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§1 Introduction

The concept of non-commutative geometry, [1,2], is emerging as one of the most
promising and interesting new tools in quantum field theory. It is also providing novel
insights into the possible space-time structure at the level of quantum gravity. In quantum
field theory it can provide a regularisation technique which is completely compatible with
the space-time symmetries of the theory, [3—17], while in quantum gravity it points the
way to radical approaches. It has also found several applications in string theory [18]. In
its matrix model or ‘fuzzy’ form' it promises a radical alternative to lattice field theory,
where problems such as chiral fermion doubling are readily avoided [13]. A major obstacle
to the development of this fuzzy alternative to lattice theories is the paucity of fuzzy spaces
with explicit descriptions.

An important ingredient in understanding the continuum limit of these fuzzy models
is the x-product. This is a non-commutative product for functions that, in the case of fuzzy
spaces, represents the matrix product. An explicit example of a x-product is known for
the fuzzy 2-sphere [4]. It is known that a *-product can be defined as a formal power series
on any manifold that admits a symplectic or Poisson structure [19,20], but few explicit
examples are known.

In this paper we present an explicit construction of a x-product on the fuzzy complex
projective space CPg ~1. While a non-commutative s-product on the continuum CP 1
is known, in an integral representation (see e.g Perelomov [21]), to our knowledge this is
the first time an expression for a x-product on the fuzzy CPg ~! has been given. The
construction presented here is a generalisation of the construction of the x-product on the
2-sphere given in [4].

The layout of the paper is as follows: in the next section we give a brief discussion of
harmonic expansions of functions on fuzzy spaces, by way of motivation for x-products and
their use in quantum field theory; in section 3 we give a general discussion of x-products
analysing when they can be expected to exist and, in particular, when the given construc-
tion, based on equivariant products, should exist; sections 4 and 5 give a description of
CP" ! in terms of global co-ordinates; in section 6 the s-product on fuzzy CPg ~1is con-
structed in terms of projectors and section 7 describes the relation between derivatives in
the continuum and their discrete representation on CPg ~1. finally section 8 summarises
the conclusions. Some technical results required for the main text are reserved for the
appendices.

62 Fuzzy Functions

If one attempts to discretise field theory on a continuous manifold there are immediate
problems that have to be overcome. Not least is the fact that continuum symmetries are
lost and great care must be exercised in ensuring that they are recovered again when the
continuum limit is taken. Another problem, which occurs in Fourier space and is not
often remarked upon because the resolution appears to be so simple, is that the algebra of

T Fuzzy spaces are discrete matrix approximations to continuous manifolds.
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functions in truncated Fourier space does not close in general. For example if one Fourier
analyses functions on a circle,

FO) = D fae™, (2.1)

n=—oo

and approximates them by cutting off the Fourier series at some maximum frequency, L,

L
fL0)= > fac™? (2.2)

n=—1L

then the product of two such functions will in general extend to frequencies up to 2L and so
the algebra of truncated functions does not close under multiplication. The same problem
manifests itself when functions are expanded on a sphere in terms of spherical harmonics
and then approximated simply by cutting off the expansion at some maximum angular
momentum. An obvious naive remedy is to project after multiplying and just throw away
all the frequencies higher than L. While this brute force method may work, it is not
without its problems — for example such a process is non-associative in general. There
are sometimes situations where a more elegant method presents itself which at the same
time does less violence to the group representation theory and allows certain spaces to be
discretised while preserving their continuum symmetries. One approach is to identify the
coefficients in an harmonic expansion with elements of a matrix. If the multiplication of
two functions can be implemented by matrix multiplication then the matrix algebra will
close and no projection is necessary.

Consider for example a 2-dimensional sphere which can be written as the coset space
S22 SU(2)/U(1). A general function on SU(2) can be expanded in terms of D-matrices,

[e%) l
F= > > fhm Do (2.3)
1=0,%,1

2.1, m,m’=—1

To restrict this to a function on S? the expansion must be restricted to entries of the
D-matrices (or linear combinations of them) which are invariant under the right action of
U(1). The only such entries have m’ = 0, and hence have integral I, since m’ is the U(1)
quantum number. The D-matrices can be constructed so that Dﬁn’O are independent of
the third Euler angle on SU(2), then they depend only on the polar and azimuthal angles
on S? and they are essentially the spherical harmonics — in standard notation Din,O =

\/ 2?% (—=1)mY!, . Now the representation theory of SU(2) allows a re-arrangement of the
coefficients in a truncated expansion

L 1
Fu(0.0) =2 > fmDino(0,9) (2.4)
=0 m=-I
into a square matrix. For any given value of [, sz_z ,lnD,ln’O is just one component of
the row vector obtained from the right action of an element of SU(2) on the row vector
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with components f!, m = —I,...,l. For a fixed [ the row vectors with components f!
carry an irreducible representation of SU(2). The set of all coefficients in the expansion
(2.4) therefore constitute a reducible representation. For example if L=1 the number of
coefficients f! is 1 +3 =2 x 2, if L = 2 the number is 1 +3 +5 = 3 x 3 and so on. For
general L the number of terms in this expansion at each value of [ is 2/ + 1 giving a total
of

(L+1)*=1+4+3+5+---+(2L+1) (2.5)

coefficients, which are in the reducible (L+1) x (L+1) representation of SU(2). Multiplica-
tion of two functions truncated at the same value of L can now be defined as multiplication
of their associated (L +1) x (L+ 1) matrices and group representation theory ensures that
the resulting product, being itself a (L + 1) x (L + 1) matrix, only entails angular mo-
mentum up to L. These matrices define the fuzzy sphere and this matrix multiplication
induces the x-product on the fuzzy sphere. It is a non-commutative associative product
and it will be shown later that it reduces to the familiar commutative product of functions
in the limit L — oo.

The 2-sphere is rather special in that SU(2) has irreducible representations for every
integer and so matrices of any size can be used to approximate functions, but more general
coset spaces are more restrictive. Consider, for example, CP? = SU(3)/U(2). Again a
function on SU(3) can be expanded in terms of the representation matrices of SU(3),

=3 > AEVaeny Dy (2.6)
li,la I,13,Y517,14,Y"

where the integers [; and [ label the irreducible representations of SU(3) (/1 and Iy are
respectively the number of symmetric 3’s and the number of symmetric 3’s in the Young
diagram of the representation) and I, I3 and Y are the isospin, third component of isospin
and hypercharge respectively of the little group U(2) (these can be used to label the weights
of any irreducible representation of SU(3) unambiguously). To describe a scalar function on
CP? we must pick out the parts of the SU(3) representation matrices that are U (2) singlets
under right multiplication. This immediately eliminates all the complex representations of
SU(3): the 3, 3, 6, 6 etc. The remaining real representations require 1 = I, = [ and have
dimension (I + 1)3. Again of these only one column of each representation matrix survives
— the one given by I’ = I =Y’ = 0. The column vectors y}l}g)y = Dy,’llg,y;o,o,o thus

constitute generalised spherical harmonics on CP? and functions can be expanded as

1l 1
f=>. iy Vi y. (2.7)
l

LI3,Y
Again the coefficients fall into representations of SU(3):
1+8+27+64+---. (2.8)

Truncating at some maximum value, L, of [ always allows the number of coefficients to be
arranged in a square matrix: thus L = 1 gives3x3 = 1+8; L = 2 gives 6 x6 = 1+8+27;
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L = 3 gives 10 x 10 = 1 + 8 + 27 + 64; and so on. Truncating at L results in square
matrices of size (L + 2)(L + 1)/2, which is the dimension of the symmetric tensor product
of L 3’s (or L 3’s), and

L
SU+1? = (L +2)L+1)° /4 (2.9)
=0

Again the group representation theory ensures that matrix multiplication keeps within the
same representations and never goes above L.
This construction generalises to the higher dimensional complex projective spaces
CP” ! where the matrices at the smallest non-trivial approximation begin with N x N =
NN L1 2 2
1 + (N2 — 1), the next being N(N2+1) X N(l\;‘H) = 1+ (N2 1) 4 OIS o

4
((va_—lf)—!LL)!!] [((IYV__T)'!LL)!!} matrix representation approximation of

CP"~!. A similar truncation works for unitary Grassmannian manifolds, [17]. However
it is not always the case that the representation theory allows the expansion of a function
on a coset space to be described in terms of square matrices like this. When it can be done
we can define a x-product on a fuzzy version of the space.

Truncating at L gives a [

83 On x-products

In this section we present a general discussion of x-products with emphasis on “equiv-
ariant” *x-products.

Suppose we have an algebra A of linear operators on a finite dimensional vector space.
We assume that, if F' € A then its Hermitian conjugate Ft e A, so that A is a *-algebra.
Let a connected compact Lie group G = {g} act on A by adjoint action of unitary matrices:

A

F—D(g) F D'(g), D'(g)D(9) = 1. (3.1)

We can assume, by Wedderburn’s theorem, [22], that A is the direct sum of full matrix
algebras, Matg, of d x d matrices: A=, Maty. As the D(g) action preserves A, it also

decomposes as D(g) = @ 4 D (g). Since Mat, is simple, the two-sided ideals of A are all
direct sums of some of the Mat, or just {0}.

To get a *-product we need, in addition, a function p* on a manifold M with values
in A*, the dual of A. Then, < p*, F >:= F is a function on M:

<P > (§) =< pr(), F >=F(¢), (3:2)

where ¢ € M. This map A — C¥(M) C C™(M) (assuming appropriate continuity
requirements) induces an algebra structure on C¢°(M) if its kernel, Ker, is a two-sided
ideal in A, that is if Ker is a direct sum of some of the Maty or {0}. If that is the case,
Cr(M) = A/Ker, and its algebra product is defined by

(F+ G)(&) =< p*(§), FG >, (3-3)

where F, Ge A



~ The action (3.1) on A induces an action on its dual A* which we denote by F* —
D*(g)~ F*D*(g):

A

< F*,D(9)FD(9)~" >=< D(g)* " F*D(9)", F > . (3.4)

Until now there is no requirement that p*(§) is a state or has equivariance. The setting
is very general. Suppose we now ask that p(§) is a state:

< ﬁ*<£)7FT >=< ﬁ*<£)7ﬁ >, (35)
< p*(€),FTF > > 0, (3.6)
<pH(€),1>=1, (3.7)

where bar denotes complex conjugation. Then p*(£) can be identified with a density matrix
p(&) by setting ) R
< (&), F >=Tr(p(E) F). (3.8)

For equivariance we assume that g acts transitively on M, & — g€, such that
P (g8) = D*(9) p"(&) D (97). (3.9)

Now each Maty and A can be decomposed into irreducible tensor operators:

Matg = Span{Tﬁ[)(d)},

- (1 ~ - (1 l
DD (g) T3 (d) DD (g)~1 = 3" Ti)(d) D), 1 (9), (3.10)
M/

where g — D" (g) is a unitary irreducible representation. Let {T*(Z)( d)} be the dual basis:

< Tol(d), T (d) >= dwbaarSnsar. (3.11)
It transforms as
where o y
Dihi(9) DYl (9) = dnw. (3.13)
We can expand
Pt = Z p(l d)T*(l) Z ye(d)
d,l,M
where )
P M—C and gD =3 pGP T (a), (3.14)



Now Wedderburn’s theorem implies that for a *-product to exist, either all functions
pg\l/}d) for a fixed d, or none, must be zero, because if p* has a kernel consistency requires
that it be a full matrix algebra. In fact, because of equivariance, we shall now show that
it is sufficient to check if p*(v9) is zero or not at one point, which we shall call the origin

and denote by &,. We have
prD(ge,) = DD (g) prD (&) DD (g7, (3.15)
or

Zp” D (9€0) T (d) = 37 p3i P (€0) Tyt (d) D)y (o)

M, M’
l,d l l,d
= phit (960) = Didar(@9)phi” (o). (3.16)
So, from equivariance,
sk l,d Ak
pEDE) =0= pliP(€) =0 and D =0, (3.17)

Thus, with equivariance, it is enough to check that p*( d)(£ ) = 0, either for all [ or no [,
for each fixed d, to verify if x exists.

We remark that it is not necessary to assume (3.7) separately, as we can arrange to
have it with (3.5) and (3.6):

P*(960),1 >=< p*(&), D(g) 1 D(g7Y) >=< p* (&), 1 >=< °(&,),1T1 > (3.18)

which, by (3.6), is a constant non-negative number, c¢. As the ideal containing 1is A, ¢
cannot be zero if there is a non-trivial x-product. So we can work with p* /¢ instead so that
(3.7) is enforced. As for (3.5) and (3.6), they are natural. Eq. (3.5) gives real functions
for hermitian operators, and (3.6) gives F x F/(£) > 0.

Note that if functions on M do not carry an IRR [ with the correct multiplicity, it
can happen that A admits no - product. This problem occurs, for example, if A is the
8 x 8 matrix algebra and p(&,) is al + blad(Y')] (where ad(Y") is the adjoint generator of
hypercharge) with @ and b chosen so that (3.5) and (3.6) are satisfied. Then, p gives a
map to functions on CP2. The latter has 8 only once, but A has two 8’s, so there is no
s-product (for a general discussion see [23] ). A x-product does however exist on CP?, for
suitable p, which we construct later.

It is useful to note the following. Quite generally, in the equivariant case, with t4 an
orthonormal basis (in the trace norm) for the Lie algebra of G,

Tr(p(g8o)ta) = £alg) = (Adg)apén(1). (3.19)

Writing 6(g) = (>_ne(g9)ts+ terms orthogonal to tp), only the first term survives the
tracing, so that n4 = £4, with ¢4 normalised appropriately. £4 maps G/H to an adjoint
orbit and provides coordinate functions on G/H.
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To escape the limitation of only getting *-star products on adjoint orbits, we may
have to modify the requirement of equivariance.

In the subsequent construction of a s-product on CPY ™! we shall restrict our con-
siderations to the case where p is a rank 1 projector and we shall use the notation P for p
(or P, = p for its L-fold symmetric product, as explained later).

§4 Global Co-ordinates on CPV ™!

We now turn to an explicit construction of the complex projective space cpV-t
which can be defined as the space of vectors of unit norm in C¥ modulo the phase. Since
a unit vector [¢) > up to a phase defines a projection operator P := |1) >< 1|, an equivalent
definition for CP™ 1! is as the space of all projection operators of rank one on CV, i.e.,

CPY ' = {Pe Maty; PP =P, P2 =P, TerP =1} (4.1)

To construct a set of global coordinates for CPV ! we choose a basis for N x N hermitian
matrices {t 3}, A=0,---, N2 — 1, consisting of o = 1/v/N and {t4}, A=1,---,N? -1,
forming an orthogonal basis for the Lie algebra of SU(NN). We will normalize them by
requiring

Tr(tAtB) = 5AB‘ (4.2)

This requirement implies that tg = \/Lﬁl and t4’s are related to the Gell-Mann matrices
Ag by tg = )\A/\/ﬁ. Thus,

1 1 c . c
tatg = —0apl + —(d t 4.3
alp = +0AB +\/§(AB +ifas")tc, (4.3)

where fa ¢ and da5°¢ are, respectively, the structure constants and the components of

the symmetric invariant tensor of SU (V) in the Gell-Mann basis. The d-tensor is traceless

on each pair of indices. For raising and lowering indices we will use the Kronecker §.
Expanding P in terms of the basis,

P =My =ty + M (4.4)

The condition that P is a rank one projection operator leads to the following conditions
on the coordinates £4,

o=, da=Nt aptee =Y Be

These form a set of quadratic coznstraints vx;hich describe CPY ! embedded in the N2-
dimensional Euclidean space RY", or in RV ~! since ¢° is a fixed constant. For example,
for N = 2 we have A, B = 1,2,3 and the above equations reduce to that of a sphere, or

CP*, of radius 1/+/2 embedded in R? because the d-tensor vanishes for SU(2).
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The coordinates for CPY ™! can be constructed easily by noting that any P € CPY 1
can be obtained from an arbitrarily chosen origin P, by rotating it with g € U(N), P =
gPogt. Of course there is no unique element g associated with P. In fact, any two
elements of U(N) that are related by ¢’ = gh where h € U(1) x U(N — 1) give rise to
the same point of CPY ™! as can be seen by going to the basis of CV in which P, is
diagonal. (This leads to still another characterization of the complex projective space,
ie., CPN™! = U(N)/[UQ1) x U(N —1)].) Using this fact one can obtain coordinates, A,
corresponding to an arbitrary point of CPY ™1 P = ¢P.gt, from the coordinates £ of
the origin P, as follows:

¢4 = To(PHY) = Tr(gPogth) = €8Tr(gt o'th) = (Ad(g))" 5¢2, (4.6)

so that ¢4 map CPY ! to an adjoint orbit of U(N) fulfilling (3.19).
It is important for what follows that P fulfills the property (3.9):

g "M ag = (Ad(g)) aépta. (4.7)

Here g € U(N) and g — Ad(g) defines its adjoint representation.
§5 The Geometry of CPY ™!

The coordinates €4, A = 0,..., N2 — 1 constitute an over-complete, but globally
well-defined, coordinate system for CPY 1. It is therefore useful to use them to describe
geometrical structures on CPY ™! such as Fubini-Study metric and Kahler structure. To
this end let us regard CPY ™! as a manifold embedded in the space RY ® of all hermitian
N x N matrices. At a given point P € CPY ™! we can decompose RY * into the subspace
TpCPY ! consisting of vectors tangential to CPY ™! and its orthogonal complement.
Since the action of U(N) spans all directions tangential to CPY ! at P, and P is rotated
by the adjoint action of U(N), any vector in T»CPY ™! must be of the form,

T =i Ad(AN)P = i[A, P] (5.1)
for some hermitian matrix A. This immediately implies that 7 must satisfy
T =7, {P,T}=7, TT =0. (5.2)

Note that if A is a generator of the stability subgroup U (1) xU (N —1), the RHS of (5.1)
vanishes so that vectors 7 span a vector space of dimension of N> — (N —1)2—1 = 2N —2,
which agrees with the dimension of CPY ™!,

The vectors in the orthogonal complement of T»CPY 1, on the other hand, can be
represented by the generators A of the stability subgroup of U(N). They satisfy

[P,N]=0. (5.3)
One can see this by noting that all such vectors are orthogonal to 7 = i[A, P],
Tr(NT) =iTr(N[A, P]) = iTr([P,N]A) = 0. (5.4)
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These facts are now used to describe the Kihler structure on CPY ™. The Kéhler
structure consists of the following three mutually compatible structures:
1) Complez structure: for any hermitian matrix M, regarded as a vector at P, define

J(M) := —i[P, M]. (5.5)

If M is normal to CPY ™! ie., if M = A, then J(N) = 0 trivially. If M is tangential,
ie., M =7, then

JA(T) = —[P,[P,T]] = —P(PT-TP)+(PT-TP)P = —PT-TP+2PTP = T, (5.6)

where in the last step we have used (5.2) and P7P = 0 which follows immediately from
that equation. Therefore, J is a complex structure on CPY 1. In view of with (5.3) and
(5.5), equation (5.6) shows that —J?2 is a projector to the tangent space of CPY 1.

2) Metric: for two hermitian matrices M; and My define

g(M1,M2) = TI‘( — JQ(M1) MQ) = _Tr([P,Ml][P,MQ]). (5.7)

This vanishes if any one of the arguments is a normal vector and on tangent vectors it
agrees with the trace metric. It is the metric on CPY ™! induced from the trace metric for
hermitian matrices. One can show that G(J(Mi), J(M2)) = G(M7, Ma).
3) Symplectic structure: for two matrices M; and My, define an antisymmetric two-
form Q by
QMq, M) :=G(J (M), My) = —iTr(PMq, Ms)). (5.8)

It vanishes if any of the arguments is normal to CP™ 1. Thus, it is a two-form on CPY 1.
It is in fact closed, as we shall show in section 7.
One can combine G and Q to obtain a tensor K on CPY ™1,

1 .
K = 5((] +19), (5.9)
and it is a straightforward exercise to show that

K(Mi, Ms) = Te(PMiMs) — Tr(PMyPMs) = Tr[PM; (1 — P)My). (5.10)

The construction of the Kéahler structure described here also holds for other spaces
of projection operators of a fixed rank, i.e. unitary Grassmannian manifolds. However,
the fact that CP™ ! consists of rank one projection operators further simplifies the above
equation to

K (My, M) := Tr(PMyMy) — Tr(PM;)Tr(PMy). (5.11)

This form of K will be used crucially in the construction of fuzzy CPY ! in the following
section. In terms of the components with respect to the basis t4 (tp components all vanish)

one finds .

V2
10

1 )
Kap:=K(ta,tp) = N(SAB + —=(dag® +ifap)éc — €atp, (5.12)



QAB ZQRGKAB, QABZQIHIKAB, JAB:(SACQCB. (513)

Because of our normalisation of the matrices t4, (4.2), the indices A, B, ... are raised and
lowered with 647 and § 45 respectively. It is shown in the appendix that PAg :=64%Gop
is a rank 2(N — 1) projector and in fact P = —.J2. Alternatively, Eq. (5.7) will yield that
result directly by splitting and combining traces containing the one-dimensional projector
P asin (5.11). In future we shall not distinguish between G and P, nor between Q and J,
and shall write

_K:;P+uy (5.14)
with 5
Pyp = N(SAB +V2(dap“éc) — 26485 (5.15)
and
Jap = V2fap“éc. (5.16)

In fact, as shown in the appendix, K itself is a rank N — 1 projector — it can be inter-
preted as a projector from the redundant, global coordinates £ 4 to local (anti-)holomorphic
coordinates on CPY~!. That K is a projector is obvious from (5.14), J?> = —P and
PJ=JP=J.

66 Fuzzy Complex Projective Spaces

We now turn to the construction of functions on CPY ™! and their *-product, general-
izing the construction given for Sz = CPJ in [4]. While a non-commutative *-product on
the continuum CP? ™! has been known for some time [21], we construct here a *-product
on the fuzzy CPg ~1. with a finite number of degrees of freedom.

In order to describe the harmonic expansion of functions on CPY ! one only requires
representations which are symmetric products of the fundamental representation of SU(N),
i.e. the N representation, (or the complex conjugate N representation). So the construc-
tion starts with an N-dimensional Hilbert space, H; := N = C. To represent functions
at the level L, we use as our Hilbert space , Hy, which is the d;, = %—
irreducible representation of SU(N) obtained from the L-fold symmetric tensor product
of Hy. Associated with a point P in CPY ! let us consider the L-fold tensor product of
P?

dimensional

PLi=P®R - &P. (6.1)

Being an L-fold tensor product of the same operator, Py, is a well-defined operator on H,.
Note that Py, is again a projection operator of rank one. We will use this property of Py,
later.

With each operator F' on Hj, we construct the corresponding function F, (&) on
CP ™! using the equivariant mapping prescription,

Fp(€) == Tr(PL(§)F). (6.2)

In this way we define an injective mapping from operators F on ‘Hj, into functions Fy, on
cpMN-! (the injectivity is actually proved at the end of next section). The functions FJ,
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are sufficient to reconstruct the operator F. The target space of this mapping is derived
in section 7, it is what we denote by CPg ~1 and is isomorphic to the space of di x dp,
matrices.

A x-product on this space of functions is defined as

(Fp + Gp)(€) := Tr(PLEQ). (6.3)

Associativity of the x-product is guaranteed by construction and derives from the associa-
tivity of matrix multiplication. Our aim is to derive an explicit, closed expression for the
s-product (6.3) (or (3.3)), solely in terms of the functions Fj, and G, and show that it
reduces to the normal product of two functions in the limit L — oo. )

At the level L = 1, the only functions allowed are functions linear in ¢4. This is
because any hermitian operator acting on the fundamental representation H; of SU(N),

can be expanded in terms of ¢ ;. For F=ri i» the corresponding function F;(§) become

Fi(&) = Fl¢y. (6.4)
In particular, ¢ ; produces coordinate functions &4,
fA = TI‘(PtA). (6.5)

The *-product between coordinate functions, & ; * 5 := Tr(Pt ;¢5) combined with (5.11)
yields the following important relation

§i*x€p =848+ Kjyp: (6.6)

where K ;5 is the hermitian structure. Note that K ; vanishes for all A.

For any finite L, functions and their *-product are constructed using hermitian op-
erators on Hy, according to the prescriptions (6.2), (6.3). Given two operators F' and G
write them in the following form,

N ~

F=Fy 4, tM @ ath

1-

C=G4 4,t" 0 oth, (6.7)

where the coefficient tensors are totally symmetric. Of course, for a given operator on Hp,
there is no unique expression of the above form. In fact, a choice of symmetric tensor
corresponds to a particular extension of the operator to the whole tensor product space
Hi ® Hi--- ® Hy. This ambiguity will eventually disappear because the construction of
functions and their *-product depend only on operators acting on Hy. The functions
corresponding to (6.7) are

Fr(6)=Fy, 4, &M et

GL(§) =Gy, 4,8 -, (6.8)
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and their x-product becomes

(FL*Gr)(€)=F4 . 4. Gp g (€M %Py (640 5 gBr), (6.9)

Since ¢0 = \/Lﬁ is a constant, all functions can be considered as polynomials in just €4 of
degree < L.

Now, in order to express this in the final form, we first substitute the relation (6.6)
into the above equation and expand it in powers of K AB 4 get

L
L! A A
(FL = Gp)(&) =FL(O)GLE) + ) mFAI...AZAM...ALSAl“ &Gy BBy
£ 1!

£Bl+1 . .géLKAlél o KABL (6.10)

where the first term is the ordinary commutative product, and will be integrated into the
sum as the [ = 0 term for convenience. Finally, using the relation

L!

04 FLE) = i FAL A, A, S (6.11)

Oi (L—nr4

and the fact that K94 = 0, we get

L

(FLxGr)(€) =)

=0

(LLTul)! [0, -+ 04, FL(€)| KNP - KAP 9 - 0p,GL(€)]. (6.12)

~

Note again that in arriving at (6.12) we have extended functions and derivatives to outside
CP"~! and finally evaluated the result on CPY ™. However, all this extension should be
regarded as a convenient way of calculation because the final expression involves functions
on CPY ™! and derivatives along CP™ ! only, as we will explicitly show below.

Equation (6.12) is one of the central results of this paper and generalises the result
for S? derived in [4]. Only the [ = 0 term survives in the limit L — oo, which shows
that the x-product reduces to ordinary multiplication of functions in the continuum limit,
with corrections being of order 1/L. Note that the limit should be taken with all functions
fixed.

As mentioned earlier, and proven in the appendix, the matrix K 4p is a projector. In
fact the derivatives in (6.12), which are flat in R 1 are being projected onto the holomor-
phic tangent space of CP™ ™! and are actually covariant derivatives there. Note that, since
K is hermitian, it gives a holomorphic derivative when acting to the right, as in K4Z(0gF),

but an anti-holomorphic derivative when acting to the left, as in (O F') K B4 = FAB(ﬁBF ),
where the bar represents complex conjugation. Thus, if our algebra of functions permit-
ted us to construct holomorphic or anti-holomorphic functions, the *-product of a (anti-)
holomorphic function with another (anti-) holomorphic function would always reduce to
the ordinary product. More generally the x-product, F, * G, is an ordinary product if

13



G is anti-holomorphic regardless of the form of F' or, conversely, if F' is holomorphic re-
gardless of the form of G. Another point to note is that the complex structure is reversed,
J — —J, if the original Hilbert space is identified with the complex conjugate fundamental
representation N rather than the N.

The structure here is perhaps most clearly understood by looking at the simplest case,
N = 2. Then Pap = dap — 2£4€p and Jap = \/§GABC£C. The constraints imply that
a4 = 1/2 and so define a unit vector in R3, ng = /264, so that Py = 45 — nang
and Jap = eagcn®. Clearly P = —J? and P is a projector from R3 onto the unit sphere
while .J, when restricted to n.n = 1, represents the complex structure on CP!. In view
of the identity J3 = —J, the combination K = (P + iJ)/2 is a rank one projector onto
a complex holomorphic coordinate on CP* (JK = —iK). This interpretation survives to
higher N also and gives a geometric interpretation of the x-product (6.12).

In a standard geometrical construction a covariant derivative on a curved space can
be obtained by embedding the space in a flat Euclidean space of higher dimension and
projecting the ordinary derivative in the Euclidean space onto the tangent space of the
curved manifold. When the Euclidean derivatives are restricted to act on tensors already
projected to the tangent space of the curved manifold, the projected flat derivative is
a covariant derivative. There is a simplification in the construction here, because the
projector K 4p satisfies [17]

KAPKCPopKpp =0 (6.13)

which implies that
KABKPop (KpPopF) = KAPK°PopopF (6.14)

since K? = K, with an obvious generalisation to derivatives acting on higher rank tensors.
This identity can be proven using the last form of K4p in (5.10), Kap = Tr[Pta(1—P)tg],
and completeness of the matrices t4. An alternative, more detailed proof, is given in
appendix B.

So, defining V4 := K405 and V4 := FAB&B and using (6.14) and its generalization
to convert the successive partial derivative to covariant derivatives in (6.12), the x-product
is

(s G©) = 3 L @y T LUK KBS, V5 Gu(9)]

(5.15)
Converting from global coordinates, §A with A = 1,..., N?2 — 1, to local holomorphic
coordinates, z* with i = 1,..., N — 1 and 2 := z* we have the correspondences

1 : . 1 ji .ji .ji
KAB — 5 (923 + 2925) = 7191;37 KAB - 5 (g] + i > = 1V ) (516)
where G;; is the Fubini-Study metric and €;; the Kahler 2-form, with G;; = G5, = iQ;; =

—iQ%;, and Q97 = GI"G™Q,, ;.. Equation (6.15) in local coordinates takes the from
Lo -y -

(Fr G0 =3 Eo e v e 2600 - 0, 9,6z )
1=0 o

(5.17)
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where V; is the covariant derivative.
87 Fuzzy Derivatives

The star product defined here can be used for more than just multiplying functions
on the fuzzy CPg ~1 it can also be used to define derivatives on the discrete fuzzy spaces.
In the continuum the vector fields on CPY ™! generating SU (N) can be expressed as

1
La=—ifap®EPoc = iﬁJACBC. (7.1)
It is easily verified that
[Ca,LB) =ifasLe. (7.2)

The corresponding action of a generator L4 on the Hilbert space Hj is obtained from
exponentiating the generator, that is by considering Dy (n) = ein’La,

Tr[PL(€)Dr(n™ ") FDL(n)] = Tr[PL(&)DL(g™'n~" ) FDr(ng)]. (7.3)

Infinitesimally, with 74 small and D;' () ~ 1 —in“La,

TrPLE)(1 — i L.a)] = {Tr {ﬂ(@ (1 — i (%))] } ~1- e

So Tr[PL(§)La] = %5 A- (The generators (4.3) in the fundamental representation were

normalised so that [t—\/‘%, t—\%] = ifABCt—\/%.)

Now the derivative of a function in the continuum, £4F(§), can be taken over to the
fuzzy case as
. L

(LAFL)(§) = Tr{PL(§)[La, FI} = ﬁ@‘ « Fr, — Fp, #€a). (7.5)

Using the x-product (6.12) this is
1

1
(LAFL)(§) = E(KAB(?BFL — (0pFL)KP4) = EJAB&BFL, (7.6)
and this shows that the definition (7.5) is consistent with (7.1). The main point here is
that derivatives on functions in the continuum restrict to derivatives at finite L which can
be represented as commutators in the matrix algebra,

A

(LaAFL)(E)) = Tr{PL(§)[La, F1}. (7.7)

This formula can now be used to prove that the symplectic form, €2, defined in (5.8) is
closed. Let Liex denote the Lie derivative along the vector field X. Then, in the formula
for the exterior derivative of a 2-form acting on three tangent vectors, X,Y and Z,

dQ(X,Y,Z) =LiexQUY,Z) + LieyQ(Z,X) + LiezQ(X,Y)

- Q(X,Y],Z2) - Q[Y,Z],X) - QZ,X],Y), (7.8)
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we represent all tangent vector fields by matrices as in (7.7) (any tangent vector can be
written as a linear combination of the £4 at each &) and conclude that d2 = 0 by the
Jacobi identity.

At this point, it is possible to derive simply the target space of the mapping (6.2) from
operators F' on Hy, to functions Fi(€) on CPY ™!, Since the derivations [-, L 4] in H, are
sent exactly to the derivations £4 in CPY ™1 by the mapping, the second order Casimir
in the adjoint action in Hjy is mapped to the Laplacian in CPY ! and the commuta-
tor actions of the Cartan sub-algebra operators are sent to their equivalent derivations
in CPY~!. This means that the normalised simultaneous eigenvectors of all these Car-
tan operators in Hy are mapped to simultaneous eigenfunctions of all the corresponding
derivation operators in CP™ ~! with the same eigenvalues. Denoting the irreducible tensor
operators which are eigenvectors of the Cartan operators by TAI‘\]/[, with J a multiple index
labelling the representation and M a multi-index labelling the weights, we find that Tf\]/I
are mapped to ¢ (L)Yyy, Yy being spherical harmonics, the analogues of Y}, for SU(2).
The constants ¢’ (L) can easily be calculated and are all non-zero, which implies the in-
jectivity of the mapping F, assumed in (6.2). Thus, the target of the mapping is just
the space generated by the eigenfunctions Yy of the Laplacian which are images of the
T, N, with J running over all SU(N) irreducible representations in the dj, x dj, reducible
representation that contain U (V) singlets. For example CP! = §2 2 SU(2)/U (1) requires
L-fold symmetric representations with dy = (L + 1) and the (L + 1) x (L 4 1) reducible
representation decomposes into irreducible representations as 1+3+-- -+ (2L + 1). There
is only one Casimir for SU(2), so J is just the integer [ of the associated irreducible repre-
sentation and M is the magnetic quantum number. The TJZM, l=0,...,L, are a basis for
all (L + 1) x (L + 1) matrices and Y}, are the usual spherical harmonics.

68 Conclusions

The central result of this paper is equation (6.12), which gives the explicit construction
of an associative *-product on the fuzzy CPX ' between two functions Fy, = Tr{P.F}

and GL = TT’{'PLG},
(FL*xGr)(€) = ( )GL()

L
+Z L‘l‘ aAl a zFL(g)]KAlBl "'KAlBl[aBl"'8BlGL<£)],
=1

This expression is written in terms of an over-complete set of coordinates €4 in RY 2_1,
with constraints (4.5). The projector K = (P +4.J)/2 in equation (5.14) is defined by

2
Pap = NCSAB +V2(dap®Ec) — 26aln

and

Jas = V2fas“c.
P = —J? is itself a projector mapping RY’~1 onto the tangent plane of CPY 1 at ¢4.
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P and J are essentially the components of the usual hermiti2an structure on CPNV !
obtained by embedding it in the space of hermitian matrices R . The latter is encapsu-
lated in the three equations (5.5), (5.7) and (5.8):

J(M) == i[P, M],
g(M1,M2) = TI‘(—J2(M1),M2)

and

Q(Mq, Mya) :=Tr(MyJ(Myg)) = —iTr(P[M;, Mas)),

describing the complex structure, the Fubini-Study metric and the symplectic structure
on CPV~! respectively. In our normalisation convention P = G. Expressed in local
holomorphic coordinates z*, i = 1,..., N — 1, rather than the global coordinates, £4, this
«-product is (5.17),

(FrxGp)(z,2) = Fr(2,2)GL(z, 2)

(L — l)' _ e 1Y =
£ IV, Vi Bz 20 () [V, - Vi G (2, 2)).
1=1
The *-star product reduces to the ordinary commutative product on the continuous CPY 1
in the L — oo limit for fixed F, and Gy, [20].
Note also the important expression for the derivative of a function on the fuzzy CPg -1
as a commutator (7.7), which appears naturally in this construction

LaFL = Tr{Py[La, F]}.
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Appendix A

In this appendix we derive some essential properties of the matrix K = (K4p) used
in the definition of the x-product (6.12). First we show that K is a projector, with rank
N — 1. To this end break K into real and imaginary parts as in the text, K = %(P +1J)
with 5

Pyp = N(SAB — 2646 +V2SaB (A.1)
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and

Jap = V2Aug, (A.2)

with symmetric matrix Sap := dABC£C and the anti-symmetric matrix Aap := fABcfc
(all indices are raised and lowered here using d4p5). It is shown in the text that J corre-
sponds to the complex structure on CPY !, and we show here that —J?2 is a projector of
rank 2(N — 1), with PJ = JP = J and finally J? = —P, which implies in particular that
P itself is also a projector.

i) K is a projector with rank N — 1. To see this observe that

1 1
Tr(tatptctp) = N(SAB%D +3 (dap” +ifas”)(decp +ifecn). (A.3)

Now contracting this with £9¢P and using cyclic symmetry of the trace and the constraints
(4.5) yields the two identities:

2(N —1 2 V2(N —2
Sip—Ahp = %51‘18 - NfAfB + #SAB (A.4)
and \/7
2(N —2
(SA+ AS)ap = VAN —2) )-AAB- (A.5)

N
From these it follows easily that K2 = K. Since the constraints also dictate that tr(K) =
N — 1 (tr here means trace over the adjoint representation of SU(N), so 64 = N2 — 1),
K is a projector onto an N — 1 dimensional subspace of R -1

ii) J? is a projector and J3 = —.J. In the text the complex structure was denoted by
J, and we can identify that with the symplectic structure when the normalisation is such
that indices are raised and lowered with 4 5. For completeness we give here an alternative
derivation. First we show that J? = —J and tr(—J?) = 2(N — 1). By definition Ja4p :=
V2AuB = V2fapc€C, so Japt? = i[ta, £] where € = €4t4. The constraints (4.5) imply

g%:<%@1)1+<5§3)5 (A.6)

Using the commutation relations for ¢4 gives

[[ta,€),€], €] = i(J?) ant®, (A7)
while expanding the commutators on the left hand side explicitly, and using (A.6), gives
[[[tA7§]7§]7§] = _i']ABtBa (A8)

from which we conclude that J3 = —.J. This means that —J? is a projector since (—J?)? =
(—J?) and the definition of .J, (A.2), together with the constraints (4.5) and the standard
normalisation facpfecp = Nap, show that tr(—J?) =2(N — 1) = dimCPN 1,
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iii) J commutes with P and PJ = J. Since dspc is an invariant tensor we have

fa?duep + factdpup + fap"dper =0

and contracting this with £4¢P shows that S commutes with A, since fapc is totally
antisymmetric. The latter also means that J annihilates &, so that J commutes with P.
Since K? = K we have J = (PJ + JP)/2, and hence PJ = J.

iv) P = —J2. The real part of K? = K implies that P2—J? = 2P. Since P commutes with
J they are simultaneously diagonalisable and because —J? is a projector, its eigenvalues
are all 0 or 1. So the eigenvalues of P are 1 when the eigenvalue of —J? is 1, and either 0
or 2 when the eigenvalue of —.J? is 0. Calling p the number of eigenvalues 2 in P,we have

tr(P) = tr(—J?%) + 2p, (A.9)
while, directly from the definition of P (A.1) and the constraint equations (4.5), one finds
tr(P) =2(N — 1) = tr(—J?%) (A.10)

which implies that p = 0. Thus we have P = —J?, with P a projector of rank 2(N — 1).
Note that this implies that K annihilates the coordinates K 4p¢® = 0, since J does, which
is easily checked using (A.2).

Appendix B

In this appendix we give an alternative, more detailed, proof of the identity (6.13),
KABKCPopKpy = 0. (6.13)

Denoting the generators of SU(N) in the adjoint representation by (64)pc = —ifanc,
with commutation relations [04,05] = ifapcOc, we have J = iv/20 464 and

JapOpJ = V2i[04,J], Japlp = [04,J)]. (B.1)

Using these commutators it is straightforward to show that

KapdnK = %(1 b i) aplK,05] = % (K, [0a,id]] + [K,04]).  (B.2)

Now, since K2 = K we have K(dK) + (dK)K = dK from which
K(dK)=dK(1 - K). (B.3)

The eigenvalues of iJ are +1 (each with multiplicity (N — 1)) and 0 (with multiplicity
(N —1)?). We can thus choose a basis where

Lin-1)
ZJ - 0(1\[_1)2 (B4)
—Lv-1)
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and
Lin-1)
1N
K = O(n_1)2 :< (N-1) ON(N—I)) (B.5)
O(n—1)

where, for example, 1(y_;) is the (N — 1) x (N — 1) identity matrix and O(y_1) the
(N —1) x (N —1) square matrix with all entries zeros. In terms of the 2 x 2 block structure

of the second form of K above, we write dK = <é ]]?)) Equation (B.3) then shows
that
0 B
KdK = <0 O) ,

so we only need examine < 1|KdK|0 > and < 1|KdK|— 1 > where iJ|n >= n|n >. Now
from (B.2)

KK apdsk — %K ([[i, 0.4], K] + [K, 0.4]) (B.6)

and, since K|1 >= |1 >, K|0 >= K| —1 >= 0, we deduce that

1
< UKKap0pK|0 >= =5 < 1[[04,17]+ 04]0 >= 0 (B.7)
<1|KKapOpK|—1> ! <1|([0a,i]] +64) —1> = < 1|04 —1>. (B.8)
—1>=— ) —1>=—— - . )
ABOB NG A A NG A
The last expression vanishes, because 64 does not connect |1 > and | — 1 >, and (6.13)

follows.
References

[1] A. Connes, Non-commutative Geometry, Academic Press, (1994)

[2] J. Madore, An Introduction to Non-commutative Differential Geometry and its Ap-
plications, CUP, (1995), gEr-qc/9906059;
G. Landi, An Introduction to Non-commutative Spaces And Their Geometries, Springer-
Verlag, Berlin, 1997, hep-th/9701078;
J.M. Garcia-Bondia, J.C. Varilly and H. Figueroa, Elements of non-commutative Ge-
ometry, Birkh&user (2001).

[3] H. Grosse, C. Klim¢ik and P. Presnajder, Int. J. Theor. Phys. 35 231-244, (1996)
hep-th/9505175

[4] P. Presnajder, The Origin of Chiral Anomaly and the Non-commutative Geometry,
hep-th/9912050; the supersymmetric generalisation of the x-product in this paper has
been done by A.P. Balachandran, Seckin Kurkcuoglu and Efrain Rojas Marcial (in
preparation).

[5] H. Grosse and P. Presnajder, Lett. Math. Phys. 33, 171 (1995) and references therein.

[6] H. Grosse, C. Klimé¢ik and P. Presnajder, Comm. Math. Phys. 178,507 (1996); 185,
155 (1997); H. Grosse and P. Presnajder, Lett. Math. Phys. 46, 61 (1998) and ESI
preprint, 1999.

20


http://arXiv.org/abs/gr-qc/9906059
http://arXiv.org/abs/hep-th/9701078
http://arXiv.org/abs/hep-th/9505175
http://arXiv.org/abs/hep-th/9912050

7]
8]

9]
[10]

[11]
[12]

[13]

H. Grosse, C. Klim¢ik, and P. Presnajder, hep-th/9602115 and Comm. Math. Phys.
180, 429 (1996).

H. Grosse, C. Klim¢ik, and P. Presnajder, in Les Houches Summer School on Theo-
retical Physics, 1995, hep-th/9603071].

P. Presnajder, hep-th/9912050 and J. Math. Phys. 41 (2000) 2789-2804.

U. Carow-Watamura and S. Watamura, hep-th/9605003 and Comm. Math. Phys.
183, 365 (1997).

U. Carow-Watamura and S. Watamura, hep-th/9801195 and Comm. Math. Phys.
212, 395 (2000).

S. Baez, A. P. Balachandran, S. Vaidya and B. Ydri, hep-th/9811169 and Comm.
Math. Phys. 208, 787 (2000).

A.P. Balachandran and S. Vaidya, hep-th/9910129 and Int. J. Mod. Phys. A16,
17 (2001); A. P. Balachandran, T. R. Govindarajan and B. Ydri, hep-th/9911087;
A. P. Balachandran, T. R. Govindarajan and B. Ydri, hep-th/0006216 and Mod.
Phys. Lett. A15, 1279 (2000); A. P. Balachandran, X. Martin and D. O’Connor,
hep-th/0007030 and Int. J. Mod. Phys. A (in press); S. Vaidya, hep-th/0102213;
Chong-Sun Chu, J. Madore and H. Steinacker, hep-th/0106205.

Fuzzy CP? has already been investigated by H.Grosse and A.Strohmaier,
bep-th/9902138 and Lett. Math. Phys. 48, 163 (1999).

G. Alexanian, A.P. Balachandran, G.Immirzi and B.Ydri, Fuzzy CP2, J. of Geom.
and Phys. (in press) , hep-th/0103023

G. Alexanian, S. Pinzul and A. Stern hep-th/0010187 and Nucl. Phys. B600/3, 531
(2001)

Brian Dolan and Oliver Jahn, in preparation.

C. Kliméik and P. Severa, hep-th/9609119 and Nucl. Phys. B383 (1996) 281;
A.Y.Alekseev and V.Schomerus, hep-th/981112193 and H. Garcia-Compean and
J.F. Plebanski, hep-th/9907183 and K. Gawedzki, hep-th/99041475;

R.C. Myers, hep-th/9910053 and JHEP 9912,022 (1999); S.P. Trivedi and S. Vaidya,
hep-th/0007011 and JHEP 0009, 41 (2000); S.R. Das, S.P. Trivedi and S. Vaidya,
hep-th/0008203 and JHEP 0010, 037 (2000);

S. Ramgoolam, On spherical harmonics for fuzzy spheres in diverse dimensions, hepd

th/010500€; Z. Guralnik, S. Ramgoolam, JHEP 0102, 032 (2001), hep-th/0101001]

22]

M. Kontsevich, Deformation quantisation of Poisson manifolds, [g—alg/9709040;

A.S. Cataneo and G. Felder Mod. Phys. Lett. A16, 179 (2001), hep-th/010220§;
A.S. Cataneo and G. Felder Comm. Math. Phys. 212, 591 (2000), path.QA/990209(
M.A. Rieffel, path.QA/01080085.

J.R. Klauder and B.-S. Skagerstam, Coherent States: Applications in Physics and
Mathematical Physics, World Scientific (1985); A.M. Perelomov: Generalized Coherent
States and their Applications, Springer-Verlag, (1986); M. Bordemann, M. Brischle,
C. Emmrich and S. Waldmann, J. Math. Phys. 37, 6311 (1996); M. Bordemann,
M. Brischle, C. Emmrich and S. Waldmann, Lett. Math. Phys. 36, 357 (1996);
S. Waldmann, Lett. Math. Phys. 44, 331 (1998).

See e.g. theorem 6.3.8 in G. Murphy, C* Algebras and Operator Theory. Academic
Press (1990)

21


http://arXiv.org/abs/hep-th/9602115
http://arXiv.org/abs/hep-th/9603071
http://arXiv.org/abs/hep-th/9912050
http://arXiv.org/abs/hep-th/9605003
http://arXiv.org/abs/hep-th/9801195
http://arXiv.org/abs/hep-th/9811169
http://arXiv.org/abs/hep-th/9910129
http://arXiv.org/abs/hep-th/9911087
http://arXiv.org/abs/hep-th/0006216
http://arXiv.org/abs/hep-th/0007030
http://arXiv.org/abs/hep-th/0102212
http://arXiv.org/abs/hep-th/0106205
http://arXiv.org/abs/hep-th/9902138
http://arXiv.org/abs/hep-th/0103023
http://arXiv.org/abs/hep-th/0010187
http://arXiv.org/abs/hep-th/9609112
http://arXiv.org/abs/hep-th/9811121
http://arXiv.org/abs/hep-th/9907183
http://arXiv.org/abs/hep-th/9904145
http://arXiv.org/abs/hep-th/9910053
http://arXiv.org/abs/hep-th/0007011
http://arXiv.org/abs/hep-th/0008203
http://arXiv.org/abs/hep-th/0105006
http://arXiv.org/abs/hep-th/0105006
http://arXiv.org/abs/hep-th/0101001
http://arXiv.org/abs/q-alg/9709040
http://arXiv.org/abs/hep-th/0102208
http://arXiv.org/abs/math/9902090
http://arXiv.org/abs/math/0108005

[23] N. Mukunda, Arvind, S. Chaturvedi and R. Simon, Generalised coherent states and
the diagonal representation for operators. Int. J. Mod. Phys. A (in press),
Fuant-ph/0002070

22


http://arXiv.org/abs/quant-ph/0002070

