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Abstract We apply techniques from complexity theory to a model of biological cellular
membranes known as membrane systems or P-systems. Like Boolean circuits, membrane
systems are defined as uniform families of computational devices. To date, polynomial
time uniformity has been the accepted uniformity notion for membrane systems. Here, we
introduce the idea of using AC-uniformity and investigate the computational power of
membrane systems under these tighter conditions. It turns out that the computational power
of some systems is lowered from P to NL when using ACO-semi-uniformity, SO we argue
that this is a more reasonable uniformity notion for these systems as well as others.
Interestingly, other P-semi-uniform systems that are known to be lower-bounded by P are
shown to retain their P lower-bound under the new tighter semi-uniformity condition.
Similarly, a number of membrane systems that are known to solve PSPACE-complete
problems retain their computational power under tighter uniformity conditions.

Keywords Membrane systems - P-systems - Computational complexity - NL -
Uniformity - Semi-uniformity

1 Introduction

Membrane systems (Paun 2002) are a model of computation inspired by living cells. In this
paper we explore the computational power of cell dissolution (reminiscent of apoptosis) by
investigating a variant of the model called active membranes (Paun 2001), originally
developed to study the computational power of cell division (as a simple abstraction of,
say, binary fission in cells). We focus on how uniformity conditions (or precomputation)
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affect the computational power of the model. An instance of the model consists of
a number of (possibly nested) membranes, or compartments, which themselves contain
objects. During a computation, objects evolve to become other objects or pass through
membranes by the application of rules. In the active membrane model it is also possible for
a membrane to completely dissolve and for a membrane to divide into two child
membranes.

The active membrane model can be regarded as a model of parallel computation,
however it has a number of features that make it somewhat unusual when compared to
other parallel models. For example rule selection is nondeterministic, confluence plays an
important role, membranes contain multisets of objects and there are many parameters to
the mode. In order to clearly see the power of the model we analyse it from the compu-
tational complexity point of view, the goal being to characterise the model in terms of the
set of problems that it can solve in a reasonable amount of time. One can also interpret our
results as classifying the computational complexity of simulating biological phenomena
that are modelled by the membrane systems under consideration.

Another, more specific, motivation is the so-called P-conjecture (Paun 2005) which
states that recogniser membranes systems with division rules (active membranes), but
without charges, characterise P. On the one hand, it was shown that this conjecture does
not hold for systems with non-elementary division as PSPACE upper (Sosik and Rod-
riguez-Paton 2007) and lower (Alhazov and Pérez-Jiménez 2007) bounds were found for
this variant (non-elementary division is where a membrane containing multiple mem-
branes and objects may be copied in a single timestep). On the other hand, the P-
conjecture was thought to hold for all active membrane systems without dissolution rules,
when Gutiérrez-Naranjo et al. (2006) gave a P upper-bound. The corresponding P lower-
bound (trivially) came from the fact that the model is defined to be P-uniform, which we
now explain.

Like Boolean circuits, membrane systems can be defined as families of finite devices. In
order to prevent such a family from being too powerful, we define the family to have an
associated algorithm that maps each problem instance size to a family member. This
algorithm effectively ensures that family members are algorithmically related, and pre-
vents the family definition from hiding resources that are difficult to precompute. A closely
related notion is semi-uniformity, where we map each problem instance directly to a
membrane system using a suitably restricted algorithm. Since much of the work on the
complexity of membrane systems has been concerned with whether or not polynomial time
membrane systems exist for solving intractable problems, polynomial time uniformity, or
P-uniformity, has been commonly used.

However, the aforementioned P lower-bound highlights a problem with using P-uni-
formity, as it does not tell us whether this membrane model itself has (in some sense) the
ability to solve all of P in polynomial time, or if the uniformity condition is providing the
power. In fact, in Sect. 3 we show that when we use restricted, and more reasonable,
uniformity conditions the model does not have the ability to solve all problems in
P (assuming P # NL). Essentially we prove that semi-uniform and uniform families of
polynomial time active membrane systems, without dissolution rules, solve no more than
those problems in NL. This is despite the fact that these systems run for polynomial time
(and can even create exponentially many objects and membranes). This result is illustrated
by the bottom four nodes in Fig. 1.

In Sect. 4 we also give a corresponding NL lower-bound for AC°-semi-uniform families
of systems without dissolution indicating that the upper-bound is tight (although we
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Fig. 1 A diagram showing the currently known upper and lower-bounds on variants of chargeless active
membranes systems with uniformity conditions computable in L or stricter. The lower part of each node
indicates the properties that system: the parameter “-d” indicates type (d) rules are prohibited while “-f”
means type (f) rules are prohibited, “uni” and “semi” indicate uniform and semi-uniform families
respectively. The top part of a split node represents the best known upper-bound, and the lower part the best
known lower-bound. A node with a single complexity class represents a characterisation. Arrows represent
inclusions

slightly relax the definition of recogniser in order to simplify the construction'). Therefore,
in the semi-uniform case, we have a characterisation of NL which is illustrated by the
bottom left two nodes in Fig. 1.

So far, we have mentioned four models which characterise P under P-uniformity but are
instead upper-bounded by NL under AC-uniformity (or L-uniformity). However, we
claim that if a lower-bound is given by a membrane system construction and not by
exploiting a powerful uniformity/semi-uniformity condition, then the power of the model
should be unaffected by the change to a less-powerful uniformity/semi-uniformity con-
dition. Interestingly, in Sect. 5 we show that another P-uniform membrane system model
(with dissolution but no division) known (Zandron et al. 2000) to characterise P actually
retains this P characterisation when restricted to be AC°-semi-uniform (or L-semi-uni-
form). To show this, we give an AC’-semi-uniform family of membrane systems with
dissolution rules that solves a P-complete problem. This is illustrated by the top front left
node in Fig. 1.

Finally, in Sect. 6, we show that the aforementioned PSPACE characterisations (top
back two nodes in Fig. 1) remain unchanged under tighter uniformity conditions.

2 Membrane systems

In this section we define active membrane systems and some complexity classes. These
definitions are based on those from Paun (2001, 2002), Pérez-Jiménez et al. (2003), and
Sosik and Rodriguez-Paton (2007). We also introduce the notion of ACO-uniformity and
AC’-semi-uniformity for membrane systems. The set of all multisets over a set A is
denoted MS(A).

! See Murphy (2010) for a construction that works for the standard definition of recogniser.

@ Springer



616 N. Murphy, D. Woods

2.1 Active membrane systems

Active membrane systems are a class of membrane systems with membrane division rules.
Division rules can either only act on elementary membranes, or else on both elementary
and non-elementary membranes. An elementary membrane is one which does not contain
other membranes (a leaf node, in tree terminology).

Definition 1 An active membrane system without charges is a 6-tuple II=
(O, u,M,H,L,R) where:

1. O is the alphabet of objects (or the set of object types);

2. u=(V,,E,r)is arooted tree representing the membrane structure where V,CN is
finite, £,CV,, x V,, and root r € V,;

M :V, — MS(O) maps membranes to their object multisets;

H is the finite set of membrane labels;

L:V, — H is an injective mapping of membranes to labels;

R is a finite set of developmental rules of the following types (where a, b, ¢ € O and
u € MS(0), h € H):

AR

(a) [a — u], (object evolution),

(b) al], — [b], (communication in),

(¢) [a], — [],b (communication out),

(d) [a], — b (membrane dissolution),

(e) [a], — [P],lc]; (elementary membrane division),

@ [[ulli2ds = Udn (2], (strong non-elementary membrane division).

The vertices V,, of the membrane structure tree p are the individual membranes of the
system. The ultimate container of all membranes in the system (the root vertex r in ) is
called the skin and has label 0 € H (when defining rules we let O = skn). A configuration C
of a membrane system is a tuple (u, M, L) whose elements are defined in Definition 1 (with
the exception that L may be surjective). A permissible encoding of a membrane system
(IT), or of a configuration (C), encodes all multisets in a unary manner. For example, a
multiset should be encoded in the format [a, a, a, b, b], rather than in the shorter form
a*b?, in order to ensure that at most a polynomial number of objects are initially encoded in
a system. We also permit the use of a blank symbol (denoted —) which may be inserted at
any point in the encoding. The rules in the set R are applied to a configuration according to
the following principles:

— All the rules are applied in a maximally parallel manner. That is, each timestep a
multiset of applicable rules is non-deterministically chosen such that any further rules
added to the set cannot be applied in that timestep.

— If a membrane is divided by a rule of type (e) or (f) and there are objects in this
membrane which evolve via rules of type (a), then we assume that first the evolution
rules are applied, and then the division rule. This process takes only one step.

— The rules with label & are used with membranes with label 4. In each timestep, a
membrane can be the subject of only one rule of types (b)—(f).

A computation of a membrane system is a maximal sequence of configurations such
that each configuration (except the initial one) is obtained from the previous one by a
transition (one-step maximally parallel application of the rules). Membrane systems are
non-deterministic, therefore on a given input there are multiple possible computations.
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A computation that reaches a configuration where no more rules are applicable is called a
halting computation.

Definition 2 A recogniser membrane system is a membrane system I1 such that:

1. all computations halt,
yes,no € O,

3. the object yes or object no (but not both) appear in the multiset of the membrane with
label O (or “skn”),

4. and this happens only in the halting configuration.

2.2 Complexity classes

We introduce the notion of AC’-semi-uniformity and AC%-uniformity to membrane
systems. Throughout this paper, AC® is the set of problems solved by DLOGTIME-
uniform, polynomial sized (in input length n), constant depth, circuits with AND, OR and
NOT gates, and unbounded fan-in (Barrington et al. 1990). FP, FL, and FAC® are the
classes of functions that are respectively computable by deterministic Turing Machines in
polynomial time, by deterministic Turing machines using logarithmic space, and by
DLOGTIME-uniform polynomial-sized Boolean circuits with unbounded fan-in and
constant depth. Previous work on the computational complexity of membrane systems used
(Turing machine) polynomial time uniformity (Pérez-Jiménez et al. 2003). (A notable
exception is the logspace semi-uniform membrane system family by Obtutowicz (2001).)

A problem is a set X = {x1,x2,...} C £* and its complement is X = £* — X where X is
some finite alphabet. We say that a family I1 of membrane systems recognises a problem
X if for each x € " there is some IT € I that decides if x € X. We let Ixl = n denote the
length of a problem instance x € X*.

Definition 3 Let R be a class of recogniser membrane systems and let # : N — N be a
total function. Let E and F be classes of functions. The class of problems solved by an
(E, F)-uniform family of membrane systems of type R in time ¢, denoted (E, F)—MCx (1),
contains all problems X such that:

— There exists an F-uniform family of membrane systems, I1 = {IT;, I1,, ...} of type R:
that is, there exists a function f € F, f : {1}* — Il such that £(1") = I1,,.

— There exists an input encoding function e € E, e : X UX — MS(I) such that e(x) is the
input multiset, which is placed in a specific input membrane of IT},|, and ICO is the set
of input objects.

— Il is r-efficient: I, always halts in at most #(n) steps.

— The family II is sound with respect to (X, e, f); that is, if there is an accepting
computation of the system II},; on input multiset e(x) then x € X.

— The family I1 is complete with respect to (X, e, f); that is, for each input x € X, each
computation of the system II|,; on input multiset e(x) is accepting.

We now define semi-uniform families of membrane systems where a single function
(rather than two) is used to construct the family. For each instance x € X UX we have a
(possibly unique) membrane system which does not need a separately constructed input, a
clear departure from the spirit of circuit uniformity.
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Definition 4 Let H be a class of functions. The class of problems solved by a (H)-semi-
uniform family of membrane systems of type R in time ¢, denoted (H)—MC% (1), contains
all problems X such that:

— There exists a H-semi-uniform family IT = {I1,,, I1,,,...} of membrane systems of
type R: that is, there exists a function 2 € H, h: X UX — II such that h(x;) = II,,.

— I is r-efficient: I1, always halts in at most #(Ixl) steps.

— The family IT is sound with respect to (X, h); that is, for each x € X*, if there exists an
accepting computation of the system I, then x € X.

— The family IT is complete with respect to (X, h); that is, for each x € X every
computation of the system I, is accepting.

We define the set of languages decided by uniform families of polynomial time
membrane systems to be

(E,F)—PMCr = | J(E,F)—MCg(n"),
keN

and the set of languages decided by semi-uniform families of polynomial time membrane
systems to be

(H)—PMCj, = | J(H)-MCj(n").
keN

When the symbols E, F, and H are replaced by complexity class names such as AC°, L or
P it means that the uniformity conditions under consideration are in the function versions
of these classes. For example, if we let E=F = AC® then we mean that the functions
e € E and f € F are computable in uniform FAC® and we say that we have an AC -uniform
family.

Let AM® 4 denote the class of membrane systems that obey Definition 2, and
Definition 1 but without dissolution rules (type (d)). Then (AC’, AC°)—PMC 4,0

(respectively, (ACO)—PMCi‘4 M d) denotes the class of problems solvable by AC -uniform

(respectively, AC’-semi-uniform) families of polynomial time active membrane systems
without charges and with no dissolution rules.

A family of membrane systems is said to be confluent if it is both sound and complete
with respect to (X, e, f) in the uniform case and to (X, %) in the semi-uniform case. That is,
each membrane system Il in a confluent family starts from a fixed initial configuration
(from either A(x), or f(l'x') and e(x)). Then, the system II non-deterministically chooses one
from a number of valid computations (configuration sequences). All of these valid com-
putations give the same result: either always accepting (if x € X) or else always rejecting (if
x ¢ X). All membrane system families in this paper are confluent.

FACYis usually defined using uniform Boolean circuits, however, it can be cumbersome
to use uniform circuits to define uniformity conditions on membrane systems. FAC® is also
characterised by a number of models that are easier to analyse such as the constant time
Concurrent Random Access Machine (constant time CRAM) (Allender and Gore 1993;
Immerman 1989). We often use a CRAM algorithm to demonstrate that families of mem-
brane systems are AC’-uniform. We give a brief definition, see Immerman (1989) for details.

Definition 5 (CRAM, Immerman 1989). A CRAM is a concurrent-read concurrent-write
parallel model of computation. A CRAM has a polynomial number of processors, each
with a unique processor number, that share a common global memory. Processors run
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programs that act on words in memory and have instructions to add, subtract, branch, and
shift by a polynomial number of bits.

3 NL upper-bound on active membranes without dissolution rules

Previously the upper-bound on all active membrane systems without dissolution was
P (Gutiérrez-Naranjo et al. 2006), that is (P)—PMCf4 MO P C P. Since membrane systems
—d

are usually P-uniform, this P upper-bound was considered a P characterisation. However,
having a lower-bound of the same power as the uniformity condition is somewhat
unsatisfactory, as it tells us little about the computing power of the actual membrane
system itself. This is because the algorithm that encodes the input (the function e in the
uniform case, or % in the semi-uniform case) takes an instance of the problem as input. If
the input encoder is sufficiently powerful then it may simply solve the problem and output
a yes or no object directly. To get an accurate idea of the power of a model it is advisable
to restrict the uniformity conditions to be as weak as possible (Barrington et al. 1990).
In this section we show that when we restrict the (semi-)uniformity conditions to be
computable in FAC, or even FL, we tighten the known upper-bound from P to NL. The
proof of the P upper-bound in Gutiérrez-Naranjo et al. (2006) involves the construction of
a dependency graph representing all possible computation paths of a membrane system on
an input. The dependency graph for a membrane system IT is a directed graph G = (V, €).
Each vertex v in the graph is a pair v = (a, h) € O x H, where O is the set of objects and
H is the set of membrane labels. An edge connects vertex u to vertex v if there is an
evolution rule such that the left hand side of the rule has an object-membrane pair
matching u and the right has an object-membrane pair matching v. We formally define this
as follows (where parent(i) is the parent membrane of i in the membrane structure y of IT).

Definition 6 Let IT be a recogniser active membrane system without charges and without
dissolution rules (AM" »)- Let R be the set of rules associated with I1. The dependency
graph associated with 11 is the directed graph G = (V, £) defined as follows:

V=0 xH,E={((ah), (b1
(la —u], €R,b € uucMS(0),h=n)V
(a[],, — [bly € R,i € V,,h = L(parent(i)), k' = L(i))V
([al, — [1,b € R,i € V., i = L(parent(i )) h = L(i))V
([a]h [clyld], e R, h=1H b€ {Cad})}'

Let T C O x H where Z = {(x,h) | x € M(i),h = L(i),i € V,,}, that is, vertices rep-
resenting objects in the initial configuration. In the previous definition, the vertices (yes,
skn) and (no, skn) respectively represent the objects yes and no in the output membrane. If
there is a path from a vertex representing the input to the vertex (yes, skn) then it is clear
that this system is an accepting one. It is worth noting that, unlike upper-bound proofs for a
number of other computational models, the dependency graph does not model entire
configuration sequences, but rather models only certain aspects of configurations.

For the P upper-bound proof (Gutiérrez-Naranjo et al. 2006), the dependency graph was
constructed in polynomial time, we now show that it can be constructed in FAC.

Lemma 1 Given an encoding of a membrane system (I1), its dependency graph Gy is
constructable in FAC®.
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Proof We provide a constant time CRAM algorithm that when given an encoding of a
membrane system constructs the encoding of the dependency graph for that system. By
definition every membrane in the system has a unique label at the initial timestep.

The CRAM algorithm assumes that the structure p of the membrane system is
encoded as an adjacency matrix Mg, m. It also assumes that the set of rules R are
arranged in a matrix with IRl rows (one for each rule) and m + 5 columns where m is
the size of the largest multiset in a rule of type (a) in R (one row for each multiset
symbol). Each rule is prefixed with its type ((a), (b), etc.), stored in column 1. From the
set of rules R and the membrane structure y, the CRAM algorithm computes an adja-
cency matrix G,x,, where n = |OllHI, that encodes the dependency graph. The CRAM
uses binary strings to encode matrix indices, in the usual way. The objects a,b €
{1,2,...,]0]} are written in binary, as is h € {l1,2,...,|H|}. We define (a,h) =
shift(a, [logy(|[H| 4+ 1)]) + h, where [log,(|H|+ 1)] is computed via masking of the
binary string that encodes |HI.

The CRAM has a processor for each entry in the rules matrix. The first column of
processors check the type of the rule stored in their row, then each processor in the row
looks at its designated part of the rule. If the rule is of type:

(a) One processor reads the triggering object a, another reads the membrane label
h. There are m processors that each read an object in the multiset u (or blank). In the
next timestep, each processor that read an object type b € u combines this with
a, h, |H| and then sets entry g, ny.p, »y = 1in G.

(b) One processor reads the triggering object a, another reads the membrane label /4, and
a third the resulting object b. The processor that read the label / writes it to a global
register. Another |H| processors check, in parallel, each entry of row /& of M fora 1,
the processor that finds my,; = 1 has j as part of its processor ID, and writes j to a
global register. In the next timestep the processor that read object type b sets
8aj)y(b,ny = 1 in the adjacency matrix of G.

(c) One processor reads the triggering object a, another the membrane label £, and a third
the resulting object b. The parent j of membrane 4 is found using a similar method as
for type (b) rules. In the next timestep the processor that read object b sets
8lanypjy = 1 in the adjacency matrix of G.

(e) One processor reads the triggering object a, another the membrane label %, another
the resulting object b, and a fourth reads the resulting object c. In the next
timestep the processors that read objects b and c respectively set g nypn = 1 and
8lamy(c,ny = 1 in the adjacency matrix of G.

(f) The algorithm ignores the rule.

Thus a dependency graph is constructable from a membrane system in constant time by

a CRAM, and hence in FAC®. O

In the previous P upper-bound result (Gutiérrez-Naranjo et al. 2006) a polynomial time
algorithm was given to find a path from the (yes, skn) vertex back to a vertex in Z. We
now observe that this problem is reducible to STCON, the canonical NL-complete
problem.

Definition 7 (s-r connectivity (STCON))
Instance: A directed acyclic graph with vertices V, edges E, and vertices s, t € V.
Problem: Given G = (V, E, s, 1), is there a directed path from s to t?
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0 *
Theorem 1 (AC )7PMCAM‘L, CNL

Proof Given a membrane system II of the type in the statement, we use Lemma 1 to
convert it (in FAC?) to a dependency graph G. This graph has the property that there is a
path from one of the vertices in 7 to (yes, skn) iff the system IT accepts. A constant time
CRAM adds extra nodes s, 7 to G and new edges from s to each vertex in Z and from (yes,
skn) to ¢. This yields an instance of STCON that has the property that there is a path from
s to t iff the system IT accepts. (I

This holds for both AC® and L-uniformity, as well as for both uniform and semi-
uniform families of membrane systems without dissolution.

4 NL lower-bound for semi-uniform active membranes without dissolution

In this section we give a membrane system that solves STCON in a semi-uniform manner.
The algorithm works by representing edges in the problem instance graph as object evo-
lution rules. For example, edges (s, b), (s, ¢), (s, d) are represented as the rule [s — b, ¢, d].
There is only one membrane, the skin, which serves as the output membrane. The system is
initialised with an s object (the start vertex) which is then acted upon by the rules. In this
manner the presence of an object in a configuration indicates that the system is currently at
this vertex while following (or simulating) each different path through the graph in par-
allel. If the 7 object is ever evolved the system evolves a yes object.

Theorem 2 NL C (AC’)—PMC’, v
Proof An instance of the problem STCON is a tuple (V,E,s,t). We define a function
h(x), computable in FAC?, that maps an instance x of STCON to the membrane system I1,.

I, = (0 = {yes,no} U {c; | 0<i<|V|+ 1} UV,

({0},0,0),

M = {(0,{s,cjv+1})s
H = {skn},

L ={(0,skn)},

R =Rz URy URc URp).

The initial configuration contains only a single membrane which contains the object
representing the start vertex s.

The evolution rules come directly from the edges of the input graph. If vertex u has
edges to vertices vy,...,v; then we encode them as a single type (a) rule:

Rp={lu— Ul |lueV,U={veV|(uv) ecE}}

skn

Since the rules directly represent the edges in the graph, the object s produces the object
¢ in at most [Vl — 1 timesteps iff 7 is reachable from s. The object 7 then becomes the yes
object indicating that a path from s to ¢ exists and the computation is an accepting one.

Ry = {[t — yes]y,}

The rules provided so far are sufficient for the family to accept instances of STCON,
however a family of recogniser membrane systems should also reject non-instances of a
problem. Since NL = coNL (Immerman 1988; Szelepcsényi 1987) these systems can also
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recognise coNL-complete problems. To simplify our construction of a system that both

accepts and rejects inputs we generalise the definition of a recogniser membrane system in

a way that does not change the class PMC’,, o under AC° reductions (Murphy 2010). We
d

relax condition 3 in Definition 2 so that a single computation may produce both a yes and a
no object (we consider the first one produced to be the answer).

Proceeding with this generalised definition we add a counter that counts down in par-
allel with the above steps.

Re={[ci = cictlgam | 1 € {1,2,..,[V| + 1}}

Since the longest acyclic path in the graph is IVl — 1 nodes long, any yes object evolvable
by the system appears before timestep V1. In timestep IVl + 1 the counter evolves a no
object, if no yes objects were produced before this time, then this no objects signifies a
rejecting computation.

Rp = {[CO - no]skn}

The function h writes out members of this family and is easily computable in FL.
Moreover, each member of the family is constructable by a constant time CRAM and so in
FAC®, we give the details of a CRAM algorithm to convert a group of edges leaving the
same node, for example (s, b), (s, ¢), (s, d), into a single rule [s — b, ¢, d].

The CRAM takes an encoding of the graph G as a binary adjacency matrix and outputs
the set of rules for the membrane system. The output registers of the CRAM are initially all
blank (set to the symbol “~") and hold up to |0l different rules in rows each using |0l + 5
columns. One processor reads each element of the n x n adjacency matrix and checks if its
element g,, = 1. If it is 1 then it writes out “[a@ —” in the first 3 columns of the ath row,
the object b at the bth column, and ], ” in the last column. (If multiple processors try to
write the same information to the same register, it does not matter which succeeds.) For
example, the edges {(c, e), (a, d), (¢, d), (a, b), (a, f), (c, /)} become the rules

[a - buduf]skna uuuuuuuuuu ) [C - uud@f}skn- O

Note that in the previous proof we encode the edges of the graph as rules, rather than
objects. Therefore our algorithm is semi-uniform as we require a different membrane
system for each unique problem instance. In the membrane computing framework, for
uniform membrane systems, inputs must be specified (encoded) as objects. It is also
interesting to note that our solution uses only type (a) object evolution rules.

By combining Theorems 1 and 2 we get an NL characterisation for semi-uniform
families.

_ 0y *
Corollary 1 NL = (AC") PMCAM‘L,

5 P lower-bound for semi-uniform families of active membrane systems
with dissolving rules

So far we have seen that by tightening the uniformity condition from P to AC® we lower
the power of some models from P down to NL. In this section we show that this does not
happen for all models that solve any problem in P. More precisely we give an AC -semi-
uniform family of polynomial time membrane systems with dissolution rules that solves
AGAP, the P-complete (Greenlaw et al. 1995) analogue of STCON.
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Problem 1 (Alternating Graph Accessibility Problem (AGAP) (Greenlaw et al. 1995))
Instance: A directed acyclic graph with vertices V, edges E, a set A C V of universal
vertices (V \ A are existential vertices), and s, r € V.
Problem: Given G = (V,E,A,s,t), does apath(s, t) hold?

The function apath(u, v) holds iff

e u=vor

e uisexistential (that is u € V\ A) and there exists w € V with (u, w) € E and apath(w, v)
holds, or

e u is universal (that is u € A) and for all w € V with (u,w) € E, apath(w, v) holds.

0
Theorem 3 P C (AC")— PMCAMSJ

The remainder of this section consists of an AC°-semi-uniform family of membrane
systems Ilagap such that for each G = (V,E A,s,t) there exists a membrane system
Il € Hacap that accepts iff G € AGAP. To simplify the proof, we assume that the graph
G has an extra existential vertex ¢ € V\ A and an extra edge (o, s) € E, and that s has no
other incoming edges. It is not difficult to see that AGAP remains P-complete under this
assumption.

Let m = IVl. We also assume a total ordering < on V when defining the membrane
structure E,. We let ¢ = V[0] be the first element in the ordering, s = V[1] be the second
element, and V[m — 1] be the last element. (Note that many rules begin numbering from 1
not 0). Let V<, = {V[0], V[1],...,w} where we V, and let V.,, = V\ V,,.

I = (0 = {{u;,vit1) | u,v € V,0<i<m}U
{(ui,vip1) | u,v € V,0<i<m}u
{ivie )N [ u,v € V,0<i<m}u
{(ui,vig)Y | u,v € V,0<i<m}u
{ci|0<i<m}u{d;|0<i<2}U
Y | e v,0<i<m),
(Vi ={us,ui | u € V\{o},1<i<m} U {in, skn, fin},
E,={(V[ul;,Vlu],) | 1 <u<m,1 <i<m}U
{(Vlu=1];, Vlul?) | 1 <u<m, 1 <i<m}U
{(Vim—1],_, VIIE) | 2< i <m}U
{(fin, V[1]}), (skn, fin), (V[m —1],,_;,in)},
skn),
M= {(in7 {<00> S >/> Cm—1 })}a
H={u,u |uecV\{e}, 1<i<m}U {in, skn, fin},
L={(uj,u)) |u € V\{o},1 <i<m}u
{(ui,u;) | u € V\{o},1 <i<m}uU
{(in, in), (skn, skn), (fin, fin)},
R =Rr URgg URsy URgc URg3 URSE)

where
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Rp = {[(WWH)’ — (Ui, Viz), {(Vf+1,Wi+2>l | (v,w) € E}]m (F1)
for all (u,v) € Eand 0<i<m —2}U
{[ej = cilip [ 1<j<miu (F2)
{[coliy — da} (F3)
Rss={[<ui717ti>],.—>u?(1 lue V\{t}, 1 <i<mju (S4)
(i, vi) — u the lu,v e V\{r}, 1<i<m}u (S5)
(L1, i) — u¥ | ]V, | u,v € V\{1}, 1 <i<m}U (S6)
{[( )Y = (i, i), Luy € Vi), 1<i<m}  (S7)
Rsy = {[(ui-1,vi) — (ui—1,v;)"], such that (S8)
uec V\{r},ve A\{o,1}, I <i<m}u
{[(i-1,v)™ = (wi_1,vi)"],, such that (S9)
u e V\{t} v e A\{o,1},1 <l<m}U
{wY =", |veA\{o,t},1<i<m}u (S10)
{lv ,N]v,.HAIVGA\&7 th, 1 <i<mju (S11)
{7, = Alvea\fo, i}, 1<i<m} (S12)
Rsc = {[dx — di—1],, | k € {1,2},v € V\{o}, 1 <i<m}u (S13)
{ (S14)
{ (S15)
(S16)

Ui—1,Vi

[do],, — do | v € V\{a}, 1 <i<m}u
[dk] —dy | ke {0,1},v e V\{a},1<i<m}
Rys = {[{us1,v) — (i 1,v)"],, such that
ue€ V\{t} veEV\AU{o,1}),1<i<m}U

{i = v, [ve VN(AU{a,1}), 1 <i<m}U (S17)
{7, = AlveVv\Au{o,}),1<i<m}u (S18)
{iv], = Alve V\(AU{a,1}), 1 <i<m}U (S19)
Rsg = {[og — 05" ] U (S20)
{log ]gn — yes}U (S21)
{[66" i — mo} (522)

Lemma 2 The function h : * — I agap is in FAC?

Proof sketch The input word G is interpreted as an instance of AGAP encoded as: a
binary adjacency matrix of edges E, a binary |VI-vector that encodes the universal vertices
A, and vertices s and ¢.

The system Il € Magap has O(|V]*) distinct object types, O(|V[*) membranes and
O(|v[*) different rules.

We describe how the Rules (F1) are computed by a CRAM in constant time (using
similar techniques as used in the proof of Theorem 2). The rules are specified for values of
i from O to IVl — 1, for each i a group of processors work in parallel as follows. For each
entry ¢,, = 1 in the edge adjacency matrix of G, a processor writes the first part of the rule
“[(ui,vit1)" — (ui,viy1),” and the closing part “|, ” (where i is the particular number for
this group of processors). Then, in parallel, IVl processors check row v of the adjacency
matrix, if a processor reads a 1 in location e,,, then it writes out (v;;;, w;y,)’ to the w part
of its output registers (see the proof of Theorem 2).

The other rules are computed (in parallel, for all i) from the number of vertices |VI, but
with an additional check to see if the vertex is in the set A or equal to ¢ or t. Likewise the
membrane structure is easily computable using a constant time CRAM.

The rules of each member of the membrane system family are specific for each
problem instance so the solution is semi-uniform. The function & maps instances of
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The computational power of membrane systems 625

G = (V, E, A, s, t) to the membrane system Il using only constant time on a CRAM and
so h is in FAC®. O

5.1 Proof of correctness

The membrane systems of the family ITsgap operate in two distinct phases, the output of
the first phase acts as input to the second phase. The first phase records all paths through
the graph and operates in a single membrane. The second phase uses these paths to
evaluate apath(s, ).

We define the distance function Dg : V x V — P(N), where Dg(a, u) is the set of
lengths of all directed paths from ¢ to u in the directed graph G.

5.1.1 First phase

The first phase of a system Il s computation produces objects which represent every (and
only those) edge(s) in the graph G reachable from o, as well as the distance(s) of each
vertex from ¢ on all paths from o.

This phase of the computation takes place in a single membrane labeled “in”, the most
deeply nested membrane (see Fig. 2). This phase begins with an object representing the
edge (o, s) and a counter object c,,. The counter c,, is decremented by Rules (F2) and
dissolves the “in” membrane when it reaches ¢y via Rule (F3). While the counter is
decrementing, Rules (F1) are acting on the objects representing edges, “following” all
possible paths through the graph in parallel. Note that if there are different paths through
the graph involving the same vertices, objects representing the same edges with different
distances are generated. When the counter reaches cy it dissolves the membrane “in”. This
marks the end of the first phase of the algorithm and moves the computation to the second
phase which is described in Sect. 5.1.2.

Lemma 3 Given a membrane system Ilg, where G = (V, E, A, s, 1), then in <|V|—1
timesteps Rules (F1) produce the set of objects {{u;,vi11) | (u,v) € E and i € Dg(o,u)}.

Proof We prove by induction on i. The base case is i = 0. We show that, after the first
timestep, Rules (F1) have evolved (a) the object (gg,s;) and (b) the set of objects
{(s1,m)"| (s,v) € E,2 € Dg(a,v)}. The membrane “in” in the initial configuration of Tl
contains the object (g, s;)’. Rules (F1) include:

[(00,51)" — (00,51), {{s1,v2)" | W s.t{(a,5), (5,v)} C E}].

n VBls V35 V2l V25 V[1]s V1]

e e e e e e
VB2 V3]s V212 V[2I5 V1o V[1]5
e e e e e e .

Vi3l VBlS V2l V2§ V11 V1§ fin  skn

Fig. 2 The membrane structure of the semi-uniform family to solve AGAP, in this case there are
m = IVl = 4 vertices. The direction of the arrows (—) indicates the movement of the objects through the
structure by dissolving membranes. The root of the membrane structure is the “skin”
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626 N. Murphy, D. Woods

After applying these rules, if there are no edges leaving s in the graph G then only the
object (6p,s;) is created. Otherwise for each (s, v) € E a new edge object (si,v;)" is
evolved. The subscript on s is 1 since Ds(0,s) = {1} and the subscript(s) on all v is 2 since
2 € Ds(a, V).

For the induction hypothesis we assume that at the end of timestep i, Rules (F1) have
evolved (a) the set of objects {(uj, vjy1) | (u,v) € E,0<j<i,j € Dg(o,u)} and (b) the set
of objects {(viyr, wir2) | W s.t.{(u,v),(v,w)} CE,i+ 1€ Dg(c,v)}. Assuming these
are the contents of “in” immediately before timestep i + 1, we prove that immediately
after timestep i + 1 Rules (F1) evolve (a) the set of objects {(uj,vj11) | (u,v) €
E,0<j<i+1,j€Dg(o,u)} and (b) the set of objects {(vii2,wiz3) | Vv s.t.{(u,v),
(v,w)} CE,i+2 € Dg(o,v)}. Rules (F1) include:

[<”i+lavi+2>, — (Uiy1,Vit2),
{<V;+2,wi+3)/ | v s.t.{(u,v), (v,w)} C E}]in

If there are no edges leaving v then, when the rules are applied, only objects (1, viy2) are
created. Otherwise for each (v, w) € E a new primed object (v;;2,w;;3) is evolved. The
subscripts on vertices v and w come from the fact that i 4+ 2 € Dg(o,v) and
i + 3 € Dg(a,w). G is acyclic, hence the longest path length from ¢ is of length < IVI. After
timestep |Vl — 1 the rules have produced the set of objects {(uj,vji1) ]| (u,v)
€E,0<j<|V|,j € Dg(o,u)}. O

5.1.2 Second phase
The second phase of the computation begins when the parent of the membrane “in”
contains the objects produced by the first phase.

Roughly speaking, this phase guides the computation along two nested loops by
sequentially dissolving the membrane structure from the most deeply nested membrane to
the skin membrane (see Fig. 2). The outer loop iterates over all path lengths i from |VI — 1
down to 1, while the inner loop iterates over all vertices v € V \{o}. Lemma 4 proves that
each iteration of the inner loop works correctly. Lemma 5 proves that the membrane
structure guides the computation so that the correct solution is always produced.

Definition 8 Let G = (V, E, A, s, f) be an AGAP instance, and let [15 € ITagap. We say
that vertex w is evaluated by the current configuration of Il for some j € {1,2,...,|V| —
1} if

1. there is a path of length j from vertex ¢ to vertex w in G (i.e. j € Dg(o, w)) and

(i) w =t, then the rules produce an object u]‘[  forall (u, 1) e E,
(ii) w # r and if apath(w,t) holds, then the rules produce an object uj‘ﬂl for all
(u, w) € E,
(ili) w # tand if apath(w, t) does not hold, then the rules produce an object u_}‘l_l for
all (u, w) € E,

2. otherwise, no ij nor wjv objects are produced.

Furthermore, the evaluation happens in the membrane labeled w; and its parent wf (its

“evaluation” membrane) in the current configuration of Ils. (When evaluating w at dis-

tance j some waste objects of the form W;-(W or w}\lw may also be produced.)
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Definition 9 We define Cg(v,i) to be the set

{{uj—1,w;) | (u,w) € E,u # a,j € Dg(o,w),j<i}U

{{wiz1,wi) | (u,w) € E;w € Voy,u # 0,i € Dg(o,w) U

{wl|we Ve, w#a,i € Dg(a,w), (w,y) € E,apath(y, t) holds}U

W |we Ve, w#a,i € Dg(a,w), (w,y) € E,apath(y, t) does not hold}U
Wl |we Vs, i—1¢€ Dg(a,w),(w,y) € E,apath(y, ) holds}U

W, |weVs,,i—1¢€ Dg(a,w), (w,y) € E,apath(y, ) does not hold} U W,

where W C{y/" [yeV. Ju{w™|weVji>iJu{"|yeVv. Ju{wi¥ |we
v,i> i}

In our proofs, Cs(v,i) encodes G at an intermediary point in the evaluation of
apath(o, t). More precisely, given Cg(v, i), the following vertices have been evaluated: (a)
all vertices w € V such that there is some j > i where j € Dg(o, w) and (b) all vertices
w € Vs, such that i € Dg(a, w). The set W is a subset of the possible “waste” objects
which are generated by Il (proof of Lemma 4) as a side product.

Lemma 4 Let membrane system Ilg € Hagap be in a configuration where the membrane
with label v; (v € V\{o}, i € Dg(0,v)) contains the set of objects Cg(v,i) U {d,}, and
nothing else. Then, in <4 timesteps, Il evaluates v at i according to Definition 8. Ilg
does this by replacing each (u;_1,v;) object with the object u} | if apath(v, ) holds and uY
if apath(v, t) does not hold. The membrane v; and its parent “evaluation” membrane v§ are
dissolved in the process.

Proof The proof is by analysis of the rules of Ilg. Let v e V\{a}.

Case 1: v is universal (v € A). In this case, the system uses the fact that if there exists
(v, ) € E such that apath(y, t) does not hold, then apath(v,¢) does not hold. The rules
operate in <4 timesteps as follows.

Start: In membrane with label v; where, v € A.

if v = 7 and there is an object (u;_1, ;) to trigger Rule (S4) then
the membrane #; is dissolved in timestep 1 evolving object u;’ ;. The counter decrements from d> to
d, by Rule (S13). In timestep 2 the object d; dissolves the “evaluation” membrane v{ via Rule (S15).
End: apath(t,t) where i € D(0, 1) has been positively evaluated in 2 timesteps, the object uY | is
produced.

else if v = ¢ and there are no objects (u;_1, ;) for Rule (S4) then

any 1N or 1YV objects dissolve #; within 2 timesteps. Otherwise, in timestep 2 when the decrementing

counter reaches dy by Rule (S13), it dissolves the membrane #; via Rule (S14). In the next timestep
the counter dissolves “evaluation” membrane v§ via Rule (S15).

End: i & Dg(0,1) so apath(t, 1) has not been evaluated, no new objects are produced and the
computation continues.

else if v # ¢ then

In timestep 1, any edge objects (u;_1, v;) evolve to (u;_y, vl-)N via Rule (S8). Any v} objects wait by
evolving to v,YW via Rule (S10). The counter object decrements from d, to d; by Rule (S13).

if there is a vf.‘l object to dissolve v; via Rule (S11) then
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apath(v, 7) does not hold in the graph. The objects are now in the “evaluation” membrane 1§
where any (u;_1, vi)N objects evolve to uﬁ\il objects via Rule (S5), in timestep 2. The counter d,
dissolves the “evaluation” membrane v§ via Rule (S15).

End: apath(v, ) on paths of length i € Dg(a, v) has been negatively evaluated in 2 timesteps, a
ul | object is evolved for each (u, v) € E.

else if there is no v? object to dissolve v; via Rule (S11) then
in timestep 2 the objects remain in membrane v; where any (u;_1, v,»)N objects evolve to
(ui_1,v;)" via Rule (S9).
The counter object decrements from d; to dy by Rule (S13).
if there is a vY'" object to dissolve v; via Rule (S12) then

apath(v, 7) holds in the graph. In timestep 3 the objects are now in the “evaluation” membrane
v¢ where (u;_p, v,»)Y objects become u)’ | objects via Rule (S6). The counter dq dissolves the in
the “evaluation” membrane v{ via Rule (S15).

End: apath(v, 1) where i € Dg(a, v) has been positively evaluated in 3 timesteps, a u;’_, object
is produced for every (u, v) € E
else if there was no v!'" to dissolve v; via Rule (S12) then
no edges leave v in the input graph so apath(v, ) does not hold. In timestep 3 any (;_;,v;)*
objects evolve to (u;_p, v,-}N objects via (S7). The counter d, dissolves the membrane v; via
Rule (S14) and the objects move into the “evaluation” membrane v;.
if each (u;_y, v,-)N object evolves to u) | via Rule (S5) then
in timestep 4 d, dissolves the “evaluation” membrane 1§ via Rule (S15).
End: apath(v, ) has been negatively evaluated in 4 timesteps since v is a sink node in G,
a u?ﬂl object is produced for each (u, v) € E.
else if there were no (u;_, v,-)N objects for Rule (S5) then
in timestep 4 d dissolves the “evaluation” membrane v{ via Rule (S15).

End: i € Dg(o,v) so apath(v, 1) has not been evaluated, no new objects are produced and
the computation continues.

end if
end if
end if
end if

Case 2: v is existential (v € V\ (A U {a})). In this case, if there exists (v, y) € E where
apath(y, r) holds, then apath(v, r) holds. Here the algorithm describing the action of the
rules is very similar to the one above. The changes are to swap Rules (S8), (S10), (S11),
(S12), with the existential Rules (S16), (S17), (S18), (S19), and in the sentences
mentioning these rules, swap the roles of the objects tagged with “Y” and “N”. (Note
that in the existential case, no equivalent of Rule (S9) is needed, the edge objects are

already in the form (u;_i, v,-)N in timestep 2 by Rule (57).)

Thus, assuming that membrane v; (v € V\{o}, i € Dg(0,v)) is the most deeply nested
membrane in p and contains the objects d, and Cg(v, i) then the rules of Il (in at most 4
timesteps) replace each (u;_;,v;) with a uY , object if apath(v,r) holds and u, if
apath(v, r) does not hold, in the process the membrane v; and its parent, the “evaluation”
membrane v§, are dissolved. Thus Il; evaluates vertex v at distance i, according to
Definition 8. (I
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Lemma 5 [f membrane system Ilg contains the objects produced by the first phase
(Lemma 3) in the parent of the membrane labeled “in” then within 4(m — 1)* timesteps
Il the “fin” membrane contains the object O'OY if apath(s, 1) holds and the object O'ON if
apath(s, t) does not hold.

Proof We prove by induction on the set of membranes, ordered by the membrane
structure y of I, beginning at V{m — 1], _, and ending at s; = V[1], (see Fig. 2).

The base case is given by the membrane p of label V[m — 1],,_,. This membrane is the
parent of “in” and, immediately after “in” is dissolved, p contains the set of
objects Cg(V[m — 1],m — 1) which were generated by the first phase (see Lemma 3). Then,
as per Lemma 4, Il replaces the set of objects of the form {(u,_o,V[m—1],_,) |
(u,Vim —1]) € E} in Cg(V[m — 1],m — 1) with either an equal number of uY _, objects, or
else with an equal number of u)_, objects in <4 timesteps (the V[m — 1] and V[m — 1]}
objects are removed or become waste objects). This modification of C;(V[m — 1],m — 1)
gives the set Cg(V[m — 2],m — 1) (see Definition 9). While the rules of I1s are modifying
the set of objects, they also dissolve membrane p (of label V[m — 1],,.1) and its parent p —
1 (of label V[m — 1];,_,), placing the set Cg(V[m — 2],m — 1) in membrane p — 2, which
has label V[m — 2|, _,. This completes the base case.

For the induction hypothesis, assume that the set of objects Cs(V[z], i) is in membrane
p of label V[z];, As per Lemma 4, Il; replaces the set of objects of the form
{{ui —1,V[z],) | (u,V[z]) € E} in the set Cg(V/[z],i) with either an equal number of u ,
objects, or else with an equal number of uY | objects in <4 timesteps (the V[z];" and V/[z]}

1
objects are removed or become waste objects). Then, we are in one of two cases.

Case 1: If z > 1 then this modification of Cg(V|[z],i) gives the set Cg(V[z — 1],i) (see
Definition 9). While the rules of Il are modifying the set of objects, they also dissolve
membrane p (with label V[z].), and its parent p — 1 (with label V[z]?), placing the set
Cs(V[z—1],i) in membrane p — 2, which has label V([z — 1],.

Case 2: If z = 1 then this modification of C;(V([1],i) gives the set C(Vim — 1],i — 1)
(see Definition 9). This is because the set Cg(V/[1], {) must have moved up the membrane
structure u through each membrane V]y|.for y € {m —1,m —2,...,1} to arrive in
membrane V[1],. In each membrane V[y] the rules of Il operate via Lemma 4 to remove
all objects in the set {(u;_1, V[y];} | (u, V]y]) € E} and replace them with either u)
objects or uY | objects (the V[y]" and V[y]\ objects are also removed or become waste
objects). This encodes that all vertices at distance i have now been evaluated, and the
object set is ready for evaluation at distance i — 1. While the rules of I1; are modifying
the set of objects, they also dissolve membrane p (with label V[1],), and its parent p — 1
(with label V[1]7), placing the set C(V[m — 1],i — 1) in membrane p — 2, which has
label V[m — 1], (see Fig. 2). This completes the inductive argument.

By the above inductive argument, system [l eventually reaches a configuration where
the membrane of label s; = V[1]; contains the set of objects Cg(s, 1) = {s¥ | (s,u) €
E where apath(u, t) holds} U {sY | (s,u) € E where apath(u, 1) does not hold} U {(ay¢, s1)}.
The rules of Tl operate on the set Cg(s, 1) as in Lemma 4. The object (g, s1) is replaced
with an object oy if apath(s, ) holds or is replaced by an object o} if apath(s, ) does not
hold. While the rules of Il are modifying the set of objects (Lemma 4), they also dissolve
the membrane with label s;, and its parent with label s{, placing the object ag or 0'81 into
membrane with label “fin”.
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At this point in the computation after 4(n — 1)* timesteps the rules of IT; have used the
objects produced in the first phase of the computation to evolve the object O'g if apath(s, 1)
holds and the object o)) if apath(s, #) does not hold. O

Proof of Theorem 3 Lemma 5 shows that the object 6 is produced if apath(s, 7) holds
or else the object gy is produced if apath(s, ) does not hold.

All that remains is to show that I correctly outputs either yes in the presence of o, or
no in the absence of ag. Rules (S20)—(S22) achieve this in <2 timesteps in the following
straightforward manner. After Lemma 5, any o) or ) objects are contained in the
membrane of label “fin”. All 6 objects evolve to o)™ objects in step 1. In the same step,
the existence of a O'OY object dissolves the membrane of label “fin”, and places a yes in the
output membrane. However, if there are no ag objects, then, in step 2, a oglw object
dissolves “fin”, placing no in the output membrane. In either case, no more rules are
applicable and the computation halts.

This completes the proof that the family Ilagap recognises the P-complete language
AGAP, in polynomial time. O

Corollary 2 AC’ semi-uniform families of active membrane systems without charges
using only evolution and dissolution rules characterise P.

Proof This follows from Theorem 3 and the known P upper-bound on active membrane
systems without division (Zandron et al. 2000). O

6 AC’-uniformity and known PSPACE results

P-uniform families of active membrane systems (without charges) using non-elementary
division (rules of type (f)) are known to characterise PSPACE (Alhazov and Pérez-
Jiménez 2007; Sosik and Rodriguez-Patén 2007). Clearly, the PSPACE upper-bound
(Sosik and Rodriguez-Patén 2007) is unaffected if we restrict to AC-uniformity.

The lower-bound (Alhazov and Pérez-Jiménez 2007) is given by a P-uniform family of
membrane systems that recognise instances of QSAT (Papadimitriou 1993) in polynomial
time. We sketch how this result can be modified so that it holds for Definition 3 using
Luniformity and, with a suitable restriction on the problem encoding, AC -uniformity.

We use a restriction of QSAT, which we show is PSPACE-complete, where the number
of variables n is even®, and equal to the number of clauses m (i.e. n =m = 2i,i € N).
Given an instance of QSAT in conjunctive normal form (CNF) we reduce to an instance
where n = m = 2i as follows. If n < m we add m — n “junk” variables {x,41,...,Xn} to
the instance. These new variables are not listed in the clauses and so do not affect the
existence of a satisfying solution. If the total number of variables is now odd then we add
another variable x,,,; and the tautological clause (x; V —x;) to ¢. If n > m we add n —
m copies of the tautological clause (x; V —x;) to ¢, and ensure the number of variables and
clauses are even as before. The input encoding in Alhazov and Pérez-Jiménez (2007)
(analogous to the e function in Definition 3) maps the variables in the clauses of the input
instance to objects and is straightforward to compute in FAC®.

2 The original solution requires an even number of variables. Most reasonable encodings represent variables
such that it is possible check that there is an even number of them in AC° (e.g. in unary).
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In Definition 3 the function f : {1}* — IT maps the encoded input instance length
1" x € T*, to a membrane system in I1. However, the construction in Alhazov and Pérez-
Jiménez (2007) makes use of both the number of variables and clauses to compute this
mapping. The function f must now compute the number of variables (which is now equal to
the number of clauses) from the length of its input, an instance of QSAT. The difficulty of
this task is heavily dependent on the chosen encoding scheme, it can be accomplished in
FL for most reasonable encodings and FAC? for some.

Thus L-uniform families of AM? systems using strong non-elementary division can
solve at most PSPACE-complete problems (note that LCPSPACE). If a suitable problem
encoding scheme is used, the same result holds for AC-uniform families of the same type.

7 Discussion

We have introduced AC -uniformity to membrane systems, and active membrane systems
in particular. This has allowed us to show an NL characterisation of semi-uniform systems
without dissolution, an improvement over the previous P upper-bound. We also showed
that a class of systems that was previously known to characterise P (Zandron et al. 2000)
retains its P lower-bound with AC°-semi-uniformity. Also a previous PSPACE (Alhazov
and Pérez-Jiménez 2007; Sosik and Rodriguez-Patén 2007) characterisation also remains
unchanged under the tighter uniformity conditions. This leads us to conclude that tight
uniformity conditions, such as AC’-uniformity, allow us to more accurately study the
computing power of our model.

We note that the system in Sect. 4 that solves the NL-complete problem STCON uses
only evolution rules and that the system in Sect. 5 that solves the P-complete problem
AGAP uses only dissolving and evolution rules. So in this setting, assuming NLCP,
dissolution rules significantly increase the computational power.

Acknowledgments We would like to thank Mario J. Pérez-Jiménez and Agustin Riscos-Nifiez and the
other members of the Research Group on Natural Computing at the University of Seville for interesting
discussions and for hosting Niall Murphy while later versions of this article were written. We would also
like to thank Antonio E. Porreca for stimulating discussions about uniformity and the anonymous reviewers
for their rigour in checking Sect. 5. Niall Murphy is supported by the Irish Research Council for Science,
Engineering and Technology. Damien Woods is supported by Junta de Andalucia grant TIC-581 (Spain) and
National Science Foundation Grant 0832824, the Molecular Programming Project (USA).

References

Alhazov A, Pérez-Jiménez MJ (2007) Uniform solution to QSAT using polarizationless active membranes.
In: Durand-Lose J, Margenstern M (eds) Machines, computations and universality (MCU). LNCS, vol
4664. Springer, Orléans, pp 122-133

Allender E, Gore V (1993) On strong separations from AC’. DIMACS Ser Discret Math Theor Comput Sci
13:21-37

Barrington DAM, Immerman N, Straubing H (1990) On uniformity within NC'. J Comput Syst Sci
41(3):274-306

Greenlaw R, Hoover HJ, Ruzzo WL (1995) Limits to parallel computation: P-completeness theory. Oxford
University Press, New York

Gutiérrez-Naranjo MA, Pérez-Jiménez MJ, Riscos-Nufiez A, Romero-Campero FJ (2006) Computational
efficiency of dissolution rules in membrane systems. Int J Comput Math 83(7):593-611

Immerman N (1988) Nondeterministic space is closed under complementation. SIAM J Comput 17(5):
935-938

@ Springer



632 N. Murphy, D. Woods

Immerman N (1989) Expressibility and parallel complexity. SIAM J Comput 18(3):625-638

Murphy N (2010) Uniformity conditions for membrane systems: uncovering complexity below P. Ph.D.
thesis, National University of Ireland, Maynooth

Obtutowicz A (2001) Note on some recursive family of P systems with active membranes. http://ppage.
psystems.eu/index.php/Papers

Papadimitriou CH (1993) Computational complexitys. Addison Wesley, Reading

Paun G (2001) P systems with active membranes: attacking NP-complete problems. J Autom Lang Comb
6(1):75-90

Paun G (2002) Membrane computing. An introduction. Springer, Berlin

Paun G (2005) Further twenty six open problems in membrane computing. In: Proceedings of the third
brainstorming week on membrane computing, Sevilla (Spain), January 31st-February 4th, pp 249-262

Pérez-Jiménez MJ, Romero-Jiménez A, Sancho-Caparrini F (2003) Complexity classes in models of cellular
computing with membranes. Nat Comput 2(3):265-285

Sosik P, Rodriguez-Paton A (2007) Membrane computing and complexity theory: a characterization of
PSPACE. J Comput Syst Sci 73(1):137-152

Szelepcsényi R (1987) The method of forcing for nondeterministic automata. Bull EATCS 33:96-99

Zandron C, Ferretti C, Mauri G (2000) Solving NP-complete problems using P systems with active
membranes. In: Antoniou I, Calude C, Dinneen M (eds) UMC ’00: proceedings of the second inter-
national conference on unconventional models of computation, London, UK, pp 289-301

@ Springer


http://ppage.psystems.eu/index.php/Papers
http://ppage.psystems.eu/index.php/Papers

	The computational power of membrane systems under tight uniformity conditions
	Abstract
	Introduction
	Membrane systems
	Active membrane systems
	Complexity classes

	NL upper-bound on active membranes without dissolution rules
	NL lower-bound for semi-uniform active membranes without dissolution
	P lower-bound for semi-uniform families of active membrane systems with dissolving rules
	Proof of correctness
	First phase
	Second phase


	AC0-uniformity and known PSPACE results
	Discussion
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


