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A B S T R A C T

The article evaluates the potential of the Fano resonance operational principle in wave energy converters
(WECs), using a 2-body loosely moored self-referenced WEC as an illustrative example. By leveraging Fano
resonance, the point absorber buoy can remain relatively stationary with low loading on mooring lines, serving
as an efficient wave energy transmitter while concurrently achieving resonance within the internal power take-
off (PTO) system. This arrangement reduces the motion of the point absorber hull, thereby decreasing loads
on the WEC structure, mooring lines, and anchors. As a result, operational and structural costs are minimised,
further reducing the levelised costs of generated energy. Additionally, by ensuring minimal fluctuations in the
WEC, confidence in using traditional linear mathematical models is increased, as commonly employed for WEC
performance assessment and control design.

The article presents a resonance study and introduces newly derived solutions in the frequency domain for
the proposed operational concept. It analytically demonstrates the viability of employing the Fano resonance
operational strategy for WECs, suggesting that this strategy has the potential to compete with traditional
methods of wave energy transformation. Furthermore, the insights gained from the study contribute to
identifying optimal parameters for a PTO system, as well as optimising the design of the heaving buoy.
1. Introduction

Despite nearly 50 years of research and development in wave en-
ergy harvesting technology, a commercially viable device has yet to
emerge (Guo and Ringwood, 2021c). The primary obstacle in the
realisation of numerous wave energy extraction solutions is the cost of
the generated electrical energy which, unfortunately, cannot currently
compete with wind and solar energy. The conventional method for
evaluating the price of renewable energy is based on the levelised
cost of energy (LCoE) (Guo et al., 2023). The LCoE can be succinctly
presented as the ratio between the total expenditure on a device (capital
and operational costs, or CapEx and OpEx), divided by the power
produced over its lifetime:

𝐿𝐶 𝑜𝐸 =
𝐶 𝑎𝑝𝐸 𝑥 + 𝑂 𝑝𝐸 𝑥
𝐺 𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑃 𝑜𝑤𝑒𝑟

. (1)

While published research and developed prototypes (Giglio et al.,
2023; Jahangir et al., 2023; CorPower Ocean, 2023; Wave Star, 2023)
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offer insights into CapEx, accurate estimates for OpEx remain challeng-
ing. Factors driving up the estimated values of both OpEx and CapEx
include the high costs of mooring lines, anchors, or any other marine
support structures. These elements are vital for device sustainability in
harsh marine environments and come with associated maintenance and
repair requirements.

In this article, the authors assess a novel operational principle and
design for a power take-off (PTO) system aimed at reducing potential
loads on mooring lines and support structures, thereby potentially de-
creasing LCoE for point absorber WECs. The presented operational prin-
ciple is based on the specific classical (non-quantum) version of Fano
resonance (Tribelsky, 2014), rather than the traditional Lorentzian
resonance typically associated with point absorber WECs.

While Fano resonance has various applications and manifestations
in atomic physics, optics, and plasmonics, this article focuses on a
simplified physical model represented by two pendulums connected
by a spring, as illustrated in Fig. 1. The mathematical framework for
https://doi.org/10.1016/j.apor.2024.104276
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Fig. 1. A classic example of Fano resonance, with extension to the WEC case (based
on Tribelsky, 2014).

this system and the occurrence of Fano resonance has been thoroughly
examined in Rabinovich and Trubetskov (1989), Tribelsky (2014).

While the first pendulum influenced by a periodic excitation can be
relatively immovable or oscillates with a small amplitude at a certain
frequency, the second one can experience large-amplitude oscillations
at the same frequency. The dynamic damping effect can be used, in
particular, to suppress dangerous vibrations. As an example, we can
mention its application to reduce the rolling of a ship in stormy oceans.
As mentioned in Rabinovich and Trubetskov (1989), a certain volume
of a ship (slosh) tank is filled with water to such a level that the
frequency of water oscillation in the tank becomes approximately equal
to the frequency of the beat of the waves on the ship. Then the rocking
of the ship itself is considerably reduced, whereas water oscillation
in the tanks can be significant. Applied to point absorber WECs, this
translates to a buoy that remains relatively stationary in waves, coupled
with significant, rapid, fluctuations of an internal translator in a linear
generator, which is connected with the buoy by a spring. While other
2-body devices, with alignment of hydrodynamic and PTO degrees of
freedom, have been analysed in the literature (Guo and Ringwood,
2021b), to the best of the authors’ knowledge, such a system has
not been considered from a Fano-resonance (i.e. wave transmitter)
perspective before.

Such a conceptual operational principle for WECs has the potential
to address persistent challenges in wave energy absorption:

(a) Limiting the displacement of the point absorber WEC hull in
waves, using only the internal PTO response, would yield numerous
advantages. These include diminished loads on WEC structures, moor-
ing lines and anchors, resulting in reduced fatigue. This will lead to
a possibility to reduce the number of mooring lines and anchors, as
well as simplify their design and material. It is also likely to reduce the
frequency of scheduled and unscheduled maintenance. Consequently,
this would lead to lower capital and, potentially, operational costs, for
WECs.

(b) One perennial difficulty is the maintenance of WECs at sea.
Since WECs are typically deployed in wave-active areas, dealing with
personnel transfer to an actively moving device is challenging. With
reduced hull motion, personnel transfer weather windows may be
broadened, increasing the opportunities for maintenance.

(c) This study suggests the imposition of constraints to limit the fluc-
tuations of the point absorber hull, which optimally transmits wave ex-
citation energy to the PTO system which, in turn, resonates within the
WEC hull. This limited fluctuation of the WEC hull also fits well within
conventional mathematical model assumptions for WECs, which are
typically grounded in the linear hydrodynamic premises of Cummins’
equation (Cummins, 1962), assuming that the WEC hull undergoes
small displacement from equilibrium. Such an approach offers added
advantages of realistically implementing various developed control
strategies (Ringwood et al., 2023a,b).

The content of the subsequent sections of this article is as fol-
lows: In Section 2, the authors introduce mathematical models for
2 
Fig. 2. A diagram of a 2-body loosely moored WEC with oscillating internal mass (Guo
and Ringwood, 2021b), which is a minimal system to achieve Fano resonance.

a 2-body loosely-moored WEC with an oscillating internal mass, and
a single-body ocean bed-referenced WEC. Section 3 is dedicated to
the statement of the WEC optimisation problem. In Section 4, the
outcomes of the modelling and optimisation approaches are presented
and discussed. Here, Sections Section 4.1,4.2,4.3 are devoted to the
derivation of the optimal parameters of the internal PTO system to
achieve Fano resonance. Section 4.4 concerns the optimisation of the
cylindrical buoy hull and PTO system dimensions for maximum de-
vice efficiency. The discussion and comparison of the results obtained
for ocean bed-referenced and self-referenced WECs is presented in
Section 5. The Conclusions section (Section 6) discusses the results
obtained, as well as the feasibility and benefits of Fano resonance in
wave energy conversion.

2. Mathematical models

2.1. Two-body loosely moored self-referenced WEC with an internal pto.

The application of Fano resonance to wave energy conversion can be
illustrated with a 2-body loosely-moored WEC with oscillating internal
mass, as illustrated in Guo and Ringwood (2021b), see Fig. 2. The
internal mass 𝑚𝑝 moves somewhat independently of the hull,where the
hull and internal mass are connected by a linear generator (LinGen,
converting the useful energy) and an optional physical spring 𝑘𝑝. Note
that the LinGen could also provide a (variable) virtual spring effect 𝑘𝑐 ,
though it may be more economical to use a fixed physical spring. The
system extracts power through the electromagnetic damping of a linear
generator 𝑑𝑐 .

Although the mathematical model for the self-referenced WEC pro-
posed in Guo and Ringwood (2021b) has been extensively studied in
several publications focused on the development of optimal control
and design for such devices (Chen et al., 2023a,b; Guo and Ringwood,
2021a), experimental validation of this model is still pending. To
the best of the authors’ knowledge, a similar model and device were
validated in Kong et al. (2019). In addition, individual models for wave-
body interactions (Cummins, 1962) and vibro-impact PTO (Ibrahim,
2009) were validated some time ago and are widely utilised.

The present study addresses a one hydrodynamic degree-of-freedom
problem, limiting displacements to the heave direction. The oscillation
of a heaving buoy WEC in waves is traditionally modelled by Cummins’
equation (Cummins, 1962):
(

𝑀ℎ +𝑀∞
)

�̈�1(𝑡) + ∫

𝑡

0
�̇�1(𝜏)𝑘𝑟(𝑡 − 𝜏)𝑑 𝜏 +

𝑑ℎ�̇�1(𝑡) + 𝑘𝑠𝑥1(𝑡) = 𝑓𝑒𝑥(𝑡) + 𝑓𝑝𝑡𝑜(𝑡), (2)

where 𝑥1(𝑡) represents the vertical position of the buoy, 𝑀ℎ is the mass
of the buoy hull (which also includes the LinGen stator), 𝑀∞ denotes
the added-mass at infinite frequency, 𝑘 (𝑡) is the radiation damping
𝑟
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impulse response function, 𝑘𝑠 refers to the hydrostatic stiffness, 𝑑ℎ to
(linearised) viscous water damping effects, 𝑓𝑒𝑥(𝑡) to the wave excitation
force, and 𝑓𝑝𝑡𝑜(𝑡) describes the force applied by the PTO system.

In terms of the internal system dynamics, the position 𝑥2(𝑡) of the
inGen translator can be described by:

𝑚𝑝�̈�2(𝑡) = −𝑓𝑝𝑡𝑜, (3)

and

𝑓𝑝𝑡𝑜 = 𝑓𝑔 𝑒𝑛 + 𝑘𝑝[𝑥2(𝑡) − 𝑥1(𝑡)], (4)

where 𝑚𝑝 represents the internal system mass of the LinGen translator
and internal mass, 𝑘𝑝 is the stiffness of the (optional) physical spring,
and 𝑓𝑔 𝑒𝑛 is the force generated by the linear generator.

The electrical generator can be modelled using the traditional mass–
pring-damper model (Ahamed et al., 2022). Thus, we select 𝑓𝑔 𝑒𝑛 to

have the following components:

𝑓𝑔 𝑒𝑛(𝑡) = 𝑘𝑐 [𝑥2(𝑡) − 𝑥1(𝑡)] + 𝑑𝑐 [�̇�2(𝑡) − �̇�1(𝑡)]

+𝑚𝑐 [�̈�2(𝑡) − �̈�1(𝑡)], (5)

where 𝑚𝑐 and 𝑘𝑐 are virtual mass and spring parameters respectively,
and 𝑑𝑐 is the damping parameter.

The complete dynamics of the internal mass can be described by the
following equation:

𝑚𝑝 �̈�2(𝑡) = (𝑘𝑝 + 𝑘𝑐 )[𝑥1(𝑡) − 𝑥2(𝑡)] + 𝑑𝑐 [�̇�1(𝑡) − �̇�2(𝑡)]

+𝑚𝑐 [�̈�1(𝑡) − �̈�2(𝑡)]. (6)

It is important to note that in the case under study, the PTO does
not include any reactive forces from either the ocean floor or any
supporting marine structures.

The solution to the system described by Eqs. (2)–(6) can be deter-
mined in the frequency domain under the following assumptions:

𝑥1(𝑡) = 𝑋1(𝜔)𝑒j𝜔𝑡, 𝑥2(𝑡) = 𝑋2(𝜔)𝑒j𝜔𝑡, (7)
𝑓𝑒𝑥(𝑡) = 𝐹𝑒𝑥(𝜔)𝑒j𝜔𝑡, (8)

where 𝑋1(𝜔) and 𝑋2(𝜔) denote the response amplitude operators (RAO)
or the heaving buoy and the translator, respectively, and 𝐹𝑒𝑥(𝜔) rep-
esents the excitation force to wave frequency 𝜔 response.

The solution to the Cummins Eq. (2) for a body in waves can be
btained in the frequency domain using a boundary element method
BEM) based software such as Ansys AQWA (2015). The obtained

solutions for the heaving buoy hull RAO 𝑋1(𝜔) for each particular
frequency of a regular wave can be expressed as a ratio of to the forces
𝐹𝑒𝑥(𝜔) and 𝐹𝑝𝑡𝑜(𝜔) that act on it, and product of intrinsic impedance of
the buoy hull 𝑍ℎ𝑢𝑙 𝑙(𝜔) (Falnes, 2002) and j𝜔:

𝑋1(𝜔) =
𝐹𝑒𝑥(𝜔) + 𝐹𝑝𝑡𝑜(𝜔)

j𝜔𝑍ℎ𝑢𝑙 𝑙(𝜔)
, (9)

where

𝐹𝑝𝑡𝑜(𝜔) = [(𝑘𝑐 + 𝑘𝑝) + j𝜔𝑑𝑐 − 𝜔2𝑚𝑐 ][𝑋2(𝜔) −𝑋1(𝜔)], (10)

𝑍ℎ𝑢𝑙 𝑙(𝜔) = 𝐵(𝜔) + j𝜔
[

𝑀ℎ +𝑀𝑎(𝜔) +𝑀∞ −
𝐾𝑠

𝜔2

]

. (11)

where 𝐵(𝜔) is the radiation resistance, 𝐾𝑠 is the hydrostatic stiffness,
ℎ is the mass of the buoy hull, 𝑀𝑎(𝜔) is the added mass after the

singularity at infinite frequency (𝑀∞) is removed.
From the equation for the PTO force (10), we can identify the

ntrinsic impedance of the PTO system:

𝑍𝑝𝑡𝑜 = − j

𝜔
[(𝑘𝑐 + 𝑘𝑝) + j𝜔𝑑𝑐 − 𝜔2𝑚𝑐 ]. (12)

It is clear, from (12), that the imaginary part of 𝑍𝑝𝑡𝑜 can be manipulated
by either 𝑘𝑐 , 𝑘𝑝, or 𝑚𝑐 , while the real part depends only on 𝑑𝑐 . Thus,
the physical spring 𝑘𝑝 between buoy hull and internal mass can, if
desired, be simulated by the PTO system by manipulation of 𝑘 . The
𝑐

3 
final decision as to how to balance these parameters is based on
economic considerations related to a minimum cost solution. However,
it should be borne in mind that even though it may be cheaper to utilise
redominantly physical mass and spring than implement through 𝑓𝑔 𝑒𝑛,
he virtual quantities can be continuously adapted to cater for, for

example, sea state changes.
The RAO of the heaving buoy hull 𝑋0(𝜔), free from internal mass

ut still having the same submergence, can be determined as:

𝑋0(𝜔) =
𝐹𝑒𝑥(𝜔)

j𝜔𝑍ℎ𝑢𝑙 𝑙(𝜔)
. (13)

This parameter will be used later to illustrate the resonant frequency
of the buoy hull.

The equation for the translator (3), in the frequency domain, takes
the following form:

𝑚𝑝 𝜔
2𝑋2(𝜔) = 𝐹𝑝𝑡𝑜(𝜔). (14)

Then, in the frequency domain, the solution to the system described
y Eqs. (9) and (14), for the RAOs of the buoy and the translator,
espectively, is given by:

𝑋1(𝜔) =
𝐹𝑒𝑥(𝜔)

𝛥
[𝑍𝑝𝑡𝑜(𝜔) + j𝑚𝑝 𝜔], (15)

𝑋2(𝜔) =
𝐹𝑒𝑥(𝜔)

𝛥
𝑍𝑝𝑡𝑜(𝜔), (16)

where

𝛥 = 𝜔 [j𝑍𝑝𝑡𝑜(𝜔)𝑍ℎ𝑢𝑙 𝑙(𝜔) − 𝑚𝑝 𝜔 (𝑍𝑝𝑡𝑜(𝜔) +𝑍ℎ𝑢𝑙 𝑙(𝜔))]. (17)

The time-averaged power, produced by the linear generator of the
escribed system, can be evaluated as:

𝑃 (𝜔) = 𝑅𝑒[𝑍𝑝𝑡𝑜] |𝑉2(𝜔) − 𝑉1(𝜔)|
2∕2, (18)

where 𝑉2(𝜔) = j𝜔𝑋2(𝜔) is the velocity of the translator, and 𝑉1(𝜔) =
j𝜔𝑋1(𝜔) is the velocity of the heaving buoy.

It can be analytically demonstrated, by solving the problem of max-
imising the power functional 𝑃 (𝜔) in partial derivatives with respect to
the two variables 𝑅𝑒[𝑍𝑝𝑡𝑜] and 𝐼 𝑚[𝑍𝑝𝑡𝑜], that maximum power produc-
tion can be achieved under the following unconstrained condition:

𝑍𝑝𝑡𝑜 =
𝑚2
𝑝𝜔

2𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙]
𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙]2 +

(

𝐼 𝑚[𝑍ℎ𝑢𝑙 𝑙] + 𝑚𝑝𝜔
)2

−j
𝑚𝑝𝜔

(

𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙]2 + 𝐼 𝑚[𝑍ℎ𝑢𝑙 𝑙]
(

𝐼 𝑚[𝑍ℎ𝑢𝑙 𝑙] + 𝑚𝑝𝜔
))

𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙]2 +
(

𝐼 𝑚[𝑍ℎ𝑢𝑙 𝑙] + 𝑚𝑝𝜔
)2

(19)

The solution obtained corresponds to the impedance matching strat-
egy proposed in Bacelli and Coe (2021). However, this optimal control
olution does not account for the natural limitations imposed by the
uoy hull and internal mass displacement. These issues are addressed

in the following sections.

2.2. A single body ocean bed referenced wec.

To evaluate the efficiency of the 2-body loosely moored WEC con-
cept and determine whether a heaving buoy hull should primarily act
s a source or transmitter of energy for the PTO system, the authors

compare the time-averaged power production of a self-referenced WEC
(as depicted in Fig. 2) with that of a more traditional point absorber
buoy anchored to the ocean bed (as shown in Fig. 3). The buoy hull
shape and corresponding intrinsic impedance 𝑍ℎ𝑢𝑙 𝑙 are identical for
both devices. The study assumes that the ocean bed-referenced WEC
operates under a ‘Simple and Effective’ (SE) controller (Fusco and Ring-
wood, 2013), representing a constrained modification of the traditional
complex conjugate (CC) control (Falnes, 2002), with instantaneous
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Fig. 3. A diagram of a single body ocean bed referenced WEC (Fusco and Ringwood,
2013).

frequency tracking. However, the frequency tracking aspect of the SE
controller is not utilised in this study.

In the SE method applied to the ocean bed-referenced WEC, the
intrinsic impedance of the PTO system 𝑍∗

𝑝𝑡𝑜(𝜔) is evaluated from the
following relation:

𝑍∗
𝑝𝑡𝑜(𝜔) = (2𝛼 − 1)𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙(𝜔)] − j 𝐼 𝑚[𝑍ℎ𝑢𝑙 𝑙(𝜔)], (20)

where 𝛼 represents a tuning PTO damping parameter, which permits
implementation of constraints on the buoy hull displacement magni-
tude |�̃�1|. Consequently, when 𝛼 = 1, the traditional CC solution is
obtained.

The corresponding RAO of �̃�1(𝜔) and velocity 𝑉1(𝜔) of the ocean
bed-referenced WEC buoy hull can be determined using the following
equations:

𝑉1(𝜔) =
𝐹𝑒𝑥(𝜔)

𝑍ℎ𝑢𝑙 𝑙 +𝑍∗
𝑝𝑡𝑜

=
𝐹𝑒𝑥(𝜔)

2 𝛼 𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙(𝜔)]
, (21)

and

�̃�1(𝜔) = 𝑉1(𝜔)∕(j𝜔). (22)

It is clear that an increase in the tuning parameter 𝛼 results in
a decrease in both the magnitudes of displacement and velocity of
the buoy. The parameter 𝛼 can be determined based on a maximum
displacement magnitude constraint |�̃�1| < �̃�𝑀 𝑎𝑥

1 .
The time averaged power production 𝑃 (𝜔) in the frequency do-

main (Falnes, 2002), due to the constrained displacement magnitude
|�̃�1(𝜔)|, can be evaluated as:

𝑃 (𝜔) = 1
2
𝑅𝑒[𝑍∗

𝑝𝑡𝑜(𝜔)]|𝑉1(𝜔)|
2 =

(2𝛼 − 1)|𝐹𝑒𝑥(𝜔)|
2

8 𝛼2 𝑅𝑒[𝑍ℎ𝑢𝑙 𝑙(𝜔)]
. (23)

It is also clear, (from (23)) that maximum power generation is attained
with the optimal buoy hull displacement magnitude, occurring when
𝛼 = 1. Consequently, any decrease in the buoy hull displacement
magnitude will result in a reduction of the generated power 𝑃 (𝜔).

3. Optimising various operational regimes for self-referenced
WECs

The optimisation challenges in control and design of WEC systems
reflect the necessity to balance many conflicting objectives. In our case,
the primary objective is to maximise power production 𝑃 (𝜔), while
the secondary objective aims to minimise or restrict the displacement
of the heaving buoy hull |𝑋1|. In the case of a self-referenced WEC,
these conflicts could potentially be resolved by introducing different
control strategies that can be implemented in various sea states. In this
article, the authors study and optimise various potential operational
strategies for a self-referenced WEC, targeting different goals. The
solution and analysis of various control optimisation problems allow
us to study the fundamental properties and aid in the optimal design
of the self-referenced WEC.
4 
Fig. 4. Wave spectrum of a sample data set for Galway Bay, Ireland, analysed in Fusco
and Ringwood (2010).

The first operational regime optimisation problem studies the con-
strained power maximisation problem 𝑃 (𝜔) → Max, where the limi-
tation of the buoy hull displacement magnitude can be expressed as
a rigid constraint |𝑋1| < 𝑋𝑀 𝑎𝑥

1 . This constraint prevents the mooring
lines from influencing the power generation process, ensuring that de-
vice stabilisation is solely achieved through the internal PTO system. An
additional inherent constraint is the necessity to maintain the internal
mass displacement magnitude within the structural limits of the buoy
height ℎ𝑐 , ensuring |𝑋2 −𝑋1| < ℎ𝑐∕2.

The second operational regime optimisation problem studies the
minimum achievable displacement magnitude for the self-referenced
WEC, |𝑋1(𝜔)| → Min. It is clear that the reactive force from the internal
PTO is limited, so an assessment of its capability to minimise the buoy
hull displacement magnitude needs to be conducted.

The range of potential solutions, balancing the first and second ob-
jectives, can be illustrated using a Pareto front. However, compared to
the ocean bed-referenced WEC, the Pareto front for the self-referenced
WEC has a complex shape, with a range of potentially equal local
maxima due to the non-linearity of the governing equations ((15),
(16)).

The implementation and optimisation of the proposed control
strategies can be achieved by optimising the PTO responses 𝑍𝑝𝑡𝑜,
and/or by optimising the buoy hull design 𝑍ℎ𝑢𝑙 𝑙, and/or internal mass
𝑚𝑝 values. However, an increase in buoy hull size 𝑍ℎ𝑢𝑙 𝑙, installation
of heavy internal mass, and/or PTO capable of supplying significant
forces 𝑍𝑝𝑡𝑜 could potentially significantly increase the CapEx and OpEx
of the device. Thus, their unlimited increase will not help in LCoE
minimisation (1).

It is evident that satisfying all objectives simultaneously is a chal-
lenging problem. Moreover, quantifying the costs of variables and
functions is complex. Hence, the authors limit the presented results
to illustrate specific scenarios and derive the key inter-dependencies
between objectives. The optimal solution presented either targets a
singular goal or presents the range of possible solutions via figures and
tables to navigate conflicting objectives.

The conducted research is based on an analysis of a regular wave
frequency response, which enables the identification of the fundamen-
tal system properties and provides clear illustration of the required PTO
and buoy hull parameters for limitation of the buoy hull displacement
magnitude and power production maximisation. While it can be argued
that regular waves do not fully capture the panchromatic nature of
the ocean climate, various studies have demonstrated that certain sea
states can be approximated by a narrow-banded spectral process (Fusco
and Ringwood, 2010). In addition, for WEC simulation studies, the
(polychromatic) superposition of monochromatic waves is the common
route to panchromatic analysis.

An example narrow-banded sea state is presented in Fig. 4, which
illustrates real observations of wave spectra measured by an Irish
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Marine Institute data buoy, located at Galway Bay on the West Coast
of Ireland (53◦ 13′ N, 9◦ 18′ W, water depth nearly 20 m) (Fusco
and Ringwood, 2010). Optimisation of the different operational regimes
for various self-referenced WECs is conducted for regular waves with
various frequencies in the range 0 < 𝜔 < 3 rad/s and a wave height
of 𝐻 = 1 m, allowing for study of the frequency-specific behaviour of
the system. A particular emphasis is placed on waves with a period of
𝑇0 = 8 s or a frequency of 𝜔0 = 0.785 rad/s, positioned between the
mean and median values (Fig. 4).

The conducted optimisation study of the resonance of the proposed
WEC concept is based on the analytical solutions ((15), (16)) and
performance metrics ((18), (23)) from Section 2. The variables of the
optimisation process include the structural properties of a heaving buoy
hull (for example, radius 𝑟𝑐 , height ℎ𝑐 , draft ℎ𝑑 , and mass 𝑀ℎ for a
cylindrical buoy hull) as well as internal PTO properties such as the
internal mass 𝑚𝑝 value and the intrinsic impedance 𝑍𝑝𝑡𝑜 of a linear
generator.

The stated nonlinear optimisation problems have been programmed
and solved in Python using the simplicial homology global optimi-
sation (Endres et al., 2018) and differential evolution (Storn and
Price, 1997) methods, both available in the Python optimisation and
root-finding library, (Scipy.Optimize, 2024). The required intrinsic
impedance 𝑍ℎ𝑢𝑙 𝑙(𝜔) and excitation force 𝐹𝑒𝑥(𝜔) frequency responses
were obtained using Capitaine (Ancellin and Dias, 2019) and Ansys
AQWA (Ansys AQWA, 2015).

4. Control and design optimisation for self-referenced WECs

This section considers the set of optimisation problems that char-
acterise the proposal of a two-body WEC system as an energy trans-
mitter via Fano resonance. It will be seen that a number of these
sub-problems have conflicting objectives (e.g. minimising hull motion
but maximising energy capture), therefore presenting a true multi-
criterion optimisation problem. The related set of problems constitute
a genuine control co-design challenge, where specific physical design
attributes ultimately determine the success (or otherwise) of the overall
Fano objective, but are implicitly interwoven with the constrained
control design problem.

4.1. Case 1: Optimal constrained control solution

The first case study is dedicated to solution of the optimal con-
strained control problem for a WEC with the self-referenced WEC
system. We consider a semi-submerged cylindrical buoy with radius
𝑟𝑐 = 3 m, height ℎ𝑐 = 6 m, draft 𝑑𝑐 = 3 m, hull mass 𝑀ℎ = 68,040 kg
and water depth 200 m. The initially selected internal mass is 𝑚𝑝 =
17,010 kg, which is 20% of the overall mass of the whole device 𝑀𝑐 .
The intrinsic impedance 𝑍ℎ𝑢𝑙 𝑙(𝜔) and excitation-force 𝐹𝑒𝑥(𝜔) frequency
responses for the cylindrical hull, calculated using Ansys AQWA (2015),
are depicted in Fig. 5.

In most of the published research, e.g. Guo and Ringwood (2021b),
Chen et al. (2023a), the internal spring value 𝑘𝑝 is considered as
constant, and control is implemented solely by adjusting the PTO
damping coefficient 𝑑𝑐 (Chen et al., 2023a). In this research, the authors
consider a linear generator, which has the capability to simulate also
variable ‘virtual’ spring 𝑘𝑐 and mass 𝑚𝑐 controller parameters (4). While
the objective is to maximise power generation (18) by optimising 𝑍𝑝𝑡𝑜
parameters, it is also required that the displacement magnitude of the
heaving buoy hull remains relatively small |𝑋1| < 1 m. In addition, the
relative displacement magnitude of the generator translator is restricted
by the buoy height, while remaining adequate for power generation
0.5 < |𝑋2 −𝑋1| < 3 m. Thus, a constrained optimisation problem,
written in the following form,

|𝑋1| < 1 m, 0.5 < |𝑋2 −𝑋1| < 3 m, 𝑃 (𝜔) → Max, (24)
5 
Fig. 5. Intrinsic impedance 𝑍ℎ𝑢𝑙 𝑙(𝜔) and excitation force 𝐹𝑒𝑥(𝜔) frequency responses for
the cylindrical buoy with dimensions: 𝑟𝑐 = 3 m, ℎ𝑐 = 6 m, and ℎ𝑑 = 3 m, computed
using Ansys AQWA (2015).

Fig. 6. Power production optimisation (see Eq. (24)) in the frequency domain for a
self-referenced WEC with cylindrical hull parameters 𝑟𝑐 = 3m, ℎ𝑐 = 6m, ℎ𝑑 = 3m and
𝑚𝑝 = 0.2𝑀𝑐 : (a) optimal displacements of the hull and internal mass, as well as RAO
operator magnitude for the hull, (b) their phases, (c) required 𝑍𝑝𝑡𝑜 parameters, (d)
comparison of power generation between the self-referenced and ocean bed-referenced
WECs, operating with the same buoy hull displacement magnitude.

is solved. The solution to this problem, which comprises the optimal
displacement magnitudes and phases of the buoy hull |𝑋1| and internal
mass |𝑋2 −𝑋1|, as well as the optimal PTO parameters 𝑍𝑝𝑡𝑜(𝜔) and
power production 𝑃 (𝜔) for a range of wave frequencies 𝜔, is presented
in Fig. 6. In addition, the response amplitude operator, as per Eq. (13)
(indicated by the yellow line), is depicted to illustrate the resonant
frequency of the selected cylindrical hull.

Fig. 6a demonstrates that the internal mass predominantly oper-
ates at the upper limit of its allocated amplitude constraint, with an
exception near the cylindrical hull resonant frequency, at 𝜔 = 1.6
rad/s, where maximum energy extraction is achieved, with 𝑃 = 60 kW.
This displacement magnitude reduction aligns with inflections in the
PTO parameters (Fig. 6c). The translator and buoy hull exhibit relative
quarter-phase fluctuations (90◦) with each other for low wave frequen-
cies until the buoy’s resonant frequency (Fig. 6b). Beyond resonance,
their movements shift to being in-phase.

The comparison of power generation by the self-referenced and
ocean-bed-referenced WECs is shown in Fig. 6d. Both WEC systems
adhere to the same displacement magnitude |𝑋1| profile for the buoy
hull, as depicted in Fig. 6a (blue line). In all scenarios, the shape of the
heaving buoy is consistent. It is evident that the ocean bed-referenced
WEC can generate more power when 𝜔 < 1.3 rad/s. However, the
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Fig. 7. (a) Minimum achievable buoy hull displacement magnitude for the cylindrical
WEC with 𝑟𝑐 = 3 m, ℎ𝑐 = 6 m, ℎ𝑑 = 3 m and 𝑚𝑝 = 0.2𝑀𝑐 with the internal PTO
systems, across various wave frequencies; (b) Corresponding power generation.

control of ocean bed-referenced WEC would require a significant reac-
tive force, causing substantial loading on the anchoring and mooring
structure. The installation of such rigid ocean bed-based structures
will significantly increase the LCoE of generated power (1). At the
same time when 𝜔 > 1.3 rad/s, the self-referenced WEC has the same
performance as the ocean bed referenced WEC that utilises ‘‘simple
and effective’’ control and follows the same displacement magnitude
|𝑋1|. This implies that the optimum power transmission has been
parametrically achieved, with the heaving buoy hull functioning as
a transmitter of wave energy whilst resonance is realised within the
internal PTO system. However, for the targeted frequency 𝜔0 = 0.785
rad/s, the power production for the self-referenced WEC is 𝑃 (𝜔0) = 13.5
kW, which is significantly lower than the power produced by the ocean
bed-referenced WEC 𝑃 (𝜔0) = 76 kW when operating under the same
displacement constraint of |𝑋1| < 1 m.

4.2. Case 2: Minimisation of hull displacement

The second case study analyses the minimum displacement magni-
tude |𝑋1(𝜔)| which can be achieved with the internal PTO system for
the presented in the previous Section 4.1 cylindrical buoy hull WEC,
for various wave frequencies 𝜔.

The minimum achievable displacement magnitude of the buoy hull
|𝑋1(𝜔)|, and corresponding power generation 𝑃 (𝜔), as a function of
wave frequency 𝜔 are illustrated in Fig. 7. Clearly, the considered
internal mass and PTO cannot completely restrict the buoy hull dis-
placements (i.e. |𝑋1| = 0) for frequencies below 1.3 rad/s. However,
the traditional (ideal) Fano resonance effect is achieved when 𝜔 > 1.3
rad/s, where the displacement of the buoy hull is almost zero (blue
line), but the internal mass fluctuates inside the hull with signifi-
cant amplitude (red line), though the power production for such an
operational regime is relatively small.

Thus, complete restriction of the buoy hull displacement magnitude
(|𝑋1| = 0) will result in virtually no power production, despite signif-
icant fluctuation of the heavy internal mass. Nevertheless, it has been
demonstrated that it is possible to constrain the position of the buoy
hull using only the internal response of the PTO, without the need for
mooring lines or supporting marine structures (assuming no external
drift forces).

4.3. Case 3: Optimisation of internal mass and overall device mass ratio

This third case study focuses on a parametric analysis concern-
ing the optimal ratio between the internal and overall device masses
𝑚𝑝∕𝑀𝑐 , and the corresponding optimal constrained control solutions.
The sum of the hull mass 𝑀ℎ and internal mass 𝑚𝑝 – the overall device
mass 𝑀𝑐 – is considered fixed. Thus, the equilibrium semi-submerged
position of the device will remain the same, regardless of changes in
the ratio 𝑚 ∕𝑀 . The same cylindrical buoy hull WEC design as in
𝑝 𝑐

6 
Fig. 8. The relationship between the power production and buoy hull displacement
magnitude |𝑋1|, for ocean bed reference device (black line), and self-referenced devices
(colour lines) for various cases of the relative ratio of the internal mass to the overall
mass of the system 𝑚𝑝∕𝑀𝑐 . (The results are obtained for a cylindrical WEC with 𝑟𝑐 = 3
m, ℎ𝑐 = 6 m, and ℎ𝑑 = 3 m).

Fig. 9. The relationship between the power production and buoy hull displacement
magnitude |𝑋1|, for ocean bed reference device (black line), and self-referenced devices
(colour lines) for various cases of the relative ratio of the internal mass to the overall
mass of the system 𝑚𝑝∕𝑀𝑐 . (The results are obtained for a cylindrical WEC with 𝑟𝑐 = 4
m, ℎ𝑐 = 8 m, and ℎ𝑑 = 6.4 m).

Section 4.1 (with with 𝑟𝑐 = 3 m, ℎ𝑐 = 6 m, ℎ𝑑 = 3 m and 𝑀𝑐 = 85
tonnes), and a larger buoy with 𝑟𝑐 = 4 m, ℎ𝑐 = 8 m, ℎ𝑑 = 6.4 m and
𝑀𝑐 = 322 tonnes, are examined.

For this analysis, the selected regular wave with 𝜔0 = 0.785 rad/s
and 𝐻 = 1 m is considered. By varying the internal mass value 𝑚𝑝, we
aim to evaluate the trade-off between the magnitude of the buoy hull
displacement |𝑋1| and power generation 𝑃 (𝜔).

Fig. 8 illustrates the range of solutions obtained for the original
smaller hull, satisfying the conditions |𝑋1| < 1 m and 0.5 < |𝑋2 −𝑋1| <
3 m, for various cases of the relative ratio of the internal mass 𝑚𝑝 to
the overall mass of the system 𝑀𝑐 (indicated by different colours). The
minimum achievable displacement magnitude for the self-referenced
device is highlighted with the diamond symbol ♢. The black reference
line represents the power produced by a bottom-referenced device
operating with the same displacement magnitude.

It can be observed in Fig. 8 that the solutions for the self-referenced
device correspond to the intersection of two curves, underscoring the
non-linearity of the optimisation problem. This arises from the fact
that, for a two-body device, optimisation is required for both the
real and imaginary components of the intrinsic impedance of the PTO
system (see Eqs. (15)–(19)). Consequently, it is possible to obtain
more than one power production solution for the same displacement
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Fig. 10. The relationship between the power produced by a self-referenced WEC, the
displacement of the buoy hull |𝑋1|, and the ratio between internal mass and overall
mass of the device 𝑚𝑝∕𝑀𝑐 . The ratio of energy from the self-referenced device to the
bottom-referenced device, operating with the same buoy hull displacement magnitude
|𝑋1| is highlighted using colour scheme. (The results are obtained for a cylindrical WEC
with 𝑟𝑐 = 4 m, ℎ𝑐 = 8 m, and ℎ𝑑 = 6.4 m).

value. This issue of identifying the global maximum is addressed by
applying optimisation methods such as simplicial homology (Endres
et al., 2018) or differential evolution (Storn and Price, 1997). In
contrast, for a bottom-referenced device, the imaginary component of
the PTO is always cancelled by the chosen simple and effective control
strategy (21). Therefore, it can be concluded that the real-time control
implementation for a self-referenced device will require solving non-
linear equations and selecting the optimal solution at each time step,
necessitating supervisory control.

Fig. 8 shows that, when comparing Case 1 to the other presented
cases, minimising the buoy hull displacement magnitude or maximising
the generated power requires a substantial internal mass, with 𝑚𝑝∕𝑀𝑐
= 90%. However, the generated power is significantly lower compared
to the power that could be produced by a bottom-referenced device.
This suggests that the installed internal mass and its fluctuation mag-
nitude are insufficient to achieve comparable power production at the
considered wave frequency. Therefore, an adjustment to the buoy hull
design is necessary.

The results presented in Fig. 9 are obtained for a much larger device
with dimensions 𝑟𝑐 = 4 m, ℎ𝑐 = 8 m, and ℎ𝑑 = 6.4 m, which can
accommodate a much heavier mass and allow for a larger fluctuation
magnitude. The presented solutions satisfy the conditions |𝑋1| < 1 m
and 0.5 < |𝑋2 −𝑋1| < 4 m. It is visible from Fig. 9 Cases 1, 2, and 3
that the performance of the self-referenced device is very close to that
of the bottom-referenced device operating with the same displacement
magnitude. However, in Case 4, the internal mass is not sufficient to
reproduce the optimal control solutions from the previous cases.

The complete set of solutions for the case of the large hull, depicting
the relationship between the power output of a self-referenced WEC,
the displacement of the buoy hull |𝑋1|, and the internal-to-overall
mass ratio of the device 𝑚𝑝∕𝑀𝑐 , is shown in Fig. 10. The plot reveals
that the solution set forms two surfaces, emphasising the non-linearity
of the optimisation problem. The ratio of energy produced by the
self-referenced device compared to a bottom-referenced device, both
operating with the same buoy hull displacement magnitude |𝑋1|, is
represented by the colour scheme. Thus, it can be concluded that
maximisation of power production, or minimisation of the buoy hull
displacement, for a self-referenced WEC will require installation of a
significant internal mass.
7 
Fig. 11. Intrinsic impedance 𝑍ℎ𝑢𝑙 𝑙 and excitation force 𝐹𝑒𝑥 frequency responses for a
cylindrical WEC with 𝑟𝑐 = 5 m, ℎ𝑐 = 9 m and ℎ𝑑 = 7.2 m, computed using Ansys AQWA
(2015).

Fig. 12. Power production optimisation (Eq. (25)) in the frequency domain for a self-
referenced WEC with cylindrical hull 𝑟𝑐 = 5m, ℎ𝑐 = 9m, ℎ𝑑 = 7.2 m and 𝑚𝑝 = 0.2𝑀𝑐 : (a)
optimal displacement of the hull and internal mass, as well as RAO operator magnitude
for the hull, (b) their phases, (c) required 𝑍𝑝𝑡𝑜 parameters, (d) comparison of power
generation between the self-referenced and ocean-bed-referenced WECs, operating with
the same buoy hull displacement magnitude.

4.4. Case 4: Optimisation of cylindrical buoy hull dimensions

Another method to enhance power extraction at low wave frequen-
cies, for a self-referenced WEC, while using a minimal internal mass, is
to modify the design of the buoy hull.

This subsection focuses on determining the optimal dimensions
of a cylindrical heaving buoy hull for a self-referenced WEC, which
maximises power generation, 𝑃 (𝜔), while limiting the buoy hull dis-
placement magnitude |𝑋1|. The optimisation is conducted for the same
selected regular wave with 𝜔0 = 0.785 rad/s and 𝐻 = 1 m. The chosen
buoy hull design takes the form of a cylinder with radius 𝑟𝑐 , height
ℎ𝑐 , and draft ℎ𝑑 . The overall mass of the device 𝑀𝑐 = 𝑀ℎ + 𝑚𝑝 can
be determined using Archimedes’ principle. The intrinsic impedance
𝑍ℎ𝑢𝑙 𝑙(𝜔) and excitation force 𝐹𝑒𝑥(𝜔) frequency responses for each spe-
cific combination of ℎ𝑐 , 𝑟𝑐 and ℎ𝑑 are computed in Ansys AQWA
(2015). The obtained frequency responses, 𝑍ℎ𝑢𝑙 𝑙(𝜔) and 𝐹𝑒𝑥(𝜔), were
interpolated using a 30th order polynomial in 𝜔.

The optimisation ranges for the buoy hull dimensions are set be-
tween 0.5 < 𝑟𝑐 < 5 m for radius, 3 < ℎ𝑐 < 8 m for height, and draft
falling between 0.4ℎ𝑐 < ℎ𝑑 < 0.8ℎ𝑐 . These constraints ensure the buoy
manufacturability, ease of installation, and ability to withstand oceanic
conditions. The displacement magnitude of the buoy hull fluctuations
is constrained such that |𝑋 | < 1 m. The transmitter mass is assumed to
1
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Table 1
Time averaged power production [in kW] for a self-referenced WEC with radius 𝑟𝑐 , height
ℎ𝑐 , and drafts ℎ𝑑 = 0.4ℎ𝑐 and ℎ𝑑 = 0.8ℎ𝑐 , evaluated for regular waves with 𝜔0 = 0.785 s
and 𝐻 = 1 m.
be 20% of the overall device mass, i.e. 𝑚𝑝 = 0.2𝑀𝑐 , while the mass of
the buoy hull is 𝑀ℎ = 0.8𝑀𝑐 . The transmitter displacement magnitude
is constrained by the hull height, i.e. 0.5 < |𝑋2 −𝑋1| < ℎ𝑐∕2, but still
significant.

|𝑋1| < 1 m, 0.5 < |𝑋2 −𝑋1| < ℎ𝑐∕2, 𝑃 (𝜔) → Max (25)

The selected sample results from the solution of the cylindrical buoy
hull dimension optimisation problem (25) are presented in Table 1.
Table 1 shows the power production for a self-referenced WEC (with
internal mass 𝑚𝑝 = 0.2𝑀𝑐) for various values of height ℎ𝑐 , draft ℎ𝑑 ,
and radius 𝑟𝑐 , evaluated for a target wave with frequency 𝜔0 = 0.785
rad/s and height 𝐻 = 1 m.

It is evident that the power generated by the self-referenced WEC
𝑃 (𝜔) increases with an increase in height ℎ𝑐 , draft ℎ𝑑 , and radius
𝑟𝑐 of the cylindrical hull. The need for a tall cylindrical hull, for
power generation maximisation, can be attributed to the space required
for internal mass fluctuation. Additionally, the cylinder must be of
adequate size to accommodate a substantial internal mass, and increase
the wave capture diameter (relative capture width — RCW).

From Table 1, it is clear that maximum power production occurs at a
boundary of the parametric space, specifically the bottom right corner.
However, the introduction of an alternative performance metric, such
as power/volume, would result in a shift in optimal solution towards
the upper left of Table 1. Thus, optimising solely based on geometric pa-
rameters may be somewhat misleading, from a more realistic economic
(e.g. LCoE) perspective, and a comprehensive economic assessment is
necessary (Guo and Ringwood, 2021a). Nevertheless, Table 1 illustrates
the sensitivity of power production to variations in the geometric
parameters.

Maximum power generation is achieved for a cylindrical buoy hull
with parameters 𝑟𝑐 = 5 m, ℎ𝑐 = 9 m, and ℎ𝑑 = 7.2 m, the intrinsic
impedance 𝑍ℎ𝑢𝑙 𝑙(𝜔) and excitation force 𝐹𝑒𝑥(𝜔) frequency responses
of which are presented in Fig. 11. The optimal constrained control
solutions for the selected design are illustrated in Fig. 12. It is important
to note that the results shown in Fig. 12 are limited to 𝜔 < 2.3 rad/s,
as it is not possible to satisfy the constraints outside of this interval.
The comparative power generation by the ocean-bed-based and self-
referenced WECs (illustrated in Fig. 12d) for the selected buoy hull
8 
design shows that these two WECs have equal power production for
a much larger wave frequency range, 𝜔 > 0.85 rad/s, compared to the
initial reference design (Fig. 6d), specifically 𝜔 > 1.3 rad/s.

The power production by a self-referenced WEC for the targeted
wave frequency 𝜔0 = 0.785 rad/s is significant at 𝑃 (𝜔0) = 121.5 kW.
This value is only marginally less than the power generated by the
ocean-bed-referenced WEC operating with the same displacement (see
Fig. 12d), which is 𝑃 (𝜔0) = 142 kW. This improvement can be also
attributed to the resonant frequency of the selected cylinder hull being
much closer to the target frequency (Fig. 12a) compared to the case of
the initial reference cylinder (Fig. 6a).

5. Overall comparison between ocean bed-referenced and self-
referenced WECs

This section is dedicated to a comparative qualitative comparison
of the results from Section 4, with an overview presented in Table 2.

Section 4 demonstrates that the ocean-bed-referenced WEC has
higher power production than the self-referenced WEC, due to its
potentially unlimited reactive PTO force. However, the provision of
reactive PTO force by the ocean-bed-referenced WEC will induce signif-
icant loading on the seabed anchor, potentially leading to fatigue and
necessitating the installation of an expensive rigid underwater structure
able to tolerate the maximum vertical PTO force. With this significant
load cycling, more frequent maintenance may be required, compared
to the self-referenced system, where the internal reactive PTO force
imposes no loading on the mooring lines. Although the stability of the
ocean-bed-referenced WEC can be easily maintained by rigid ocean
bed anchoring, the control strategy proposed in this article for the
self-referenced WEC naturally achieves station keeping (in the absence
of external drift forces). Furthermore, it has been demonstrated that,
while the displacement of the translator in a linear generator is the
same as the displacement of the buoy hull for the ocean bed-referenced
WEC, the displacement of the translator in the self-referenced system
is limited only by the buoy hull design, which could potentially offer
more options for operational regimes and power production.

Therefore, it can be concluded that despite lower power production,
the self-referenced WEC will likely have lower CapEx and OpEx, poten-
tially resulting in a lower LCoE compared to the ocean bed-referenced



A.M. Ermakov et al.

s
i

R

s
p
s
p
t
t
i
T
t
t
a

s
t
t
e
c
m
c

t

p
i
o
d

Applied Ocean Research 153 (2024) 104276 
Table 2
Comparison of the self-referenced and ocean bed-referenced point absorber WECs.
Ocean bed-referenced WEC Self-referenced WEC
Potentially higher power production especially for the low frequency waves Potentially lower power production especially for the low frequency waves
Potentially unlimited reactive PTO force The reactive PTO force is limited with the values of the internal and buoy hull masses
In general, the displacement of the translator in the linear generator is the same as the displacement of
the buoy hull

The displacement of the translator in the linear generator is independent from the displacement of the
buoy hull and limited only with the buoy hull design

Requires installation of the expensive and strong seabed anchoring Does not require strong rigid seabed anchoring
The reactive PTO force causes loadings on the seabed anchoring The internal reactive PTO force does not cause any loadings on the mooring lines
Could require more often maintenance of seabed infrastructure due to the fatigue May require less often maintenance
Stability of the WEC is maintained by the seabed anchoring Stability of the WEC could be maintained by the presented control strategy
Potentially higher CapEx and OpEx Potentially lower CapEx and OpEx
d
t

t
d
s

WEC. However, to achieve maximum performance, the design of the
elf-referenced WEC must include a significant buoy hull size, a heavy
nternal mass, and sufficient space for internal mass fluctuations.

6. Conclusion

The conducted research confirms the feasibility of applying a Fano
resonance inspired operational principle to a self-referenced WEC. Such
an operational principle is demonstrated for a minimal system, exem-
plified by a two-body loosely-moored self referenced WEC (Guo and

ingwood, 2021b). The developed analytical model focuses on dis-
placements and power extraction solely in the heave direction. It is also
constrained by linear theory assumptions concerning the interaction
between waves and the hull structure. Within the concept of a self-
referenced WEC, the heaving buoy hull is viewed as a transmitter of
wave energy, where resonance is achieved internally within the PTO
system.

It has been shown that a self-referenced WEC hull can more easily
ustain its position in the wave solely through internal PTO action,
otentially diminishing strain on mooring lines. It has also been demon-
trated that the self-referenced WEC can achieve energy conversion
erformance similar to the ocean-bed-referenced WEC, operating under
he same displacement magnitude constraint. However, to achieve
he optimal operational regime, a substantial internal mass must be
nstalled, also necessitating a reduction in the weight of the buoy hull.
his operational regime could potentially reduce both the number and
he material/design cost of the required mooring lines and anchors,
hereby decreasing both the CapEx and OpEx for a WEC, leading to
 reduction in the LCoE of renewable wave energy.

The limited displacement of the heaving buoy, for the Fano-based
elf-referenced WEC, also brings the additional advantage of adherence
o the linear assumptions of Cummins’ equation (Cummins, 1962), par-
icularly in relation to small movements about equilibrium. While more
laborate, and higher fidelity, hydrodynamic models are available, they
ome at a computational cost, and do not easily lend themselves to
odel-based control design. While some nonlinear model-based WEC

ontrol design philosophies are available (e.g. Faedo et al. (2021)),
simpler and more computationally attractive control design paradigms
are usually preferable, while the literature abounds with WEC control
studies based on linear model which conveniently ignore the fact that
he control action itself violates one of the main assumption upon which

the linear model is based (Windt et al., 2021).
The obtained optimal control solutions for self-referenced WEC

illustrate a broader array of options for optimal control design com-
pared to ocean-bed-referenced WEC systems. The showcased scatter
lot emphasises the potential of finding optima for the PTO parameters,
nternal and buoy hull masses, as well as the displacement magnitudes
f the buoy hull, and internal mass for optimal self-referenced WEC
esign.

The research conducted on optimising the design of cylindrical
buoy hull for maximising energy extraction by self-referenced WEC,
suggests that the most efficient design is a significantly submerged,
large cylinder, which can accommodate a heavy internal mass and
provide substantial amplitude for the internal translator fluctuations.
Additionally, it is crucial that the resonant frequency of the buoy
9 
hull closely aligns with the target wave frequency, to maximise wave
energy absorption. A parametric study on the internal PTO parameters
uncovers significant nonlinear trends in their inter-dependencies.

One limitation of the study is that the PTO and heaving buoy hull
esign assessments, along with performance evaluations, are confined
o the frequency domain in the heave direction only. Exploring the

potential of extending the proposed operational principle to the sway
and surge directions may offer additional stabilisation for the WEC,
though with potentially increased PTO complexity.

The relatively simple spring/mass/damper controller employed here
has limitations in relation to the power/displacement trade-off achiev-
able. Specifically, more advanced controllers, such as MPC, or MPC-
like (Faedo et al., 2017) can manage hard constraints more effectively,
while fully exploiting the dynamical space within the constraints. Such
considerations fall within the area of control co-design, in which in-
egrated system/controller design takes place, recognising the depen-
ency of the optimal device physical characteristics on the control
trategy employed, and vice-versa. Some of these issues are usefully

addressed for single-body and 2-body system by Liu et al. (2024).
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