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Abstract

The theory of metric Diophantine approximation can be studied from many
different perspectives. The problems studied in this thesis all concern ques-
tions on integer polynomials. Simultaneous rational approximation to integer
polynomials is studied in the p-adic metric. Next, the nature of the closest
root to an argument of a leading polynomial is studied in the Euclidian and
p-adic metrics. Finally the nature of regular systems for third degree poly-

nomials is investigated.
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Notation

Notation that is used extensively throughout this document is listed below

to assist the reader.

P(x)=>",ax"aq; €Zi=1.n an integer polynomial of degree n

H(P) = maxo<;<n |a,] the height of an integer polynomial

R(P,Q) = ap'by, [T1<icn [1i<jem (i — B;)  the resultant of two polynomials

D(P) = ;" ? [ [1<jejan (i — ;) the discriminant of a polynomial

a<b a < Kb K > 0 constant

a>0b a> Kb K > 0 constant

axb a<banda>b

Sp(a) the set of all numbers closest to a root a of P
P,(H) P e Zlz],degP =n,H(P)=H



Chapter 1

Introduction and notation

1.1 Introduction

One of the main goals of Diophantine approximation is to investigate the
quantity |x — ’a’\, where z is a real number and p, ¢ € Z,q # 0. This was ini-
tially investigated in the 19th century by Dirichlet and Liouville who proved

results on rational approximation.

Theorem 1.1 (Dirichlet). Let z and @ be real numbers with () > 1. There

exists a rational number § with 1 < g < @ such that

If x is irrational, then there exist infinitely many rational numbers ]ED such

that
1
q q

Classical results in Diophantine approximation have been adapted and
extended to cover a wide range of different perspectives including approxima-

tion by algebraic numbers, approximation on manifolds and approximation



under different metrics. Some open questions in these topics are investigated

in this thesis.

In this Chapter is introduced the necessary background information re-
quired in the thesis. The first section will give some Lemmas due to Sprindzuk
[85] on the topic of metric Diophantine approximation. The topic is intro-
duced and some of the historical development of the subject is explained.
Also the framework is provided to develop the ideas presented in later chap-
ters. The second section will define the p-adic numbers, and some essential
concepts of p-adic number theory including the p-adic field and the com-
pleteness of the p-adic field. Again, some Lemmas that are useful are stated.
Of particular interest is Hensel’s Lemma. The third section will provide the
definitions of different types of measure and dimension which are used exten-
sively throughout, including Hausdorff Dimension and some related Lemmas

necessary for Chapter 3.

Chapter 2 provides a brief history of the subject and in Chapter 3 the
p-adic version of a Theorem on simultaneous Diophantine approximation on

polynomials, proved in [32], is studied.

In Chapter 4 different versions of a problem of Nesterenko are considered.
This problem was first introduced by Y.V. Nesterenko and presented at the
International Conference of Number Theory in Shaulyai (Lithuania, 2008).
The question is to determine for an integer polynomial P, whether the root

oy of P belongs to the p-adic field or is in the extension.

For some important problems in transcendental number theory it is nec-
essary to know whether the root of a polynomial o is a real or complex
number. Knowledge of the nature of oy admits the use of regular systems in

tackling the following problems: the Hausdorff dimension of the set of x € R,



for which, for w > n, the inequality |P(z)| < H™" has infinitely many so-
lutions in polynomials P (see [3], [20]); generalising the divergence case of
Khintchine’s Theorem to polynomials (see [6],[24]); solving the inequality
|z —ay| < g¢ for almost all = and integer algebraic numbers a4 (see [37]). For
the latter problem if cr; € R the solutions lie in an interval of length 2¢y. On
the other hand, if a3 € C\ R, we know nothing about the set of solutions as
it could be a disc in the complex plane with centre a; and radius ¢y, which

need not intersect the real axis at all.

In the second section of Chapter 4 the results of Nesterenko in the p-adic
domain are improved. The approach used here uses the discriminant of the

polynomial.

A small result that generalizes Nesterenko’s problem to R x Qj is also

proved. Specifically, if an integer polynomial P simultaneously satisfies
|P(x)| < H™™,  [P(w)], < H™* (1.1)

what can we say about the roots of P?.

Finally, a problem of Bugeaud [35] is studied in Chapter 5. The question
posed concerns the length of intervals for which a regular system of real

algebraic numbers of degree 3 can be constructed.

1.2 Definitions and notation

In all cases unless otherwise stated, P € Z[z] is the polynomial

n

P(x):Zaixi,aiEZizl...n,an#O. (1.2)

1=0



The height H = H(P) of a polynomial of degree n is defined as

H = H(P) = max |a;|. (1.3)

0<j<n

Throughout this document, it will further be assumed that when used, = € R;
if a is a root of a polynomial P then a € C and if w is a root of P, then

w e Q.

Also, hef(a, b) will be used to denote the highest common factor of the non-

zero integers a and b.

The resultant of two non-constant integer polynomials, P(z) = >/ a;z',

and Q(x) = Y-, bpx®, is defined as

R(P,Q)=ayty, [T I (e (1.4)

1<i<n 1<5<m

where P(o;) = 0 and Q(B;) = 0. It should be clear that R(P,Q) = 0 if
and only if P and () have a common root. A special case of the resultant
R(P, P') where P’ is the derivative of P is called the discriminant, and is

defined below. The discriminant of the polynomial P will be written as

D(P), and defined as
D(P)=ar? [] (ci—ay) (1.5)
1<i<j<n
The discriminant D(P) = 0 if and only if P’ and P have a common root,

that is, if P has a root of multiplicity larger than 1.

In their recent article, Johnson and Kollar [64] noted that the discriminant
as a tool had moved to the periphery of the study of polynomials of a single
variable from its central position in the mid-nineteenth century. They state
“for example, resultants were removed from the fourth edition of van der

Waerden’s classic Algebra in 1959, and have not appeared in subsequent
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editions.” Recently both have again been used in proofs in the theory of

metric Diophantine approximation.

Given positive real numbers, a and b, the Vinogradov notation a < b
(a > b) is used when there exists a positive constant K such that a < Kb,
(respectively a > Kb). If a < b and a > b then a and b are said to be

comparable, which is denoted a < b.

A polynomial P will be called leading if it satisfies
la,| > H(P). (1.6)
For each t € R let

|t|| = min{|t — r| : r € Z} = dist(¢, Z)

and for each x = (z1,...,7;) € R¥, let
x| = max{[[z1]l,. .., [[z][}-
The supremum norm will be denoted by | . |, that is, for a vector x € Z",
x| = max{|zi|,...,|z.|}

1.3 Lemmas on polynomials

Consider integer polynomials as defined in (1.2). Fix g9 = go(n, H(P)) > 0.
If |P(z)| < o , then it is possible to obtain an upper bound for |z — |, see
[85] where « is the closest root of P to x. For each zero oy of P we associate

the set Sp(ay) as
Splar) = {2 €Ci o — oyl = min fo—ail(k=L2....m)},  (17)

9



i.e. the set of all numbers whose distance to ay is closer than to any other root

of P. The sets Sp partition C for each polynomial except at the boundary.

In this thesis the following Lemmas are used. When they are listed with-
out proof, their proofs can be found in the cited texts. The first Lemma is

often referred to as Gelfond’s Lemma.

Lemma 1.1 ([35], Lemma A.3). Let Py, Ps, ..., P be polynomials of degree
ni,...,n, respectively, and let P = P1Py... P,. Let n =ny +ns+ ...+ ng.
Then

O H(P)H(P,)... H(P,) < H(P) < 2"H(P)H(B,) ... H(P,).

Lemma 1.2 ([85], Lemma 2). Let P be an integer polynomial of degree n

and let x be a number (real or complex) such that x € Sp(ay). Then

|z — ay| < 2" P(2)||P'(a)| 7" (1.8)

Proof. The proof is short so it will be included. As z € Sp(a;), it follows

that
g — | <oy — x|+ |a; — 2| < 2|z —ayl, fori=2,... n. (1.9)
Hence
2" P(x
|Plla)l=an [] (1 —ai)l <2%an [] o —ail = 2| P@)
2<i<n 2<i<n [z — o
and the result follows. ]

Lemma 1.3. Let x € Sp(ay) where vy is a root of order s of the polynomial

P, an integer polynomial of degree n. Then

s

|z —ay| <275 (

P(@)llan| ™ TT len —as ™)', (1.10)

j>s+1

10



Proof. Again, as the proof is short it is included for convenience. Since

x € Sp(ay), using (1.9)
log — | < 2|z — o], 2<j5<n.

Then from the decomposition P(x) = a,(z — a1)*(x — asyq) ... (x — ) we

obtain

o — | = |P(@)[(lan| [] |z —as)™" <2°7|P(@)lJan ™" [T leu —ayl™

j>s+1 j=>s+1

and the result follows directly. 1.

Lemma 1.4. Suppose P € Q[z] is an irreducible polynomial over Q. Then

P does not have repeated roots in C.

Proof. Suppose P € Q|x] is irreducible over Q, but has a repeated root

f € C. Consider the derivative P’ of P. Clearly P’ € Q[z]. Since P is

irreducible and P’ has degree less than P, it must be that P and P’ are

coprime. Thus, by Euclid’s algorithm there exist polynomials, S and T in
Q[z] such that

S(z)P(z) + T(x)P'(z) = 1. (1.11)

However, 5 € C is a repeated root of P. Thus
P(z) = (z — B)*G(=),
where G(z) is a polynomial with coefficients in C. Differentiating we see that
P(z) = (v = B)’G'(z) + 2(z — B)G(x).

It is clear that P(3) = P'(8) = 0. Substituting § for x in (1.11) gives a

contradiction. O

11



1.4 Definition of p-adic numbers and intro-

ductory concepts

The p-adic numbers were first described by Kurt Hensel in 1897 [59]. A
comprehensive introduction to the p-adic numbers can be found in many

texts; see [b5] for example.

Definition 1.1. Fiz a prime number p. A p-adic number is defined as

w = Z cp" (1.12)
where ¢ € {0,...,p— 1}.

. . . !
Every non-zero rational can be expressed uniquely in the form p™a where
! . . .
m € Z and a is a rational number whose numerator and denominator are

coprime to p.

Using this, the p-adic metric is defined below. The notion of ‘distance’
in this metric measures how many times p divides either the numerator or
denominator of a € Q. Before defining the metric, the concepts of valuations

and absolute values, in a p-adic sense, must be introduced.

Definition 1.2. A valuation v, : k — R U {oo} is a function from a field k

to the extended real line such that
i) vplab) = uvp(a) + vy(b);
ii) vpla+b) > min(u,(a),u,(b)):
i) v,(0)  =o0.
An immediate consequence of i) above is that v,($) = vy(a) — v,(b).
Definition 1.3. Fix a prime number p € Z. The p-adic valuation on Z is

the function

v, Z\{0} - R

12



where v,(n) is the unique integer satisfying
n = p*™n/ with p tn'.
This can be extended to the rationals; if a = p"% € Q and p does not divide
uv then vy(a) = n.
Definition 1.4. An absolute value is a function | .|, : k — Ry such that

i) x|, =0 if and only if v = 0;

i) ‘xylp = |$|p|y‘p
and either

iiia) |7 +ylp, < |zl + |yl or
itiy) |z + yl, < max(|x|p, |yl,) hold.

Definition 1.5. For x € Q, the p-adic absolute value of x is
|x|p = p_vp(m)
for x # 0, and we use the convention |0}, = 0.

If two absolute values define the same topology they are said to be equivalent.

Definition 1.6. The p-adic field is the completion of Q with respect to the

p-adic metric.

Theorem 1.2 (Ostrowski). FEvery non-trivial absolute value on Q is equiv-
alent to one of the absolute values | |,, where either p is a prime number or

p =o00. The case p = oo corresponds to C.

13



1.4.1 Hensel’s Lemma

The Theorem known as “Hensel’s Lemma” describes one of the most impor-
tant algebraic properties of the p-adic numbers. Basically, it says that in
many circumstances one can decide quite easily whether a polynomial has
roots in the set of p-adic numbers, Q,. The test involves finding an “ap-
proximate” root of the polynomial, and then verifying a condition on the

derivative.

Theorem 1.3 (Hensel’'s Lemma, [27], Page 134, Lemma 6.17). Let P be

a polynomial with coefficients in Zy, let xo € Zy and |P(xq)], < [P'(20)l2.

Then as n — oo the sequence

. _ P($n>
T Py

tends to some root w € Q, of the polynomial P and

| P(20)]p

0 < 1.
| P (o) [3

lw — 370|p <

1.5 Measure and dimension

1.5.1 Hausdorff dimension and measure

A more refined measure than the Lebesgue measure is frequently required in
the investigation of number theoretic problems. For example, the Liouville
numbers are of Lebesgue measure zero, as is the set of very well-approximable
numbers (which are defined in 1.8). It is known that the set of Liouville
numbers is a strict sub-set of the set of very well approximable numbers but

Lebesgue measure cannot distinguish between the size of these sets.

14



The Hausdorff dimension which was introduced by F. Hausdorff in 1912, is
sufficiently refined to distinguish between the two sets used in the example

above.

Definition 1.7 (Hausdorff Dimension). Let E be a set in R" and s a non—
negative real number. Given 6 > 0, a d—cover of E is a countable collection
of sets C;, each with diameter less than d, such that E C UX,C;. Define
Hi(F) = inf Z (diam C;)®
CieC
where the infimum is taken over all é—covers of E. The Hausdorff outer

s—measure H*(E) is lims_,o Hi(F) and the Hausdorff dimension dim E is
defined as

dim F = inf{s : H*(E) = 0}.

Further details can be found in [27, 53]. Diagrammatically, the graph of

measure against dimension can be represented as follows:

H(U)

o0

0 dim s

So at the Hausdorff dimension s, the measure changes from oo to 0.

15



1.5.2 Borel-Cantelli Lemma

The Borel-Cantelli Lemma is an important tool in proving many Theorems in
metrical Diophantine approximation. For convenience the convergence half

is stated and proved here.

Lemma 1.5 (Borel-Cantelli). Let (2, ) be a measure space with u($2) finite
and let A;,j € N be a family of measurable sets. Let

A ={w e Q:w e A; forinfinitely many j € N},
and suppose the sum
> (4)) < oo (1.13)
j=1

Then p(Ax) = 0.

Proof.
It is readily verified that A, can be written as

A=A

n=1j=n
or

As = limsup A;.

Clearly A, is measurable since it is a countable intersection of measurable

sets. We have

plAs) < () 4)

for every n > 1. Hence

plAx) <3 p(4) (1.14)

16



for every n > 1. As the sum converges, the right hand side can be made

arbitrarily small by taking n sufficiently large. Thus
f1(As) =0 (1.15)

as required. O

1.5.3 Well-approximable numbers and regular systems

Diophantine approximation began as a study of how closely real numbers
could be approximated by rational numbers. Classical results arising from
this study have been generalised to approximation by algebraic numbers and

Diophantine approximation on manifolds.

Definition 1.8. A number x is said to be very well-approximable if there

exists a positive real number ¢ > 0 such that,

1
q2+5

22| <
q
for infinitely many rational numbers g.

A more general error function ¢ defines the set of y-approximable points

as follows:

Definition 1.9. The set W(m,n,v) of y-approximable points x € R™ is

defined for a positive valued function 1 as,

W(m,n, ) ={X e R™ : |gX — p| <¥(lq|), forim. g€ Z",p € L"}.

Here X is an m x n matrix, q is a row vector, p is a column vector, and

is the approximating function. If ¢ is of the form
wr)=r"—",7>0

17



then the set will be denoted by W (m,n,7), and referred to as the set of

T-approximable points.

In [3] Baker and Schmidt introduced the idea of regular systems and
proved the regularity of real algebraic numbers of given degree. This allowed
them to obtain the lower bound for the Hausdorff dimension of the set of real
numbers which are approximated by algebraic numbers with a given order
of approximation. A regular system will now be defined and will then be

referred to in Chapter 5.

Definition 1.10. Let ' be a countable set of real numbers and N : I' — R
be a positive function. The pair (I'; N) is called a regular system if there exist
constants ¢; = ¢1(I', N) > 0 such that for any interval I C R there ezists
a sufficiently large number Ty = To(I', N,I) > 0 such that for any integer
T > Ty there exist y1,%v2,...,v in I'N I such that

N(v)<T; 1<i<t
i =yl >T7Y 1<i<j<t (1.16)
t>01‘[’T

. . . . . . 1
Given a function ¢ : R* — R*, monotonic decreasing, with ¥(r) < 5-

for large r, and a set
_ . p 2 . p
A(T,N,¢),=¢eR: |§—5<¢(q ) for i.m. 5€I’,

modifying Lemma 1 from [3], Rynne [80] showed that a lower bound for the
Hausdorff Dimension of A(T', N,1)) can be established.

Theorem 1.4 ([80]). Suppose that the system (I',N) is reqular. Let 1 :
R* — R* monotonic decreasing, with ¥ (x) < % for large x. Let sq =

sup s : limg o 20(x)* = 00, then

dim A(T", N, ¢) > sq.

18



In [3] Baker and Schmidt showed that the set of rational numbers £, ged(p, ¢) =
1, together with the function N (g) = ¢? is a regular system. Further results
will be discussed in Chapter 2. Regular systems will also be used in Chapter

5 and the relationship between the interval I and 7y will be investigated.
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Chapter 2

Historical overview

2.1 Introduction

The history of Diophantine approximation is well recorded in general num-
ber theory texts such as Hardy and Wright, [57] which cover the classical
results of Gauss, Dirichlet, Liouville and Kronecker. Dedicated books on the
topic have also been written, such as Cassels’ tract [40] with an emphasis on
rational approximation to a single real number and simultaneous rational ap-
proximation, and other specialist books such as [58] in which is discussed the
general metric theory of Diophantine approximation, and Bernik and Dod-
son’s book, [27] where the metrical theory of approximation on manifolds
is considered. Bugeaud [35] has also written on the topic, but focuses on
approximation to algebraic numbers. Waldschmidt [88] recently published
a comprehensive overview of the recent developments in metric Diophantine
approximation. Related topics in number theory such as continued fractions,
the geometry of numbers and p-adic number theory are important tools in the

investigation of problems in Diophantine approximation, and have numerous

20



texts available, for example [40], [55], [57], [58], [60].

The relationship between real numbers = and rationals § is well under-
stood. When x is algebraic, the T-approximable theory is essentially com-
plete, through many classical results which stem from Dirichlet’s result (1.1),

culminating with the results of K.F. Roth [79].

Theorem 2.1 (Roth). Let a be a real algebraic number and let € > 0. Then

there are only finitely many rational numbers §, q > 1 such that

1
q2+€ :

EHE
q

Another approach is to investigate relationships which hold for almost
all numbers, which started with Khintchine [65] and evolved into the theory
of metric Diophantine approximation. In metric Diophantine approximation
the solution sets of Diophantine inequalities is considered in terms of the
measure on that set. If a set X has measure 0, it’s complement X is said to

have full measure, and almost all points of the solution set lie in X©.

Khintchine’s famous result states that given a decreasing function (q)
then for almost all x the inequality

v(a)

22| <
q q

has at most finitely or infinitely many solutions § depending on whether the

sum »_ 2, ¥(q) converges or diverges.

Theorem 2.2 (Khintchine). Let 1) : RT — Rt be a function such that i is
decreasing. Then the Lebesgue measure |W ()| of W () satisfies

0 dif >2,9U(r) < oo,

(W) = e
full if Y72 (r) = oo.

21



In 1931 Jarnik published a refinement of Khintchine’s Theorem [61] where

the Lebesgue measure was replaced with the Hausdorff f-measure, H/.

Theorem 2.3 (Jarnik). Let f be a dimension function such that r— f(r) —
oo as T — 0 and r~1 f(r) is decreasing. Let v be a real positive decreasing

function. Then

0 of Y2, rf(¥(r) <o

W W () = b
0o if Y, rf((r) = o,

where m(w(v)) denotes the Lebesgue measure of the t-approximable

numbers.

After rational approximation to a single number, one may investigate
the algebraic approximation properties of real or complex numbers. In this
context, the problems may focus on either the distance |z—a| between a given
real or complex number z, and algebraic numbers «, or on the size of |P(z)|
where P is a non-zero integer polynomial. The two different perspectives give

rise to two different classifications of the real numbers.

For a real number x, a given positive integer n, and a real number H > 1,

Mahler [72] defined the quantity,

wy(z, H) := min{|P(z)| : P € Z[z], H(P) < H,deg(P) <n, P(x) # 0}.

(2.1)
Let
wn(a) = limsup 10%(:;“57 ") (2.2)
and
w(z) = limsup wn_(:c) (2.3)
n—+00 n

Thus w,(x) is the largest real number w for which there exist infinitely many

22



integer polynomials P of degree at most n satisfying

0 < |P(z)| < H(P)™. (2.4)

With this notation, Mahler set up the following classification of the real

numbers:
Definition 2.1 (Mahler). Let x € R. Define x to be an

A — number, if w(z)=0;
S — number, if 0<w(x) < +oo;
T — number, if w(x) =400 and w,(r) < 400 for any n > 1,

U — number, if w(x)= +oo and w,(x) = 400 for any n > ny.

In 1962, Sprindzuk [85] extended this classification to the complex numbers.
Let ¢ € C and define

wn(C, H) :=min{|P(¢)] : P € Z[X], H(P) < H,deg(P) <n, P(¢) # 0};

1

log log(—7)
(¢, H) = limsup ()
n—-+4oo log n

and

w(¢) = supw(¢, H).

H>1

If w(¢) = +o0, then let Hy denote the smallest integer such that w((, Hy) =
+o00. If no such Hj exists, define Hy to be +00. Next, let

~ 1 _1ngn(<7H)
(¢, H) = lzniiip TSR
and
(¢, H)

v, = lim su .
M(g) H—H—of og H

Using these, he gave the following definition

23



Definition 2.2 (Sprindzuk). A complez number C is defined as an

A —number if w(¢) <1 orw(¢) =1 and u(¢) = 0;

S —number  if 1 <w(() < 400 orif w(() =1 and a(¢) > 0;
T — number  if w(¢) = 400 and Hy(¢) = +o0;

U — number if (¢) = +oo and Hy(¢) < 4oo0.

Both classifications given by 2.1 and 2.2 are based on two parameters, the
degree and height of the polynomial, and both parameters approach infin-
ity. The differences between the classifications relate to the implementation
where Mahler first let the height H approach infinity and then the order n
of the polynomial. Sprindzuk’s approach was to let the order of the polyno-
mial approach infinity before the height of the polynomial. Sprindzuk also
established [83] that the A — numbers are precisely the algebraic numbers.

In 1932, Koksma proposed an alternative classification to Mahler’s that
preceded Sprindzuk’s. Koksma’s classification of numbers is based on the
idea of approximation of a real number £ by algebraic numbers. For a given
positive integer n, and a real number H > 1, the value w} is defined as the
distance of the closest algebraic number to £ of degree less than n and height

less than H, i.e.
wr (&, H) = min{|{ — o : a real algebraic, deg(a) < n, H(a) < H, v # &}

Here, H(«) denotes the height of the algebraic number, which is the maxi-

mum coefficient of the minimal polynomial of a.

If
. —log(w;, (£, H))
* — 1 n
wy,(§) i sup og
and
w*(§) = limsup w"—®,
H—o0 n
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then w}(§) is the supremum of the real numbers w for which there exist

infinitely many real algebraic numbers « of degree at most n satisfying

0<[6—al<H(a) ™™ (2.5)

The relationship between Mahler’s and Koksma’s classifications is discussed
in Section 3.4 of [35], and Sprindzuk’s classification in Section 8.1 of the same

book.

Algebraic and polynomial approximations are closely related. It is well
understood that the value of an irreducible polynomial close to an algebraic
number ¢ has a small value, and also that a polynomial taking a small value at
(, is likely to have a root close to . This relationship is not fully understood
yet however, and specific problems of this nature are investigated later in the

thesis.

2.2 Polynomial and simultaneous approxima-

tion to a single number

A simple application of Dirichlet’s box principle yields the existence of poly-

nomials with small values at a given real point. For example:

Lemma 2.1 ([35] Lemma 8.1). Let & be a complex number, n be an integer
with n > 2 and H be a real number. Then there exists a positive constant c,
depending only on &, such that for any sufficiently large H there is a non-zero

integer polynomial P with degP < n, H(P) < H, satisfying |P(§)| < H".

There are variants and special cases of this Lemma. The fact that the expo-

nent n above cannot be improved was shown by Sprindzuk [85] who proved
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that for each £ > 0 there are only finitely many non-zero integer polynomials

of degree at most n satisfying
[P < H(P)™* (2.6)

except on a set of Lebesgue measure zero.

For each real number £ two exponents wy,(£) and @, () are defined: w,,(§)
is defined in (2.3) above and @, (&) is a generalisation of w(§) where H™¢ is

replaced with N~ for N > 1.

From Lemma 2.1 it follows that for any n > 1 and for any £ € R, which

is not algebraic of degree < n,

In fact in [85] Sprindzuk proved that

Theorem 2.4. For all real numbers &,

n < wn(§) < wn(8) (2.8)
and for almost all real numbers &

n = wn(§) = wn(§) (2.9)

for alln > 1.

If ¢ is an algebraic irrational, Schmidt [82] proved

Theorem 2.5. Let n > 1 be an integer and let & an algebraic number of

degree d > n. Then
wn(£) = @n(§) = n.

Finally, Davenport and Schmidt [41] proved
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Theorem 2.6. For any real number & which is transcendental or algebraic
of degree at least n + 1,
n(§) <2n—1.

2.3 Metrical results on polynomial curves.

In 1932 Mahler [72], following his fundamental study of the theory of tran-
scendental numbers, formulated the conjecture that for any € > 0 the in-
equality

|P(z)| < H(P)™"¢ (2.10)

has at most a finite number of solutions in integer polynomials P of degree n
for almost all z € R, where H(P) is the height of P. This famous conjecture
motivated a lot of research which developed both the theory of transcen-
dental numbers and metric Diophantine approximation on manifolds. Some

important results are described below.

2.3.1 Results connected to Mahler’s conjecture.

In 1980, Bernik [19] proved certain conjectures posed by Sprindzuk ([85, pp
159-160]), while proving Mahler’s conjecture. Sprindzuk asked three ques-
tions which are described below. Let v(£2, s, ..., €2,) denote the supremum

of the set of numbers v such that

la1 0 + ... 4+ a, 2| < HY, where H = max(|ay],. .., |an]).
Problem A. Let mi,ms,...,m, be distinct natural numbers. Let w be
a transcendental number and let v,(w) be the function v(2y,,...,8,)
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defined above, with the parameters
D =w" Qy=w", ..., Q, =w".

Does the equation v,(w) =n, (n =1,2...) hold for almost all real w regard-

less of the choice of the numbers my, mo, ..., m,?
Problem B.1. Let ny,ns,...,n; be arbitrary natural numbers; w; be tran-
scendental numbers for i = 1,..., k and let v, (wy,ws, ..., wx) be the function

v(2,Q,...,Q) defined above, with §; = wij for 7 = 1,2,...,k where

11,19, . .., 1 satisfy the conditions
Oéilgnl, 0§i2§n27..., Oszkgnk

with iy +io+ -+ 4+ip #0. Let n = (ny + 1)(na+1)...(ng + 1) — 1. Does

the equation

v(wi, ... W) =N
hold for almost all w regardless of the choice of numbers nq,ns, ..., 1?7
Problem B.2.Let m be an arbitrary natural number and let v, (w1, wo, . . ., wk)

be the function v(£2,Qy, ..., Q) defined above, with
Q=i Wik (j=1,2,...,k)
where 11, ..., 1 satisfy the conditions
0 iy +iy+...+ix <m, withi; >0,5=1,...,k
Let n = (m,jk) — 1. Does the equation

v(wi, .. W) =N

hold for almost all @ = (wy, ws, ..., wk)?
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Further work to [19] gave rise to generalisations and applications [49],[78].
In 1989 V. Bernik [22], in considering these problems, established a general-

isation of Mahler’s question.

Theorem 2.7 (Bernik 89). Given a monotonic function ¥ : N — RT such

that .
> w(h) (2.11)
h=1

converges, then for almost all ¢ € R,

|P(¢)| < H(P)™""'U(H(P)) (2.12)

has only finitely many solutions in P € Z[z| with degP < n.

For n = 1, Theorem 2.7 is equivalent to Khintchine’s Theorem and the
divergence case holds as well as the convergence case. The divergence case

for any n was established by Beresnevich [8] who showed that if
> w(h) (2.13)
h=1

diverges, then for almost all real &, (2.12) has infinitely many solutions P €

Z[z] with degP = n.

2.4 Metrical results on manifolds

Many of the metrical results concerning polynomials have been generalised to
manifolds. In their book in 1999, Bernik and Dodson [27] influenced research
on Diophantine approximation on manifolds. This text was in turn, an ex-
tension of Sprindzuk’s book [86] which gave the first systematic account of

the then emerging theory of metric Diophantine approximation on manifolds.
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Many results in Diophantine approximation such as Khintchine’s Theo-
rem are of a metrical nature, that is they hold on a set of full or zero measure.
As embedded manifolds are of measure zero in the ambient space R, it is
appropriate to work with the relative measure induced by the manifold. For
any S C M, the induced Lebesgue measure of S relative to M will be denoted
by |S].

The set S, (M) of simultaneously 7—approximable points lying on an m—

dimensional manifold M embedded in R"™ is defined by
Sr(M) ={xe M :||gx|| <|q|”" for infinitely many ¢ € Z},

ie. S;(M)= MAOW(,n,7). There is a natural dual to this set, namely
L.(M) where

L. (M)={x¢€ M :|lqx|| <|q|™" for infinitely many q € Z"}.

Obviously any element of Q™ lying on M is in S, (M) for all 7. Correspond-
ingly, the intersection of M with a rational hyperplane given by the equation
q.x =p (for p € Z and q € Z™) is contained in L.(M) for all 7. Any other
points in either S; (M) or L.(M) lie “close” to infinitely many of these points

or planes.

A manifold M embedded in R" is said to be extremal if |S,(M)| = 0 for
7 > 1/n or equivalently (using Khintchine’s Transference principle [27]) if
|L;(M)| =0 for 7 > n. Manifolds satisfying various geometric, analytic and

number theoretic properties have been shown to be extremal.

Using trigonometric sums, Sprindzuk proved the following Theorem on

extremal manifolds [85].

Theorem 2.8. Given integers m,n, 1 < n < m, let Q be a domain in R™,
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and let f; = fi(t1,....tm) : Q@ = R (1 < j < n) be real functions defined on
Q that satisfy the following conditions:

0% f;
Ot; 0ty

a) The partial derivatives are continuous in Q (1 < j <n, 1<
ik <m);

b)The Jacobian

2f, )
det J 0
<8ti6tk 4,k=1,2,...m 7&

almost everywhere in €2;

¢) Every linear combination

anl ann
onot, T ot or,

¢(tk) =

with ¢; € 7, is locally monotonic. If the conditions a), b) and c¢) hold then
the manifold T containing the set of points (t1, ..., tm, f1(t), ..., fu(t)) is ex-

tremal.

A more general result is due to Kleinbock and Margulis [67] who proved
that a non-degenerate manifold is extremal. This has been extended by
Kleinbock to a larger class of manifolds in [66]. Non—degeneracy is a gen-
eralisation of the idea of non-zero curvature and means that for almost all
points on the manifold there exists [ € N such that the partial derivatives of
an appropriate parametrisation up to order [ span R™. If the error function
q~" is replaced with a general non—increasing function ¢ then the dual set
is denoted L,(M). It has been shown (see [10, 14, 28]) that for any non-
degenerate manifold M the set L,(M) satisfies a ‘zero—one’ law. That is,
depending on the divergence or convergence of a certain sum, the set has full

or zero Lebesgue measure respectively. (This proves the Baker—Sprindzuk

conjecture.)
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One would expect that as 7 increases the size of the sets L, and S;
should decrease and this leads naturally to questions concerning Hausdorff
dimension in the case of zero Lebesgue measure. It was proved by R. C. Baker
in [5] that for any planar curve C' with non-zero curvature everywhere except
on a set of Hausdorff dimension zero, the Hausdorff dimension, dim L. (C) of

L.(C)fort>2is
3
T+1

(When 7 < 2, L,(C) = C by Dirichlet’s Theorem.) In higher dimensions,

Bernik [20] obtained the Hausdorff dimension 24 for L(C') when C' is the

dim L,(C) =

Veronese curve, V,, = {(z, 2%, ...,2") : x € R}. Also, the Hausdorff dimen-

n+1

] for m—dimensional C® manifolds

sion of L.(M) was shown to be m —1+
M with m > 2 on which there are two non—vanishing principal curvatures
except on a set of Hausdorff dimension m — 1 [46]. This dimension is a
lower bound when M is extremal and C' [44]. The upper bound is still an
open question. On the other hand, very little is known about the set S, (M)
although there does exist a Khintchine type Theorem for 2-convex C* mani-

folds [47] and an asymptotic formula holds under fairly restrictive curvature

conditions [48], for further details see [27].

In 2006 [15] Beresnevich, Dickinson and Velani refined the requirements
on Khintchines’s Theorem [65], allowing the removal of one condition on the
error function, ( that z — W(z) is decreasing). In the same paper they also
established Khintchine-type results for the Hausdorff measure of the lim-sup
sets

Ks(¥) = limsup{{ € E : [§ — oy < ¥(j)} (2.14)

J—r+oo

where § = (o) is an optimal regular system on E, a bounded open real

interval.
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In [17] Beresnevich and Velani established a general inhomogeneous mass
transference principle allowing results on the Hausdorff measure of Diophan-
tine approximation problems to be inferred from similar results regarding the

Lebesgue measure.

Subsequent to this, in 2007, Beresnevich, Dickinson and Velani proved

the following Theorem in [16]

Theorem 2.9. Let ¢ : N — (0,00) be monotonic. Let T' be a C? planar
curve with non-vanishing curvature, defined on a bounded domain, i.e. has

finite length L. If

Ax(¥,T) = {(z,y) € I' : max{{|qz|], [lqy[} < ¥(q) holds for i. m. q € N},
(2.15)

then the length |As(¢,T)| of A2(¥,T) satisfies

0 if X2,h(h) < oo
L if X952, hp(h) = oo.
For sufficiently large 7 there also exist results for the unit circle centred
at the origin [42], the parabola [9] and quadric surfaces [50]. Unlike R. C.

Baker’s result [5] which holds for all polynomial curves in R? there is no

single formula for all 7 > % for the Hausdorff dimension of S, (M).

2.5 Results in the p-adic metric

In 1932 Mahler [72], following his fundamental study of the theory of tran-
scendental numbers described above, also proposed a classification of p-adic
numbers that coincides with the classification (2.1) above but where z is in

Q, rather than R. This is discussed extensively in [35, Section 9.3].
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In 1945 Jarnik [63] proved a p-adic generalisation of Khintchine’s Theorem
[65], and in 1955 Lutz [71] extended Jarink’s result to systems of Linear
forms. In 1965 Sprindzuk [84] also considered the p-adic analogue of Mahler’s

conjecture and proved the following Theorem:
Theorem 2.10 (Mahler-Sprindzuk). The inequality
P, < H(P) "

has only a finite number of solutions in rational integer polynomials P of
degree n for almost all w € Q,.
For general n, Bernik, Dickinson and Yuan [26] proved the p-adic inhomoge-
neous analogue of Theorem 2.10. They showed that:
Theorem 2.11. For any d € R,

|P(w) +d|, < H(P) " '°¢ (2.16)
has only a finite number of solutions in rational integer polynomials P of

degree n for almost all w € Q.

In 2006, using the ubiquity frameworks constructed in [15] Beresnevich,
Dickinson and Velani were able to establish the p-adic equivalent of the earlier

results established by Dickinson and Velani [45] discussed above.

2.6 Summary.

This brief overview of the development of the theory of metric Diophantine
approximation contains essential results that are used in the following chap-
ters. The development of these results however also provide many of the

tools and techniques that are used in obtaining the results that follow.
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Chapter 3

On simultaneous rational
approximation to a p-adic

number and its integral powers

3.1 Introduction

This work on the Hausdorff dimension of p-adic approximable numbers on
polynomials was undertaken during a visit to the Institut de Recherche
Mathématique Avancée, Université de Strasbourg, in January 2010. Support
for the visit was provided by a Ulysess grant, and the material presented here

forms part of a paper published in the Edinburgh Math. Journal, [33].

For a positive integer n and a p—adic number w, let A,(w) denote the
supremum of the real numbers A such that there are arbitrarily large positive
integers ¢ such that ||qw||,, ||qw?||,, - .., |lqw"||, are all less than ¢~*. Here,
||z||, denotes the infimum of |x —n|, as n runs through the integers. The set

of values taken by the function A, was studied in [33].
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Some Lemmas that are important in the development of Theorem 3.2 below
are stated first. These were first published in [43], and as the approach used
is informative for the proof of Theorem 3.2, they are also proved here for

convenience. Some definitions are needed:

Definition 3.1. Let I' = {(z,y) € [0,1] x [ : y = P(x)} where P is an nth

degree polynomial and I C R is some suitable interval.

Let
w(a) =sup(r:a € W(1,1,7)).
Hence, if 7 > w(a), then oo ¢ W(1,1, 7).

Now define I'(«), and S;(I'(«)) as

P(a) ={(z,y) €[0.1]" 1y =2 + a},

and

S-(T()) = {(w,9) € T(0) : [o T} < g7

Yy — f‘ < q Tfor im. p,q,r € Z}
q
Lemma 3.1 ([43]). Assume 7 > 1.

S;(T(a)) =0 for T > 2w(a) + 1.

Proof. Let (z,y) € S;(I'(«)), so that there exists p,e > 0 where

a::E%—e
q
r
y=-—+p
q

p

where ¢ = £(£) and p = p(7), and £,p = O™

, for infinitely many

p,q,r € Z. Then

2
r
—+p:p—2+251—)+62—|—a.
q q q
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Hence

(-7)

)

which is impossible for infinitely many p,q,r € Z if 7 > 2w(«) + 1, and the

¢a—rq+p* =0((q)

result follows directly. O

The ideas from Lemma 3.1 were subsequently generalised, and then used in
[32] to prove a more general result, to calculate the Hausdorff Dimension of

the set of simultaneously 7-approximable points on polynomial curves in R"™.

Let
I'={(z, Pi(z),...,Pr1(x)) e R" : P; € Z[z]}

be a polynomial curve in R". Let d; = degP; and let d = max;—;__,—1 d; then
for polynomial curves and more general polynomial surfaces the following

Lemma, originally proved in [32] applies:
Lemma 3.2. Let I" represent any polynomial curve or surface of the form
F={(x,y) e R" xR"™:y; = Pi(X), ..., Yn-m = Prnm(X)}

where P; € Z[x]. Let d; = degP; and assume without loss of generality that

d <dy <---<d,_,, =d. Define
SA(T) ={(x) €T :|lgx|| < |q|"" for infinitely many q € Z}.
Let (x,y) € S:(I'). If

|Dx; —t;| < D77 and |Dy; —rj| <D™

fori=1,....m,j=1,...,.n—m, 7 >d— 1, D a sufficiently large integer
and t;,r; € Z, then the point (%, cee %m, B “ﬁm) lies on T.
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Proof. Let (x,y) € I'so that y; = P;(x), j=1,...,n—m. If (x,y) € S-(')
then

lzi —t;/D| < D7 for i=1,....,m
lyj —r;/D| <D for j=1,...,n—m.

Hence, x; —t;/D = ¢; and y; — r;/D = n; for some ¢; and n; with |g;|, |n;| <
Dl Let e = (e1,...,6m). As

y; = Pj(x)=P;j(t/D+¢e)for j=1,...,n—m

it follows that

% =P <%) + R;(e)
where R;(e) = O(|e|) is the sum of the remaining terms. Multiplying through
by D% where d; is the degree of P;, gives

ry D!+ DYy = DY P(6/D) + DY O(le])
so that
Ir; D%~ — D% P;(t/D)| = |D%O(|e|) — D%n;| = O(D%1)

and the LHS is an integer. For sufficiently large D the RHS is less than 1
which implies that the LHS must equal zero. Therefore

T’j t
5 (5)

and the point (t/D,r/D) lies on I" for 7 > d — 1. O

With this Lemma, the authors were then able to prove the following Theorem.

Theorem 3.1. For 7 > max(d — 1,1) the Hausdorff dimension of S;(I') is

2

dim S, (") = m
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Theorem 3.1 was proved by obtaining the upper and lower bounds separately.
The upper bound were found using covering and counting arguments and the
lower bound by adapting the classical set of well approximable numbers. The

latter is not best possible for 7 < d — 1, but holds for all 7 > 2/d — 1.

Define the curve I' C Z2 as I' = {(w,w?,...,w") € Zp}. The set of
points (w,na, ..., n,) € I' which satisfy the inequalities |quw —r|, < |g,r, t|™7
and |gqn; — til, < |g,r,t|™" for infinitely many ¢, € Z and t € Z"' will be
denoted by W, (I').

Theorem 3.2. Let n > 2 be an integer. Then,

2
dim W, (') = =

nt
Theorem 3.2 is a p-adic analogue of Theorem 3.1, and quite similar to
that of Theorem 3.1. The proof of Theorem 3.2 is restricted to the Veronese
curve as opposed to more general integer poloynomial curves. It is expected

that the proof also holds for general integer polynomial curves.

3.2 Proof of Theorem 3.2

We will use the notation |a, b, c| to denote the maximum of |al|, |b| and |c|.
If a is a vector then |a| is the maximum of the vector entries. To prove
the Theorem, it is first necessary to determine the Hausdorff dimension and
measure of W (I'). The proof relies on the following Lemma which shows
that if (w,m) € W,.(I") then the rational approximants (r/q,t/q) also lie on

I' for 7 sufficiently large. This Lemma is a p-adic version of Lemma 3.2.

Lemma 3.3. Let (w,n) € W.(I') so that there ezist infinitely many D,r € Z,
t € Z" ! such that |Dw —r|, < |D,t,r|"" and |Dn; —t;|, < |D,r,t|"". Then
(r/D,t/D) eT.
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Proof. Let (w,n) € W,(T'). Hence n; = w' and there exist integers ¢;, r and

D such that |Dw —r|, < |D,t,r|"" and |Dn; — t;|, < |D,r,t|"". Therefore,
lw —r/Dl|, < |D,t,7|7"|D|;* and |n; — t/Dl|, < |D,t,r|77|D|;" and there
exist €1,...,6, € Qp, such that w — r/D = ¢; and n; — t;/D = ¢; for
i=2,...,nwith |, < [D,t,r|77|D|;'. Then,

ni=t;/D+e =w' = (r/D+e) = (r/D) + R(e)

where R is a polynomial with each term containing ;. Hence, t;/D —

(r/D)* = R(g;) — &; so that
D' 't; — D'(r/D)" = D"(R(&1) — ;).
Clearly |R(e1)]p < le1]p, < [D,t,7|77|D|;*. Thus,
|\D""'t; — D'(r/D)"|, < ]D|;;1|D,t,r|77.

The LHS is a rational integer and therefore has a finite p—adic expansion.
Thus, if 7 is sufficiently large then the LHS will be zero. Let o be the
largest power of p occurring in the p-adic expansions of r,t and D. Then the
maximum power of p in the p-adic expansion of D"'¢; is icv. Similarly, the
maximum power of p in D'(r/D)" is ia. Note that |D,t,r| < p* so that if
7 > n, we have |D,t,r|77|D|, < p~™* which is enough to prove the Lemma.

O

The proof of the Theorem also uses the following Theorem from [15]. This
Theorem, which is the p-adic analogue of the main result in [45], is the p-adic

equivalent of a generalised Jarnik Theorem 2.3.

Theorem 3.3 (Theorem 16, [15]). Let f be a dimension function such that

r=™f(r) — oo asr — 0 and r~"" f(r) is decreasing. Furthermore, suppose
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that r=(m=1" £ (1) is increasing. Let 1) be a real, positive, decreasing function.

Then

0 if 3272 f(r)i(r)" DTl < oo

0o if T S()b(r) Dt = o
(3.1)

H(Wy(m,n, ) =

Now the structure of W is considered. Define the point P, as

n n—1 n

r r T
prq:(f,...,_) - ( q _)

q qr qr q"

If the highest common factor of » and ¢ is 1 then the common denominator

of P, is ¢". Let h = (r,q) with » = rh and ¢ = ¢;h. Then

—1 n
rq; Ty
PTq:< q? ,...,@)—Prlql.

We may therefore assume without loss of generality that (r,q) = 1. If
= = (w,mg,...,n,) € W,(I') and 7 > n, then = must be approximated

by infinitely many points P,, with (r,¢) = 1 and must satisfy the inequalities

‘qnf _ rqn71|p < |qn’7ﬁnlfﬂ'7

’qnn2 . 7,2qn72|p < ‘qn’,r,nlfﬂ-’ o

g™ — "], < "7

The proof of the Theorem now follows that in [32]. First, we move from the

set W.(I') to the set

Vo(T)={¢erl:({n) e W, ()}

For all € Z,,

61 — &al, = max |} — &,
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for all i = 1,2,...,n. Thus, there is a bi-Lipschitz transformation between
any ball B({,r) C Z, and the image of that ball on I'. To determine the
Hausdorff dimension and measure of W, (I") it is therefore enough to find the
Hausdorff dimension and measure of V.(I'). It can be readily verified that

the inclusions

Nv=1 Ursn Ujgri= B(r/a, ", q"|77) C V2(I') C
Nzt Usn Ugrizr B(r/a, 7", q"[""lg", ")

hold. (Note that |D|;' > 1.)

(3.2)

The fact that dim W.(I') > dim V;(T') > 2 and the fact that the Hausdorff
2/nT measure is infinite follow directly from Theorem 3.3 by putting ¢ (r) =
r~"" and f(r) = r®. It is therefore only necessary to prove the upper bound

for the Hausdorfl dimension.

Lemma 3.4.

dim V,(T) < 2,
nr
Proof. Using the RHS of (3.2) gives a cover of V,(I") for each n so that

HVD) < Y > Tl

k>N r,g:max(r,q)=k

< Z Z |rn’qn|—‘rs‘qn’p—s+ Z ‘rn7qn’—75’qn|;s

k>N \ r,g:max(r,q)=q=k r,qg:max(r,q)=r=k
k
< Z (kkn‘rslk,‘pns + k*fnsz |q‘pns) )
k>N q=1

Consider the second sum k77" 2521 g™ first and choose a be such
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that p* < k < p®*1. Then, as |k|, = 1 if p does not divide k, we have

k
Zm’;ns _ Z 1+ Z pns++ Z pcms
q=1

q<k,pYq q<k:p|q and p? Jq q<k:p*|q
k ns k 2ns k ans
< k+-—p + 5D +---+—ap
p p p
< k,zpi(ns—l) <k
i=0
for s > % and 7 > n > 2. Now, using the same arguments consider the first

sum ), kE7"7|k[ " to obtain

Zkk—n75|k|gns < Z kl—nrs+ Z (p,r)l—nrspns_{_ Z (p2r)1—n7'sp2n5_‘_.”

k>N E>N:plk r>N:p)r r>N:pJr
0o
< E k,l—nTs E pi(l—i-ns—nTs) )
k>N =0

The last geometric series converges if s >

For 7 > n > 2 it is easy to

nr—n’

1

nr—mn’

show that % > Thus if s > % then both the sums converge which is

enough to prove dim W,(T') = dim V;(T') < = for 7 > n. This implies that
dim £, > % which completes the proof of Theorem 3.2. O

It is now possible to obtain the dimension of E), where
E)\ == khj{olo W)\(F) \ W)\+1/k(r).

Clearly, Ey C W)(T') so that dim By < 2. Also, H*"A(W,(T')) = oo, and
H2"MAWyy1/x(T)) = 0 for all n > 1. Thus, H¥™ (W (T) \ Wis1x(T)) = oo.

O
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Chapter 4

On a problem of Nesterenko:
examining the closest root to

an argument of a polynomial

4.1 Introduction

In this chapter, a result originally considered by Y.V. Nesterenko is examined.
The material presented in the first section forms the main part of a paper
published in the International Journal of Number Theory, [34]. The problem
is to determine, for an integer polynomial P, which roots « of P belong to
the real numbers R. In the second section, the same problem is examined
for the p-adic field. The results slightly improve Nesterenko’s earlier work.
The final section studies the same problem for simultaneous approximation

in the real and p-adic fields.
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4.2 Main results and remarks

Recall the sets
Sp(aj) = {xeR: |z — o =minj<p<p |2 — aml},

where 1 < 5 < n. From now on it will be assumed without loss of generality

that x € Sp().

The following two Theorems concern results which hold for z € R and x €

Sp(a1>.

Theorem 4.1. Let P € Zlx| be a leading polynomial of degree n, n > 2,
with discriminant D(P) # 0. If

|P(x)| < H™ (4.1)
for w > 2n — 3 and sufficiently large H and x € Sp(aq), then oy € R and
|z — | < H W2, (4.2)

Corollary 4.1. If P(x) = Hle T;(z)%, where the T; are irreducible polyno-
mials, and degree T; < n;, and D(P) = 0 then Theorem 4.1 holds with (4.2)
replaced by

|z — ay| < H(T;) ™2 for some i, 1 <i <k, (4.3)

where w > 2n; — 3.

Note that the condition w > 2n — 3 in Theorem 4.1 cannot be arbitrarily

improved. To illustrate this, consider the following example.

Example 1. Let P, be the leading polynomial
Py(v) = 2" (b + )2 + 2bx + 1) = 2" *Ry(z), bEZ, b > 1.

45



The height of B, is H(P,) = b* + 1. The polynomial P, has complex roots

;Qb—ff and a real root 0 of order n — 2. Let g = —ﬁ. Then
1 _
Ro(wo) = (0* + 1)) + 2bzg + 1 = N H™
where |z = o2 < Y&+l — H-1/2. Hence,

b2+1 — b241
| P ()| = |wo|" 2H™Y < H 2,

b
b2+17

—bti

T are the closest roots

Since the distance from zy to 0 is the roots

to zg. The upshot is that in Theorem 1 we cannot take w < n/2. Tt would
be interesting to know if either of the bounds § and 2n — 3 is sharp; this is

the subject ongoing research.

When D(P) = 0, if H(T;) has a very small value then (4.3) is a poor
upper bound. We are able to prove a more general result than Corollary 1

but the downside is that the resulting upper bound is not as strong as (4.2).

Theorem 4.2. Let P be a leading integer polynomial of degree n, n > 2, and
D(P) =0. Let |P(z)| < H™", then for w > 2n — 3 and sufficiently large H,

the closest root oy to x belongs to R and

v — on| < H- w0/, (4.4)

Preliminaries
As P is a leading polynomial, by definition

|an| > H. (4.5)
From this and the well known property |o;| < % it further follows that

oyl <1, j=1,....n; (4.6)
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i.e. the roots of P are bounded.

Reorder the other roots of P so that

lag —as| < Jag—ag] <0< |og — ayl.

Proof of Theorem 4.1

Consider a polynomial P satisfying D(P) # 0 and (4.1). Since D(P) is
always an integer,

ID(P)|'? > 1.

By definition,

D(P) = (an) > [] (a =) [] (5—0y)

1<j<n 2<i<j<n
and using

P'(ay) = aplag — ag) ... (a1 — ay,)
it follows that

D(P) = (an)*"*((an)* [1i<jcn(or — @) (T ocicjcn (@i — @;)?)

= (an)?" P () Tlocicjan (@i — )
which implies that
1 n— n—
D(P)z = |an|" [P ()| lacicjen I — ] < Jan|" 7| P' ()]

so that
[P’ ()| > H™" (4.7)

and, using (1.8),
r—oy| < H W2 (4.8)
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Assume that oy is a complex root of P. Then its conjugate is also a root of P.
For simplicity, let ap = @;. Using (4.8) and the fact that |z — ay| = |z — asl,
it follows that

g — | < |z —ay| + |z — an| < H VT2, (4.9)

Using (4.9) and (4.6), it further follows that

L<|D(P)'? = |an|" o — | [Ti—s lar — | TTacicjcn lovi — ]
< |an’n—1H—w+n—2 < H—w+2n—3.
(4.10)
If w > 2n — 3 clearly 4.10 is false. Thus ay is a real root of P and satisfies
(4.8). O

Proof of Corollary 4.1

Consider the polynomial P satisfying D(P) = 0 and (4.1). If D(P) = 0, then
P has repeated roots, and Lemma 1.4 implies that P is reducible. Write P

as a product of irreducible polynomials T;(x) € Z[z]:
k

P(z) = [[ T (2).

i=1
Since D(P) = 0 and T; is an irreducible polynomial there exists an index [,

1 <l < k such that s; > 2.

The next objective is to show that for some index j, 1 < j < k, the
inequality

|T5(a)| < 2"/2H~(T}) (4.11)
holds. Assume the contrary, so
| T(x)| > 2"2H~(T}) for all j, 1< j <k.

48



By Lemma 1.1,

2nw/2H )5] > an(Z] 185/2— 1)H(P)7w > H(P)iw

||:»

which contradicts (4.1). Thus (4.11) holds.

Hence as D(T}) # 0, by the same argument as in the proof of Theorem
4.1, there exists a real root oy of T; when w > 2n; —3 satisfying (4.3). Clearly
P(Oél) = 0. O

Proof of Theorem 4.2

Let P € Zx] satisfying D(P) = 0, and (4.1) and write

k
P(z) =[] T (x), si>1, (4.12)
i=1
where T; is an irreducible polynomial, of degree n;,i =1,... k.

Case 1. If k = 1 then P(z) = 77" and s; > 2 since D(P) = 0 and T is
irreducible. In this case deg T} = n/s; € N, and H(T}) < H(P)'*'. From
(4.1), we get |T(x)| < H(Ty)™"

For n; =1, (i.e. T} is a linear polynomial,) the estimate for |z — a4| can
be calculated directly as follows. Let Ti(x) = dyx + dy so that a, = d}. By
(4.5) it is clear that |d;| > H(P)"" and

|z +do/dy| < H(TY)™|dy| ™t < H(P)~(wHb/m, (4.13)
Now, assume that n; > 2, and let aq be the closest root of T to x. Since
D(Ty) # 0 and 2 < s; < n/2 the same method as in the proof of Theorem 1

can be used for T} to show that for w > 2n/s; — 3 the root ay belongs to R

and the estimate
’QZ’ — Oé1| < H(Tl)—w—2+n/81 < H(P)—(w+2)/81+n/8% — H(P>f(s1,u})
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holds. Maximising f(s;,w) over the domain w > 2n — 3 and 2 < 57 < n/2,
gives

|z —on| < H(P) 2/, (4.14)

Case 2. Assume that k > 2 and suppose that s; = 1. Rewrite (4.12) in the

form
k

P(z) = Ti(x) [ [ T7(2) = T (2) Pr(2) (4.15)

=2

where each T is irreducible. Again the approach used is to assume a; is

non-real and establish a contradiction.

Let a; € C\ R be a root of the polynomial T7. As «y is complex, its
conjugate is also a root. For simplicity, let as = @;. Thus deg T} > 2.
Clearly degP; = n—n;. And, since D(P) = 0 and T} does not have repeated
roots, P; has at least two common roots, so n > 4 and n; < n — 2. Let
H(Ty) = H(P)*, 0 < X <1, so that by Lemma 1.1, H(P,) < H(P)'.

By definition the polynomials T} (z) = t,, 2™ + ...+ t1x + tg and Pi(x) =
Py @™ + ...+ p1x + po do not have common roots. Denote (from 1.4) by

R(T}, Py) the resultant of 77 and P;. Then R(Ty, Py) # 0 and R(T, P) € Z.

In this case,

R(Th, 1) = t5, " pplt, 1T (a; — ).
1<i<ng, n1+1<5<n
Hence,
1 < |R(Ty, Py)| < HN=m)+(1=0m 11 la; — . (4.16)
1<i<ny, ni+1<j<n
Since o] < 1,1 < j <n,

11 a; — o] < 1. (4.17)

3<i<ni, n1+1<j<n
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From (4.16) and (4.17) it follows that

I loa = ayllan = ayf > HACmm=070m (4.18)

n1+1<5<n

and for the same reason

[T len =y > B =070m (4.19)

n1+1<j<n
The following facts will also be needed:
if a; € R then |y — o] = |aq — ;);
if &% S C\R then ’O_él — CK]" = ’@1 — C_Yj’.

Using these, (4.18) gives

I e — o> BOm=0=0m (4.20)

n1+1<j<n

Now Lemma 1.3, for s; = 1, implies that

2 — oy < |P@)||an|™ [ loa—enl™ J[ loa—axl™  (421)

2<k<ny n1+1<k<n
N o\
TV TV

(4.217) (4.2177)

~

An upper bound for (4.21”) follows from (4.20). The discriminant D(T}) of
T is used together with (4.6) to estimate (4.21") so that

L< D)=t ] i =yl < HXMY T Jon — el (4.22)

1<i<j<ny 2<k<ny

Thus,
[T loa — au > H A (4.23)

2<k<ny

and using (4.6) again, [[5o;<,, @1 — ar] < 1 so that
|y — | > H MY, (4.24)
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In several places the following approach is used to establish upper bounds
on a function of the height of P. A domain from the minimum to maximum
allowable values of both A and n is defined. The maximum value of the func-
tion being considered is evaluated on this domain which gives the required

maximum value of the bounds.

On combining (4.1), (4.20)—(4.24) and the fact that |a; — as| < 2|z — ay|

we have
1 < 2as — ao| Mo — | < HAOM) — o tiAm =2t ntn)/2
Define the domain
Dy ={(A\n):0<A<land2<n; <n-—2}
for n > 4. Then, the maximum of f; on D; is —w + 2n — 6; i.e.
1 <2l — ao| Mo —ay| < H w20

which is a contradiction for w > 2n — 6 and sufficiently large H.

Now as a3 € R, no conjugate root exists in (4.15). Hence the index n

satisfies 1 < n; <n — 2.

In a similar approach to above, define the function
fo(An)=—w—1=XAny — 1)+ AXn—n1)+ (1 = X\)m
on the domain
Dy={(\,n1): 0<A<land1<n; <n-—2}
Using (4.1), (4.18), (4.23), and (4.21), we obtain

|z — oy « HRMm) < grwin=2 (4.25)
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since the maximum value of fo(A,n1) on Dy is —w +n — 2.

Case 3. Assume k > 2 and s; > 2. Rewrite the polynomial P as
k
P(z) = T} (z)Py(z), where Py(z) = [ 77" ().
i=2

Let a1 be a root of T and degT; = n; so that degP, = n — nys;. Again
suppose that a; € C\ R. For simplicity, let ap = a7, the conjugate of «;.
Thenn > 2s; +1>5and 4 < 2s; <ny <n—1. Let HTy) = H(P)M*,
0 < A <1, so that, by Lemma 1.1, H(P) < H(P)'™ .

Since T is irreducible over QQ, then 77 has no multiple roots over C. Thus,

n
[Tlew—asl= J] lea—al™ ] loa—ayl.
=2

2§j§n1/s1 ni1+1<j<n

This, with Lemma 1.3, for s = s1 gives

—w—1
|z —ay| < H(P) = H log — | 7! H lay — |75 (4.26)

2<j<ni/s1 n1+1<j<n

By definition, the discriminant of 7} satisfies

1< |D(T)|? = HP) /== TT g — oy,

1§i<j§n1/51
It follows via (4.6) that
[T lew = ayl > H(P) A/ (4.27)
2<j<n1/s1
and in particular that,
log — | > H(P) Am/si=D/s1, (4.28)

Since the resultant of T and P, does not equal zero, it follows that

1 < |R(T, Py)| < HMm=m)/s fa=2m/s 11 i — o). (4.29)

1<i<ny /s1, n1+1<5<n
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Therefore, from (4.6) and (4.29)

H |a1 - aj||a2 - Oéj| > H A n=n1)/s1=(1=N)n1/s1 (4'30)
n1+1<j<n
and also,
H |O[1 . Oé]| > H—)x(n—n1)/s1—(1—>\)n1/51' (431)
ni+1<j<n

In a similar manner to (4.20) in Case 2, the following holds
—A(n—nq)—(1-X)nq
[l ln-ayl>E >, (4.32)

n1+1<j<n

Define a function

HOwn) = —UFL A —s)  An—m)+ (1= Mm

51 52 252
on the domain

Ds={(A\,n): 0<A<1land2s <n3 <n-1}

and a function

w—+1 4n—3 —4s;
+ 2
51 257

fa(s1) = —

on the interval I; = [2, %51]. Note that the function f3(X, ny) has a maximum

value of fy(s1) on D3 and, for w > 2n — 3, the maximum value of f;(s;) on
Il is
—2w — 2 n dn — 2
n—1 (n—1)%
Then, using the formulae (4.1), (4.26), (4.27), (4.28), (4.32) and the fact that

lag — ag| < 2|z — oy, it follows that

1 A 72w72+ 4n—2
1< 2lay — |t — ay| < HBOm) < [fas) < ==t w02 (4.33)

This is a contradiction for w > 2n — 3, n > 3, and sufficiently large H
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so again a; € R. Again, therefore, to find the distance of = to «;, as in
case 2, we know that no conjugate root exists, and the index n; runs from

slgnlgn—l.
Let
w+1 ANn—n;—s
f5()\,n1) — + ( 21 1)‘
81 Sl

Using the formulae (4.1), (4.26), (4.27), and (4.31), we obtain

_ w+1 +n—1

|z — | < H(p)fs(k,m) < H(P) % 3 < H(P)%Ul, (4.34)

where the right hand side of (4.34) is a straightforward consequence of max-

imizing f5(\,n1) on
Dy={(An): 0<A<1lands3 <ny3 <n-—1}
Now, by (4.34), for w > 2n — 3 and 2 < sy < n — 1 we get

|z —ay| < Homr. (4.35)

Combining (4.14), (4.13), (4.25) and (4.35), for w > 2n — 3 and sufficiently

large H, the estimates
2 — ay| < max{H vt Hwor go2w/n goleil)/n) — go(wd/n

hold, for € Sp(ay). This completes the proof of the Theorem.

4.3 Nesterenko’s problem in Z,.

In [77] Y. Nesterenko discussed the solvability of the equation P(z) = 0 in

the ring of p-adic integers Z, and proved the following result:
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Theorem 4.3 (Nesterenko). If |P(z)], < e ¥ H™*", where n = degP, H =
H(P), then there exists a p-adic number v such that P(y) =0, |z —~|, < 1.

This result can be improved for p—adic leading polynomials. Such a poly-
nomial satisfies

|anlp > 1. (4.36)

Theorem 4.4. Let P be a p—adic leading integer polynomial of degree n.
Then if
|P(w)|, < H™*? (4.37)

for we > 2n — 2, and for sufficiently large H > Hy(n), it follows that the

closest root 1 of P to w € Z, belongs to Q, and

|lw—ml, < 1L (4.38)

Preliminary setup and auxilliary Lemmas

Let P € P, have roots 71,72, .., V» in Qp, where Q) is the smallest field

containing @, and all algebraic numbers. Then, from (4.36) it follows that
vil, <1, i=1,...,n; (4.39)
i.e. the roots are bounded. This follows from Lemma (6.6) in [27].
Define the p-adic equivalent of the previously defined sets Sp(«a) as

To(ve) = {weZ,: |w—yl,= 1rgi<nn\w —Yilp}, 1<k <n.

Consider the set T),(7x) for a fixed k and for ease of notation assume that

k = 1. Next, reorder the other roots so that

M= < Im—uh <. < =l

A Lemma proved by Bernik, which is a generalisation of a Lemma by

Sprindzuk [85] is also needed.
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Lemma 4.1 (Bernik). [19] Let w € Tp(y1). Then

J
fw =l < min (1)l P'(o)l," [T 1 = el)

k=2

The Theorem can now be proved.

Proof of Theorem 4.4. Two cases must be dealt with separately: D(P) #

0 and D(P) = 0.

Case I. First consider a polynomial P satisfying D(P) # 0 and (4.37), and

assume that |P'(w)]2 < |P(w)],. We will obtain a contradiction. Using

(4.39), we get |P'(w)|, < H™2/2.

It is well known that |D(P)| = 121 where

|anP

an an—1 an—2
0 an, Gn—1 An—2
A= 0 0 an
na, (n—1a,—1 (n—2)ap—2
0 nan, (n—1Dap—1 (n—2)ap—2
0 0 .. 0

Hence the determinant,

ay

an—1

a

nay,

ao

ai

an—2

ai

(n—1)ap—1

Al < an|((2n — 2)/(nH)?" 2 + n(2n — 2)/(nH)?*"?)
= |an|(2n —2)/(n + 1)(nH)?>" 2 < 2n*""1(2n — 2)|H*"?|a,,|,

ao

0
0

(n—2)ap—o

using the fact that |a;| < H, i = 0,1,...,n. Thus, |D(P)| < ¢;(n)H*2,

where c¢;(n) = 2n?""1(2n — 2)!. This implies that

[D(P)]p > eyt (n)H ",

At this point, for convenience, define the number s; as

I 1=l = HY.
k=j+1
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Using Lemma 4.1, |a,|, > 1 and (4.37),

w—ml, < minijon(|Pw)|pl P’ ()] THos I — Ylp)
< minygjcn (" |anly " T 1 — el )Y
< minggjen (H 7 apl, H)Y

—w2+sj
< MINg<j<n H 3

Define o(P) as the cylinder of points w satisfying

. 7w2+3j
lw— 7|, < min H 7 .
1<j<n

Let 0; = @ and denote by 6, the maximum value of 0;, j =1,...,n.

Now the polynomial P’ is expanded as a Taylor series and each term is

estimated on o(P). Thus
P'(w) = P'(n)+ Zn:((j — D) PO () (w = m )
=2

PO = € H
As 6y > 0;, this implies that

| PO ()| < HSHm=Dat 5 (Cuats)) < prowe/2+(=2a g 9 < j < gy,
Thus,

[Pl < poax {|P"(w)]y, (PO () (w =)} < Howel2r e

for H > Hy(n).

Expressing the discriminant D(P) in the form

IDP)p = lanly" T 1=l = laaly 1P’ T e —ls

1<i<j<n 2<i<j<n

and using the facts that |y;], < 1 and |a,|, < 1, we obtain
ID(P)], < [P (1)
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This contradicts (4.40) for wy > 2n — 2+ 2(n — 2)€; and sufficiently large H.

Therefore, |P'(w)|? > |P(w)], holds for wy > 2n — 2+ 2(n — 2)e;, and case
I follows immediately from Hensel’s Lemma 1.3. Hence, there exists a root

71 € Q, of P such that |w — |, < |P(w)|p/|P/(w)|]2, < 1.

Case II. Consider the polynomial P satisfying D(P) = 0. First, P is de-

composed into irreducible polynomials T;(w) € Z[w], i.e

k
=117 w)
i=1
It will be shown that for some index 7, 1 < j <k,
|T;(w)], < 222 H~"2(T). (4.42)
Assume the opposite, so that
T (w)], > 2™2/2H~"2(Ty) for all j, 1 < j < k.
Then, by Lemma 1.3,
k k
H 2nw2/2H—w2 ))s] > ang(ijl 8j/2_1)H(P)_w2 > H(P)_w

which contradicts (4.37). Thus (4.42) holds.

Hence, applying the same method as in Case I for 7, D(T};) # 0, which
satisfies (4.42), it follows that there exists a p-adic number 7; such that
lw — 1| < 1 and Tj(7;) = 0. This implies P(y;) = 0. O

4.4 A result in the real and p-adic metrics

In this section a generalisation of the previous results is considered. The

problem of Nesterenko in R x Z, is investigated. The approach uses bounds
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on the derivatives of the polynomial when expanded as a Taylor series, and

some of the ideas in Sprindzuk’s book [85].

4.4.1 Statement of the Theorem
A polynomial is leading and p-adic leading if both

lan| > H(P), l|anl, >1 (4.43)
hold. The following result is proved:

Theorem 4.5. Let P € Z[x] be leading and p—adic leading, of degree n
and let the discriminant D(P) # 0. If at some point (z,w) € R x Q5 the
inequalities

|P(z)| < H(P)™™, |P(w)], < H(P)™" (4.44)

and x € Sp(ay) or w € Sp(y1), hold for
wy + wy > 2n — 3, (4.45)

wy > 0, we > 0, and sufficiently large H > Hy(n), then the root v, of P

closest to w belongs to Q, and
lw—ml, <1 (4.46)
or the root ay of P closest to x belongs to R and

|z — oy | < H(P) wimwe/24n=2, (4.47)

It should be noted that this result is consistent with Theorem 4.1 when

the result is restricted to the real case.
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4.4.2 Preliminary setup and auxiliary Lemmas

Let P,(H) be the set of polynomials P € P, satisfying (4.43) for which
H(P) = H. Let P € P,(H) have roots aj,as,...,q, in C and roots
V15925 - -+ Ve 0 Q, where QF is the smallest field containing @Q, and all
algebraic numbers. Then, from (4.43) and [85], it follows that

il <1, il <1, i=1,.0m;

i.e. the roots are bounded. Recall the following definitions:

Sp(a;) = {zeR: [z —ajf = min |z —ail},
Tp(ve) = {weQy: |w—yl,= lglz1<nn [w —7ilp}-

We consider the sets Sp(c;), Tp(vx) for a fixed set j, k and for simplicity we
will assume that j = £ = 1. Reorder the other roots of P so that

IN
IN
N

|y — as o — o] loar — o,

M=l < Im=wh << =l
From now on it will be assumed without loss of generality that z € Sp(ay)
and w € Tp(y1). In many places in the proof of the Theorem the values of
the polynomials will be estimated by expanding the polynomial as a Taylor

series. To obtain an upper bound on the terms in the Taylor series (and for

other purposes) the following Lemma (proved in [19] and [68]) will be used.

Lemma 4.2. If P € P,, then

[z —ai| < 27| P(a)]|[P(ar)|

w—l, < |P(w)‘p|Pl(’Yl) ;13

(S

J
- e < in (2”]’\P<x>up’<a1>\1H\a1—ak\> ;

2<45<n
ISV PR
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and

J ]
[w—lp < min <|P(w)’p\Pl(%)|pl IIim- %\;») :

2<45<n
SV P

4.4.3 Proof of Theorem 4.5.

Firstly, assume that |P'(w)> > |P(w)|,. In this case Hensel’s Lemma
(1.3) can be applied to obtain a p-adic root y; of P such that |w — 7|, <
|P(w)],/|P'(w)f; < 1.

Secondly, assume that |P'(w)[> < [P(w)|,. From (4.44) it follows that
|P'(w)|, < H™*2/2. Then Lemma 4.2, is used together with |a,|, > 1, (4.44)
and (4.43) to obtain

w—l, < minijon(|[Pw)] P’ (1)) TH_s [ — Ylp)
< ming < (H ™ [anl, TTiz i v — wlpy )Y
< ming<jon (H "2 ay|,  H*)'YI

—u12+sj
< minj<;j<n H

where s; is defined in (4.41). Let o(P) be the cylinder defined by this system.

For convenience label

W9y — S5
fp = max S
1<j<n ]

Expand P into its Taylor series and estimate each term at w € o(P). This
gives
P'(w) = P'(m) + Y (G = DY PO () (w = )"
=2

But
|PD () (w — 7y, < H—sit(n—j)e f[y=0o(Gi—1)

< st (n=i)et 15 (—watsg) (4.48)

< H7w2/2+(n72)s
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for 2 < 7 <n. Thus,
[P'(y)lp < max {|P'(w)lp, [PY () (w =)} < How2/2H 022

for H > Hy(n).

From this, and the facts that |a;| < 1 and |v;], < 1, it follows that
1< [D(P)ID(P)]p < anl*™Hanlp" | P (ax) P|P' (1)l < H [P ()| P (1))
This further implies that
|P'(a)| > H-mHotwe/2m (2 (4.49)
using the previous bounds on |P’(71)|,. Therefore, since
P'(a1) = ap(ay — ag) ... (a1 — ),
and |o;| < 1, we have
oy — | > HnHHwe/2-(n=2)e (4.50)
By (4.44), (4.49) and Lemma 4.2,

2 — au| < |P(@)|/|P(on)| < H™wr—w2/24n=2+(n=2) (4.51)

Now, if a;; is a complex root of P, then its conjugate is also a root of P. For

simplicity, let as = @;. Hence,

lay — an] < |2 — ay| + |7 — ag| < H- W1 —w2/2tn=2t0=2)e (4.52)

For wy + wy > 2n — 3 + 2(n — 2)e and sufficiently large H > Hy(n) this
contradicts (4.50). Hence, o is a real root of P satisfying (4.51). O
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Chapter 5

On regular systems of real
algebraic numbers in small

intervals

5.1 Introduction

Regular systems as defined by Baker and Schmidt [3] are defined in definition
(1.10). In the results of Baker and Schmidt [3], Bernik [20] and Beresnevich
[6] which were described in chapter 2, it was shown that the set of real
algebraic numbers a of degree at most n together with the function N(«) =
H(a)"log™ H(a), forms a regular system when v = 3n(n + 1), 2 and 0
respectively. Here H(«) is the height of the algebraic number «, defined
as the maximum of the absolute values of the coefficients of the minimal

polynomial of a.

In [6] the constant ¢ is calculated, but Tj is not (both of these are in

the definition of a regular system). In [35] it is shown that for a given finite



interval I in [—1/2,1/2] the value of To(I', N(«), I) is equal to
To(Q, N(a), I) = 10*1|"*log? 100]|*

for n =1, and in [6] that
To(Ag, N(a), I) = 72%|1| log® 72|1| "

for n = 2, where A, is the set of real algebraic numbers of degree two. In
[35] (Section 6.1) Bugeaud notes that for n > 3 the relationship between |/]

and Ty is not presently known.

In this chapter for n = 3 the relationship between |I| and T} is examined,
and it is shown that Ty = c3|I|~* for a constant c,. Let A, be the set of real

algebraic numbers of degree n, and co, c3 are positive constants.

For a positive integer ) define the set of polynomials

P'3(Q) = {P € Z[z] : degP =3, H(P) < Q}. (5.1)

5.2 Statement of results

Theorem 5.1. Let I be a finite interval contained in [—1/2,1/2]. Then there
exist positive constants ¢, ¢y and a positive number Ty = co|I|™* such that

for any T > Ty there exist numbers ay,...,o; € A3 NI such that
H(oy) <TY* (1<i<t),
oy —ay| >T71 (1<i<j<t), (5.2)
t> Tl

Note that from Theorem 5.1 it follows that the set of real algebraic num-
bers a of degree 3, together with the function N(a) = H*(a) form a regular
system on [—1/2,1/2].

65



Let 6y € R*. Denote by L3 = £3(Q, &, I) the set of z € I, for which the

system of inequalities
[P(2)] < Q7% [P'(x)| < 60Q (5.3)

are satisfied for some P € P;(Q). The proof of Theorem 5.1 is based on the

following metric result.

Theorem 5.2. For any real number s, where 0 < s < 1, there exists a
constant oy, which satisfies the following property. For any interval I C
[—1/2,1/2] there exists a sufficiently large number Qo = Qo(I) and a constant

cs independent of Qg such that
|‘[| > C5Q(;17

and for all Q) > Qg
|Z3(Q7507[)| < 8‘[’ (54)

5.3 Proof of Theorem 5.1

Let c5 be a constant such that c; > % and for which Theorem (5.2) is
valid. Denote by Lo(Q, I) the set of x € I, for which |P(z)| < Q73 is satisfied
for some P € P;(Q). It can be readily verified using Dirichlet’s Box Principle
that Lo(Q, 1) = 1.

By Theorem 5.2 there exists a set L3(Q, 6, I) = I\ L3(Q, b, I) C I such
that |£3(Q,d0,1)| > (1 — s)|I| for all Q@ > Qo, where Qo > c5|I|~!. Denote
by L<2(Q,do, ) the union of the intervals

ola)={zcl:|r—al<35'Q"}
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over all real algebraic numbers of degree at most 2 and height at most Q.
The number of different intervals in this union is at most (2Q +1)* and every
interval has a length at most 65, ¢, therefore it follows that

(1 =)l

|‘C§2(Q7507])| S 9

for c5 > ( . Define

)
£/3(Q7 507 ]) = £3<Q7 507 I) \ ESQ(Q7 50’ I)

Let © € L'35(Q,dp, I). Then there exists a non-zero polynomial P € P4(Q),
satisfying

[P(2)] < Q7% |P'(z)| = 6Q- (5.5)
It will be shown that there exists a root a of P close to x. Let y € R, be
such that |y — x| = 36, 'Q~*. By Taylor’s formula

3 1 '

=0

~.

Asz € [-3, 1], |PO(2)| < Q for i = 1,2,3. It is readily verified that

‘P(i) (z)(y — )" fori>2.
Also, by (5.5), |P(z)| < Q3. Thus,
> PV @)y — o) (76,°Q77) < 2Q7°. (5.6)
i=0,2,3
On the other hand, by (5.5)
|P'(2)(y — )| = 3Q7°. (5.7)

By (5.6) and (5.7) the behaviour of P(y) is dominated by the behaviour of
P'(x)(y—x). It also follows from (5.6) and (5.7) that P(y) has different signs
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at the endpoints of the interval (z — 36, 'Q ™%,z + 36, 'Q~*). Thus, by the

continuity of P, there exists a root a of P in this interval, and
|z —a| < 36,'Q*. (5.8)
Since © ¢ L<2(Q, b9, I), it follows that the degree of « is exactly 3. Choose

a maximal collection of real algebraic numbers {aq,...,a;} C I, with degree

dega; = 3 satisfying
H(o) <Q, lai—oy[ >35'Q7" 1<i<j<t

As has been shown, for any = € £'3(Q, dp, I) there exists «, satisfying (5.8)
with H(a) < Q. Since the collection {ay, ..., o} is maximal, there exists «;
in this collection such that |a — ;| < 365 Q™. From this and (5.8), by the

triangle inequality it follows that |z — a;| < 65, Q~*. Then

t
L5(Q.00.I) C| J{z el |o—ai <66,'Q"}.

i=1

Using |£/5(Q, 0o, )| > %, this gives
t>2733716(1 — s)Q* .
Let Ty = @3, then for any T' > T, where
To = (es + 1)*I17,

there exists a collection ay, ..., a; € I N Aj satisfying (5.2) which completes

the proof of the Theorem. O

5.4 Proof of Theorem 5.2

The proof uses the concept of essential and inessential domains extensively.

This concept was first introduced by Sprindzuk in [85] and is described here.
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Definition 5.1. Let P be a set of polynomials satisfying certain conditions
and o(P) be a set of points (defined for each P € P) which meet certain

conditions. A domain o(P) is called essential if

P)(Y U ol —IO P

QeP

and 1s called inessential otherwise.

The proof of the Theorem is in two parts: the first when |P'(z)| > @
and the second when |P'(z)| < @. The first case has five sub-cases.

Case 1: Define £; as the subset of £3 containing the set of points z € I,

for which there exists a polynomial P € P’3(Q) such that the system

|P(x)] < Q3 2°Q7' < |P'(7)] <@ (5.9)
holds.

Denote by oo(P) the set of solutions = of (5.9) for a fixed polynomial
P € P4(Q). Then can be written as L3 = Upepy@0o(P). Let ai,ay and
a3 be the roots of P € Pi(Q) in C. For simplicity only Sp(a;) NI, is
considered as the arguments are the same for the other two Sp(«a;) N 1. Let

x € 09(P) N Sp(ay). By the Mean Value Theorem
P'(z) = P'(ay) + P"(01)(x — ), 61 € (v, ). (5.10)
Estimating the second term by using Lemma 1.2 gives:
[P"(61)(z — aq)| < 6Q3Q7°%IP'(z)] " < 1/2Q". (5.11)
Since |P'(x)| > 2°Q~!, it follows from (5.10) and (5.11) that
1/2|P'(z)] < |[P'(an)| < 2|P'(z)]. (5.12)
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Now from (5.12), (5.3) and (5.9) it follows that

2PQ~1 < 1/2|P'(z)] < |P'(a1)] < 2|P'(2)] < 26,Q.

Therefore the interval og(P)NSp(ay) is contained in o(P)NSp(a), which

is the set of all points in Sp(ay) satisfying
|z — ay| < 6Q°|P'(ay)| ™. (5.13)

To obtain the measure of L it is necessary to consider five different sub-
cases depending on the value of |P’(y)| lying in the interval (2°Q1, 260Q).
Throughout the proof let v = g.

Subcase A: Define the subset L3; of the set 23, as the set of points
x € I, for which there exists at least one polynomial P € P4(Q), satisfying

(5.9) and the inequality

Q" < |P'(en)] < 260Q (5.14)
where x € Sp(a).
Proposition 5.1. For sufficiently small dg and sufficiently large Q,

|£31| < 274S|I|.

Proof. For a polynomial P € P}(Q) define the interval
01(P) :={z € Sp(a) NI : |7 —ay| < QP ()™, c6 > 1}  (5.15)

for a constant ¢g to be chosen later.

Using (5.13) and (5.15), it follows that
|o(P)| < 6cg'Q*|on(P)]. (5.16)
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Note that from (5.14) it follows that |o1(P)| < 2¢6@Q'7%, and for Q > Qq

the interval o;(P) is contained in |I].

Now, write P as a Taylor series on the interval oy (P) so that:
P(z) = P'(ay)(x — ay) +1/2P" (o) (z — a1)® + 1/6P" (an)(z — ay)®.
Using (5.14) and (5.15) each term is estimated to obtain
|P(z)] < 2c6Q 7", (5.17)

for x € 01(P), and Q > Q.

The polynomials in P5((Q)) are now partitioned into sets which have the
same coefficients of 22 and 3. For integers a;,i = 2,3 let b; be the pairs
(as,az2) and let P3(Q,b) be the set of polynomials in Pj(Q) for which the
coefficient of x' is a; for i = 2,3. The intervals oy(P) with P € P3(Q,b;)
are now divided into two classes using Sprindzuk’s method of essential and
inessential domains. [85]. First the essential intervals oy (P) are investigated.

By definition

Yo ) <2

PeP3(Q,b1)
o1(P) essential

Using this, (5.16) and the fact that the number of different vectors b; does
not exceed (2Q + 1)?, it follows that

Y Y b <2 =G (5.)
b1 PEPQ,(Q,bl)
o1(P) essential
Next, consider the inessential intervals o;(P). For polynomials P and P

such that P # P, and P,P € P3(Q,b1), the measure of the intersection

o1(P) N oy (P) = o,(P, P), exceeds mf)'. Hence, the inequalities (5.17)

hold. As the coefficients as and ay of the polynomials P and P are the same,
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R(z) = P(z) — P(x) is linear and satisfies
|R(2)| = |ax — b < 4¢6Q~", max(lal,|b]) < 2Q, = € oy(P,P). (5.19)

Assume that a > 0. The values of a and |b| are now estimated more precisely

than in (5.19). From the Mean Value Theorem
P'(x) = P'(ay) + P"(02)(x — a1), 09 € (a1, 2),

and using (5.14) and |P"(62)(x—a1)| < 5@, it follows that | P'(x)| < 460Q
for Q@ > Qo. Therefore |a| = |P'(x) — P'(z)| < 85Q, and using (5.19) it
follows that |b| < 1660Q. Thus, (5.19) can be rewritten as

|R(2)| = |ax — b| < 4c6Q ™", max(a, |b]) < 2*6,Q, = € o1(P,P). (5.20)

Now the measure of x € I, for which (5.20) holds is estimated. For fixed a

and b the first inequality in (5.20) holds for points x € [ satisfying
lz —b/al < 2*csa™ Q7 . (5.21)
Denote this interval by J(R), so that

|J(R)| = 2°csa Q1. (5.22)

We now wish to estimate ) |J(R)| where the sum is over a and b, such that
g € I and a,|b| < 2%0oQ. For fixed a denote by M;(a) the number of points
b such that these conditions hold. Then,

all| +1 < 2alll|, if a>|I]7",
M[(CL) <

(5.23)
Y, if a<|I]7,

where v equals 1 or 0. First, let a > |I|™!, then from (5.22), (5.23) it follows
that

DO IR <) 2%csa Q2| a < 20| 1) (5.24)

a bb/acl
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Next, consider a < |I|~! and use the second bound in (5.23) to find a constant

2756 > c7 > 2%cg, for which the intervals
JU(R) ={xcl: |v—b/ai| < cra;'Q7'},
JU(Ry) :={x cl: |v—by/ay| < cra3'Q7'},

where J(R;) C J1(R;),i = 1,2 do not intersect for by /a; # by/as. To see this
is possible, suppose J;(R;1) and J;(Rs) intersect at x, then,

1 < ’blag — bga1|

< = |b1/a1—b2/a2| S |x—b1/a1|—|—|x—bg/a2| S 07Q_1(1/a1+1/a2).
a1Qa9 a1a9

Assuming WLOG that ay > a, this gives
1< C7Q_1(CL1 + ag) < 267&2Q_1 < 25675() (525)

which is a contradiction. Thus,
YL =Y 26ta QY <.
R a<460Q
From this it follows that

> et <27 QI (5.26)

a<460Q

For fixed a and b the measure of the set = € I, satisfying (5.21), does not
exceed 2°cga™1Q~!. Hence, summing over b, from the second inequality in
(5.23) it follows that >, e, 2°c+6a71Q—1 < 2°cga™'Q 1. Using (5.26),
it follows that

Z Z 2°csa QT < 2%¢6Q 7! Z va~t < 2*coer M| < 27%5| 1

1<a<480Q b:b/acl 1<a<460Q

(5.27)

if ¢; > 20¢4s71. Therefore
|£31| < (2766_1 + 2106650 + 2_68)’[|. (528)
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Choosing cg = 22571, 6y = 27252 and ¢; = 222572 completes the proof. O

Subcase B: Define the subset L35 of the set £~3, as the set of points
x € I, for which there exists at least one polynomial P € P}(Q), satisfying
(5.9) and the inequality

28871/2 < |P/(Oél)’ < Q5/8
with x € Sp(a).
Proposition 5.2. For sufficiently large @

|£32| < 2_4S|]|.

Proof. The proof of proposition 5.2 closely follows that of proposition 5.1,
so some details will be omitted. As before, for P € P4((Q) and some positive
constant ¢g > 1 (which will be specified later) consider the interval o(P) and

define the interval
09(P) :={x € Sp(ay) NI : |z — | < coQ P ()]}

It is clear that
0(P)| < 6cy ' Q%o (P)]. (5.29)
The definition of |L£35| implies that |oo(P)| < |I]. Expand P and P’ as Taylor
series on g9(P), to obtain
|P(z)] < 200Q7, (5.30)
and
|P'(z)| < 2|P'(ay)]. (5.31)

Now consider the essential and inessential domains o9(P), with P € P3(Q, by)

where b; is as in proposition 5.1.
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Following the proof of proposition 5.1 we obtain

) a(P) < 27l (5.32)

b1 PeP3(Q,b1)
o2(P) essential

Now the inessential domains are considered. Assume oy(P), P € P3(Q, ;)

is inessential. Thus there exists P € P3(Q,b;) with P # P such that
_ _ 1
|o2(P, P)| = |oa(P) Noa(P)] 2 Sloa(P)].

Let T(z) = P(x) — P(z) = gz — d, then from (5.30) and (5.31)

lgz — d| < 4ce@Q . (5.33)

The inequality (5.33) holds on an interval Jo(T") with centre d/g and
length 8cog™'Q~!. Fix g and denote by Mj(g) the number of points d/g,
belonging to I. As in (5.23),

291, if g > 1|7,
Mi(g) <
v, i g <117

where 7 equals 1 or 0.

Again, first consider g > |I|7'. Then, for Q > Q,
Y | R(T)] £ 2@ 8| < 27%]1). (5.34)
1<g<2Q5/8 d:d/gel

Now consider g < |I|~!. To show the sets J(T) do not intersect, larger
super-sets J3(T") defined below are shown not to intersect. Assume that for

c10 > 4cg the intervals

BT ={zxel: |x—d/g|<cog'Q'},
J3(Tp) :={z €I: |v—da/gs| < cr095'Q '},
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intersect for dy /g1 # da/g2. Then, as in (5.25):
1 S 2010(91 + gg)Q_l S 801()@_3/8, (535)

which is a contradiction for @ > Qo(c1p). As in (5.26), it therefore follows

that
Y gt <2l Q. (5.36)

1<g<2Q5/8

For fixed g the measure of the set = € I, satisfying (5.33), does not exceed
8cog'Q~!. From (5.36), it follows that

Z Z 8cog 'Q 7! < 8@t Z vg~t < degerg [T < 2755|1

1<g<2Q5/8 d,d/g€l 1<g<2Q/3

for cjg > 28¢gs™!. From this, (5.32), and (5.34) it follows that

|Laa] < (27cg ' + 2705 +27%)]1].

1

Hence, choosing cg = 225! and c¢;p = 2?°s72, this completes the proof of

proposition 5.2. O

Subcase C. Denote by L33 C L5 the set of x € I, for which there exists
a polynomial P € P4(Q), satisfying (5.9) and

273 < |P'(ay)| < 28571/2
with € Sp(ay).
Proposition 5.3. For sufficiently large @,

|£33| < 2_48|]|.

Proof. For P € P}(Q) and some ¢;; > 1 chosen later, define the interval
03(P) :={z € Sp(an) N1 : |v— a1 < QP (1)1}
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Develop P and P’ as a Taylor series on o3(P), to obtain
|P(z)| < 2°¢2,Q7", |P'(z)| < max(2°s~Y/2,25¢)))

for @ > Q. Consider again the essential and inessential domains o3(P),
P € P53(Q,b;) defined as in proposition 5.1. As the approach is similar
to previous propositions, the calculations are omitted. In the case of the
essential domains the measure is at most 27¢;}'|1|, and choosing ¢;; > 2257}

gives the measure of the points lying in essential domains as 27°s|I]|.
For the inessential domains, it is necessary to estimate the measure of x € I,
satisfying

lax —b| < 2'%¢2,Q7!, max(a, |b]) < 2max(2°s7/2 25¢))). (5.37)

Direct calculations show that (5.37) holds on a set of € I, with measure at

1

most ¢13Q ! for some constant c¢;5 > 0. Choosing c5 > 2°c135~! in Theorem

5.2, the measure of the inessential domains is at most 275s|I]. So |L34] <

2745|1| as required. O

Subcase D: For some constant c¢14 > 0 chosen later, denote by L34 C /33
the set of = € I, for which there exists a polynomial P € P4(Q), satisfying
(5.9) and

QY2 < |P'(an)) <278

where x € Sp(a).

Proposition 5.4. For sufficiently large Q)

|£34| < 2_4S|]|.

Proof. For P € P{(Q) and some c¢;5 > 1 define the interval
o4(P) :={z € Sp(a) NI : |v— o] < c15Q 2P (1)1}
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Clearly

|o(P)] < 6e15 Q" |ou(P)]. (5.38)
Fix a3. Let the subclass of polynomials P € P}(Q) with the same lead-
ing coefficients be denoted by P3(Q,as). Consider again the essential and

inessential domains o4(P), P € P3(Q, a3).

From the definition of essential domains, it follows that

Y. lw(P) <21

PeP3(Q,a3)
o4(P) essential

Since the number of a3 does not exceed (2Q) + 1), summing over all a3 and

using (5.38), gives

> > Jo(P)| < 2 |1 =271 (5.39)

—Q<a3<@Q PeP3(Q,a3)

o4(P) essential

for ¢15 = 212571,

Now consider the inessential domains. From the Taylor series expansions
of PZ(‘/E) and Pz/(x) on 04(Pi17 2'2) = U4<Pil) N 0'4(131'2)7 i17]32'2 € P3(Q7a3)7
P,, # P,,, the upper bounds of |P;(z)| and |P/(x)|, are

’R(l‘)’ < 20156272, (540)

and

|Pi ()] < 2|P(en)] (5.41)

for ¢y > 2%%2. Since the leading coefficients of P;, and P,, are equal, then

the polynomial
S(x) = Py(2) = Py(2) = for® + fiz + fo
and by (5.40),
[S(2)] <4e1sQ7%, |5 ()] < 4[P(en)l, 1fil £2Q, 0<i<2.
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Let 31, B2 € C be the roots of S. Since the discrimimant D(S) of S satisfies
[D(S)| = |S'(BL)* < 16|P"(a)* < 277,

this implies that D(S) = 0 and that S has a repeated root. Hence S has the
form

S(x) = S2(z) = (s — s0)%, |s1] < 2QY2.

Thus, we need to find the measure of z € I, satisfying
|s1z — so| < 20%262_1, |s1] < 2QY2. (5.42)

Hence, |z — so/s1| < 201é2|31|_1Q_1, which defines an interval J4(Sp) with
centre at so/s; and length 4c}é2|51|*1Q*1. Fix s; and denote by M/ (s1) the

number of points sy/s1, belonging to 1. As in (5.23), the following bounds

2s1|I|, if s > 1|7,
My < 4 2o i sz
Y5 if 51 < |I’_17

are obtained, where v equals 1 or 0.

Consider s; > |I|7!. For Q > Qo,

S Y VSl < 2afQT ] < 271, (5.43)

1<s1<2Q1/2 sp:s0/s1€1
Next let sy < |[I|71. If for ¢ > 20%2 the intervals

Js(S1) ={z el |z —s01/s11] < c16571Q "},

J5(Sa) :={z €1: |z —s02/s12] < c16513Q "},

intersect for so1/$11 # S0.2/S1,2, then as in (5.25):

1 < 2616(8171 + 51’2>Q71 < 230166271/2, (544)
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which is a contradiction for @ > Qo(c16). Thus, using the same arguments

as in proposition 5.1, as in (5.26)

> st <27 Q. (5.45)

1<51<2Q1/2

Since for fixed s; and sy the measure of the set x € I, satisfying (5.42),

is at most 2¢}L%|s1|"1Q ", using (5.45), we get

SNse)l= > Y aalsTQT <4alQTt (5.46)

1=1,2 1<s1<2Q1/2 s0:s0/s1€1
S1C|I|_1
and
> sl < 2efad] <271 (5.47)
1<51<2Q1/2

for ¢ > 27c}é23*1. Choose ¢y = 2857 1/2, Summing the estimates (5.39),
(5.43), (5.46) and (5.47), for the measures in the essential and inessential
cases, it follows that |£34] < 274s|I|. This concludes the proof of proposition

2.4. a

Subcase E: Denote by L35 C L5 the set of z € I, for which there exists
P € P}(Q), satistying (5.9) and the following condition

2°Q7! < |P'(ay)] < 2857 1/2Q /2 (5.48)
with € Sp(ay).
Proposition 5.5. For sufficiently large @,
|Las| < 272s|1).
Proof. Divide the interval I into smaller intervals J;, where |J;| = Q™" and

u > 1. We say the polynomial P belongs to the interval J; if there exists
x € J; such that (5.3) and (5.48) hold.
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There is at most one irreducible polynomial belonging to an interval J;.
To see this, suppose the opposite. Assume there exists a point = € J;, for
which (5.3) and (5.48) hold for two polynomials P, and P, from P}(Q). By
the Mean Value Theorem, it follows that

Pi(z) = P{(a1)(z — ay) + P/(05)(x — a1)?, 03 € (a1, 2), x € J;.

Using the estimate for |P'(«)| from (5.48), and the trivial bound |P”(65)| <
Q, for x € J;
|P(z)| < 22057 12Q7 Y2z e J;

for u > 3/2. Obviously the same estimate holds for P in J;.

We use the following Lemmas proved in [20].

Lemma 5.1. Let 6 > 0 and Q > Qo(9). Further, let P, and P, be two integer
polynomials of degree at most n with no common roots, and max(H (Py), H(P,)) <
Q. Let J C R be an interval of length |J| = Q~", n > 0. If there exists T > 0,
such that for all x € J

|Pi(z)| < @77,

for 3 =1,2, then

T+ 1+ 2max(t+1—-1n,0) <2n+94. (5.49)

Applying Lemma 5.1 with 7 = 1/2+u — ¢, € > 0, and 1 = u, leads to a
contradiction in (5.49) if u > 3/2+4 ¢+ 3e. Choose u satisfying 3/2+ 9+ 3¢ <
u < 2 and it follows that there is at most one irreducible polynomial on any
J;. As there is at most one polynomial P € P}(Q) that belongs to any J;
then by Lemma 1.2, the measure of those x, satisfying (5.3) and (5.48), does
not exceed

273Q72| I < 274s|1|
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for u < 2 and Q) > Q.

If P € Pi(Q) is a reducible polynomial belonging to J; then P(z) =
t1(z)tz(x), where t1 is a first degree polynomial and ¢, is either a second degree
polynomial or the product of two linear polynomials. Let t;(z) = az + b and

to(x) = bow?® + by + by. Assume that a > 0. By Gelfond’s Lemma (1.1),
aH(ty) < H(t)H(ty) < 2°H(P) < 2°Q). (5.50)
Denote by L351 the set of x € I, for which the system
t(z)] < Q7Y a<6Q (5.51)

is satisfied by some polynomial t;. The system (5.51) is similar to (5.20).
Hence, using the same arguments, it can be shown that |Lsz5:] < 27°s|I|. If

(5.51) does not hold, there are three possibilities:

()] < Q7Y 60Q < a < 2°Q, (5.52)
t(z)] > Q7Y a <@, (5.53)

or
()] > Q7 60Q < a < 2°Q. (5.54)

For (5.52) there are two further possibilities; namely,
50Q_1 < |t1(ZL’)| < Q_17 50@ S a < 23Qa (555)

and

[t (z)] < 6@, 60Q < a < 2°Q. (5.56)

Each of these will be considered in turn. Denote by L35 and by L353 the
sets of # € I, for which (5.55) and (5.56) are satisfied for polynomials t;
respectively. The system (5.56) is similar to (5.20), and it is not difficult to
show that |L353] < 27°s|I|.
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Turning to L3s2 and using (5.50), (5.55) and |P(x)| < Q3 it follows that
ta(2)] < 6,1 Q72, H(ty) < 230, . (5.57)

The number of polynomials that satisfy the second inequality in (5.57) does
not exceed a constant depending on d, say ¢(dg), therefore we conclude that

|L350| < 27°s|1).
Now we consider (5.53). Using (5.53) and (5.50)
()] < Q7% H(tz) < 2°Q. (5.58)
First, t, is estimated from above on J;. Using the equations
P'(z) =t (x)ta(z) + t1(x)ty(x), (5.59)

and

P'(z) = P(o) + P" (o) (2 — o) + P" (o) (z — a1)?/2,

the estimates (5.53), (5.58) and
[P(2)] < 2°s712Q712, Q71 < (@) < Q.

gives a contradiction for [th(x)| > @Q%® and sufficiently large Q. Thus,
th(x)| < Q%®, v € J;. Then from (5.58),

[t2(2)| < Q72 |ty(2)] < Q°F (5.60)

hold. Denote by Lszs4 the set of x € I, for which (5.60) is satisfied for a
polynomial t,. The measure of L354 is estimated in a manner similar to
proposition 5.2, giving |L354] < 274s|I|.
Finally, we consider (5.54). Using (5.50), (5.54) and |P(x)| < Q73, it
follows that
to(2)| < Q72 H(ty) < 2%6,°. (5.61)
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Denote by Lss5 the set of z € I, for which (5.61) is satisfied for some t,.
The number of polynomials which satisfy the second inequality in (5.61) is

bounded by a constant cy(d), therefore we conclude that |L355] < 275s|1].

Thus, |Lss| < 274s|T| + 327, |Lssi| < 272s|I|, which completes the proof

of the proposition. O

Case 2: Define the subset L3 of the set L3, as the set of points z € I,

for which there exists at least one polynomial P € P4(Q) such that
|P(z)| <Q7°, |P'(x)] <2°Q". (5.62)

Define by o.(P) the set of solutions to (5.62) for a fixed polynomial P €
Pi(Q). Let z € 0.(P) N Sp(ay). First, it is shown that the value of the

derivative of P at oy, P(aq) = 0, satisfies
|P'(ay)] <2°Q7. (5.63)

To show this, assume the opposite holds. Develop P’ as a Taylor series in

the neighborhood of a4, to obtain
P'(z) = P'(ay) + P"(cy)(x — ay) + 1/2P" (ay)(z — )2,

where |z — a;| < 275Q72 by Lemma 1.2. Since |P*(ay)| < Q for z,a; €

[—%, %], it follows that

max(|P"(a1)(z — an)], [1/2P" () (2 — an)?]) < 27°Q 7,
and hence |P'(x)| > 2°Q~!, which contradicts the condition that |P'(x)| <
2601,

To estimate the measure of £ two cases, depending on the value of

|P'(ay)], need to be considered. For some constant ¢;7 > 0 denote by L3¢ C
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L the set of = € I, for which there exists a polynomial P € P4(Q), satisfying
(5.62) and
|P'(en)] < Q7"

with z € Sp(a).
Proposition 5.6. For sufficiently large @)

|£36| < 2_28|I’.

Proof. First note that
1 <|D(P)| = |az(ar — a2)*(ar — a3)? (a2 — a3)?| = [P'(on)[Pad]as — as]*.

Also, |as — a| < 1is bounded as «; € [—1, 1]. Finally, as |P'(oq)| < c17Q 7",
this gives

1< D(P) < C%?QQQQ = C%?-

which does not hold when ¢17 < 1 thus, the discriminant of P satisfies D(P) =
0, which implies that P has a repeated root. Following the same approach

as in proposition 5.4, it follows that |Ls6] < 272s|I|. O

The second sub-case of case 2 is now considered. Denote by L37 C L3 the
set of x € I, for which there exists some polynomial P € Pj(Q), satisfying
(5.62) and

Q7 < [P ()] < 28Q71 (5.64)

with z € Sp(a).

Proposition 5.7. For Q) sufficiently large,

|£37| < 2_28|I|.
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Proof. Divide the interval I into smaller intervals J! with |J/| = Q™" where
u' > % The assumption that at least two irreducible polynomials belong to
the interval J! will lead to a contradiction. To show this, suppose that Py

and P, both belong to J!. By the Mean Value Theorem
Pi(z) = P{(a1)(z — ay) + P/ (0,)(x — a1)?, 04 € (a,), x € J].
Estimating each term gives
P (2)| < 2°Q"™, x € J,

for v’ < 2. Obviously the same estimate holds for P, on J!. Applying Lemma
5.1 with7 = —142u'—¢€, ¢ > 0, and n = v/, leads to a contradiction in (5.49)
for v > 3/2+4 /4 4+ 3¢'/4. Thus, choose v/, satisfying 3/2 + 0/4 + 3€'/4 <

u < 2.

Hence there is at most one polynomial P € P4(Q) belonging to each
J!. Therefore, by Lemma 1.2 the measure of those z, satisfying the first
inequality of (5.3) and (5.64), is at most

4 Q7HY I < 27451

for v’ < 2 and Q > Q.

When the polynomials are reducible, the proof exactly follows proposition

2.5. O

Adding the measures calculated in propositions 5.1 to 5.7, it follows that

the measure of L3 satisfies (5.4).
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Chapter 6

Conclusions and further

questions

In this document problems have been investigated that fall into two distinct
areas. First, in the p-adic norm, the Hausdorff dimension of the set of points
that are well approximable by integer polynomials was investigated. The
second area investigated is the nature of the roots of integer polynomials

under the Archimedian and p-adic norms.

However, there are still many important problems that are not solved,
which are interesting from the standpoint of both pure mathematics and
applications. It appears that the approaches used in this thesis could usefully

be used to investigate these problems. Some of the questions are listed below.

1. To study the distribution of algebraic numbers, metric Theorems on
approximation in small intervals are needed. Presently, there are results for
linear and quadratic polynomials. In this thesis third degree polynomials
are studied, and results that improve on those proved by Bugeaud [35] were

obtained. The obvious question is can the same be shown for polynomials of

87



any degree greater than three.

2. Best possible, or close to best possible, results have been obtained in
Chapter 4 in the real case only for irreducible polynomials. The Theorem
in the case of reducible polynomials is much weaker. This could present an

opportunity to research methods suitable for use with reducible polynomials.

3. The problems investigated in chapter 4 were restricted to monotonic
error functions. Can a Khintchine type Theorem for simultaneous Diophan-
tine approximation in different metrics with non-monotonic error function

be proved.

4. The work has been entirely theoretical. There has been no compu-
tational or computer based investigation of the problems considered. Addi-
tional computational investigation, which together with the theoretical re-
sults could help provide ideas as to what the true situation is. For example,
Bugeaud, Mignotte and Schonhage, obtained results on the distribution of
algebraic numbers using computational algorithms. To find the distribution
of algebraic numbers with increasing height it is necessary to calculate nu-
merically not only polynomials but also their derivatives. This has not yet
taken place, and there is further opportunity here for further computational

investigations which could help in the development of the theory.

88



Bibliography

1]

D. BADzIAHIN, V. BERESNEVICH AND S. VELANI, Inhomogeneous

theory of dual Diophantine approximation on manifolds, Advances in

Mathematics, 232 (1) (2013) 1-35.

A. BAKER, On a theorem of Sprindzuk, Proc. Roy. Soc., London Ser.
A 292 (1966), 92-104.

A. BAkKgER, W.M. ScHMIDT, Diophantine approximation and Haus-

dorff dimension, Proc. Lond. Math. Soc. 21 (1970), 1-11.

R.C. BAKER, On approximation with algebraic numbers of bounded de-
gree, Mathematika 23 (1976), 18-31.

R.C. BAKER, Dirichlet’s theorem on Diophantine approximation,
Math. Proc. Cam. Phil. Soc. 83 (1978), 37-59.

V. BERESNEVICH, On approximation of real numbers by real algebraic

numbers, Acta Arith. 90 (1999), 97-112.

V. BERESNEVICH, Asymptotic number of solutions of certain systems
of inequalities in the theory of Diophantine Approximation of dependent

quantities, Mat. Zamelki 26 (1979), 657-665.

89



8]

[10]

[11]

[12]

[13]

[14]

V. BERESNEVICH, On approzimation of real numbers by real algebraic

numbers, Acta Arith. 90 (1999), 97-112.

V. BERESNEVICH, Distribution of rational points near a parabola, Dokl.

Nats. Akad. Nauk Belarusi 45 (2001), 21-23 (in Russian).

V. BERESNEVICH, A Groshev type theorem for convergence on mani-

folds, Acta Math. Hungarica 94 (2002), 99-130.

V. BERESNEVICH, On a theorem of V. Bernik in the metric theory of

Diophantine approzimation, Acta Arith. 117 (1) (2005), 71-80.

V. BERESNEVICH, Rational points near manifolds and metric Diophan-

tine approximation. Ann. of Math. 175 (2012), 187235

V. BERESNEVICH, V. BERNIK, E. KOVALEVSKAYA On approxima-

tion of p-adic numbers by p-adic algebraic numbers. J. Number Theory.

111, (2005) 33-56.

V. BERESNEVICH, V. BERNIK, D. KLEINBOCK AND G. MARGULIS,

Metric Diophantine approzimation, the Khintchine—Groshev theorem for

non—degenerate manifolds, Mosc. MATH. J. 2 (2) (2002), 203-225.

V. BERESNEVICH, D. DICKINSON AND S. L. VELANI, Measure

theoretic laws for limsup sets, MEMOIRS OF THE AMS, 846, (2006).

V. BERESNEVICH, D. DICKINSON AND S. L. VELANI, Diophantine
approzimation on planer curves and the distribution of rational points,

with an appendix by R.C. Vaughan: ‘Sums of two squares near perfect

squares’;, ANN. OF MATH. 166 (2007), 367-426.

90



[17] V. BERESNEVICH AND S. VELANI , An inhomogeneous transfer-

ence principle and Diophantine approrimation. ANN. OF MATH. 164
(2006), 971-992.

[18] V. I. BERNIK, On the exact order of approzimation of almost all
points on the parabola, VESTESI AKAD. NAVAK. BSSR, SER F1z-MAT
2 (1973), 10-17, (IN RUSSIAN).

[19] V. I. BERNIK, The Metric Theorem on the Simultaneous Approxi-
mation of Zero by values of integral Polynomials, 1zv. AKAD. NAUK.

SSSR, SER. MAT., 44 (1) (1980), 24-45 (IN RUSSIAN).

[20] V. I. BERNIK, Application of the Hausdor{f dimension in the theory of
Diophantine approzimations, ACTA ARITH. 42 (1983), 219-253 (IN
RUSSIAN). ENGLISH TRANSL. IN AMER. MATH. SOC. TRANSL. 140

(1988), 15-44.

[21] V.I. BERNIK, An application of Hausdorff dimension in the theory of
Diophantine approximation, ACTA ARITH. 42 (1983), 219-253 (IN

RUSSIAN).

[22] V. BERNIK, On the exact order of approzimation of zero by values of

integral polynomials, ACTA ARITH. 53 (1989), 17-28.

[23] V. BERNIK, N. BUDARINA, AND D. DICKINSON, Simultaneous Dio-

phantine approximation in the real, complex and p-adic fields, MATH.

Proc. CaM. PHIL. Soc. 149 (2) (2010), 217-227.

[24] V. BERNIK, N. BUDARINA, D. DICKINSON, A divergent Khintchine
theorem in the real, complex, and p-adic fields. LiTH. MATH. J. (2008),
48, NO.2, 158-173.

91



[25] V. I. BERNIK, H. DICKINSON, M. DODSON,Approzimation of real
numbers by values of integer polynomials. DOKL. NATS. AKAD. NAUK

BELARUSI 42 (4) (1998), 51-54 (IN BELORUSSIAN).

[26] V. BERNIK, H. DICKINSON, J. YUAN, Inhomogeneous diophantine
approximation on polynomials in Q,, ACTA ARITH. 90 1 (1999), 37—
48.

[27] V.I. BERNIK, M.M. DODSON, METRIC DIOPHANTINE APPROXI-
MATION ON MANIFOLDS, Cambridge Tracts in Mathematics vol. 137

CAMBRIDGE UNIVERSITY PRESS 1999.

(28] V. BERNIK, D. KLEINBOCK, AND G. A. MARGULIS, Khintchine-
Type theorems on manifolds: the convergence case for standard and mul-
tiplicative versions, INTERNATIONAL MATHEMATICS RESEARCH NoO-

TICES 9 (2001), 453-486.

[29] V. BERNIK, N. KALOSHA, Approzimation of zero by values of integral
polynomials in space R x C x Q,, VESTI NAN OF BELARUS. SER. FIZ-

MAT NAUK 1 (2004), 121-123 (IN RUSSIAN).

[30] V. BERNIK, N. BUDARINA, H. O’DONNELL, On conditions when
the closest root of an integral polynomial is a rational, VESTSI NATS.

AKAD. NAVUK BELARUSI, SER. F1z.-MAT. NAVUK. 2011.

[31] N. BUDARINA, D. DICKINSON, Diophantine approximation on non—

degenerate curves with non—monotonic error function, BULL. LOND.

MATH. Soc. 41 (1) (2009), 137-146.

[32] N. BupARINA, D. DICKINSON, AND J. LEVESLEY, Simultaneous

Diophantine approximation on polynomial curves, MATHEMATIKA 56

(2010), 77-85.

92



[33] N. BupaArINa, Y. BucGeaup, D. DICKINSON, AND H.
O’DONNELL, On simultaneous rational approximation to a p-adic num-
ber and its integral powers, MATH. PROC. EDINBURGH SOC., 54

(2011) 599-612.

[34] N. BUDARINA, H. O’DONNELL, On a problem of Nesterenko: when is
the closest root of a polynomial a real number, INTERNATIONAL JOUR-

NAL OF NUMBER THEORY, 8 (3) (2012) 801-811.

[35] Y. BUGEAUD, Approzimation by algebraic numbers, CAMBRIDGE

TRACTS IN MATHEMATICS, CAMBRIDGE, 2004.

[36] Y. BUGEAUD, Diophantine approzimation and Cantor sets, MATH.

ANN. 341 (2008), 677-684.

[37] Y. BUGEAUD, Approximation by algebraic integers and Hausdorff di-
mension, J. LOND. MATH. Soc., 65 (2002), 547-559.

[38] Y. BUGEAUD, M. MIGNOTTE, polynomial Root Separation, INTERN.

J. NUMBER THEORY 6 (2010), 587-602.

[39] J.W.S. CASSELS, Some Meterical Theorems in Diophantine Approxi-
mation, J. PRoC. CAMBRIDGE PHILOS. Soc. 46, (2) (1950), 209—
218.

[40] J.W.S. CasseLs, An Introduction to Diophantine Approzimation,
CAMBRIDGE TRACTS IN MATH. AND MATH. PHYSICS VOL. 99 CAM-

BRIDGE UNIVERSITY PRESS 1957.

[41] H. DavVENPORT, W.M. SCHMIDT, Approzimation to real numbers

by algebraic integers, ACTA ARITH. 15 (1968), 393-416.

93



[42] H. DICKINSON AND M. M. DODSON , Simultaneous Diophantine
approximation on the circle and Hausdorff dimension, MATHEMATICAL
PROCEEDINGS OF THE CAMBRIDGE PHILOSOPHICAL SOCIETY, 2001,
130 , 515522

[43] D. DICKINSON, Ideas and results from the theory of Diophantine

approximation. CONFERENCE PROCEEDINGS: DIOPHANTINE PHE-

NOMENA IN DIFFERENTIAL EQUATIONS AND DYNAMICAL SYSTEMS
(RIMS KYOTO) 2004, 55-64.

[44] H. DICKINSON AND M. M. DODSON, Eztremal manifolds and Haus-
dorff dimension, DUKE MATH J. 101 (2000), NO.2, 271-281.

[45] D. DICKINSON AND S. VELANI, Hausdorff measure and linear forms,

J. REINE ANGEW. MATH. 490 (1997), 1-36.

[46] M. M. DopsoN, B. P. RYNNE, AND J. A. G. VICKERS, Metric Dio-
phantine approximation and Hausdorff dimension on manifolds, M ATH.

Proc. CAMB. PHIL. Soc. 105 (1989), 547-558.

[47] M. M. DopsoN, B. P. RYNNE, AND J. A. G. VICKERS, Khintchine-
type theorems on manifolds, ACTA ARITH. 57 (1991), 115-130.

[48] M. M. DobsoN, B. P. RyNNE, AND J. A. G. VICKERS Simultaneous

Diophantine approximation and asymptotic formulae on manifolds, J
NuMBER TH. 58 (1996), 298—-316.

[49] 1. R. DOMBROVSKIL,Simultaneous approzimation of real numbers by

algebraic numbers of bounded degree. DOLK. AKAD. NAUK BSSR, 33

3, (1989) 205-208.

94



[50] C. Drutu, Diophantine approximation on rational quadrics, MATH.

ANN. 333 (2005), 405-469.

[51] R.J. DurFIN, A.C. SCHAEFFER, Khintchine’s problem in metric

Diophantine approrimation, DUKE J. 8 (1941), 243-255.

[52] K. FALCONER, The geometry of fractal sets, CAMBRIDGE TRACTS IN

MATHEMATICS, VOL. 85 CAMBRIDGE UNIVERSITY PRESS, 1985.
[53] K. FALCONER, Fractal geometry, JOHN WILEY, 1989.

[54] A.O. GELFOND, Transcendental and algebraic numbers, DOVER, NEW

YORK, 1960.

[55] FERNADO GOUVEA, p-adic numbers, SECOND ED., SPRINGER-

VERLAG, 1997.

[56] R. GUTING, Zur Berechnung der Mahlerschen Funktionen w,, J.
REINE ANGEW. MATH. 232 (1968), 122-135.

[57] G.H. HARDY, E.M. WRIGHT, An introduction to the Theory of Num-

bers, 5TH ED., CLARENDON PRESS 1979.

(58] G. HARMAN, Metric Number Theory, LMS MONOGRAPHS NEW SE-

RIES, 18 CLARENDON PRESS 1998.

[59] H. HENSEL, ber eine neue Begrndung der Theorie der algebrais-
chen Zahlen, JAHRESBERICHT DER DEUTSCHEN MATHEMATIKER-

VEREINIGUNG 6 (1897), 83-88.

[60] M.N. HUXLEY, Area, Lattice Points and Exponential Sums, LMS

MONOGRAPHS NEW SERIES, CLARENDON PRESS 1994.

95



[61] V. JARNIK, Uber die simultanen Diophantische Approzimationen,

MATH. Z. 33 (1931), 505-543.

[62] V. JARNIK, Uber einen Satz von A. Khintchine II, ACTA ARITH. 2
(1936), 1-22.

[63] V. JARNIK, Sur les approzimations diophantiennes des nombres p-

adiques, REVISTA CI1. LIMA. 47 (1945), 489-505.

[64] J.M. JoOHNSON, J. KOLLAR, How Small Can a Polynomial Be Near
Infinity? AMERICAN MATHEMATICAL MONTHLY, 118 (1) (2011),

22-40.

[65] A. YA. KHINTCHINE, Einige Sditze tiber Kettenbriiche, mit Anwen-

dungen auf die Theorie der diophantischen Approximationen. MATH.

ANN., 92 (1924), 115-125.

[66] D. Y. KLEINBOCK, FExtremal subspaces and their sub—manifolds,

GeoM. FuncT. ANAL. 13 (2) (2003), 437-466.

[67] D. KLEINBOCK AND G. A. MARGULIS, Flows on homogeneous spaces
and Diophantine approzimation on manifolds, ANN. OF MATH. 148 (2)

(1998), 339-360.

[68] E. KOVALEVSKAYA, On the exact order of approximation to zero by
values of integral polynomials in Q,. PREPR. INST. MATH. NAT. SCI.

BERALRUS, 8 (547) (MINSkK 1998).

[69] J. KuBiLiUS, On a metrical theorm in the theory of Diophantine Ap-
prozimation of numbers, TRUDY AKAD. NAUK Litov. SSR, SER. B

18 (1959), 3-7.

96



[70] J. KuBILus, On an application of .M. Vinogradov’s method to the

solution of a problem in the metrical theory of numbers, DOLK. AKAD.

NAUK SSSR, 67 (1949), 783786

[71] E. Lutz, Sur les Approximations Diophantiennes Linéares et p-

adiques. HERMANN 1955.

[72] K. MAHLER, Zur Approximation der Exponentialfunktionen und des

Logarithmus. I, II, J. REINE ANGEW. MATH. 166 (1932), 118-150.

[73] K. MAHLER, Zur Approzimation P-adischer Irrationalzahlen, NIEUW

ARCH. WIsK. 18 (1934), 22-34.

[74] K. MAHLER, Uber eine Klasseneinteilung der P-adischen Zahlen,

MATHEMATICA (ZUTPHEN) 3B (1935), 177-185.

[75] K.  MAHLER, FEin Ubertmgungsprinzz’p fur lineare Ungleichungen,

MATH. CASOPIS 68 (1939), 85-92.

[76] Y. v. MELNICHUK, Diophantine Approximation on curves and Haus-
dorff dimension, DOKL. AKAD. NAUK. UKRAIN. SSR SERIES A 2

(1978), 793-796.

[77] Y. V. NESTERENKO, Roots of polynomials in p-adic fields. PREPRINT

(2008).

[78] N. A. PEREVERZEVA,Simultaneous approximation of zero by values of
relatively prime integral polynomials, 1zv. AKAD. NAUK BSSR SER.

Fiz-MAT. 1984.

[79] K. F. RoTH, Rational approzimations to algebraic numbers, MATH-

EMATIKA 2 (1955), 1-20.

97



[80] B. p. RYNNE, Regular and ubiquitous systems and M?_-dense subse-

quences, MATHEMATIKA 39 (1992), 234-243.

[81] W. M. ScHMIDT, On heights of algebraic subspaces and Diophantine
approzimations, ANNALS OF MATH. 85 (1967), 430—472.

[82] W. M. ScHMIDT, Diophantine Approzimation, VOL. 785, LECTURE

NOTES IN MATHEMATICS, SPRINGER-VERLAG, 1980.

[83] V. G. SPRINDZUK, On a classification of of transcendental numbers,

LiTovsk. MAT. SB. 2 (1962), 215-219 (IN RUSSIAN).

[84] V. G. SPRINDZUK, A proof of Mahlers conjecture on the measure of
the set of s—numbers, 1zv. AKAD. NAUK SSSR SER. MAT. 29 (1965),
379-436 (IN RUSSIAN). ENGLISH TRANSLATION AMER. MATH. SOC.

TRANSL. (2) 51 (1966), 215-272.

[85] V. G. SPRINDZUK, Mahler’s problem in metric number theory. 1z-
DAT. “NAUKA 1 TEHNIKA”, MINSK, 1967 (IN RUSSIAN). ENGLISH
TRANSLATION BY B. VOLKMANN, TRANSLATIONS OF MATHEMATI-
CAL MONOGRAPHS, VOL. 25, AMERICAN MATHEMATICAL SOCIETY,

ProviDENCE, R.I., 1969.

[86] V. G. SPRINDZUK, Metric theory of Diophantine approximations.

JOHN WILEY, 1979. ENGLISH TRANSLATION BY R. A. SILVERMAN.

[87] R. C. VAUGHAN AND S. VELANI, Diophantine approximation on
planar curves: the convergence theory, INVENT. MATH. 166 (2006),

103-124.

98



[88] M. WALDSCHMIDT,  Report on some recent advances
m Diophantine  approximation, MosT. AVAILABLE AT:

HTTP://ARXIV.ORG/ABS/0908.3973, 2009.

[89] E. WIRSING, Approximation mit algebraischen Zahlen beschrankten
Grades, J. REINE ANGEW. MATH. 206 (1961), 67-77.

[90] F. ZELUDEVICH, Simultane diophantishe Approximationen abhangiger

Grdssen in mehreren Metriken, ACTA ARITH., 4 (1986), PP. 285-296.

99



