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A Power Control Game Based on Outage
Probabilities for Multicell Wireless Data Networks

Tansu Alpcan, Student Member, IEEE, Tamer Basar, Fellow, IEEE, and Subhrakanti Dey, Member, IEEE

Abstract— We present a game-theoretic treatment of distrib-
uted power control in CDMA wireless systems using outage
probabilities. We first prove that the noncooperative power
control game considered admits a unique Nash equilibrium (NE)
for uniformly strictly convex pricing functions and under some
technical assumptions on the SIR threshold levels. We then
analyze global convergence of continuous-time as well as discrete-
time synchronous and asynchronous iterative power update
algorithms to the unique NE of the game. Furthermore, we
show that a stochastic version of the discrete-time update scheme,
which models the uncertainty due to quantization and estimation
errors, converges almost surely to the unique NE point. We finally
investigate and demonstrate the convergence and robustness
properties of these update schemes through simulation studies.

Index Terms—Power control, communication systems, game
theory, code division multiaccess, resource management, stochas-
tic systems.

I. INTRODUCTION

HE PRIMARY objective of uplink power control in code

division multiple access (CDMA) wireless networks is
to achieve and maintain a satisfactory level of service, which
may be described in terms of signal-to-interference ratio (SIR).
Since in CDMA systems signals of other users can be mod-
eled as interfering noise signals, there is a tradeoff between
the individual objectives of mobiles and the overall system
performance. If mobiles have different preferences for the
level of service or varying SIR requirements, then the power
control problem can be posed as one of resource allocation.
Furthermore, under a distributed power control regime the
mobiles cannot have detailed information on each other’s
preferences and actions due to communication constraints
inherent to the system. It is, hence, appropriate to address
CDMA uplink power control within a noncooperative game
theoretic framework, where Nash equilibrium (NE) provides
a relevant solution concept. The power control game can also
be extended by making use of pricing. A pricing scheme not
only enhances the overall system performance by limiting the
interference [1], but also results in battery energy preservation.
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Several studies exist in the literature that use game theoretic
schemes to address the power control problem [1]-[6]. In [1]
a framework for power control based on noncooperative game
theory and pricing has been presented. This analysis has then
been extended in a later study [3] to multiple cells. The
study [4] has shown the existence of unique NE for a certain
type of pricing function and under binary input Gaussian
output and binary symmetric channel assumptions. Another
study [2] has proposed linear and exponential utility functions
based on carrier (signal)-to interference ratio, and has shown
the existence of a NE under some assumptions on the utility
functions. Alpcan et al. [5] has studied a power control game
with specific cost structure in a single cell. This analysis has
later been extended in [6] to a more general class of cost
functions and a multicell framework. In both studies, existence
of a unique NE has been proven.

In wireless communication systems, mobiles frequently
update their power levels due to varying channel conditions
in order to maintain their SIR (service) level. The power
control game leads to distributed power control algorithms
as a mean to achieve this goal. An important aspect of a
distributed power control scheme is the convergence properties
of algorithms, which plays a significant role in performance
of the system. The study [7] has presented a standard power
control algorithm, and has established its synchronous and
asynchronous convergence under some conditions on the inter-
ference function. In [8], stochastic power control schemes have
been investigated, and the converge of stochastic algorithms
in terms of mean-squared error has been proven. Another
study [9] has shown the convergence of a coupled power
control scheme based on minimum outage probability and
multiuser detection by making use of standard interference
functions of [7]. In [5], two update algorithms, namely, parallel
update and random update have been shown to be globally
stable under specific conditions. Finally, in [6] the global
convergence of the dynamics of the power control game to
a superset of Nash equilibria has been established for any
handoff scheme satisfying a mild condition on average dwell
time.

In this paper, we consider a power control game similar
to the one in [6], which incorporates a pricing mechanism
limiting the overall interference and preserving battery energy
of mobiles. We capture the preferences of mobiles using a
utility function, which is defined as the logarithm of the
probability that the frame success rate of the data user is
greater than a predefined individual threshold level. This utility
function can also be described in terms of frame outage prob-
abilities [10]. Under the assumption that the fading channel
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gain (and hence the SIR) is static over a data frame, this
frame outage probability can also be related to the standard
outage probability notion used for voice communications [9],
which is given by the probability that the SIR falls below a
predetermined threshold. The notion of an outage probability
is useful for rapidly varying fading channels where trying to
maintain an SIR threshold may become infeasible or can lead
to power warfares. Rapid tracking of the randomly varying
channel can also significantly increase the communication
overhead between the base station and the mobile transmitter
as well. Motivated by these issues, we consider a two-time
scale channel gain model, consisting of a slowly varying
component which we assume to be constant over the time scale
(and hence known) of the application of our algorithm, and a
fast fading component which is not known at the transmitter
or receiver but we assume that the statistics of this fast fading
component are known (or can be accurately estimated. In this
paper, we assume that this fast fading component is Rayleigh
distributed. For detailed discussions on justifications for using
this model, see [9], [11]. In the context of such a generalized
fading channel model, we therefore consider a noncooperative
power control game which uses an outage probability based
(instead of an SIR based) utility function and also incorporates
a pricing mechanism.

The noncooperative power control game thus obtained
admits a unique Nash equilibrium under uniformly strictly
convex pricing functions and some technical assumptions on
the SIR threshold levels. Furthermore, we investigate global
convergence of continuous-time as well as discrete-time syn-
chronous and asynchronous iterative power update algorithms
to the unique NE of the game. A stochastic version of the
discrete-time update scheme, which models the uncertainty
due to quantization and estimation errors, is shown to con-
verge to the NE almost surely under specific conditions. The
convergence and robustness properties of these schemes are
demonstrated through simulation studies in MATLAB.

The next section describes the model adopted and the
cost function. In section III, we prove the existence and
uniqueness of the Nash equilibrium. We present in section IV
system dynamics and stability analysis of a continuous-time
update scheme. In section V, convergence properties of both
deterministic and stochastic discrete-time update algorithms
are investigated. Section VI contains results on simulation
studies. The paper concludes with a recap of the results and
elucidation of directions for future research in section VII.

II. THE MODEL

We consider a multicel CDMA wireless network model
similar to the ones described in [3], [9]. The system consists
of aset £L:={1,..., L} of cells, with the set of users in cell
I being M; :={1,...,M;}, | € L, and the set of all users
is defined as M := (J, M;. The number of users in each cell
is limited through an admission control scheme. We associate
a single base station (BS) with each cell in the system, and
define h;; f;;p; as the instantaneous received power level from
user 4 at the [*" BS. To simplify the analysis, we let a mobile
connect to one BS only at any given time. The quantities
ha (0 < hy < 1) and fi (fu > 0) represent the slow-
varying channel gain (excluding any fading) and fast time-

scale Rayleigh fading between the i*” mobile and the I** BS,
respectively [12]. We assume that the factors affecting h;; do
not change significantly over the time scale of this analysis,
and the terms f;; (static over individual data frames but
varying from one frame to another) are unit mean independent
exponentially distributed random variables (Rayleigh fading).
Let M s denote the set of users in the neighborhood of
cell [ who have a nonnegligible effect on each other’s SIR
levels through in-cell and intra-cell interference. It immedi-
ately follows that M; C M .5s C M. Without loss of any
generality, we define the set M; ¢ in this paper as

Miers = MU (Ureneighvor) M) ,

where Neighbor(l) is defined as the set of first-tier neighbors
of cell . Furthermore, the contribution of mobiles in other
cells to the interference level of cell [ is modeled as a fixed
background noise, of variance 012.

The i*" mobile transmits with a nonnegative uplink power
level of p; < i max, Where p; mqq is an upper-bound imposed
by physical limitations of the mobile. Thus, in accordance with
the interference model considered, the SIR obtained by mobile
i at the base station [ is given by (static over one data frame)

Lhi fupi

Vit i= . (D
DieMuuyp, i Ritfips + ot

Here, L := W/R > 1 is the spreading gain of the CDMA
system, where W is the chip rate and R is the data rate of the
user. The outage probability of user 4, denoted O;;, is defined
as the proportion of time that some SIR threshold, 7;;, is not
met for sufficient reception at the I** BS receiver [9]. By a
careful choice of 7;;, a quality of service level can be estab-
lished for each user (see [10] for details on how a minimum
frame success rate can be converted to an appropriate SIR
threshold for a specific modulation and coding scheme). The
outage probability, O;; = Pr(vy; < 7;), of the i*" mobile at
the /" BS is defined as

>

Oy = Pr <hilfilpi < i [
JEM ers,JF0

hjlfjlpj—FUlQ] ) , (2)

where Pr(v; < ;) denotes the probability of the event
corresponding to v; < 7;;.

For analysis purposes, the mean power level of mobile
i received at the [** BS can be defined without any loss
of generality, as =;; := hyp;, since the mean value of
the Rayleigh fading channel can be incorporated into the
value h;. Let the received power level vector of cell [ be
x; = [(zj1)],j € Micss. Then, the systemwide vector
X = [X1,...,xg] has the cardinality Mz := ), . Mjcyy,
where M ¢y is the number of elements of the set M ..
In order to simplify the notation, we will drop the index
identifying the BS (e.g. x; := x;;) in cases where it is obvious
from the context that mobile i is connected to the I*" BS.
As a further simplification, we let the threshold SIR for the
it" mobile be defined as 7; = ;5 = Ji VI, k € L. We
note that the outage probability in (2) can be expressed in
analytical form which we reproduce here without derivation.
Its derivation can be found in [13], and in [11] for a simplified
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version of the expression. The outage probability of the 7t"
mobile connected to the [*” BS is thus given by

1

YiZji

—02%‘>
JEMuepp i#i 1+
Tl

Oil (X7 ’77,) = 1—exp ( ) (3)

Tl

Henceforth we drop the index “I” from x;; and O;;, and adopt
the convention that j # ¢ stands for j € M, s, j # 4, where
[ is the BS to which mobile ¢ is connected.

The " user’s cost function is defined as the difference
between the utility function of the user and its pricing function,
J; = P; — U, similar to the one in [5]. The utility function,
U;(Pri(vi > %), is a logarithmic function of the probability
that the SIR of the ' user is larger than the predefined
threshold, 7;, and quantifies approximately the demand or
willingness to pay of the user for a certain level of service.
Notice that, Pr;(y; > 7;) is equal to 1 — O;, where O; is the
outage probability in (3). Hence, the utility function for user
1 is defined by

Ui(x) = u; log(Pri(vi(x) = %) = u;log(1 — Os(x, %)),
“)
where u; is a user-specific utility parameter.

The pricing function, P;(p;), on the other hand, is imposed
by the system to limit the interference created by the mobile,
and hence to improve the system performance [3]. At the same
time, it can also be interpreted as a cost on the battery usage of
the user. As a result, the cost function of the i*" user connected
to a specific BS is given by

Ji(x) = Pi(z;) — uilog(Pri(vi(x) > %)), 5)

where we have used z;, instead of p;, as the argument of P;,
by a possible redefinition of the latter.

III. EXISTENCE AND UNIQUENESS OF NASH EQUILIBRIUM

It follows from (4) immediately that the utility function
U;(x) is continuously differentiable in its arguments. In order
to calculate the derivatives of the utility function with respect
to x, we first evaluate OPr;(v;(x) > #4;)/0x; using (2)
and (3):

OPri(vi(x) > i)

= Pri(vi(x) > %)

8331'
27
oivi 1
b+ ;
$2 Jj#£i i
i €T+ =
o Yij1

(6)
Thus, the first and second order derivatives of mobile i’s utility
function, U;(x), with respect to x; are given by

oU;(x u; 027 u;
) _ w5,
8xi x; — T+ 7%
.]7£7‘ g YiZ 41
and
211
1+ YiZj1

82Ui(x) —2ui0l2’71‘
922 = 23 — U; Z <0,
¢ ¢ J#i

2 2
) i
(:CZ + Fij1 )

respectively. Furthermore, for j # 4,
82Ui(x) _
8331' 833jl n

Ui

> 0.
(@i + Fizj)?

Let us define x,,;, and 4, as lower and upper bounds on
xy Vi, 1, ie. Tomin < Ti < Tumaz Vi, [ If the mean received
power level of a mobile at the BS is less than x,,;,, then its
effect is negligible and it is modeled as part of the background
noise. The upper-bound z,,,, is further bounded above by
DPmaz With a possible equality in the case of no channel
attenuation. We also define ¥,in (Umin) and Ymaz (Umaz) In
such a way that Y5 < ¥ < Ymaz (Umin < Wi < Umaz) Vi.
We now make the following three assumptions on the price
function P;, for all mobiles 7.

Al. The pricing function P;(x;) is twice continuously
differentiable, non-decreasing and uniformly strictly convex
m x;, 1.C.

dP;(z;)/dx; >0, d*Pi(z;)/dx? > v >0, Ya;,

for some v > 0.
A2. Given the set of parameters { M ¢ f, Ymin> Ymaz> Tmins
Zmaz }» v in Al above satisfies the following inequality:

_ ZIJ%”'TL _ Umin l’fnm
'U('szn + 1)— + (Ml,eff - 1)77711’77,—3— >1
Umazx mazr Tmazx

A3. The pricing function P; and the parameter of the utility
function are further picked in such a way that the i*" user’s
cost function, J;, has the following properties at z; = Tin
(i = Tmaz) @ OJi(X @ T = Typin)/0x; < 0 Vx (0J;(x :
i = Tmaz)/0z; > 0VX), respectively.

The Nash equilibrium (NE) in a cell is defined as a set of
power levels, p* (and corresponding set of costs J*), with the
property that no user in the cell can benefit by modifying
its power level while the other players keep theirs fixed.
Mathematically speaking, x* is in NE when z} of any *" user
is the solution to the following optimization problem given the
equilibrium power levels of other mobiles (in the set M; ),
x* e

min
Tmin <Ti<Tmaz

Ji(xi,x’ii). (7)
Note that given the channel gains, the NE point x* is equiv-
alent to p*.

Thanks to assumption A/, the cost function J; is strictly
convex and belongs to a fairly large subclass of convex
functions. Hence, there exists a unique solution to the ith
user’s minimization problem, which is that of minimization
of J;, given the system parameters and the power levels of all
other users. We will next make use of the technical assumption
A2 in the proof of existence of a unique NE. Notice that, X,y
is bounded below by definition. Hence, A2 is easily satisfied
for a large number of users M or high SIR thresholds ¥,y
even if v is small. Assumption A3, on the other hand, ensures
that any equilibrium solution is an inner one, i.e., boundary
solutions = = Tyin (T = Tmag) Vi cannot be equilibrium
points.

Theorem IIL.1. Under Al-A3, the multicell power control
game defined admits a unique inner Nash equilibrium solution.

Proof. The proof of this theorem is similar to the ones of
Theorem 3.1 in [14] and of Theorem II.1 in [6]. It is briefly
outlined here for completeness. Let X := {x € RM®

Toin < Tip < Tmaz Vi, L} be a set of feasible received
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power levels at the base stations under the interference model
considered. Clearly, X is closed and bounded, and hence
compact. Furthermore, it is also convex, and has a nonempty
interior. By a standard theorem of game theory (Theorem
4.4 p.176 in [15]) the power control game admits a Nash
equilibrium. In addition, by A3 this solutlon has to be inner.

Py— 6 J?
Let A;; = Dwida g and B; := a 2, where mobile i is

connected to the BS [. Define M x M matrix G(x) with
diagonal entries B; and nonzero entries A; ;, if j € My cff. It
follows from A2 that B; > |A; ;| Vi, j. Hence, the symmetric
matrix G(x) + G(x)T is positive definite. Then, using an
argument similar to the one in the proof of Theorem 3.1
in [14] one can show that the inner NE solution is unique.
Thus, there exists a unique inner NE in the multicell power
control game. O

IV. SYSTEM DYNAMICS AND STABILITY ANALYSIS

We consider a dynamic model of the power control game
similar to the one of [6] where each mobile uses a gradient
algorithm to solve its own optimization problem (7). Accord-

ingly, the power update algorithm of the i** mobile is:
. _ dp;i 9J;
pi = = — 5
dt 8pi

for all 7 € M. This can also be described in terms of the
received power level, x;, at the th BS:

()

By taking the second derivative of x; with respect to time,
we obtain

®)

; d?Pi(z;)\ . ) .
€, = h? (—ai — ng x; + h? Zbi,j.’tjl = ¢Z‘(X),
J#i
)
where a; and b; ; are defined as
1 i 2331'
82U1 2 + 7 (3
a; = — gX) = Ul 'Y +u Z 7$]l - 5 2
dz; x?
)
YiZji
and
b PUi(x) _ i

S By 0z i (z; + Yiwj)?
Notice that both a; and b; ; are positive.

We establish the stability of the power update scheme (8)
under some sufficient conditions. The set of feasible received
power levels is invariant by assumption A3, which immediately
follows from a boundary analysis. When z; = x,,;, for some
1 € M, we have z; > 0 under A3. Hence, the system trajectory
moves toward inside of X. Likewise, in the case of z; = T 0s
for some i € M, &; < 0, and hence, the trajectory remains
inside the set X. Let us introduce a candidate Lyapunov
function V : RM? — R as

V()= 2¢2( )
16/\/(

which is in fact restricted to the domain X . Note that because
of the uniqueness of the NE, x*, ¢;(x) = 0 Vi if and only if
x = x*. Hence, V is positive for all x except for x = x*.

Taking the derivative of V' with respect to ¢ on the trajec-
tories generated by (8), we obtain

V(x) < Z —(2v + 2a;)¢? + Z maxb” Z 2|pig;.
ieM ieM VE
It follows from a simple algebraic manipulation that
> max b > 20¢idi| < 2(Meg —1) ) maxbi > 67,
ieM J#i ieM
where M,;; := max; Ml’@ff'
Using this to bound V further yields
V(x) < (—(20 + min 2a;) + 2(Mepp — 1) maxb” Z b7
! ieM
Next, we modify assumption A2 as follows:
A2 . Assume that the following inequality holds:

3
Umin 'Tmzn

('Ymm + 1) i + (Ml eff — 1)'Ymm

max ‘/Emaqj

> Meff —1 Vvi.

Remark 1V.1. A2' holds when Ymin and/or v are sufficiently
large.

Under A2', we have V(x) < 0, uniformly in the z;’s on
the trajectory of (8). Thus, V is indeed a Lyapunov function,
and it readily follows that ¢;(x(t)) = Z;(t) — 0, Vi.
This in turn implies that x;(¢)’s converge to the unique Nash
equilibrium. Hence, the unique NE point (Theorem III.1) is
globally asymptotically stable on the invariant set X with
respect to the update scheme (8) under the assumptions Al,
A2, A3 by Lyapunov’s stability theorem (see Theorem 3.1
in [16]).

V. ITERATIVE POWER CONTROL ALGORITHMS

We investigate in this section stability properties of syn-
chronous and asynchronous iterative power control schemes
as they are of practical importance. We first analyze gradient
based synchronous and asynchronous update algorithms of the
power control game in Section III. Consequently, we study
convergence of stochastic iterations to the unique NE solution
by taking communication constraints and estimation errors
into account.

A. Synchronous and Asynchronous Update Schemes

Consider a discrete-time counterpart of the update scheme
in (8) in a system with M mobiles where each mobile uses a
gradient algorithm to solve its optimization problem (7):

0J;
Opi

where n = 1, 2,. .., denotes the update instances and ); is the
user-specific step size defined by \; := A\/h;. Here, A denotes
the system wide step size constant. For notational convenience
this can also be defined as a mapping from the received power
levels at the BS to the updated power levels, x(n + 1) =
T(x(n)), ie.

pi(n+1) =pi(n) — N Vie M,

0J;

7, VieM.

zi(n+1)=T;(x(n)) :=x;(n) — A

(10)
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In the case of synchronous update algorithm, each mobile
updates its power level at the same time instance. We study
here sufficient conditions for convergence of the system to the
unique NE, x*, under the synchronous update. This analysis
follows lines similar to those in the proof of Proposition 1.10
of [17, p. 193]. Let x € X = {x € RM* : g,,, < 2 <
Tmaz Vi, I} and define a function g;(7) : [0,1] — R for the

" mobile by

gi(T) =71 + (1 — 1)zl + Ai(mx + (1 — 7)x7),
where ¢; is defined in (8). We then have

Ti(x) = Ti(x")| = |g:(1) — g:(0)] =

1dgi(7)
fo — dr‘

1 dg;(7)
<Jy dr

where x*, the NE, is the fixed point of the mapping 7. We
bound dg:(7)
dr

‘ dgi(7)

dgi (’7’)
dr

dr < maxreo 1)

)

above by

i .
—T; — )\ZjEML,cff 8—9@ ’ (xj - xj)

< |x

dr

5@
ox;

Imposing the condition Ad¢;/dx; < 1, we have

dg;(T) 8(;51 8(;%
dr 530 5

<|1-2)

|xZ | + Z];ﬁl

*
‘xﬂ jl .

<[1-A

l[x =",

where ||x|| := max; |x;| is the maximum norm. Define
X

35[‘]1
which leads to |T;(x) —zf| < p;||x —x*| for each i.
Let p := max;p; and K := max; K;. We obtain then

IT(x) —x*|| < p|lx—=x*|, if AK < 1. An upper bound
on K in terms of system and cost parameters is

9¢i
ox;

_ d2Pl max 2(M. DYmazTmax
K = max; (xQ ) ( £ )7 ?
dZIJi (77n17l + 1) mln
(11)
202'7171111
L

min

Imposing the condition p < 1, it readily follows that for arbi-
trary x € X, T"(x) — x* as n — oo, since |77 (x) — x*|| <
p" ||x — x*||. Furthermore, the condition p < 1 is satisfied if

Z ﬁ?x?l + 2'7i$ile _ Yi

> 0 Vi.
a3 (@ +Yixj)? (x4 Fij)?

i
Let 0 = QX for some o > 0. Then, a sufficient
condition for p < 1 is

which follows from a straightforward algebraic derivation.
Thus, under A\K < 1 and o < 144/1 + ¥p4n, the synchronous
power update scheme given in (10) converges to the NE

solution, x*.
theorem:

This result is summarized in the following

Theorem V.1. Let X000 = QTimin for some o > 0 and X =

{x € RM* : 20 < @y < Zinas Vi, I}. The synchronous
power update algorithm
aJ;
i 1) =pi(n) — N\
pln 1) = piln) ~ A5

converges to the unique NE point of the power control game,

p* =[x /h1, ..., 2%, /bl on the set X if
d2 max 2 Me - 1 7maz “max
A max, (332) (Megs — 1)Ymaa
dx (Ymin + 1) Linin
2U2ﬁmax
= | <b
and

a < 1"’ V 1+':Ymin-

Remark V.2. Given Zin, Tmaz, @, and system parameters
Mcyy and o2, the conditions of Theorem V.1 can be satisfied
by choosing A and max; d?P;(Zmaz)/dx? sufficiently small
while keeping 7y, sufficiently large. We refer to Section VI
for specific numerical examples that illustrate this.

A natural generalization of the synchronous update is the
asynchronous update scheme where only a random subset of
mobiles update their power levels at a given time instance.
This is in fact more realistic since it is difficult for the
mobiles to synchronize their exact power update instances in a
practical implementation. In this particular case, however, the
convergence analysis above also applies to the asynchronous
update algorithm. Define a sequence of nonempty, convex, and
compact sets

X (k) = [a1 = 0(), a1 — 6(k)] x [25 — 6(k), 25 — 6(K)]
X [y = 0(k), 2y, — 6(K)),
where §(k) := ||x(k) — x*||. Since by Theorem V.1, 6(k

1) < d(k), we have
CX(k+1D)CcX(k)C... X

We next give the definitions of two well known conditions
which together are sufficient for asynchronous convergence of
a nonlinear iterative mapping x(n + 1) = T'(x) [17, p. 4311].

Definition V.3 (Synchronous Convergence Condition). For a
sequence of nonempty sets {X (k)} with ... C X(k+1) C
X(k) € ...X, we have T'(x) € X(k+ 1), Vk, and x €
X (k). Furthermore, if {*} is a sequence such that y* € X (k)

for every k, then every limit point of {3/*} is a fixed point of
T.

Definition V.4 (Box Condition). Given a closed and bounded
set Y in R, for every k, there exist sets X;(k) C Y such that

X (k) = X1 (k) x Xa(k) x - - x Xar(k).

In our case Y is defined as the interval [Zyin, Tmaz], and
X, = [z} —d(k), x} + 6(k)]. Hence, the box condition is sat-
isfied by the definition of X (k). Since J(k) is monotonically
decreasing in k£ by Theorem V.1 the synchronous convergence
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condition also holds. Therefore, the next convergence result for
the asynchronous counterpart of the power update algorithm
in (10) immediately follows from asynchronous convergence
theorem [17, p. 431].

Theorem V.5. Let x40 = QZmin for some o > 0 and X =
{x € RM® . gin < Zi < Tmas Vi, }. The asynchronous
power update algorithm

piln+1) = {pi(n)

pi(n),

0J;
)\z apL7

ifieU(k)
if i € M\U(K),

where U(k) C M denotes the random subset of mobiles up-
dating their power levels at time k, converges to the unique NE
point of the power control game, p* := (x5 /h1, ..., 2% /hu],
on the set X if

AK < 1

and a<1+\/1+’7min7

where K is defined in (11).

B. A Stochastic Update Scheme

In a real life implementation of the power control scheme,
communication constraints, approximations, estimation and
quantization errors may not be negligible, and hence have to
be taken into account in the convergence analysis. Hence, a
mobile does not have access to the exact values of the system
parameters such as its own channel gain or the feedback terms
provided by the BS. These uncertainties can be captured by
a stochastic update algorithm, as introduced below. For each
i€ M,let&(n)n=1,2,... be a sequence of independent
identically distributed (i.i.d.) random variables defined on the
common support set [1 — &,1 + €], where 0 < ¢ < 1.
We further assume that the sequences {&;} are independent
across ¢ € M. Using these random sequences, we model
the aggregate uncertainty in the term 0.J;/9p; of (10) due to
quantization, estimation, and multiplicatively approximation
errors. Thus, the stochastic counterpart of the synchronous
update algorithm is given by

0J;

= pi(n) — Ni&i(n) p;

which can also be described in terms of received power levels
at the base station as

pi(n+1)

Vi e M, (12)

0J;
8$i

Ti(x(n); &(n)) Vie M.

We next follow steps similar to those in the previous
subsection for the convergence analysis. We have, for an
arbitrary x € X:

zin+1) =xz;(n) — A\(n)

13)

9¢i

Z

E(Ti(x;&) —

il

)

where F(x) denotes the expected (mean) value of x. Assume
A1+ ¢e)K; < 1, where K, as defined earlier, provides an
upper bound on 9¢;/dx;. Then, from the independence of &;

|x; — af

x*|)<E<‘1—A@
99

o
+E]€Mz effrJF1 61 Tl

il —
Tj1

and z; for all 7, we obtain (by dropping the dependence on
n):

E(|Ti(x &) —a7) < (1 - AE(&)K)E

(lz; — 271)

|
)

where K/ is a lower bound on 9¢;/dz;, and K; is an upper
bound on 0¢; /0x; for all j # i. Let us redefine the maximum
norm as ||x|| = max; E(|x;|). Then, E (|T;(x;&;) — z7)]) <
/61' ||X —x* || \V/Z, where ,61 = I—AE(fz)(K - (M@ff— 1)[7(1)
Defining p := max; p;, we obtain

+AE(&)K; > E Qxﬂ -

IT(x;6) —x*[| < pllx =7,

if \(14+¢)K < 1, where & := [£1, &, . . ., €ar). Now, imposing
the condition p < 1, it readily follows that for arbitrary z € X
and &;(n) € [1 —e,1 + €] Vi, n, we have T"(x;§) — x* as
n — oo, since ||T™(x;&) —x*|| < p"||lx — x*||. We note
that the condition K} > (M.¢y — 1)K; Vi is equivalent to
the one p < 1. Hence, a derivation similar to the one in the
deterministic case yields a sufficient condition for p < 1 to
hold, namely

1 1

where « is defined as before with x4, and x,,;, being upper
and lower bounds on the random variables z; for all 7.

We next show that the stochastic update scheme (13)
converges almost surely (a.s.) [18] to the unique NE solution
x*, under the given conditions, by an analysis similar to the
one in [5]. From the Markov inequality and using the definition
of the maximum norm, we obtain

Yoo Plzi(n)] > €) <307 M

S%Zﬁﬁk@M§%2f1”|(m<|gE%,

where ¢ > 0 and ||x(0)| are constants, Pr(A) denotes
the probability of the event A, and the last inequality fol-
lows from the contraction property of the normed random
sequence. Hence, the increasing sequence of partial sums
Y n_q1 Pr(|zi(n)| > €) is bounded above, and converges for
every e > 0. Finally, from the Borel-Cantelli lemma [19], [20],
it follows that

Pr(limsup{w : |z;(w)| > €}) = 0 Vi,

where w is the probabilistic variable. Thus, the stochastic
update scheme (13) converges a.s. to the unique NE point
of the power control game under the conditions p < 1 and
AMl+e)K < 1.

Theorem V.6. Let x;(n) (£;(n)) be random (random i.i.d.)
sequences for all i, where &; is also independent across © and
has the support set [1 —e,1+¢], 0 < e < 1. The random
vector X takes values in the set X := {x € RMz . g0 <
il < Tmax Vi, l}. Furthermore, let a > 0 be defined as
Q := Tmaz [ Tmin- The stochastic power update algorithm

) = A (0) 5 Vi

piln+1)=
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Fig. 1. Locations of base stations and the paths of mobiles.

converges almost surely to the unique NE point of the power
control game, p*, if

1 - 1
< 5\/%4’ Z
where K is defined in (11).

and \(1+¢e)K < 1

VI. SIMULATIONS

The power control game based on outage probabilities is
simulated in MATLAB for a wireless network consisting of 6
arbitrarily placed base stations and 20 mobiles. The channel
gain of the i*" mobile is determined by the Rayleigh fast-
fading and log-normal shadowing path loss model, given by
gi = (0.1/d;)%°- Y71 f;, where d; denotes the distance to the
BS, log(Y,) is a zero-mean Gaussian random variable with a
standard deviation of ¢ = 0.1, and f; is a random variable
with Rayleigh distribution, modeling the fast-fading channel.
We generate the random variable f; at each time step and Y,
every 20 time steps according to their respective distributions.
The distance based loss exponent is chosen as 2.5, which
corresponds to a low density urban environment [12]. Each
mobile connects to a single BS, which happens to be in the
closest geographical location. Hence, the cells in the network
are irregularly shaped polygons. The system parameters are
chosen as L = 128 and o7 = 0.1 V1.

The mobiles are initially distributed randomly over the net-
work, and their movement is modeled after a two-dimensional
random walk with a speed of 0.0001 units per update. In
order to relate the values of the simulation to real physical
quantities, we assume an update frequency of 1kH:z and
geographical unit size of 100m. Thus, mobiles move with a
speed of 10m/s or 36km/h. We note, however, that these are
arbitrarily fixed values, for illustration purposes only. Fig. 1
depicts the locations of the BSs and the paths of all mobiles.

The class of user pricing functions which satisfy the earlier
convexity assumptions is fairly large. The relationship between
the pricing function and the performance of the system at the
NE point is in fact a very complex one, and therefore the

question of finding the “optimum” pricing function, though
interesting, does not seem to be within reach. Consequently,
we adopt a specific one without any optimality consideration;
namely we choose a quadratic function parametrized by v;
for the i*" user as a representative pricing function in our
numerical studies. Thus, the cost function for the it" user
(mobile) is

z; — u;log(Pri(vi(x) > %)),

where pricing and utility parameters are u; = 10, v; = 1, and
~; = 10 (10dB), which are chosen to be the same for all users
for comparison purposes.

We first simulate a discrete update scheme with “perfect”
information where we ignore the communication constraints
between the BS and the mobiles. In order to estimate the slow
varying x; (= h;p;) value of the i** mobile, the BS imple-
ments a maximum likelihood estimator (MLE) using the last
20 independent identically exE)onentlally distributed samples
of the received power level [g; 'p;, g )pz, ceey gz( pi]- Here,
we consider a sufficiently high sampling frequency so that we
can assume p; to be constant within an interval of 20 samples.
A straightforward derivation of this unbiased MLE yields

- 20 (k) 2
4-202(91' pi) '
k=1

The output of this estimator is then filtered with a simple
infinite impulse response (IIR) low pass filter (LPF) to cancel
out the effect of high frequency estimation errors and other
disturbances. Fig. 2 depicts the instantenous and filtered
estimation channel gains from mobile 1 to its BS. Thus, given
the feedback information from the BS, the mobiles update
their power levels according to

hip; =

0'2:)/1'
pin+1) =pi(n)+ Au;—55—
hip3 (n)
/\ui 1
i) 4 Ty mamgr A )
hjip;(n)7vi
(14)
where A\ = 0.1 and n denotes the time, and mobile % is

connected to the I*" BS.

The power levels and SIR values of a randomly selected
subset of mobiles for the duration of the simulation are shown
in Figs. 3 and 4, respectively. The average SIR values in
Fig. 4 are obtained by using the filtered channel gains of
mobiles instead of instantenous ones. They are provided in
order to visualize the trends in SIR values. The minimum
and maximum received power levels of the mobiles at their
respective BSs are Z,,i, = 2.5 and T4, = 90. Hence, we
obtain & = Tpyaz/Tmin = 36. Fig. 5 depicts the evolution of
the received power levels of selected mobiles at their respec-
tive BSs. While these parameters satisfy assumption A2, they
violate assumption A2’ as well as conditions of Theorem V.1.
Since the derived analytical conditions in previous sections
were only sufficient, and not necessary, it is not surprising
that the power levels still converge to the equilibrium points
which slowly shift due to the movements of the mobiles.
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Instantenous and Filtered Channel Gains from Mobile 1 to BS
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Fig. 2. Instantenous and filtered channel gain from mobile one to its respective
BS.
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Fig. 3. Power levels of selected mobiles with respect to time.

In the next simulation, we change the SIR threshold value of
mobiles to 4; = 1000 (30dB) and let A = 0.01. Furthermore,
we have z,,;, = 3 and x,,,, = 48, and hence, a = 16.
It is easy to see that these parameters satisfy assumptions
A2 and A2’, and the conditions of Theorem V.1. The results
in Figs. 6 and 7 show convergence as expected. However,
we observe that the convergence speed in this case is slower
due to the smaller step size. We conclude that although the
sufficient conditions derived analytically provide a guideline
for the convergence of the algorithm, they are by no means
necessary and may be too stringent in some cases.

We next consider a more realistic information feedback
scheme, where we take into account the distortion in feedback
information due to quantization and other effects. Multiplying
the parameter A = 0.1 in the update algorithm (14) with &,
which is a random variable uniformly distributed on [0.7, 1.3],
we rerun the previous simulation with this imperfect feedback
algorithm. Figs. 8 and 9 depict respectively the power levels

Averaged SIR Values of Selected Mobile

W it il YJ T M«WW W fif WVW‘MW .i»WmW A

I I
0 100 200 300 400 500 600 700 800 900 1000
Time

Fig. 4. SIR and averaged SIR values of selected mobiles (in dB) with respect
to time.

Received Power Levels of Selected Mobiles at the BS
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Fig. 5. The received power levels of selected mobiles at their respective BSs.

and SIR values of selected mobiles. In accordance with
Theorems V.1 and V.6, the convergence characteristics of the
system are not significantly affected. We finally study the
effect of the pricing parameter v on the overall performance
of the system. We calculate the sum of the utility values of
static arbitrarily located mobiles for v = 5. Fig. 10 displays
the sum of the utility values of mobiles averaged over the
fast fading process at the NE solution. After repeating this
analysis several times for various distributions of mobiles, we
conclude that there is a complex and nonlinear relationship
between the NE point and the pricing parameter v, which can
be interpreted as the cost on the battery usage of the user.

VII. CONCLUSIONS

In this paper, we have considered a power control game
similar to the one in [6], with a utility function defined as the
logarithm of the probability that the SIR level of the mobile
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Fig. 6. Power levels of selected mobiles with respect to time.
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Fig. 7. SIR and averaged SIR values of selected mobiles (in dB) with respect
to time.

is greater than a predefined individual threshold level. Hence,
we have established a relationship between the preferences
of the mobiles and outage probabilities. We have proven that
the noncooperative power control game admits a unique Nash
equilibrium for uniformly strictly convex pricing functions and
under some technical assumptions on the SIR threshold levels.
Furthermore, we have established the global convergence of
continuous-time as well as discrete-time synchronous and
asynchronous iterative power update algorithms to the unique
NE of the game under some conditions. Likewise, a stochas-
tic version of the discrete-time synchronous update scheme,
which accounts for the uncertainty due to quantization and
estimation errors, has been shown to converge to the unique
NE point almost surely. Finally, through extensive simulation
studies we have demonstrated the convergence and robustness
properties of power update schemes developed.

A possible extension of this study would involve the sim-
ulation of asynchronous update schemes as well as analysis
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Fig. 8. Power levels of selected mobiles with respect to time under imperfect
feedback information.
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Fig. 9. SIR and averaged SIR values of selected mobiles (in dB) with respect
to time under imperfect feedback information.

and simulation of various handoffs algorithms. Another re-
search direction would be the exploration of the relationship
between the pricing function and system performance, and its
investigation as an optimization problem.

REFERENCES

[1] D. Falomari, N. Mandayam, and D. Goodman, “A new framework for
power control in wireless data networks: games utility and pricing,” in
Proc. Allerton Conference on Communication, Control, and Computing,
Sept. 1998, pp. 546-555.

[2] H. Ji and C. Huang, “Non-cooperative uplink power control in cellular
radio systems,” Wireless Networks, vol. 4, no. 3, pp. 233-240, Apr. 1998.

[3] C. U. Saraydar, N. Mandayam, and D. Goodman, “Pricing and power
control in a multicell wireless data network,” IEEE J. Select. Areas
Commun., vol. 19, no. 10, pp. 1883-1892, Oct. 2001.

[4] C. W. Sung and W. S. Wong, “Power control for multirate multimedia
CDMA systems,” in Proc. IEEE Infocom 1999, vol. 2, pp. 957-964.

[5] T. Alpcan, T. Basar, R. Srikant, and E. Altman, “CDMA uplink power
control as a noncooperative game,” Wireless Networks, vol. 8, pp. 659—
669, Nov. 2002.



ALPCAN et al.: A POWER CONTROL GAME BASED ON OUTAGE PROBABILITIES FOR MULTICELL WIRELESS DATA NETWORKS

625 T T T T T T T

Sum of Utilities

595 I I I I I
0 05 1 15 2 25 3 35 4 45 5

Sum of Utilities in terms of SIRS of Mobiles versus Prices

Price (v)
Fig. 10. Sum of the utility values of mobiles for different v values.

(6]

(71

(8l
(91

[10]

[11]

[12]

[13]

[14]

[15]
[16]
[17]
[18]

[19]
[20]

T. Alpcan and T. Bagar, “A hybrid systems model for power control
in multicell wireless data networks,” Performance Evaluation, vol. 57,
no. 4, pp. 477-495, Aug. 2004.

R. D. Yates, “A framework for uplink power control in cellular radio
systems,” IEEE J. Select. Areas Commun., vol. 13, no. 9, pp. 1341-1347,
Sept. 1995.

S. Ulukus and R. D. Yates, “Stochastic power control for cellular radio
systems,” IEEE Trans. Commun., vol. 46, no. 6, pp. 784-798, June 1998.
J. Papandriopoulos, J. Evans, and S. Dey, “Optimal power control
in CDMA networks with constraints on outage probability,” in Proc.
WiOpt’'03, Mar. 2003, pp. 279-284.

S. Dey and J. Evans, “Optimal power control in wireless data networks
with outage-based utility guarantees,” in Proc. 42nd IEEE Conference
on Decision and Control, Dec. 2003, pp. 279-284.

S. Kandukuri and S. Boyd, “Optimal power control in interference-
limited fading wireless channels with outage-probability specifications,”
IEEE Trans. Wireless Commun., vol. 1, no. 1, pp. 46-55, Jan. 2002.
T. S. Rapaport, Wireless Communications: Principles and Practice.
Upper Saddle River, NJ: Prentice Hall, 1996.

Y. D. Yao and A. Sheikh, “Outage probability analysis for microcell
mobile radio systems with cochannel interferers in rician/rayleigh fading
environment,” IEE Electronics Letters, vol. 26, pp. 864-866, June 1990.
T. Alpcan and T. Basar, “A game-theoretic framework for congestion
control in general topology networks,” in Proc. 41st IEEE Conference
on Decision and Control, Dec. 2002, pp. 1218-1224.

T. Basar and G. J. Olsder, Dynamic Noncooperative Game Theory.
SIAM, 1999.

H. K. Khalil, Nonlinear Systems. Upper Saddle River, NJ: Prentice Hall,
1996.

D. Bertsekas and J. N. Tsitsiklis, Parallel and Distributed Compuation:
Numerical Methods. Upper Saddle River, NJ: Prentice Hall, 1989.

H. Stark and J. W. Woods, Probability, Random Processes, and Esti-
mation Theory for Engineers, 2nd ed. Upper Saddle River, NJ: Prentice
Hall, 1994.

J. Doob, Stochastic Processes. New York, NY: Wiley, 1953.

P. Billingsley, Probability and Measure, 2nd ed. New York, NY: Wiley,
1986.

899

Tansu Alpcan (S°98) received the B.S. degree in
electrical engineering from Bogazici University, Is-
tanbul, Turkey in 1998, and the M.S. degree in elec-
trical and computer engineering from the University
of Illinois at Urbana-Champaign (UIUC) in 2001.
His research interests include game theory, control
and optimization of wireline and wireless commu-
nication networks, network security, and intrusion
detection. He has received a Fulbright scholarship in
1999 and the best student paper award of the IEEE
Conference on Control Applications in 2003. He has
authored close to 20 journal and conference publications and is an associate
editor for the 2005 IEEE Conference on Control Applications (CCA2005).
Currently, he is a Ph.D. candidate in electrical and computer engineering at
UIUC.

Tamer Basar (S’71-M’73-SM’79-F’83) received
B.S.E.E. degree from Robert College, Istanbul, and
M.S., M.Phil, and Ph.D. degrees in engineering
and applied science from Yale University. After
stints at Harvard University and Marmara Research
Institute (Gebze, Turkey), he joined the University
of Illinois at Urbana-Champaign in 1981, where he
is currently the Fredric G. and Elizabeth H. Nearing
Professor of Electrical and Computer Engineering.
He has published extensively in systems, control,
communications, and dynamic games, and has cur-
rent interests in robust nonlinear and adaptive control, modeling and control of
communication networks, control over wireless links, resource management
and pricing in networks, risk-sensitive estimation and control, and robust
identification.

Dr. Basar is the Editor-in-Chief of Automatica, Editor of the Birkhduser Se-
ries on Systems & Control, Managing Editor of the Annals of the International
Society of Dynamic Games (ISDG), and member of the editorial and advisory
boards of several international journals. He has received several awards and
recognitions over the years, among which are the Medal of Science of Turkey
(1993), and Distinguished Member Award (1993), Axelby Outstanding Paper
Award (1995) and Bode Lecture Prize (2004) of the IEEE Control Systems
Society (CSS), and the Quazza Medal (2005) of the International Federation
of Automatic Control (IFAC). He is a member of the National Academy of
Engineering, a member of the European Academy of Sciences, a Fellow of
IEEE, a past president of CSS, and a past president of ISDG.

Subhrakanti Dey (M’96) was born in Calcutta,
India, in 1968. He received the B.Tech. and M.Tech.
degrees from the Department of Electronics and
Electrical Communication Engineering, Indian In-
stitute of Technology, Kharagpur, India, in 1991
and 1993, respectively, and the Ph.D. degree from
the Department of Systems Engineering, Research
School of Information Sciences and Engineering,
Australian National University, Canberra, Australia,
in 1996.

He has been with the Department of Electrical and
Electronic Engineering, University of Melbourne, Parkville, Australia, since
February 2000, where he is now an Associate Professor. From September
1995 to September 1997 and September 1998 to February 2000, he was a
postdoctoral Research Fellow with the Department of Systems Engineering,
Australian National University. From September 1997 to September 1998,
he was a post-doctoral Research Associate with the Institute for Systems
Research, University of Maryland, College Park. His current research interests
include signal processing for telecommunications, wireless communications
and networks, performance analysis of communication networks, stochastic
and adaptive estimation and control, and statistical and adaptive signal
processing. Dr. Dey currently serves on the Editorial Board of the IEEE
Transactions on Automatic Control and Elsevier Systems and Control Letters.



https://www.researchgate.net/publication/3433446



