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Abstract

It was recently conjectured in [1] that a sufficient
condition for the asymptotic stability of the switch-

ing system ¢ = A(t)z, A(t) € A = {A1, ., An},
A; € R®™", is that the component systems 4, :
2 = A;z, i € {1,...,m} are asymptotically stable,
and a set of non- smgular matnces Ti; e\lst such
that the matrices {T;;4:T}; ,T.,A,T' L 45 €
{1,...,m}, are upper triangular (pairwise triangu-
lar). In this paper we show that while the general
condition of pairwise triangularisability is not suf-
ficient to guarantee asymptotic stability, the ideas
developed in 1] can be extended to prove asymp-
totic stability of the origin for a related class of
switching system.

1 Introductory remarks

We consider switching systems of the following
form,

Alt)z, Alt) €A 2 {41, ... Am}, (1)

where the 4;, i € {1,2,...m}, are constant matri-
ces in IR®*". The matrices A;, i € {1,2,...m}, are
assumed to be Hurwitz.” A sufficient condition for
the exponential stability of (1) is that the matrices
in A are simultaneously triangularisable. Unfortu-
nately, from a practical viewpoint, the requirement
of simultaneous triangularisability imposes unreal-
istic conditions on the matrices in the set 4. In
[1] we considered classes of systems where a set of
non-singular ma.tnces Ti; 5 ex15t such that the ma-
trices {Ti; AiT;; ,T,_,A, 11, 4,7 € {1,...,m}, are
upper triangular (pau'w1se triangularisable switch-
ing systems). Here, we show that while the condi-
tion of pairwise triangularisability is not sufficient
to guarantee asymptotic stability, the techniques
introduced for their study in [1, 2], can be used to
prove the global attractivity of related systems.
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2 Main result

The condition of pairwise triangularisability was
conjectured to be sufficient for asymptotic stability
of (1) in [1]. However, this conjecture was demon-
strated to be not true by means of a simple exam-
ple in [4]. In [4] an example of an unstable systems
was presented that satisfies the condition of pair-
wise triangularisability.

Here we consider a natural extension of the sys-
tem class studied in [1]; namely, switching systems
that are constructed with the property that any
pair of system matrices are Hurwitz and diagonal-
isable, and'in addition share at least n—1 common
conjugate pairs of complex eigenvectors.

Preamble for Theorem 4.1: Let -V =
{v1,v},v2,%3,...,vn41,v} 1} be a set of com-
plex (non-real) vectors in C?*. Here * denotes
the complex conjugate. Suppose any 2n vec-
tors of the form w,v}, ..., vi-1,v_y,%it1,
Yii1s.--1Ungl,Vny1, Where both v; and v} are
omitted, are linearly independent in C*" (over
C), for any i € {1,2,...,n + 1}. For each
ie{L,2,..,n+1}, construct a 2n X 2n matrix
as follows: Ml [v1,v},vs,03,...,vn,v;] and for
2 < i< n+1 wedefine M; = [v1,v], ...;Vn+1,
ViUV, ..., U, V), L. M; is obtained by
replacing the v;_y and v}_; columns by vn41 and
v 41 respectively. Thus, the columns of each M;
are linearly independent and so Mj is invertible.
Suppose we also have p different 2n x 2n diagonal
matrices Dy, Dy, ..., D, with all diagonal entries
negative. In each of these diagonal matrices we
assume that the (k, k) entry equals the (k—1,k—1)
entry whenever k is even.

Suppose A;p = M;DyM; =1 has real entries for
1<i<n+1and1<hk<p. In other words, 4;x
is a real matrix with complex (non-real) eigenvec-
tors (occurring in conjugate pairs) lying in V and
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negative eigenvalues. This gives us m different di-
agonalisable matrices A; 5, where m = p(n+1). Let
Abeasubset of {A;5:1<i<n+1, 1<h<p}
Thus, A is a set of at most m different diagonal-
isable matrices such that any two matrices in A
have at least n — 1 linearly independent common
conjugate pairs of complex eigenvectors.

Statement of Theorem 4.1 : If we consider the
switching system (1) with the set A defined as in
the above preamble, then the origin is globally at-
tractive. Thus, asymptotic stability follows from

3.

Proof : For details of the proof the reader is referred
to [4]. Here we present an outline of the main ideas
only.

Step 1 : We replace each 2n x 2n matrix M; by a

(2n + 2) x (2n + 2) matrix M;. We then replace
each 2n x 2n matrix A;s in A by a (2n + 2) x

(2n + 2) matrix 4; 5. The matrices A; 5 € A 2
{Ain : Ain € A} are chosen such that there is at
least one conjugate pair of common eigenvectors,
(a1,a,0,...,0),(a}, a3,0,...,0), for all the matri-

ces in A, and also such that the properties of the
solutions of the dynamic system,

T =4(t)z, At)€ A, ()

will ultimately imply the global attractivity of the
origin of the system,

i =A(t)r, A@t)€ A,

where @ = (z1,%2,...,Z2,) and T =
(T2ny2, Tany1, 21, T2,. ., T2n).

Step 2 : For a given j € {1,2,...,n + 1} we con-
sider the 2n + 2 linearly independent columns of
M;. These form a 2n + 2 dimensional coordinate
system which includes (a1, a2,0, . ..,0) as one of the
axes. We consider the projection of the state Z(t)
onto (a1,as,0,...,0) as the dynamics of the sys-
tem (2) evolve. This projection is given by the first
component of the vector,

0;(t) = B (1),
and is denoted by [g;11(¢).

Step 3 : We then show that,
Jim [Rela:l(t) — Relg,1a(8)] = 0
= lim [Zm{gs () - Im{g;La ()],

for all ¢,j € {1,2,...,n+ 1}. Note that Re de-
notes the real part of a complex number and Im
denotes the imaginary part. From the above fact
we can deduce that limy_,co(z1,23,...,22,) = 0.
This is sufficient to prove the global attractivity of
the origin of the system, '

& = A(t)z, A(t) € A.

3 Concluding remarks

In this paper we have considered a class of sys-
tems related to the system class studied in [1].
The tools developed for the study of pairwise
triangularisable swtching systems are useful for
the study of this class of system, and are used
to prove global attractivity of the origin. The
technique that is utilised in this paper involves
proving global attractivity by embedding the
original (n-dimensional) state space in a higher
dimensional state space and does not employ
arguments from quadratic Lyapunov theory. It is
likely that this methodology is applicable to other
classes of switching systems.
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