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Abstract

In this paper, we consider the energy of a simple graph with respect to its normalized
Laplacian eigenvalues, which we call the L-energy. Over graphs of order n that contain
no isolated vertices, we characterize the graphs with minimal L-energy of 2 and maximal
L-energy of 2|n/2|. We provide upper and lower bounds for L-energy based on its general
Randi¢ index R_1(G). We highlight known results for R_;(G), most of which assume G is
a tree. We extend an upper bound of R_;(G) known for trees to connected graphs. We
provide bounds on the L-energy in terms of other parameters, one of which is the energy
with respect to the adjacency matrix. Finally, we discuss the maximum change of L-energy
and R_1(G) upon edge deletion.
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1. Introduction

Throughout this paper, all graphs are simple and have no isolated vertices. We will use
d$ to denote the degree of a vertex = in G. If there is only one graph in question, we simply
write d,. Let A be the adjacency matrix of a graph G and D be the diagonal matrix of
vertex degrees. The normalized Laplacian matrixz of a graph G, denoted by L, is defined to
be the matrix with entries

1 if x =y andd, #0,

1
= - if x and y are adjacent in G,
L(z,y) Jaud, Y y
0 otherwise.
Note that £ has the following relationship to A and D:

L=1-D124AD1/2,
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It is well known that 0 is an eigenvalue of £ and that the remaining eigenvalues lie in the
interval [0, 2] (see [3] for other properties of the eigenvalues of £).

For convenience, if M is a real symmetric matrix of order n, we order and denote the
eigenvalues by A1 (M) < ... < A, (M) and the singular values by o1(M) < ... < o, (M). If
G is a graph and M is a real symmetric matrix associated with G, then the M-energy of G
is

n

En(G) =)

i=1

; (1)

where ¢r(M) is the trace of M. Gutman [8] introduced the energy of a graph in 1978.
Recently, the adjacency energy [9], Laplacian energy [11], signless Laplacian energy, distance
energy [21] and incidence energy [10] of a graph has received much interest. Along the same
lines, the energy of more general matrices and sequences has been studied (see [1, 17]). The
goal of this paper is to analyze the L-energy of a graph, and determine how graph structure
relates to L-energy. Formally, using (1) with M taken to be L, the normalized Laplacian
energy (or L-energy) of a graph G is

Er(G) = Z |Ai(£) —1].
i=1
It is easy to see that this is equivalent to

Ec(G)

I - L), )
=1

= 201(1*5)- 3)

=1

It should be noted that Nikiforov [17] defines the energy of a matrix M of order n to be

E(M) =" 0i(M),

i=1

in which case by (3) we are interested in £(I — £). In this paper we use the M-energy
definition in (1) when referring to the energy of a real symmetric matrix.

Let G be a graph of order n (with no isolated vertices). A convenient parameter of G is
the general Randié index R, (G), defined as

Ro(G) = (dady)”, (4)

T~y

where the summation is over all (unordered) edges zy in G, and o # 0 is a fixed real
number. In 1975, Randi¢ [22] proposed a topological index R (with a = —1) under the
name ‘branching index’. In 1998, Bollobds and Erdds [2] generalized this index by replacing
the —1/2 with any real number « (as defined in (4)). The papers [14, 15] survey recent results
on the general Randi¢ index of graphs with an emphasis on trees and chemical graphs.

In Section 2, we will see that the L-energy of G can be bounded in terms of R_1(G). We

then highlight some relevant results on the parameter R_;(G) that appear in the literature.



We provide an upper bound on R_1(G) in the case that G is a connected graph. Finally,
we discuss how R_;(G) changes when an edge is deleted.
In Section 3, we show

2< B (@) <23,

and characterize the graphs attaining these bounds. If G is connected, then the upper bound
on the L-energy can be improved to Ez(G) < /32 (n+1). We provide a class of connected

graphs attaining L-energy E.(G) = \% + O(1) and ask if this class has maximal L-energy

over all connected graphs. Finally, we discuss other bounds for E,(G) and how edge deletion
affects L-energy.

2. Bounds on R_;(G) and its relationship to L-energy

We begin with two other formulations of R_1(G). By analyzing the entries in (I — £)?
and using (4) with @ = —1, observe that

R_(G)= ———~ 7 (5)

By rewriting (4) with a = —1 we get,

1 1 1

Ra(G)=5> =D = (6)

2 = d, & d,
yev Izy

where

> f,y)

T~y

represents the sum over all (unordered) edges xzy in G that are incident to a fixed vertex y

in the vertex set V of G. Using (4), the quantity R_1(G) can be found by putting a weight

of ﬁ on each edge zy of G (which we call the weight of edge xy), and then summing the
x Gy

weights over all the edges of G. Alternatively, using (6), R_1(G) can be found by putting a
weight of
1 1
T~y

on each vertex y of G (which we call the weight of vertex y), and then summing the weights
over all the vertices of G.

In the next lemma we see the importance of R_;(G) when analyzing the L-energy of a
graph.

Lemma 1. Let G be a graph of order n with no isolated vertices. Then

2R_(G) < E£(G) < /2nR_1(G).



Proof. By the Cauchy-Schwartz inequality with (2) (using vectors (1,...,1)7 and (A1 (1 —
L)],..., |2\ = L))T) along with (5) we obtain the upper bound

E:(G) < ni[)\ (I—L)2=+/n-tr((I-L)2)=+/2nR_y(

i=1

Note that the eigenvalues of I — £ lie in the interval [—1,1]. Thus, [\;(I —£)]? < |\(I - L),
giving,

ZM (I-1L) zzn: 2 =tr((I - L)% =2R_1(G).

Thus, determining how the structure of a graph relates to R_1(G) will provide infor-
mation about E.(G). In the remainder of this section we look at bounds on R_1(G). We
first highlight a few known results that can be found in the literature. By considering the
minimum and maximum degrees of GG, Shi [23] has obtained upper and lower bounds for

R_1(G).

Theorem 2. [23, Theorem 2.2 & 2.3] Let G be a graph of order n with no isolated vertices.
Suppose G has minimum vertex degree equal to duyin and mazimum vertex degree equal to

dmax- Then
n

<R_1(G) <

2 max dmin

Equality occurs in both bounds if and only if G is a reqular graph.

Li and Yang [16] provide bounds on R_;(G) given strictly in terms of the order of G.
Note that the length of a path is the number of edges that the path uses.

Theorem 3. [16, Theorem 3.2] Let G be a graph of order n with no isolated vertices. Then

n

Sy SR < 1],

2

with equality in the lower bound if and only if G is a complete graph, and equality in the
upper bound if and only if either

(i) n is even and G is the disjoint union of n/2 paths of length 1, or
(ii) n is odd and G is the disjoint union of (n — 3)/2 paths of length 1 and one path of
length 2.

If G is a disconnected graph with k& connected components, in particular, Gy, Go, ..., Gk,

then
k
=D Ra(Gi)
i=1

Thus, it is interesting to know how R_;(G) behaves for the class of connected graphs. In
[4], Clark and Moon provide bounds on R_1(T'), for a tree T of order n. They showed that




In [13], Hu, Li and Yuan refine this upper bound, however, gaps were found in their proof
(see [18]). Then Pavlovié¢, Stojanvoié and Li gave a sound proof in [19].

Theorem 4. [13, 19] For a tree T of order n > 103,

15n —1
(T < .
R_(T) < 56

See [20] for a further refinement (which we omit here), giving a sharp upper bound
for R_1(T) amongst all trees T of order n, for n > 720. Also, see [14, 15] for many
other results concerning bounds for R_;(7"). In what follows, we will see that the bound

R_1(G) < % holds for any connected graph G of order n > 3.

We say G has a suspended path from u to w, if uvw is a path with d¥ = 1 and d$ = 2.
Note that we don’t require d$ > 3 as in [4]. A (t,s + t)-system centered at r is an induced
subgraph of G, such that there are t suspended paths to vertex r and d¥ = s + t. This is

illustrated in Figure 1.

— xr1 Y1 —

Figure 1: A (¢, s + t)-system centered at r.

A (k,t,s+k)-system centered at R is an induced subgraph of G that has k vertex disjoint
(t,t+1)-systems centered at r1,72, ..., 7k, such that R is adjacent to each r; and d§ = s+k.
This is illustrated in Figure 2.

Figure 2: A (k,t,s + k)-system centered at R.



The set of all (¢, s + t)-systems of G, for s > 0 and ¢t > 1, and (k, ¢, s + k)-systems of G,
for s > 0 and k,t > 1, is referred to as the collection of systems of G. Any object in this
collection is referred to as a system of G. Note that a vertex z of G may be the center of
many different systems.

One question to ask is if there is always a tree on n vertices that maximizes R_;(G)
over all connected graphs of order n. If the answer is yes, then the bound for connected
graphs would follow immediately. A first approach would be to look at the spanning trees
of G and see if R_1(G) < R_1(T) for some spanning tree T of G. However, it is interesting
to note that there exist graphs G such that for every spanning tree T' of G, the inequality
R_1(T) < R_1(G) holds.

Let G be the graph described as follows: Let t > 16 be a natural number and consider a
cycle with 3 vertices a1, as, ag each with degree 4 and with each of a1, as, ag being the center
of a (2,t,4)-system. The order of G is 12t +9 and the only spanning trees of G are obtained
by removing an edge on the cycle (namely, a1as, asas or ajag). If T is any spanning tree of

G then,
1 3 4 1\ t—16
GG -R D =(-4+=)-(=+=)= .
B-1(G) = B(T) (t+16) (3t+6) 48t

Thus, for t > 16, we have that for every spanning tree T of G, R_1(T) < R_1(G).

To prove that R_1(G) < % for connected graphs G of order n > 3, we take the same
approach as done in the tree case. An inductive argument will be used. Let S be a subset
of vertices of G. We denote the graph obtained by deleting all the vertices in S and their
incident edges by G\S. We begin with an inequality relating R_1(G) to R_1(G\S). Note
that deleting vertices (and edges) of G changes the degree sequence, and so the weighted
graph associated with G\\S will not be an induced weighted subgraph of the weighted graph
associated with G.

Observation 5. Let S be a subset of vertices of G, then,

1 1
R(G) < RLG\S)+ Y. <t > prewel
x Yy T Yy

T~y T~y
€S, YES z,y€S

In [13], to prove the upper bound on R_;(T), the edge weights of T" were summed up
at the end of the proof. In general, for connected graphs it is more beneficial to use the
formulation (6) of R_1(G) and sum up the vertex weights (as seen in the final case of the
proof below). Some of the cases in [13, 19, 20] can be extended to general graphs, but for
completeness of this paper we provide the full proof in the general case. Note that in Cases
(0)-(iii) we use 1/4 instead of 15/56 in our manipulations of the second term.

Theorem 6. Let G be a connected graph on n > 3 vertices. Then

15(n+1)
R(G) <
Proof. The proof is by induction on the number of vertices. If n = 3, then the path of length
2 and the triangle both satisfy the inequality. Let G be a connected graph on n > 4 vertices,
and assume that the inequality holds for connected graphs on fewer than n vertices.
Case (0): If G has minimum degree at least 2 then by Theorem 2, we have R_;(G) <
n/4, and so the inequality holds.



Case (i): Let z be a vertex of degree 1 that is adjacent to a vertex y with d, > 4.
Deleting the vertex  does not disconnect the graph, thus, using S = {z} in Observation 5
along with induction, we have

RA(G) < RGN+,

Y

< §n—i—1
— 56 4’
15
— 1).
< 56(n—i— )

Case (ii): Let z be a vertex of degree 2 such that z ~ z, z ~ y, d; < d,,.
(a) Suppose x ¢ y in G and either d, = 1,d, < 2, or d, > d; > 2. Then form a graph
H by deleting z and adding the edge zy. Note that dXf = d, and d‘yq = dy. Thus,

1 1 1
_A'_i

N —R_(H - .
RB(G) = B )+2dz 2, d,d,

Since H has n — 1 vertices and is connected, we have by induction that

15 dy+d, 2

R1(G) < —n+——F77,

56 2d,d,
15 2, + 2d, — dyd, — 4

< 2 1 T y xly ,
T id,d,
15 (dy — 2)(2 — d)

= 21+ =2 )
T Ty

Ifd, =1,d, <2ord, >d, >2,then R_1(G) < £2(n+1).
(b) Suppose z ~ y in G (and hence d,, > d, > 2), then

RA(6) € RGN+ 50+ 50+ o0 ~ =D <1

Since deleting z does not disconnect the graph, we have by induction that

Bil@) < st )= g — D, 1)

56

where
f(x,y) = (z — )(z—2)y* — Bz + 1)(z — 2)y + 2(z + 2)(z — 1).

Our goal is to show that f(x,y) > 0, for y > 2 > 2 (with z, y integral). Note that f(2,y) = 8,
for all y. Fix x = xg > 3 and view f as a parabola in y opening upward. The vertex of the
parabola occurs with horizontal coordinate %4—%% < 2.5. As f(xg,3) = 222 —1029+20 > 0,
for 29 > 3, we have that f(zo,y) > 0, for y > 3. Thus, R_1(G) < £3(n+1).

Case (iii): Assume we have vertices u,v,z,y withd, =1,d, =3, u~v, v ~y, v~z
and d; < dy.

(a) If dy = 1 and d, > 5, then let H denote the graph obtained from G by deleting
vertices =, v, and u. Note that H is a connected graph with n — 3 > 3 vertices. Thus,
induction gives

15 1 1 1 15 3 15
R <Om_oyrtyie b g oy 0 oy
G g5 =2+ 343+ < g =2+ <5+



(b) Suppose x o y. If either: d, = 1,d, < 4, or dy > d; > 2, then form a new graph
H obtained from G by deleting u and v and adding the edge xy. Notice that df = d, and
df =dy. Then
1 1 1 1

R4(G) =R (H)+=+—+— — .
(@) 1 )+3+3dm+3dy dod,

If d, = d, =1, then G is a star on 4 vertices and the inequality holds. Otherwise, H is a
connected graph with n — 2 > 3 vertices, and by induction we have

15 1111
R4(G) < —m-1)45+—F2— )
56 37 3d, " 3d, dyd,
15 2, +2d, — dpd, — 6
1o 1 x y xly
< gt 6dad, ’
15 (2 — dy)dy + 2(dy — 3)
TR 6dyd,

Ifd, =1,d, <4, then the numerator of the second term is nonpositive. If d, = 2 or d; = 3,
then the the numerator of the second term is negative. If d, > d, > 4, then

(2 = dy)dy + 2(dy — 3) < —2d,, + 2(d,, — 3) < 0.

Hence, R_1(G) < £2(n + 1) holds.
(c) Suppose z ~ y and dy, > d, > 2. Form a graph H by deleting v and v. Note that
d? =d, —1and df =d, — 1. Keeping track of the weight of edge xy in G and H gives

111 1
Ro(G)<Ry(H)+~+— 4+ — - .
WG < BalH) gt g+ 3t 0ty ™ (@ = Didy = 1)

Deleting 4 and v and using induction gives

Bal@) < gt ) = G — @, — 1)

where
flz,y) = (x —1)(z —2)y* — 322 — 5z — 4)y + 2(x — 1)(z + 3).

Our goal is to show that f(xz,y) > 0, for y > a > 2 (with z,y integral). Note that
f(2,y) >0, for y > 2. Fix ¢ = 29 > 3 and view f as a parabola in y opening upward.
The vertex occurs with horizontal coordinate 2 + % <2, for zp = 2 and z¢ > 3.
As f(xo,3) = 223 — 8z + 24 > 0 for zg > 3, we have that f(zg,y) > 0, for y > 3. Thus,
Rfl(G) < %(n + 1).

Case (iv): Let ¢ > 1 and suppose there is a (¢, s+ t)-system of G with s+t > 14. Label
the vertices as in Figure 1. Then deleting x; and y;, and using induction gives,

15 1 1
< E(n-‘rl)—@ﬁ-l-f—i
- 56 56 2 28’
15
= — 1
56(n+ )



Case (v): Suppose there is a (¢, s + t)-system of G with s > 0 and ¢ > 4. Label the
vertices as in Figure 1. This system has a subgraph that is a (4,4)-system (that includes
the vertices z1 and y;). By keeping track of the edge weight changes in the (4, 4)-system
subgraph and deleting z; and y;, we get

15 4 3 3
R.\(G) < 56<n—1>+<2+2d,.>‘(2+2<d,-—1))’
15 (d, —7)(dr —8)
= 5%t T Ra @ -
15
< %(”4‘1)7

since d,. is an integer.

Case (vi): Suppose there is a (k, 3, s + k)-system with s + &k < 14 and k > 1. Label the
vertices as in Figure 2. This system has a subgraph that is a (1,3, 1)-system with center R
(that includes the vertices 21 and y}). By keeping track of the edge weight changes in the
(1,3,1)-system and deleting x1 and yi, we get

RA(G) < 15(n—1)+(3+3+1)—(1+1+1),

56 2 "8 " ddg 3" 3dg
15 dp — 14
= 2mt1
gt 168dy
15
< 2mal
< 5t

since dg = s+ k < 14.

Case (vii): Suppose there is a (k,2,k + 1)-system of G, for some fixed k > 2. Label
the vertices as in Figure 2. Let u # r;, 1 < j <k, be a vertex adjacent to R. Form a new
graph H obtained from G by deleting the vertices of each (2, 3)-system with center r;, for
j > 2, deleting R, and adding the edge ur,. Note that deleting vertex R from G disconnects
the graph, but by adding the edge ur, (and deleting each (2, 3)-system with centers r;, for
j > 2) we ensure that H is connected. The degree of u and 7 are the same in both G and
H. Hence,

4(k—1) k—1 1 1 1

R_1(G)— R (H) = 3 T 3(k+1) * 3(k+1) + dy(k+1)  3d,

As we deleted 5(k — 1) 4+ 1 vertices to form H, we have by induction,

15 dy(k? — 11k + 44) + 56(k — 2
Ba(@) = gt 1) - : 168d (k)+1)( 3
15
Pt
< 56(n+ ),

since k? — 11k +44 > 0 and k£ > 2.

Case (viii): Let £ > 1 and ¢ € [1, 3].

(a) Suppose there is a (k, 2,k 4+t + 1)-system of G with center R such that R is also the
center of a (¢, k+t+1)-system (note dg = k+t+1). Let u be the vertex adjacent to R that



is not a vertex of one of the systems with center R. Create a new graph H by deleting the
vertex R and the vertices of all the systems with center R, and adding a (1, 2, d,,)-system
with center vertex u. A total of 5(k — 1) + 2t + 1 vertices have been deleted. Thus, we have
by induction,

15 15 4k k
Rfl(G) < %(ﬂ+1)—(5k+2t—4)%+§+m+
t t 1 4 1
-+ + - =
2 2k+t+1) dylk+t+1) 3 3d,
_ g(n+1)_(k2—11k+44+6t2+7kt—34t)du+56(k+t—2)
- 56 168d,(k +t+1) ’
15
1
< 56(71—&- ),

fort € [1,3] and k > 1.

(b) Suppose G has a (k, 2, k + t)-system with center R such that R is also the center of
a (t,k +t)-system (note dg = k +t). Then n = 5k + 2t + 1 and every vertex of G belongs
to either the (k,2, k + t)-system or the (¢, k + t)-system. Then,

4k k t t
Boal@) = 5+ 3k+0) T2 2+
15(n+1) k% + Tkt + 34k + 6t + 6t
56 168(k + t) ’
15(n+1)
56

Final Case: By Cases (i)-(iii), we may assume that every vertex of degree 1 in G is
adjacent to a vertex of degree 2, and further, every vertex of degree 2 in G is adjacent to
both a vertex of degree 1 and a vertex of degree at least 3. Thus, every vertex with degree
1 or 2 is contained in a system of G.

Note that if G is a (t,t)-system then n = 2t + 1 and R_1(G) < %. Thus, any
(t, s+ t)-system of G (with s # 1) must have s > 2, s +¢ < 13 and ¢t < 3, by Cases (iv) and
(v). Any (¢, s+ t)-system with s = 1 belongs to a (k, t, d)-system of G.

Any (k,t,s + k)-system of G must have 2 < ¢ < 3 by Cases (ii) and (v):

e t = 3: For (k,3,d)-systems, we must have d > 15, by Case (vi). Note that if d = k,
then the graph is a (k, 3, k)-system which has R_1(G) < %.

e ¢ = 2: Note that if the graph is a (k,2,k)-system then R_1(G) < £2(n+1). If G
has a (1,2,2)-system, then the center of this system has degree 2 forcing G to be a
(3,3)-system (which has R_1(G) < £2(n+1)). Thus, for (k,2, s+ k)-systems, by Case

(vii) we must have s > 2.

Thus, in G, the center vertex of a (k, 2, d)-system and (k’, 3, d)-system may coincide, as
with the center vertex of a (k,2,d)-system and a (¢, d)-system (but not a (k, 3, d)-system
and (t,d)-system).

We can partition the vertices of the graph G so as to separate the systems. By Case (0),
G has at least one system.

10



e Let A; be the collection of centers of (1, d)-systems with 3 < d < 13 that do not share
a center with any (2, d)-system or (k,t, d)-system.

e Let As be the collection of centers of (2, d)-systems with 4 < d < 13 that do not share
a center with any (3, d)-system or (k, ¢, d)-system.

e Let Az be the collection of centers of (3, d)-systems with 5 < d < 13 that do not share
a center with any (k,t, d)-system.

e For k > 1, let By, be the collection of centers of (k, 2, d)-systems with d > k+2 that do
not share a center with any (k + 1,2, d)-system, (', 3, d)-system or any (i, d)-system,
for k/',1 > 1.

e For k > 1, let Cy be the collection of centers of (k, 3, d)-systems with d > k + 1 that
do not share a center with any (k + 1,3, d)-system or (k’,2, d)-system, for k&’ > 1.

o For ki,ke > 1, let Dy, i, be the collection of centers R, such that both a (k1,2,d)-
system and a (kq, 3, d)-system have center R, but R is not the center of a (k1 +1, 2, d)-
system or a (ks + 1, 3, d)-system.

e For i € [1,3] and k € [1,13 —i], let E} be the collection of centers R such that
both a (k,2,d)-system and (i, d)-system have center R, but R is not the center of a
(k+1,2,d)-system or a (i + 1, d)-system.

The above sets provide a partition of G into its systems. If z is the center of a system of
G, then either z appears in exactly one set described above, or z is the center of a (¢, + 1)-
system that belongs to a (k,t,d)-system (whose center belongs to exactly one set described
above). Let @ be the vertices of G that are have degree at least 3 and are not the center of
a system of G. Then,

n = |Q| + 3|A1| + 5| Ag| + 7| As| + > (5k + 1)|Be| + > _(7k + 1)|Ci|+
E>1 E>1

10

12 11
> (ks + Thy + )| Dy, | + > (5 + 3)|E4| + Y (5k +5)|EF| + > _(5k + 7)|E}|.

k1>1ko>1 k=1 k=1 k=1

By using (6), we will count the weight on each vertex of G. If S is a subset of vertices
of G, we write w(S) to denote the sum of the weights of the vertices in S.
Let y € Q. Then y cannot be adjacent to degree 1 or 2 vertices, thus,
1 1 1 15
wy) <Y == <
W) < 2dyzw:3 6 56
T~y

Let y € Ay and Sy be the set of vertices of the (1,d,)-system with center y. As d, > 3,
counting the weight on the degree 1 vertex, degree 2 vertex, and y respectively, gives

w(s,) 11 1/1 1 /1 dy—1\] 2d,+1 15
< i) e = (2 _ Ly
3 3[4+4<dy+ >+2dy<2+ 3 od, = 56

11



Let y € Ay and S, be the set of vertices of the (2,d,)-system with center y. As d, > 4,

(
w(S,) 1[.(1 1/1 1 d,—2\] Tdy+4 15
wby) Ly (L 1 = =
5 5[ <4+4<dy )) 2dy(+ )} 30d, 56
(

Let y € Az and S, be the set of vertices of the (3, dy)-system with center y. As d, > 5,

w(s,) 1[.(1 1/1 1 d,—3\] 5d,+3 15
<il3(c4i (1)) +—(2 - >
7 _7[3<4+4<dy+ )>+2dy (2+ 3 )] 51d, 56

Let y € By, and Sy be the set of vertices of the (k,2, dy)-system with center y. Then

w(S,) 1 71 1 Uk dy—k
< [ AT S R .
BErl 5k+1[ <6+6( +dy)>+2d ( T3

By subtractmg 5 from both sides, the right hand side factors as

w(S,) 15 28k — 17d,, — kd,
5k+1 56 —  168(5k+ 1)d,

As dy >k + 2, we have that 28k — 17d,, — kd,, < —(k®* — 9k +34). When k =4 or k =5 we

have k? — 9k + 34 = 14. Hence, %]I(ciyl) <.

Let y € Cy, and S, be the set of vertices of the (k, 3, d,)-system with center y. Then,

w(SU) < 1 k 2774'_1 §+1 _A'_L E_de_k
T+l Th+1 | \16 s\2 "4, 2d, 35 )|

By subtractlng 5 from both sides, the right hand side factors as

wS) 15 k170,
Tk+1 56 — 1687k + D)dy’
As d, > k, we have that %il) < £,

Let y € Dy, x, and S, be the set of vertices of the (k1,2, d,)-system and (ko, 3, d,,)-system
with center y. Then,

w(S,) - 1 " 4 LN, (15 1
Sky+Thka +1 = Bky+Thy +1 3" 6d, 8 " 84,

1 k‘l kz dy_kl_kZ
+2d < +5t 3 ﬂ

By subtracting 55 from both sides, the right hand side factors as

w(Sy) _ E < _dykil — 28k — 14k + 17d1/
kit Tha +1 56 = 168(5k1 + Thz + 1)d,

As dy > kq + ko, we have

dyk‘l — 28k — 14ko + 17dy > ]43% + k1ko + 3ko — 11k;.

12



But ko > 15 — kq, so
k2 + kikog 4 3ko — 11ky > ky + 45 > 0.

w(Sy) 15
Hence, Bt Tha T < 56

Fix t € [1,3]. Let y € E} and S, be the set of vertices of the (k,2,d,)-system and
(t,dy)-system with center y. Then,

'lU(Sy) < 1 k é+i 4t 1_’_L +L dy_t+£
bk+2t+1 — bBk+2t+1 3 6dy 2 4d, 2d, 3 2 '

By subtracting é—g from both sides, the right hand side factors as
w(Sy) 15 < _ kdy — 28k + 6td, — 56t + 17d,
Sk+2t+1 56 — 168(5k + 2t + 1)d,,

Since dy = k+t+ s with s > 2 (by Case (viii)), a simple check verifies that for ¢ € [1, 3],
ke[l,13 —t] and s € [2,13 — ¢ — k], then

kd, — 28k + 6td, — 56t + 17d,, > 0.

w(Sy) < 15
' BR+2t+1  56°
It now follows that R_1(G) < £2(n+ 1), by summing the weights on each set of vertices
in the partition of G. O

Hence

Note that by starting the induction at a higher value of n and using some careful con-

sideration, we may improve the bound in Theorem 6 to 157512' € for some constant C' < 15.
In [19], it is noted there are trees T' of every order n such that R_1(T) = £2n+ O(1).
Observe that using % instead of %ﬁﬂ), then Cases (0)-(iii) in the proof of Theorem 6

hold. Thus, we can improve the upper bound in the case that G has no suspended paths.

Observation 7. Let G be a connected graph on n > 3 vertices. If G has no suspended
paths, then

n
R_1(G) < 1

We next look at the effect that edge deletion has on R_1(G). If G is a graph and e is
an edge of G, we denote by G — e the graph obtained by removing the edge e from G. We
call an edge e = zy a leaf of G, if either d, = 1 or dy, = 1, and a non-leaf edge otherwise.
Note that deleting a leaf edge of GG creates an isolated vertex, thus, in the next two results
we assume the edge being deleted is a non-leaf edge.

Lemma 8. [16, Lemma 3.3] Let G be a graph and let e be an edge whose weight is minimal
over all edges in G. If e is a non-leaf edge, then

Rfl(G — 6) > Rfl(G)

In the next theorem we determine the maximum change that can occur when deleting
an edge.
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Theorem 9. Let G be a graph and let e be a non-leaf edge of G, then
1 3
R_l(G) — Z < R_l(G — 6) < R_l(G) + Z
Furthermore, if G — e is connected, then

R_l(G — 6) S R_l(G) + E
Proof. Let e = uv and d,, denote d$ and d, denote d5. As e is a non-leaf edge, we have
dy,d, > 2. Then

1 1 1 1 1
R_l(G) a R_l(Gi e) B dudv a du(du - 1) #Z,U d71 a dv(dv - 1) z;ézu CTz
Thus,
RA(G)-RA(G—e) < —— <1
—1 —1 dudv = 4,
which gives the first inequality. Similarly, as d; > 1,
1 1 1
_ _ > -
R_l(G) R_l(G 6) = dudv du dv

It is not too hard to see that over the integers and for d,,d, > 2, the right hand side is
minimal when d,, = d,, = 2. Hence,

-3
R_1(G) = R-1(G —¢) > -
It GZ — e is connected, then there are vertices ¢ # v, J 2 u (with possibly i= 5) such that
T~y j o~ dg>1anddj > 1. Thus,

0s 1 1 C du-2 1  dy -2
= dudy  2du(dy —1)  du(de—1)  2dy(dy —1) dy(dy—1)°

It is not too hard to see that over the integers and for d,,d, > 2, the right hand side is
minimal when d,, = d, = 3. Hence, in the case that G — e is connected,

R_1(G) = Ra(G -

R_1(G)— R_1(G—¢) > %8

|

We illustrate the sharpness of Theorem 9 with three examples.

1. Let G be the path on 4 vertices which has R_1(G) = 1.25. Removing the non-leaf
edge e of G gives a disconnected graph with R_;(G —e) = 2. Thus, in this case,
R.1(G—e)=R.(G)+%.

2. Let G be the path z1xs - - - x7 on 7 vertices, and add the edge e = x2x4 to form a graph

G. Then G = G — e is connected and R_ (G —e) = R_1(G) + =.

3. Let G be the graph of order n composed of a K,,_» with a triangle zyz attached to a
vertex z of the K,,_2. Then using the edge e = xy, we have, R_1(G) — R_1(G —¢) =
1 1

1 — -—3- By taking n — oo, the right hand side can be made arbitrarily close to i.

14



3. Bounds on the L-energy of a graph

Recall that the L-energy of a graph G is
Ee(G) = 3 () — 11
i=1

Using Lemma 1 along with the results in Section 2, bounds can be derived on the L-energy
of a graph. If G has k connected components, in particular, G1,Ga, ..., Gy, then

E(G) = _Z Er(Gy). (7)

We first provide a bound on the L-energy of a graph with & connected components.

Lemma 10. Let G be a graph of order n with k connected components and no isolated
vertices. Then

Er(G) <k++/(n—k)2R_1(G) — k).

Proof. Note that 1 is an eigenvalue of I — £ with multiplicity &, hence,

n—k
Ee(G)=k+ > NI = L)
i=1

By the Cauchy-Schwartz inequality (using vectors (1,...,1)T and (|\y(I—L)|,. ., [Ap_r(I—
L)|)T) we obtain the upper bound
n—~k
Er(G) < k+,|(n—k)> [N —L)?
i=1

The result now follows by (5). O

We next provide bounds on the L-energy in terms of the minimum and maximum degrees
of G.

Corollary 11. Let G be a graph of order n with k connected components and no isolated
vertices. Suppose G has minimum vertex degree equal to dyi, and mazimum verter degree

equal to dpax. Then

n n n
< < E-NG) <
n—17 dmax - L( ) o dmin

<n.

Furthermore,
E-(G) > 2k.

Proof. Lemma 1 and Theorem 2 gives the first string of inequalities. For the last inequality,
by (7), it suffices to prove E.(G) > 2k in the case that k = 1. Note that A\, (I — £) = 1,
and the trace of I — £ is 0. Thus,

ni)\i(lfﬁ):lJr|fl|:2. (8)

i=1

Ec(G) :1+ni|/\i(1*£)| >1+

i=1
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0
Note that if G is a regular graph of degree r then

< EG) <
.

<

Over the graphs of order n with no isolated vertices, we characterize those that have maximal
and minimal L-energy.

Corollary 12. Let G be a graph of order n with no isolated vertices. Then
Er(G) =2,
with equality if and only if G is a complete multipartite graph. Further,
E-(G) <2|n/2],

with equality only for the following cases:

(i) n is even and G is the disjoint union of n/2 paths of length 1, or
(i) n is odd and G is the disjoint union of (n — 3)/2 paths of length 1 and one path of
length 2, or
(#ii) n is odd and G is the disjoint union of (n — 3)/2 paths of length 1 and a complete
graph on 3 vertices.

Proof. Equality in (8) occurs if and only if A,,_1(I — £) <0, (equivalently A\,_1(A4) <0). It
is known that the adjacency matrix of G has only one positive eigenvalue if and only if G is
a complete multipartite graph plus isolated vertices (see [5]).

By Theorem 2, we have E-(G) < n. It can be seen that for equality to hold we must
have R_1(G) = n/2 and G must be regular of degree 1. Thus, G is the disjoint union of n/2
paths of length 1, which indeed has E.(G) = n.

Note that both the path of length 2 and the complete graph on 3 vertices have energy 2.
Hence, if n is odd, the graphs described in (i7) and (¢i¢) have energy n — 1. It is easy to see
that if n is odd and E,(G) = n — 1, then any even connected component of G must have
size 2. If there is an odd connected component G of G of size k > 7, then by Lemma 1 and
Theorem 6, EL(C?) < k — 1. If there is a connected component G of order 5, and if G has
no suspended paths, then by Lemma 1 and Observation 7, FE, (é) < 4. If G is of order 5
and has a suspended path, then there are only three such graphs and each has E, (G‘) < 4.
Hence, any odd connected component must be of order 3, and since E-(G) = n — 1 there
can only be one such odd connected component. O

The upper bound in Corollary 12 can be improved for connected graphs by using Lemma
1 and Theorem 6.

Corollary 13. If G is a connected graph on n > 3 vertices, then

15
E-(G) < %(n +1)<0.732(n + 1).

Furthermore, if G has no suspended paths (or more generally, R_1(G) < %), then

n
E(G) < — < 0.7072 n.
L()f\/ﬁ n
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One might suspect that over the connected graphs that the path has maximal L-energy,
but in general, this is not true. We next provide some common classes of graphs along with
their corresponding L-energy.

Example 14. Let G be a path on n vertices. Using the eigenvalues of L (see [3]) we get

that
L(n—1)/2]

E(G)=2 Z cos(km/(n —1)).

k=0

N
Zcos(k:z) = cos <NI> sin (N + 1:E> csc (f) .
P 2 2 2

Thus, for the path, Er(G) ~ %n

By [7, page 37],

Example 15. (a) Forn odd, let G be a (t,t)-system with n = 2t+1 vertices. The normalized
Laplacian matriz of G can be written in block form as

I, — 51 0
1 1
T 1 T

0 51 1

where I; represents the identity matriz of order t, O represents the 0 vector of size t and
1 represents the all ones vector of size t. Thus, the eigenvalues are 0, 1, 2, each with
multiplicity 1, and (1 £ %) each with multiplicity t — 1. Hence, the L-energy is

n—3 n
Er(G)=———+2~—.
(b) For n = 2t + 2 even, let G be the graph obtained by joining a vertex to a leaf of a
(t,t)-system. The normalized Laplacian eigenvalues of this graph are 0 and 2 each with
multiplicity 1, (1+ %) each with multiplicity t — 2, along with four other eigenvalues. This
is enough to obtain

It should be noted that if G is a (¢, 3, t)-system with n = 7t+ 1, then using a computer to
test large values of n suggests that E.(G) = 0.671n. Similarly, if G is a (¢, 2, t)-system with
n = 5t + 1, then using a computer to test large values of n suggests that E.(G) = 0.648n.
These values are far from the upper bound given by Corollary 13.

For n = 3, the path and triangle each have maximal L-energy 2. For 4 < n < 6, the
path has maximal L-energy over the class of connected graphs. Note that for 4 < n < 6, the
path falls under the class of graphs described in Example 15. For 7 < n < 8, a computer
has verified that over all connected graphs, the class of graphs in Example 15 have maximal
L-energy. For n > 9, it is unknown which graphs have maximal L-energy.

We know of no class of connected graphs on n vertices that has L-energy (asymptoti-
cally) larger than % Corollary 13 implies such a graph G would have R_;(G) > % and
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Observation 7 suggests such a graph should have a large number of suspended paths. We
ask the question: Over the connected graphs G of order n, is E¢(G) < % + C, for some
suitable constant C'?

We now look at other bounds on L-energy.

Theorem 16. Let G be a graph of order n with no isolated vertices and let A = det(I — L).
Then

B (G) 2 \/2R1(G) + n(n — 1) A2/,
Proof. For convenience, we use A; to denote \;(L). Note that
Ec(G) = 2R(G)+) 1= Alll= Nl
i#]
By the arithmetic-geometric mean inequality,

1
n(n—1)

1
. T—N|1= N> 1= N1 =\ = A%/",
n(n—l); I il > EI I '

Hence, the result now follows. [

We next relate the L-energy of a graph G to its A-energy, where A is the adjacency
matrix of G. Recall that the A-energy is simply

EA(G) = Z [Ai(A4)]-
This quantity has been well studied by a large number of authors (see, for example, [9]).

Theorem 17. Let G be a graph of order n with no isolated vertices. Suppose dmin and dmax
are the minimum and mazimum verter degrees of G, respectively. Then,

dminEE(G) S EA(G) S dmaxEE(G)-

Proof. The proof uses a Theorem due to Ostrowski [12, Theorem 4.5.9]. As D~1/2 i

nonsingular, for each k = 1,2,...,n, there is a positive real number 6, such that
L (DY) <6, <\ (DY = !
dmax_ ! =Tk = _dmin
and
Ae(I = L) = 02 (A).
Thus,

Ec(G) = OxlAk(A)],
k=1

from which the result now follows. O
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Theorem 17 implies that if G is a regular graph of degree r, then E4(G) = rE.(G).
Since F4(Q) is well studied, many bounds for E4(G) in the literature can be applied to
E((G) by way of Theorem 17.

We now look at the effect edge deletion has on E.(G). We begin with examples to show
that L-energy can increase, decrease or remain unchanged upon edge deletion. The examples
will also illustrate that the effect edge deletion has on the general Randi¢ index does not
necessarily provide direct information about the effect edge deletion has on L-energy.

Example 18. In this example, we list the L-energy and Randié index (to three decimal
places if appropriate) for each graph in Figures 3, 4 and 5.

(i) The graphs in Figure 3 have a decrease in L-energy upon deleting edge e. For the first
(resp. second and third) graph, 2 = Er(G —e) < Ep(G) =~ 2.457 (resp. 2 = Ex(G —e) <
Er(G) = 2618 and 2 = E¢(G —¢e) < E£(G) = 2.704). For the first (resp. second and
third) graph, 1 = R_1(G —e) > R_1(G) =~ 0.917 (resp. R_1(G —¢) = R_1(G) =1 and
1= Rfl(G — 6) < Rfl(G) = 105)

(ii) The graphs in Figure 4 have an increase in L-energy upon deleting edge e. For
the first (resp. second and third) graph, 2.869 ~ E (G —e) > E.(G) ~ 2.667 (resp.
3.076 = E.(G —e) > Er(G) ~ 2904 and 3.117 =~ E;(G —e) > E-(G) = 3). For
the first (resp. second and third) graph, 1.111 =~ R_1(G —e) > R_1(G) =~ 1.028 (resp.
R_1(G—e)=R_1(G) =~ 1.007 and 0928 ~ R_1(G —¢e) < R_1(G) = 0.978).

(iii) The graphs in Figure 5 have no change in L-energy upon deleting edge e. For the
first (resp. second) graph, Er(G —e) = Ex(G) =2 (resp. Ex(G —e) = Ex(G) = 2.781).
For the first (resp. second) graph, 1 = R_1(G —¢e) > R_1(G) = 0.75 (resp. R_1(G —¢) =
R_1(G) = 1.0625). We are not aware of a graph G, where upon edge deletion, L-energy
remains constant while R_1(G) decreases.

<< <=

Figure 3: L-energy decreases upon deleting edge e.

Figure 4: L-energy increases upon deleting edge e.

The next result provides a bound on how much the L-energy can change upon edge
deletion.

Theorem 19. Let G be a graph of order n without isolated vertices and let e be a non-leaf

edge of G. Then,
1
|EL(G) — Ec(G —e)| < 2,/?3 — 4V/2 < 1.8366.
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Figure 5: L-energy remains constant upon deleting edge e.

Proof. Let L& and Lg_. be the normalized Laplacian matrices of G and G — e, and suppose
e =uxy. Let C = Lg — Lg—.. Observe that by [6] (namely > 0;(A+ B) < > 0;(A) +
> 0:(B)), we can derive

|E£(G) — Ez (G —e)| < Zgl-(C).

Note that rank(C) < 4. Let the eigenvalues of C' be 0 with multiplicity n — 4 and
)\1, )\2, )\3, )\4.Then,

Zdi(c) = [A1] 4+ |A2] + [As] + [ A4l
i=1

By the Cauchy-Schwartz inequality, |E-(G) — Ex(G — e)| < 24/tr(C?), which equals:

2 2 2
1 1 1 1 1
2 <W> +§<¢dxdf¢<dm—1>dj> +J§<¢dydf¢<dy—1>dj>’

J~x I~y

SMﬁJW—;—@ RSN

The i comes from setting d, = d, = 2, as this is when the first term is maximal, and the
other two expressions come from noticing d; > 1. The function

sy = VEZIZVD)

xT

has f'(z) <0, for x > 1. Thus, as dy,dy, > 2, |E£(G) — E£(G —e)| <24/% —4v2. 0

References

[1] S. Akbari, E. Ghorbani and M.R. Oboudi, Edge addition, singular values, and energy
of graphs and matrices, Linear Algebra and its Applications, 430 (2009), 2192-2199.

[2] B. Bollobés and P. Erdds, Graphs of extremal weights, Ars Combin., 50 (1998), 225-233.

[3] F.R.K. Chung, Spectral Graph Theory, American Math. Soc., Providence, 1997.

20



[4]

[5]

L.H. Clark and J.W. Moon, On the general Randié¢ index for certain families of trees,
Ars Combin., 54 (2000), 223-235.

D.M. Cvetkovi¢, M. Doob, and H. Sachs, Spectra of Graphs, Academic Press, New York,
1980.

K. Fan, Maximum properties and inequalities for the eigenvalues of completely contin-
uous operators, Proc. Natl. Acad. Sci. USA 37 (1951), 760-766.

I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series and Products, Edited by
A. Jeffrey and D. Zwillinger, Academic Press, New York, 7th edition, 2007.

I. Gutman, The energy of a graph, Ber. Math. Stat. Sekt. Forschungszentrum Graz.,
103 (1978), 1-22 .

I. Gutman, The energy of a graph: old and new results, in Algebraic Combinatorics
and Applications, A. Betten, A. Kohner, R. Laue, and A.Wassermann, eds., Springer,
Berlin, (2001), 196-211.

I. Gutman, D. Kiani, M. Mirzakhah and B. Zhou, On incidence energy of a graph,
Linear Algebra and its Applications, 431(8) (2009), 1223-1233.

I. Gutman and B. Zhou, Laplacian energy of a graph, Linear Algebra and its Applica-
tions, 414 (2006), 29-37.

R.A. Horn and C.R. Johnson, Matriz Analysis, Cambridge University Press, Cambridge,
1985.

Y. Hu, X. Li and Y. Yuan, Solutions to two unsolved questions on the best upper
bound for the Randi¢ index R_; of trees, MATCH Commun. Math. Comput. Chem.,
54 (2005), 441-454.

X. Li and Y. Shi, A survey on the Randi¢ index, MATCH Commun. Math. Comput.
Chem., 59 (2008), 127-156.

X. Li, Y. Shi and L. Wang, An updated survey on the Randi¢ index, in Mathematical
Chemistry Monographs, No.6, (2008), 9-47.

X. Li and Y. Yang, Sharp bounds for the general Randi¢ index, MATCH Commun.
Math. Comput. Chem., 51 (2004), 155-166.

V. Nikiforov, The energy of graphs and matrices, J. Math. Anal. Appl., 326 (2007),
1472-1475.

Lj. Pavlovi¢ and M. Stojanvoi¢, Comment on “Solutions to two unsolved questions on
the best upper bound for the Randi¢ index R_q of trees”, MATCH Commun. Math.
Comput. Chem., 56 (2006), 409-414.

Lj. Pavlovi¢, M. Stojanvoi¢ and X. Li, More on “Solutions to two unsolved questions
on the best upper bound for the Randi¢ index R_; of trees”, MATCH Commun. Math.
Comput. Chem., 58 (2007), 117-192.

21



[20] Lj. Pavlovié, M. Stojanvoi¢ and X. Li, More on the best upper bound for the Randié
index R_; of trees, MATCH Commun. Math. Comput. Chem., 60 (2008), 567-584.

[21] H. Ramane, D. Revankar, I. Gutman, S. Rao, D. Acharya and H. Walikar, Bounds for
the distance energy of a graph, Kragujevac J. Math, 31 (2008), 59-68.

[22] M. Randi¢, On characterization of molecular branching, J. Amer. Chem. Soc., 97
(1975), 6609-6615.

[23] L. Shi, Bounds on Randi¢ indices, Discrete Math., 309(16) (2009), 5238-5241.

22



