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Abstract

We study faithful representations of the discrete Lorentz symmetry operations
of parity P and time reversal 7', which involve complex phases when acting on
fermions. If the phase of P is a rational multiple of 7 then P> = 1 for some
positive integer n and it is shown that, when this is the case, P and T generate a
discrete group, a dicyclic group (also known as a generalised quaternion group)
which are generalisations of the dihedral groups familiar from crystallography.
Charge conjugation C introduces another complex phase and, again assuming
rational multiples of 7 for complex phases, TC generates a cyclic group of order
2m for some positive integer m. There is thus a doubly infinite series of possible
finite groups labelled by n and m. Demanding that C commutes with P and T
forces n = m = 2 and the group generated by P and T is uniquely determined
to be the quaternion group. Neutral pseudo-scalar mesons can be simultaneous
C and P eigenstates, T commutes with P and C when acting on fermion bi-
linears so neutral pseudo-scalar mesons can also be T eigenstates. The T-parity
should therefore be experimentally observable and the CPT theorem dictates
that 7 = CP.

Keywords: Lorentz group, parity, time reversal, fermions, quaternions
1. Introduction

The CPT theorem is a cornerstone of relativistic quantum field theory and of our understanding
of matter at the most fundamental level currently accessible to experiment. Parity and time
reversal are discrete elements of the Lorentz group acting on the Hilbert space of quantum
states and they are intimately related to charge conjugation through the CPT theorem. One
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can ask what is the discrete group generated by the operators C P and T? This question was
addressed in [1] and, choosing the phase of P so that P2 = 1, three possible groups emerged:
Zz X Zz, ym X Z; and the dihedral group, Dg (in [2] a similar discussion for the action of
S =CPand T on physical states gave the same three groups).

When fermionic states are considered there are more possibilities. Racah [3] allowed for
P2 = —1 on fermionic states and, with P> = +1, the list was extended to 8 possible groups
in [4], 2 of which are specific to spin-1/2 fermions [5]. In this work these possibilities are
explored in more detail, the motivation is to construct all possible faithful representations of
the improper Lorentz group. N

It will be shown that considering P and T alone acting on fermions, without reference to C,
and assuming only that Pand T generate a discrete group allows for a doubly infinite series of
groups, labelled by two integers n and m. Including C, and assuming it commutes with PandT,
reduces this to the two groups in [5], Dg X Z, and Q X Z,, where Q is the quaternion group and
7, is generated by C. The latter group is the only one relevant for Majorana fermions, which
are viable candidates for extensions of the standard model that allow for neutrino masses.

The phase ¢p in the definition of P does not seem to be physically observable and Weinberg
[6] has suggested that that it can be removed completely when there is an internal global U(1)
symmetry, such as baryon number or lepton number in the standard model, in which case
¢p can be modified by combining P with a global symmetry phase transformation to form a
modified parity operator P satisfying P'2=1.The approach here will not assume any such
symmetries associated with underlying dynamics, the properties of P will be determined purely
in terms of faithful representations of the Lorentz group, without any reference to a specific
model.

Another common argument is that the phase of P can be ignored because quantum mechan-
ics only requires projective representations, but this is a dangerous argument. Phases, such as
Aharanov-Bohm and Berry phases, can have physical effects—it is safer to work with faithful
representations and only project at the end of the calculation. This has the added benefit that it
provides a check at the end that the physics does not depend on an overall phase.

The strategy therefore is to construct faithful represents of Pand T.If ¢p 18 an irrational
multiple of 7 then P generates a discrete group of infinite order but if the phase is a rational
multiple of 7 the group generated by ! Pis finite. In this paper all possible finite groups generated
by acting on spinors with C, P and T are classified.

There are some subtleties in discussing these questions when acting on spinors and the
associated action of SI(2, C). Decompose Fock space into invariant sub-spaces of the Lorentz
group and let S denote the sub-space of spinors transforming under the four-dimensional Dirac
representation of the e proper Lorentz group in four-dimensional M1nk0wsk1 space—time. Then
the definition of P, C and 7 is such that P: S —+ S and C: S — S but T complex conjugates
c-numbers and so maps S — S*. This means that, while S is an invariant sub-space of P, itis
not invariant under 7. R

However we can extend C, P and 7 in an obvious way to operators C, P and T acting on
the space S & S* and it is then possible to define C, P and T so that they do indeed generate a
discrete group, and it is non-trivial when acting on Dirac fermions.

We can summarise the results quite briefly. Choosing the phase of P to be a rational multiple
of  there is a smallest positive integer n for which P*" = 1 and P generates a cyclic group of
order 2n. The standard definition of T implies that 7> = —1 and P and T then generate a finite
group: for n = 1 it is Zs X Zy; for n = 2 it is the quaternion group Q—denoting space—time
inversion x — —x by I = TP, it is the group defined by

P=T*=P>=1ITP=—1. (D)
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For n > 3 the group generated by P and T is a generalised quaternion group, Q,, when n is
even and Qy, x Z, when n is odd.! For n = 2, Qy is the quaternion group Q, of order eight.

When charge conjugation is included there is another undetermined phase, although C> = 1
regardless of this phase. If the phase of CT is also a rational multiple of 7 then (CT)*" = 1,
for some positive integer m, and this leads to a doubly infinite set of finite groups, labelled
by n and m. This can be reduced to one unique possibility if it is assumed that parity and
time reversed transforms of a Majorana spinor are also Majorana, then only n =m = 2 is
allowed and the group consists of two copies of the quaternion group, Q X Z,, where C
generates Zy.

When n = 2 the phase of Pis +7 (with signature (1, —1, —1, —1),and det P = 1. A conse-
quence of demanding that two-point correlators A(x — y) = {¢(x), @(y)} vanish at space-like
separations is that e'*? = +i for Majorana fermions [6]. We can turn this argument around
and say that demanding that C commutes with P implies that A(x — y) vanishes at space-like
separations for anti-commuting fields.

Neutral pseudo-scalar mesons, such Kaons and neutral B-mesons, can be simultaneous C
and P eigenstates, with eigenvalues CP = 41 and T-violation has been observed in the B°~B°
system. Although 7' does not commute with P on fermions they do commute on fermion bi-
linears. Neutral pseudo-scalar mesons can therefore be simultaneous eigenstates of C, P and
T and the CPT theorem dictates that their T parity should be the product of P and C, so T =
CP = =1, which should be experimentally measurable.

The layout of the paper is as follows. In section 2 the algebra of P and T is shown to be that
of Qy4, or Qu, X Z; for even/odd n respectively. In section 3 charge conjugation is included and
is shown to restrict n to be 2 if C commutes with P and T'. Neutral pseudo-scalar meson sys-
tems are discussed in section 5. Finally the results are summarised and discussed in section 6.
Conventions and notation are specified in an appendix A but the main text is written so as to
be independent of the choice of y-matrix conventions.

2. The group generated by Pand T

Consider a massive spin-% particle with annihilation operators as(p) and the corresponding
anti-particle with creation operators aj.,s(p), for spin s = i%. The field operator is

a3 . .
Y(x) = Z / (%’;3 {usa,)e 7" + vy(p)al ()"}, )
s:i%

where u(p) is a positive energy spinor and vy(p) a negative energy spinor associated with the
Clifford algebra

{7 =2

In order to make the analysis completely independent of the conventions we shall allow for
bothn,, =(=1,+1,+1,+1)andn,, = (+1,—1,—1,—1) by defining ¢ = % = +1.
Under a Lorentz transformation connected to the identity, x* — A, x", this transforms to

¥(x) = D(w)y(Ax), 3)

I Generalised quaternion groups Q,, (also known as dicyclic groups Dic,) are generalisations of the dihedral groups
D,,, of order 2n, familiar from crystallography. Dihedral groups are generated by rotations through 277 and reflections
R. Replace R (with R? = 1) by T (with T* = 1) and D,, becomes the generalised quaternion group Q,,.

3
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where D(w) is given explicitly in the appendix A (71). We shall denote the space of all such
spinor operators that transform this way by S.

The standard definitions of P and 7 in second quantisation are then (see any standard QFT
text, e.g. [6], and equations (87) and (88) in the appendix A for our conventions for numerical
equalities)

Py(x) = €977 %9(xp) 4)

Ty(x) = €7 C* Brysy v(xr), (5)

where ¢p and ¢, are complex phase factors, xp = (¢, —x) denotes the parity transformation on
space—time points and x; = (—1, x) time-reversal. C is the charge conjugation matrix and C*3
maps S — S*.

It is common in quantum field theory textbooks, e.g [6], to write

Top(x) = —€T Cysih(xy),

or even
T(x) = T Y(xp),

but, while these may be numerically correct in a chosen «-matrix representation, they obscure
the Lorentz transformation properties of the spinors. We wish to write all expressions in a basis
independent form and use the notation

T(x) = €7C Brysy (xr) =2 Ty v ip(xr), (6)

where = is reserved for equations involving matrix multiplication that preserve the spinor
index structure, it might be called a spinorial equality, while = indicates equations that do not
preserve the spinor index structure, but are nevertheless numerically correct in a specifically
chosen basis (more details are given in the appendix A). If one is confident the index structure
is correct = is an extremely useful calculational tool, but it should be used with care when
discussing the Lorentz transformation properties of spinors.>

The square of the parity operator is proportional to the identity, P2 = €297 (10)? = ge?¢r,
where ¢ = 7%, Of course the sign of ° can be absorbed into the phase ¢p, so it cannot matter
which sign we choose for the metric, but we shall keep € explicit in order to follow through
the mathematical consequences of the different possible conventions.

If¢ € Sand ¢’ € S are two Dirac spinors then ¢* € §* and

=98

is in the dual vector space to S, which will be denoted by SP. For ordinary complex vector
spaces this would mean that 1)1’ € C, but for spinors

Py = igy’

is a Lorentz invariant Fock space operator in second quantisation. 3 is an hermitian metric on
S,8:8— (SD)T and 3" = S while C: (SD)T — . The important properties of 3 and C are

Byt =e('B, AC=—-COM, CB(OM) = —ey"CB

2 The spinorial equality in equation (5) is obtained by carefully tracking the spinor index structure in the derivation of
T in the chiral representation, the numerical equality is probably the more familiar one, with signature (+, —, —, —).

4
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which is all that will be used in the ensuing analysis.
Let 1 denote the identity matrix acting on S and 1 the identity matrix on S* then, using a
chiral basis in which

0 i
5=(1 O),

gives § = 37 and B2 =1, but B # BT and 5> # 1. However 3" = f3 is correct. With the
conventions in appendix A3

0~ (01
7‘(10

s0 324" but B # 4. Similarly $7° 22 1 and in our conventions C is real, C* = C, also
Bysy” = —5B~° = —~5 hence equation (6). Spinorial equations involving = are valid in any
consistent set of conventions for the y-matrices, numerical equations involving = can be con-
vention dependent, though they are always the same in unitarily equivalent representations of
the y-matrices once the sign of n°° is chosen, see e.g. appendix A.2 of [7].

The structure of (4) and (5) is perhaps a little clearer if they are re-written as

Py(x) = iP5y 23 (xp) ©)
Ty(x) = €7 C* Bysy 4 (xr), (8)

the index structure is then more logical and C*f3 is the matrix that maps D(w) — D*(w). As
described in the appendix AP:S - SandT:S — S*.
It is straightforward to define

Pt (x) = {PU(0)}* =e 97 (7°) 0" (xp) )
T " (x) = {Ty0)} =e 10 (1°) ¢ (xr) =2 —e TCys9" (xp).  (10)

Then P*: S* = S and T*: S* — S, with T"=-T'.Sisa sub-space of the full Hilbert
space that is an invariant sub-space under P but it is not an invariant sub-space under 7.
In the chiral basis in the appendix A

o) = &7 Buxn) = e (‘1) (1)) e (1
D % ~ .—iop * ~ .—ipp 0 1 *

Pot) = e et = e (V) ) (12)
To) = & (g S) ber) (13)
Try'a) = e (g S) W (xr), (14)

~ (0 1
where ¢ & (_1 0).

3 From now in 2 will refer to the conventions in the chiral basis of appendix A, with e = -1, but £ will be kept explicit
in spinorial equalities.



J. Phys. A: Math. Theor. 54 (2021) 305401 B P Dolan

The strategy is now to double spinor space to S @& S* and construct 8§ component spinors

P(x) )
Pi(x) )’

This is not a general element of S & S*, it is restricted so that the lower component is the
complex conjugate of the upper component, and the space of such restricted spinors will be
denoted by S. This idea of doubling the space of states was introduced in [2], though in the
present context it is really more of a grading of S, into one particle states that transform under
the Lorentz group under D(w) and those that transform under D*(w), rather than a doubling of
the space. We really want the action of P and T on the full Hilbert space and neither S nor S is
the full Hilbert space, which consists of multi-particle states. But it is sufficient to determine
the action of P and T on & in order to determine their action on the full Hilbert space.

S is an invariant subspace of P but not of 7, it is necessary to go to S & S* to get an invariant
sub-space of 7' if we wish to evaluate the full group generated by P and 7.

On S the action of parity and time-reversal on the spinor indices of W¥(x) is represented as
ordinary multiplication by the 8 x 8 matrices

P(x) = (

elr 'yo 0
P - 2 b * 15
( 0 e (y") ) (1>
(0 e ()
T= (eidiTc*ﬂ,yS,yO 0 . (16)

We are now in a position to determine the group generated by P and T using straightforward
matrix multiplication. Using the relation (100)

C* By = —e(y")"C* B,

it is immediate from (15) and (16) that*

kighp
e 0
P =ct ( 0 e—2kig’)p> (17
(2k+Dyigp .0
2k+1 _ k€ gl 0
P =€ ( 0 e—(zk—‘rl)lg’)p(,y())*) (18)
T = —1 (19)
(PT)?* = —1, PTP=T. (20)

The phase ¢p and signature € drop out of (19) and (20) and we immediately note that
PT =TP!

so P and T only commute if P> = 1.

If ¢p is an irrational multiple of 7 the algebra never closes and the group generated by P is
of infinite order. But if ¢p is a rational multiple of 7 then there exits a smallest positive integer
n for which

Pr=1 21)

4 These matrices are written in 4 x 4 block form. The 8 x 8 identity matrix is just denoted by 1.

6
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and P generates the cyclic group Z,,.
To understand the structure in more detail we analyse € = +1 and € = —1 separately.

e ¢ = +1: first consider specific cases with small n:

x*n=1,¢p ==t P! = P and (20) implies that [T, P] = 0, so T and P generate the
abelian group Zy4 X Z;.

*n=2, ¢gp==%7: P> = —1 and (20) implies that TP = —PT. Let I = TP denote
space—time inversion, sending space—time points x — —x, then

P=T>=P =1ITP=—1 (22)

generates the quaternion group, Q.

0
* n=3, pp = %: in this case (18) implies P =— (Z) (700)*) . Let

0 +ir/3
00 _(efPL
V= (O (70)*> and U= ( 0 e¥i”/31> .

then U? = —1 and [P, V] = [T, V] = 0. From (20)
T'vr=U"
and we have a finite group with presentation
(U,T|IU® =10 =T T"'UT=U"), (23)

which is the generalised quaternion group Q,, of order 12. Including V adds a trivial
Z, making the full group Q1, X Z,. The strategy is to start with P and T, use these
to define V = P*T? and U = PV, then T and U (with the presentation (23)), together
with V, give the full group.

The cases n = 2 and n = 3 generalise to two infinite families:

% Even n: P" = T> = —1 and together P and T generate the generalised quaternion
group Q,,, of order 4n with the presentation

Qu=(P,T|P"=1,P' =T T 'PT=P"). (24)

Qg is the quaternion algebra.
* Odd n > 1: with

0
¥ 0
V= w s 25
(o o) @
P = UV, U and T generate the generalised quaternion group Q,,, with the presentation
Qu = (UT|U"=1,U0" =T>T'UT=U"") (26)

and, including V = P"T?, the full group is Qu, X Zj.

5 We are working with the complex Clifford algebra. The appearance of Q here does not seem to have any obvious
relation to the appearance of quaternions in the real Clifford algebra of 2 x 2 matrices of quaternions.

7
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e ¢ = —1: the analysis is very similar to ¢ = 41, but with slight modifications due to the

0
fact that T’ anti-commutes with (7 for this choice.

0
0 ()
xn=1, ¢pp = £73: P! = P and (20) implies that TP = PT. Again T and P simply
generate abelian the group Z4 X Z,.
*n=2,¢p=0,msoP=T>=—1andTP = —PT. Asforc = +1,1 = TPand I’ =
—1, and the group is again the quaternion group Q.
* n=3,¢p=+g:then

+7i/3
o N 1 0
U=-P = ( 0 e¥7‘ri/31>

generates Z¢ and U° = —1. Also
0
i 0
v:#:;(% qu) @7)

generates Z,. This gives [T, V] = 0 and, trivially, [U, V] = 0 so V just generates a
7, factor and we only need to worry about T and U. We have TU = U~ 'T and so T
complex conjugates U. Let W = UT then

(U T,W|U® =1,U0° = T* = W? = UTW)

is another presentation of Q,,. As for ¢ = +1 the full group is Q> X Z,.
* n=4, ¢p =+Z. P* = —1 and, from (20), T~'PT = P~'. We have the group with
presentation

(P,T|PP=1,P =TT 'PT=P"). (28)
This is the generalised quaternion group Q.
e The cases n = 3 and n = 4 generalise to two infinite families
x Bvenn > 4: P" = —1 and the group is again Q,,,,
(P,T|P"=1,P"=T> T 'PT=P").

ei‘ni/nl

. _ ™ — 2 __
* Odd n > 3: ¢p = &4, define U:= — P = ( 0 /]

> which generates

.0
Zop, with U" = —1. Let V.=P" = F (13 _i(go)*> generate Z,. With [T, V] =
[U,V]=0,TU = U"'T and W = UT we have

(U, T,W|U*" = 1,U" =T> = W? = UTW)

and the full group is Qu,, X Z;.

The group structure is the same with either choice of sign for the signature: Z4 x Z, for
n=1, Q,, foreven n and Qu, x Z, forodd n > 3.
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This completes the classification of all possible finite groups generated by P and T acting
on Dirac spinors in §. We now go on to discuss the unitary properties of P and 7. Numerically
P and T are unitary matrices

P~ p1, TH > 1771,

but these are not spinorial equalities. The definition of a unitary operator requires defining a
bi-linear form on & and there is a natural Hermitian Lorentz invariant metric,

1/8 0
For two spinors ¥ € Sand ' € S

O =03 W = (piy’ +yl 5 ")

_— N =

= 2 (180 —v"BY) = 2 (v~ Tw)
2 2

is Lorentz invariant (the minus sign is due to anti-commutativity of fermions).
This gives

POPY) = THNTY) = T’ (30)
and both P and T are unitary with this bi-linear form.® Unfortunately
T =0

and this is of little use in constructing a Lagrangian. An alternative is to use

_Lis o0
ﬁ_—2<0 _B*) (31)

for which

7 1 f T n* % 1 t

T =B W = (g — o) = 5 (WA + 0 BY)

-, —
=5 (G0 +770). (32)

This renders P unitary but this bi-linear is not invariant under T

PO PV = —(TOTV) = TV (33)
giving’
6To avoid cumbersome notation the space—time argument of W is omitted, it should be clear from the context how
x is affected. In any case the metric on the full Hilbert space of position dependent spinors includes [ d*x and the

argument of W disappears from the inner product when the integral is evaluated.
7Equations (30) and (33) are most easily proven using

P'B, =p. P (34)
T'8, = 78.T. (35)
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(TO)TP) = -V, (36)
The standard action of 7 on four-component spinors in S gives
T(Wy) = T)F TY) = &

and the reason for this difference in sign is the anti-unitary nature of T, which interchanges /3
and 3*. Alternatively the sign change can be accounted for by demanding that T reverses the
order of the spinors (as observed in [16] this is equivalent to § — — 3 in fermion bi-linears).
This property of time reversal can be accommodated in S by defining

TOV):= — (TONTYV) = V', (37)
while
POV :=PT)PT) =TT,

remains unchanged. _
On 8_ time reversal 7" is an anti-linear operator: if ¢ is multiplied by a phase, ¢ — e'*1),
then T(e'*1p) = e '“T). In S this is represented by

eia,(/) B eia 0 B efia 0
T (e—iaw*> =T ( 0 e—ia) v = ( 0 eia) v

and this is simply matrix multiplication, it does not involve any explicit complex conjugation.
Define the 8 x 8 matrix, in 4 x 4 block form,

(o %)

then U — ¥ and matrix multiplication gives
T = —1IT,
with no need to complex conjugate c-numbers explicitly. At the same time it is trivial that
PI =1P,
thus space—time inversion anti-commutes with Z
17 = -71I.
Note that multiplication by Z interchanges 3, and 3_ in that
VIV =0y,

There is therefore no need to introduce anti-linear operators in S. The only difference between
T and P in this regard is that T reverses the order of spinors whereas P preserves the order.

10
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Now consider the reducible representation of the Clifford algebra
o0
s f
r ( 0 6(7“)*) ’

{1-\/1’ l—w} — 277/1,11’

giving

in terms of which
- 1, - — ~ 1, - ~
UMW = o (0" + ), BT = o (" = 9 Y).

The actions of P and T on these are

P(TT'W) = P1(TT'T), P (51? 1%1/') — P (BT W) (38)
T (¥Tw) = Pr, (31“\1') T (\i: 1“#\1") — _pn, ((171“\1:) (39)
1 0 0 0
where P = 8 _01 . 8 implements the parity operation on space—time points,
0 O 0 -1
X — Xp
With T's = (705 i)
TOW = 2 (Posy ~Ts0), BT = 2 (s + T7s0)
and
P(OTs¥) = PY)I's (P¥) = —OTs¥’ (40)
T(Prs¥') = —(TE)Is (TY) = TP (41)
P(¥Ts¥') = (PT)Ts (PT') = —IT5¥' (42)
T (\i: 1“5\1:') = —THTs (TT) = —TT5V. (43)
3. The groups generated by C, P and T
The charge conjugation operator is defined as
Cip(x) = e CBT P (x) = e CBY"(v) (44)

with
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0 1

-1 0

(S”)T — S and is defined by demanding that v*C = —(y")7C.
This leads to the natural definition of the 8 x 8 matrix

o~

€ and ¢, another complex phase. The charge conjugation matrix C maps

€= (emﬁcoc*ﬁ e¢C()C‘B ) = (emgcﬁ e(bi)Cﬂ) (45)
acting on S and, using (95),
C’ =1
From (15) and (16)
(CP? = -1 (46)
(CT)? = —¢ <62i(¢;+¢C) e—zi(fgwc)) = —ge™0rHo0), 47)

If ¢ + ¢ is an irrational multiple of 7 the algebra does not close and the group is of infinite
order. But if ¢, + ¢ is a rational multiple of 7 then there is a smallest positive integer p for
which e”?7+¢P) — 1 and (47) then implies that

e =1 e=—1
(cT) =1, (CT)* =1, if p is odd, s
(cT)* =1, (CTY =1, if p=2 mod 4,
(CT)P =1, (CT) =1, if p=0 mod 8,
(CT)% =1, (CT) =1, if p=4 mod 8,

and these are all the lowest powers of CT that give 1 on the right-hand side. In general C need
not commute with either P or T,

CP=-P'C=PCP=-C (49)
20T
CT =ce™r TC. (50)

There is a doubly infinite series of possible finite groups generated by P, T and C, characterised
by the two integers n and m:

e 1 even,
(P,T,C:P" =T =C*=(PT)* = (CP)* = (CT)"" = 1)
e nodd,
(U,V,T.,C: U"=T'=V*=C*>= UV = UT)*
= (CUY = (VT)’ = (CV)* = (CT)™" = 1),

where m can be read off from equation (48) for either choice of € and any given p, with V
given by (25) for € = +1 and (27) fore = —1.

12
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This doubly infinite series can be reduced to one unique group if we assume that C commutes
with P and T on Majorana spinors. Any Dirac spinor W can be written as a sum of two Majorana
spinors ¥ and ¥, with C¥| = =¥, and C¥, = £¥,, as

V=0, +7IW,.
Without loss of generality we can take the plus signs®, then
1

and, even without any assumption as to the explicit form of the operators when acting on
Majorana fermions, we have

1

CP¥, = 5 (CP + CPC)¥
1

PCY, = _(PC+P)T,

since C> = 1. Assuming that C and P commute on Majorana spinors we deduce that
CP+CPC=PC+P

on Dirac spinors. Now using the explicit form for Dirac spinors P in (15) is block diagonal and
C in (45) is block off-diagonal so the only way this can be true is to have

CP=PC and CPC=P.

Hence C and P commute on Dirac spinors too. Equation (49) then forces P = —P~! and P> =
—1, which in turn requires e!?? = —ee ™7, This means that n = 2 and e'’? = +i fore = +1,
e?? = —1fore = —1.

The possibility of P? = —1 for fermions was introduced by Racah [3] and it is shown in [6]
that it is necessary for Majorana spinors, but this latter argument requires the assumption that
two-point functions must vanish at space-like separations. We see here that it can be deduced
purely algebraically from the assumption that [C, P] = 0.

The allowed parity eigenstates of Dirac fermions are immediate from P> = —1,

PY = +£70.

In the particle data tables protons and neutrons are assigned parity +1, but this is a modified
parity which is discussed in the conclusions.

The same reasoning can be applied to time reversal, assume that the time reversed state of
a Majorana spinor W is also Majorana,

CTV, =TV, =TCY,
then

[C.T]=0
8If C¥, = +%¥, and C¥, = F¥, then W is itself already Majorana. If C¥; = —W,, for i = 1,2, then let
U =7, and CT; = +W!.

13
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on Dirac spinors too and e? = 1 which requires p=1lor2fore =+1and p=4fore =
—1, in all three cases (CT)* = 1 and m = 2. The group is then

(P,T,C:P*=T* = (TP = —1,C* = 1,(PC)* = (TC)* = —1), (51

which is a different presentation of Q x Z,: the group generated by P and T is the quaternion
group (22) and the full group is two copies of the quaternion group, the Z, being generated by
C.

Although P' # —P with ¢'?? = 4i, P' = —P is numerically anti-Hermitian. Indeed

Despite the fact that CZ = —ZC (and C'~—-C)Cis actually unitary with 3_. To see this
observe that

C'B. = ¥8.C,

leading to

~

C(TW) =CHCY = TV

We also have

C (TTs¥') = (CO)CTs¥' = —VTs¥, (52)
C (Tr'y') =(COI* (C¥') = Vv, (53)
and, with 3.,
C (\'17\1/') =(CP) (CV) = — T (54)
C (\ifrsxlf') =(CO)Ts (CT') = ITsW’ (55)
C (\ilrf'\p’) =(CHT" (C¥) = IT'T, (56)

The algebra of P, T and I acting on Weyl fermions is easily deduced in this formalism from
the observation that T commutes with I's while P, I and C anti-commute with it. Hence on Weyl
fermions W, = 1(1 £ T'5)¥ we still have P> =T> =I* = —1 and C* = 1 and ITP = —1,
although Weyl fermions are of course not eigenstates of C since C¥, = ¥,

4. The CPT theorem

The CPT theorem for Dirac fermions follows as usual. We have

ei(¢r+¢c*¢P)

V5 0
® =CPT = < 0 ei(¢7+¢c¢}>)(75)*> ’

With ¢7 + ¢¢ = 21—1’ and p = 1,2, ¢p = &7 fore = +1 while p = 4, pp = 7 fore = —1, this
gives
® =CPT = +iTs.

14
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and ©@% = —1, Of =~ —©. We also have
6T16:|: = ﬁj:@’

and the choice of € does not influence these properties of ©.
©® changes the sign of both bi-linear forms,

@) (0v) = TV, (OV) (0¥ =-JV (57)
However © interchanges the order of the fermions, because T does, and so changes the sign
6(Tv)=vw, 6 (\'13\1/’) _— (58)

We have the following bi-linear relations (omitting the argument x)

e (T¥') = (59)

© (TIs¥') = U'Ts¥ (60)
O (¥Ir'v) = —¥'re (61)
O (UIsT'¥') = — W' IsTHW. (62)

Of course © also sends x to —x in W(x)and d, — —0y, so
© (VIT"9,¥) = UIr"9,P. (63)

and the Dirac Lagrangian is invariant under o.
There is another bi-linear invariant that can be constructed on &, namely

Ew/c — eitpc wTC—lw/

where ¢, = C1)/ is the spinor conjugate to ¢'. For a Majorana spinor ). = 1 and Yl = P’
The corresponding bi-linear on S is

WCY' = e (pl(C) ") — e ClY)

since, from (100), 3C3* = (C*)~'. For a Majorana spinor ¥ = C¥ equation (32) shows that
Py T = e (P TIY) —e el Ty

and for both sides to be real we must have €'*¢ = +i. Since
eller+ec) — :I:\/E

we conclude that el = +./—¢ also, so this argument determines all three phases factors

in P, T and C, up to a sign, e¥? = +/—¢, 7 = £,/—¢ and e'*c = +i for Majorana
spinors.
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5. Neutral pseudo-scalar mesons

Experimentally the most fruitful place to study the properties of C,Pand T is in the physics
of pseudo-scalar mesons, particularly B-mesons for T. Pseudo-scalars are represented by
operators of the form E’}Sw ’. For example if 1, (x) creates a b-quark and 14(x) creates a
d-quark’® then

B® = 51 |0)
= Duysval0) = (Parst)'10)

are the neutral B-mesons which are P = —1 eigenstates. For a relativistic bound state, like the
BY, 1, here need not be a single particle operator, the h-quark will be accompanied by a sea
of particles and antiparticles, but for the purposes of this section all that matters is that v/, has
the same Lorentz transformation properties of a singe particle (3), even if it is a composite
operator.

Now consider ¥,I'sW,, with B_ re-scaled by a factor of /2 for convenience,

w55 (o) (o ) (5 32) (2)
= 5 (wlBrsts — vi5305) = 5 (Torstn + ad'va)
= % (Varystn — bpysiba) »
since fermions anti-commute and ! 31 = —7s. Acting on the vacuum
\%(BO —B% =B..

This is an eigenstate of both P, with P = —1 and C, with C = —1 so CP = +1.
The CP = —1 state is constructed using % B,

Edl_‘g ‘I’b|0> =

- 1 — .

v,Is¥, = NG (Va5 + Viy5ta)
and

T,T50,[0) = \/LE (BO +ﬁ) =B_

is an eigenstate of both IA’, with P = —1 and E‘, with C = +1, so this is the other cP eigenstate
with CP = —1.

In the same way eigenstates of T can be constructed'® and, while P and T do not commute
when acting on fermions, T and P commute when actmg on fermion bi-linears so neutral B-
mesons can be simultaneous eigenstates of C, P and T. From (33) and (43)

T (9,9,) =T,¥,

% In the Fock space operator in equation (2), a, annihilates a fermion and al, creates the anti-fermion.
10 For an eigenvectors of the matrix T the component in S* is not the complex conjugate of the component in S.
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T (,I5%,) = ¥,Is9,,

while 3, gives the opposite signs
T(0w,) = 9,9,
T (@drswb) — _W,Ts0,,

Thus ¥, T's®¥, has CP = 1, T = 1 while U, T's®¥, has CP = —1,T = —1.
In terms of ® = CPT

~

© (T,I's¥,) = T,T's¥, (64)
5 (\ifdrspr) — U,Ts0, (65)

from which it is immediate that CPT = 1 for both B, and B_, as expected from the CPT
theorem.

T-violation has been observed in neutral B-meson systems by the BaBar collaboration [8].
It would be interesting if the T-parity could be measured experimentally and compared to the
CPT prediction.

6. Discussion

It has been shown that, assuming P*" = 1 when acting on Dirac fermions for some integral
n, P and T generate one of an infinite series of possible groups, the generalised quaternion
groups. Including charge conjugation and assuming that C commutes with P and T singles out
the unique option

PP =P =T>=1IPT = —1, [C,P]=[C,T] =0. (66)

Although the discussion in sections 2 and 3 involved only single particle states in S it is
easily extended to multiparticle states involving products of & in the usual way.

If P and T preserve the Majorana property of a Majorana spinor then the inclusion of C
eliminates all but one of these possibilities leaving two copies of the quaternion algebra as the
only option. While this is perhaps a mathematically pleasing observation it is difficult to think
of any experimental consequences.

Before 1956 it was generally believed that P was a symmetry of the fundamental laws of
nature, and indeed it is for electromagnetism and the strong nuclear force (the réle of P in any
putative quantum theory of gravity is still open to debate). When Lee and Yang realised in 1956
that P invariance had not been tested in weak interactions [9] they discussed possible experi-
ments to check its status and P-violation was observed in 3-decay of Co® very soon afterwards
[10], leading to the important conclusion that the Hamiltonian giving rise to 5 decay does not
commute with the parity operator. It was almost immediately suggested by Landau that, if P
was replaced by CP, then CP still seemed to be a good symmetry. If so this would imply that
C is also violated (but in a manner that exactly cancels P-violation). Then CP violation was
discovered in the decay of neutral Kaons to pions in 1964 [12],

KL—>27T

where K, is CP odd and the 27 state is CP even (the latter is s-wave due to angular momen-
tum conservation, since Kaons and pions are both spin-0). So C-violation does not exactly
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cancel P-violation. Famously CP violation is essential to explain the fact that there is more
matter than anti-matter in the Universe [11], though the standard model alone does not have
large enough CP violation to explain the observed matter/anti-matter asymmetry. Neverthe-
less the CPT theorem, discovered a few years prior to these events [13—16], suggests that the
combination of all three operations C, P and T should be a good symmetry of nature.

The CPT theorem, together with CP violation, implies that 7' should also be violated,
but this is a theoretical prediction based on a particular model of fundamental interactions
(assuming a local, Lorentz invariant Lagrangian) and should be tested against observations.
Experimental evidence for T-violation in neutral Kaon systems was claimed in [17] and later
in [18]. It was confirmed more definitively in a beautiful experiment by the BaBar collaboration
[8], following a proposal in [19]. In the chain of Y(4S)-decays

B = I'4+Xx

LY — B. — J/V+Ks
By — J/V+K
B. — J/U+Ky

I T — B, — J/U+K,

BY — I +X,

the wavy arrows represent mixing rather than decays. B° and B° are flavour eigenstates
while B.. are CP eigenstates and [* are charged leptonic states!'. There are 8 possible decay
sequences falling into 4 pairs of time reversed oscillations, such as

I X followedby J/V K,
J/ ¥ Ky followedby [~ X

for example: in this sequence the semi-leptonic decay /X can only come from a B° so the
subsequent CP even state, J/WK;, must be due to a B decaying, having oscillated from a
B, (B° ~ B, ). The "X can only come from a B which has oscillated from a B, (B ~
B°) because the earlier CP odd J/ WKy state must have come from a B_. Experimentally the
time of the two oscillations is different and, since the decays involved are CP conserving, this
asymmetry can only be due to T-violation. Up to date information on the CPT theorem in
B-meson systems can be found in [20, 21] and for K-mesons in [22].

CPT invariance, which has a strong theoretical foundation, replaces the now discredited
ideas of P invariance and CP invariance. It predicts that it is four-dimensional inversion x —
—x, combined with the interchange of particles with anti-particles, that is a symmetry of nature.
This is very natural: the definitions of P and T require choosing a reference frame and, in a
relativistic setting, they should be combined into I = TP. A relativistic statement of the CPT
theorem would be the CI theorem: that C-violation is exactly cancelled by I violation. Landau
would have got it right if only he had thought relativistically, as Bell did in [16] where I was
emphasised over P and T separately.

't is essential for the experiment that, in decay sequence I, B’ and B® form an entangled state: B® is inferred from
B® — IT 4 X and it is not observed directly. If it were observed it could not oscillate to the CP eigenstate B_. Similarly,
in sequence II, B and B_ are an entangled state and B_ is not observed directly.
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Assuming that P and T commute with C leads to the conclusion that that a fermionic eigen-
state of parity must have P?> = —1, so its parity is +i. Particle data tables however give the
parity of protons and neutrons as +1. This is because when there is a global U(1) symmetry,
such as baryon number B, a new parity operator

P/ — eil?BBP

can be defined and ¥ chosen to ensure that P2 = 1, [6]. If P is conserved so is P, since the
U(1) is a symmetry, and by convention P’ = +1 is chosen for baryons. If P is replaced with P’
the quaternion group is replaced by the dihedral group Dg, realising the second group identified
in [5].

Some insight into the possible phase of P (rather than P’) can be obtained by a short cal-
culation along the lines of [23], page 41, which shows that reflecting a plane-wave solution
of the Dirac equation ;,.(, z), with wavevector k = kz, off an infinitely high potential bar-
rier (Vo — oo in [23]), followed by a rotation of 7 about the z-axis, produces a reflected wave
Vret = 17510 Vine(t, —2), suggesting that indeed e'? = i and n = 2.

One might try to measure ¢p in a two slit experiment in which one path is subjected to
reflection in a mirror followed by a rotation of 7 about an axis perpendicular to the mirror while
the other path is left alone (the rotation could be induced by applying an appropriate magnetic
field). This is equivalent to P acting on one path but not the other and a non-zero phase ¢, might
then be expected to show up as a shift in the interference pattern. However this is probably not
possible as reflecting the fermion off a mirror will inevitably impart a momentum to the mirror,
no matter how small, which will make it possible, at least in principle, to determine which slit
the fermion has gone through and presumably this will destroy the interference pattern, even if
the recoil of the mirror is not measured. Certainly, if P> = —1, then P is not Hermitian'? and
it cannot be an observable. P acting on fermions is not a physical observable, though acting on
fermion bi-linears it is. Indeed the whole quaternion algebra (51), while mathematically precise
and elegant, does not seem to be physically observable. When acting on fermion bi-linears it
reduces to Zy X Zo X Zo.

There are however physical consequences of [C, P] = [C, T] = 0. Weinberg [6] argues that
e'?? = i for Majorana fermions. Starting from (2), with a; = a., he concludes that e 77 =
—el%r where ¢ is the phase for ¢ and ¢, p is the phase for the conjugate spinor t,. For a
Majorana spinor ¢, p = ¢p so necessarily ¢p = +7. But the explicit form (2) is derived from
the assumption that the two-point correlator A(x — y) = {¢(x), E(y)} vanishes for space-like
separations—this assumption fixes the relative phases of the positive and negative energy terms
in (2), or equivalently, the relative phases of a,; and a.;. We can turn this argument around
and say that assuming C commutes with P and T implies that the two-point correlator of anti-
commuting fields vanishes for space-like separations, implying an intimate correlation between
complex conjugation of wave-functions and causal structure. This is perhaps not too surprizing
when one considers that the chiral representations D (w) of the Lorentz group acting on Dirac
spinors are faithful representations of SI(2, C) with a complex parameter 0 + icx (see (71)),
clearly the appearance of i here is related to the causal structure. If C did not commute with
the improper Lorentz group the causal structure could be violated.

One final remark on time-reversal. In the T decays described above T-violation was deduced
as a consequence of two processes, B” ~» B and B ~ B°, happening in opposite orders. For

12 Explicitly
(PE) ¥ =oP 'V

and P is only hermitian if P~' = P. It is obviously anti-Hermitian if P> = —1.
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P and T the order also matters, not only do P and T not commute with the Hamiltonian, but in
general they do not commute with each other. However while P and T' do not commute when
acting on fermions they do commute when acting on fermion bi-linears so it is probably not
possible to see this non-commutativity experimentally. However we can hope to measure T on
fermion bi-linears. Neutral pseudo-scalar mesons, such as Kaons and neutral B-mesons can be
eigenstates of PC with CP = +£1. Since T maps S to §* it is not possible for a fermion in S
to be an eigenstate of T, but a state in S can be an eigenstate of T Since all three of C, P and
T are mutually commuting on fermion bi-linears, it should be possible to define the T parity
of such states, or equivalently their ® parity. From the CPT theorem their T-parity should be
equal to their CP-parity.

It is a pleasure to thank Denjoe O’Connor and Aiyalam Balachandran for helpful
discussions.
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Appendix A. Conventions

To be specific we give conventions with metric signature

1 0 0 0
o
0 0 0 -1
and
A =2" (68)

(u, v =0,1,2,3). The opposite signature can be accommodated by sending v* — iv*, keeping
v5 and (3 fixed.
In the chiral representation

o (0O o0 P 0_ o
Y _<O_O 0 ) Y= 6,1 0 (69)

with i = 1,2,3 and ¢’ the Pauli matrices (numerically &' = —o"). The chirality matrix is
. 1 0
s = =i’y = (0 _1> : (70)
It is standard to write 0° = 7%and &' = —¢’, but this can be confusing as they act on different

spaces. When convenient we shall write

0

o 0

g, a'

12

~ i

—0

meaning the matrices are numerically equal but have different spinor index structure. Thus
the identity matrices acting on the different Weyl sectors, denoted 1 and 1, satisfy 1 = 1 but
1 # 1. In the text, when it is deemed necessary for clarity, ‘= " will be referred to as spinorial
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equality and ‘=2’ as numerical equality (for definiteness numerical equalities are given for
signature (67)). In particular

(M=o, (@ =5 1=1'

This may seem like an overly pedantic distinction but it proves to be an extremely useful
notation to keep track of the Lorentz transformation properties of spinors.
The generators of the Lorentz group in the spinor representation are

i
v L v
J = Z[’Y“,’Y ]
and a general Lorentz transformation on spinors is
R 17
D(w) = e 29w/

where wy; = an; is a boost in the r direction with rapidity a and w;; = ¢ 36" a rotation in the
i—j plane. In the chiral basis J** are block diagonal

J()i _ i —Ti O — Jil O
2\ 0 7 0o J
L (0 J70
U= _¢el = + ..
T=5e (0 Tk> ' (o J”)

with

\]
Il
|
N
Q
Q
|
q .
Q
N
Il
|
[}
S
Q
1
Q

and

—Lo—ia).r
e 2 0
D(w) = ( 0 e—%(G-&-ia),‘r) :

As is well known the four-dimensional Dirac representation J** is a reducible representation
of the Lorentz group and decomposes into two inequivalent Weyl representations J%” and J"*,
with Ji = ] (€3 J7* £ iJ%) corresponding to 7/ and 7' respectively, and

Di(w) =e 107 and  D_(w) = e 20 FNT, 71)

Denoting the space of Dirac spinors by S then v : S — S, D(w): S — S and S decomposes
into the two eigenspaces of s, S1, with

v5: Sy = +84, Di(w):5y =8+ and D _(w):S-—S_.

Complex conjugation interchanges these two inequivalent representations, up to an equivalence
L (w) ~ Dx(w),

Dﬁr(w) _ e%(G-&-ia)r* _ e—%(9+ia)4(—‘r*) _ e—%(9+ia)4(?‘i"2’l) _ ED,(w)E_l

D* (w) = e%(ﬁfia).‘l"* _ ef%(afia).(ﬂ—-*) _ ef%(ﬁfia).(e‘re’l) _ €D+(w)671,
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with € = it? and € = —i7%. Thus the reducible representations D(w) and {D(w)}* are also
equivalent,

-1
{D(W)}* = € 'DW)E with€ = (60_1 60 ) . (72)

If¢Yy € S4 and ¢ € S_, then a Dirac spinor ¢ decomposes into two Weyl spinors as

_ (s
P = (1/f> . (73)

In the dreaded dotted and undotted spinor notation, with spinor indicesa = 1,2 and a = 1, 2,

this is
(/(/LF )q

and the components of ¢°, °, ¢/, 5/, 7/ and 7' are
. . . . . b il
3 irs 5%, (o) i —(o)®, (Y, and (7)),
respectively. Numerically

7_1'

i~

1
1

o —a' 7

while 7 = (7%)! is a spinorial equality. When multiplying matrices together in a manner that
preserves Lorentz transformation properties a lower dotted index can only be contracted with
an upper dotted index and a lower undotted index can only be contracted with an upper undotted
index. Thus o#5" is allowed but o/'¢" is not, though ¢#6” = o"¢". The identity matrices 1
and 1, acting on S; and S_ respectively, have components

5. and &%,

~

The product 11 is not allowed and strictly speaking the transpose matrix 17 # 1. Also 0¥ =2
% = 1 = 1, but they should not be identified.

Denote the vector space dual to S by SP, then an inner product on the space of Dirac spinors
is defined between two spinors 1) € Sand ¢’ € S as

Py =ipy,

where 3 € SP. Then B:S — (SD)T is an Hermitian Lorentz invariant metric, 3 = 3,
satisfying

D' (w)BD(w) = B

which acts on y-matrices as

Byt = (") B. (75)

(3 8) w0 )
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SO

oy = byl + 9l = WD+ @D W (76)
and, when ¢’ = 1,

P =l + iy, (77)

The matrices 3, 3!, and 5" are not spinorially equal, though numerically

gl =g, Pl oad B4 = (30
However

=g (78)
is correct.

There are also spaces S% dual to S; and 8” dual to S_ with (¢)%)* = (7)), (Y4 )" =
(W7 )a and v* € SP and 7} € SP. So

*:S_—>S_€, *:S+—>S?.
Lorentz invariant metrics can be defined on S and S_ separately. Let

— b
= €Y7

(¥R)" = €@y and  (yP),

a

with
1
€ = ( 0 ) (components €°)
-1 0
and
_ o (0 -1 _
c=1{; o (components €;,).
Then € is a metric on S; and € a metric on S_. These are Lorentz invariant metrics in that
Dl (w)eDi(w)=¢,  D'(w)éD_(w)=E¢.

The inner product of v, with itself is

(W)a® Wy )y = Y = by,

which would vanish if (¢4 ), were commuting objects, but if they anti-commute (either as
second quantised single particle fields or as Grassmann variables in first quantisation) then the
above definitions are consistent.

The inverse metrics are

1~ (0 =1 ( ‘ )
=1y 9 components €,

and

L
1

0 1 _ab
(_1 0) (components €“7).
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This follows general relativistic conventions where it is standard to write the components of the

inverse of the metric €,; as € ab , SO €€ - 5;1!’ , and €““e., = 6. Just as in general relativity,
spinor indices are raised and lowered by using these metrics (multiplying from the left, if

multiplying from the right their transposes must be used). In index free notation

€= —¢’
E=—é
ele=1
ee =17
ee =1
ele=1"
6* _ 671
= 6_1
While numerically
> o ]

~

o~

(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)

The parity, time reversal and charge conjugation operators, P, T and C respectively, are
defined in the usual way in second quantisation (see e.g. [6] with some minor changes due to

different conventions)

Pyp(x) =7 np) = e Bui(np) (87)
Ty(x) = €7 C* Bysy h(xr) = —eT Cysip(xr) (88)
Cip(x) =ecCATY* (x) = e CHY* (x) (89)

where the charge conjugation matrix transposes the y-matrices,
P'C = —C(ty", (90)

el?r, 97 ei%c are arbitrary complex phases, xp = (¢, —x) and x7 = (—t, x). Explicitly

el o0 ~ [(—€ O
(5 )= (Y

and
€ = CpT
in (72), so
C{DW} = %G {Dw)} ¢ = e Dw)Ew".
From (85) and (86),
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with
c’=—c, ch=—-c, C~C~-C, C* =~ -1 and CiCc 2 1.

It is natural that 4 should appear in the definitions of P and T as these require choosing a
time-like direction and planar space-like foliations perpendicular to the chosen time direction:
there is no such information in 3, which is Lorentz invariant.

Clearly P:S—»SandC:S— S interchange S and S_, while the charge conjugation
matrix C : (SD)T — 8. AlsoT: 8. — St

In practice C,Pand CT are easily implemented using the numerical equalities in (87)—(89),

Pi(x) = eor (? (1)> »(Px) 92)
To(x) = &7 (8 S) V(T x) (93)
=~ i, 0 —e *

Cip(x) = e'9c (6 0 ) P*(x). (94)

Since P: Sy — S5, T:8: — St ~ S and C:8: — S+, none of these discrete symmetry
operators can be represented on an irreducible representation of the proper Lorentz group.
The anti-particle of an anti-particle is the particle,

C(Cy) =1,

s0 C2 = 1.
If 1) and ¢ are two fermions in S then

(CONCY) = o7 B CIBCH" " = — 5" =T,
since spinors anti-commute and B" = B so 8 = BT. This uses the important identity
cpC'B=1 95)
which is easily proven by using (76) and (91) to show that
CBCpyt =A4"CB"C*B
and the only matrix that commutes with all four v* is a multiple of the identity matrix, so
(CBNC™B) = AL

Sine the eigenvalues of C3* and C* 8 have complex conjugate eigenvalues A must be a positive
real number and, since from (76) and (91) the eigenvalues of 5 and C have unit modulus, A = 1.
In particular

(CICP) = P,
with the physical interpretation that anti-particles have the same mass as particles.
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For T there is no explicit complex conjugation in (88) yet Tip(x) € S*, it is the matrix C* 3
that maps S to S*. The complex conjugate of (88) is

{Tvw} =e e (") wen €S 96)

= T{Te} = CB10CH %0 ¥ () =~ (o). )
using (95) and (90). The metric on S* is 5* so we have the inner product
@) 3@y = o7 (1°) BT CT 8 C* sy
= —i(y") 7L Bysy "’
v, ©98)

because vgﬁ = —[(s.
_Since T maps S — §* we cannot apply C in (89) to Te directly, but it can be applied to
{T+}* in (96),

6{’7?,(/)} _ eiqﬁCCﬂT{efiduTCﬁ*,y;(,yo)*w*}*
_ ei(¢c+¢7)cﬁTc*ﬁ%,YOw
_ ei(¢c+¢7)%,yow_

This is in S and so we can apply P directly to obtain

ﬁ’@{?w}* _ ei(@P"F@C"F@T),yO,YS,yOw _ _ei(qbp+qbc+qbr),_ysw.

In the text any specific choice of y-matrix representation is avoided as much as possible—no
physical result can depend on the choice of representation. The definitions

Byt =e(yp,  AC=—COy"Y, (99)
implying
C' By = —e(y")" C* B, cpep=1, (100)

are sufficient to derive all the formulae in the text without choosing a representation for the
~-matrices.
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