. Furthermore, the historical background
and the idea of Distributions are introduced, together with their mathematical no-

tation;

- in Chapter 4 the three Mathematical Formalisms for discrete time feedback sys-

tems are investigated;

- in Chapter 5 the three Mathematical Formalisms for continuous time feedback
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systems are investigated;

- in Chapter 6 the analysis is shifted on hybrid single rate feedback systems.

A technical appendix proving a sampling theorem for distributions concludes the

thesis.



Chapter 2

Literature Review

2.1 Introduction

While the consistency of Mathematical Frameworks for discrete LTI feedback sys-
tems, when the signals are single-sided, has never been questioned, some discrep-
ancies have been found in the last few years, when there have been attempts to
expand the same Framework to double-sided signals. Despite the attempts to solve
the inconsistencies of the double-sided Framework, those have been unresolved.

Regaining consistency becomes even more necessary when dealing with hybrid feed-
back systems, in which continuous time and discrete time components are related

together. Their mathematical relation is established using sampling formulas.

The notation used in this chapter is adopted from the corresponding papers.

2.2 Graph Theory and L?|0, c0)

A Mathematical Framework for feedback systems, when the signals are continuous,
and the systems are linear operator on L?[0, 00), possibly unbounded, is developed
in [7]. This detailed analysis is explicit and is developed within an input-output
approach.

A dynamical system is considered to be the linear operator

P:DpC L2[0,+OO) — Rp C Lg[O,-i-OO)

4
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where Dp is the domain of P and Rp is its range. Its graph, Gp is defined by

Gp = ! Dp C L3[0,00) x L]0, 00) (2.1)

P
The properties of the dynamical system P, from a control perspective, are inves-
tigated in relation to the mathematical properties of its graph Gp. In this thesis
the term Graph Theory is used when referring to this kind of approach and it
is not related with graph theory in mathematics and computer science (the same
terminology approach that is adopted in the literature). Consider the feedback con-

figuration of Figure 2.1 and denote it with [P, C]. A system P is said to be stable

Mo €1
P

€2 X2

Figure 2.1: [P, C)|

if Dp = L?[0,00) and

sup || Pull / [lull = ||P|| < oo
u#0

The feedback system [P, C] is stable if the operators z; — e;, i,j = 1,2, are well
defined and bounded. The system P is stabilisable if there exists a C' such that
[P, C] is stable (this property is denoted as stabilisability). In other words, there
exists a C such that the operator

I C el 1

F= :Dp x Dp — L3[0,00) x L3[0,00) : —
P I —€2 —T2

has a bounded inverse. If G/ is the graph, defined by

C
gp = D¢
1

then necessary and sufficient conditions for the stability of [P,C] in terms of the

mathematical properties of the graph of P are introduced in the following Theorem.
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Theorem 1. Let P and C be linear operators defined as above. The [P, C] is stable

if and only if Gp, Go are closed subspaces,
gP N gC = {0}7

and

Gp + G& = L?[0,00) x L*[0, 00).

A discrete time version of these results, when the signal space is I3(Z™") is given in
[13]. With minimal adjustments the two versions are completely equivalent.

When the class of signals is L2[0,00), as in [7], the analysis of feedback systems
in transform domain is done using the Fourier-Laplace transform of signals and
systems. When z € L2[0,00), & € H?(C,) is the Fourier transform of z and
H?(Cy) is the Hardy space of the right half plane. Since the Fourier transform
so defined is a Hilbert space isomorphism, then the time domain analysis and the
transform domain analysis are completely equivalent.

Similarly, in [13], the transform domain analysis is performed using the z transform
of signals and systems. Since that is an isometric isomorphism from l3(Z, ) to the
Hardy space Ha(D), where D is the interior of the unit disc, the two analyses are
completely equivalent. Moreover, when P is a causal LTI system on l3(Z), or,
more generally, on any space of sequences {xy} with z[k] = 0 for k < 0, it is shown

in [12] that there exists a sequence {gx} such that

oo

(Pz)[k] = ) glk — hlu[h]

h=—o00
The result shows that any causal LTI system on the class of single sided sequences
has a convolution representation. However, the same does not apply when the class
of sequences is double sided or the system is not causal. Two Examples, one for a
noncausal system on the class of single-sided sequences, one for a causal systems on

the class of double-sided sequences, are shown in [12].

2.3 Georgiou Smith paradox

In [8], Graph Theory is applied to signals that have support on the doubly-infinite

time axis. There the continuous-time system
Py : Dp, C L*(—00,00) — L*(—00,00) (2.2)

6
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is discussed within the context of graph theory. P; is defined by the convolution

y(t) = /_ Tt — ryu(r)dr (2.3)
with u € La(—00,00) and
et t>0

0 t<0

h(t) =

It is proved that the graph of P; is not closed and therefore the condition for
stabilisability is not satisfied.
On the restricted domain, Dp, N L2[0,00), P; coincides with the system

P, : Dp, C La(—00,00) — La(—00,00) (2.4)

defined by 2.3 but with
0 t>0

h(t) = .
—et t<0

The graph for P in the Fourier domain is the closure of J, e’TGH2(Cy), where

—

s—
G _ s+1
1
s+1

and Hz(C,) is the Hardy space on the right half plane. It is also proved that the
graph of P contains UTgo eTGHy(Cy). Hence, if the graph of P; is closed it must
contain the graph of P,. That is a contradiction, since the non-causal input output
pair
u =1 T F0 = ey
0 t<0
is contained in the graph of P, but not P;. As a consequence, the graph of P;
cannot be closed. Moreover, the closure of the graph for P, must contain the graph
for P, and be noncausal, [8]. This phenomena is known as Georgiou Smith paradox.
A corresponding system in discrete-time domain is shown in [10]:
P:Dp Cly(Z) — 12(Z)
Puli] = Y 27"un], u€ Dp (2.5)

The fact that the closure of the graph for a a system may not be causal raises the
need to find necessary and sufficient conditions for the graph of a system to be

causally closable.
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2.4 Convoluted Double Troubled

In [19] the analysis of feedback systems with double-sided signals is not performed
using Graph Theory. However, the author shows a contradiction between time
domain and transform domain analysis with an open loop unstable system.

The discrete-time first order convolution system

ylif =03, 50a"(uli —n — 1] +v[i — n+1]) + d[i]

(2.6)
uli] = —kyli]

is investigated, where u is the input, y is the output, C' a causal controller and v
and d are external signals. Moreover, all the terms in the equations are possibly

double sided. The following Theorem is proved by a time domain argument.

Theorem 2 (Makild, [19]). Consider the feedback configuration 2.6. Let (a —
kb) = 0. There exists a (unique) solution yli] for any i iff

lim a~*(—kd[i] +v[i]) = 0

i——00

The feedback system 2.6 is further discussed in transform domain. Let b # 0 and v

and d be double-sided square summable real sequences. 2.6 becomes

Y(2) =G()[U(2) + V(2)] + D(z)
Ulz] = —kY (2)

(2.7)

where Y (2), U(z), V(z) and D(z) are the bilateral z-transform of y, u, v and d.
G(z) =bz"'/(1—azt)
is the usual transfer function for the open loop system. Eliminating U(2)
1+ K()[Y(z) - D(z)] = G(z)W(2) (2.8)

Hence,

Y(z) = [1+ K(2)] 'G(2)W () + D(z) (2.9)

where W(z) = —kD(z) + V(2z). When |a| > 1 the closed loop system is stable
provided |kb — a| < 1, including |kb — a| = 0, generating a contradiction with the

time domain analysis.
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2.5 Early attempts of resolutions

Three possible remedies are already discussed in [8]. However, the authors conclude

that all of them are unsatisfactory.

The first remedy is to consider system 2.2 to be non stabilisable on L?(—oc0,00).
Consequently, the analysis should be restricted to systems that are open loop stable.
This would imply that signals with doubly infinite support are meaningless for
control purposes, since open loop unstable systems would have to be excluded.
The second remedy is to give a different definition of closed loop stability for signals
in L?(—00, 00), such that it would not disagree with the common practise of stabi-
lizing P, with a proportional negative feedback of gain greater than one. It would
be possible to restrict the class of signals to L?[T, c0), for some arbitrary finite 7.
With this restriction the graph of P; would be
U & M,
T>0
and the class of signals for the feedback system would become UTZO e*TH,, which is
not a closed subspace of L?(—jo0, joo) X L?(—joo, joo). However, this is not really
an improvement, since an analysis of feedback systems with signals with support
[T, 00) is more or less the same as the one with signals with support the half line.
Considering the L?(—o0,00) graph of P; would be more natural. As in the devel-
opment of the Georgiou Smith paradox, the graph of P; is the same as the graph
of P,, but with the restriction that the inputs satisfy
oo
/ e "u(t)dr =0
—0
Consequently, the graph of P; is not a closed subspace of L?(—o00, 00) x L?(—00, 00).
Therefore, the problem is to find a suitable subspace for the signals of the feedback
system. The choice of the subspace of signals in L?(—o0,o0) that decay sufficiently

fast towards minus infinity does not seem to be satisfactory.

The third remedy is to identify P; in 2.2 with P, in 2.4. The authors judge this
option not as outrageous as it would appear. In fact, in the system represented by
the differential equation

y=ytu



CHAPTER 2. LITERATURE REVIEW

the trajectories of P; are represented by solving it forwards in time, the trajecto-
ries of P, by solving it backwards in time. However, this imply that the notion
of causality is abandoned, and that is not possible when considering questions of

control.

2.6 Replacement of the system

A more general version of the Georgiou Smith paradox is considered in [20]. Con-
sider the feedback system
y=Gu+v)+d (2.10)
u=C(r—y)
where y is the output, w is the input, G a causal system, v, d and r are external
signals. The class of signals is {,(Z), 1 < p < co. If v is such that (v, Gv) € G(G),
take r = 0 and Gv = —d, then the feedback system has the solution y =0, u = 0
and G(u 4+ v) = Gv = —d. Consider any sequence {v;} such that (v;, Gv;) € G(G)
and v; — v € I, and G(v;) — H € l,. As above, consider Gv; = —d;. A system is
I, gain stable if it maps I, signals into [, signals. If the feedback system is I, gain
stable, then Gv = H, implying that G is a closed operator. However, when G is
a causal but unstable convolution operator, it is not a closed operator. Therefore,
I, gain stabilisability cannot be achieved when the plant G enclosed in a feedback
system is an unstable convolution system.
A possible remedy that is discussed in [20] is whether or not the system G could be
replaced in a meaningful sense by the operator G, the l, closure of G. In order to
do so the closability of G must be investigated first. In Theorem 3.3 it is established

that the causal but unstable convolution operator
Gv=>o=xv (2.11)

where ®[k] = ba*~!, k > 1, has an [, closure, proving its closability. (The notion of
closability was investigated also in [21]. There the convolution systems considered
are unstable and infinite dimensional. It is shown that many infinite dimensional
linear systems are non stabilisable in an [, sense also on the singly infinite time
axis).

However, is G a meaningful replacement? Unfortunately the answer is no. In fact

a similar conclusion to the one of the Georgiou Smith paradox is reached, G is Iy

10
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gain stabilisable, but it is a noncausal operator.

The attempt is to find a refined argument for closability. Since
Ip(Z) = 1,(Z-) ® 1p(N)

it is proven that a necessary condition for [, gain stabilisability is the closability
of G on I,(Z_). Not only is the system 2.11 not closable on I(Z_), but any possi-
ble extension Gg fails to be an operator. It is established that, using the refined
argument, in order to perform a meaningful approach to the stabilisability of unsta-
ble systems on the doubly infinite time axis, the class of signals must be restricted

to signals that decay to zero at least exponentially, when the time index reaches —ooc.

In [22] the attempt is to treat the case without the restriction on signals in l2(Z).
Instead of 2.10, with G and V' possible unstable convolution operators, the following

feedback system is considered

Dy = N(u+v)+Dd
Yu=X(r—vy)

(2.12)

where N, D, X and Y are causal, discrete time, shift invariant convolution operators
in I} on I (Z). Furthermore, it is required that N (0) = 0, D(0) # 0 and Y (0) # 0,
where N is the power series Zkzo ny 2", similarly for D and Y. The feedback system

is replaced by the compact notation

D —-N y Nv+ Dd
X Y u Xr

If U = NX 4+ DY, it is also required that its inverse Uv}l is a causal, shift invariant

convolution operator in [{. If

D —-N
X Y

I =

it is easy to verify that it has a bounded inverse

Y N

F;[/l — U‘X/l
-X D

11
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and that the solution to 2.12 is given by

Ys [ Nv+Dd
= FW
Ug Xr

The problem is that on the space of all double sided sequences, the null space of T"
is not empty, therefore making the solutions non-unique. Consequently, when the
system inputs are zero, the systems output may not be zero, making the system
nonlinear. To avoid it, 2.12 is considered as a particular element of the set F', the
set of all models of the form

DHy = NH(u+v)+ DHd

YVu=XV(r—y)
where H and V are causal, linear and shift invariant convolution operators in ;.
Moreover, (ys,us) is a solution of the feedback system F if it solves the feedback
equations for all N and V. With this modifications the uniqueness of the solution
is regained. However, if modelling a feedback system as a set of models resolves
the Georgiou Smith paradox, it remains unclear how to directly apply the usual

transform methods.

2.7 Restriction of the class of signals

In the previous section the methodology used in order to resolve the Georgiou Smith
paradox is the modification of the mathematical operators describing the feedback
system. In [12] the attention is focused on the class of signals.

The investigation is first centred on the requirements of causality. In fact, if the
class of signals is the set of single sided sequences then an LTI system is causal if

and only if it is the convolution operator

t
(Pu)(t) = gt — j)ulj)
§=0
or if and only if Pzmo /2™ is a power series in z.

If P is an LTI closed operator on l5(Np) and the graph of P, the z transform of P,

m
is , then P is causal if and only if

m
d| ———— =1
oot gty )

12
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The extension to l2(Z) is done introducing the Definition of Smirnoff class.

Definition 3 (Jacob, Partington [12]). The Smirnoff class Ny consist of all
holomorphic functions f : D — C, for which there exist functions fi and fo € Hi (D),

such that fy is an outer function and f = fi/ fo.

The Definition of outer function implies that outer functions never have zeroes in the
unit disc (for Definition and properties of outer function see [13]). The conclusion
is that a closed LTT system on l3(Z) is causal if and only if n/m is a member of the
Smirnoff Class N,.

The investigation is then shifted to the idea of closability. It is proven that any
causal LTT system on the space of single-sided sequences is closable. Clearly, it
becomes more complicated when the class of signals becomes l5(Z). In fact, an LTI

system P on l5(Z) given by the convolution sum

oo

(Pu)(t) = > gt —n)u(n)

is closable if Dp = I3(Z) or, equivalently, DpNla(Ng) # {0} or DpNia(—Np) # {0}.
An LTT system that is not affected by the Georgiou Smith paradox must have a
causal closure. Therefore, condition for the causal closability of the system must be

found. An LTI system P on l3(Z), given by

t

(Pu)(t) = > gt —n)u(n) (2.13)

is causally closable if Dp N I3(Np) is dense in I5(Np). Sufficient and necessary

condition are given in the following Theorem

Theorem 4 (Jacob, Partington [12]). Let P be an LTI system on l3(Z), given
by 2.13. Further, let Dp N12(Z) # &, then the following statements are equivalent
i) P causally closable;

i) G(q) = diez, glilg® belongs to the Smirnoff class.

However, an holomorphic function belonging to the Smirnoff class is given by f1/ fa,
with f; and fo € H1(D) and f2 an outer function. Since an outer function can have
no zeroes strictly inside the unit disc, a function belonging to the Smirnoff class

cannot have any poles in the unit disc. Given that G(z) = G(q),~1_, is the usual

qfl
transfer function the graph of an exponentially unstable system cannot be causally

closable.

13
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2.8 Replacement of the system, further develop-

ment

The idea of modifying the formulation of the operators describing the system, as in
[22], in order to solve the Georgiou Smith paradox, is further developed in [23], in
a MIMO context.

A discrete time linear system is the quadruple (A, B,Y?, X™), where

A:D(A;YP) - Y?P

and

B:D(B;X™)—Y?
are linear operators. The quadruple consists of the set of trajectories
T(A,B,YP, X™) ={(u,v) € D(B; X™) x D(A;YP): Ay = Bu}

where YP and X™ are linear spaces of sequences on Z. Since the quadruple is a
linear system it follows that T is also linear. Moreover, it is proved that if the
operator A and B are closed then the system is closed too.

Consider the feedback system

Hu=Fy+ AMw
v (2.14)
Ay = Bu + Asw
enclosing the plant (A, B,Y?, X™) with the controller (H, F, X™,YP). 2.14 can be
written as
I'e = Aw

where

H -F A
I'= and A =
-B A Ao

Obviously (T, A, X™xYP, V1) is a linear system and it is called the feedback system
associated to the plant and the controllers. It is proved that if (I', A, X™ x YP V)
is gain stable then it must be a closed system. Moreover, since the Georgiou Smith
paradox implies that it is impossible to gain stabilize the plant if either A or B is
strictly unstable, it is required to restrict to bounded A and B. Hence, I' must be

bounded. The condition is mandatory for such analysis. In fact, similarly to [22],

14
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it is proved that when A or B is an unbounded causal convolution operator, then
the set of trajectories T'(A, B, X%, X1), X7, and X7 linear spaces equipped with
a seminorm, cannot be defined in a meaningful sense.

Necessary and sufficient conditions for the gain stabilisability of (A, I, X™ x YP)

are stated in the following Theorem.

Theorem 5 (Makild, Partington [23]). There is a linear controller (H, F, X™,YP)
such that H, F and H™' are bounded operators, gain stabilizing the feedback system
(A I, X™xYP, X™xYP), if and only if there exist bounded operators C : YP — YP
and D : YP — X™ such that C~1:YP — YP is bounded and

(AC+BD)x=x2z€Y?

The standard case in the input output approach, generating the Georgiou Smith
paradox, corresponds to
I —-F

I =
-B I

Obviously, if A is bounded, then its closure A, when it exists, is also bounded. The
system is affected by the Georgiou Smith paradox when I is not bounded. As in

the previous literature, that is the case of an unstable convolution plant.

Ezample 1 (Makila, Partington [23]). Consider the feedback system

y(t) = Dpsoult —k — 1) +wa(t)

(2.15)
Dok g he(t+ k) =300 fry(t + k) +wi(t)

where ¢ and r are nonnegative integers and not all hy and f; are zero. If the class
of signals is I (Z) the feedback system is affected by the Georgiou Smith paradox.
However, if 2.15 is replaced by

y(t) —y(t — 1) = u(t — 1) + ws(t)

. _ (2.16)
Dok g Pt k) =300 fry(t 4+ k) +wi(t)

since there are no unbounded convolution operators the feedback system is gain

stabilized by the controller u(t) = —y(t).

With this approach, as in [22], it remains unclear how to perform transform domain

analysis.
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2.9 ZQ(NO) or ZQ(Z)?

The author’s goal in [11] is to solve the problem concerning the stabilisability for
systems over the signal space [3(Z). Since the Georgiou Smith paradox does not
occur for systems over the signal space l3(Np), the approach is to relate the two
mathematical formalism. Compared to [22] and [23], the approach used always
considers the necessity of a transform domain analysis. In order to do so, the z

transform of an element u,

a(z) = 3 u(j)
JEZ

" onto

is an isometric isomorphism from [3(Np)™ onto Hy(D)", and from I2(Z)
L*(T)".
The feedback system [P, C| on l5(Ng)™*?, enclosing the plant P and the controller

C is stable if the operator

I C et
F[P,C] = :DPXDc—>ZQ(N0> ‘TP
P I
has a bounded inverse, Hipcj. An LTI system P is defined maximal if, for any
system P with G(P) C G(P), G(P) = G(P). Since any maximal system P defines a
function P in the transform domain, P has a right coprime factorization (rcf) over

Ho (D) if there exist M € Hoo(D)™*™ with detM # 0, and N € Hoo(D)P*™ such

M
that P = NM~! and is left invertible over Hoo (D). With this Definitions
N

it is proved that P is stabilisable if and only if P is maximal and P possess a rcf
over Hy, (D)™™,

In an l3(Z) context the system P is defined closed if the operator P is a closed
operator, that is, if its graph G(P) is a closed subspace of I3(Z)™"P. As usual,
closable means that there exists a closed operator T : Dy C [3(Z)™ — l3(Z)P such
that Dp C Dy and Tu = Pu for every u € Dp. The system P is stable if P is closed
and Dp = I3(Z)™. Moreover, as a consequence of the Closed Graph Theorem, P
is stable if and only if P is a linear bounded operator from lo(Z)™ to l2(Z)?. The
notion of stabilisability for the feedback system Fip | is the same as the one in
an l5(No)™*P context. Necessary condition for the stability of [P, C] is that P and
C must be closed systems. Moreover, a necessary condition for the causality of a

stable feedback system [P, C] is that P and C possess both a normalized rcf and

16
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normalized lcf (left coprime factorization) over H, (D).
Since this Definition of stabilisability does not rule out the Georgiou Smith paradox,

the author introduces a modified Definition in order to solve the problem.

Definition 6 (Jacob [11]). An LTI(Z)-system P is called stabilisable if P is
closable and there exists an LTI(Z)-system C such that the feedback system [P, C]

is stable and causal.

Adopting Definition 6 implies that a closable LTI(Z)P*™ is stabilisable if and only
if the transfer function P of P possesses a rcf over Hoo (D).

Consider Py the restriction to I2(Ng)?*™ of the closure of a closable system P on
l12(Z)P*™. With the modified Definition 6 it is established that necessary condition
for the stabilisability of Py is the stabilisability of P. Moreover, the two systems
have the same transfer function and are stabilized by the same controllers. This

Theorem follows.

Theorem 7 (Jacob [11]). Let P be a closable LTI(Z)P*™ system. Then P is
stabilisable if and only if Py is stabilisable. Moreover, both systems have the same

transfer function and they are stabilized by the same controllers.

Therefore, as the author states, the Georgiou Smith paradox is solved by introduc-

ing Definition 6, a modified Definition of stabilisability.

The discussions of sections 2.8 and 2.9 are further developed in the last section of

Chapter 4.

2.10 Sampling Theorems

Consider the hybrid system of Figure 2.2, where x(¢) and y(t) are input and output,

x(t) y(t)
—(A/D)r C (D/A)T P .

Figure 2.2: Hybrid System

(A/D)r is an A/D converter with sampling period T, (D/A)r is a zero-order hold

(ZOH) and P and C are the plants of a continuous time system and a discrete

17
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time system, respectively. In order to perform the transform domain analysis of the
hybrid system of Figure 2.2, the transform domain response of a sampled signal must
be related to the transform response of its correspondent continuous time signal.
This is done by building the transform response of the sampled signal upon the
superposition of infinitely many copies of its continuous time transform response,
using the formula

| &

T > Gls+ jkws) (2.17)

k=—oc0

Gd(est) —

where G is the Laplace transform of a continuous time signal g, G4 is the z transform
of the sequence of its samples {g(kT)}72, and T" and wg = 27/T are the sampling
period and the sampling frequency, respectively.

Till 1997, with the publication of [3], 2.17 was mathematical folklore. In fact, it
was very often used in the digital control literature ([24], [15], [27]), [18], [29], [30]
and [28]) and it appeared in many control textbooks ([16], [26], [9]), [2] and [17]),
but it was not established by a rigorous proof that indicated the relevant classes of
signals considered.

The first attempt to provide 2.17 with a proof is in [5]. The author bases his proof

on the use of impulse trains, those defined as the function

Z 0(x —nT)

k=—o00

where §(z) is the impulse function or Dirac function or Dirac impulse such that

+ =0
5(z) = oo T

0 otherwise

/_ O; 5(z)da = 1

However, the proof lacks rigour, since the impulse function, and hence the impulse

and

trains, cannot be defined as functions. The proofs in [16] and [26] are similar and
rely on the same concept.

In [14] it is shown the similarity between 2.17 and the Poisson Summation Formula

S sm= 3 [ swemi

n=-—oo k=—o0

18
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Consequently 2.17 is often indicated as the Poisson Sampling Formula. In [6] a
rigorous proof,that avoids the use of the impulse trains, for

9(0%)

Gd(est) — 5

I = .
+T Z G(s+ jkws)

k=—o0

is derived under the assumption that the series >, G(s + jkws) is uniformly con-
vergent. However, since this condition is a transform domain condition, it is not
obvious when a time domain function satisfies it.

In [3] it is pointed that for 2.17 to hold, it is not enough to require that the Laplace
transform G of g and its sampled version, Gp, are well defined. It is shown that,

for n, = 22" and the continuous function
g(t) = sin((2n, + 1)t), t € [pm, (p+ 1)p], p€N

2.17 does not hold, despite the fact that G4(e®?) and its sampled version with period
T = 7, are both well defined in the open right-half plane. In fact, it is proved that
n
lim Z G(s + jkws)

n=oo
k=—n

does not converges for any s > 0. Because of the rapid oscillations of g as t — oo

the class of signals is restricted to functions with bounded and uniform bounded

variation.

Definition 8 (Braslavsky et. al, [3]). A function ¢g defined on the closed real
interval [a, b] is of bounded variation (BV) when the total variation of ¢ on [a, b],

Vy(a,b) = sup > lglte) = gltr-1)|

a=to<t1<...<tp_1<tn=b k=1

is finite. The supremum is taken over every n € N and every partition of the interval
[a,b] into subintervals [tx,Tk+1] where k = 0,1,...,n —1land a =ty < {1 < ... <
tho1 <t,=b.

A function g defined on the positive real axis is of uniform bounded variation (UBV)
if for some A > 0 the total variation V,(z,z + A) on intervals [z, + A] of length
A is uniformly bounded, that is, if

sup Vy(z,z +A) < o0
TERy
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With the class of signals restricted to UBV functions, a proof for

0t L g(kTH) — g(kT~ 1
Gae™) = 9(2 )+Zg( )29( )678kT+T S Gls + jlws)
k=1

k=—o0
a more general formulation of 2.17, is provided.
Note that the well posedness of 2.17 is proved for an open loop context, when the
system considered is stable. Despite the fact that it is rather common to analyse a
hybrid feedback system with the help of 2.17, even if the class of signals is restricted
to UBV functions, there is no proof of the well posedness of the feedback when

applying 2.17.
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Chapter 3

General Considerations

3.1 Systems requirements

The consistency of a Mathematical Formalism is the absence of contradictions in its
mathematical formulation. When a contradiction occurs, it is denoted as a paradox.

Consider the feedback system in Figure 3.1 where T represents the system, z and

Figure 3.1: Feedback system.

y input and output, respectively. In a Mathematical Framework describing the

feedback system in Figure 3.1, T is an operator such that
T:DrCX —-RrCY

=y

where x and y belong to X and ), respectively, the class of inputs and the class
of output, and Dy and Ry are the domain and the range of the operator T. The

mathematical relationship

[[+Tly=ua, (rt—y) € Ry, y € Dr (3.1)
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describes the feedback system of Figure 3.1.
In what follows, the fundamental requirements for the consistency of a Mathematical

Framework for feedback systems are introduced.

Requirement 1. The class of inputs and the class of outputs must be the same.

This class, denoted as the class of signals, must constitute a linear space.

Requirement 2. The class of systems must constitute an algebra of linear operator

mapping the class of signals into itself.

Requirement 3. The inverses of the return difference operators must exist and

themselves belong to the chosen class of systems.
Requirement 4. The class of signals must be a Banach space.

When one or more of the above requirements is not satisfied, the Mathematical

Framework is denoted as a Mathematical Formalism.

Ezample 2. Consider the simple feedback system

Figure 3.2: Feedback system with integers.

where [ is the identity operator. Consider the class of signals to be Z, the inte-
gers. The linear operator describing the feedback system would appear to be %I .
Therefore the inputs are related to the outputs by the relation

mnput
2

output =

It is obvious that the output might not belong to Z. If the equation 3.1, with T'= 1T
describes the feedback system of Figure 2, then that is well posed if there exists a
solution, a y in the linear space, for all x belonging to the linear space. That is,
the inverse operator for (I 4+ I) must exist. Clearly this does not happen in this
situation. A natural solution to the problem is easily found, it consists in enlarging

the linear space of inputs and outputs, from Z to Q.
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The analysis of a feedback system can be performed in two different domains. The
time domain analysis is the analysis of the solutions for the equation 3.1.The trans-

form domain analysis is the analysis of the solutions of the algebraic equation
I+ K)Y=X (3.2)

where K, Y and X are algebraic functions, obtained when mapping 7', y and x to

K.Y and X, respectively. Consequently, a further requirement must be introduced.

Requirement 5. The results of the time domain analysis and the transform domain

analysis must not be in contradiction.

A list of definitions for transform functions for discrete time systems and continuous

time systems is provided in the next two sections.

3.2 Discrete system analysis

Definition 9. The Laurent series of a discrete time signal z[k] is defined by

o0

X = LTk} = Y alkl

k=—oc0
with X (q) analytic for Ry < |¢| < Rg, provided the summation exists for Ry < |g| <
R.

The inverse of the Laurent series, provided that exists, is defined as

{x[k]}=c-1{x<q>}={ ! X(”dq} (3.3)

ﬁj o ¢FtT

where C is the contour in the complex plane defined by the circle, centred on the
origin, and inside the region of convergence of the corresponding Laurent transform,
traversed in the anti-clockwise direction.

Changing the notation, when R; < 1 < Ry ,the Fourier series is defined by

oo

X(w) = P{afk]} = X(q)ge—sor = > a[kle FT (3.4)

k=—o00
with X (w) a periodic function with period 27 /7. Its inverse, provided the sums
converges, is defined by

27 /T )
{z[k]} =P " HX(w)} = {1 X(q)dq} = { T /0 X(w)eJkWwa} (3.5)

215 Jo qFtl o

where C' is the contour in the complex plane defined by the circle, centred on the

origin with unit radius, traversed in the anti-clockwise direction.
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3.3 Continuous system analysis

Definition 10. The Laplace transform of a continuous time signal z(t), when

x(t) = 0 for t < 0, provided the integral exists for s > o, is defined by

X(s)=L{z(t)} = /OOO x(t)e stdt
s, o e€C.

If X(u+ jv) is the analytic continuation of X (s), analytic for all w > o, then,

provided the integral exists for ¢ > 0, the Bromwich integral is defined by
1 [ .
i(t)=LHX(s)} = %/ X (0 + jw)e!“tdw (3.6)

with z(¢t) = &(¢t) almost everywhere. The Bromwich integral is the inverse of the

Laplace transform.

Definition 11. The Fourier transform of a continuous time signal z(t) is defined

by

oo

X (w) = Fa(t)} = / 2(t)e I dt

—00

when the integral exists. Its inverse is defined by

2(t) = F X (0} = % [ T X (W)t dw

3.4 Distributions, historical background

The necessity to generalise the concept of a classical function started to appear in
the mathematics of the nineteenth century. In some disconnected parts of mathe-
matical analysis emerged some early ideas of generalised functions. Examples can
be found in the definition of Green’s function, of Laplace transform in the Riemann’s
theory of trigonometric series, when they are not necessarily the Fourier series of
integrable functions. In engineering, the intensive use of Laplace transform led to
the operational calculus, an heuristic use of symbolic methods. An example is FElec-
tromagnetic Theory of O.Heaviside, 1899. However, the mathematical justifications
of operational calculus was based on the use of divergent series and hence it had a
bad reputation in the pure mathematics community.

With introduction of Lebesgue integral appears the first pure mathematical notion

24



CHAPTER 3. GENERAL CONSIDERATIONS

of generalising a function. Since a Lebesgue integrable function is equivalent to any
other which is the same almost everywhere, the value of a function at a given point
of a function is not its most important feature.

During the late 1920’s and 1930’s the idea was developed further. The Dirac delta
function was defined by Paul Dirac, in order to mathematically formalise the phys-
ical concept of density (like charge densities). Sergei Lvovich Sobolev in 1935,
working in partial differential equations theory, defined the first adequate theory of
generalised functions, in order to allow the definition of weak derivative and work
with weak solutions of PDEs.

A systematic and rigorous description, entirely based on abstract functional analysis
and on the idea of duality, that became the definitive accepted theory of generalised
functions, denoted as Theory of Distributions, was due to Laurent Schwartz in the
late 1940s. The first publication in which he presented the theory of distributions
was Generalisation de la notion de fonction, de derivation, de transformation de
Fourier et applications mathematiques et physiques, which appeared in 1948. Not
only Schwartz’s development of the Theory of Distributions put methods of this
type onto a rigorous mathematical basis, but also greatly extended their range of
application, providing powerful tools for applications in numerous areas. For his
work in the Theory of Distributions, Laurent Schwartz was presented with a Fields

Medal by Harald Bohr at the International Congress in Harvard on 30 August 1950.

3.5 Distributions

Definition 12 (Champeney [4]). Suppose a real or complex valued function
f(x), defined for all real = and everywhere infinitely differentiable, and suppose
that each differential tends to zero as * — +oo faster than any positive power of
x~!, or in other words, suppose that for each positive integer m and each positive

integer n,

lim 2™ f™(z) =0

z—+o0

then we say that f is a good function.

Denote the set of good functions by S. An ordinary function is of bounded support
if there exists a number a > 0 such that f(z) = 0 whenever |z| > a. The class of

all good functions of bounded support is denoted by D. Clearly, D C S.
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Definition 13 (Champeney [4]). A distribution is a functional z that assigns
to each ¢(t) € D, the class of good functions with bounded support, the value
denoted by x[¢(t)]. A tempered distribution is a functional z acting on the class of
good functions, S. Denote the class of distributions by D and the class of tempered

distributions by Dg.

Tempered distributions can be interpreted as a sub-class of the distributions (by
continuity). The members of R, the class of regular functionals in Dg, are defined
by the members of R, the class of locally integrable ordinary functions, f(t), such
that |f(t)| /(1 +|¢|™) is integrable for some N.

The symbol for a regular functional in D and the ordinary function by which it is
defined, = and z(t), are distinguished by the explicit presence in the latter of the

variable. The following subclasses of D are required

Dg = {z €D : x regular with z(t)/(1 + [t|)" square integrable
for some N > 0}

Dey = {x€D:zregular with z(¢)/(1 + [t|)V square integrable };
N2>0
Dp = {z € D: z regular with z(¢) of bounded variation on each finite

interval and |z(t)| < ¢(1 + |¢[)V for some ¢ > 0}; N >0

Dey = {z €7D :xregular with z(t) of bounded variation on each finite

interval and |z(t)| < ¢(1 4+ [¢|)V for some N > 0 and ¢ > 0}

Dy = {z € D:x regular with Varj¢pse{z(t)} < c(1+ [¢])N for each

finite interval [a, b] for some N > 0 and ¢ > 0}

Dyy = {ze€D:xregular with Varg s prq{z(t)} < c(1+ [t))V for each

finite interval [a, b] for some ¢ > 0}; N >0
DT = {ze€D:z=3"_abpr}; T >0

DL = {ze€D:x=3"%_ adkr with ax/(1 + |k|)" square summable
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for some N >0} T >0

DLy = {ze€D:z=37%_akdpr with ay/(1+ |k|)" square summable };
N>0,T>0
DL = {ze€D:x=3"_aydkr with |ag| < (1 + |k|)" for some

¢c>0and N>0};7T>0

DLy = {ze€D:z=3%_apdpr with |ag| < (1 + |k[)V for some

¢c>0}; N>0,T>0

where Var, p{z(t)} is the variation of 2(¢) on the interval [a, b] and the functional

6, is the delta functional in D defined by

The definitions of DT and its subclasses are specific to some value of the parameter,

T. Dg, Dg, DL and DX are subclasses of Dg, the class of tempered distributions.

Each functional = € D is related by a linear bijections to a functional X € U, the

class of ultradistributions (see [4]), such that
2[p(t)] = 2w X [®(w]

for all ¢(t) € D with

The functionals z and X constitutes a Fourier transform pair with
X = F{z} and 2 = F 1 {X}

The subclasses Us, Ug, Uepn, U, UpN, Uv, Uy n, UT, ng, UgN, U%; and UgN are
the Fourier transforms of the the corresponding subclass of D. The members of U7

and its subclasses are periodic with period 27 /T.

Definition 14 (Champeney [4]). A multiplier in Dg is an ordinary function f(z)
that is infinitely differentiable at all real x and such that f and each derivative is
bounded by a polynomial, the polynomial being not necessarily the same for each

derivative. The multipliers in Dg are denoted by Mg.
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Definition 15 (Champeney [4]). A multiplier in D is an ordinary function f(z)
that is infinitely differentiable at each real value of x. The multipliers in D are
denoted by M. The subclass M7 is the class of periodic multipliers with period
27 /T.
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Chapter 4

Discrete time feedback

systems

4.1 Introduction

In this chapter, the set of LTI feedback systems with polynomially bounded inputs,
together with the properties of stability and causality, is analysed. In particular,
the consistency of three different Mathematical Formalisms is investigated. With
the first and standard one, it is shown how consistency can be regained, but with
the side effect of severely restricting the class of signals. The second Formalism
is more general but it does not have a transform domain. The third is restricted
to stable systems but it satisfies all the Requirements for a consistent Framework.

Moreover, it does have a transform domain.

4.2 Eigenvectors and System Function

Consider the operator

T:DrCcX —->RprC)y

where Dy, Ry are the domain and the range of 7', X and ) are mathematical classes

representing double sided discrete time signals. It is required that T satisfies

T(A\x) = XT'(z), Ve € Dp, AeC
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(hence, that T' is homogeneous) and that Tz = y implies Txyr = ygr, where xpr
is = delayed by k times T, k € Z. The operator T, the classes X and ) are the

elements for the Mathematical Framework for a feedback system as in Figure 4.1.

Figure 4.1: Feedback system.

Generic properties about eigenvectors and eigenvalues for the operator T can be

deduced.

Lemma 16. If a™ € Dy and corresponds to the discrete time signal a=*, a=*+1,

—2 2 ak717

a=?,a ', 1,d, a?, .., a*, k € Z,, then a™ is an eigenvector of T.

ceey

Proof. Consider y such that T'a™ = y. Define a~"y the member of Dt corresponding

k—1

to the discrete time signal a*y_, a*ty_y1, ..., a®y_o, aly_1, yo, a " ty1, a"ya, ...,

a ¥ y._1, a %y, where y € Dy corresponds to the discrete time signal y_j, y_x41,
vy Y2y Y—1, Y0, Y1y Y2y vy Yk, Ykt1, k € Z4. In addition, suppose w = a™ "y, with
w the member of Dp corresponding to the discrete time signal w_j, w_gy1, ..., W_a,
W_1, Wo, W1, W, oy Wk—1, Wk, k € Zy. a™(w) is the member of Dy corresponding

k+1

to the discrete time signal a *w_j, a " w_p 41, ..., a2w_q, a tw_y, wy, alwy,

a’ws, ..., aF1

Define h € Dy by

n

wy_1, afwy, k € Zy. Hence, y = a™(a "y).

h=a"y

Hence,

T(anflcT) = y_pr = anfkTh_kT

From the definition of h it follows that h_gr = h, since a*Ty_pr = y for any k.

Therefore,

n

Y= A
for some A, € C dependent only on a. |

Assume that )\, exists for any a on some segment in the complex plane. The system

function of the operator T is defined in what follows.
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Definition 17. The meromorphic function K(z), z € C, is the analytic continua-
tion of A, if

K(2)ima = Mo

for any a on the segment of existence of A,. Furthermore, K(z) is required to be
bounded on any contour encircling the origin and lying between the circles of radius

k and k + 1, for any k > 0. Define K(z) the system function of the operator T.

For the Definition of meromorphic function see [25]. According to that Definition,
a meromorphic function can have only a countable number of poles. Moreover, the

set of meromorphic functions is a field.

4.3 Standard Formalism for double-sided signals

and LTI systems

4.3.1 Time domain analysis

The operator T', mapping double-sided sequences to double-sided sequences, is de-

fined by the convolution sum

e={zn} > y=Te={g} U= D Gn-mTm

m=—0o0

By Lemma 16, when the convolution sum and K (z), as in Definition 17, exists, then

the sequence {a™} is an eigenvector of the operator T with eigenvalue K (a).

Theorem 18. (a) Let T, be the mapping
T, :x= {mn} =Y = {yn} =®.x2, &, = {nrgn}7 r €y

Suppose a an interior point of the domain of K(z), the system function for Ty and
®po = {n*a""g,} € l, k € Zy, then {a"} is an eigenvector of T, for j =0, ..., k,
with eigenvalue Kj(a) = [(—2L ) K(2)].=q.

(b) Let Ts and T}, i = 1,..., N, respectively, be the mappings
TS:x:{xn}Hy:{yn}:(I)*xa CI):{gn}

Tiv:x={xp}—y={yn}=¥irxz, ¥, ={n"a}'}, |a|,#0
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Provided ® * x € loo and xy, 4, € l1, for i =1,...,N, with x;, = {n’a "z, } then

N k;
Tx =Tsx + Z Z Ci7jﬂ,jl‘
i=1 j=0

where Tz = (¢ + Zf\;l Zf:o ci;j U 5) *x.
(¢) Let Ts, and Tr,, respectively, be the mappings

Tsy:x={zp}—y={yn} =P %z, &, ={n"g,}

TR,T T = {.’En} =Yy = {yn}’ =V,.xx, ¥, = {nran}7r >0, |a| 7é 0
and K,.(z) the system function for Ts,. Provided ®;, = {n*a~"g,} € l; and
Tha €Y, then
(1) U; % (Do * ) exists for j =0,..., k;
(it) (U, % ®g) * x exists for j =0, ..., k;

k
(iti) T (Ts07) = 3y_o(—1)" K (a)TR g,
T

(d) Let Ts, Tp and Tg, respectively be the mappings
TS:x:{xn}Hy:{yn}:q)*mv (I):{gn}
Tp:x={x,} —y={yn}=Qx2x
N ki
Tor=(Q+Y > ;i) *a

i=1 j=0
where ;. = {n"al}, |a;| # 0. Suppose Q x (® xz) € I°°, {nla;"g,} € l1 and
{nfa;"xn} € Uy, fori =1,..,N, j =0,...ki, and a is an interior point of the

domain of K(z), the system function for Ts, then

ki J

N .
(Te(Tsz) = Te(Ts) = 33 eis 3 [ ) (G0 K@) ama ()

i=1 j=1 r=0

where Ty jox = W, ; *x x.

Proof. (a) For j =0,....,k, ®;, € 1y, since |nja_"gn| < |nka_"gn . Hence,

Q;xv=a" Z (n—m)a=""™g, .

m=—0o0

with v = {a™}, exists and v is an eigenvector of ®; with eigenvalue

oo
Ki(a)= Y mla "gnm

m=—0o0
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In addition, for 5 =0, ..., k,
@’ @ > , ,
K(a)= 3 25@gn) = 3 (~1m(m —1)-- (m —j+1)a")

da’ da’

m=—0o0 m=—0o0

since a is an interior point of the domain of K (a) and {%j(a_mgm)} € ly. It follows
immediately that K;(a) = (—a4-) K(a), j =0,..., k.
(b) For ¢ = 1,..,.N, j = 0,....,k;, jq, € l1, since }njai_"xn| < |nkia‘ xn|

Hence, V; ; * x exists, since the absolute value of its n-th element is bounded by

g .
J -
i || (=170 %) ra,

r=0 r 1

and Ei:o J (=177 " 2y q, € l1. It follows immediately that

Tx =Tsx + Z Z ci ;1 T
i=1 j=0

n

(c)(i) For j = 0,....,k, z;, € l1, since ‘nja_"xn‘ < ’nka_ T,|, and ®;, € 1!,
since |nja’”gn| < |nka*"gn|. Hence, by Young’s Theorem (see [4] for Young’s
Theorem), ®; o x xj_rq € Iy for ¢,j =0, ...,k and, since
_ I
00 = 0} =3 7 ) @ty
r=0 r
where {v,} = Qo4 * 20,4, Qo € l, for j = 0,...,k. It follows that &y x x =
{un} exists, since Qo, € ' and u, = a"v, and ¥, * (Pg * x) exists for j =
0,...,k as required, since the absolute value of its n-th element is bounded by

lal™ ||307—o n (1), .|| and 37_,

r r
1

(ii) For j =0, ..., k, ¥; * ®q exists, since the absolute value of its n-th element is

bounded by

nr(fl)jier_ha €ly.

j .
a3 ) ey,
r=0 r
1
J

and Zi:o nr(—l)j’rﬂj_na € l;. In addition, for j = 0,...,k, ®;1 * ¥y

r

exists, since the absolute value of its n-th element is bounded by |a|" ||®; 4| ,, and
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Uy is an eigenvector of Ts ; with eigenvalue K(a); that is, ®;1 * ¥g = K,;(a)¥.

Hence {>">°_ _a" ™mig,} = {K;(a)a"} and

\I/J*(po
= (X -mpar g 30 T Y @ )
m=-—0o0 r=0 r m=—o0
S ([ sy =SSy [ ) m@w,
r=0 r r=0 r

for j = 0,...,k. Furthermore, for j = 0,...,k, ¥; * = exists, since the absolute

value of its n-th element is bounded by |a|” i:o J n"(=1)7""z;_, .|| and
" 1
i:o J n"(=1)7 7"z 4 € ly. It follows that (V;x®Pq)*x exists for j = 0, ..., k.
r
(iii) By (i) and (i),
é k
Uy (Pgxx) = (Vg Do) %z = Z(—l)’” K (a)(U_p xx)
r=0 r
It follows that
i k
Tri(Tsox) =Y (=1)" Ko (a)TRj—p
r=0 r

or:=1,..., = ey KRG n‘a._ n 'n,Aa,_ Tt €1 since
(d)F J 1 Na] 07 7k{Jzng }7{J1n } la
In/a;"gn| < [n"a;"gn| and |nia; " wn| < |nMa; ",

and {n’a; "y, } € l;, where y = {y,} = Tsz, since
_ I _ _
{na;"y,} = Z {n?a;"g,} «{n'""a; "x,}
r=0 r
Hence, by part (b),
To(Tsw) = Tp(Tsw) = > > i Vij*y
i=1 j=0

since Q x y € lo. The result follows immediately from part (a) and (c). [

Definition 19. Define the class LT of double-sided sequences by

o0
LT = {{a,} : 31, € [UI UL, such that Z anq" converges for |q| € I,, g € C}

n—=—oo
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where

In = {[R1, R2), R1 =0, for some Ry > 0}
Iy = {(R1, Ry) for some 0 < Ry < Ry < o0}
I = {(R1, R2], Ry = 0, for some Ry > 0)}

The class LT is the class of double-sided sequences {a,,} that have a Laurent Series,
X(q) = L{an} =D~ anq", analytic for |¢| € I,. a,, are the Laurent coefficients,
such that

_ 1 X(q
o0 = LX) = 5 § T

Vn, where C' is the anti-clockwise contour in the complex plane defined by the circle,

centred on the origin with radius, R, Ry < R < Rs.

If {g,} € LT, consider the operator

T:Dr CLT - Ry C LT

oo

v ={z[n]} =y ={yll}: yln]= Y glmlz[n —m]

m=—0oo

the domain of T is the sequences for which the summation exists.

Lemma 20. Consider the operator T, defined by the convolution sum above. Let

G(z) be the system function of T, as in Definition 17, then G(z) = X(q)q=s-1-

Proof. The result follows immediately form the definitions of system function and

Laurent series. [ |

Consider X (z) the maximal analytic extension of X,_,-1. For disjoint analytic do-
mains, the algebraic function, X (z), has different Laurent series. In order to recover
a one-to-one relationship, the domain Dx C C, on which the Laurent series exists,
must be specified. Therefore, the doublet notation, {X(z), Dx }, is preferred. Con-
sequently, the doublet {G(z), Dg} is the system function for T. The domain D¢
is an open annular region, centred on the origin with inner and outer radius the

modulus of singular points of G(z).
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Lemma 21. Let T} and T operators on LT such that Tix = 1%z and Tox = Poxz,
where ®; = {f,} € LT and &, = {g,} € LY. Consider their system functions
{G1(2), Dg,} and {G2(2), Dg, }, respectively. Provided Dg, N Dg, # 0, then

(i) {G1(z) + G2(2), Dg,+G, D Dg, N Dg,} is the system function for a system
T, such that Tx = Tyx + Tox, when Tix and Thx exist;

(ii) {G1(2)G2(2), Dgya, O Da, N Dg,} is the system function for a system T,
such that Tx = Ty (Tex), when Tix and Ty (Tax) exist.

Proof. (i) Since,

Va € Dg,, Z fra™™ = G1(a) < o

and,
Va € Dg,, Z gna” " = Ga(a) < oo

then,
Z (fn + gn)ain = Gl(a) + GQ(Q>

for all a € Dg, N Dg,. Define Gr(z) = (G1(z) + G2(2)), with D, 2 Dg, N Dg,
and Laurent coefficients (f, + g,). It follows that G is the system function of the
operator T on LT, with Tw = ® xz, ® = (f, + gn).

(ii) Similar to (i). [

The domain in
{Gl(z) + G2(2)7DG1+G2 ) DG1 N DGQ}

is greater than D, N D¢, only when the removal of singular points through additive

cancellations occurs. Similarly, the domain in
{Gl(Z)G2(Z)’ D¢,c, 2 D, N DGZ}

is greater than D¢g, N D¢, only when the removal of singular points through mul-

tiplicative cancellation with zeros occurs.

Definition 22. L7 is the class of signals and the convolution sums on L7 are the
systems for a Standard Formalism in time domain analysis.

The doublet, {G(z), Dg}, is the system function for the system.
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A system on LT, defined by the sequence {g,} is causal if g, = 0 for n < 0, acausal
if g, = 0 for n > 0. It is stable if there exists a k > 0 and a 0 < ¢ < 1 such that
lgn| < kel™l | Wn. The relationship between a causal or stable system and its system

function is shown in the next Theorem.

Theorem 23. (a)(i) The system {G(z), Dg} is causal provided AR > 0 such that
De={z€C: |z| >R}
(i1) the system {G(z), Dg} is acausal provided 3R > 0 such that
c={z€C: |z| <R}
(b) The system {G(z), Dg} is stable provided z € D when |z| = 1.
Proof. (a)(i) The sequence {g,} € LT is the inverse Laurent series for {G(z), Dg},

1 G(q -1
g 215 Jo q"+1 27r] 7{ i

where C is a circle in D¢ centered in the origin. By Cauchy’s Residue Theorem,

and by the Definition of system function, g, = 0, Vn < 0;
(ii) similar to (i).
(b) Since D¢ is an open neighborhood of the unit circle centred on the origin, it

follows immediately that the system is stable. |

Some properties of stable systems are proved in the next two Lemmas.

Lemma 24. Let T} and Ty operators on LT such that Tix = 1%z and Tox = Poxz,
where ®1 = {f,} € LT and ®3 = {g,} € LY. Ifx €1,, 1 <p < o then

(i) y =Tz + Tox = Tx €y, where T is a stable system;

(i1) y = Th (Toxw) = Tx € 1, where T is a stable system.

Proof. (i) Since T7 and T5 are stable, &1, ®3 € [; and so ¥ = &1 + $5 € I;. Hence,
by Young’s Theorem, Vz € [,,, 1 < p < o0, ®y*xz, Poxx, Uz € [, and it follows that
Tx = Thz + Tox. There exist ki, ko > 0 and 0 < ¢1,c¢2 < 1 such that |f,]| < k:lc‘ln‘
and |gn| < kgc‘;‘. Therefore, |f,, + gn| < (k1 +k2)(maz{ci,c})™ and Tz is stable;

(ii) similar to (ii). |
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Lemma 25. (i) Let {g,,} be the sequence for a stable causal system, then {n*p~"g,} €
Iy, fork >0, |p| > 1.

(ii) Let {g,} be the sequence for a stable acausal system, then {n*p~"g,} € Iy,
fork >0, |p| <1.

Proof. (i) Since g, = 0, Vn < 0, and |g,,| < kc/™!, Vn, for some k > 0 and ¢ < 1,
the result follows immediately;

(ii) similar to (i). |

Since the analysis is centred on feedback systems the existence of the inverse of the

return difference operator must be discussed. That is addressed in what follows.

Lemma 26. Let G(z) # —1 be meromorphic on C such that the singular points
at p;, © = 1,...N of order ki,....,kn are in the domain of the doublet {(1 +
G(2))"',Data)-1)}, then {(1 4 G(2))~!, Diyay-1)} is the system function for

a system with zero eigenvectors, {nip?}, i=1,..,N, j=1,.., k.

Proof. The proof is a consequence of the properties of the meromorphic functions.

In fact, since they constitute a field, it follows immediately. |

Theorem 27. Let Tp and Ts be stable systems with system functions, respectively,

{G(2),D¢} and {(1+ G(2)) ™', D(14c(s))-1}- Then
Tsx+Tp(Tsz) = [ +Tp)(Tsx) =Ts(({ +Tp)x) =z, Ve €l,, 1 <p<oo

Proof. Since Tp and Ts are both stable, then Dg N D14gy-1 # 0. The proof is

consequence of Lemma 21, Lemma 24 and Lemma 26. |

The system T's, defined as above, is not necessarily the inverse of the system 7, ,.¢),

defined by {(1+ G(2)), D(14+¢)}-

The relation in time-domain between system functions is established when their

domain of existence are disjoint.

Theorem 28. Let {g,} and {f,} € LT be the double-sided sequences of two systems
with system functions {G1(z), D1} and {Ga(z), D2}, respectively, such that D1 N
Dy = 0 and that G1(z) = G2(2), with G(z) = G1(z) = G2(2). The singular points
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of G(z) are z = p1, ..., pn with order ku, ..., kn, respectively. The difference between
the Laurent coefficients of {G(z), D1} and {G(z), D2} is

N

ki
Gn — Jn = Z Z Ci,jnkiilp?

i=1 j=1

where ¢;; =1,...,N, j =1,...k; are constants.

Proof. Define the region Dj\, as the region between D; and D,. Since G(z) is
meromorphic, the region Dj\, contains only a finite number of singular points with
finite order. The rest of the proof is an application of the Cauchy’s Residue Theorem
to the complex function G(z)z"~!. In fact, since

1

- n—1
gn = 271_3 o, G(Z)Z dZ}
and
1 n—1
fn= a5 G(z)z" " dz}

where C; is an anticlockwise contour in Dy and Cs is an anticlockwise contour in
D5, with the radius of C; greater than the radius of C5, then

1

1
21y

n—1 _
o] ﬁh G(2)z" " dz} = hy,

7( G2)=""1dz) — {
C1
with A, the residues of the singular points in Dy\,. The rest follows immediately. B

Consider the systems T, Tp and Ts with system functions {G(z), Dg}, {G(2),Gp}
and {(1+ G(2))"', D(14+g)-1 } respectively. Suppose that Tp is stable but not nec-
essarily causal , that T is causal but not necessarily stable and that Ts is stable
and causal. Let Tgx = Uz, Tpr = Q*xx and Tsx = & x x, with ¥ = {g,},
Q={f} and ® = {h,}.

The singular points of G(z) are p1,...,py with order ki, ..., ky, respectively. Con-

sider the feedback systems of Tz and Tp,

=Tcu
v=re (4.1)
u=r—y
=Tpu
y=ar (4.2)
u=r—y

when 7, u,y € [, 1 <p < oco. Define p, a singular point of G(z), such that
p=max{|pi|, i=1,....,N}
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and
k =max{k;, i € {j : |p;| = p}}
and define

ply,={zel?l: {n’_“ﬁ_"xn} e}, 1<p<o
Then the response of 4.1 is related to the response of 4.2 by the following Theorem.

Theorem 29. Consider the systems Tg, Tp and Ts defined as above and the two
feedback systems 4.1 and 4.2. Then
(i) The feedback system 4.2 has, ¥r € Dy, the solution

y=Tp(Tsr)

u="Tgr

(ii) The feedback system 4.1 has, ¥r € ply,, the solution

y=Tp(Tsr)

u="Tgr
Proof. (i) By Theorem 27 Tp(Tsz) = v — Tsx, Yo € Dpy. Therefore, Vr € Dryg

y:TP’U,:TP(TsT‘) Elp
u=r—y=r—Tp(Tsr)=r—(r—Tsr)=Tsr €l,

as required.

(ii) By Theorem 28

N k;
T(;.Z‘ = (Q + chi’jq/ivj) * T

i=1 j=0

with ¥; ; = {nIp'} where p; is a singular point of G(z) with order k;.
By Theorem 23 (a)(i) and (b), since Tp is stable and T¢ is causal, ¢; ; = 0, when
i € {j : |pj| < 1}. Hence, the only relevant singular points are those such that
pil > 1.
Since Tp and Ts are stable, Q, ® € [; and Q* (P xx) € lo, Yz € 1y, 1 < p < 0.
By Lemma 25 (i), since Ts is stable and causal, {n/p; "g,} € 1, for i = 1,..., N,
j=0,..,k;, and {n/p; "z, } € l;, whenever {n*p~"2,} € l;. Hence, by Theorem
18 (d),

T(Tsz) = Tp(Tsx) + Tre
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where

N k; J ;
zm=22%22”<%?wmw¢mwww

i j=0 =0 \ T
By Theorem 23 (a)(i) and (b), all the singular points such that |p;| > 1 are internal

points of the domain of Tg, since Ts is causal and stable, and

L)1+ G, =0

dz =P

fori =1,...,.N, j = 1,...,k;, since, by Lemma 26, the elements of the sequence
{nfal}, i =1,..,N, j =1,...,k; are zero eigenvectors of (1 + G(z))~!. It follows
that Tr(Tsz) = 0 and Tg(Tsx) = Tp(Tsx). Therefore, Vr € pl,

y=Teu=Tg(Tsr)=Tp(Tsr) €1,

u=r—y=r—Tp(Tsr)=r—(r—Tsr)=Tsr €l,

Theorem 29 implies that the response of a feedback system enclosing the unstable
plant, Tz, to an input restricted to pl,, is the same as the response of the feedback
system enclosing the stable plant, Tp, when the latter feedback is stable and causal.
Therefore, when the class of inputs is restricted to pl,, the feedback system 4.1 is
stable and causal if and only if the feedback system 4.2 is causal and stable.

To be more precise, by Young’s Theorem and Theorem 27
lyll, < N[y [I7]l,, vrel?, 1 <p<oo

Hence, the feedback system enclosing Tp being stable in the sense that, for some
c >0, |yll, < cllrll,, Vr € l,, implies that the feedback system enclosing T is
stable in the sense that [|y[|, < c|[r[|,, Vr € pl,.

Note that pl, is a subspace of I,,, but it is not closed in l,. In fact, consider r € [,
such that r ¢ pl, and Vn € Z, let s,, be the sequence with elements s,, ; such that
Sn,k = 0 for n < —k, s, = 7, otherwise. Then, Vn € Z, s,, € l,, 1 < p < 00, and
Sp, — 7 in .

Ezample 3. Let T, Tp and Ts be the systems defined, respectively, by
Tex =z, = {kba"V0O,}
Tpr=Txxz, [ ={—kba" V(1 -06,)}
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Tz = ®xx, &= {60 — kbla — kb)) 10O, }

where ©,, = 1, n > 0, zero otherwise. The system functions are, respectively,
{Zk_ba, |z| > a}, {Zk_ba, z| < a} and {%, |z| > |a — kb\} The system function

for T has a singular point at z = a and {a"} is a zero eigenvector of Tg.

Let x = {a®~Y0,}, then, when |a — kb| < |a|, Tsx = {(a — kb)"~'©,,} and
(I + Tp)(Tsa) = {~al"=D0=0m)

Hence, (I 4+ Tp)(Tsz) # x and Ts is not the inverse of (I + 7). When a > 1
and |a — kb| < 1, Tp, T and Ts are, respectively, stable, causal and stable and
causal. Hence, the feedback system enclosing T is stable and causal with the same

response as the feedback system enclosing Tp but only for the inputs r € a="1,,.

4.3.2 Transform domain analysis

Consider a signal € L”. The correspondent element in transform domain analysis
is the doublet {X(z), Dx}. The doublet is the double sided z transform of the
signal x. Hence, the doublets of the signals and of the systems of the Standard
Formalism of Definition 22 are the elements for a transform domain analysis. Note

that this Formalism is closely related to the conventional analysis in [1].

Similarly to Theorem 23 (i) and (ii), when

Dx ={z€C: |z| >R}, z, #0,Yn >0
the signal is causal, and, when

Dx={z€C: |z| <R}, 2, #0,¥n <0

the signal is acausal. Similarly to 23 (iii), when Dg D {z € C: |z| = 1} the signal
is stable. When the signals « and y have double sided z transforms, {X(z), Dx}
and {Y'(z), Dy }, respectively, and Dx N Dy # 0, {X(2)+Y (2), Dx+y D DxNDy}
corresponds to the signal x 4+ y. Moreover, when the system T has system function
{G(z),Dg}, {Y(2) = G(2)X(2),Dy = Dgx D Dg N Dx} is the double sided z
transform of the the signal y, such that y = T'z. Hence, transform domain analysis

can be applied to systems and signals with Definition 22.
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Ezxample 4. The contradiction between the time domain analysis and the transform
analysis of 2.6 in [19] is further analysed using the doublet notation. With that the
right-hand side in 2.8 becomes

{G(Z)W(z), (DG n Dv) NDp D DaN Dw}

where W(z) = —kD(z) + V(2). In order to avoid a pole zero cancellation the
condition (Dg N Dy) N Dp 2 Dg N Dy becomes (Dg N Dy)NDp = Dg N Dy
The algebraic manipulation above is made possible by requiring that there exists
solutions in time domain, hence when a™‘w[i] — 0 as i — —oo.

At the same time, supposed the algebraic result above, the right-hand side of 2.8
does not exists in a meaningful sense when |a| > Ry > 1, since Dg N Dy = 0.
Hence this condition is sufficient for the existence of solutions in time and transform

domain.

4.3.3 Standard Framework for double-sided signals and LTI

systems

Note that Definition 22 is the definition of a Formalism, not of a Framework. In
fact, the elements of the Standard Formalism do not meet three requirements for a

consistent mathematical Framework:

1) The class of signals LT is not a linear space. In fact, if {a,} and {b,} are in
LT the Laurent series of their sum might not exists if the intersection of the two
domains is empty. This is demonstrated by the following example.

— 00

Ezample 5. Consider the Laurent series of the sequences {1"}7%, and {1"}, 2.

The domain of the first if the region |g| > 1 in the complex plane, while the domain
of the second is the region |g| < 1 in the complex plane. The sum of the two se-
quences is {1"},—_ e, which Laurent series does not exists since it has to satisfy

the condition 1 < |¢| < 1.

2) The class of systems does not constitute an algebra. If {G1, D1} and {G3, Dy}
are two transfer functions such that D; N Dg, = (), then their sum or composition

might not exist.
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3) The system with system function {(1+ G(2))™!, D(14+¢())-1)} is not necessarily
the inverse of the system with transfer function {{(1+ G(2)), D(14c(:))}}-

Definition 30. Define LY c LT by
LY ={{a,} € LT : |¢| =1 implies ¢ € Dx}
Note that LL C 1, 1 <p < .

Definition 31. L is the class of signals and the convolution sums on L%, defined
by ® x x, with & € Lg, are the systems for a Standard Framework in the time
domain analysis.

The double-sided z transform of the signals and the convolution sums on LL are

the corresponding elements for a corresponding transform domain analysis.

For any system, T, with transfer function, {G(z), Dg}, and any signal, z, with
double-sided z transform, {X(z),Dx}, Dg N Dx is nonempty, open and contains
the unit circle. Similarly, for any systems, 71 and T», Dg, N D¢, is also nonempty,
open and contains the unit circle. Therefore the class of signals is a linear space
and the class of systems constitutes an algebra. Moreover, the system with trans-
fer function, {(1+ G(2))™!, D(14¢)-1)}, is the inverse of the system with transfer
function {(1+4 G(2)), D(14))}. Since the requirements for a consistent Framework

are satisfied Definition 31 is the definition of a consistent Mathematical Framework.

In the Standard Framework all signals and systems are stable but not necessarily
causal. The analysis of the feedback system is no longer concerned with establishing
the stability of the closed-loop system but with establishing its causality.

Consider Tg, a causal but unstable open loop system on L7, together with its
transfer function, {G(z), D¢}, such that G(z) is analytic on the unit circle. Consider
Tp, the associated acausal but stable open loop system on LE, with transfer function
{G(z),Dp}. By Theorem 29, the closed loop system for T is causal and stable
provided the closed loop system for Tp is stable and causal, but only when the class

of signals is restricted to pl,,.
Ezample 6. Let T the unstable causal system
Tor =Tz, I ={kba™10O,}, a>1
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Its system function is {%, |z| > a}. The associated stable acausal system, Tp,
has system function {%, |z| < a}.

Since (I + Tp)~! has system function {%7 || > |a — kb|}, the closed loop
system for Tp is causal as well as stable, provided |a — kb| < 1. Hence, by Theorem
29, the closed loop system for Tg is stable as well as causal, provided |a — kb| < 1.
Note that the inputs to the latter closed loop are restricted to a="l,. For these

inputs, the responses of the two closed loop systems are the same.

4.4 Generalised Formalism for Stable and Unsta-

ble Systems

Define C*°(R), the linear space of infinity differentiable complex valued functions
on the real line. A subspace C' C C*(R) is shift-invariant, when f(t) € C implies
f(t—a) € C, Ya € R. Define T the linear space of linear functionals with domain

a shift-invariant subspace of C*°(R) such that, when x € T,

f@) = 2[f )]

where z[f(t)] is the value of the functional x assigned to each f(¢) in its domain.
Tp and 7g are subspaces of 7 with domain containing D and S, respectively.
Define z, the shifted functional such that z,[f(t)] = z[f(t + a)] and §, € Tg the
delta functional such that §.[f(¢)] = f(7) for all functions in C*>°(R).

Ta C Tp is the subspace of functionals defined by

o0

Z Am 5mT

m=—00
Definition 32. Two elements in 7a are equivalent if, given z,y in Ta, z[f(t)] =

y[f(t)] for all f € D.

Consider the operator T4 defined on a shift-invariant subspace of C*°(R) containing

D such that

o0

Taf(t)= 3 e mf(t—mT) (43)

m=—0oQ
Consider the operator T' on 7a such that

o

T( Z a77L577LT): Z bmme (44)

m=—0o0 m=—0o0
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where by, = >0° anCmn.

Lemma 33. Consider the operators T on Ta as above and Ta as above. If Dy and

Rr are subspaces of Ta and Y > AnC(m—n) €Tists, then
Tx[f(t)] = z[Taf ()]
for all f(t) € D.

Proof. Tt follows from Definition 32 that

z[Taf()]
=z Z Comf(t —mT)] = Z an Z Comf(nT —mT)
= Z an, Z C—(n—m)f(mT) = Z ( Z AnC_(n—m))f(mT)

Define b, = >_°°

n=—oo

32. |

AnC(m—n) and the result follows immediately from Definition

Define Qp the class of operators T on 7a as
Qp = {T: 3T4 as in 4.3 such that Tx[f(t)] = z[Taf(t)]} (4.5)

Lemma 34. Let Ty and Ty operators on Ta such that Tyx[f(t)] = x[Ta1f(t)] and
Tox[f(t)] = x[Tazf(t)], where

o0

Taft)= Y. cmf(t—mT)
and
Taof(t)= Y e mf(t—mT)

Then Tyx 4+ Tox = T, when Tix and Tox exist, where T is an operator on Ta such

that
Tx[f(t)] = =[Taf(t)]

with Taf(t) = Ta1f(t) + Tazf(t)

Proof. Since the operators are linear and by Lemma 33 the result follows immedi-

ately. |
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Lemma 35. Suppose Thx1 = Toxe € Ta and T(Thz) € Ta, with T, 11, To € Or,
then T(Tyx1) = T (Thxa).

Proof. Since Tyxy = Toxe € Ta, Thz1[f(t)] = Tazo[f(¢)] for all f(¢) in their domain.
Let T be defined by T4, then Ty z1[Ta f(¢)] exists and Tya1[Ta f(t)] = Toxo[Ta f(t)].
Hence, TTiz1[f(t)] = TTaza[f(t)]. ]

Consequently, the operators T' € Qr can be extended to include all the pairs, = +— ¥,
such that y = T(Tw) and z = Tw, for some 7' € Qp and w € Ta. All the operators
in Qr can be extended in this way and let Qp, be the class consisting of them. That

can be repeated to construct the extension classes Qr,., r > 0, with Qrg = Or.

Definition 36. Let O be the class of maximal extensions of the operators in Qp,
where the maximal extension of T € Qrp is defined by all the pairs, z +— y, such

that y = Tx is in Qp, for some r > 0.
Within O, repeated cascading of operators is consistently defined.

Definition 37. 74 is the class of signals and the operators in Or are the systems

for a Generalized Formalism in time domain analysis.

Let the signals

o0

E am 6mT

m=—0o0

be in the domain of the system T. By Lemma 16 these are ), eigenvectors of T'
and K(z), the analytic continuation of the eigenvalues A, is the system function of
the operator T', as in Definition 17.

A system in Qp, defined by the operator T4

o0

Taf(t)= Y ®(~m)f(t—mT)

m=—o0
is causal if ®,, = 0 for n > 0, acausal if ®,, = 0 for n < 0. It is stable if there exists
ak>0anda0<c<1such that |®,| < kel

Consider the the functional v € 7a, an eigenvector of the system 7', defined as in
4.4, on T with eigenvalue A. Define the operator V4 on a shift-invariant subspace

of C*°(R) containing D, such that

oo

Vaf() = 3 v f(t—mT) (46)

m=—oo
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Lemma 38. V4 f(t) is an eigenvector of Ty with eigenvalue .

Proof. Since v is a A-eigenvector it follows

To[f(t)] = A Z U f(mT') = Z ( Z VnCm—n)f(mT)

m=-—00 m=—00 N=—00
If (E;o:,oo V_pCm—n) €xists, then

(oo}

§ VonCm—n = AV_m

n=—oo

From the definition of V4 f(t),

TAVAf(t) = Z C—n Z U—mf(t - (m + n)T)

n=—oo m=—0o0

= Z ( Z C—nVm—n)f(t —mT)

m=—0o0 N=—0o0

hence, from above,

S cntmen)ft=mT) =X Y v_nf(t—nT) = AVaf(t)

m=—0o0 N=—0o0 n=—oo

Define the system V on 7a as Vo = z[Vaf(t)] where V4 is the same as in 4.6.

Consider the systems T and Ts on 7a, such that

(I +T)Tsz[f(t)] = 2[Tsal + Ta) f(t)] = x[f(2)]

Theorem 39. Let T and Ts be two systems in Qr defined as above. Let V be a
system in Qr defined as above, with v a zero eigenvector of Ts. Consider the two

feedback systems

=T
v=ar (4.7)
uU=r—y

and
—(T+V
y=( Ju (48)
u=r—y

Then the feedback systems 4.7 and 4.8 have, ¥r € Dpg, the same solution

y=T(Tsr)

u="Tgr
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Proof. The solution to 4.7 follows from the way in which T" and T's are defined.
By Lemma 38 if v is a zero eigenvector of Ts then V4 f(t) is a zero eigenvector of
Tsa. Hence

VTsx[f(t)] = z[TsaVaf(t)] = 0,Va € Ta

Therefore, Vr € Dy

y = (TH+V)u=T+V)Tsr =r[Tsa(Ta+ Va)f(t)]
T[TSATAf(t) + TAstf(t)] = T(Tsr) €T
u = r—y=r—T(Tgr)=r—(r—Tsr)="Tsr € Ta

Theorem 39 implies that the response for a feedback system enclosing the plant T'
to an input in 7a is the same as the response of the feedback system enclosing the

plant (T + V).

This Formalism is a generalization of the Standard Formalism. Consider {c,}, an

element of the class of signals LT, and the functional ¢ € 7a such that

oo

c= Z CnOmT

m=—0o0
The map {c,} — c is an isomorphism between L” and a linear shift-invariant
subspace of 7.
Similarly, consider the system Ty on LT, such that Tyzx = ® x ¢, with ® = {g,,}, and
the system Ts € Or such that
o0 o0
Thx = Z ( Z angm—n)(SmT
m=—00 N=—00
The map T; — T5 is is isomorphism between the convolution sums on LT and a
subspace of Qp. Clearly, when the response exists in both formulations, they are
the same.
Consider T} on LT as above. Let T4 be
o0
Taf(t)= Y @(=m)f(t—mI)
m=—00

where ® is the same as in T}. It follows that T, € QO as above is given by

o0

Toalf(t)] = 2[Taf(B)] =] Y @(=m)f(t —mT)]

m=—oo
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Lemma 40. If the double-sided sequence {v,} € LT is an eigenvector of a sys-

tem Ty on LT, then the functional Z;’:: UmOmr € TA 18 an eigenvector of the

— 00

correspondent system T on Tx.
Proof. The result is a consequence of the discussion above. |

Because of the isomorphisms between LT and a subspace of 7a and the convolution
sums on LT and a subspace of Qr, properties of the systems on L7, such as causality
and stability, are transferred to the equivalent systems on 7a. It follows that the
feedback systems 4.1 and 4.2, when extended into their equivalent feedback systems
in the Generalized Formalism, have the same response for all inputs in Dr,. In fact,
to the stable system Tp, the causal system T, the stable and causal system T, on
LT correspond the system T', (T + V) and Ts on 7Ta, of Theorem 39. Therefore,
the response of a feedback system enclosing the unstable but causal plant (T + V')
is the same as the response of the feedback system enclosing the stable but acausal

plant Tp, for any input in Dr.

Ezample 7. Consider the systems T, Tp and Tg, defined, respectively, by

Tox[f(t)] = x[Gaf(B)], Gaf(t) Z kba'"VO_i f(t —iT)

Tpa[f(t)] = x[Paf(t)], Paf(t) Z kba' (1 — ©_,) f(t —iT)

Tsx[f(t)] = z[Saf(t)], Saf(t)=f(t)— > kbla—kb)""™O_;f(t —iT)

i=—00
where ©; = 1 for ¢ > 0, zero otherwise. Tp, Tz and Ts are , respectively, stable,

causal and stable and causal.

Ts is such that (I + Tp)(Tsx) = x. Hence, the solution to the feedback system

y="Tpu
(4.9)
u=r—y
is given by
y=TpTsr
u=Tgr

Consider the operator V', defined by

Val[f(t)] = z[Vaf(®)], Vaf(t) Zkba“ M f(t —iT)

1=—00
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Since T = Tp + V and VTgx = 0, by Theorem 39 the feedback system

=Tgu
v=ra (4.10)
u=r—y
has the same solutions as 4.9, for Vr € Dr,. Hence, the feedback system enclosing

T¢ is causal and stable with the same response as the feedback system enclosing

Tp, for all signals in Dr,.

4.5 A Framework using Distributions

Consider the subclass of the distributions, DL, the subclass of U, UL, and the class

of multipliers M.

Definition 41. D% is the class of signals and the convolutes on Dg, mapping DL\,
into DL, are the systems for a Framework in time domain analysis.
UL is the class of signals and the multipliers in M” on Us, mapping UL\ into ULy,

are the systems for a Framework in transform domain analysis.
It is first proved that the the systems so defined are an algebra.

Theorem 42. M” constitutes an algebra.

Proof. The multipliers in M7 are periodic linear operators on U}, mapping elements
of ULy into UL . Hence, they constitute an algebra of periodic operators on U%.
Moreover, the sum and product of two periodic multipliers are themselves periodic
multipliers defined simply by the sum and product, respectively, of the functions

defining the original multipliers. Since M is an algebra, the result follows. |

In what follows it is proved the existence of inverse of the return difference operator.

Lemma 43. Let M be a reqular functional defined by the infinitely differentiable
function M(w) and M), the regular functional defined by M) (w), be its "
derivative. Then M is a periodic multiplier on UL mapping ULy into ULy for

all N > 0 provided M is periodic with period 27/T.

Proof. Given a functional z € DL, defined by the sequence {x,}, =, = ymi",

where y is the functional defined by the sequence {y,} = {z,/(1 + jnT)N}. Tt
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follows that

m*x:m*(ymiv):i N FHYMOyymN-r
r=0 r
where Y = F{y}. By Theorem 15.24 of [4], since {y,} is square summable, the
periodic function Y (w) = P{y[k]}(w) is square integrable over a single period and
Y is the regular functional defined by Y (w). In addition, M) (w)Y (w) is square
integrable over a single period for all » > 0. Hence, F~1{M (T)Y} is the functional
in DL defined by the square summable sequence P~ {M ") (w)Y (w)}. Tt follows
that m x x € DL, and M is a multiplier on UTx mapping UL into itself for all

N > 0 as required. |

Theorem 44. Let M € MT be a multiplier on Us defined by the function M (w)
such that (I + M(w)) has no finite zeros. Then, the functional (I + M)~ exists

and is a multiplier and inverse on Us.

Proof. Since M (w) is periodic and everywhere infinitely differentiable and (1 +
M (w)) has no finite zeros, (1 + M(w))~?! is periodic and everywhere infinitely
differentiable. It follows immediately from Theorem 16.22 of [4] and Lemma 43,
that (1 + M(w))~! defines a periodic multiplier in M7T. Furthermore, since (1 +
M(w))~Y(1 + M(w)) = 1, the multiplier is an inverse as required. [

Moreover, the class of signals D% is a Banach space. In fact, consider x € DL,

T = 2202700 ardrT, then the norm associated to DEN is

1
o] 2\ 2

lzl = >

j=—o00

%Y
1+ [5TY

It follows that all the 5 Requirements for a Framework to be consistent are satisfied.
It remains to be proved that the system function and the multiplier in M7 are the

same
Theorem 45. The system function for T is the multiplier K (jw) € MT.

Proof. Consider v, the regular functionals defined by the function e/ 72 &y

Then
1 o0
Flok=7F 2 b

k=—o0
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and
1 = 1 o
f{<1>*vu}=K(w)ka 5u+2%’€:sz K+ 75)0, 1 oz
1 oo
:K(V)T Z 5u+%
k=—o0

Hence ® x v, = K(jv)v, Therefore v, is an eigenvector of 7' with eigenvalue K (v).

The result follows from the Definition of system function. |

4.5.1 Standard Framework, Generalised Formalism and Dis-

tributions Framework

Consider the subspace of the distributions DZ. Let ® be a convolute on Dg, the

space of tempered distributions.

Theorem 46. (i) the space DL is isomorphic to the class of polynomially bounded
signals.
(ii) The systems in the Standard Framework are isomorphic to a subclass of the

convolutes on Dg.

Proof. (i) Obviously, the class of sequences is isomorphic to a subclass of DT. The
result follows from the Definition of DE.
(ii) Consider Tz = {®,,} *{z, } a system in the Standard Framework of Definition

31. Because the systems of the Standard Framework are stable, then

D, < kel

oo
m=—0o0

for k a constant and 0 < ¢ < 1. Hence the functional ® = > D, 01 18 a

member of Dg. |

Let ® be a convolute on Dg and let K (jw) the corresponding multiplier in M7,
Define the operator T on DL as Tz = & % 2. Consider the same operator T as
a system in the Generalised Formalism and let K(z) be the system function of 7.
The relation between K (jw), the multiplier in M7 associated to the convolute ®

and K (z) is established in the next Theorem.

Theorem 47. Let K(w) be the reqular functional defined by K(w) = K,_ jor.

Then K (jw) is the multiplier associated to the convolute ®.
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Proof. Since v,, as defined in Lemma 45, is also an eigenvector of the Generalised
Formalism version of 7', and K(2).—,, = K(v,), the result follows from the Defini-

tion of system function and Theorem 45. |

Consider ® in LT, defining a causal but unstable convolution sum on LT, together
with its system function, the doublet {K(2), D}, with the further condition that
K (z) does not have finite zeros on the circle with unitary radius. The feedback

system enclosing the unstable convolution sum

=Pxu
Y (4.11)
u=r—y
is extended in the Generalized Framework to
=Taou
v=ra (4.12)
u=r—y

where T : 7o — Tp is given by

Tozlf(t)] = «[TG (1))

and T4 = > 00 ®_,,f(t —mT). Tg is the operator of an unstable but causal

system on 7a. By Theorem 39, 4.12 is equivalent to

y=Tpu (4.13)
u=r—y
where Tp : Tao — 7a is the operator of a stable systems such that Tp = T — V,
Va = z[Vaf(t)], V4 the same as in 4.6, where the eigenvectors chosen are the
zero eigenvectors of (I + Tp)~!. Note that, for the two feedback systems to be
equivalent, the inputs must be in D7y 7,)-1. From the discussion above the stable
feedback system enclosing T» can be rewritten as a stable feedback system in which

Tp is reconsidered as an operator acting on DL, with the advantage that the latter

possesses a transfer function, K(jw), such that K(jw) = K(2),—ejer.

Ezxample 8. The feedback systems enclosing Tp and T of Example 5, in the Stan-
dard Formalism, are obviously extended to the feedback systems enclosing Tp» and
T of Example 7, in the Generalised Formalism. In both Formalisms it is proven
that the feedback system enclosing T is stable and causal with the same response

as the feedback system enclosing Tp. However, while in the Standard Formalism it
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is necessary to restrict the class of signals to al,, in the Generalized Formalism the
result holds for all the signals in Dy, C 7a. Moreover, from the discussion above,
the feedback system enclosing T in the Generalized Formalism is equivalent to
a feedback system where Tp is a convolute on Dg mapping DZ, into itself. Not
only a restriction of the class of signals is not necessary anymore, but the context
used for the analysis, the Framework for Distributions, is a consistent mathemat-
ical framework, since (I + Tp)~! is well defined. Furthermore, the time domain
analysis is coupled with a transform domain analysis. In fact to the convolutes Tp
and (I +Tp)~! corresponds, as a transfer function, the multipliers in M? on Us,
mapping ULy into itself, kb/(e?“T —a) and (e’“T —a)/(e?“T + kb— a), respectively.

The analysis is not centred anymore on stability, but on causality.

4.6 A Framework for Singular Systems

In Distribution Theory a non regular functional in DL can be always represented
by the limits of a sequence of regular functionals in DZL. A classical example ([4])
is the functional 7!, that can be represented as the limit

lim ——

D0 22 + 2
However, the result does not apply to convolutes. Consider the sequence of convo-
lutes {®,,}, such that ®,, is a convolute for any n. The convolute @, such that

= lim @,

n—oo
exists as an operator on DL, but that is not necessarily a convolute anymore, hence

it is not a system in the Distributions Framework. Moreover, even if ® is a convolute,

and ®,, x x = y,, that is not sufficient to establish that

(lim ®,)*z= lim y,
n—oo n—oo

In fact, it must be required that z is a convolute, as in [4].
Clearly, with this modification when singular, the operators @, limits of sequences

of convolutes {®,,} form an algebra.

Definition 48. The member of DL that are convolutes on DL are the signals and

the limits of sequences of convolutes on DL are the systems for a Framework for
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singular systems.
The subspace of U}, that corresponds to the Fourier transforms of convolutes on D%
and the Fourier transform of the limits of convolutes on D% are the corresponding

elements for a corresponding transform domain analysis.

Consider the plant T such that Tz = lim, o (Thx), with T,z = &, * z, D, as

above. The feedback system

u=r—y
still has a solution. In fact if {M,} is the sequence of multipliers corresponding to
the convolutes {®,,}, then (I + M, )~ is an infinite differentiable function for any
n. Therefore, lim,, o (I + M, )~ ! is well defined and (I +lim,, . ®,)~! exists and

is the system representing the inverse difference operator.
Ezample 9. Consider the singular system with system function K(z) = 1/(z — 1).

Replace it with the limit

lim K = lim —
A () = i T oo

{K,(2)} is a sequence of multipliers in M%. In time domain {®,} is the sequence

of corresponding convolutes. In the Framework for Singular Systems

( lim @,)*xx= lim (P, *x)

n—-+o0o n—oo

because x is a convolute on Dg, but the operator lim,, .., ®, is not a convolute.

However, the closed loop system

Y = limp—oo( Py * )

uU=r—y

admits solution for any input that is a convolute on DL and its transfer function is

the multiplier
1 z—1

I
nooo 1+ Ko(2) | 2

The usual transform domain analysis can now be applied.

4.7 Comments on the previous literature

Consider the feedback system of Figure 4.2. When the plant is the stable operator
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— Plant

Tp —

Figure 4.2: Feedback system.

Tp, the closed loop system is

y="Tpu

u=r—y
Clearly, the solution is y = Tp(Tsr), u = Tsr when (I + Tp)Tsx = x, © € Dry.
When the plant is the unstable operator T = Tp + TR, where Tg is constructed
from the eigenvectors with eigenvalue zero of T, then the solutions are the same,
provided Tgr(Tsx) = 0. Hence, the requirement for the existence of the same so-
lutions for the two systems is r € Dry, Tsr € Dy, Tsr € Dr,, regardless of the
Framework chosen.
In [8] the feedback system of Figure 4.2 is treated as the input output model of

Figure 4.3. Now the closed loop system is simply y = Tor and the requirement is

—— Closed Loop Plant ———

Figure 4.3: Input Output Box

r € Dr,. However, there exists some r that do not belong to Dr,,.

From above, regardless of the Framework chosen, when r satisfies the required con-
ditions the two closed loop systems exist and have the same response. We denote
by D, the set of corresponding plant inputs, u. The graphs for the two plants can
be constructed with the plant inputs restricted to D,,. Clearly they are the same.
The closure of this common graph, when the plant is Tp, is the entire signal space
of the Framework chosen, but when the plant is T there are signals that do not

belong to Dr,,. Therefore this common graph is not closed, and the graph of T
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has no closure. It follows that any conclusion regarding the properties of the plant
that is deduced from the closure of the graph does not automatically apply to the

unstable plant, but only to the stable one in the feedback situation.

In [11] the author states that the goals are ”to solve the problem concerning sta-
bilisability for systems over the signal space lo(Z)” and ” show that the stabilisable
systems and the stabilizing controllers are the same and thus it does not really mat-

»

ter wether we work with lo(Ng) or Io(Z) as signal space 7. In order to do so an
augmented definition of stabilisability is provided for systems with signal space

I»(Z).

Definition 49. An LTI(Z)-system P is called stabilisable if P is closable and
there exists an LT1(Z)-system C such that the feedback system [P, C] is stable and

causal.

Let P an LTT system such that [P, C] is stable. By Definition 4.1 in [11] it must be
that Dp = I5(Z). Moreover, because of Proposition 4.7 in [11], it must be that P
is closed. It follows from the Definition of stability for an LTI system that P must
be stable, but not necessarily causal.

Let P be a closable LTI system. Theorem 6.2 in [11] proves that P is stabilisable if
and only if Py is stabilisable. Hence P must be stable, but not necessarily causal.
P being stable, as defined in the paper, implies that P is stable in the conventional
sense, mapping square summable signals onto square summable signals. Hence the
main result is applicable to conventionally stable but possibly non-causal systems.
Moreover, the above conclusion, is supported by the transform domain analysis in
[11]. There is an extensive use of transfer functions and, from Definition 4.3 in [11],
a transfer function for a closed system is a member of R(L(T")). Hence its domain
is on the unit circle, the domain of the transfer function of a stable system, not

necessarily causal.

In [23] the standard plant model y = Pu is replaced by a Ay = Bu when A and
B are bounded operators. If the feedback system of the following example (the

plant P is a convolution operator) has to be analysed by this method, then the
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convolution is converted in the two bounded operators A and B such that

(Ay)[k] = ay[k] — y[k —1]
(Bu)[k] = —ulk]

The convolution equation corresponding to P then becomes a difference equation

corresponding to Ay = Bu. The following input is considered
l-aX |
olk| = ulk] + —— “tulk +1i
wlk] =i+ 5D ok +

for any u € l5(Z) such that the series > >~ _ |u[i]| converges absolutely to .

Clearly
Z aulk+i] <a
i=0

if a > 1 and for all k. Therefore uy[k] € loo(Z) and u, — u as a — 1. Tt is further

supposed that u[k] is such that, if a — 1

Za—@“)u[i — k] — Zu[i — k]

i=0
uniformly over all k. It follows that y, = Pu, and y, — y* in I (Z) as a — 1 where
Yalk] = Yo a” Yk + i) and y*[k] = — Y 0 a~FYufk + ). It is obvious that
y* # Pu, however ay*[k] — y*[k — 1] = —u[k]. In fact a convolution equation admits
uniqueness of solution, while a difference equation must be augmented by initial
conditions in order to admit uniqueness. Therefore Ay = Bu does not physically
represent the same system as y = Pu, since it has many more solutions. In order
to get the same physical meaning to Ay = Bu must be added the extra condition
that u € D(P). However, this case is completely equivalent to the traditional input

output framework. Hence there is no difference with the analysis made in [13].
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Chapter 5

Continuous time feedback

Systems

5.1 Bilateral Continuous Signals

In the previous chapter a consistent Mathematical Framework for feedback sys-
tems with double-sided discrete time polynomially bounded inputs was established.
However, the seminal paper of Georgiou and Smith, describing the inconsistencies
of the Mathematical Framework, was treating bilateral continuous time inputs. The
later literature analysed the problem from a discrete time point of view, assuming
that transition to the continuous time version would be obvious. In this chapter a
consistent Mathematical Framework for feedback system with bilateral continuous
time polynomially bounded input is established. Despite the similarities with the

previous chapter the treatment of the problem needs the use of other technicalities.

5.2 Eigenvectors and System Function

Consider the operator

T:DrCcX —->RprC)y

where Dp,Rp are the domain and the range of T, X and ) are classes of bilateral

continuous time functions. Assume that
T(A\x) =Xz, VAeC
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and, if T'(x(t)) = y(t), then

T(x(t—7)) =yt —7)

for all x € Dp. The operator T, the classes X and ) are the elements for the

Mathematical Framework for a feedback system as in Figure 5.2.

Figure 5.1: Feedback system.

The relation between exponentials, eigenvectors and eigenvalues of the operator T'

is investigated.

Lemma 50. If e € Dy C X, then it is an eigenvector of T'.

Proof. If
T(e™) = y(t)

y(t) = e (e "y(t))
define

ha(t) = (e~"y(t))
Hence,

T(e®=9)) = y(t — 5) = ™ hy(t — s)
BT () = e~ e hy (1) = e~y (1)

Then,

e (t—s) = e hy(t)

for any s. It follows that he(t—s) = he(t), therefore h,(t) = Aq, a complex constant

dependent only on a, and

is what needed. [ |

Assume that )\, exists for any a on some segment in the complex plane. The system

function of the operator T is defined in what follows.
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Definition 51. The meromorphic function K (s), s € C, is the analytic continuation

of A\, if

for any a on the segment of existence of \,. Furthermore, K(s) is required to be
bounded on some contour described by the semicircle encircling the origin and lying
in the right half plane between the semicircles of radius k£ and k 4 1, for any k& > 0.

Define K (s) the system function of the operator T

As in the previous chapter the Definition of meromorphic function is taken from
[25]. Consequently, K(s) has only a countable number of poles and the set of

meromorphic functions is a field.

5.3 Standard Formalism for bilateral signals and

LTT systems

5.3.1 Time domain analysis

Consider the set of Lebesgue locally integrable functions. The operator 7', mapping

this set into itself, is defined by the convolution

o0 =i = [ T gt - Ty

By Lemma 50, when the convolution exists, and there exists K(s) as in Definition

51, the function eP? is an eigenvector of the operator T with eigenvalue K (p).
Theorem 52. (a) Let T, be the mapping
T« f(t) = g(t) = o (t) = f(t), Dr(t) =1"R(t), r =0

Suppose p an interior point of the domain of K(s), the system function for Ty and
Py, = the Ph(t) € LY, k > 0, then eP! is an eigenvector of Ty, for j = 0,...,k,
with eigenvalue K;(p) = [(—£)7 K(s)]s=p-

(b) Let Ts and T}, i = 1,..., N be the mappings

Ts: f(t) — g(t) = f+ @ x f, ®(t) = Bo(t) = h(t)
Tig: f() = g(t) = Vypx f, Uy, = t7eP
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provided ® x x € L' and fy, p, € L', fori=1,..,N, with f;, = {t’eP f(t)}, then

N ki

Tf=Tsf+ chi,jTi,jf

i=1 j=0

where T = (® + Y1, Y0t cig Vi) * f-
(c) Let Ts, and T, respectively, be the mappings

TS,r5f(t)'_>g(t):f+(I)r*f

TRy : f(t) = g(t) = Vrx f, Up(t) = e, r >0

and K, (s) the system function for Ts,. Provided ®y, = t*e P'h(t) € L; and
fep =tFe PLf(t) € LY, then

(1) U; % (Do * f) exists for j =0,.... k;

(it) (V; * Do) * f exists for j =0,...,k;

k
(iii) Trx(Tsof) = Sor_o(~1)" K (p) TR+ f-
T

(d) Let Ts, Tp and Tg, respectively be the mappings
Ts: f(t) = g(t) = f+ P f, ®(t)=h(t)
Tp: f(t)—gt)=Qx f
Tof =(®+ chi,j\l’i,j) * f
i=1 j=0
where U, . = ttePit. Suppose Qx (®xx) € LY, the Pith(t) € L' and /e Pitf(t) € L,

fori=1,..,N, j=0,..,k;, and p is an interior point of the domain of K(s), the

system function for Tp, then

(To(Tsr) = To(Ts) = 3D iy [ 7 | (30 K)oy (B0

i=1 j=1 r=0 r

where T; ; f = W, ;% f.

Proof. (a) For j =0,...,k, ®;, € L', since |[t7e P'h(t)| < |t*e~P'h(t)|. Hence,

o0 oo

@jxv = (th(t)) xe” = / (t—s) h(t—s)er*ds = e / (t—s) h(t —s)eP~ds
when v = P!, exists and v is an eigenvector of ®; with eigenvalue

K0 = [ sihsperds

— 00
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In addition, for 5 =0, ..., k,
d? oo i > o
@K(a) = /700 W(h(s)e*ps)ds = ‘Aw(—l)jsje*psh(s)ds
since p is an interior point of the domain of K (s) and %(e_pth(t)) € LY. Tt follows
immediately that K;(p) = (f%)jf{(p), j=0,..k.
(b) For i =1,..,N, j =0,....,k;, fjp, € L', since [tTe Pt f(t)| < |thiePit f(1)].

Hence, ¥, ; x f exists, since

(W f] < [P

o | J .
/ ST ) o fy ()] ds
r=0

— 0o r

J

and Zi:o (=1)7="t" fj_pp, € L*. Tt follows immediately that

r

N k;
Tx = Tsl’ + Z Z Ci,jTi,jf

i=1 j=0
(c)(i) For j =0,....k, f;, € L*, since [t7e P! f(t)| < |tFe P! f(t)|, and ®;,, € L,
since |[t7e P! f(t)| < [t*e P! f(t)|. Hence, by Young’s Theorem, ®;, * fj_,, € L*
for 4,7 =0, ...,k and, since
_ I
Qjp =t = Z Prp * fi—rp

r=0 r
where v = ®q ,* fo.p, 2, € LY, for j = 0,..., k as required. It follows that ®o+ f = g
exists, since Qg , € L', g = e*v and U; x (D¢ * f) exists for j = 0,..., k as required,

since it is bounded by
oo | J j )
|e¥| / > T (=1)77"Q; . p(s) | ds
X |r=0 r

and Zi:o J

(ii) For j =0,....k, ¥, * O exists, since

t"(—l)j_"Qj,r,p €L
r

00 J .
|U; * Dp| < ’ept’/ Z J (=177, (s)| ds
—° |r=0 r

and Zi:o J t"(=1)="V;_,, € L'. In addition, for j = 0,...,k, ®;1 * Uy

r

exists, since its absolute value is bounded by [eP’| [|®; ,[|,, and ¥ is an eigenvector
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of Tg ; with eigenvalue K;(p); that is, ®; , * ¥y = K;(p)¥. Hence
/C>O ePE=)tin(s)ds = K (p)ePt
and
U, * P

/OO (t — s)7 Pt n(s)ds = Z(—l)r J /°° P s"h(s)ds

> r=0 r -

S [ et =Sy [ ) ke
r=0

T r=0 T

for j =0, ..., k. Furthermore, for j =0,...,k, ¥; * f exists, since

r

J .
e sl< o [ ) e o)
=0

and Zi:o ! t"(=1)77"fi_rp € L'. Tt follows that (¥, x ®g) = f exists for
T

j=0,..k
(iii) By (i) and (i),

b k
Wik (Do # f) = (W s Bo) = f =Y (1) Ko (p)(Wg_y % f)
r=0 r
It follows that
b k
Trp(Tsof) =D (-1) Ko (p)Trk—rf
r=0 r

(d)Fori=1,..,N,j=0,.. k,tle Pih(t), te P f(t) € L', since |t/e Ph(t)| <
|the=Pith(t)| and |Pe Pt f(t)] < |the Pt f(1)] and tfe Pity € L' where y = Tsu,

since

tje_pity(t) _ J Z(tje—aith(t)) % (tj_re_'“tf(t))

r r=0

Hence, by part (b),

N k;
Te(Tsx) — Tp(Tsz) = ZZ
i=1 j=0

since Q* x € L. The result follows immediately from parts (a) and (c). |
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Definition 53. Define the subclass L of of the locally Lebesgue integrable function
L={f(t):31, € [yUI;UI such that / f(t)e?dt < oo for Re(q) € I, ¢ € C}

where

Io = {[l1,12), l1 = —o0, for some Iy > 0}
I, = {(l1,13) for some —oo <1l; <l < oo}
I = {(llalQ]a lo = oo, for some l; > ())}

The class L is the class of locally Lebesgue integrable function for which the integral

/Z f(t)ettdt

exists for Re(q) € I,.

If g(t) € L consider the operator

T:DrCL—-RprCL

o0 = (o), [ gn)se - ryar

— 00

The domain of T is the functions for which the convolution exists.

Lemma 54. Consider the operator T, defined by the convolution above. Let G(s)
be the system function of T, as in Definition 51, then G(s) = ffooo g(t)estdt.

Proof. The result follows immediately from the Definitions of system function and

L. |

Consider X (s) the maximal analytic extension of G(s) = [~ _g(t)e*!dt. For disjoint
analytic domains, the algebraic function, X (s), corresponds to different integrals.
In order to recover a one-to-one relationship, the domain Dy C C, on which the
integral exists, must be specified. Therefore, the doublet notation, {X(s), Dx}, is
preferred. Consequently, the doublet {G(s), D} is the system function for 7. The
domain D¢ is an open strip, parallel to the imaginary axis, with left boundary and

right boundary the real part of singular points of G(s).
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Lemma 55. Let Ty and Ty operators on L such that Tix = &1 xx and Tox = $g %
x. Consider their system functions {G1(s), Dg,} and {G2(s), Dg,}, respectively.
Provided Dg, N Dg, # 0, then

(i) {G1(s) + G2(s),Dg,+a, D Da, N Dg,} is the system function for a system
T, such that Tx = Tz + Tox, when Tix and Trx exist;

(i5) {G1(5)G2(s),Dc ¢, O Dg, N D, } is the system function for a system T,
such that Tx = T1(Tex), when Tix and T1(Toz) exist.

Proof. (i) Since,
Va € Dg,, / ft)e™dt = Gi(a) < o0

and,

Va € Dg,, / f(t)e™dt = Ga(a) < oo

then,
/ (F(t) + g(8))edt = G (a) + Cala)

—o0
for all @ € Dg, N Dg,. Define Gr(s) = (G1(s) + Ga(s)), with Dg,. 2 D¢, N Dg,
such that

Grls) = | T (F0) + gt

— 00

It follows that G is the system function of the operator T on L, with Tz = ® % x,

o(t) = (f(t) + 9(1))-
(ii) Similar to (i). [

The domain in
{Gl(s) + GZ(S)a DG1+G2 D .DG'1 N DGQ}

is greater than D, N D¢, only when the removal of singular points through additive

cancellations occurs. Similarly, the domain in
{Gl(S)GQ(S)a D¢,G, 2 D, N ‘DGQ}

is greater than D¢g, N Dg, only when the removal of singular points through mul-

tiplicative cancellation with zeros occurs.

Definition 56. L is the class of signals and the convolutions on L are the systems
for a Standard Formalism in time domain analysis.

The doublet {G(s), Dg} is the system function for the system.
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A system on L, defined by the function g(t) is causal if g(¢t) = 0 for ¢ < 0, acausal
if g(t) = 0 for ¢ > 0. Tt is stable if there exists a k > 0 and a 0 < ¢ < 1 such that
lg(t)] < kelfl.

Theorem 57. (a)(i) The system {G(s), Dg} is causal provided 31 € R such that
Dg ={se€C: Re(s) >1}
(i) the system {G(s), Dg} is acausal provided 3l € R such that
Dg={seC: Re(s) <l}
(b) The system {G(s), D} is stable provided
Dg ={se€C: Re(s) =0}
Proof. (a)(i) The function f(t) € L is

f0) =5 / " Glo + jw)etdu

when o € Dg.
From the Definition of system function, it follows that G(s) is bounded on any open
strip included in D¢. Hence, by Cauchy’s Residue Theorem, f(t) = 0, for ¢ < 0.
(ii) similar to (i).
(b) Since D¢ is an open neighborhood of the imaginary axis, it follows immedi-

ately that the system is stable. |
Properties of stable systems are proved in the next two Lemmas.

Lemma 58. Let Ty and Ty be stable systems on L such that Tix = &1 x x and
Tox = ®y x x, where &1 and P € L. If x € LP, 1 < p < o then

(i) y =Tz +Tox =Tx € LP, where T is a stable system;

(i) y = Th(Tox) = Tx € LP, where T is a stable system.

Proof. (i) Since T} and Ty are stable, ®; and ®3 € L! and so ¥ = ®; + $, € L.
Hence, by Young’s Theorem, Vo € LP?, 1 < p < oo, ) xx, Py xxz, ¥xx € LP and
it follows that Tx = Tx + Tox. There exist k1,ko > 0 and 0 < ¢1,¢o < 1 such that
D1 ()| < kycl! and |®o(8)| < koclll. Therefore, |®y + ®s| < (ky+ks)(maz{cy, o}
and Tx is stable.

(ii) Similar to (ii). [
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Lemma 59. (i) Let T be a stable and causal system such that Tx = ® x x. Then
the Pt € L1, for k>0, |p| > 0.

(ii) Let T be a stable and acausal system such that Tx = ® x x. Then tfe P'® €
LY, for k>0, |p| <0.

Proof. (i) Since ®(t) = 0, when t < 0, and |®| < k!l for some k > 0and ¢ < 1,
the result follows immediately.

(ii) Similar to (i). [

Since the analysis is centred on feedback systems the existence of the return differ-

ence operator must be investigated.

Lemma 60. Let G(s) # —1 be meromorphic on C such that the singular points
at p;, © = 1,...N of order ki,....,kn are in the domain of the doublet {(1 +
G(s))" ', Dasey-1)}, then {(14 G(s))™!, Daygy-1)} is the system function for a

system with zero eigenvectors, {tiePit}, i =1,...N, j=1,.. k.

Proof. The proof is a consequence of the properties of the meromorphic functions.

In fact, since they constitute a field, it follows immediately. |

Theorem 61. Let Tp and Ts be stable systems with system functions, respectively,

{G(s),Dg} and {(1+ G(s))~', D14c)-1}. Then
Tsx+Tp(Tsx) =1 +Tp)(Tszx) =Ts((I +Tp)x) =z, Vz el’, 1 <p<oo

Proof. Since Tp and Ts are both stable, then Dg N D14gy-1 # 0. The proof is

consequence of Theorem 55, Lemma 58 and Lemma 60. |

The system T's, defined as above, is not necessarily the inverse of the system 7, ,.¢),

defined by {(1+ G(s)), Dat+a)}-

The relation in time-domain between system functions is established when their

domain of existence are disjoint.

Theorem 62. Let ®; and P be two systems with system functions {G(s), D1}
and {G(s), D2}, respectively, such that D1 N Dy = 0 and that G(z) is the same

meromorphic functions for both system functions. The singular points of G(s)
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are p1,...,py with order ki, ....kn, respectively, and N € [0,00]|. Suppose that

N <k, 1o
Dim1 2ji c; jthi~lePit converges, then

N k.
(I)l — @2 = E E Ci7jtki716pit

i=1 j=1

where ¢; ; =1,...,N, j =1,...k; are constants.

Proof. Define he region Dj\, as the region between D; and D,. Since G(s) is
meromorphic, Dy\o contains a countable number of poles. Moreover, from the
Definition of system function, G(s) — 0 when Re(s) — oco. The rest of the proof is
an application of the Cauchy’s Residue Theorem to the complex function G(s)e®t.

In fact, since

o1+joo
By (t) = {— / G(s)e*tds)

B % 1—joo
1 o2+joo o
Dy(t) = s /Uz_joo G(s)e®*ds}
where o7 is inside the intersection between the real line and D1, o5 is inside the
intersection between the real line and Dy. Then
1 ity st 1 72tio st
o /m_joo Gls)e*'ds) — {5 /@_jw Gls)ettdz) = A
with A the residues of the singular points of G(s) in Dy\2. The rest follows imme-

diately. m

Consider the systems T, Tp and Tg with system functions {G(s), D¢}, {G(s),Gp}
and {(1+G(s)) ™!, D(14¢)-1 } respectively. The singular points of G(s) are py, ..., px
with order kq, ..., ky, respectively, and N € [0, o0]. Require that

N k.
E E Ci7jtki716pit

i=1 j=1
converges. Suppose that Tp is stable but not necessarily causal , that T is causal
but not necessarily stable and that Tg is stable and causal. Let Tgx = ¥ x x,

Tpx =Q*xx and Tsx = & x x. Consider the feedback systems of T and Tp,

=Tau
v=ra (5.1)
u=r—y
=Tpu
y=or (5.2)
u=r—y
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when r,u,y € LP, 1 < p < oco.

Define p, a singular point of G(s), such that
Re(p) = max{Re(p;), i =1,...,N}
and
k= max{k;, i € {j: Re(p;) = Re(p)}}
and define
e PLP ={zeLl: {tkefﬁtx} elP} 1<p<o
The response of 5.1 is related to the response of 5.2 by the following Theorem.
Theorem 63. Consider the systems Tg, Tp and Ts defined as above and the two

feedback systems 5.1 and 5.2. Then
(i) The feedback system 5.2 has, ¥r € Dy, the solution

y=Tp(Tsr)
u="Tgr
(i) The feedback system 5.1 has, ¥r € e PLP, the solution
y=Tp(Tsr)
u="Tsr
Proof. (i) By Lemma 60 Tp(Tsxz) = x — Tsx, Vo € Dr,. Therefore, Vr € Dr,
y=Tpu=Tp(Tsr) € LP
u=r—y=r—Tp(Tsr)=r—(r—Tsr)=Tsr €LP

as required.

(ii) By Theorem 62

N &
Texr = (Q+ Z Z cijWij) *x

i=1 j=0
with U; ; = t/eP! where p; is a singular point of G(s) with order k;.
By Theorem 57 (a)(i) and (b), since Tp is stable and T¢ is causal, ¢; ; = 0, when
i € {j : Re(pj) < 0}. Hence, the only relevant singular points are those such that
Re(p;) > 0.
Since Tp and T are stable, 2, ® € L' and Q* (® xx) € L}, Vo € LP, 1 < p < oo.
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By Lemma 59 (i), since Ts is stable and causal, te P € L', for i = 1,...,N,

j=0,....,k;, and tiePitz(t) € L', whenever tFe ' € L. Hence, by Theorem 52 (d),
Tg(Tsm) = Tp(Ts.’L‘) + Trax

where
Tre =3 > cii) (=) (14 G(9) 2, ) (T * )

i=1j=0  r=0

By Theorem 57 (a)(i) and (b) all the singular points such that Re(p;) > 0 are

internal points of the domain of Tg, since T is causal and stable, and

Lyt e),) =0

dz =P

fori=1,..,N, j=1,..,k;, since, by Lemma 60, the functions t/ePi?, i = 1, ..., N,
j=1,...,k; are zero eigenvectors of (1 + G(s))~!. It follows that Tr(Tsz) = 0 and
Te(Tsx) = Tp(Tsx).

Therefore, Vr € e PLP

y="Teu=Tg(Tsr) = Tp(Tsr) € LP
u=r—y=r—Tp(Tsr)=r—(r—Tsr)=Tsr €LP

Theorem 63 implies that the response of a feedback system enclosing the unstable
plant, Tz, to an input restricted to e PLP, is the same as the response of the
feedback system enclosing the stable plant, T», when the latter feedback is stable
and causal. Therefore, when the class of inputs is restricted to e ?LP, the feedback
system 5.1 is stable and causal if and only if the feedback system 5.2 is causal and
stable.

To be more precise, by Young’s Theorem and Theorem 61
lyll, < I @[l [|rll,, VreLP, 1 <p<oo

Hence, the feedback system enclosing Tp being stable in the sense that, for some
c>0, [lyl, < clrll,, vr € LP, implies that the feedback system enclosing T is
stable in the sense that [y||, < c||r||,, Vr € e7PLP.

Note that e PLP is a subspace of LP but is not closed in L¥. In fact, consider

r € LY such that r ¢ e PLP and let s,, n € Z, be the function with values s,,(t)
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such that s,(t) = 0 for ¢ < —n, s,(t) = r(t) otherwise. Then, ¥n € Z, s, € L?,

1 <p<oo, and s, — rin L¥.
FEzample 10. Let Tp, T and Ts be the systems defined, respectively, by
Ter = Qxz, Qt) = kbe™O(t)
Tpr =V sz, U(t)=—kbe"O(t)
Tsx =z 4 ®*x, B(t) = —kbel*F)tQ(¢)
where © € L?(—00,00), O(t) = 1 t > 0, zero otherwise. The system functions are,

respectively, { 2% Re(s) > a}, {22, Re(s) < a} and {%,Re(s) > |a — kb|}.

s—17? s—a’

The system function for T has a singular point at s = a and e is a zero eigenvector
of Ts.

Let x = e®O(t), then, when |a — kb| < 1, Tsz = e )tQ(t) and (I + Tp)Tsz =
—e'(a — O(t)). Hence (I + Tp)(Tsz) # x and Ts is not the inverse of (I + Tp).
When |a| > 0 and |a — kb| < 0, Tp, T and Tg are, respectively, stable, causal and
stable and causal. Hence, the feedback system enclosing T is stable and causal
with the same response as the feedback system enclosing T» but only for the inputs

r € e PLP, with p = a.

5.3.2 Transform domain analysis

Consider a signal z € L. The correspondent element in transform domain analysis
is the doublet {X(s), Dx}. The doublet is the bilateral Laplace transform of the
signal x. Hence, the doublets of the signals and of the systems of the Standard
Formalism of Definition 56 are the elements for a transform domain analysis. Note

that this Formalism is closely related to the conventional analysis in [1].

Similarly to Theorem 57 (i) and (ii), provided 3! € R such that
Dx ={s€C: Re(s)>1}

the signal is causal, and, provided 3l € R such that
Dx ={seC: Re(s)<l}

the signal is acausal. Similarly to 57 (iii), when
Dg 2 {s€C: Re(s)=0}
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the signal is stable. When the signals = and y have bilateral Laplace transforms,
{X(2), Dx} and {Y (2), Dy }, respectively, and DxNDy # 0, {X(s)+Y (s), Dx+vy D
DxNDy} corresponds to the signal +y. Moreover, when the system 7" has system
function {G(s), Dg}, {Y(s) = G(s)X(s), Dy = Dgx D Dg N Dx} is the bilateral
Laplace transform of the the signal y, such that y = Tx. Hence, transform domain

analysis can be applied to systems and signals with Definition 56.

5.3.3 Standard Framework for bilateral signals and LTI sys-

tems

Note that Definition 56 is the definition of a Formalism, not of a Framework. In
fact, the elements of the Standard Formalism do not meet three requirements for a

consistent Mathematical Framework:

1) The class of signals L is not a linear space. In fact, if g1(t) and go(t) are in L
the bilateral Laplace transform of their sum might not exists if the intersection of

the two domains is empty. This is demonstrated by the following example.

FEzample 11. Consider the bilateral Laplace transforms of

1 t>0
fit) =
0 t<0
and
0 t>0
f2(t) =
1 t<0

The domain of the first if the region Re(s) > 0 in the complex plane, while the
domain of the second is the region Re(s) < 0 in the complex plane. The sum of the
two sequences is f(t) = 1, whose bilateral Laplace transform does not exist since it

has to satisfy the condition 0 < Re(s) < 0.

2) The class of systems does not constitute an algebra. If {G1, D1} and {Gs, D2}
are two transfer functions such that D; N Dg, = @, then their sum or composition

might not exist.

3) The system with transfer function {(1+G(s)) ™!, D(14+¢(s))-1)} is not necessarily
the inverse of the system with transfer function {{(1 + G(s)), Da1c(s)}}-
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Definition 64. Define Lg C L by
Ls={fe€L: Re(s)=0implies s € Dx}
Note that Lg C LP, 1 < p < o0.

Definition 65. Lg is the class of signals and the operators on Lg, defined by ® xx,
with ® € Lg, are the systems for a Standard Framework in the time domain anal-
ysis.

The bilateral Laplace transform of the signals and of the ® € Lg are the corre-

sponding elements for a corresponding transform domain analysis.

For any system, T', with system function, {G(s), D¢}, and any signal, z, with bilat-
eral Laplace transform, {X (s), Dx}, Dg N Dx is nonempty, open and contains the
imaginary axis. Similarly, for any systems, 77 and 15, D¢g, U D¢, is also nonempty,
open and contains the imaginary axis. Therefore the class of signals is a linear space
and the class of systems constitutes an algebra. Moreover, the system with trans-
fer function, {(1+ G(s))™*, D(14¢)-1)}, is the inverse of the system with transfer
function {(1 + G(s)), D(1+¢))}- Since the requirements for a consistent framework

are satisfied Definition 65 is the definition of a consistent mathematical framework.

In the Standard Framework all signals and systems are stable but not necessarily
causal. The analysis of the feedback system is no longer concerned with establishing
the stability of the closed-loop system but with establishing its causality.

Consider T, a causal but unstable open loop system on Lg, together with its trans-
fer function, {G(s), D¢}, such that G(s) is analytic on the imaginary axis. Consider
Tp, the associated acausal but stable open loop system on Lg, with transfer func-
tion {G(s), Dp}. By Theorem 63, the closed loop system for T is stable and causal

provided the closed loop system for Tp is stable and causal.
FEzxzample 12. Let T the unstable causal system
Tor =Mz, TI(t) = kbe™O(t), a >0

kb

s—a’

Its system function is { Re(s) > a}. The associated stable acausal system,
Tp, has system function {%7 Re(s) < a}. Since (I +Tp)~! has system function

{%,Re(s) > la — kb|}, the closed loop system for Tp is causal as well as
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stable, provided |a — kb| < 0. Hence, by Theorem 29, the closed loop system for T
is stable as well as causal, provided |a — kb| < 0. Note that the inputs to the latter
closed loop are restricted to e PLP, for p = a. For these inputs, the responses of

the two closed loop systems are the same.

5.4 Generalized Formalism for Stable and Unsta-
ble Systems

Consider C*°(R), the linear space of infinity differentiable complex valued functions
on the real line. As in in the previous chapter a subspace C cC C>(R) is shift-
invariant, when f(t) € C implies f(t — a) € C, Va € R. Define T the linear space
of linear functionals with domain a shift-invariant subspace of C*°(R) such that,
when x € T,

f(t) = [ f(t)]
where z[f(t)] is the value of the functional = assigned to each f(¢) in its domain.
Tp and 7g are subspaces of 7 with domain containing D and S, respectively.
Define z, the shifted functional such that x,[f(¢)] = z[f(t + a)] and §, € Tg the
delta functional such that 6. [f(¢)] = f(7) for all functions in C*°(R).

Definition 66. Two elements x and y in 7p are equivalent if z[f(t)] = y[f(t)] for
all f € D implies that z[f(¢)] = y[f(¢)] for all f in their domains.

Consider the operator T4 defined on a shift-invariant subspace of C*°(R) containing
D such that
Taf(t)= [ gl-ns(e s (53

when D C Dr, and D C Ry,. Define the linear shift-invariant operator T’
T:DTQTDHRTQTD

Tx[f(t)] = x[Taf(1)]
provided T4 f(t) is in the domain of x for all f(¢). When z is a regular functional
then

oo

Tz[f ()] = (/ g(s)z(t — s)ds)[f(t)]

—0o0

provided [*_g(t — s)z(s)ds exists.
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Lemma 67. Consider the operators T on Tp and Ty defined as above. If Dy and
Ry are subspaces of Tp and [~ g(s)x(t — s)ds exists, then

Tx[f(t)] = x[Taf(1)]

Proof. When z is a regular functional

o Taf(0)]
=x[/ o(—7)f(s — 7)dr] = / 2(s)

— 00 — 00

(
= /Z x(s) (/Z glt — s)f(t)dt) ds = /z (/Z z(s)g(t — s)ds> ft)dt

~(f et - $)g()ds) (1)

— 00

and the result follows immediately from Definition 66. |

Define Q the class of operators T on 7p as
Q ={T: dT4 as in 5.3 such that Tx[f(t)] = z[Taf(t)]} (5.4)

Lemma 68. Let Ty and Ty operators on Tp such that Tyz[f(t)] = x[Ta1 f(t)] and
Tox[f(t)] = x[Tazf(t)], where

s - [ T

— 0o

and

Taof(t) = / T Gt - r)dr

— 00

Then Tyx 4+ Tox = T, when Tixz and Tox exist, where T is an operator on Tp such

that
Tx[f(t)] = z[Taf(t)]
with Taf(t) = Tar f(t) + Taof(t);

Proof. Since the operators are linear and by Lemma 67 the result follows immedi-

ately. |

Lemma 69. Suppose Thx1 = Towe € Tp and T(Tix) € Tp, with T, 11, Ts € Q,
then T(Thx1) = T(Tozs).

Proof. Since Thxy = Toxs € Tp, Trx1[f(t)] = Taxa[f(t)] for all f(¢) in their domain.
Let T be defined by T, then Ty21[Ta f(t)] exists and Tyx1[Taf(t)] = Toxa[Ta f(1)].
Hence, TTyx1[f(t)] = TToxa[f (¢)]. |
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Consequently, the operators T' € Q, can be extended to include all the pairs, x — y,
such that y = T(Tw) and = Tw, for some T € Q and w € Tp. All the operators
in Q can be extended in this way and let Q1 be the class consisting of them. That

can be repeated to construct the extension classes Q,., r > 0, with Qy = Q.

Definition 70. Let Q be the class of maximal extensions of the operators in Q,
where the maximal extension of T' € Q is defined by all the pairs, « — g, such that

y =Tz is in Q, for some r > 0.
Within Q, repeated cascading of operators is consistently defined.

Definition 71. 7 is the class of signals and the operators 7" in Q are the system

for a Generalized Formalism in time domain analysis.

Let the signals e®* be in the domain of the system 7. By Lemma 50 those are A,
eigenvectors of T' and K (s), the analytic continuation of the eigenvalues A, is the

system function of the operator T, as in Definition 51.

A system on Q, defined by the operator T4
Taf(t)= | o-rfte-ryir

is causal if g(t) = 0 for ¢ < 0, acausal if g(¢) = 0 for ¢ > 0 (note that if a system
defined by T4 is causal, then T4 is acausal. Similarly, when the system is acausal,
then T4 is causal). It is stable if there exists a k > 0 and a 0 < ¢ < 1 such that
l9(t)] < kel

Consider the functional v € 7p, an eigenvector of the system T on 7p with eigen-
value A. Define the operator V4 on a shift-invariant subspace of C*°(R) containing

D, such that
Vaf(t) = /_ o(=7) f(t — 7)dr (5.5)

Lemma 72. V4 f(t) is an eigenvector of Ty with eigenvalue .

Proof. Since v is a A-eigenvector it follows

oo

@)= A [ o= [ ([ ongls - nan)sis)as

— 00 — 00 — 00

[e e}

If (J°__ v(r)g(t — 7)dr) exists, then

/OO v(T)g(t — 7)dT = Mv(t)

— 00
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From the definition of V4 f(t),

TaVaf() = [ g8 / T W)t — (4 8))dr)ds

— 0o —00

= [ (] a9 -9 -rar

—00 — 00

hence, from above,

/Oo (/w g(—7)ols — 7)dr)f(t — s)ds = )\/_OO o(—7) f(t — 7)dr = AVaf(?)

— 00 — 00

Define the system V on 7p as Vo = x[Vaf(t)] where Vy is the same as in 5.5.
Consider the systems T" and Ts on 7p, such that

(I +T)Tsx[f()] = x[Tsa(l + Ta) f(t)] = 2[f(t)]

Theorem 73. Let T and Ts be two systems on Tp defined as above. Let V be a
system on Tp defined as above, with v a zero eigenvector of Tg. Consider the two

feedback systems

=Tr
Y (5.6)
u=r—y

and

y=T+V)u
u=r—y
Then the feedback systems 5.6 and 5.7 have, Vr € Dr., the same solution
y=T(Tsr)
u="Tsr
Proof. The solution to 5.6 follows from the way in which 7" and Ts are defined.

By Lemma 72 if v is a zero eigenvector of Ts then V4 f(t) is a zero eigenvector of

Tsa when f(t) has finite support. Hence
VTsz[f(t)] = x[TsaVaf(t)] = 0,Vz € Tp

Therefore, Vr € Dr,

y = (TH+V)u=(T+V)Tsr =r[Tsa(Ta+Va)f(t)]
T[TSATAf(t) + TAsVAf(t)] = T(Tsr) e€1p
u = r—y=r—TTsr)=r—(r—Tsr)="Tsr eTp
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Theorem 73 implies that the response for a feedback system enclosing the plant T,
to an input in 7p, is the same as the response of the feedback system enclosing the

plant (T + V).

This Formalism is a generalization of the Standard Formalism. Consider g, an
element of the class of signals L, and the regular functional g € 7p.
The map ¢g(t) — g is an isomorphism between L and and a linear shift-invariant
subspace of 7p.
Similarly, consider the system 77 on L, such that Thix = g * ¢, and the operator T4
on a shift-invariant subspace of C*°(R) such that
Taft) = [ g(-f-ryar

Define the system Ts on 7p such that

Lox[f(t)] = z[Taf(t)] = x[/ g(=7)f(t — 7)dr]
The map T7 +— T5 is is isomorphism between the convolutions on L and a subspace
of the class of systems on 7p. Clearly, when the response exists in both formulations,

they are the same.

Lemma 74. If the function v(t) € L is an eigenvector of a system Th on L, then

the functional v € Tp is an eigenvector of the correspondent system T on Tp.
Proof. The result is a consequence of the discussion above. |

Because of the isomorphisms between L and a subspace of 7p and the convolution on
L and a subspace of Q, properties of the systems on L, such as causality and stability,
are transferred to the equivalent systems on 7p. It follows that the feedback systems
5.1 and 5.2, when extended into their equivalent feedback systems in the Generalized
Formalism, have the same response for all inputs in Dr,. In fact, to the stable
system T'p, the causal system T, the stable and causal system T, on L, correspond
the system T', (T'+ V') and Ts on Tp, of Theorem 73. Therefore, the response of a
feedback system enclosing the unstable but causal plant (7' + V') is the same as the
response of the feedback system enclosing the stable but acausal plant Tp, for any

input in Dry.
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Ezxample 13. Consider the systems T, Tp and Tg, defined, respectively, by

Tex[f(t)] = z[Gaf(t)], Gaf(t) = /00 kbe~ 'O (—t) f(s — t)dt

—0o0

Tpa(f(t)] = 2[Paf(t)], Paf(t) = /oo kbe=t (1 — O(—t))f(s — t)dt

— 00

Tsa[f ()] = z[Saf(®)], Saf(t) = f(t) - /oo kbe*FO(—t) f(s — t)dt

—0Q0

where O(t) = 1 for t > 0, zero otherwise, a > 0 and (a — kb) > 0. Tp, T and Ts
are, respectively, stable, causal and stable and causal.

Ts is such that (I + Tp)(Tsz) = x. Hence, the solution to the feedback system

=Tpu
y=ar (5.8)
u=r—y
is given by
y=TpTsr
u="Tsr
Consider the operator V', defined by
oo
Valf(0)] = alVaf (O], Vaf() = [ ke (s — oy
Since T = Tp +V and VTgx = 0, by Theorem 73 the feedback system
=Tgu
v=ra (5.9)
u=r—y

has the same solutions as 5.8, for Vr € Dr,. Hence, the feedback system enclosing
T is causal and stable with the same response as the feedback system enclosing

Tp, for all signals in Dr,.

5.5 A Framework using Distributions

Consider the subclass of the Distributions Dg, the subclass of U, Ug and the class

of multipliers M.

Definition 75. Dg is the class of signals and the convolutes on Dg, mapping Dgn
into Dgy, are the systems for a Framework in time domain analysis.
Up is the class of signals and the multipliers in M on Ug, mapping Ug N into Ug N,

are the systems for a Framework in transform domain analysis.
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It is first proved that the systems so defined are an algebra.
Theorem 76. M constitutes an algebra.

Proof. The multipliers in M on Ug are linear periodic operators mapping elements
of Ugn into Ug . As linear operators they define an algebra of operators on Ug.
However, the sum an product of two multipliers are themselves multipliers defined
simply by the sum and product , respectively, of the functions defining the original

multipliers. The result follows. |
In what follows it is proved the existence of inverse of the return difference operator.

Lemma 77. Let M be a regular functional defined by the infinitely differentiable
function M (w) and M), the regular functional defined by M), be its " -derivative.
Then M belongs to the class M provided M(w) and M) (w), for all r > 0, are
bounded.

Proof. Clearly M is a multiplier on Us and m = F~*{M} is a convolute on Dg.
The functional my, defined by the function (14 jt) is a multiplier on Dg and, given
a regular functional x € Dgy, defined by the function x(t), = = ymy", where y is

the regular functional defined by the function y(¢) = x(¢)/(1 + jt)V. It follows that

N
N
mxx=mx(ymd) =" FHMOY M
r=0 T

where Y = F{y}. Since y(t) is square integrable, Y (w) = F{y(t)}(w) is also
square integrable and Y is the regular functional defined by it. In addition, by
Holder’s Theorem ([4]), M) (w)Y (w) is square integrable for all » > 0. Hence,
F~HYM™Y} is the regular functional defined by the square integrable function
F-HMM (W)Y (w)}(t). Tt follows that m * x € Dgy and M belongs to Mg as
required. |

Theorem 78. Let M € M be a multiplier on Ug defined by the function M(w)such
that (I + M (w)) has no finite zeros, |I + M(w)| is bounded away from zero, and the
modulus of all derivatives of M(w) is bounded, then (I + M(w))~! ezists and is a

multiplier and inverse on Us, mapping Ugn into Ugn .

Proof. Since (1 + M (w)) has no finite zeros and the limit of M(w) as |w| tends
to infinity is not —1, then (1 + M(w))~! is bounded. Furthermore, since M (w)
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is infinitely differentiable with all its derivatives bounded, (1 + M(w))~! is also
infinitely differentiable with all its derivatives bounded. Hence, (1+M (w))~! defines
a regular functional in Ug that, by Lemma 77, is a multiplier on /s mapping Ugn
into Ugn. Furthermore, since (1 + M(w))"1(1 + M(w)) =1, (1 + M(w))~! is an

inverse on Ug as required. |

Moreover, the class of signals Dg is a Banach space. In fact, consider x € Dg, then

the norm associated to Dgy is

o0
el = /
—o0

It follows that all the 5 Requirements for a Framework to be consistent are satisfied.

[\v)
N

x(t)

1+ [N

It remains to be proved that the system function and the multiplier in M7 are the

same

Theorem 79. The system function for T is the multiplier K (jw) € M.

Proof. Consider v, the regular functionals defined by the function e/**. Then
Fl{u,} =46,
and
F{Pxv,} = K(w)d, = K(v)o,

Hence ® v, = K(jv)v, Therefore v, is an eigenvector of T with eigenvalue K (v).

The result follows from the Definition of system function. |

5.5.1 Standard Framework, Generalised Formalism and Dis-
tributions Framework

Consider the subspace of the distributions Dg. Let ® be a convolute on Dg, the

space of tempered distributions.

Theorem 80. (i) the space D is isomorphic to the class of polynomially bounded
signals.
(ii) The systems in the Standard Framework are isomorphic to a subclass of the

convolutes on Dg.
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Proof. (i) Obviously, C*°(R) is isomorphic to a subset of D. The result follows from
the Definition of Dg.
(ii) Consider Tz = {®(t)} * {z(t)} a system in the Standard Framework of Defi-

nition 65. Because the systems of the Standard Framework are stable, then
()] < ke
for k a constant and 0 < ¢ < 1. Hence, the functional ®(¢) is a member of Dg. W

Let @ be a convolute on Dg and let K (jw) be the correspondent multiplier in M.
Define the operator T on Dg as Tx = ® * z. Consider the same operator T' as
a system in the Generalised Formalism and let K (s) be the system function of 7.
The relation between K (jw), the multiplier in M associated to the convolute ® and

K (s) is established in the next Theorem.

Theorem 81. Let K(w) be the reqular functional defined by K (w) = Ks—j,,. Then

K(jw) is the multiplier associated to the convolute .

Proof. Since v,, as defined in Theorem 79, is also an eigenvector of the Gener-
alised Formalism version of T, and K (s)s—;, = K(jv), the result follows from the

Definition of system function and Theorem 79. |

Consider ®(t) in L, defining a causal but unstable convolution on L, together with
its system function, the doublet {K(s), Dk}, with the further condition that K(s)
does not have finite zeros on the imaginary axis. The feedback system enclosing the

unstable convolution

=P xuy
Y (5.10)
u=r—y
is extended in the Generalized Framework to
=Taou
vt (5.11)
u=r—y

where T : Tp — Tp is given by

Ta[f(1)] = «[T4 /(1))
and T4 = [%_®(—7)f(t — 7)dr. Tg is the operator of an unstable but causal
system on 7p. By Theorem 73, 5.11 is equivalent to

=Tpu
y=or (5.12)

u=7r—y
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where Tp : Tp — Tp is the operator of a stable systems such that Tp = T — V,
Vo = z[Vaf(t)], V4 the same as in 5.5, where the eigenvectors chosen are the
zero eigenvectors of (I + Tp)~!. Note that, for the two feedback systems to be
equivalent, the inputs must be in Dy 7,)-1. From the discussion above the stable
feedback system enclosing T» can be rewritten as a stable feedback system in which
Tp is reconsidered as an operator acting on Dg, with the advantage that the latter

possesses a transfer function, K (jw), such that K(s)s=j, = K (jw).

Example 14. The feedback systems enclosing Tp and T of Example 10, in the
Standard Formalism, are obviously extended to the feedback systems enclosing Tp
and Tg of Example 13, in the Generalised Formalism. In both Formalisms it is
proven that the feedback system enclosing T is stable and causal with the same
response as the feedback system enclosing Tp. However, while in the Standard
Formalism it is necessary to restrict the class of signals to e~ LP, in the Generalized
Formalism the result holds for all the signals in Dy, C 7a. Moreover, from the
discussion above, the feedback system enclosing Tp in the Generalized Formalism
is equivalent to a feedback system where Tp is a convolute on Dg. Not only a
restriction of the class of signals is not necessary anymore, but the context used
for the analysis, the Framework for Distributions, is a consistent mathematical
framework, since (I +7Tp)~! is well defined. Furthermore, the time domain analysis
is coupled with a transform domain analysis. In fact to the convolutes Tp and
(I+Tp)~! corresponds, as a transfer function, the multipliers in M on Us, mapping
Ugn into itself, kb/(jw —a) and (jw —a)/(jw — (a — kb)), respectively. The analysis

is not centred anymore on stability, but on causality.

5.6 A Framework for Singular Systems

Similarly to the same Section of the previous Chapter a non regular functional in
Dpg can be always represented by the limits of a sequence of regular functionals in
Dg. However, as in the previous Chapter, the result does not apply to convolutes.
Hence, considering the sequence of convolutes {®,}, the operator T, such that
Tu = (limy,— o @) * u, is a suitable system for a Framework for singular systems if

the signal space is restricted to elements of Dg that are themselves convolutes.

Definition 82. The members of D that are convolutes on Dg are the signals and
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the limits of sequences of convolutes on Dy are the systems for a Framework for
singular unstable systems.

The subspace of Ug that corresponds to the Fourier transforms of convolutes on Dg
and the Fourier transform of the limits of convolutes on Dg are the correspondent

elements for a correspondent transform domain analysis.

Consider the plant T such that Tu = lim,,— oo (®,, * u), ®,, as above. The feedback
system

y = limp—oo(Thu)

u=r—y
still has a solution. In fact if {M,} is the sequence of multipliers corresponding to
the convolutes {®,,}, then (I + M, )~ is an infinite differentiable function for any
n. Therefore, lim,, o (I + M,)~! is well defined and (I +lim,, . ®,) ! exists and

is the system representing the inverse difference operator.

Ezample 15. Consider the singular unstable system with system function K(s) =

1/(s —1). We replace it with the limit

1 1 1
lim K,(z)= lim -
im (2) im (s—1+%+s—1—l

n— oo n—oo 2
n

)

{K,(s)} is a sequence of multipliers in Mg. In time domain {®,} is the sequence
of corresponding convolutes. In the Framework for Singular Systems the limit
(limy,— 400 Tn)z = lim,, oo (T, z) exists because x is a convolute on Dg, but the

operator lim,_ ., ®, is not a convolute. However, the closed loop system

Y =limp—oo(Pp * u)

u=r—y

admits solution for any input that is a convolute on Dy and its transfer function is

the multiplier
1 _s—1

i
n—l>r-ir-loo 1+ K,(s) ]

The usual transform domain analysis can now be applied.
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Chapter 6

Hybrid feedback systems

6.1 Introduction

Consider the hybrid feedback system

A/D
T
X(s)[A/D J[ D/A Y(s)
GC(Z) GP(S) e
T T

Figure 6.1: Hybrid Feedback System, s domain.

where (D/A)T is an ideal D/A converter which acts, with a time constant 7', on a
discrete time signal in LT, {z[k]}, to produce a piecewise constant continuous time
signal, y(t) € L, that is, it acts as an ideal zero-order-hold (ZOH). (A/D)T is an
ideal A/D converter which samples, with a sampling interval T, a continuous time
signal, z(t) € L, to produce a discrete time signal, {y[k]} = {z(kT)} € LT. Gp(s)
and G¢(z) are the bilateral Laplace transform and the double sided z transform,

respectively, of the stable, but not necessarily causal, plants of the feedback system
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and Gp(s) is the bilateral Laplace transform of the controller. X(s), Y (s) and
D(s) are the bilateral Laplace transform of the signals z(¢), y(¢t) and d(¢t) € L,
respectively. Define ®(t) and Q(t) € L, such that Gp(s) and Gp(s) are their
bilateral Laplace transform, respectively. Define W[k] € LT, such that G¢(z) is its

double sided z transform. Consider the operators

Tp : Dpp, CL—Rp, CL: Tp(x(t)) =P xx
Tr : Dr, CL—> Rp. CL: Tp(z(t)) =Qx*x
Tc : Dr, CLT - Ry, CLT: To{z[k]} =V xz

Tapyr = L — LT Tiaspyr(x(t) = {ylk]} = {[kT]}
Tiojmyr L' — L Tipjayr{=lk]} = y(t) = 202 _ «[k]p" (t — kT)

where AT (t) = 1 when t € [0,T), zero otherwise. When the sampling is well defined

(that is discussed later), in time domain, the feedback system of Figure 6.1 becomes

Tr

Tia/pyT

Tia/pyr Tc Tipjayr — Tp |7,

Figure 6.2: Hybrid Feedback System, time domain.

6.2 Hybrid feedback systems in the Generalised

Formalism

Consider Tp, Tr, Tc, T(a/pyr and T(p,ayr defined in the previous section. Since
T and Tp are continuous time systems, and T¢ is a discrete time systems, in
what follows they are redefined in their correspondent Generalised Formalism for

continuous time domain or discrete time domain, respectively (see Definition 71 and
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37).

Tp: Drp € Tp — Ry, € Tp, (Tpa)[f(1)] = (Rx2)[f(1)] = 95[/00 O(—7)f(t—7)dr]

— 00

o0

Tr : D1y ©Tp — Ry © T, (Trx)[f(1)] = (Qxa)[f(1)] = x[/ Q=) f(t—7)dr]

— 00

Te: D1 € Ta — Rre © Ta, (Tea)[f(8)] = (U xa)[f(0)] =a[ Y V_wf(t—kT)]

k=—oc0
Ta/pyr and T(p,ayr are redefined as
Tiaspyr : To — T, (Tapyro)[f(0)] = (Y @lk]owr)[£(2)] (6.1)
k=—o0
Tpjayr : In — Tp, (Tiaypyrz)[f ()] = ( Z z[k]nT (¢ — KT))[f(1)] (6.2)
k=—o00

where h''(t) = 1 when t € [0, 7)), zero otherwise.

Definition 83. The space of functionals 7p is the class of signals and the operators
in Q and in Qp represent the continuous time and the discrete time components of

the hybrid feedback system for a Generalized Formalism in time domain analysis.

The notions of causality and stability are inherited from the notions of causality
and stability of the correspondent discrete time or continuous time Generalised
Formalism. Hence, an hybrid system is causal if all its components are causal, it is
stable if all its components are stable.

The feedback system of Figure 6.2 can be written as

=d+ Tp(T To)u
Yy p(Tip/ayrTc) (6.3)

u="Ta/pyr(r—Try)

where y and d € Tp, u € Ta. Define the system
T : DT g TA — RT g TA : T = T(A/D)TTPT(D/A)TTC

Clearly T is equivalent to the system T4, D)TTPTCT( D/A)T Where T is defined as
To: Dy, CTp— Ry, CTp: alf(t)] = (Y KA (t —kT) * 2)[f(1)]
k=—oc0

Consequently, the components of T given by the composition TpTc is a system

that maps signals in 7p into signals in 7p. Let Kp(s) and K¢(s) be the system
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functions of Tp and TC, respectively.

Reconsider TpTc as a system in the Standard Formalism. Clearly, that is a stable
continuous time system. Moreover, that can be associated to an unstable contin-
uous time system, defined as TpuTCu, where Tr, and T, are unstable systems
with system functions Kp(s) and K¢(s), but with different domain of convergence.
Denote with Dpe and Dp¢,, the region of convergence of the transfer function of

TpTe and TpuTCu, respectively. Define

o

N k
v = Z Zcmtkﬁlemt (6.4)

j=1j=1
where p; are the poles of Kp(s)K¢(s) in the region Dpc\Dpcy,. Define the operator
V on Tp such that

Valf(t)] = 2 / o(—7)f(t - 7)dr] (6.5)

— 00

Lemma 84. Reconsider TpTc and TpuTCu in the Generalised Formalism. Then
TpTez(f(t)] — TruTeuzlf(t)] = Va[f(t)]
where Zjvzl Z?;l c; jthilePit s a regular functional.

Proof. The proof is an application of Theorem 62 when TpTe and TpyTey, are re-
considered in the Standard Formalism. The extension to the Generalised Formalism

. Sy k 1 .
is done reconsidering ;" c; jtFi71ePit as a regular functional. [ |

Define the system
Ts:Dpy CTA — Rpy CTA

such that

(I + T a)pyrTrTPTcT(p ayr) Tsz[f(t)] = z[f(t)]
and

(VT(p/ayr))Tsz[f(t)] = 0

Theorem 85. Consider the stable, but not necessarily causal feedback system 6.3.
Suppose there exists an operator Ts defined as above. Consider the unstable feedback
system
y=d+ (Tru(Tip/ayrTou))u
u=Ta/pyr(r — Try)

(6.6)
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Then the feedback systems 6.3 and 6.6 have, Vr € D, the same solution

Yy = (TPT(D/A)TTC)TS(T(A/D)T)T. + (I - (TPT(D/A)TTC)TS(T(A/D)TTF)d
u=Ts(Ta/pyr)r — Ts(T(a/pyrTr)d

Proof. By Lemma 84
TpTou(f(t)] — TruTow|f(1)] = V
and from the Definition of Tg

Ta/pyrVITp/ayrTse[f(t)] = z[f(t)]
Hence, Vr € Drg

y = [(TruTcw+ V)T pjayr)Ts(Tiaspyrr)
+[I = (TpuTow + V)T pyayr)Ts(Tiapyr Trd)
= TpTc(T(pyayr)Ts(Tia pyrr) + (I — TpTcT(pyayr)Ts(Tia pyrTrd) € Tp

u="Ta/pyrr — Ta/p)rTry = Ts(Ta/pyr)r — Ts(T(a/pyrTr)d € Tp

Theorem 85 implies that the response of a stable hybrid feedback system enclosing
the stable components Tp and T, for any input r € Drg, is the same as the
response of the unstable hybrid feedback system enclosing the unstable components

Tpu and TCu .

6.3 Hybrid feedback systems in the Framework us-
ing Distributions

In Chapter 4 a consistent Mathematical Framework for the discrete time analysis of
feedback systems is introduced. The same happens in Chapter 5, for the continuous
time analysis of feedback systems. There, exploiting the extensions from a Stan-
dard Formalism to a Generalized Formalism and finally to a Framework that uses
Distributions, it is shown how the analysis of a feedback system can be performed
in a Framework without any loss of meaning. In what follows the same procedure
is repeated for the feedback system of Figure 6.1.

Consider the stable plants Tp and T and the controller Tr. In a Framework using
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Distributions Tp and Tr are reconsidered as systems on D and T as a system on
DZL. However, since it is required that the idealised sampling of continuous time sig-
nals is well-defined, a more appropriate reformulation of continuous time signals is
provided by the subclass of distributions Dp. Consequently, the operators T(p,a)r
and T 4/p)r are the restrictions of 6.2 and 6.1 to DL and Dp, respectively.

In transform domain the Fourier transforms of signals are represented by function-
als in Up and the transfer functions of systems are functionals in M g, the class of

multipliers on Up mapping Upy into itself for all N > 0.

It remains to be established a correct formulation for the D/A and A/D converters.

6.4 Frequency Domain Analysis - D/A converter

Consider an ideal D/A converter which acts, with a time constant T, on a discrete
time signal, {«[k]} to produce a piecewise constant continuous time signal, y(t);
that is, it acts as an ideal zero-order-hold (ZOH). The linear relationship between

{z[k]} and y(t) in the frequency domain is established by the following Theorem.

Theorem 86. A discrete time signals {x[k]} is acted on by a ZOH, with time

constant T, to produce a piecewise constant time signal y(t) such that

oo
y(t)= > alkh"(t k)
k=—oc0
where hT(t) = 1 when t € [0,T), zero otherwise. Provided there exists a periodic
functional X € ULy with Fourier coefficients {x[k]}, then y(t) defines a regular
functional, y € Dpn N Dy such that Y = HT' X where Y = F{y} € Uy NUyy
and HT = F{hT} with hT the functional in D defined by h™ (t).

Proof. y(t) is of bounded variation on any finite interval, and, since X € UL
implies |z[k]| < (1 + |k])N for some ¢, |y(t)| < c¢*(1 + [t|)V for some c¢*. Hence

y=> 1o z[klhi; € Dpn. Furthermore for all b; € {—1,1} and {1, 72, ..., Tn41}
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satisfying a <71 <71 < ... <Tpy1 <D

Zb (t+Tit1) —yt+ 7)) Zb (t+ Tiv1) —y(t +71))

S

Zlyt+n+1|+\y (t+ )| Z (1 + [t + Tiga]) + " (t + 7))

< cn(1+|t+b|)

where 7 = int(t/(kT)). Hence, Varj¢p+e{y(t)} < c(1+ [t))V, for some ¢ > 0,

and y € Dy . In addition, since hT is a convolute on D,

y= nh—>n;o Rt x Z z[n]hir = nlLH;C* Z z[k]opr = hT*nli_)n;o Z z[klopr = hT *x
k=—n k=—n k=—n
with x = F~1{X} and Y = HT X as required. [

Therefore, a D/A converter is represented in the frequency domain by the multiplier
HT mapping UL, into Upy NUyn. Moreover, as a consequence, a discrete time
subsystem positioned before a D/A converter is equivalent to a continuous time
subsystem positioned after the D/A converter, provided their frequency response

functions are the same.

6.5 Frequency Domain Analysis - A/D converter

Consider an ideal A/D converter which samples, with a sampling interval T, a
continuous time signal, x(t), to produce a discrete time signal {y[k]} = {z[k]}. The
linear relationship between z(t) and {y[k]} in the frequency domain is established

by the following Theorem.

Theorem 87. A continuous time signal, x(t), is acted by a sampler with sampling
interval T' to produce a discrete time signal {y[k]}. Provided there exists a regular
functional © € Dy defined by x(t) then

(i) x(t) is equal almost everywhere to a function xp(t) such that, at allt,

- +
ID(t) _ (xD(t) + mD(t))
2
and so sampling is well defined with y[k] = xp(kT).

(i) the summation % e Xorryr converges in U, where X = F{z} € Upn,

and {y[k]} are the Fourier coefficients for a periodic functional Y € U}, with period
21/T such that Y = OT[X] = L5077 Xow/r
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Proof. Since X € Dpy, z(t) is of bounded variation on each finite interval and
part (i) follows from Theorem 89. In addition, there exists a periodic functional
Y € U, with period 27/T and Fourier coefficients yi[k] = xp(kT) such that the

Xogpyr convergesinf and Y = OT[X] = L3027 Xonp 7.

. . i oo
summation 7 Y~ T

— 00

Furthermore, since z € Dy, y = F {Y} € DL, as required by part (ii). |

Therefore, an A/D converter is represented in the frequency domain by the linear
operator OT on Up mapping Upy into UL, for all N > 0. Further properties of

the operator O are established in the following Theorem.

Theorem 88. If X is a functional in Up with n'" derivative XY is a functional
inUg and MT is a periodic multiplier in Mp with period 2w /T then

(i) OT[X] is a periodic multiplier in Mg with period 2 /T provided "X ™ € Upg
for allm > 0;

(ii)OT[MT X] = MTOT[X];

(iii) OT Y OT[X]] = OT[Y]OT [X] provided j*X ™ € Uy for all n > 0.

Proof. (i)The regular functional z = F~1{X} € Dp is defined by a function z(t),
which by Theorem 87 part (i) is equal almost everywhere to a function zp(t) such

that, at all ¢,
(zp(t) + 25 (1))
2

For all n > 0, since j"X ™ € Upo, y € Dpo, where y is the functional defined by

t"z(t), and the series Y oo (kT)"xp(kT)e 7" converges for all w. Hence, by

ﬁp(t) =

oo
Theorem 87 part (ii), OT[X] is an infinitely differentiable regular functional. Fur-
thermore, the n* derivative of OT[X] is continuous and periodic and so bounded.
Consequently, OT[X] is a multiplier in M p with period 27 /T

(ii) For any X € Upy, MT X € Upy and by Theorem 87 both OT[X] € UL, and
OT[MTX] € U}, exist. Moreover, since M1 is a multiplier in Mp with period
27T,

L tim i M X

n—00
k=—n

n

1. 1. - 1. -
= *nh_{rolo k; M" Xy = THILIEOMT k; Xpr = MTTTLh—{I;OkZ_: XiT

and OT[MTX] = MTOT[X] as required.
(iii) It follows directly from part (i) and (ii). [
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A consequence of Theorem 87 part (ii) is that, in frequency domain, a continuous
time sub systems positioned before an A/D converter is equivalent to a discrete time
subsystem positioned after the A/D provided their frequency response functions are

the same.

6.6 Analysis in the Distributions Framework

Consider in the Standard Formalism the hybrid feedback system of Figure 6.1 and
the associated hybrid feedback system with unstable components Tp, and Ty,
such that they have the same transfer functions Gp(s) and G¢(z), but with differ-
ent region of convergence.

Both the hybrid feedback systems are reconsidered in the Generalised Framework.
Similarly to the Standard Formalism, Tp and Tp, have system function, Kp(s), and
Tc and T, have the system function K g(z), but with different domain of existence.
It is proved that, assumed there exists the operator T's and that VT p/ayrTsz[f(t)] =
0, for all x € Dr,, with V as in 6.5, the stable feedback system and the unstable
one have the same solutions, Vo € Dry.

Reconsider the stable hybrid feedback system in the Framework using Distribu-
tions. The system functions T and T¢ are the multipliers Kp(jw) and KZ(jw).

The stable hybrid feedback system has solution

y = (TpT(p/ayrTc)Ts(Ta/pyr)r + (I — (TpT(pjayrTc)TsT a/pyrTr)d
u="Ts(T(a/pyr)r — Ts(T(a/p)rTr)d

Note that T exists because it corresponds, in transform domain, to the operator
I+ OTKpKpHT|KE]™!

defined few lines below. Moreover, the condition VT(p,ayrTsz[f(t)] = 0 is not
anymore an assumption, but it is a consequence of Theorem 87 part (ii). Hence
VT(p/ayr is an eigenvector with eigenvalue zero of Ts. Consequently, the solution
to the stable hybrid feedback system exists for all inputs in Dp.

Reconsider the stable feedback system in transform domain. That corresponds
to the feedback system of Figure 6.3. The system functions Kp and Kp are the
multipliers defined by Gp(jw) and Gr(jw), respectively, and KZ is the periodic
multiplier defined by G¢(e/“T). The class, to which each signal belongs, is explicitly
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Kr
UB uB

OT

X €eUp _ug Ut Up Up Y € Up
— o7 K¢ HT Kp

D elUp

Figure 6.3: Hybrid Feedback System, frequency domain.

indicated in Figure 6.3. Formally,
Y =D+ KpHTKL{OT[X] - OT[KFrY]} (6.7)
It follows, assuming [/ + OT[KrKpHT]KL]™! is non singular, that

OTIKpY]=[I + OT|[KpKpHT| KL Y OT[KpD] + OT[Kr Kp HT|KLOT[ X1}

and, hence,
Y = R[X] + S[D)]
where
RIX] = KpHTKE[I + O [KpKpHT|KE) 1 OT[X]
and

S[D] = D — R[KpD)]

Ezample 16. Consider a System defined as in Figure 6.1 with
1
Gp = Pl Ge(z)=1, Gp(s) =1
P
and the corresponding system in the frequency domain with the regular functionals

defined by

Kp(w) = Jw%l Ku(w) =1, Kp(w) =1 and H' () = jiw(l i)
It follows that
—(1—eT)el ; t<o0
FYUKpKpHT}(t) = —(1—eTet)y ; 0<t<T
0 ;o T'<t
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and
o) -T
T T — _(1_ T —kT jwT _ _ (I—e7)
O' [KpKpH"|(w) (I—e )’?:06 € (1— e TeiwT)
Hence

KpH'KL[I+ OT[Kp KpHY|KE] (W)
_ c (1 — e TeiwT) (1 —ewT)
1—c(l—eT)(ju—1)(1—-eTedwT/(1—c(1—e"T))) Jw
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Chapter 7

Conclusion

The primary objective of this thesis is the investigation of three different Mathe-
matical Formalisms for a System Theory approach to feedback systems, when the
systems are either discrete time, or continuous time, or hybrid single rate. Central
to the investigation is the idea of consistency of the Mathematical Formalism, in

order to avoid paradoxes and difficulties like the Georgiou Smith paradox.

It is shown that, using a Standard Formalism, consistency be regained, but with the
price of restricting the class of signals. With the Generalised Formalism, the use
of transform domain analysis is not allowed. The disadvantages of those two For-
malisms are avoided when employing the Framework using Distributions. In fact,
it is shown that this Framework is consistent and that transform domain analysis
still applies. Moreover, the class of signals is greatly enlarged to any polynomially

bounded signal.

Using the three Formalisms it is shown how a conventional approach to feedback
systems analysis can be replaced by an analysis in the Distributions Framework.
In fact, a feedback system, enclosing a causal but unstable plant, is replaced by
its equivalent feedback system enclosing a stable but noncausal plant. Therefore,
in the Distributions Framework, the analysis of feedback systems is shifted to the

property of causality.
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Moreover, in the case of hybrid single rate feedback systems, the consistency of the
Distributions Framework is done showing the well-posedness of sampling formulas

in a distributions context.
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Appendix A

Sampling Theorem

The following Theorem is quoted in [4] without a proof. Moreover, no proof could

be found in the literature. That is provided in what follows.

Theorem 89. Suppose f € U has a transform F € D that is reqular and equal to
a function F that is of bounded variation on each finite interval (though not neces-

sarily on (—o00,00)): then

(i) F(y) will be equal a.e. to a function Fp(y) such that, at all y,
1 _
Fp(Y) = 5[Fp(y )+ Fp(y™")]

(i) also

XY fle—nX) (A1)

will converge in U to define a periodic functional g whose Fourier coefficients G,
are given by

Gn=Fp(n/X), n=0,+1,+2, ...

(iii) if in addition f € Dg and F(y)/(1 + |y|)N is of bounded variation on

(—00,00), then A.1 will converge in Dg.

Proof. (i) and (ii) Let fy € D be the regular functional defined by fy(z) where

N .
in(2r/X)e sin(m(2N + 1)z /(2X))
In@)= 3 enerr = sin(ra/(2X))

n=—N
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fN is a multiplier on D and fy(x) is periodic with period X such that
X/2
/ In(z)de =X
—X/2
For any regular g € D, with g(x) of bounded variation on any finite interval, and

any ¥(z) € D
(fNd) o (@)] = Glfn (2)e(x)] = /_Oo 9(@) fn(x)¥(z)dx

Since ¢ () is of finite support, IK such that ¢(z) = 0 for |z| > (K + )X. Hence,

. (K+1/2)X
Fnglblal] = / o) fv () ()

—(K+1/2)X

-X/2 —-X/2

X/2 K X/2
:/ { Z fN(z)g(x+kX)1/)(x+kX)}dx/ fN(x)¢K(x)dx
k=—K

Xx/2
= / (sin(m(2N + 1)z/(2X) /x){zdK (x)/sin(rz/(2X)) }dx

—X/2

where
K

ox(@)= Y gla+kX)b(a+ kX)

k=—K
For all k, g(x) is of finite variation on [(k—1/2) X, (k+1/2)X] and so x¢ i (x)/(sin(rz/(2X)))
is of finite variation on [(k — 1/2)X, (k + 1/2)X]. Consequently, by Theorem 5.10
of [4], = 0 is a Dirichlet point and
X/2
lim (sin(r(2N+1)x/(2X))/z){zdr(z)/sin(rz/(2X)) }dz = X (¢ (0T)+¢r(07))/2

N—o00 —X/2

It follows that

Jim (fyg)l ()] = X Z )+ 9(kX))Y(kX)

- x Z )+ g X ) Bex (@)

Hence, % fng converges to

us L
Z 5 T) 4+ g(kXT))dkx
in D. Furthermore,
. - Ko
H=F{h} = Z i(g(kXi) + g(kX"))er@n/x) €U
k=—K
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and by Theorem 16.3 of [4], H is periodic with period 27/ X and Fourier coefficients
{3(g(kX~) + g(kXT))}. However
1: 1. I Y A S = s
Fxingp = F v Fgt = 5 Onzn/x) | ¥ G = Y Gugn/x)
n=—N ——N

It immediately follows that % ZZOZ_OO Gn(gﬁ/x) € U and is equal to H. Thus part
(i) part and (ii) are established.

iii) Let fx as above. For any function g(z), with g(z)/(1 + )™ of bounded
(iif) f y g(z), g

variation on (—oo, 00) for some M > 0, and any ¥(z) € S

lg(2)v ()] < c/(1+ |z])?

for some ¢ > 0. Hence,

00 (K+1/2)X
| s = Jin { [ wa)g(x)«p(x)dx}
X/2

K
= lim fN(:c){ Z g(x+KX)w(z+KX)}d9:

K—oo —X/2 P

In addition, for any =,
l9(a + k)y(z + kX)| < c/(1+ |kX])?

for some ¢ > 0 and the series

K

S(@) = Y glz+kX)(z +kX)

k=—K
is absolutely convergent. Hence, there exists a function, ¢(z), such that ¢k ()
converges pointwise to ¢(z) and there exists a constant, A, such that, for all K > 0,
lok (z)| < A, Vo € [-X/2, X/2]. Consequently, by Theorem 4.1 of [4],
X/2 K
lim fn(2) { > gl@+ kX)y(x+ k:X)} dx

K—oo —X/2 [
x/2 X/2
=/ I (2)d(x)dx =/ (sin(m(2N + 1)z /(2X)) /x){zd(x)/ (sin(rz/(2X)))}dx
—X/2 —X/2
Furthermore, z¢(z)/(sin(rz/(2X)) is of bounded variation on [—X/2, X/2]. By
Theorem 5.10 of [4], = 0 is a Dirichlet point and
X/2

i _X/2(Sin(W(2N+1)x/(2X))/w){ﬂ?¢k(ﬂf)/sin(ﬂx/(QX))}dx = X(6x(07)+61(07))/2
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Since, for |z| < X/2,
lg(EX + 2)¢(kX + )| < ¢/(1+ |kX|)?

for some ¢ > 0
o0

$(0M) = > g(kXT)p(kXT)

k=—o0

and

and it follows that

Jin [ fga)pt)ds

fxz (kX T)P(kXT)) + (g(kX )9 (kX 7))

k=—o0

fX Z (kX)) + g(kX )X 7))(kX)

k=—oc0
Let fx € Dg be the regular functional defined by fn(x) then fn is a multiplier on
Dg. For the regular functional § € Dg defined by g(x)

oo

(fng)[(@)] = §lfn (2)d(@)] :/ 9(x) fn ()¢ (2)de

—0o0

From the foregoing, it follows that

hm (ng =X Z )+ g(kX))Y(kX)
k——oo
XY HothX )+ X))
k_foo

Hence, % fng converges to

00 1 _
Z 5 7))+ g(kX))kx
in Dg. Furthermore,
. - LT
H=F{h}= Z 5(9(10(7) + g(kX"))er2n/x) €S
k=—K

and by Theorem 16.3 of [4], His periodic with period 27 /X and Fourier coefficients
{3(g(kX~) + g(kXT))}. However

N
]:{;(fNQ} f{fN} * F{g} = ( Z On(2m/X) ) «G = % Z Gr(an/X)

n=—N
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It immediately follows that % Zfloz_oo Gn(gﬂ/x) € Dg and is equal to H. Thus
part (iii) is established. |
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