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QUASI-HYPERBOLIC GEODESICS ARE

HYPERBOLIC QUASI-GEODESICS

DAVID A. HERRON AND STEPHEN M. BUCKLEY

Dedicated to Alan Beardon, for his deep insights into hyperbolic geometry.

Abstract. This is a tale describing the large scale geometry of Euclidean plane domains
with their hyperbolic or quasihyperbolic distances. We prove that in any hyperbolic plane
domain, hyperbolic and quasihyperbolic quasi-geodesics are the same curves. We also
demonstrate the simultaneous Gromov hyperbolicity of such domains with their hyperbolic
or quasihyperbolic distances.

1. Introduction

Throughout this article Ω denotes a hyperbolic plane domain: Ω ⊂ C is open and connected
and Ωc := C\Ω contains at least two points. Each such Ω carries a unique maximal constant
curvature -1 conformal metric λ ds = λΩds usually referred to as the Poincaré hyperbolic
metric on Ω. The length distance h = hΩ induced by λ ds is called hyperbolic distance in Ω.
There is also a quasihyperbolic metric δ−1ds = δ−1

Ω ds on Ω, whose length distance k = kΩ
is called quasihyperbolic distance in Ω; here δ(z) = δΩ(z) := dist(z, ∂Ω) is the Euclidean
distance from z to the boundary of Ω. See §2.D.1 and §2.D.2 for more details.

A straightforward, albeit non-trivial, argument reveals that the metric spaces (Ω, h) and
(Ω, k) are isometric if and only if Ω is an open half-plane and the isometry is the restriction
of a Möbius transformation. Furthermore, these metric spaces are bi-Lipschitz equivalent if
and only if the identity map is bi-Lipschitz.

It is well-known that the identity map (Ω, k)
id−→ (Ω, h) enjoys the following properties:

• The map id is a 2-Lipschitz homeomorphism.1

• For any simply connected Ω, id is 2-bi-Lipschitz.2

• In general, id is bi-Lipschitz if and only if Ωc is uniformly perfect.3

See, for instance, [BP78] and [Pom79].
However, for general hyperbolic plane domains Ω, there is no simple metric control on

id−1. For example, given any sequences (hn)
∞
1 and (kn)

∞
1 of positive numbers with say

1 ≥ hn → 0 and 2 ≤ kn → ∞, there are sequences (an)
∞
1 , (bn)

∞
1 of points in the punctured

unit disk D∗ := D \ {0} with hyperbolic and quasihyperbolic distance h∗(an, bn) = hn and
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2 DAVID A. HERRON AND STEPHEN M. BUCKLEY

k∗(an, bn) = kn. Also, here the identity map (D∗, k∗) → (D∗, h∗) fails to be quasisymmetric.
See Example 2.8 in §2.D.3.

Nonetheless, the hyperbolic and quasihyperbolic geodesics4 in D∗ appear quite similar.
Near the unit circle the two metrics are bi-Lipschitz equivalent5, so each geodesic in one
space (with endpoints near the unit circle) is a quasi-geodesic in the other space. Near the
puncture: we can pull back both metrics via the exponential map; a hyperbolic geodesic
in D∗ pulls back to a circular subarc in the left-half-plane which has euclidean length at
most π/2 times the euclidean distance between its endpoints; and, this translates into saying
that the quasihyperbolic length of the original hyperbolic geodesic is at most π/2 times the
quasihyperbolic distance between its endpoints. In summary, we find that for any points a, b
in D∗ and any hyperbolic geodesic [a, b]h in D∗, we have

ℓk ([a, b]h) ≤ 11 k(a, b) , so [a, b]h is a quasihyperbolic 11-quasi-geodesic in D∗ ;

and similarly quasihyperbolic geodesics in D∗ are hyperbolic quasi-geodesics.
Here we prove that this phenomenon holds for every hyperbolic plane domain. Thus, these

two sometimes similar but often quite different metric spaces actually have quite similar
geometry. Based on the first author’s numerous discussions with many non-believers at
various times during the past decade, this is apparently a surprising fact!

Theorem A. There are absolute constants Ho and Ko such that for any hyperbolic plane
domain Ω, any pair of points a, b ∈ Ω, any hyperbolic geodesic [a, b]h, and any quasihyperbolic
geodesic [a, b]k,

ℓk ([a, b]h) ≤ Ko k(a, b) and ℓh ([a, b]k) ≤ Ho h(a, b) .

Moreover, for each Λ ≥ 1 there are explicit constants H and K that depend only on Λ such
that for any hyperbolic Λ-quasi-geodesic γh and any quasihyperbolic Λ-quasi-geodesic γh both
with endpoints a and b,

ℓk
(

γh
)

≤ K k(a, b) and ℓh
(

γk
)

≤ H h(a, b) .

An immediate corollary of Theorem A is that in any hyperbolic plane domain, the hyper-
bolic and quasihyperbolic quasi-geodesics are exactly the same curves, and this is quanti-
tative. Another easy consequence (see Corollary 5.9) is that the same sort of phenomenon
holds for hyperbolic domains in the Riemann sphere, but here we replace the quasihyperbolic
metric with either the Ferrand or Kulkarni-Pinkhall-Thurston metrics; again, the (hyper-
bolic, Ferrand, or Kulkarni-Pinkhall-Thurston) lengths of any of the (hyperbolic, Ferrand,
or Kulkarni-Pinkhall-Thurston) quasi-geodesics are all comparable.

In addition, we establish the following marvelous fact concerning the simultaneous Gromov
hyperbolicity of plane domains with their hyperbolic or quasihyperbolic distance geometry.
This further supports our assertion that these two geometries really are quite similar.

Theorem B. For any hyperbolic plane domain Ω, (Ω, h) and (Ω, k) are either both Gromov
hyperbolic or both not Gromov hyperbolic.

An obvious corollary is that the Gromov hyperbolicity of (Ω, k) is a conformal invariant;
this also follows from the fact (see [GO79]) that quasiconformal maps of plane domains are
quasihyperbolic rough quasiisometries. Thanks to [BHK01, Theorem 1.12], we find that

4See §2.D.2 and §2.B for definitions and terminology.
5Indeed, ∀ 1

2
≤ |z| < 1, 1/δ∗(z) ≤ λ∗(z) ≤ 2/δ∗(z).
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(Ω, h) is Gromov hyperbolic if and only if Ω is conformally equivalent to an inner uniform
slit domain.6

In the special case where ∂Ω lies in a Euclidean straight line, the conclusion of Theorem B
was established in [HPRT10].

We mention, briefly and vaguely, the main concepts in our arguments. These ideas should
prove useful in other circumstances. First, and foremost, is a result of Beardon and Pom-
merenke [BP78] who introduced the domain function bp = bpΩ (see §2.D.6 and (2.23)) that
gives quantitative estimates for the metric ratio λ δ = λ ds/δ−1ds. In the regions where bp

is not large, λ ds and δ−1ds are bi-Lipschitz equivalent, so these are “good” points. At a
“bad” point, where bp is large, there is an annulus in Ω that has large conformal modulus
and which separates ∂Ω ∪ {∞}. The role of these large fat separating annuli is the second
crucial ingredient in our proofs.

Both hyperbolic and quasihyperbolic geodesics possess what we call the ABC property:
these geodesics only cross moderate size annuli at most once, so if they enter deep into an
annulus, they either stay there or cross and never return. See §3.C and especially Proposi-
tion 3.8 and Remarks 3.9.

Now let [a, b]h and [a, b]k be a hyperbolic geodesic and a quasihyperbolic geodesic with
the same endpoints. We may assume that there are some “bad” points. These give us large
fat separating annuli that both geodesics must cross. In the inner cores of these annuli, the
geodesics are roughly close (both hyperbolically and quasihyperbolically). Each large fat
annulus gives a “bad” subarc of each geodesic—this is the subarc that crosses the middle
inner core; the leftover subarcs are “good”.

There are useful estimates for bp in large annuli, and from these we find that the “bad”
subarcs have comparable lengths; e.g., the quasihyperbolic length of a “bad” hyperbolic sub-
arc is comparable to the quasihyperbolic length of the corresponding “bad” quasihyperbolic
subarc (which equals the quasihyperbolic distance between its endpoints). See Theorem C.

Finally, the hyperbolic and quasihyperbolic lengths of each pair of associated “good”
subarcs are comparable. But, what must be demonstrated is that all four “good” lengths
(i.e., the hyperbolic and quasihyperbolic lengths of both the “good” hyperbolic and “good”
quasihyperbolic subarcs) are comparable.

It turns out that the “bad” regions—where bp is large—are actually geometrically quite
simple. Each point z ∈ Ω with bp(z) large has a naturally associated maximal large fat sepa-
rating annulus A(z) (see §3.B) and bp is large everywhere in the middle core of this annulus.
Geometrically, this core is a long (pinched) cylinder in (Ω, k) (in (Ω, h), respectively). It
follows that any two (hyperbolic or quasihyperbolic) geodesics that join the boundary circles
of some concentric subannulus that lies inside this core have comparable (hyperbolic and
quasihyperbolic) lengths; the endpoints of the two geodesics need not coincide.

This phenomenon also holds for quasi-geodesics and plays a major role in our proofs of
both Theorems A and B. The following technical result says that any two (hyperbolic or
quasihyperbolic) quasi-geodesics that join the boundary circles of some subannulus that lies
deep inside a large fat separating annulus have comparable (hyperbolic and quasihyperbolic)
lengths. Note that here the endpoints of the two quasi-geodesics need not be the same.

6The careful reader notices that spherical quasihyperbolic distance is used in [BHK01].
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Theorem C. For each Λ ≥ 1, there are explicit constants Q,H,K that depend only on Λ
such that for any hyperbolic plane domain Ω, any annulus A ∈ AΩ(2Q)7, and any subannulus
Σ ⊂c coreQ(A) with mod(Σ) ≥ 1: for any pair of Λ-quasi-geodesics γ1 and γ2 (these can both
be hyperbolic quasi-geodesics, or both quasihyperbolic quasi-geodesics, or one of each) that
join the boundary circles of Σ,

K−1 ≤ ℓk(γ1)

ℓk(γ2)
≤ K and H−1 ≤ ℓh(γ1)

ℓh(γ2)
≤ H .

The real significance of the above inequalities is for the case when γ1 and γ2 are not of the
same type. For example, if a, b are points on separate boundary circles of Σ, then (2.16) and
the proof of Lemma 2.20 reveal that

m := mod(Σ) ≤ k(a, b) ≤ 2π + 2m ≤ 2(1 + π)m ≤ 9m

and thus, e.g., when γ1, γ2 are both quasihyperbolic Λ-chordarc paths we obtain

1

9
Λ ≤ ℓk(γ1)

ℓk(γ2)
≤ 9Λ .

From a geometric viewpoint, Theorem C is quite plausible. Indeed, the endpoints of
the quasi-geodesics are roughly close together, each quasi-geodesic crosses the same “long
cylinder” in Ω, and inside this “long cylinder” we have good estimates for the metrics.

Section 2 contains the usual definitions and terminology; especially, see §2.C for informa-
tion about annuli and §2.D for details about the hyperbolic and quasihyperbolic metrics.
Some technical issues that make our arguments work are discussed in Section 3. We prove
Theorems A, B, C in Sections 5, 6, 4 respectively.

The first author is indebted to David Minda for years of interesting discussions.
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2. Preliminaries

2.A. General Information. Our notation is relatively standard. We work in the Euclidean
plane which we identify with the complex number field C. Everywhere Ω is a domain (i.e.,
an open connected set) and Ωc := C \ Ω and ∂Ω denote the complement and boundary
(respectively) of Ω. We also always assume that Ωc ∪ {∞} contains at least three points;
such an Ω is usually dubbed a hyperbolic domain.

We write C = C(D, . . . ) to indicate a constant C that depends only on the data D, . . . .
Virtually all our constants are either absolute constants, or, they depend only on a quasi-
geodesic constant Λ. In most cases, we provide explicit constants, although these are typically
far from optimal. In some cases we write K1 . K2 to indicate that K1 ≤ C K2 for some
computable constant C that depends only on the relevant data, and K1 ≃ K2 means K1 .
K2 . K1.

The Euclidean line segment joining two points a, b is [a, b], and (a, b) = [a, b] \ {a, b}. The
open and closed Euclidean disks, centered at the point a ∈ C and of radius r > 0, are denoted
by D(a; r) and D[a; r] respectively, and D := D(0; 1) is the unit disk. We also define

C∗ := C \ {0} , Cab := C \ {a, b} , D∗ := D \ {0} , D∗(a; r) := D(a; r) \ {a} ;
the definition of Cab is for distinct points a, b in C.

The quantity δ(z) = δΩ(z) := dist(z, ∂Ω) is the Euclidean distance from z ∈ C to the
boundary of Ω, and 1/δ is the scaling factor (aka, metric-density) for the so-called quasihy-
perbolic metric δ−1ds on Ω ⊂ C; see §2.D.1. We make frequent use of the notation

D(z) = DΩ(z) := D(z; δ(z)) = D(z; δΩ(z))

for the maximal Euclidean disk in Ω centered at a point z ∈ Ω, and then

B(z) = BΩ(z) := ∂D(z) ∩ ∂Ω = S1(z; δ(z)) ∩ ∂Ω

is the set of all nearest boundary points for z.

We require the following numerical fact.

2.1. Lemma. Let M > 0. Suppose r, s, t ∈ R satisfy r ≥ M +
(

|t| ∨ |s|
)

and |t − s| ≤ M .
Then

1

2

(

r − |s|
)

≤ r − |t| ≤ 2
(

r − |s|
)

.

Proof. Evidently,

r − |t| ≤ 2(r − |s|) ⇐⇒ |s| − |t| ≤ r − |s|
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and since

r − |s| ≥ M ≥ |s| − |t|
the asserted upper right-hand inequality holds. Interchanging s and t gives the lower left-
hand inequality. �

2.B. Paths & Geodesics. A path in Ω is a continuous map R ⊃ I
γ−→ Ω where I is an

interval which may be closed or open or neither and finite or infinite. The trajectory of such
a path γ is |γ| := γ(I) which we call a curve; when I is closed and I 6= R, ∂γ := γ(∂I)
denotes the set of endpoints of γ, so ∂γ consists of one or two points depending on whether
or not I is compact. We call γ a compact path if its parameter interval I is compact

An arc α is an injective compact path. Given points a, b ∈ |α|, there are unique s, t ∈ I
with α(s) = a, α(t) = b and we write α[a, b] := α|[s,t]; this notation is also meant to imply
an orientation—in general, a precedes b on α, and then s < t.

For the most part, we are more interested in |γ| than γ; that is, most of our concerns with
paths do not depend on the actual parametrization of the underlying curve. For example,
see the discussion immediately below concerning quasi-geodesics and chordarc paths.

A map I
γ−→ X into a metric space (X, d) is: a geodesic if it is an isometry (for all s, t ∈ I,

d(γ(s), γ(t)) = |s− t|), a K-quasi-geodesic if it is K-bi-Lipschitz (aka, a K-quasi-isometry),

for all s, t ∈ I , K−1|s− t| ≤ d(γ(s), γ(t)) ≤ K|s− t| ,
and a (K,C)-rough-quasi-geodesic if

for all s, t ∈ I , K−1|s− t| − C ≤ d(γ(s), γ(t)) ≤ K|s− t|+ C ;

here I ⊂ R is an interval, although for rough-quasi-geodesics it is common to allow I to be
the intersection of Z with an interval. Every quasi-geodesic (so every geodesic too) is an
injective path (so, an arc if compact), but rough-quasi-geodesics need not be continuous.
Nonetheless, every rough-quasi-geodesic can be “tamed” (see [BH99, p. 403]) meaning that
it can be replaced by a nearby continuous rough-quasi-geodesic.

A characteristic property of geodesics is that the length of each subpath equals the distance
between its endpoints. There is a corresponding description for quasi-geodesics: a path

I
γ−→ X in a metric space (X, d) is an L-chordarc path if it is rectifiable and

for all s, t ∈ I , ℓd(γ|[s,t]) ≤ Ld(γ(s), γ(t)) .

(One can also introduce the notion of an (L,C)-rough-chordarc path.)
If we ignore parameterizations, then the class of all quasi-geodesics (in some metric space)

is exactly the same as the class of all chordarc paths. More precisely, a K-quasi-geodesic is
a K2-chordarc path, and if we parameterize an L-chordarc path with respect to arclength,
then we get an L-quasi-geodesic. (Similarly, each “tamed” rough-quasi-geodesic is a rough-
chordarc path, and every rough-chordarc path is a rough-quasi-geodesic.)

In this paper, the metric space (X, d) will always be either (Ω, h) or (Ω, k) where Ω is a
hyperbolic plane domain and h and k are the hyperbolic and quasihyperbolic distances in
Ω. The geodesics and quasi-geodesics in (Ω, h) are called hyperbolic geodesics and hyperbolic
quasi-geodesics, and similarly in (Ω, k) we attach the adjective quasihyperbolic. See §2.D.1
and §2.D.2.

We employ the following construction in several circumstances. Given two points a, b on
some circle C, we write κab for the shorter circular arc in C from a to b; when a, b are
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diametrically opposite, κab can be either semi-circle. Next, suppose a, b are points that each
lie on one of the boundary circles of an annulus A; say a lies in Ca and b lies in Cb where
∂A = Ca ∪ Cb. Let c and d be the radial projections (with respect to the center of A) of b
onto Ca and a onto Cb, respectively. Then

χab := κac ⋆ [c, b] is the circular-arc-segment path from a through c to b.(2.2a)

and

χba := κbd ⋆ [d, a] is the circular-arc-segment path from b through d to a.(2.2b)

Note that we also have the reverse paths, χ−1
ab = [b, c] ⋆ κca and χ−1

ba = [a, d] ⋆ κdb which are
segment-circular-arc paths from b through c to a and from a through d to b respectively.
See the proofs of Lemma 2.20, Propositions 4.2 and 4.10, and especially Theorems A, B and
Lemma 6.2 where we make extensive use of such circular-arc-segment paths.

The next estimate is useful in a number of contexts. In Lemma 2.20 we show that, under
appropriate hypotheses on the location of the points a and b, χab is a quasihyperbolic quasi-
geodesic (and so, according to Theorem A, also a hyperbolic quasi-geodesic).

2.3. Lemma. Let a, b ∈ C∗ with 0 < |a| ≤ |b|. Let χ := χab be the circular-arc-segment path
from a to c :=

(

|a|/|b|
)

b to b as described above. Then

|a− b| ≤ ℓ(χ) ≤ 3|a− b| .

If |b| ≤ e|a|, then also ℓ(χ) ≤ 2e|a|.

Proof. Let κ := κac so that χ = κ ⋆ [c, b]. Put θ := |Arg(b/a)| = |Arg(c/a)|. According to
the Law of Cosines,

|a− c|2 = 2|a|2(1− cos θ) , so cos θ = 1− |a− c|2
2|a|2

and therefore

|a− b|2 = |a|2 + |b|2 − 2|a||b| cos θ = |a|2 + |b|2 − 2|a||b|
(

1− |a− c|2
2|a|2

)

= |a|2 + |b|2 − 2|a||b|+ |b| |a− c|2
2|a| =

(

|a| − |b|
)2

+
|b|
|a| |a− c|2 ≥ |a− c|2 .

Thus

ℓ(κ) ≤ π

2
|a− c| ≤ π

2
|a− b|

and hence

ℓ(χ) = ℓ(κ) +
(

|b| − |a|
)

≤
(π

2
+ 1

)

|a− b| .

If |b| ≤ e|a|, then as ℓ(κ) ≤ π|a| we have ℓ(χ) ≤ (π + e− 1)|a| ≤ 2e|a|. �
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2.C. Annuli, Cores, & Collars. The Euclidean annulus A := {z ∈ C : r < |z − o| < R}
has center c(A) := o ∈ C and conformal modulus mod(A) := log(R/r); if r = 0 or R = ∞,

we say that A is a degenerate annulus and set mod(A) := ∞.8 We call S1(A) := S1(o;
√
rR)

the conformal center circle of A; A is symmetric about this circle. The inner and outer
boundary circles of A are, respectively,

∂inA := S1(o; r) and ∂outA := S1(o;R) .

A point z is inside (resp., outside) A if and only if z ∈ B[o; r] (resp., z ∈ C \ B(o;R)); that
is, z is inside (or outside) A if and only if z is inside ∂inA (or outside ∂outA).

It is convenient to introduce the notation

A = A(o; d,m) := {z ∈ C : d e−m < |z − o| < d em}
and

A[o; d,m] := {z ∈ C : d e−m ≤ |z − o| < d ≤ em} .
Then

S1(A) = S1(o; d) , ∂inA = S1(o; d e−m) , ∂outA = S1(o; d em) .

In the above, o = c(A), d > 0, m > 09, and mod(A) = 2m.
We call A′ := {z ∈ C : r′ < |z − o′| < R′} a subannulus of A provided

A′ ⊂ A and o′ ∈ B[0; r] ⊂ B(o′; r′) ;

when this holds, we write A′ ⊂a A. We say that two annuli are concentric if they have
a common center. We say that A′ is a concentric subannulus of A, denoted by A′ ⊂c A,
provided A′ and A are concentric and A′ ⊂a A.

An annulus A separates E if each of the components of Ac contains points of E; thus when
A separates {a, b}, one of a or b lies inside A and the other lies outside A, and if A does not
meet nor separate {a, b}, then a and b are on the same side of A. Evidently, if A′ ⊂a A, then
A′ separates the boundary circles of A.

We define

AΩ := {A : A is an Euclidean annulus in Ω with c(A) ∈ Ωc} ,
A(m) := {A : A is an Euclidean annulus with mod(A) > m} ,

A(a, b) := {A : A is an Euclidean annulus that separates {a, b}} ,
and then

A1
Ω := {A ∈ AΩ : ∂A ∩ ∂Ω 6= ∅} ,

A2
Ω := {A ∈ AΩ : ∂inA ∩ ∂Ω 6= ∅ 6= ∂outA ∩ ∂Ω} ,

and

AΩ(m) := AΩ ∩A(m) and AΩ(a, b) = AΩ ∩ A(a, b)

A2
Ω(a, b) := A2

Ω ∩A(a, b) and A2
Ω(a, b;m) := A2

Ω(a, b) ∩A(m) .

The requirement c(A) ∈ Ωc means, essentially, that A separates Ωc ∪ {∞}.
8We also define mod(Ā) = mod(A)
9However, it is useful to define A(o; d, 0) := S1(o; d) and to say that this ‘thin annulus’ has zero modulus.
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2.C.1. Crossing an Annulus. Let A be an annulus and γ be a path. Then γ meets or misses
A depending on whether |γ| ∩ A 6= ∅ or |γ| ∩ A = ∅, and similarly, γ crosses A if

|γ| ∩ ∂inA 6= ∅ 6= |γ| ∩ ∂outA

and γ does not cross A if one of the above intersections is empty. Next, γ crosses A n times
if there are non-overlapping subpaths γ1, . . . , γn

10 of γ such that each γi crosses A, and γ
crosses A exactly n times if it crosses n times but not n+1 times. Evidently, if A separates
the endpoints of γ, then γ crosses A. Also, we say that γ bounces off A if

|γ| ∩A 6= ∅ = |γ| ∩ S1(A) = ∂γ ∩A .

2.C.2. Annulus Cores & Collars. For a non-degenerate annulus A and m ∈ (0, 1
2
mod(A)),

there is a unique concentric subannulus of A that has modulus 2m and center circle S1(A).
Such a subannulus is an example of an inner core of A, and the complement (in A) of its
closure is the union of two concentric subannuli of A, each of modulus 1

2
mod(A)−m, that

we call its (inner and outer) collars relative to A.
Controlling the size of these collars is crucial for our purposes. Given q ∈ (0, 1

2
mod(A)),

we define coreq(A)—which we call the core of A with collar parameter q—to be the concentric
subannulus of A with the same center circle as A and such that mod(coreq(A)) = mod(A)−2q.
Thus A\ coreq(A) is the union of two concentric subannuli of A each of modulus q; these are
the (inner and outer) collars of coreq(A) relative to A.

We often describe coreq(A) as the middle q-core of A, but one must remember that q is the
collar parameter; that is, q gives the size of the collars of the core, relative to A. For example,
the log 2-core of {r < |z| < R} is {2r < |z| < R/2}, and its q-core is {req < |z| < Re−q}.
When A = A(o; d,m) and 0 < q < m,

coreq(A) = A(o; d,m− q) and coreq(A) = A[o; d,m− q] .

It is useful to have a similar notion for degenerate annuli. To this end, we define

coreq(A) :=

{

D∗(o; e
−qR) when A = D∗(o;R) ,

C \ D[o; eqR] when A = C \ D[o;R] .

Here in both cases coreq(A) ⊂c A but now A \ coreq(A) is a single annulus of modulus q (and
q > 0 can be arbitrary).

We adopt the convention that whenever we write coreq(A) we have 0 < q < 1
2
mod(A).

With this in mind, note that whenever A ⊂c B, coreq(A) ⊂c coreq(B). Also, q < r implies
corer(A) ⊂c coreq(A) and for q > 0 and r > 0, coreqcorer(A) = coreq+r(A) = corercoreq(A).

It is convenient to have the notion of the core of a closed annulus, so we define coreq(Ā) :=
coreq(A). Thus the core of an open (or closed) annulus is a concentric open (or closed)
subannulus.

Occasionally it is useful to have a dual (or inverse) notion of a core. The r-banding of
an annulus A is the unique concentric superannulus bandr(A) ⊃ A with the property that
corerbandr(A) = A. Again, bandr(A) is an open or closed annulus depending upon whether
A is open or closed. We also define bandr

(

S1(o; d)
)

:= A(o; d, r) (and we recognize that here

10In this case we can arrange that the terminal point of γi−1 and the initial point of γi both lie on the
same side of A.
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the r-banding of a “closed zero modulus annulus” is an open annulus). Evidently, for all
r > 0,

bandrA(o; d,m) = A(o; d,m+ r) ,

mod bandr(A) = mod(A) + 2r ,

corerbandr(A) = A = bandrcorer(A) ,

and in fact coreqbandr(A) = bandrcoreq(A) = coretbands(A); here the final equality requires
r − q = s− t (amongst other conditions too), and we leave it to the reader to recognize the
various restrictions on the core parameters q, r, s, t.

We tacitly make use of the following elementary fact. See especially Lemma 2.20.

2.4. Lemma. Suppose A := A(o; d,m) ∈ AΩ(log 4) and z ∈ corelog 2(A); so m > log 2 and
z ∈ A(o; d,m− log 2). Then

B(z) ⊂ D[o; de−m]

(

i.e., for all ζ ∈ ∂Ω with δ(z) = |z − ζ |, |ζ − o| ≤ de−m

)

and moreover
1

2
|z − o| ≤ δ(z) ≤ |z − o|.

Proof. Assume o = 0 and d = 1. Then δ(z) ≤ |z| < em−log 2 = em − em−log 2, so any ζ ∈ B(z)
must lie outside A(o; d,m) and hence |ζ | ≤ e−m = de−m. Therefore

δ(z) = |z − ζ | ≥ |z| − e−m ≥ 1

2
|z| . �

Below is a useful consequence of Lemma 2.4; in particular, it says that each of the centers
of the two annuli involved lie inside both of the annuli.

2.5. Lemma. Assume r ∧ s > q ≥ log 2. Let A(η; d, r),A(ϑ; c, s) ∈ AΩ. Suppose that
A(η; d, r − q) ∩ A(ϑ; c, s− q) 6= ∅.11 Then

|η − ϑ| ≤ (de−r) ∧ (ce−s) .

If in addition A(η; d, r),A(ϑ; c, s) ∈ A2
Ω, then also

1

2
d ≤ c ≤ 2 d and |r − s| ≤ log 4 .

Proof. Let z ∈ A(η; d, r − q) ∩ A(ϑ; c, s− q) and pick any ζ ∈ B(z). Then by Lemma 2.4,

|ζ − η| ≤ de−r and |ζ − ϑ| ≤ ce−s .

Suppose |η − ϑ| > de−r. Then, since ϑ ∈ ∂Ω and A(η; d, r) ⊂ Ω, |η − ϑ| ≥ der; but now ϑ
far from η means it is also far from ζ which will cause trouble! We have

ce−s ≥ |ζ − ϑ| ≥ |η − ϑ| − |η − ζ | ≥ der − de−r ≥ 1

2
der

so der ≤ 2ce−s. Then, as |z − ζ | = δ(z) ≤ |z − η| < der−q,

ce−s+q < |z − ϑ| ≤ |z − ζ |+ |ζ − ϑ| ≤ der−q + ce−s ≤ (1 + 2e−q)ce−s

11These two annuli are the q-cores of A(η; d, r) and A(ϑ; c, s), respectively.
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which implies that eq < 1+2e−q. However, as q ≥ log 2, this in turn implies the contradiction

2 ≤ eq < 1 + 2e−q ≤ 2 .

Thus |η − ϑ| ≤ de−r. Interchanging the roles of η, d, r and ϑ, c, s we likewise deduce that
|η − ϑ| ≤ ce−s.

Now suppose also that A(η; d, r),A(ϑ; c, s) ∈ A2
Ω. Select ξ1, ξ2 ∈ ∂Ω ∩ ∂A(η; d, r) with

|ξ1 − η| = de−r and |ξ2 − η| = der .

Below we verify that ξ1 and ξ2 are, respectively, inside and outside A(ϑ; c, s); i.e.,

|ξ1 − ϑ| ≤ ce−s and |ξ2 − ϑ| ≥ ces .(2.6)

Assuming (2.6) (for now), we proceed as follows.
Since ξ1, η ∈ D[ϑ; ce−s], de−r = |ξ1 − η| ≤ 2ce−s. Also,

ces ≤ |ξ2 − ϑ| ≤ |ξ2 − η|+ |η − ϑ| ≤ der + de−r ≤ 2der .

Thus

ces ≤ 2der and de−r ≤ 2ce−s .

Interchanging the roles of η, d, r and ϑ, c, s we likewise deduce

der ≤ 2ces and ce−s ≤ 2de−r .

Therefore,

d2 = (der)(de−r) ≤ (2ces)(2ce−s) = 4c2 , so d ≤ 2c.

Similarly, c ≤ 2d. Also,

es−r ≤ 2(c/d) ≤ 4 and er−s ≤ 4 .

It remains to verify (2.6). Since ξi ∈ ∂Ω while A(ϑ; c, s) ⊂ Ω, either |ξi − ϑ| ≤ ce−s or
|ξi − ϑ| ≥ ces. Recall that z ∈ A(η; d, r − q) ∩ A(ϑ; c, s− q).

Suppose |ξ2 − ϑ| ≤ ce−s. Then ξ2, η ∈ D[ϑ; ce−s], so der = |ξ2 − η| ≤ 2ce−s. Thus

|z − η| < der−q ≤ 2ce−s−q

whence

ceq−s < |z − ϑ| ≤ |z − η|+ |η − ϑ| < 2ce−s−q + ce−s

which implies the contradiction eq < 1 + 2e−q (as described above). Thus, |ξ2 − ϑ| ≥ ces.
Now suppose |ξ1 − ϑ| ≥ ces. Then

de−r = |ξ1 − η| ≥ |ξ1 − ϑ| − |ϑ− η| ≥ ces − ce−s ≥ 1

2
ces .

Therefore

1

2
ces+q ≤ deq−r < |z − η| ≤ |z − ϑ| + |ϑ− η| < ces−q + ce−s

which again implies the contradiction eq < 1 + 2e−q. So, |ξ1 − ϑ| ≤ ce−s. �
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2.7. Corollary. Assume σ > 0 and r∧s ≥ τ ≥ log 3∨ (σ+ 1
3
log 3). Let A := A(η; d, r), B :=

A(ϑ; c, s) ∈ AΩ. Suppose there exist points a, b with

a inside & b outside coreσ(A) and b inside & a outside coreσ(B) .

Then corelog 2(A) ∩ corelog 2(B) = ∅ .

Proof. Suppose that

corelog 2(A) ∩ corelog 2(B) 6= ∅ (i.e., A(η; d, r − log 2) ∩ A(ϑ; c, s− log 2) 6= ∅) .

Appealing to Lemma 2.5 we can assert that

|η − ϑ| ≤ (de−r) ∧ (ce−s) ≤ (c ∧ d)e−τ ≤ c

3
.

Then, as b is outside coreσ(A) and inside coreσ(B),

deτ−σ ≤ der−σ ≤ |b− η| ≤ |b− ϑ|+ |η − ϑ| ≤ ceσ−s + |η − ϑ| ,

so

d ≤ ce2σ−τ−s + eσ−τ |η − ϑ| ≤ ce2(σ−τ) + eσ−τ |η − ϑ| .

Therefore, since a is inside coreσ(A),

|a− ϑ| ≤ |a− η|+ |η − ϑ| ≤ deσ−r + |η − ϑ|
≤ eσ−τ

(

ce2(σ−τ) + eσ−τ |η − ϑ|
)

+ |η − ϑ|
= ce3(σ−τ) + e2(σ−τ)|η − ϑ|+ |η − ϑ| < c .

However, as a lies outside coreσ(B), we now have c > |a − ϑ| ≥ ces−σ, and this implies the
contradiction τ > σ > s ≥ τ . �

2.D. Conformal Metrics. We call ρ ds = ρ(z)|dz| a conformal metric on Ω when ρ is
some positive continuous function defined on Ω. Below we consider the hyperbolic and
quasihyperbolic metrics. Each conformal metric ρ ds induces a length distance dρ on Ω that
is defined by

dρ(a, b) := inf
γ
ℓρ(γ) where ℓρ(γ) :=

∫

γ

ρ ds

and where the infimum is taken over all rectifiable paths γ in Ω that join the points a, b. We
call γ a ρ-geodesic if dρ(a, b) = ℓρ(γ)

12; these need not be unique. We often write [a, b]ρ to
indicate a ρ-geodesic with endpoints a, b, but one must be careful with this notation since
these geodesics need not be unique. When we have a point z on a given fixed geodesic [a, b]ρ,
we write [a, z]ρ to mean the subarc of the given geodesic from a to z.

We note that the ratio ρ ds/σ ds of two conformal metrics is a well-defined positive function
on Ω. We write ρ ≤ C σ to indicate that this metric ratio is bounded above by C.

12Note that this agrees with the definition given in §2.B.
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2.D.1. Hyperbolic and QuasiHyperbolic Metrics. Every hyperbolic plane domain carries a
unique metric λ ds = λΩds which enjoys the property that its pullback p∗[λ ds], with re-
spect to any holomorphic universal covering projection p : D → Ω, is the hyperbolic metric
λD(ζ)|dζ | = 2(1− |ζ |2)−1|dζ | on D. In terms of such a covering p, the metric-density λ = λΩ

of the Poincaré hyperbolic metric λΩds can be determined from

λ(z) = λΩ(z) = λΩ(p(ζ)) = 2(1− |ζ |2)−1|p′(ζ)|−1 .

Yet another description is that λ ds is the unique maximal (or unique complete) metric on
Ω that has constant Gaussian curvature −1.

For example, the hyperbolic metric λ∗ds on the punctured unit disk D∗ := D \ {0} can be
obtained by using the universal covering z = exp(w) from the left-half-plane onto D∗ and we
find that

λ∗(z)|dz| =
|dz|

|z|
∣

∣log |z|
∣

∣

.

Except for a short list of special cases, the actual calculation of any given hyperbolic metric
is notoriously difficult; computing hyperbolic distances and determining hyperbolic geodesics
is even harder. Indeed, one can find a number of papers analyzing the behavior of the
hyperbolic metric in a twice punctured plane. Typically one is left with estimates obtained
by using domain monotonicity and considering ‘nice’ sub-domains and super-domains in
which one can calculate, or at least estimate, the metric.

In many cases (but certainly not all), the hyperbolic metric is bi-Lipschitz equivalent to
the quasihyperbolic metric δ−1ds = |dz|/δ(z), where δ = δΩ, which is defined for any proper
subdomain Ω ( C. This metric has proven useful in many areas of geometric analysis. The
quasihyperbolic metric in the punctured plane C∗ is simply |dz|/|z|, which classically was

called the logarithmic metric; indeed, the holomorphic covering C
exp−−→ C∗ pulls back the

quasihyperbolic metric δ−1
∗ ds on C∗ to the Euclidean metric on C and thus |Log(a/b)| is the

quasihyperbolic distance between points a, b ∈ C∗.

2.D.2. Hyperbolic & QuasiHyperbolic Distances & Geodesics. The hyperbolic distance h = hΩ

and quasihyperbolic distance k = kΩ in Ω are the length distances hΩ := dλ and kΩ := dδ−1

that are induced by the hyperbolic and quasihyperbolic metrics λ ds, δ−1ds on Ω. These
are geodesic distances: for any points a, b in Ω, there are always an h-geodesic [a, b]h and a
k-geodesic [a, b]k joining a, b in Ω. These geodesics need not be unique, but they enjoy the
properties that

h(a, b) = ℓh([a, b]h) and k(a, b) = ℓk([a, b]k) .

Here we are writing ℓh and ℓk in lieu of ℓλ and ℓδ−1 .
We adopt the following conventions throughout the remainder of this paper: the term

geodesic shall mean either a hyperbolic geodesic or a quasihyperbolic geodesic (we will explic-
itly say which when it is necessary to do so) and we will say that [a, b]g (for g = h or g = k)
is a geodesic to mean that it is a hyperbolic geodesic when g = h and a quasihyperbolic
geodesic when g = k.

We adopt similar conventions when discussing quasi-geodesics and rough-quasi-geodesics;
see §2.B for their definitions.

2.D.3. The Punctured Disk D∗. Here we catalog some striking differences between the metric
spaces (D∗, h∗) and (D∗, k∗), where D∗ := D \ {0} is the punctured unit disk and h∗ and k∗
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denote, respectively, hyperbolic and quasihyperbolic distance in D∗.
13 Similar facts hold for

C \ D̄, as well as plenty of other hyperbolic domains.

Recall that the hyperbolic metric λ∗ds on D∗ is given by λ∗(z)|dz| =
(

|z|
∣

∣log |z|
∣

∣

)−1|dz|.
From this it is straightforward to check that when a, b ∈ D∗ and Arg(a/b) = 0,

h∗(a, b) =
∣

∣log
log(1/|a|)
log(1/|b|)

∣

∣ whereas k∗(a, b) =
∣

∣log
|a|
|b|

∣

∣ (provided |a| ∨ |b| ≤ 1/2) .

2.8. Example. For the punctured unit disk D∗, the following hold.

(a) Given any sequences (hn)
∞
1 and (kn)

∞
1 of positive numbers with 1 ≥ hn → 0 and

2 ≤ kn → ∞, there are sequences (an)
∞
1 , (bn)

∞
1 in D∗ with h∗(an, bn) = hn and

k∗(an, bn) = kn.

(b) The identity map (D∗, k∗)
id−→ (D∗, h∗) is not quasisymmetric.

(c) Hyperbolic rough-geodesics in D∗ may not satisfy the ABC property.14

(d) Hyperbolic rough-geodesics in D∗ may not be quasihyperbolic rough-quasi-geodesics.

Proof. For (a), simply take an := bne
−kn , bn := exp(−kn/[e

hn−1]) and compute. To establish
(b), consider ε ∈ (0, 1/2) and a := ε, b := 1− ε. It is easy to see that

k∗(a, 1/2) = log
1

2ε
= k∗(b, 1/2)

and we claim that

lim
ε→0+

h∗(a, 1/2)

h∗(b, 1/2)
= 0 .

To confirm this claim, notice that for 1/2 ≤ |z| ≤ b, 1/|z| ≤ log 2, so

λ∗(z) ≥
1

log 2

1

|z| whence h∗(b, 1/2) ≥
1

log 2
k∗(b, 1/2)

and therefore

h∗(a, 1/2)

h∗(b, 1/2)
≤ 1

log 2

h∗(a, 1/2)

k∗(a, 1/2)
−→ 0 as ε → 0+ .

For item (c), we demonstrate that for each µ > 0 and ε > 0 (here µ is large while ε
is small:-) there exists a hyperbolic ε-rough geodesic γ in D∗ such that γ fails to have the
(µ, µ)-ABC property. To this end, let (hn)

∞
1 and (kn)

∞
1 be sequences of positive numbers

with 1 ≥ hn → 0 and 2 ≤ kn → ∞, and put an := bne
−kn, bn := exp(−kn/[e

hn − 1]) so that
h∗(an, bn) = hn and k∗(an, bn) = kn.

Let µ > 0 and ε > 0 be given. Choose N ∈ N so that for all n ≥ N , kn > 2µ and hn < ε/2.

Fix any n > N . Let [0, 2hn]
γ−→ D∗ be the hyperbolic arclength parametrization of the path

[bn, an] ∗ [an, bn] (from bn to an back to bn). Evidently, for all s, t ∈ [0, 2hn],

|s− t| − ε ≤ 2hn − ε ≤ 0 ≤ h∗(γ(s), γ(t)) ≤ 2h∗(an, bn) = 2hn ≤ ε ,

so γ is a hyperbolic ε-rough geodesic.

13Caution! Elsewhere in this article k∗ is usually quasihyperbolic distance in C∗ = C \ {0}.
14See §3.C, and contrast (c) with Remarks 3.9.
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Clearly, with dn := bne
−µ we have A := A(0; dn, µ) ∈ AD∗

. Also, the subpath α :=
[dn, an]⋆ [an, dn] of γ that goes from dn to an back to dn has its endpoints on S1(A). However,
as an 6∈ A, |α| 6⊂ A. Thus γ fails to have the (µ, µ)-ABC property.

For item (d), we demonstrate that for each C > 0 and ε > 0 there exists a hyperbolic
ε-rough geodesic γ in D∗ such that for all K ≥ 1, γ fails to be a quasihyperbolic (K,C)-
rough-chordarc path. Indeed, let C > 0 and ε > 0 be given and let γ be the hyperbolic
arclength parametrization of the path [bn, an]∗ [an, bn] as described above. Assume n is large
enough so that hn < ε/2 and kn > C/2. Then γ is a hyperbolic ε-rough geodesic. Also, for
any K ≥ 1,

ℓk∗(γ) = 2k∗(an, bn) = 2kn > C = Kk∗(γ(0), γ(2hn)) + C

and so γ is not a quasihyperbolic (K,C)-rough-chordarc path.
A minor modification of the above shows that for each K ≥ 1, C > 0, and ε > 0

there exists a hyperbolic ε-rough geodesic γ in D∗ such that the quasihyperbolic arclength
parametrization of γ fails to be a quasihyperbolic (K,C)-rough-quasi-geodesic. �

2.D.4. Hyperbolic Estimates. The standard technique for estimating the hyperbolic metric
and hyperbolic distance is via domain monotonicity, a consequence of Schwarz’s Lemma.
That is, if Ωin ⊂ Ω ⊂ Ωout, then in Ωin, λinds ≥ λ ds ≥ λoutds and hin ≥ h ≥ hout.

Notice that the largest hyperbolic plane regions are twice punctured planes. We write λabds
for the hyperbolic metric in the twice punctured plane Cab. The ‘standard’ twice punctured
plane is C01 and its hyperbolic metric has been extensively studied by numerous researchers
including [Hem79], [Min87], [SV01], [SV05]. We mention only the following information
(which we require in the sequel).

2.9. Fact. For all z ∈ C01, λ01(z) ≥ λ01(−|z|) ≥
(

|z|[k+
∣

∣log |z|
∣

∣]
)−1

, with equality at z if and

only if z = −1. Here k :=
(

λ01(−1)
)−1

= Γ4(1/4)/
(

4π2
)

= 4.3768796 . . . .

Fact 2.9 was first proved by Lehto, Virtanen and Väisälä (see [LVV59]); later proofs were
given by Agard [Aga68], Jenkins [Jen81], and Minda [Min87].

Here is a useful consequence of the above. (The alert reader recognizes that in the setting
below we actually have bp(z) = log(R/|z|) for all 0 < |z| < R/2.)

2.10. Lemma. Suppose that for some R > 0 the punctured disk D∗(0;R) ∈ A2
Ω. Then for all

z ∈ Ω with |z| < R/2, δ(z) = |z| and
(

|z|
(

k+ log(R/|z|)
)

)−1

≤ λ(z) ≤
(

|z| log(R/|z|)
)−1

.

Proof. Recall that D∗ := D∗(0;R) ∈ A2
Ω means D∗ ⊂ Ω, 0 ∈ ∂Ω, and there exists a point

ξ ∈ ∂Ω with |ξ| = R. Thus D∗ ⊂ Ω ⊂ C0ξ and so the above estimates on λ(z) follow at once
from λ∗ ≥ λ ≥ λ0ξ in conjunction with Fact 2.9, where λ∗ := λD∗

.
Indeed, λ∗(z)|dz| = |dz|/

(

|z| log(R/|z|)
)

, and as Ω ⊃ C0ξ, the change of variables w = z/ξ
together with Fact 2.9 yields

λ(z) ≥ λ0ξ(z) =
1

|ξ| λ01(w) ≥
1

|ξ|
1

|w|
(

k+
∣

∣log |w|
∣

∣

)

=
1

|z|
(

k+
∣

∣log |z/ξ|
∣

∣

) =
1

|z|
(

k+ log(R/|z|)
) . �

We can also use Fact 2.9 to obtain a lower bound for certain hyperbolic distances.
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2.11. Lemma. Let a, b ∈ C01. Assume |a| ≤ |b| ≤ 1. Then h01(a, b) ≥ log
k+ log(1/|a|)
k+ log(1/|b|) .

Proof. Writing [a, b]01 for a fixed hyperbolic geodesic joining a, b in C01 we have

h01(a, b) =

∫

[a,b]01

λ01ds ≥
∫

[a,b]01

|dz|
|z|

(

k+
∣

∣log |z|
∣

∣

) ≥

≥
∫ |b|

|a|

|dz|
|z|

(

k+
∣

∣log |z|
∣

∣

) = log
k+ log(1/|a|)
k+ log(1/|b|) . �

2.12. Corollary. Suppose q ≥ k and A ∈ A2
Ω(4q). Let C be one of the collars of core2q(A)

relative to coreq(A). For any path γ in Ω that crosses C we have ℓh(γ) ≥ log(3/2).

Proof. First, note that q/(k + q) ≥ 1/2, so (k + 2q)/(k + q) ≥ 3/2. Thus if |a| = e−2q and
|b| = e−q, then by Lemma 2.11, h01(a, b) ≥ log(3/2).

Now suppose A is a degenerate annulus. We may assume A := D∗(0;R) for some R > 0.
Then A ⊂ Ω, 0 ∈ ∂Ω, and there exists a point ξ ∈ ∂Ω with |ξ| = R. Here coreq(A) =
D∗(0; e

−qR) and C = D(0; e−qR) \ D[0; e−2qR]. As γ crosses C, we can pick a, b ∈ |γ| with
|a| = e−2qR and |b| = e−qR. Since 0, ξ ∈ ∂Ω, Ω ⊂ C0ξ. Therefore,

ℓh(γ) ≥ h(a, b) ≥ h0ξ(a, b) = h01(a/ξ, b/ξ) ≥ log(3/2) .

Next, suppose A is a non-degenerate annulus. We may assume A := A(0; 1, r) for some
r > 2q. Then A ⊂ Ω, 0 ∈ ∂Ω, and there exist points ξ, η ∈ ∂Ω with |ξ| = der and |η| = de−r.
Here C is one of the two components of coreq(A) \ core2q(A). When C is the outer collar,
i.e., C = {er−2q < |z| < er−q}, we proceed as above.

Suppose C is the inner collar, i.e., C = {eq−r < |z| < e2q−r}. As γ crosses C, we can pick
a, b ∈ |γ| with |a| = e2q−r and |b| = eq−r. Since 0, η ∈ ∂Ω, Ω ⊂ C0η. Therefore,

ℓh(γ) ≥ h(a, b) ≥ h0η(a, b) = h01(a/η, b/η) ≥ log(3/2) . �

2.13. Remarks. (a) In Corollary 2.12 it is imperative that A ∈ A2
Ω.

(b) It is illustrative to see how the various propositions in Section 4 give ℓh(γ) ≥ εo for
some absolute constant εo > 0, when γ is as in Corollary 2.12. For example, suppose A
is a non-degenerate annulus and γ crosses the inner collar of core2q(A) relative to coreq(A).
Pick a, b ∈ |γ| with |a| = eq−r and |b| = e2q−r and apply the proof of Proposition 4.10 to
a geodesic [a, b]h. Noting that |b| = eq|a| we have m < q ≤ m + 1, so for all 1 ≤ j ≤ m,
q + j ≤ q +m ≤ 2m+ 1. As υj = r + log |a| − j = q + j,

m
∑

j=1

1

υj
=

m
∑

j=1

1

q + j
≥ m

2m+ 1
≥ 1

3

and thus by (4.18a)

h(a, b) =

m
∑

j=1

ℓh(αj) ≥ (16e2µo)−1

m
∑

j=1

1

υj
≥ (48e2µo)−1 =: εo .
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2.D.5. QuasiHyperbolic Estimates. We remind the reader of the following basic estimates for
quasihyperbolic distance, first established by Gehring and Palka [GP76, 2.1]: for all a, b ∈ Ω,

(2.14) k(a, b) ≥ log

(

1 +
l(a, b)

δ(a) ∧ δ(b)

)

≥ j(a, b) := log

(

1 +
|a− b|

δ(a) ∧ δ(b)

)

≥
∣

∣

∣

∣

log
δ(a)

δ(b)

∣

∣

∣

∣

;

here l(a, b) is the (intrinsic) length distance between a and b. See also [BHK01, (2.3),(2.4)].
The first inequality above is a special case of the more general (and easily proven) inequality

ℓk(γ) ≥ log
(

1 + ℓ(γ)/min
z∈|γ|

δ(z)
)

which holds for any rectifiable path γ in Ω. As a special case of (2.14): if o ∈ Ωc and a, b ∈ Ω,
then

(2.15) k(a, b) ≥
∣

∣ log
|a− o|
|b− o|

∣

∣ .

Indeed, assuming o = 0, writing k∗ := kC∗
and δ∗ = δC∗

, and noting that Ω ⊂ C∗, we deduce
that k(a, b) ≥ k∗(a, b) ≥ | log

(

δ∗(a)/δ∗(b)
)

| =
∣

∣log
(

|a|/|b|
)
∣

∣.
There is an alternative way to deduce the lower bound in (2.15). It is well known that

(C∗, k∗) is (isometric to) the Euclidean cylinder S1 × R1 (with its Euclidean length distance
inherited from the standard embedding into R3). One way to realize this is via the holo-

morphic covering C
exp−−→ C∗ which pulls back the quasihyperbolic metric δ−1

∗ ds on C∗ to the
Euclidean metric on C, as explained in [MO86]. In particular, the quasihyperbolic geodesics
in C∗ are logarithmic spirals. Also, we find that for all a, b ∈ C∗,

k∗(a, b) =
∣

∣Log(b/a)
∣

∣ =
∣

∣log |b/a|+ iArg(b/a)
∣

∣

and thus

∣

∣log
|b|
|a|

∣

∣ ∨
∣

∣Arg
( b

a

)
∣

∣ ≤ k∗(a, b) ≤
∣

∣log
|b|
|a|

∣

∣ +
∣

∣Arg
( b

a

)
∣

∣ ≤
∣

∣log
|b|
|a|

∣

∣+
π

2

|a− b|
|a| ∧ |b| .(2.16)

It is worth calling attention to the special cases of the above that arise when |a| = |b| and
when Arg(b/a) = 0. To see the last inequality involving θ :=

∣

∣Arg(b/a)
∣

∣, we assume that

|a| ≤ |b|. From the proof of Lemma 2.3 we know that |a− b| ≥ |a− c| where c :=
(

|a|/|b|
)

b.
Then since |a| = |c| and θ = |Arg(c/a)|,

|a− c|2 = 4|a|2 sin2 θ

2
, and so

|a− b|
|a| ≥ |a− c|

|a| = 2 sin
θ

2
≥ 2

π
θ .

2.17. Remark. From Lemma 2.4 we have 1
2
δ∗ ≤ δ ≤ δ∗ in corelog 2(A) whenever A ∈ AΩ(log 4)

with c(A) = 0, so k∗ ≤ k ≤ 2k∗ and thus (2.16) provides good estimates (both upper and
lower bounds) for quasihyperbolic distances in corelog 2(A). See, e.g., the proof of Lemma 2.20.

We make use of the following.

2.18. Lemma. Let a, b ∈ C∗ and let [a, b]∗ be a quasihyperbolic geodesic in C∗. Then

|a− b| ≤ ℓ([a, b]∗) ≤ 5|a− b| .
Proof. There is no harm in assuming that a = 1 < |b|. Let β := Arg(b), so Log(b) =
log |b|+ iβ (and k(1, b) = |Log b|). A parametrization for γ := [a, b]∗ is given by

γ(t) := exp
(

tLog b
)

for 0 ≤ t ≤ 1
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from which we obtain

γ̇(t) = Log(b) γ(t) and |γ̇(t)| = |Log b||γ(t)| = |Log b| exp
(

t log |b|
)

and thus

ℓ(γ) = |Log b|
∫ 1

0

et log |b| dt = |Log b| |b| − 1

log |b| .

When |b| ≥ e, |Log b|/ log |b| ≤ 1 + π ≤ 5, and so ℓ(γ) ≤ 5|a − b|. Assume 1 < |b| ≤ e.
Then log |b| ≤ |b| − 1. Since |eiβ − 1|2 = 4 sin2(β/2) ≥ 4(β/π)2,

|Log b| ≤ log |b|+ |β| ≤
(

1 +
π

2

)

|b− 1| .

By Calculus, x− 1 ≤ (e− 1) log x for 1 ≤ x ≤ e, whence

ℓ(γ) = |Log b| |b| − 1

log |b| ≤ (e− 1)
(

1 +
π

2

)

|b− 1| ≤ 5|b− 1| . �

Note that on [a, b]∗ we have |a| ∧ |b| ≤ |z| ≤ |a| ∨ |b| and therefore by Lemma 2.18

|a− b|
|a| ∨ |b| ≤ k∗(a, b) ≤ 5

|a− b|
|a| ∧ |b| .

Of course these estimates are most useful when |a| ≃ |b|. We can improve the upper estimate
(reducing the 5 to a 3) by using Lemma 2.3. In fact, since |log(t)| ≤ t − 1 for t ≥ 1,
∣

∣log(|b|/|a|)
∣

∣ ≤ |a− b|/
(

|a| ∧ |b|
)

and thus by (2.16) we have

(2.19)
|a− b|
|a| ∨ |b| ≤ k∗(a, b) ≤

(

1 +
π

2

) |a− b|
|a| ∧ |b| < 3

|a− b|
|a| ∧ |b| .

We require the following elementary estimates for certain quasihyperbolic lengths.

2.20. Lemma. Suppose A ∈ AΩ(log 4) and a, b ∈ corelog 2(A). Let χ := χab = κac ⋆ [c, b] =
κ ⋆ [c, b] be the circular-arc-segment path from a through c to b as described in (2.2). Then

ℓk(κ) ≤ 2k(a, c) ,(2.20a)

ℓk([b, c]) ≤ 2k(b, c) ,(2.20b)

ℓk(χ) ≤ 4k(a, b) ;(2.20c)

Also, for any q ∈ [log 2, m), diamk coreq(A) ≤ 2π + 2mod coreq(A).

Proof. From Lemma 2.4, for z ∈ corelog 2(A), |z|/2 ≤ δ(z) ≤ |z|, so 1/δ∗ ≤ 1/δ ≤ 2/δ∗ and
k∗ ≤ k ≤ 2k∗ in corelog 2(A) where k∗ is quasihyperbolic distance in C∗. Put θ := k∗(a, c) =
ℓk∗(κ) and L := k∗(b, c) = ℓk∗([b, c]). Then

ℓk(κ) ≤ 2ℓk∗(κ) = 2k∗(a, c) ≤ 2k(a, c) ,

ℓk([b, c]) ≤ 2ℓk∗([b, c]) = 2k∗(a, b) ≤ 2k(a, b) .

Also, k∗(a, b) = |Log(b/a)| = |L+ iθ| ≥ (L+ θ)/2, so

ℓk(χ) ≤ 2ℓk∗(χ) = 2(θ + L) ≤ 4k∗(a, b) ≤ 4k(a, b) . �

2.21. Remark. The inequalities (2.20) reveal that κ, [b, c], and χ are all quasihyperbolic quasi-
geodesics (although one needs to be careful here:-). It then follows from Theorem A that
κ, [b, c], and χ are also hyperbolic quasi-geodesics.
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An important property of hyperbolic distance is its conformal invariance. While this does
not hold for quasihyperbolic distance, it is Möbius quasi-invariant in the following sense; see
[GP76, Lemma 2.4, Corollary 2.5].

2.22. Fact. Let Ĉ
T−→ Ĉ be a Möbius transformation. Let Ω ( C and suppose Ω′ := T (Ω) ⊂ C.

Then

∀ z ∈ Ω ,
1

δ(z)
≤ 2

|T ′(z)|
δ′(T (z))

.

Consequently, for all rectifiable paths γ in Ω,

1

2
ℓk(γ) ≤ ℓk′(T ◦ γ) ≤ 2ℓk(γ) ;

in particular,

∀ a, b ∈ Ω ,
1

2
k(a, b) ≤ k′(a′, b′) ≤ 2k(a, b) .

In the above, a′ := T (a), b′ := T (b), δ′ := δΩ′ , k′ := kΩ′.

2.D.6. The Beardon-Pommerenke Result. One desires both upper and lower estimates for
the hyperbolic metric. In general, finding lower estimates seems to be the more difficult
endeavor. It is well-known that the hyperbolic and quasihyperbolic metrics are 2-bi-Lipschitz
equivalent for simply connected hyperbolic plane regions; this fact is not true, e.g., for any
domain with an isolated boundary point (such as the punctured unit disk). In general,
the hyperbolic and quasihyperbolic metrics are bi-Lipschitz equivalent precisely when Ωc is
uniformly perfect (cf. [BP78], [Pom79], [Pom84]). Beardon and Pommerenke corroborated
this latter assertion as an application of their elegant result [BP78, Theorem 1] which says:

For any hyperbolic region Ω in C and for all z ∈ Ω,

(BP)
1

δ(z)[k + bp(z)]
≤ λ(z) ≤ π

2

1

δ(z) bp(z)
.

Beardon and Pommerenke introduced the domain function Ω
bp−→ R which is defined via

bp(z) = bpΩ(z) := inf
ζ∈B(z)

ξ∈Ωc\{ζ}

∣

∣

∣

∣

log
∣

∣

∣

ζ − z

ζ − ξ

∣

∣

∣

∣

∣

∣

∣

;

note that the infimum is restricted to nearest boundary points ζ ∈ B(z) = ∂Ω∩ ∂D(z) for z
(that is, ζ ∈ ∂Ω with δ(z) = |z − ζ |).

The definition of bp can be motivated by examining the standard lower bound for the
hyperbolic metric on a twice punctured plane; see Fact 2.9. The (BP) inequalities above
(established by Beardon and Pommerenke) follow by using domain monotonicity: the upper
bound for λ(z) holds because z lies on the conformal center of a certain annulus in Ω, and
the lower bound holds because Ω lies in a certain twice punctured plane.

To obtain a geometric interpretation for bp(z), we define bp(z, ζ)—for points z ∈ Ω and
ζ ∈ B(z)—as follows:

bp(z, ζ) := inf
ξ∈Ωc\{ζ}

∣

∣

∣

∣

log
∣

∣

∣

ζ − z

ζ − ξ

∣

∣

∣

∣

∣

∣

∣

. (Thus, bp(z) = inf
ζ∈B(z)

bp(z, ζ)) .
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We note that given z ∈ Ω and ζ ∈ B(z), there always exists a point ξ ∈ ∂Ω \ {ζ} with
bp(z, ζ) =

∣

∣log |ζ − z|/|ζ − ξ|
∣

∣, and there is always a ζ ∈ B(z) with bp(z) = bp(z, ζ).
Now fix points z ∈ Ω and ζ ∈ B(z). Let C = S1(ζ ; δ(z)) be the circle through ζ with

radius δ(z) = |z − ζ |. We have bp(z, ζ) = 0 if and only if C ∩ ∂Ω 6= ∅. Suppose C ⊂ Ω, so
bp(z, ζ) > 0. Choose a point ξ ∈ ∂Ω \ {ζ} with υ := bp(z, ζ) =

∣

∣log |ζ − z|/|ζ − ξ|
∣

∣. Let

A = A(ζ ; δ(z), υ) = {w ∈ C : δ(z)eυ < |w − ζ | < δ(z)eυ} .

Note that mod(A) = 2υ. We claim that A is the maximal annulus that is contained in Ω and
is symmetric with respect to C. This is because on the one hand, the point ξ lies on ∂A, so
∂A ∩ ∂Ω 6= ∅. On the other hand, from the definition of bp(z, ζ) we must have A ⊂ Ω.

Thus, 2bp(z, ζ) is the conformal modulus of the maximal Euclidean annulus that is con-
tained in Ω and symmetric with respect to the circle S1(ζ ; δ(z)). It follows that 2bp(z) is the
minimum of these numbers; so, 2bp(z) is the smallest of these maximal moduli.

From the discussion above we see that whenever bp(z) > 0, there is an annulus

BP(z) := A(ζ ; δ(z), bp(z)) ∈ A1
Ω

associated with z; here ζ ∈ B(z) is any nearest boundary point for z that realizes bp(z), and

∀ ξ ∈ ∂BP(z) ∩ ∂Ω , bp(z) = bp(z, ζ) =

∣

∣

∣

∣

log
∣

∣

∣

ζ − z

ζ − ξ

∣

∣

∣

∣

∣

∣

∣

.

We call BP(z) a BP annulus (or a Beardon-Pommerenke annulus) associated with the point
z; it needn’t be unique.

Note that when bp(z, ζ) > 0, any extremal point ξ ∈ Ωc that realizes bp(z, ζ) (so, bp(z, ζ) =
∣

∣log |ζ − z|/|ζ − ξ|
∣

∣) must lie on ∂Ω (because then ξ ∈ ∂A(ζ ; δ(z), bp(z, ζ)). This is not
necessarily true when bp(z, ζ) = 0; nonetheless, even in this case we can still locate a point
η ∈ ∂Ω with bp(z, ζ) =

∣

∣log |ζ − z|/|ζ − η|
∣

∣ (just take any η ∈ ∂Ω ∩ S1(ζ ; δ(z))).
We mention one last issue: while bp(z, ζ) is continuous as a function of (z, ζ) ∈ Ω × Ωc,

z 7→ bp(z) is not continuous! Indeed, for the punctured unit disk D∗ we have bp(z) =
∣

∣log |z|
∣

∣

for 0 < |z| < 1/2 whereas bp(z) = 0 for 1/2 ≤ |z| < 1. However, z 7→ bp(z) is continuous on
bp > log 2 .

In fact, in this paper we only care about large values of bp. In particular, when bp ≥ k the
(BP) inequalities imply that

(2.23)
1

2 δ bp
≤ λ ≤ 2

δ bp
.

In §3.A we establish useful estimates for bp; see especially Lemma 3.2 and Proposition 3.3.

3. Technical Tools for Proofs

In this section we discuss various estimates for the Beardon-Pommerenke bp function,
construct the all important annulus A(z), introduce the annulus bounce cross property, and
establish various properties of certain cores of the A(z) annuli.
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3.A. Estimating bp. Here we provide several means for estimating the Beardon-Pommerenke
domain function bp. In particular, we prove Proposition 3.3 (the BPEP15) which gives espe-
cially useful estimates for bp. As a warm up, the reader can verify the following geometric
estimates for bp.

3.1. Lemma. For υ > 0 and any point z in a hyperbolic plane domain Ω,

bp(z) ≥ υ ⇐⇒ ∀ ζ ∈ B(z) , A(ζ ; δ(z), υ) ⊂ Ω

and

bp(z) ≤ υ ⇐⇒ ∃ ζ ∈ B(z) so that A[ζ ; δ(z), υ] ∩ Ωc 6= ∅ .
Here is a general lower bound for bp.

3.2. Lemma. Fix r > q ≥ log 6. Suppose A := A(o; d, r) ∈ AΩ. Then for all z ∈ coreq(A),

bp(z) >
1

2
q .

Proof. We may assume that o = 0 and d = 1. Let z ∈ coreq(A) = A(o; d, r − q); so,

eq−r < |z| < er−q .

Let ζ ∈ B(z). Then by Lemma 2.4, |ζ | ≤ e−r and |z| − e−r ≤ δ(z) = |z − ζ | ≤ |z|.
To verify the lower bound on bp(z), it suffices to demonstrate that

B := A[ζ ; δ(z), q/2] ⊂ A := A(o; d, r) = A(0; 1, r) .

So, let w ∈ B. We show that e−r < |w| < er. Now

|w| ≤ |w − ζ |+ |ζ | ≤ δ(z)eq/2 + e−r < er−q/2 + e−r ≤ er,

because e2r ≥ 2 ≥ 1/(1− e−q/2); also

|w| ≥ |w − ζ | − |ζ | ≥ δ(z)e−q/2 − e−r >
(

eq−r − e−r
)

e−q/2 − e−r ≥ e−r ,

because eq − 1 ≥ 2eq/2 since q ≥ log 6. �

Next we establish the BPEP. This result is at the heart of our proof of Theorem A. It says
that in a LFS annulus (in A2

Ω), the domain function bp decays ‘linearly’ as we move away
from the center circle. The assumption that both boundary circles of the annulus meet ∂Ω is
crucial for obtaining the upper bounds; when only one boundary circle has a boundary point,
bp can actually increase when we move away from the center circle towards the boundary
circle that does not meet ∂Ω.

3.3. Proposition. Suppose A(o; d, r) ∈ A2
Ω(8 log 2), so r > log 16. Then for all |t| . r and

all z ∈ S1(o; det), bp(z) ≃ r − |t|. More precisely, for all |t| ≤ r − log 16 and for each
z ∈ S1(o; det),

bp(z) ≥ 1

2
(r − |t|) and

{

bp(z) ≤ 2 (r − |t|) for t ≥ 0

bp(z) ≤ (r − |t|) + log 2 for t ≤ 0 .

15Beardon-Pommerenke bp Estimates Proposition
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Proof. We may assume that o = 0 and d = 1. Pick η± ∈ ∂Ω with |η±| = e±r. Let
z ∈ A(o; d, r) = A(0; 1, r) with |z| = et and |t| ≤ r − log 16. Let ζ ∈ B(z). Then

|ζ | ≤ e−r and |z| − e−r ≤ δ(z) = |z − ζ | ≤ |z| .
The lower bound on bp(z) follows at once from Lemma 3.2. To establish the upper bounds

on bp(z), we simply use the fact that

bp(z) ≤
∣

∣

∣

∣

log
δ(z)

|ζ − ξ|

∣

∣

∣

∣

for each ξ ∈ {0, η−, η+} \ {ζ} .

When t ≥ 0, we take ξ = η+. Now et − e−r ≥ 1
2
et, so

1 ≤ |ζ − η+|
δ(z)

≤ er + e−r

et − e−r
≤ 2e−t(er + e−r) ≤ 1 + 2er−t ;

since log(1 + 2x) ≤ 2 log x for all x ≥ 3, we now see that

bp(z) ≤ log(1 + 2er−t) ≤ 2(r − t) .

Suppose t ≤ 0, so |z| = et = e−|t|. Assume |ζ | ≤ 1
2
e−r; we take ξ = η−. Then

1 ≤ δ(z)

|ζ − η−|
≤ 2erδ(z) ≤ 2er|z| = 2er−|t|

so

bp(z) ≤ log
δ(z)

|ζ − η−|
≤ r − |t|+ log 2 .

Next, assume |ζ | ≥ 1
2
e−r; we take ξ = 0. Then

1 ≤ δ(z)

|ζ | ≤ 2erδ(z) ≤ 2er|z| = 2er−|t|

so

bp(z) ≤ log
δ(z)

|ζ | ≤ r − |t|+ log 2 . �

3.4. Remarks. In the above, we are looking at points z ∈ corelog 16(A) where A := A(o; d, r),
r > log 16, A ∈ A2

Ω, and t := log (|z − o|/d). In particular:

(a) In corelog 16(A), bp ≤ 2r = mod(A), and on S1(A) = S1(o; d), bp ≥ 1
2
r.

(b) On both boundary circles S1(o; 16±1de∓r), we have 2 log 2 ≤ bp ≤ 8 log 2.

(c) For log 16 < q < r we have the strict inequalities

bp >
1

2
q in coreq(A) and bp < 2 q in corelog 16(A) \ coreq(A) .

(d) We also have estimates for bp in annuli A = A(o; d, r) ∈ A1
Ω, as long as we move towards

the boundary circle that has a boundary point. To be precise, suppose |z − o| = det with
|t| ≤ r − log 16. Then

bp(z) ≤ 2 (r − |t|) when t ≥ 0 and ∂outA ∩ ∂Ω 6= ∅ ,
bp(z) ≤ (r − |t|) + log 2 when t ≤ 0 and ∂inA ∩ ∂Ω 6= ∅ .
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3.B. The Annulus A(z). Recall from §2.D.6 that for each z ∈ Ω with bp(z) > 0 there is
an associated Beardon-Pommerenke annulus

BP(z) := A(ζ ; δ(z), bp(z)) ∈ A1
Ω (so, BP(z) ⊂ Ω and ∂BP(z) ∩ ∂Ω 6= ∅).

For our purposes, there is a second more important annulus A(z) which has the crucial prop-
erty that both of its boundary circles meet ∂Ω; this then permits the use of Proposition 3.3
to estimate bp in A(z). If BP(z) ∈ A2

Ω (i.e., if BP(z) already has the property that both of
its boundary circles meet ∂Ω), then we set A(z) := BP(z). Otherwise, we obtain A(z) by
‘enlarging’ BP(z) until we hit ∂Ω; that is, we start with the boundary circle of BP(z) that
does not meet ∂Ω and then grow or shrink this circle (keeping its center fixed) until we hit
∂Ω.

To be precise , suppose

m := bp(a) =

∣

∣

∣

∣

log
∣

∣

∣

ζ − a

ζ − ξ

∣

∣

∣

∣

∣

∣

∣

with ζ ∈ B(a) and ξ ∈ ∂Ω, so

BP(a) = A(ζ ; δ(a), m) = {z ∈ C : δ(a)e−m < |z − ζ | < δ(a)em} .
We assume one of the boundary circles of BP(a) does not meet ∂Ω; so, BP(a) ∈ A1

Ω \ A2
Ω.

There are two cases depending on whether |ζ − ξ| = δ(a)em or |ζ − ξ| = δ(a)e−m.
Assume ξ ∈ ∂inBP(a), so |ζ − ξ| = δ(a)e−m. Put

R := sup{r ≥ δ(a)em : {z ∈ C : δ(a)e−m < |z − ζ | < r} ⊂ Ω}

and define

A(a) := {z ∈ C : |ζ − ξ| < |z − ζ | < R} .
Note that if R = +∞, then A(a) = C \ D[ζ ; |ζ − ξ|] which should be viewed as a punctured

disk on the Riemann sphere Ĉ. Suppose R < ∞. Then there exists a point η ∈ S1(ζ ;R)∩∂Ω,
and now

A(a) = A(ζ ; d, υ) = {z ∈ C : de−υ < |z − ζ | < deυ} ,

where

d := (|ζ − ξ||ζ − η|) 1

2 =
(

δ(a)e−mR
)

1

2 > δ(a)

and

υ := log
R

d
= m+ log

d

δ(a)
> m = bp(a) .

Assume ξ ∈ ∂outBP(a), so |ζ − ξ| = δ(a)em. Put

ε := inf{0 < r ≤ δ(a)e−m : {z ∈ C : r < |z − ζ | < δ(a)em} ⊂ Ω}

and define

A(a) := {z ∈ C : ε < |z − ζ | < |ζ − ξ|} .
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Now if ε = 0, then A(a) = D∗(ζ ; |ζ − ξ|) which is a punctured disk. Suppose ε > 0. Then
there exists a point η ∈ S1(ζ ; ε) ∩ ∂Ω, and

A(a) = A(ζ ; d, υ) = {z ∈ C : de−υ < |z − ζ | < deυ} ,

where

d := (|ζ − ξ||ζ − η|) 1

2 = (δ(a)emε)
1

2 < δ(a)

and

υ := log
d

ε
= m+ log

δ(a)

d
> m = bp(a) .

We summarize the above.

• A(z) ∈ A2
Ω is either a punctured disk in Ĉ (which is a very large fat annulus:-) or

A(z) = A(ζ ; d, υ) with ζ ∈ B(z), some d > 0, and some υ ≥ bp(z). Thus we can
always talk about coreqA(z) where either q > 0 in the first (two) case(s) or 0 < q < υ
in the last case.

• Also, z lies on the boundary of a concentric subannulus of A(z) (in fact, z lies on the
boundary of a collar) that has modulus bp(z). In particular,

(3.5) z ∈ ∂corebp(z)A(z) ⊂ corebp(z)A(z) .

Notice that we can only apply the BPEP to obtain estimates when A(z) is non-degenerate,
but when A(z) is degenerate, we actually have a precise formula for bp. For example, if say
A(a) = D∗(0;R), then for z ∈ D∗(0;R/2) we have bp(z) = log(R/|z|).

We conclude this subsection with the following elementary, but surprisingly useful, obser-
vation. We often apply this result to curves.

3.6. Lemma. Fix τ > 8 log 2. Let E be a connected subset of Ω. Suppose that bp ≥ τ in E.
Then

E ⊂
⋂

z∈E

coreτ/2A(z) .

Proof. Fix a point p ∈ E. We examine the three cases depending on whether A(p) ∈ A2
Ω is

a punctured disk, the complement of a disk, or a non-degenerate annulus. Suppose A(p) =
D∗(0;R). Assume |p| = 1, so R = ebp(p) ≥ eτ . We claim that E ⊂ D[0; e−τr] = coreτA(p).

Note that E ⊂ D∗(0;R/2), for if not then we could find a point z ∈ E with |z| = R/2 but
then τ ≤ bp(z) ≤ log 2. Thus for all z ∈ E, τ ≤ bp(z) ≤ log(R/|z|) whence |z| ≤ e−τR as
asserted.

Suppose A(p) = C \ D[0;R]. Again, assume |p| = 1. Then there is a point ξ ∈ ∂Ω with
|ξ| = R = e−bp(p) ≤ e−τ . We claim that E ⊂ C \ D(0; 1

2
eτR) = coreτ−log 2A(p) ⊂a coreτ/2A(p).

To see this, we first show that E ⊂ C \ D[0; 3R]. For suppose there is a point z ∈ E with
|z| = 3R. Let ζ ∈ B(z). Then

|ζ | ≤ R and 2R ≤ |z − ζ | = δ(z) ≤ |z| ≤ 3R .

Assume |ζ | ≥ R/2. Then

bp(z) ≤
∣

∣log
δ(z)

|ζ |
∣

∣ = log
δ(z)

|ζ | ≤ log
2δ(z)

R
≤ log 6
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which implies the contradiction τ ≤ log 6. Assume |ζ | ≤ R/2. Then

1

2
R ≤ |ξ| − |ζ | ≤ |ζ − ξ| ≤ |ζ |+ |ξ| ≤ 3

2
R

so again

bp(z) ≤
∣

∣log
δ(z)

|ζ − ξ|
∣

∣ = log
δ(z)

|ζ − ξ| ≤ log
2δ(z)

R
≤ log 6 .

Now we repeat the above argument for an arbitrary point z ∈ E. We still have |ζ |∨|ζ−ξ| ≤
2R ≤ δ(z) ≤ |z| and thus

τ ≤ bp(z) ≤ log
2|z|
R

, whence |z| ≥ 1

2
eτR

as asserted.

Finally, suppose A := A(p) = A(0; 1, υ) is a non-degenerate annulus. We claim that
E ⊂ coreτ/2(A). Here υ ≥ bp(z) ≥ τ and τ/2 ≥ 4 log 2 = log 16, so we can appeal to the
BPEP and especially Remarks 3.4. Recall from (3.5) that p ∈ ∂corebp(p)(A) ⊂ coreτ (A) ⊂a
corelog 16(A).

Since bp ≤ 8 log 2 on ∂corelog 16(A) (see Remark 3.4(b)), it follows that E ⊂ corelog 16(A).
Thus by Remark 3.4(c), if there were a point z in E\coreτ/2(A), we would get τ ≤ bp(z) < τ ;
therefore, E ⊂ coreτ/2(A). �

3.C. The ABC Property. A path R ⊃ I
γ−→ Ω has the ABC property16, with parameters

µ > 0 and ν > 0, if and only if for each compact subpath α of γ and for each annulus
A := A(o; d, ν) ∈ AΩ such that S1(A) ⊃ ∂α, we have |α| ⊂ A(o; d, µ).

The ABC property implies that the path can cross a moderate size annulus
at most once, so if the path enters deep into an annulus, it either stays there or it

crosses (once) and never returns. In particular, if the path goes near an “isolated island
or archipelago” of Ωc ∪ {∞}, then it stays near it. Here are various precise statements of
this phenomenon.

3.7. Lemma. Suppose a path R ⊃ I
γ−→ Ω has the ABC property with parameters µ ≥ ν > 0.

Let A := A(o; d,m), Aν := A(o; d, ν), Aµ := A(o; d, µ). Suppose α is a compact subpath of γ.

(a) Assume Aν ∈ AΩ. If m ≥ µ, then α crosses A at most once.
(b) Assume band2ν(A) ∈ AΩ. If ∂α ⊂ ∂A, then |α| ⊂ band2µ(A).
(c) Assume A ∈ AΩ and m ≥ µ+ ν. Suppose ∂α ∩ Aµ = ∅. Then

either |α| ∩ S1(A) = ∅ or S1(A) separates ∂α .

In fact, if |α| ∩ S1(A) 6= ∅, then Aµ separates ∂α.
(d) Assume A ∈ AΩ and m > 2µ. Suppose ∂α ∩A = ∅. Then

either |α| ∩ core2µ(A) = ∅ or A separates ∂α .

Proof. To validate (a), suppose α crosses A twice. Then there is a subpath β of α with
∂β ⊂ S1(A) = S1(Aν) and such that ∂β ∩ ∂A 6= ∅. The ABC property asserts that |β| ⊂ Aµ,
which in turn implies that Ā ⊂c Aµ, so m < µ.

16ABC is short for annulus bounce or cross.



26 DAVID A. HERRON AND STEPHEN M. BUCKLEY

Item (b) follows from (a), because each collar of A relative to band2ν(A) belong to AΩ

(and has modulus 2ν), so α cannot cross either collar of A relative to band2µ(A) (as each of
these has modulus 2µ).

To verify (c), assume S1(A) does not separate ∂α. Then Aµ does not separate ∂α, and so
the endpoints of α both lie on the “same side” of Aµ (i.e., both are inside or both outside).

Next, suppose |α| ∩ S1(A) 6= ∅ and pick a point p ∈ |α| ∩ S1(A). We select a subpath β
of α by moving away from p towards each of the endpoints of α until we first meet ∂Aµ.
(Technically, here we should work with a parametrization of α.) Thus we have a subpath β
of α with ∂β ⊂ C where C is a component of ∂Aµ (C is the inner boundary circle if both
endpoints of α lie inside S1(A) and otherwise C is the outer boundary circle).

Now Bν := bandν(C) ∈ AΩ and β has endpoints on C = S1(Bν), but as p ∈ |β|, |β| 6⊂
bandµ(C) which contradicts the ABC property for γ.

To prove (d), suppose |α| ∩ core2µ(A) 6= ∅. If A did not separate ∂α, then α would cross
one of the collars of core2µ(A) relative to A twice, but each of these collars has modulus 2µ
and this would contradict (a). �

Item 3.7(d) above is the origin for the term “ABC property”. It says that for each
sufficiently fat annulus A ∈ AΩ, each subpath α (with endpoints not in A) either crosses A
or bounces off A in the sense that it misses core2µ(A). This “ABC property” is a fundamental
characteristic of hyperbolic and quasihyperbolic geodesics and quasi-geodesics.

Now we demonstrate that both hyperbolic and quasihyperbolic geodesics have the ABC
property. Väisälä established this for the quasihyperbolic metric; see [Väi05, Lemma 3.6].
Other metrics with this property include the Ferrand and Kulkarni-Pinkhall metrics.

3.8. Proposition. In any hyperbolic plane domain:

(a) quasihyperbolic geodesics have the (π, log 2)-ABC property,
(b) hyperbolic geodesics have the (3k, 5/2)-ABC property.

Proof. For the reader’s convenience, to motivate our argument for (b), and since our con-
stants are different, we first prove (a). Let A = A(o; d, ν) ∈ AΩ and fix points a, b ∈ S1(A).
We assume o = 0 and d = 1; so {e−ν < |z| < eν} ⊂ Ω, 0 ∈ Ωc, and |a| = 1 = |b|.

Consider any quasihyperbolic geodesic [a, b]k. Let α be (one of) the shorter subarc(s) of
S1 with endpoints a and b. Suppose ν := log 2 (so, {1/2 < |z| < 2} ⊂ Ω).

Let c ∈ [a, b]k. We claim that e−π < |c| < eπ. First, note that for all |z| = 1, δ(z) ≥ 1/2,
so

k(a, b) ≤ ℓk(α) =

∫

α

|dz|
δ(z)

≤ 2 ℓ(α) ≤ 2π .

In fact, we may assume that k(a, b) < 2π. Writing k∗ for the quasihyperbolic metric in
C∗ ⊃ Ω, we have (for all points z ∈ Ω)

k(z, a) ≥ k∗(z, a) ≥ k∗(|z|, |a|) =
∣

∣log |z|
∣

∣

and similarly, k(z, b) ≥
∣

∣log |z|
∣

∣, so

2
∣

∣log |c|
∣

∣ ≤ k(a, c) + k(c, b) = k(a, b) < 2π

as asserted.
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Now suppose ν := 5/2 and consider any hyperbolic geodesic [a, b]h. First, by enlarging ν,
if necessary, we may assume that ∂A∩ ∂Ω 6= ∅. That is, we may assume that A = A(0; 1, m)
for some m ≥ ν = 5/2 and that there exists a point ξ ∈ ∂A ∩ ∂Ω; so,

∣

∣log |ξ|
∣

∣ = m.

Let c ∈ [a, b]h. We claim that e−3k < |c| < e3k. It suffices to verify the lower bound, for then
the upper bound follows by considering the image of Ω under the inversion z 7→ 1/z. We may
assume |c| < 1, and—by considering a subarc of [a, b]h if necessary—that [a, b]h ⊂ D∗∪{a, b}.

Now, as |α| ⊂ A ⊂ Ω, the hyperbolic length of α in A is at least the hyperbolic length
of α in Ω. Since the hyperbolic metric in A is the constant π/2m on the center circle of A
(e.g., see [BP78] or [HMM08, §4.E, p.89]), we thus obtain

h(a, b) ≤ ℓ(Ω,h)(α) ≤ ℓ(A,h)(α) ≤
π2

2m
.

In fact, we may and do assume that h(a, b) < π2/2m.

Next, we claim that for all z ∈ [a, b]h, λ(z) ≥
[

|z|
(

k+m+ log(1/|z|)
)]−1

. To see this,

recall that 0 ∈ Ωc and also ξ ∈ ∂Ω with
∣

∣log |ξ|
∣

∣ = m ≥ 5/2. Thus Ω ⊃ C0ξ and so using the
change of variables w = z/ξ in conjunction with Fact 2.9 we deduce that

λ(z) ≥ λ0ξ(z) =
1

|ξ| λ01(w)

≥ 1

|ξ|
1

|w|
(

k+ | log |w||
) =

1

|z|
(

k+ | log |z/ξ||
)

≥ 1

|z|
(

k+m+ log(1/|z|)
) ;

here the last inequality above follows from the observation that
∣

∣log |z/ξ|
∣

∣ ≤
∣

∣log |z|
∣

∣ +
∣

∣log |ξ|
∣

∣ = m+ log
(

1/|z|
)

.

Using the above estimate, we calculate that

h(a, c) =

∫

[a,c]h

λ ds ≥
∫ 1

|c|

|dz|
|z|

(

k+m+ log
1

|z|
)

=

∫ k+m+log(1/|c|)

k+m

|dw|
|w| = log

(

1 +
log(1/|c|)
k+m

)

and similarly

h(b, c) ≥ log

(

1 +
log(1/|c|)
k+m

)

.

It now follows from our initial upper bound for h(a, b) that

2 log

(

1 +
log(1/|c|)
k+m

)

≤ h(a, b) <
π2

2m

whence

log
1

|c| < (k+m)
[

exp
( π2

4m

)

− 1
]
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and therefore

1

|c| < exp
(

(k+m)
[

exp
( π2

4m

)

− 1
])

≤ e3k .

It remains to corroborate the final inequality immediately above. Since m ≥ 5/2, setting

p := eπ
2/10 we have π2/4m ≤ log p. Since u 7→ (eu − 1)/u is increasing for u ≥ 0, it follows

that

exp(π2/4m)− 1

π2/4m
≤ eu − 1

u

∣

∣

∣

u=log p
=

10

π2
(p− 1)

so

m
(

exp(π2/4m)− 1
)

≤ π2

4

10

π2
(p− 1) =

5

2
(p− 1) < 4.3 < k .

But also,

exp(π2/4m)− 1 ≤ p− 1 ≤ 2 , so k
(

exp(π2/4m)− 1
)

≤ 2k

and thus

(k+m)
(

exp(π2/4m)− 1
)

≤ 3k . �

3.9. Remarks. Using the same arguments as above, it is not hard to demonstrate that hyper-
bolic and quasihyperbolic quasi-geodesics have the ABC property. In fact, quasihyperbolic
rough quasi-geodesics have the ABC property. (However this is not true in general even
for hyperbolic rough geodesics; see Example 2.8(c). This seems to be the main large scale
difference between hyperbolic and quasihyperbolic geometry.) More precisely:

(a) a quasihyperbolic (Λ, C)-rough-chordarc path has the ABC property with parameters
µ = πΛ + C/2 and ν = log 2;

(b) a hyperbolic Λ-chordarc path has the ABC property with parameters µ = 7eΛ and
ν = 5/2. (Note that 7e > µo := 3k.)

Everywhere below µo := max{π, 3k, log 16} = 3k ≤ 15. This absolute constant µo is an
ABC parameter for both hyperbolic and quasihyperbolic geodesics. Henceforth, we reserve
the symbol µ for a general ABC parameter. In Section 4 (and later) µ = µ(Λ) will depend
on a chordarc parameter Λ; usually we take µ := 7eΛ.

3.D. Disjoint Cores & More. Here we establish some basic properties of the annuli A(z)
and their cores; these are essential for our proof of Theorem A.

In our proofs of Theorems A and B, we often use Proposition 3.3 to estimate bp in the
cores of certain A(z). For this, we need to know that these A(z) are not punctured disks.

3.10. Lemma. Let µ > 0, ν > 0, σ > log 6, and τ > µ + (ν ∨ 2σ). Let γ be a compact path
in Ω with the (µ, ν)-ABC property. Suppose that bp ≤ σ on ∂γ and that there exists a point
z ∈ |γ| with bp(z) ≥ τ . Then A(z) is a non-degenerate annulus.

Proof. Assume that A := BP(z) = A(0; 1, bp(z)); so 0 ∈ ∂Ω, δ(z) = |z| = 1, and there is a
point ξ ∈ ∂A ∩ ∂Ω with bp(z) =

∣

∣log |ξ|
∣

∣. Recall that we enlarge A to get A(z).
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First, Lemma 3.7(c) (with α := γ) tells us that S1 = S1(A) separates ∂γ; we check the
details. First, bp(z) ≥ τ > µ+ ν holds. Next

Aµ := A(0; 1, µ) = A(0; 1, bp(z)− q) = coreqA(z) where q := bp(z)− µ ≥ τ − µ

and so by Lemma 3.2, in Aµ we have

bp >
1

2
q ≥ 1

2
(τ − µ) > σ .

It follows that ∂γ ∩ Aµ = ∅. Since z ∈ |γ| ∩ S1, we deduce that S1 separates ∂γ.
Assume ∂γ = {a, b}, where, say, a lies inside S1 (i.e., a ∈ D) and b lies outside S1 (i.e.,

b ∈ C \ D̄). There are two cases now depending on the location of ξ.
Suppose ξ ∈ ∂outA, so |ξ| = ebp(z). We claim that ∂Ω∩D 6= {0}; so, suppose ∂Ω∩D = {0}.

Then δ(a) = |a| and

bp(a) =
∣

∣

∣
log

|a|
|ξ|

∣

∣

∣
= log

|ξ|
|a| = bp(z)− log |a|

which implies log |a| = bp(z)− bp(a) ≥ τ − σ > 0 and contradicts |a| < 1.
Suppose ξ ∈ ∂inA, so |ξ| = e−bp(z). We claim that ∂Ω \ D̄ 6= ∅; so, suppose ∂Ω \ D̄ = ∅.

Pick ϑ, η ∈ ∂Ω with δ(b) = |b − ϑ| and bp(b) =
∣

∣log
(

δ(b)/|ϑ − η|
)
∣

∣. Note that |ϑ| ≤ e−bp(z)

and |η| ≤ e−bp(z).
Now

δ(b) = |b− ϑ| ≥ |b| − |ϑ| ≥ 1− e−bp(z) ≥ 1− e−τ ≥ 1

2

and

|ϑ− η| ≤ 2e−bp(z) ≤ 2e−τ <
1

2

so

σ ≥ bp(b) = log
δ(b)

|ϑ− η| ≥ log δ(b) + τ − log 2

which implies the contradiction

1

2
≤ δ(b) ≤ 2eσ−τ <

1

2
. �

The following results will be useful in our proofs of our main theorems. First, we show
that certain annulus cores separate certain points.

3.11. Lemma. Let µ > 0, ν > 0, σ > log 6, and τ > (µ+ ν) ∨ (2µ+ 2σ). Let γ be a compact
path in Ω with the (µ, ν)-ABC property. Suppose that bp ≤ σ on ∂γ and that there exists a
point z ∈ |γ| with bp(z) ≥ τ . Then core2σA(z) separates {a, b}.
Proof. According to Lemma 3.10, A(z) is a non-degenerate annulus with finite modulus,
say 2υ := mod

(

A(z)
)

; here υ ≥ bp(z) ≥ τ > 2µ + 2σ. We appeal to Lemma 3.7(d) with
A := core2σA(z). Note that

1

2
mod(A) =

1

2
(2υ − 4σ) = υ − 2σ > 2µ .
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Next, according to Lemma 3.2, bp > σ in A, so ∂γ ∩ A = ∅. Finally, z ∈ |γ| ∩ core2µ(A),
because by (3.5),

z ∈ ∂corebp(z)A(z) ⊂ corebp(z)A(z) ⊂ coreτA(z) ⊂ core2µ+2σA(z) = core2µ(A) ;

here the two right-most containments hold because bp(z) ≥ τ ≥ 2µ+ 2σ. �

Here is a useful consequence of the above.

3.12. Lemma. Fix σ > µ ≥ ν > 0 with σ ≥ log 6. Let α and β be compact paths in Ω with
common endpoints. Suppose α has the (µ, ν)-ABC property, and that there exists a point
z ∈ |α| with bp(z) ≥ 4σ. Then there exists a point w ∈ |β| with bp(w) > σ.

Proof. We may and do assume that bp ≤ σ on ∂α = ∂β. Since τ := 4σ > 2µ+(ν∨2σ), we can
appeal to Lemmas 3.10 and 3.11 to assert that A(z) ∈ A2

Ω is a non-degenerate annulus and
that core2σA(z) separates ∂β. In particular then, there exists a point w ∈ |β| ∩ core2σA(z),
and then by Lemma 3.2, bp(w) > σ. �

3.13. Corollary. Let Λ ≥ 1, Ch > µh := 7eΛ, Ck > µk := πΛ.17 Let a, b ∈ Ω. Suppose γh

and γk are hyperbolic and quasihyperbolic Λ-chordarc paths with endpoints a, b. Then

bp ≤ Ch on |γk| =⇒ bp < 4Ch on |γh|

and similarly,

bp ≤ Ck on |γh| =⇒ bp < 4Ck on |γk| .
Finally, we prove that certain cores are always disjoint.

3.14. Proposition. Let µ > 0, ν > 0, σ > log 6, q > 16 log 2, and τ > q∨ (µ+ ν)∨ (4µ+4σ).
Let α be an arc in Ω with the (µ, ν)-ABC property. Suppose there are successive points
a, z, p, w, b along α with bp ≤ σ at each of a, p, b and bp ≥ τ at each of z, w. Then

coreqA(z) ∩ coreqA(w) = ∅ .
Proof. According to Lemmas 3.10 and 3.11, A := A(z) and B := A(w) are non-degenerate
annuli, core2σ(A) separates both {a, p} and {a, b}, and core2σ(B) separates both {p, b} and
{a, b}. Also, q < τ ≤ bp(z) ∧ bp(w) implies that z ∈ coreq(A) and w ∈ coreq(B).

Now we have two cases, “concentric” or “spectacles”, depending on the positions of the
points a and b relative to the separating annuli core2σ(A) and core2σ(B). In the “concentric”
case, we assume that one of these points, say a, lies inside both of the separating annuli.
Then b is outside of both annuli while p is outside core2σ(A) but inside core2σ(B).

We claim that w 6∈ coreτ/2(A), and therefore by Remark 3.4(c), w 6∈ corelog 16(A). To
see this, we first note that as p is outside core2σ(A), α[a, p] crosses core2σ(A). According to
Lemma 3.7(a), α[p, b] cannot cross the outer collar of core2σ(A)\ core2σ+2µ(A) (i.e., the outer
collar of core2σ+2µ(A) relative to core2σ(A)). Thus w 6∈ core2σ+2µ(A). Since 2σ + 2µ < τ/2,
coreτ/2(A) ⊂ core2σ+2µ(A), so w 6∈ coreτ/2(A) (and hence w 6∈ corelog 16(A)).

Suppose there were a point x ∈ coreq(A) ∩ coreq(B). Then, as w ∈ coreq(B), there would
exist a path γ from w to x with |γ| ⊂ coreq(B). By Remark 3.4(c), bp > q/2 along γ.
However, γ would meet ∂corelog 16(A) at some point y, and then by Remark 3.4(b) we would
obtain q/2 < bp(y) ≤ 8 log 2 which contradicts q > 16 log 2.

17When Λ = 1 we can take µh = 3k.
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It remains to consider the “spectacles case” where neither a nor b lies inside both separating
annuli core2σ(A) and core2σ(B). If a lies inside (so b lies outside) core2σ(A) and b lies inside
(so a lies outside) core2σ(B), then Corollary 2.7 asserts that coreq(A) ∩ coreq(B) = ∅. The
other possibility cannot occur by Lemma 3.15 below. �

The following shows that the “flip-flop spectacles” case never occurs.

3.15. Lemma. Let µ > 0, ν > 0, σ > log 6, and τ > (µ+ ν) ∨ (2µ+ 2σ) ∨ (3σ). Let α be an
arc in Ω with the (µ, ν)-ABC property. Suppose there are successive points a, z, p, w, b along
α with bp ≤ σ at each of a, p, b and bp ≥ τ at each of z, w. Then it cannot be that

a lies inside core2σA(w) and b lies inside core2σA(z) .

Proof. According to Lemmas 3.10 and 3.11, A := A(z) and B := A(w) are non-degenerate
annuli in A2

Ω, core2σ(A) separates both {a, p} and {a, b}, and core2σ(B) separates both {p, b}
and {a, b}.

Suppose it were true that a lies inside core2σ(B) and b lies inside core2σ(A). This would
mean that b lies outside core2σ(B), a lies outside core2σ(A), and therefore p lies inside both
cores. In particular, the two cores would have non-disjoint “insides”. It is not difficult to
check that the two cores cannot be disjoint, so core2σ(A) ∩ core2σ(B) 6= ∅.

Now we appeal to Lemma 2.5. Assume A = A(z) = A(η; d, r) and B = A(w) = A(ϑ; c, s);
note that r ∧ s ≥ τ > 2σ so the lemma applies (with q := 2σ). Then since a lies outside
core2σ(A) but inside core2σ(B),

der−2σ ≤ |a− η| ≤ |a− ϑ| + |ϑ− η| ≤ ce2σ−s + de−r ≤ 2de2σ−s + de−r

so

eτ ≤ er ≤ 2e4σ−s + e2σ−r ≤ e2σ−τ (2e2σ + 1)

but then e4σ ≤ e2τ−2σ ≤ 2e2σ + 1 which contradicts σ > log 6. �

4. Length Estimates

Below we provide explicit estimates for the Euclidean, hyperbolic, and quasihyperbolic
lengths of certain quasi-geodesics. As discussed in Section 1, a quasi-geodesic is “bad” if bp
is large at each of its points, and “good” otherwise. Roughly speaking, our primary goal
here is to show that any two “associated bad quasi-geodesics” have comparable hyperbolic
lengths and comparable quasihyperbolic lengths. That is, we establish the length estimates
ℓg(β

h) ≃ ℓg(β
k) (for g = h, k) for any pair of quasi-geodesics βh, βk that cross a subannulus

deep inside some large fat separating annulus in Ω; see Propositions 4.2, 4.9, 4.10, which in
turn give Theorem C. These estimates play crucial roles in our proofs of both Theorems A
and B.

For a simple special case, suppose that βh and βk are a hyperbolic and a quasihyperbolic
Λ-chordarc path with the same endpoints a, b. Then

k(a, b) ≤ ℓk(β
k) ≤ Λk(a, b) ≤ Λℓk(β

h) , so Λ−1 ≤ ℓk(β
h)

ℓk(βk)

and likewise Λ−1 ≤ ℓh(β
k)/ℓh(β

h). Below we provide similar explicit upper and lower bounds,
and we do not presume that the endpoints coincide.
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Before diving into the details, we discuss the setting and some notational conventions.
We consider a hyperbolic quasi-geodesic βh and a quasihyperbolic quasi-geodesic βk; the
endpoints ∂βh = {ah, bh} and ∂βk = {ak, bk} need not be the same, but, we do require that
corresponding endpoints satisfy certain conditions, such as being concentric, as explained
below.

When it does not matter which quasi-geodesic we are discussing, we may write βg (where
g ∈ {h, k}) or—dropping the superscript g—sometimes we even just write β, and similarly
write a, b for the endpoints of β.

We assume that both quasi-geodesics βh and βk join the boundary circles of a concentric
subannulus that lies deep inside some large fat separating annulus A in Ω; in our proof of
Theorem A, this will often be A(z) for some z ∈ Ω, but now this is not relevant. What is
important is that there are three cases depending on whether A is a punctured disk, the
complement of a closed disk (so a punctured disk in Ĉ), or a non-degenerate annulus (with
finite modulus). Thus we consider the cases where

A = D∗(0;R) or A = C \ D∗[0;R] or A = A(0; d, r)

for some R > 0 or some d > 0, r > 0. In all three cases we assume A ∈ AΩ and so the center
c(A) = 0 of A lies in Ωc.

We emphasize that, except when explicitly indicated otherwise, the endpoints of βh and
βk need not be the same. However, we do require that these endpoints lie on concentric
circles centered at c(A); i.e., that

|ah| = |ak| and |bh| = |bk| .

There will be additional constraints in each of the three cases, but these essentially say that
the subannulus that each β crosses is “deep inside” A.

Again, our primary goal in this section is to prove that for both g = h and g = k,
ℓg(β

h) ≃ ℓg(β
k) with explicit constants that depend only on the quasi-geodesic constant ; see

(4.2), (4.9), and (4.10). In each case we establish this by finding estimates for the four
lengths ℓg(β) where g = h or g = k and β = βh or β = βk. We accomplish this task by

writing each β as a concatenation product β =⋆αj and finding estimates for ℓg(αj) where
g = h or g = k and αj = αh

j or αj = αk
j . Our procedure is basically the same in all three

cases: we approximate ℓg(αj) via estimates for ℓ(αj) and estimates for each of 1/δ and λ (in
certain subannuli that contain the sub-quasi-geodesics αj).

4.1. Remarks. It is worthwhile to describe our procedure to estimate the lengths of each αj

as we perform it repeatedly; see (4.3),(4.4),(4.5) and (4.6),(4.7),(4.8) (for the punctured disk
case) and (4.11),(4.12),(4.13) and (4.16),(4.17),(4.18) (for the non-degenerate annulus case).

(a) The lower bounds—which hold for arbitrary paths—are straightforward. For Euclidean
length and quasihyperbolic length we use the elementary fact that the length of a path is
bounded below by the distance between its endpoints; here we employ (2.16) to estimate
quasihyperbolic distances. The lower bounds for hyperbolic length (g = h) follow from those
for Euclidean length in conjunction with estimates for λ (in appropriate subannuli).

(b) The upper bounds for ℓk(α
k
j ) also arise from quasihyperbolic distance estimates. These

upper bounds, in conjunction with estimates for 1/δ (in appropriate subannuli), then produce
upper bounds for ℓ(αk

j ).
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(c) The upper bounds for ℓh(α
h
j ) follow similarly, although here we estimate hyperbolic

distance via ℓh(χ) for the appropriate circular-arc-segment path χ. These upper bounds, in
conjunction with estimates for λ, then produce upper bounds for ℓ(αh

j ).

(d) The upper bounds for ℓh(α
k
j ) and ℓk(α

h
j ) now follow using estimates for λ and 1/δ and

the upper bounds for ℓ(αk
j ) and ℓ(αh

j ), respectively.

We start with the punctured disk case where we know exactly the quasihyperbolic metric
as well as bp and we have good estimates for the hyperbolic metric. After this we consider
the non-degenerate annulus case.

4.A. Quasi-Geodesics in Punctured Disks. Here we establish the first set of length
estimates that play crucial roles in our proofs of Theorems A and B. Roughly speaking, any
two quasi-geodesics with concentric endpoints deep inside some punctured disk in Ω have
comparable hyperbolic lengths and comparable quasihyperbolic lengths. When we have
geodesics, we can get improved constants since we know that the quasihyperbolic geodesic
in C∗ are logarithmic spirals and can use Lemma 2.18.

4.2. Proposition. For each Λ ≥ 1, there are explicit constants that depend only on Λ with
the following properties. Let µ = µ(Λ) be the ABC parameter for hyperbolic Λ-chordarc
paths.18 Assume D∗ := D∗(0;R) ∈ AΩ for some R > 0. Let βh and βk be, respectively, any
hyperbolic and quasihyperbolic Λ-quasi-geodesics with concentric endpoints ∂βh = {ah, bh}
and ∂βk = {ak, bk} in core2µ+log 2(D∗) that satisfy

|ah| = |ak| ≤ |bk| = |bh| .
For both g = h and g = k, ℓg(β

h) ≃ ℓg(β
k) with explicit constants that depend only on Λ.

More precisely: assuming that βh and βk are hyperbolic and quasihyperbolic Λ-chordarc paths,
then when |bh| ≤ e|ah| and ∂βh = ∂βk,

1

Λ
≤ ℓk(β

h)

ℓk(βk)
≤ 7e2+4µΛ and

1

Λ
≤ ℓh(β

k)

ℓh(βh)
≤ 24µe2+6µΛ(4.2a)

and when |bh| > e|ah| (and possibly ∂βh 6= ∂βk),

(

(1 + π)Λ
)−1 ≤ ℓk(β

h)

ℓk(βk)
≤ 3e4+4µΛ(4.2b)

and

(51e2µΛ)−1 ≤ ℓh(β
k)

ℓh(βh)
≤ 491µe6µΛ .(4.2c)

Proof. By increasing R if necessary, we may assume that D∗ ∈ A2
Ω; so, there exists a point

ξ ∈ ∂Ω with R = |ξ|. Note that in corelog 2(D∗) = D∗(0;
1
2
R) we have δ = δ∗ and k = k∗

where k∗ is quasihyperbolic distance in C∗. Thus (2.16) already provides estimates for k(a, b)
when a, b ∈ corelog 2(D∗). Also, for z ∈ corelog 2(D∗), bp(z) = log(R/|z|) which provides the
hyperbolic metric estimates given in Lemma 2.10.

Let

A0 := {z : |a| ≤ |z| ≤ |b|} and B0 := band2µ(A0) = {z : e−2µ|a| ≤ |z| ≤ e2µ|b|} .
18See Remarks 3.9.
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Evidently, A0 ⊂a B0 ⊂a corelog 2(D∗). According to Lemma 3.7(b) in conjunction with Propo-
sition 3.8(b), both quasi-geodesics βh and βk lie in B0.

Suppose first that a := ah = ak, b := bh = bk, and |b| ≤ e|a|. (We call this the “close
points” case.) Since the endpoints coincide, the two lower bounds in (4.2a) are trivial. Thus
we need only verify the asserted upper bounds. From (2.19) we have

|a− b|
|b| ≤ k(a, b) = k∗(a, b) ≤ 3

|a− b|
|a| .

Put χ := χab = κac ⋆ [c, b], the circular-arc-segment path from a through c :=
(

|a|/|b|
)

b to
b as described as described in (2.2). By Lemma 2.3

ℓ(χ) ≤ 3|a− b| .

Next, for z ∈ A0, |a| ≤ |z| = δ(z) ≤ |b|, so
1

|a| ≥
1

|z| ≥
1

|b| and
1

log(R/|a|) ≤
1

log(R/|z|) ≤ 1

log(R/|b|)
and thus by Lemma 2.10

1

|b|
(

k+ log(R/|a|)
) ≤ λ(z) ≤ 1

|a| log(R/|b|) .

Similarly, for z ∈ B0, e
−2µ|a| ≤ |z| = δ(z) ≤ e2µ|b|, so

e−2µ

|b|
(

k+ 2µ+ log(R/|a|)
) ≤ λ(z) ≤ e2µ

|a|
(

−2µ + log(R/|b|)
) .

Now we verify that ℓk(β
k) ≃ ℓk(β

h) and ℓh(β
h) ≃ ℓh(β

k). More precisely, we establish:

|a− b| ≤ ℓ(βk) ≤ 3e1+2µΛ|a− b| ,(4.3a)

|a− b| ≤ ℓ(βh) ≤ 7e1+2µΛ|a− b| ;(4.3b)

and also
|a− b|
|b| ≤ ℓk(β

k) ≤ 3Λ
|a− b|
|a| ,(4.4a)

|a− b|
|b| ≤ ℓk(β

h) ≤ 7e1+4µΛ
|a− b|
|a| ,(4.4b)

and

e−2µ

k+ 2µ+ log(R/|a|)
|a− b|
|b| ≤ ℓh(β

h) ≤ 3Λ

log(R/|b|)
|a− b|
|a| ,(4.5a)

e−2µ

k+ 2µ+ log(R/|a|)
|a− b|
|b| ≤ ℓh(β

k) ≤ 3e1+4µΛ

−2µ+ log(R/|b|)
|a− b|
|a| .(4.5b)

The six lower bounds above, which hold for any path joining a and b, are straightforward
(as explained in Remark 4.1(a)). Thus we need only verify the upper bounds. Noting that
|βk| ⊂ B0 and using our above estimates for δ−1ds (in B0) we obtain

ℓ(βk)

e2µ|b| ≤
∫

βk

ds

δ
= ℓk(β

k) ≤ Λk(a, b) ≤ 3Λ
|a− b|
|a|
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and so the upper bounds in both (4.3a) and (4.4a) hold. With (4.3a) in hand, we use our
above estimates for λ ds (in B0) to obtain

e−2µ ℓ(βk)

|b|
(

k+ 2µ+ log(R/|a|)
) ≤

∫

βk

λ ds = ℓh(β
k)

≤ e2µ ℓ(βk)

|a|
(

−2µ+ log(R/|b|
)

≤ 3e1+4µΛ

−2µ+ log(R/|b|)
|a− b|
|a|

which gives the upper bound in (4.5b).

Next, since |χ| ⊂ A0, our above estimates for λ ds (in A0) yield

ℓh(β
h) ≤ Λh(a, b) ≤ Λ

∫

χ

λ ds ≤ Λℓ(χ)

|a| log(R/|b|) ≤ 3Λ

log(R/|b|)
|a− b|
|a|

and

ℓh(β
h) ≥ e−2µℓ(βh)

|b|
(

k+ 2µ+ log(R/|a|)
)

from which the upper bounds in both (4.3b) and (4.5a) follow. With (4.3b) in hand, we also
have

ℓk(β
h) =

∫

βh

ds

δ
≤ e2µ

|a| ℓ(β
h) ≤ 7e1+4µΛ

|a− b|
|a|

which gives the upper bound in (4.4b).
The diligent reader can employ (4.4) and (4.5) to corroborate the inequalities in (4.2a).

It is perhaps worth mentioning that log(R/|b|) ≥ 2µ+ log 2 and recalling that µ = 7eΛ.

Now we turn to the case where βh and βk need not have the same endpoints, but |bh| =
|bk| > e|ak| = e|ah|. Again, k = k∗ in corelog 2(D∗) and so by (2.16) for any a, b ∈ corelog 2(A)
with |b| > e|a|,

1 ≤ L := log
|b|
|a| ≤ k(a, b) ≤ L+ π ≤ (1 + π)L .

In particular, taking a = ak and b = bk, say, we obtain

L ≤ ℓk(β
k) ≤ Λk(ak, bk) ≤ (1 + π)ΛL ≤ (1 + π)Λk(ah, bh) ≤ (1 + π)Λℓ(βh)

which gives the lower bound in (4.2b).
Let m := max{n ∈ N : en|a| < |b|}, so m is the unique positive integer that satisfies

em|a| < |b| ≤ em+1|a|. Put σ :=
(

|b|/|a|
)1/m

. Then

e < σ ≤ e1+1/m < e2 and for 1 ≤ j ≤ m, ej < σj < ej+1 .

For 1 ≤ j ≤ m, define

Aj := {σj−1|a| ≤ |z| ≤ σj |a|} and Bj := bandµ(Aj) = {e−2µσj−1|a| ≤ |z| ≤ e2µσj |a|} .
Since Aj ⊂a Bj ⊂a B0, the comments at the beginning of this proof remain in force.
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For each 1 ≤ j < m, pick a point wj ∈ |β| ∩ S1(0; σj|a|), set w0 := a and wm := b, and for
1 ≤ j ≤ m let αj = αg

j := βg
wj−1wj

. Thus αg
j is a sub-quasi-geodesic of βg, and while αg

j may

leave the annulus Aj , thanks to the ABC property (Lemma 3.7(b)) we know that αg
j lies in

the (big/enlarged) annulus Bj. Also, since k = k∗, (2.16) gives

log σ ≤ k(wj , wj−1) ≤ log σ + π < 6 .

Since β = ⋆m

1 αj, the lengths of each β are just sums of the corresponding lengths of
its subpaths αj . To estimate these, we proceed in the same manner as above (in the “close
points” case). First we give estimates for the metrics δ−1 ds and λ ds valid in the subannuli
Aj and Bj. Then we estimate the (Euclidean, quasihyperbolic, and hyperbolic) lengths of
each αj .

We begin with estimates for δ and λ in Aj and Bj , then show that the Euclidean length
of αj is essentially δj := σj|a| ≃ ej |a|, and then present estimates for ℓg(α

g
j ) and ℓh(α

k
j ) and

ℓk(α
h
j ). Everywhere below 1 ≤ j ≤ m.

For z ∈ Aj , δj/σ = δj−1 ≤ |z| = δ(z) ≤ δj := σj |a|, so as above, Lemma 2.10 yields

1

k+ log σ + log(R/δj)

1

δj
≤ λ(z) ≤ σ

log(R/δj)

1

δj
.

Similarly, for z ∈ Bj , e
−2µδj/σ ≤ |z| = δ(z) ≤ e2µδj, so

e−2µ

k+ 2µ+ log σ + log(R/δj)

1

δj
≤ λ(z) ≤ σe2µ

−2µ+ log(R/δj)

1

δj
.

Note that δj ≤ |b| ≤ 1
2
e−2µR, so log(R/δj) ≥ 2µ+ log 2.

Now we show that ℓ(αj) ≃ δj. More precisely:

(1− σ−1)δj ≤ ℓ(αk
j ) ≤ 6e2µΛ δj ,(4.6a)

(1− σ−1)δj ≤ ℓ(αh
j ) ≤ 5σe2µΛ δj .(4.6b)

Then we verify that ℓk(αj) ≃ 1 and ℓh(αj) ≃
(

log(R/δj)
)−1 ≃

(

log(R/|a|) − j
)−1

. More
precisely:

log σ ≤ ℓk(α
k
j ) ≤ (log σ + π)Λ ,(4.7a)

log σ ≤ ℓk(α
h
j ) ≤ 5σ2e4µΛ ,(4.7b)

and

(1− σ−1)e−2µ

k+ 2µ+ log σ + log(R/δj)
≤ ℓh(α

h
j ) ≤

2σΛ

log(R/δj)
,(4.8a)

(1− σ−1)e−2µ

k+ 2µ+ log σ + log(R/δj)
≤ ℓh(α

k
j ) ≤

6σe4µΛ

−2µ+ log(R/δj)
.(4.8b)

The lower bounds in (4.6) are trivial, and those in (4.7) follow easily from (2.15). Our
above estimates for λ in Bj then produce the lower bounds in (4.8). Thus it remains to
establish the various upper bounds. To begin, we introduce the circular-arc-segment path
χ := χwj−1wj

= κwj−1w ⋆ [w,wj] from wj−1 through w := wj/σ to wj as described in (2.2).
Note that as π + σ − 1 ≤ σ,

ℓ(χ) ≤ 2 δj .
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Using estimates for δ in Bj in conjunction with (2.16) we obtain

e−2µ

δj
ℓ(αk

j ) ≤
∫

αk
j

ds

δ
= ℓk(α

k
j ) ≤ Λk(wj−1, wj) ≤ Λ(log σ + π) ≤ 6Λ

which gives the upper bounds in both (4.6a) and (4.7a). Similarly, we use our estimates for
λ (in Aj ⊃ |χ| and in Bj ⊃ |αh

j |) to obtain

e−2µ ℓ(αh
j )

k+ 2µ+ log σ + log(R/δj)

1

δj
≤

∫

αh
j

λ ds = ℓh(α
h
j ) ≤ Λ ℓh(χ) =

= Λ

∫

χ

λ ds ≤ σΛ ℓ(χ)

log(R/δj)

1

δj
≤ 2σΛ

log(R/δj)
.

which gives the upper bound in (4.8a).
We claim that k+2µ+logσ+log(R/δj) ≤ 2.15 log(R/δj), and thus the above also produces

the upper bound in (4.6b). To check our claim, note that

k+ 2µ+ log σ + log(R/δj)

log(R/δj)
≤ 1 +

k+ 2µ+ log σ

2µ+ log 2
≤ 2 +

k+ 2− log 2

2µ+ log 2
.

It remains to verify the inequalities (4.7b) and (4.8b). Using estimates for δ in Bj together
with (4.6b) we see that

ℓk(α
h
j ) =

∫

αh
j

ds

δ
≤ σe2µ

δj
ℓ(αh

j ) ≤ 5σ2e4µΛ

and then using estimates for λ in Bj and (4.6a) we obtain

ℓh(α
k
j ) =

∫

αk
j

λ ds ≤ σe2µ

−2µ+ log(R/δj)

ℓ(αk
j )

δj
≤ 6σe4µΛ

−2µ+ log(R/δj)
.

The diligent reader can now employ the inequalities in (4.7) and (4.8) to establish (4.2b)
and (4.2c). �

Here is the analog to Proposition 4.2 for the case of a degenerate annulus that is a punc-
tured disk in the Riemann sphere.

4.9. Proposition. For each Λ ≥ 1, there are explicit constants that depend only on Λ with
the following properties. Let µ = µ(Λ) be the ABC parameter for hyperbolic Λ-chordarc
paths. Assume D∗ := C \ D[0;R] ∈ AΩ for some R > 0. Let βh and βk be, respectively, any
hyperbolic and quasihyperbolic Λ-quasi-geodesics with concentric endpoints ∂βh = {ah, bh}
and ∂βk = {ak, bk} in core2µ+log 2(D∗) that satisfy

|ah| = |ak| ≥ |bk| = |bh| .
For both g = h and g = k, ℓg(β

h) ≃ ℓg(β
k) with explicit constants that depend only on Λ.

More precisely: assuming that βh and βk are hyperbolic and quasihyperbolic Λ-chordarc paths,
then when |ah| ≤ e|bh| and ∂βh = ∂βk,

1

Λ
≤ ℓk(β

h)

ℓk(βk)
≤ 14e2+4µΛ and

1

Λ
≤ ℓh(β

k)

ℓh(βh)
≤ 24µΛe2+6µ(4.9a)
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and when |ah| > e|bh| (and possibly ∂βh 6= ∂βk),

(

(1 + π)Λ
)−1 ≤ ℓk(β

h)

ℓk(βk)
≤ 6e4+4µΛ(4.9b)

and

(51e2µΛ)−1 ≤ ℓh(β
k)

ℓh(βh)
≤ 491µe6µΛ .(4.9c)

Proof. Since 0 ∈ Ωc, the image of Ω under the complex inversion z 7→ 1/z is a hyperbolic
plane domain and now we are in the setting of Proposition 4.2. By conformal invariance, all
hyperbolic lengths are unchanged, and according to Fact 2.22, quasihyperbolic lengths only
change by a factor of 2. Moreover, since Ω ⊂ C∗, k ≥ k∗ and we can still use (2.16) to obtain
good lower bounds for quasihyperbolic distance. �

4.B. Quasi-Geodesics in Annuli. Here we establish similar estimates as above in §4.A
but now the geodesics βh and βk are assumed to lie deep in a non-degenerate annulus. Again
we emphasize that, except for the “close points case”, the endpoints need not be the same.

4.10. Proposition. For each Λ ≥ 1, there are explicit constants that depend only on Λ
with the following properties. Let µ = µ(Λ) be the ABC parameter for hyperbolic Λ-chordarc
paths.19 Suppose A ∈ AΩ(10µ), say with center c(A) = 0. Let βh and βk be, respectively, any
hyperbolic and quasihyperbolic Λ-quasi-geodesics with concentric endpoints ∂βh = {ah, bh}
and ∂βk = {ak, bk} in core5µ(A) that satisfy

|ah| = |ak| ≤ |bk| = |bh| .
For both g = h and g = k, ℓg(β

h) ≃ ℓg(β
k) with explicit constants that depend only on Λ.

More precisely: assuming that βh and βk are hyperbolic and quasihyperbolic Λ-chordarc paths,
then when |bh| ≤ e|ah| and ∂βh = ∂βk,

1

Λ
≤ ℓk(β

h)

ℓk(βk)
≤ 768e2+4µΛ and

1

Λ
≤ ℓh(β

k)

ℓh(βh)
≤ 768e2+6µΛ = 3 · 28e2+6µΛ(4.10a)

and when |bh| > e|ah| (and possibly ∂βh 6= ∂βk),

(9Λ)−1 ≤ ℓk(β
h)

ℓk(βk)
≤ 28e4+4µΛ(4.10b)

and

(29e2+2µΛ)−1 ≤ ℓh(β
k)

ℓh(βh)
≤ 11 · 28e2+6µΛ .(4.10c)

Note that when ∂βh = ∂βk the above lower bounds can be replaced with 1/Λ.

Proof. Thanks to Propositions 4.2 and 4.9, we may, and do, assume A = A(0; 1, r) ∈ A2
Ω, so

core5µ(A) = A(0; 1, r − 5µ) and therefore e5µ−r ≤ |a| ≤ |b| ≤ er−5µ. Let

A0 := {z : |a| ≤ |z| ≤ |b|} and B0 := band2µ(A0) = {z : e−2µ|a| ≤ |z| ≤ e2µ|b|} .
19See Remarks 3.9.
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Evidently, A0 ⊂c B0 ⊂c core3µ(A) ⊂c corelog 16(A). According to Lemma 3.7(b) in conjunction
with Proposition 3.8(b), both quasi-geodesics βh and βk lie in B0, and thus we may appeal
to Lemma 2.4 (to estimate δ) and to Proposition 3.3 (to estimate bp). Also, according to
Remark 3.4(b), bp > 1

2
(3µ) > k in core3µ(A); therefore we may use (2.23) to estimate λ in

B0.
In particular, from Lemma 2.4 we know that in corelog 2(A),

1
2
δ∗ ≤ δ ≤ δ∗, and so k∗ ≤

k ≤ 2k∗ where k∗ is quasihyperbolic distance in C∗. Thus (2.16) already provides estimates
for k(a, b) when a, b ∈ corelog 2(A).

Suppose first that a := ah = ak, b := bh = bk, and |b| ≤ e|a|. (We call this the “close
points” case.) Since the endpoints coincide, the two lower bounds in (4.10a) are trivial. Thus
we need only verify the asserted upper bounds. From (2.19) we have

|a− b|
|b| ≤ k(a, b) ≤ 2k∗(a, b) ≤ 6

|a− b|
|a| .

According to Lemma 2.4, δ(z) ≃ |a| for z ∈ B0. More precisely,

∀ z ∈ A0 ,
1

|b| ≤
1

δ(z)
≤ 2

|a|
and

∀ z ∈ B0 ,
e−2µ

|b| ≤ 1

δ(z)
≤ 2e2µ

|a| .

Next we show that bp ≃ r − log |a| in B0. So, let z ∈ B0. Assume |z| = et. It is
straightforward to check that

∣

∣t− log |a|
∣

∣ ≤ 2µ+ 1 =: M and r ≥ M +
(

|t| ∨
∣

∣log |a|
∣

∣

)

.

Hence by Proposition 3.3 in conjunction with Lemma 2.1 (with r, t and s := log |a|) we
obtain

1

4

(

r −
∣

∣log |a|
∣

∣

)

≤ bp(z) ≤ 4
(

r −
∣

∣log |a|
∣

∣

)

.

Using (2.23) with our above estimates (for δ and bp) we find that

∀ z ∈ A0 ,
8−1

|b|
1

r −
∣

∣log |a|
∣

∣

≤ λ(z) ≤ 16

|a|
1

r −
∣

∣log |a|
∣

∣

and

∀ z ∈ B0 ,
(8e2µ)−1

|b|
1

r −
∣

∣log |a|
∣

∣

≤ λ(z) ≤ 16e2µ

|a|
1

r −
∣

∣log |a|
∣

∣

.

Now we verify that ℓk(β
k) ≃ ℓk(β

h) and ℓh(β
h) ≃ ℓh(β

k). More precisely, we establish:

|a− b| ≤ ℓ(βk) ≤ 6e2µΛ
|b|
|a| |a− b| ,(4.11a)

|a− b| ≤ ℓ(βh) ≤ 384e2µΛ
|b|
|a| |a− b| ;(4.11b)
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and also

|a− b|
|b| ≤ ℓk(β

k) ≤ 6Λ
|a− b|
|a| ,(4.12a)

|a− b|
|b| ≤ ℓk(β

h) ≤ 768e4µΛ
|b|
|a|

|a− b|
|a| ,(4.12b)

and

(8e2µ)−1

r −
∣

∣log |b|
∣

∣

|a− b|
|b| ≤ ℓh(β

h) ≤ 48Λ

r −
∣

∣log |a|
∣

∣

|a− b|
|a| ,(4.13a)

(8e2µ)−1

r −
∣

∣log |b|
∣

∣

|a− b|
|b| ≤ ℓh(β

k) ≤ 96e4µΛ

r −
∣

∣log |a|
∣

∣

|b|
|a|

|a− b|
|a| .(4.13b)

The six lower bounds above, which hold for any path joining a and b, are straightforward
(as explained in Remark 4.1(a)). Thus we need only verify the upper bounds. Noting that
|βk| ⊂ B0 and using our above estimates for δ−1ds (in B0) we obtain

ℓ(βk)

e2µ|b| ≤
∫

βk

ds

δ
= ℓk(β

k) ≤ Λk(a, b) ≤ 2Λk∗(a, b) ≤ 6Λ
|a− b|
|a|

and so the upper bounds in both (4.11a) and (4.12a) hold. With (4.11a) in hand, we use our
above estimates for λ ds (in B0) to obtain

ℓh(β
k) =

∫

βk

λ ds ≤ 16e2µ

|a|
ℓ(βk)

r −
∣

∣log |a|
∣

∣

≤ 96e4µΛ

r −
∣

∣log |a|
∣

∣

|b|
|a|

|a− b|
|a|

which gives (4.13b).

Now we turn to the estimates for βh. Let χ := χab = κac ⋆ [c, b] be the circular-arc-segment
path from a to c :=

(

|a|/|b|
)

b to b as described in (2.2). By Lemma 2.3

ℓ(χ) ≤ 3|a− b| .

Noting that |χ| ⊂ A0 and using our above estimates for λ ds (in A0) we obtain

ℓh(β
h) ≤ Λh(a, b) ≤ Λ

∫

χ

λ ds ≤ 16

|a|
Λ ℓ(χ)

r −
∣

∣log |a|
∣

∣

≤ 48Λ

r −
∣

∣log |a|
∣

∣

|a− b|
|a|

from which the upper bounds in both (4.11b) and (4.13a) follow. With (4.11b) in hand, we
also have

ℓk(β
h) =

∫

βh

ds

δ
≤ 2e2µ

|a| ℓ(βh) ≤ 768e4µΛ
|b|
|a|

|a− b|
|a|

which gives (4.12b).
The diligent reader can employ (4.12) and (4.13) to corroborate the inequalities in (4.10a).

Now we examine the case where βh and βk need not have the same endpoints, but |bh| =
|bk| > e|ak| = e|ah|. Note that by Lemma 2.4 and (2.16), for any a, b ∈ corelog 2(A) with
|b| > e|a|,

1 ≤ L := log
|b|
|a| ≤ k(a, b) ≤ 2π + 2L ≤ 2(1 + π)L ≤ 9L .
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In particular,

L ≤ ℓk(β
k) ≤ Λk(ak, bk) ≤ 9ΛL ≤ 9Λℓk(β

h)

which gives the lower bound in (4.10b).
It is convenient to consider the cases |ah| ≥ 1 and |bh| ≤ 1 separately. So, assume

1 ≥ |bh| > e|ah|.
Let m := max{n ∈ N : en|a| < |b|}, so m is the unique positive integer with em|a| < |b| ≤

em+1|a| and m+ log |a| < 0. Put σ :=
(

|b|/|a|
)1/m

. Then

e < σ ≤ e1+1/m < e2 and for 1 ≤ j ≤ m, ej < σj < ej+1 .

For 1 ≤ j ≤ m, define

Aj := {σj−1|a| ≤ |z| ≤ σj |a|} and Bj := band2µ(Aj) = {e−2µσj−1|a| ≤ |z| ≤ e2µσj|a|} .

Since Aj ⊂c Bj ⊂c B0, the comments at the beginning of this proof remain in force.
For each 1 ≤ j < m, pick a point wj ∈ |β| ∩ S1(0; σj|a|), set w0 := a and wm := b, and for

1 ≤ j ≤ m let αj = αg
j := βg[wj−1, wj]. Thus α

g
j is a sub-quasi-geodesic of βg, and while αg

j

may leave the annulus Aj, thanks to the ABC property (Lemma 3.7(b)) we know that αg
j

lies in the big annulus Bj. Also, by Lemma 2.4 and (2.16),

log σ ≤ k(wj , wj−1) ≤ 2(π + log σ) ≤ 2(π + 2) ≤ 11 .

Since β = ⋆m

1 αj, the lengths of each β are just sums of the corresponding lengths of
its subpaths αj . To estimate these, we proceed in the same manner as above (in the “close
points” case). First we give estimates for the metrics δ−1 ds and λ ds valid in the subannuli
Aj and Bj. Then we estimate the Euclidean, quasihyperbolic, and hyperbolic lengths of each
αj as described in Remarks 4.1.

In particular, note that as em|a| ≤ |b| ≤ 1,

∀ 1 ≤ j ≤ m, |log |a|+ j| = − log |a| − j .

We begin with estimates for δ, bp, λ in Aj and Bj , then show that the Euclidean length of
αj is essentially σj |a| ≃ ej |a|. Then we present estimates for ℓg(α

g
j ) and ℓh(α

k
j ) and ℓk(α

h
j ).

Everywhere below 1 ≤ j ≤ m.
In Bj , δ ≃ δj := σj |a|, bp ≃ υj := r + log |a|+ j, and λ ≃ λj := (υjδj)

−1. More precisely:
for all z ∈ Aj ,

1

2σ
δj ≤ δ(z) ≤ δj ,(4.14a)

1

4
υj ≤ bp(z) ≤ 4 υj ,(4.14b)

8−1

υjδj
≤ λ(z) ≤ 16σ

υjδj
.(4.14c)
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and for all z ∈ Bj,

e−2µ

2σ
δj ≤ δ(z) ≤ e2µδj ,(4.15a)

1

4
υj ≤ bp(z) ≤ 4 υj ,(4.15b)

(8e2µ)−1

υjδj
≤ λ(z) ≤ 16σe2µ

υjδj
.(4.15c)

Evidently, (4.14c) and (4.15c) are consequences of (2.23) in conjunction with the remaining
inequalities, and (4.14a) and (4.15a) follow from 1

2
δ∗ ≤ δ ≤ δ∗. It remains to elucidate how

Proposition 3.3 gives (4.15b) (which implies (4.14b)).
Suppose z ∈ Bj and write |z| = et. Then

ej−1−2µ|a| ≤ e−2µσj−1|a| ≤ et ≤ e2µσj|a| ≤ ej+1+2µ|a|

so

(log |a|+ j)− 2µ− 1 ≤ t ≤ (log |a|+ j) + 2µ+ 1

and therefore (recalling that log |a|+ j < 0)

|t| ≤ (2µ+ 1)− (log |a|+ j) .

We use Lemma 2.1 (and the BPEP) with s := log |a| + j < 0 and M := 2µ + 1. From an
inequality above,

|t− s| = |t− (log |a|+ j)| ≤ 2µ+ 1 = M .

Next, |a| ≥ e5µ−r so s ≥ log |a| ≥ 5µ− r whence

r ≥ 5µ− s = 5µ+ |s| ≥ M + |s| .

Also, from inequalities above, |t| ≤ (2µ+ 1)− s = |s|+ (2µ+ 1) ≤ (r − 5µ) + (2µ+ 1), so

r ≥ (3µ+ 1) + |t| ≥ M + |t| .

Therefore by Lemma 2.1 and Proposition 3.3

bp(z) ≤ 2(r − |t|) ≤ 4(r − |s|) = 4υj

and

bp(z) ≥ 1

2
(r − |t|) ≥ 1

4
(r − |s|) = 1

4
υj .

Having established the inequalities in (4.14) and (4.15), it follows that ℓ(αj) ≃ δj = σj|a|.
More precisely:

1

2
δj ≤ ℓ(αk

j ) ≤ 11e2µΛδj ,(4.16a)

1

2
δj ≤ ℓ(αh

j ) ≤ 256σe2µΛδj .(4.16b)
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And then we get ℓk(αj) ≃ 1 and ℓh(αj) ≃ υ−1
j . More precisely:

log σ ≤ ℓk(α
k
j ) ≤ 11Λ ,(4.17a)

log σ ≤ ℓk(α
h
j ) ≤ 512σ2e4µΛ ,(4.17b)

and

1

16e2µ
1

υj
≤ ℓh(α

h
j ) ≤ 32σΛ

1

υj
,(4.18a)

1

16e2µ
1

υj
≤ ℓh(α

k
j ) ≤ 176σe4µΛ

1

υj
.(4.18b)

The six lower bounds above, which hold for any path joining wj and wj−1, are straight-
forward (as explained in Remark 4.1(a)). Thus we need only verify the upper bounds. To
begin, we introduce the circular-arc-segment path χ := χwj−1wj

= κwj−1w ⋆ [w,wj] from wj−1

through w := wj/σ to wj as described as described in (2.2). Note that as π + σ − 1 ≤ σ,

ℓ(χ) ≤ 2δj .

Using (4.15a) for αk
j we see that

e−2µ

δj
ℓ(αk

j ) ≤
∫

αk
j

ds

δ
= ℓk(α

k
j ) ≤ Λk(wj, wj−1) ≤ 11Λ ,

and then using (4.14c) (for χ) and (4.15c) (for αh
j ) in a similar manner we obtain

1

8e2µ
ℓ(αh

j )

υjδj
≤

∫

αh
j

λ ds = ℓh(α
h
j ) ≤ Λℓh(χ) = Λ

∫

χ

λ ds ≤ 16σΛ

υjδj
ℓ(χ) ≤ 32σΛ

υj
.

Evidently, the upper bounds in each of (4.16), (4.17a), (4.18a) are contained in the two
strings of inequalities displayed immediately above.

It remains to verify the inequalities (4.17b) and (4.18b). We use (4.15a) and (4.16b) to
see that

ℓk(α
h
j ) =

∫

αh
j

ds

δ
≤ 2σe2µ

δj
ℓ(αh

j ) ≤ 512σ2e4µΛ

and then use (4.15c) and (4.16a) to obtain

ℓh(α
k
j ) =

∫

αk
j

λ ds ≤ 16σe2µ

υjδj
ℓ(αk

j ) ≤ 176σe4µΛ
1

υj
.

As the length of each β is obtained by adding up the lengths of its subarcs αj , the diligent
reader can now employ (4.17) and (4.18) to establish (4.10b) and (4.10c).

The same argument handles the subcase where |a| ≥ 1; here Ai = {σ−i|b| ≤ |z| ≤ σ1−i|b|},
δi := σ1−i|b|, υi := r − log |b|+ i for 1 ≤ i ≤ m, and we obtain precisely the same estimates.
Finally, to handle the general case when |a| < 1 < |b|, we simply pick any points where the
quasi-geodesics cross S1, apply the appropriate subcases to the various sub-quasi-geodesics,
and then add up. �
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4.C. Proof of Theorem C. This follows by combining the three Propositions 4.2, 4.9, 4.10.
We take Q := 5µ = 35eΛ. The constants K and H are chosen to be, respectively, the largest
of the corresponding constants in the inequalities (4.2b), (4.9b), (4.10b) and (4.2c), (4.9c),
(4.10c). Note that the “close points” cases do not occur in the setting of Theorem C.

5. Proof of Theorem A

Let a, b ∈ Ω and fix two quasi-geodesics Γh and Γk both with endpoints a, b. We claim
that for both g = h and g = k, ℓg(Γ

h) ≃ ℓg(Γ
k) with comparison constants that depend only

on the quasi-geodesic constants. Our argument involves several cases each having subcases
and subsubcases. There are two Easy Cases where we assume that bp is bounded (either
above or below) on one of the quasi-geodesics, and then three Main Cases where we consider
the possible values of bp at each of the endpoints a, b.

We assume Γh and Γk are, respectively, a hyperbolic and a quasihyperbolic Λ-chordarc
path for some Λ ≥ 1. Put µ = µ(Λ) := µh ∨ µk where µh, µk are the ABC parameters for
hyperbolic, quasihyperbolic Λ-chordarc paths; so, µk = πΛ and µh = 7eΛ as explained in
Remarks 3.9. Everywhere below we work with the constants S,M, L,X which are defined by

S := 10µ , M := 10S , L := 10M , X := 10L .

Suppose that for some constant C > µk, bp ≤ C along Γh. Then by Corollary 3.13,
bp ≤ 4C along Γk. According to (BP) we can now assert that λ ds and δ−1ds are bi-Lipschitz
equivalent along both quasi-geodesics and our claim holds (in fact, with K := 2(k+C)Λ and
H := (k+ C)(k+ 4C)Λ2).

Suppose that for some constant C > 10µ, bp ≥ C along Γh. According to Lemma 3.6,
b ∈ |Γh| ⊂ coreC/2A(a) ⊂a core5µA(a), and then our claim follows from one of Propositions 4.2
or 4.9 or 4.10 (with the corresponding constants H,K).

Having dispensed with the Easy Cases, we now assume that bp is both smaller than S

at some points of |Γh| and larger than L at some points of |Γh|. We examine the following
Main Cases:

(I) bp ≤ S at both endpoints
(II) bp ≤ M at both endpoints

(a) bp ≤ X along Γh

(b) bp ≥ X at some point of Γh

(III) bp ≥ M at one (or both) endpoint(s)
(a) bp(a) ≥ M ≥ bp(b)
(b) bp(a) ≥ bp(b) ≥ M

Main Case I is the heart of our argument and given directly below in §5.A. Once this is
established, Main Case II follows easily: If bp ≤ X along Γh, we appeal to the first Easy Case
with C = X. If bp ≥ X at some point of Γh, we redo Main Case I replacing the constants
S,M, L with M, L,X. Main Case III also follows from earlier results, but it requires some
additional effort as described below in §5.B.

First, we describe the key ideas in our argument for Main Case I. We write each of the
quasi-geodesics Γg as a concatenation of “good” subarcs γg = γg

i and “bad” subarcs βg = βg
i .

On the “good” subarcs bp is not large, so the hyperbolic and quasihyperbolic metrics are
bi-Lipschitz equivalent there, and thus for both g = h and g = k, ℓh(γ

g) ≃ ℓk(γ
g).

On the “bad” subarcs, bp is not small. These subarcs lie in the middle core of LFS (large
fat separating) annuli in Ω. It is important to know that both quasi-geodesics cross the LFS
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annuli; this is due to the fact (see Lemma 3.11) that these middle cores separate {a, b} which
in turn is a consequence of the ABC property.

Geometrically, these LFS annuli are long tubes that are, roughly, long Euclidean cylinders
in (Ω, k) and long “pinched” cylinders in (Ω, h). Because of this geometry, we can show that
the hyperbolic and quasihyperbolic lengths of the “bad” subarcs are comparable. That is,
for both g = h and g = k we have ℓg(β

h) ≃ ℓg(β
k). (The reader should pay attention to

the difference between this comparability and that for the “good” subarcs!) In fact, these
estimates are a consequence of Theorem C.

The final step is to show that we also have a similar comparability for the “good” subarcs;
i.e., for both g = h and g = k we have ℓg(γ

h) ≃ ℓg(γ
k).

The crucial act is selecting the “bad” subarcs, which are chosen to be the subarcs that
cross the middle cores of certain LFS annuli, and then the “good” subarcs are what remains.

5.A. Main Case I. Here we assume that both endpoints satisfy bp(a) ≤ S and bp(b) ≤ S.
We also assume that there is a point on Γh where bp is at least L. Immediately below we
describe an algorithm that produces an integer n ≥ 1 and points

a =: ah0 < bh0 < z1 < ah1 < · · · < bhi−1 < zi < ahi < · · · < bhn−1 < zn < ahn < bhn := b

along the quasi-geodesic Γh, and similar points

a =: ak0 < bk0 < · · · < aki < bki < · · · < akn < bkn := b

along the quasi-geodesic Γk. Then the “good” and “bad” subarcs are precisely

γg
i := Γg[agi , b

g
i ] (0 ≤ i ≤ n) and βg

i := Γg[bgi−1, a
g
i ] (1 ≤ i ≤ n) .

Everywhere above and below we take both g = h and g = k.

The algorithm starts by putting ag0 := a and i := 1. Then, we repeat the following,

while there are points z ∈ Γh[ahi−1, b] with bp(z) ≥ L:

• Let zi be the first point z ∈ Γh[ahi−1, b] with bp(z) = L.
• Determine BP(zi) and especially Ai := A(zi).

• Define bgi−1 and agi to be, respectively, the first and last points of Γg in core2M(Ai).

• Increment i by 1.

Eventually, bp < L on Γh[ahi−1, b], the process stops, and we put n := i− 1 and bgn := b.

Now we breakdown the additional details for our proof of Main Case I.

5.A.1. Things are well defined. Notice that as soon as bgi−1 and agi are defined, so are γ
g
i−1 and

βg
i . Observe that, by Lemma 3.10, each Ai is a non-degenerate annulus. This is important

because it allows us to utilize the BPEP. Also, by Lemma 3.11, each of the cores core2S(Ai)
separates {a, b}. This means that both quasi-geodesics Γh and Γk cross each of these cores,
so in particular, the points bgi−1 and agi (and hence also the subarcs γg

i−1 and βg
i ) are indeed

all well-defined.

Next we explain why coreM(Ai) ∩ coreM(Aj) = ∅ for all i 6= j. This is crucial information
for our proof as it tells us that none of the “bad” subarcs of Γh or Γk overlap, and moreover
it reveals that the points agi , b

g
i on Γg do lie in increasing order as asserted above. In fact, for

any q ∈ (16 log 2, L), coreq(Ai) ∩ coreq(Aj) = ∅ for all i 6= j, an observation that we require
later. This follows from Proposition 3.14 once we check a few details.
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Evidently, there is nothing to prove if n = 1, so we may and do assume that n > 1.
Fix 1 ≤ i < n. Then, since i < n, Γh[ahi , b] has points where bp ≥ L. Also, by our
choice of the point ahi , this hyperbolic quasi-geodesic has empty intersection with core2M(Ai).
In particular, for any point z ∈ Γh[ahi , b] ∩ corelog 16(Ai), z 6∈ core2M(Ai), and hence by
Remark 3.9(c) bp(z) ≤ 4M < L.

It follows that for all 1 ≤ j ≤ n with j 6= i, zj 6∈ corelog 16(Ai). Therefore Γh[ahi , zi+1] must
cross the “outer fringe” corelog 16(Ai) \ core 1

2
S(Ai) of Ai (this is a collar of core 1

2
S(Ai) relative

to corelog 16(Ai)). Let pi be any point in Γh[ahi , zi+1] ∩ [corelog 16(Ai) \ core 1

2
S(Ai)]. Then by

Remark 3.4(c) we have bp(pi) ≤ 2 1
2
S = S. Thus we have points pi ∈ Γh with bp(pi) ≤ S and

a < bhi−1 < zi < ahi < pi < bhi < zi+1 < ahi+1 < b ,

so by Proposition 3.14 (with τ = L, σ = S, q ∈ (16 log 2, L)), coreq(Ai) ∩ coreq(Aj) = ∅ for all
i 6= j.

Finally, each γi crosses one of the collars of core2M(Ai) relative to coreM(Ai). (To see
this, note that the endpoints of γi satisfy ai ∈ ∂core2M(Ai) and bi ∈ ∂core2M(Ai+1) while
coreM(Ai)∩ coreM(Ai+1) = ∅.) According to Corollary 2.12, it follows that ℓh(γi) ≥ log(3/2).
As ℓh(Γ

h) is finite, the above process does indeed stop.

5.A.2. Initial estimates. According to Proposition 4.10, we have ℓg(β
h) ≃ ℓg(β

k); that is, for
both g = h and g = k and all 1 ≤ i ≤ n,

(5.1) C−1
1 ≤ ℓg(β

h
i )

ℓg(βk
i )

≤ C1 := C0e
6µΛ

where C0 ≃ 11 · 28e4.
Evidently, the γh

i are “good” subarcs, since by construction we have bp ≤ L along each
γh
i . By using Lemma 3.12, it is not difficult to show that bp < 4L along each γk

i . With a tad
more effort, we see that bp < 2L along each γk

i . Thus the γk
i are are also “good” subarcs.

To corroborate this assertion, we first observe that for any 0 ≤ i ≤ n and 1 ≤ j ≤ n,
|γg

i | ∩ core2M(Aj) = ∅. This is because Γg crosses core2M(Aj) exactly one time, βg
j is the

largest subarc of Γg that does this, |γg
i | ⊂ |Γg| \ |βg

j |, and (|Γg| \ |βg
j |) ∩ core2M(Aj) = ∅.

Next, note that in corelog 16(Ai) \ core2M(Ai), bp ≤ 4M. Therefore on the “tails” of each
“good” subarc γg

i we have bp ≤ 4M < L, but once γg
i leaves corelog 16(Ai) or corelog 16(Ai+1),

we lose such control on bp. Nonetheless, this does reveal that bp < L on |γh
i |.

Now suppose that for some 0 ≤ i ≤ n there exists a point w ∈ |γk
i | with bp(w) ≥ 2L.

Evidently, for all 1 ≤ j ≤ n, w 6∈ corelog 16(Aj) (see the discussion immediately above in
paragraph 3 of §5.A.2). Now as bp(a) ≤ S, bp(b) ≤ S, and bp(w) ≥ 2L, an appeal to
Lemma 3.11 reminds us that core2SA(w) separates {a, b}, and hence S1

(

A(w)
)

separates

{a, b}. Therefore, there are points w̃ ∈ Γk ∩ S1
(

A(w)
)

and z ∈ Γh ∩ S1
(

A(w)
)

Recalling (3.5) we see that w ∈ ∂corebp(w)A(w) ⊂ core2LA(w). The ABC property for
quasihyperbolic geodesics now gives [w, w̃]k ⊂ core2L−2µA(w) (see Lemma 3.7(b)), and so
along [w, w̃]k we have bp ≥ 1

2
(2L− 2µ) = L− µ.

As w 6∈ corelog 16(Aj) (for all 1 ≤ j ≤ n), and on ∂corelog 16(Aj) we have bp ≤ 8 log 2 (see
Remark 3.4(b)), it now follows that [w, w̃]k never enters any corelog 16(Aj).

Clearly, along S1
(

A(w)
)

we have bp ≥ L, so bp(z) ≥ L and also S1
(

A(w)
)

never enters any
corelog 16(Aj) (for all 1 ≤ j ≤ n). This last statement means there must exist 0 ≤ j ≤ n with
z ∈ |γh

j |. But this then implies that L ≤ bp(z) < L.
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This contradiction means that along each γk
i we do indeed have bp < 2L. Thus from (BP)

we obtain

1

3L
≤ λ δ ≤ 2 along each γg

i .

Therefore, for both g = h and g = k, and for all 0 ≤ i ≤ n,

1

2
≤ ℓk(γ

g
i )

ℓh(γ
g
i )

≤ 3L .(5.2)

The reader should pay careful attention to the differences between (5.2) and (5.1)

5.A.3. Final estimates. It remains to demonstrate that we also have ℓg(γ
h) ≃ ℓg(γ

k) for each
“good” subarc γ. We show that for both g = h and g = k and all 0 ≤ i ≤ n,

ℓk(γ
k
i ) ≤ K1ℓk(γ

h
i )(5.3a)

and

ℓk(γ
h
i ) ≤ K2ℓk(γ

k
i )(5.3b)

where K1 := (1 + 8π/ log(3/2))Λ and K2 := 6LK1. Evidently, these inequalities combine to
yield ℓk(γ

h
i ) ≃ ℓk(γ

k
i ). But, thanks to (5.2) we also get

ℓh(γ
k
i ) ≤ 2ℓk(γ

k
i ) ≤ 2K1ℓk(γ

h
i ) ≤ 6K1L ℓh(γ

h
i )

and similarly

ℓh(γ
h
i ) ≤ 2ℓk(γ

h
i ) ≤ 2K2ℓk(γ

k
i ) ≤ 6K2L ℓh(γ

k
i )

and the above in turn imply that ℓh(γ
h
i ) ≃ ℓh(γ

k
i ).

Now we verify the inequalities in (5.3). Recall that γg
i := Γg[agi , b

g
i ]. From (2.16) and

Remark 2.17 we know that

h(ahi , a
k
i ) ≤ 2 k(ahi , a

k
i ) ≤ 4π and h(bhi , b

k
i ) ≤ 2 k(bhi , b

k
i ) ≤ 4π

and from the last paragraph of §5.A.1 we have 2ℓk(γ
g
i ) ≥ ℓh(γ

g
i ) ≥ εo := log(3/2). Thus

ℓk(γ
k
i ) ≤ Λk(aki , b

k
i ) ≤ Λ

(

k(ahi , a
k
i ) + k(ahi , b

h
i ) + k(bhi , b

k
i )
)

≤ Λ
(

ℓk(γ
h
i ) + 4π

)

≤ K1ℓk(γ
h
i )

which establishes (5.3a). Also,

h(ahi , b
h
i ) ≤ h(ahi , a

k
i ) + h(aki , b

k
i ) + h(bki , b

h
i ) ≤ 4π + ℓh(γ

k
i ) + 4π ≤

(

1 +
8π

εo

)

ℓh(γ
k
i )

and therefore

ℓk(γ
h
i ) ≤ 3Lℓh(γ

h
i ) ≤ 3LΛh(ahi , h

k
i ) ≤ 3LΛ

(

1 +
8π

εo

)

ℓh(γ
k
i ) ≤ K2ℓk(γ

k
i )

which establishes (5.3b).
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5.B. Main Case III. Here we assume that bp ≥ M at one (or both) endpoint(s), and there
are two subcases. We constantly make use of the fact that if the endpoints a and b both lie
“deep inside” some LFS annulus to which one of Propositions 4.2 or 4.9 or 4.10 applies, then
we are done.

To begin, suppose bp(a) ≥ M ≥ bp(b); this is Main Case III(a). Below (see §5.B.1) we
explain how to find points cg ∈ Γg (for g = h and g = k) such that

ℓg(Γ
h[a, ch]) ≃ ℓg(Γ

k[a, ck]) for g = h, k(5.4a)

and

ℓg(Γ
h[ch, b]) ≃ ℓg(Γ

k[ck, b]) for g = h, k .(5.4b)

Our assertion that ℓg(Γ
h) ≃ ℓg(Γ

k) then follows by adding these inequalities.
Since bp(a) ≥ M, we know that a lies “deep inside” the LFS annulus A(a). We select the

points cg so that they also lie “deep inside” A(a), so then Theorem C applies to the points
a and cg, and (5.4a) readily follows; establishing (5.4b) is the more difficult part.

We also pick the points cg so that bp(cg) ≤ M. As bp(b) ≤ M, Main Case II tells us that
both

ℓg(Γ
h[ch, b]) ≃ ℓg([c

h, b]k) for g = h, k(5.5a)

and

ℓg(Γ
k[ck, b]) ≃ ℓg([c

k, b]h) for g = h, k .(5.5b)

Moreover, as shown below (see §5.B.2), we easily have

ℓh(Γ
h[ch, b]) ≃ h(ch, b) ≃ h(ck, b) = ℓh([c

k, b]h)(5.6a)

and

ℓk(Γ
k[ck, b]) ≃ k(ck, b) ≃ k(ch, b) = ℓk([c

h, b]k) .(5.6b)

Using (5.6a), and then (5.5b) with g = h, we obtain

ℓh(Γ
h[ch, b]) ≃ ℓh([c

k, b]h) ≃ ℓh(Γ
k[ck, b]) which is (5.4b) with g = h

and using (5.6b), and then (5.5a) with g = k, we obtain

ℓk(Γ
k[ck, b]) ≃ ℓk([c

h, b]k) ≃ ℓk(Γ
h[ch, b]) which is (5.4b) with g = k.

Thus we must elucidate how to pick points cg ∈ Γg that are “deep inside” A(a) (so that
Theorem C applies to a and cg) with bp(cg) ≤ M (so the inequalities (5.5) hold) and also so
that the inequalities (5.6) hold.

5.B.1. Picking ch & ck. We assume A(a) is centered at the origin, and then define

Ba := core5µA(a) =











D∗(0; e
−5µR) when A(a) = D∗(0;R)

C \ D[0; e5µR] when A(a) = C \ D[0;R]

core5µA(a) when A(a) is a non-degenerate annulus .

Evidently, a ∈ Ba and—since Ba is a LFS annulus—we may assume that b 6∈ Ba.
20 Therefore,

each quasi-geodesic Γg leaves the annulus Ba, and so in each of the three cases there is a

20It is certainly possible that b lies in A(a) or even in BP(a).
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unique collar Ca of core5µ(Ba) = coreSA(a) relative to Ba that each Γg crosses. (In the
first two cases, when A(a) is a punctured disk, Ca is just Ba \ coreSA(a); when A(a) is a
non-degenerate annulus, Ca is a component of Ba \ coreSA(a).)

We define ch and ck to be the first points of Γh and Γk, respectively, that lie in Ca. Thus
cg ∈ ∂Ca∩Ba; in particular, cg ∈ ∂coreSA(a) ⊂ corelog 16A(a)\ coreSA(a). It now follows from
Remark 3.9(c) that bp(cg) ≤ 2S < M. Moreover, from (3.5) we have a ∈ coreMA(a) and thus
we see that there is an annulus of modulus M − S = 9S that separates {a, cg}. Therefore,
Theorem C certainly applies to the two pairs of points a, ch and a, ck.

5.B.2. Establishing (5.6). Since ch and ck lie on the same component of ∂Ca, they are con-
centric with respect to to center of A(a) and therefore (see Remark 2.17 and (2.16))

k(ch, ck) ≤ 2π and so also h(ch, ck) ≤ 4π .

Since cg and b are separated by Ca,

k(cg, b) ≥ mod(Ca) = 5µ .

As Ca is a collar of core5µ(Ba) = core10µA(a) relative to Ba = core5µA(a), Corollary 2.12 tells
us that

h(cg, b) ≥ εo := log(3/2) .

Evidently,

h(ch, b) ≤ h(ch, ck) + h(ck, b) ≤ 4π + h(ck, b) ≤ (1 + 4π/εo)h(c
k, b)

and similarly, h(ck, b) ≤ (1 + 4π/εo)h(c
h, b). Thus

ℓh(Γ
h[ch, b]) ≤ Λ h(ch, b) ≤ (1 + 4π/εo)Λ h(ck, b)

and

h(ck, b) ≤ (1 + 4π/εo)h(c
h, b) ≤ (1 + 4π/εo)ℓ(Γ

h[ch, b])

which gives (5.6a).
Similarly,

k(ch, b) ≤ k(ch, ck) + k(ck, b) ≤ 2π + h(ck, b) ≤ (1 + 2π/5µ)k(ck, b)

and k(ck, b) ≤ (1 + 2π/5µ)k(ch, b). Thus

ℓk(Γ
k[ck, b]) ≤ Λ k(ck, b) ≤ (1 + 2π/5µ)Λ k(ch, b)

and

k(ch, b) ≤ (1 + 2π/5µ)k(ck, b) ≤ (1 + 2π/5µ)ℓ(Γk[ck, b])

which gives (5.6b).
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5.B.3. Repeating the argument. Finally, suppose bp(a) ≥ bp(b) ≥ M; this is Main Case
III(b). Roughly speaking, we now repeat the argument for Main Case III(a) using the same
construction at each end of both quasi-geodesics. As above, we get LFS annuli

Ba := core5µA(a) and Bb := core5µA(b) with a ∈ Ba and b ∈ Bb .

We remind the reader that if the endpoints a and b both lie “deep inside” some LFS annulus
to which one of Propositions 4.2 or 4.9 or 4.10 applies, then we are done. In particular, we
may assume that b 6∈ Ba and a 6∈ Bb. In fact, below in §5.B.4 we explain why we can (and
do) assume that Ba ∩ Bb = ∅.

Since each quasi-geodesic Γg leaves both annuli Ba and Bb, there are unique disjoint collars
Ca and Cb (of core5µ(Ba) relative to Ba and of core5µ(Bb) relative to Bb, respectively) that
each Γg crosses.

We define cg and dg to be, respectively, the first and last points of Γg that lie in Ca and
Cb. In particular, bp ≤ M at all four points ch, ck, dh, dk. Also, Theorem C applies to the
four pairs of points a, cg and b, dg (g = h, k). Thus

ℓg(Γ
h[a, ch]) ≃ ℓg(Γ

k[a, ck]) for g = h, k(5.7a)

and

ℓg(Γ
h[dh, b]) ≃ ℓg(Γ

k[dk, b]) for g = h, k .(5.7b)

We claim that

(5.8) ℓg(Γ
h[ch, dh]g) ≃ ℓg(Γ

k[ck, dk]) for g = h, k .

Then ℓg(Γ
h) ≃ ℓg(Γ

k) follows by adding up the appropriate inequalities in (5.7) and (5.8).
To verify (5.8), we first note that the assumption Ba ∩ Bb = ∅—along with our choices of

cg and dg—ensure that for all choices of c ∈ {ch, ck} and d ∈ {dh, dk}, h(c, d) ≥ 2 log(3/2)
(by Corollary 2.12) and k(c, d) ≥ 10µ (because c and d are separated by Ca ∪ Cb); also,
k(ch, ck) ≤ 2π and k(dc, dk) ≤ 2π. As above (in §5.B.2) we readily deduce that

k(ch, dh) ≃ k(ck, dk) and h(ch, dh) ≃ h(ck, dk) .

Since bp ≤ M at all four points c, d, it follows (from Main Case II) that

ℓh(Γ
k[ck, dk]) ≃ ℓh([c

k, dk]h) = h(ck, dk) ≃ h(ch, dh) ≃ ℓh(Γ
h[ch, dh])

which is (5.8) with g = h. Similarly,

ℓk(Γ
h[ch, dh]) ≃ ℓk([c

h, dh]k) = k(ch, dh) ≃ k(ck, dk) ≃ ℓk(Γ
k[ck, dk])

which is (5.8) with g = k.

5.B.4. Assuming Ba ∩ Bb = ∅. Finally, we explain why it is ok to assume that Ba ∩ Bb = ∅.
In fact, just from the definitions of the cores Ba and Bb we (eventually) see that Ba ∩Bb 6= ∅
can occur if and only if either A(a) and A(b) are both punctured disks or both complements
of closed disks; in each of these situations we show that both points a and b lie in the same
LFS annulus to which one of Propositions 4.2 or 4.9 or 4.10 applies.

One more time, we must examine the (six) cases that arise from the various possibilities
for A(a) and A(b). We leave it to the industrious reader to check that Ba ∩Bb 6= ∅ can occur
if and only if either A(a) and A(b) are both punctured disks or both complements of closed
disks, and we examine these two cases.
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First, suppose A(a) = D∗(ζ ;R) and A(b) = D∗(ϑ;S) are both punctured disks. Assume
Ba ∩ Bb 6= ∅. We claim that either b ∈ D∗(ζ ; e

−3µR) or a ∈ D∗(ϑ; e
−3µS), and in both cases

Proposition 4.2 applies. Now Ba ∩ Bb 6= ∅ implies that

|ζ − ϑ| ≤ e−5µ(R + S) ≤ 2e−5µ(R ∨ S) .

Also, δ(b) = e−bp(b)S ≤ e−MS, so

|b− ζ | ≤ |b− ϑ|+ |ϑ− ζ | = δ(b) + |ϑ− ζ | ≤ e−MS + |ζ − ϑ|

and similarly, |a− ϑ| ≤ e−MR + |ζ − ϑ|. Therefore,

|a− ϑ| ∨ |b− ζ | ≤ e−M (R ∨ S) + 2e−5µ(R ∨ S) ≤ e−3µ(R ∨ S)

as claimed.
Next, suppose A(a) = C \ D[ζ ;R] and A(b) = C \ D[ϑ;S] are both complements of closed

disks. Assume Ba ∩ Ba 6= ∅. We claim that a ∈ C \ D[ϑ; e3µS], so Proposition 4.9 applies.
Note that Ωc ⊂ D[ζ ;R] ∩ D[ϑ;S]. Recall that, by construction of the annuli A(a) and A(b),
there are ξ, η ∈ ∂Ω such that R = |ζ − ξ| and S = |ϑ− η|. Thus R ≤ 2S and S ≤ 2R. Now
|a− ζ | = δ(a) = ebp(a)R ≥ 1

2
ebp(a)S and |ζ − ϑ| ≤ R ∧ S ≤ S, so

|a− ϑ| ≥ |a− ζ | − |ζ − ϑ| ≥
(1

2
ebp(a) − 1

)

S ≥
(1

2
eM − 1

)

S ≥ e3µS

as claimed.

5.C. Other Metrics. The so-called Ferrand metric and the Kulkarni-Pinkall-Thurston met-
ric are Möbius invariant conformal metrics defined on proper subdomains of the Riemann
sphere. (See [Her16] for their definitions and other references.) So, it is worth recording the
following consequence of Theorem A.

5.9. Corollary. In any hyperbolic domain Ω in the Riemann sphere Ĉ, the following classes
of curves are exactly the same, with quantitative estimates between their lengths.

• The hyperbolic quasi-geodesics in Ω.
• The Ferrand quasi-geodesics in Ω.
• The Kulkarni-Pinkall-Thurston quasi-geodesics in Ω.

Proof. Since the three metrics in consideration are all Möbius invariant, we may assume
that Ω is a plane domain. (If Ω 6⊂ C, select any point in C \ Ω and replace Ω by its image
under inversion at this point.) In this setting, we know that both the Ferrand metric and
the Kulkarni-Pinkall-Thurston metric are 2-bi-Lipschitz equivalent to the quasihyperbolic
metric, and so the assertions follow immediately from Theorem A. �

6. Gromov Hyperbolicity

Here we recall the definition of a Gromov hyperbolic space and the notion of geodesic
stability, and present a chordarc surgery lemma. Then we establish Theorem B.

A geodesic metric space X is Gromov hyperbolic if there exists a constant Θ ≥ 0 such that
every geodesic triangle is Θ-thin, meaning that each point on any edge of the triangle is at
distance at most Θ from the other two edges.

An important property of Gromov hyperbolicity is that each quasi-geodesic is not far from
a geodesic. Thus every quasi-geodesic triangle in a Θ-hyperbolic space, is CΘ-thin where C
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depends only on the quasi-geodesic constant. This even holds for rough-quasi-geodesics; see
[BH99, Theorem III.H.1.7, p.401] or [BB03, Theorem 8.4.20, p.290].

Bonk proved the following splendid theorem which asserts that the above so-called geodesic
stability property actually characterizes Gromov hyperbolicity; see [Bon96].

6.1. Fact. A geodesic metric space if Gromov hyperbolic if and only if it is geodesically stable.

The following describes a simple type of “chordarc surgery” that we use repeatedly and
call pruning the terminal end of α; one can also prune the initial end. Bonk has a more
general result (see [Bon96, Lemma 2.4]), but we need better control on the precise location
of the new quasi-geodesic. Recall from (2.2) our definition of the circular-arc-segment path
χab from a to b, where a and b are points on separate boundary circles of some annulus.
Recall also Remark 2.21.

6.2. Lemma. Let α be a quasihyperbolic Λ-chordarc path with initial point o. Let A be a
concentric subannulus of the log 2-core of some annulus in AΩ(log 4). Suppose that o 6∈ Ā
and that α meets A. Let a ∈ ∂A be the first point of α in Ā and let b be any point in the other
component of ∂A. Put χ := χ−1

ba .
21 Then β := α[o, a] ⋆ χ is a quasihyperbolic M-chordarc

path with M = 3Λ + (2π/mod(A))(Λ + 1) + 2; if mod(A) ≥ 2π, M = M(Λ) ≤ 4Λ + 3.

Proof. Let x, y ∈ |β|. We show that ℓk(β[x, y]) ≤ Mk(x, y). According to Lemma 2.20,
this holds with M = 4 ∨ Λ if x, y both lie in |α[o, a]| or both in |χ|. Thus we assume that
x ∈ |α[o, a]| and y ∈ |χ|. We also assume c(A) = 0, so e.g., c = (|b|/|a|)a.

Suppose y ∈ [a, c]. From (2.15) we have

k(x, y) ≥
∣

∣log
|x|
|y|

∣

∣ ≥
∣

∣log
|a|
|y|

∣

∣

and thus by Remark 2.17 and (2.16)

k(a, y) ≤ ℓk([a, y]) ≤ 2
∣

∣log
|a|
|y|

∣

∣ ≤ 2k(x, y) .

Therefore,

ℓk(β[x, y]) = ℓk(α[x, a]) + ℓk([a, y]) ≤ Λk(x, a) + 2
∣

∣log
|a|
|y|

∣

∣

≤ Λ
(

k(x, y) + k(y, a)
)

+ 2k(x, y) ≤ (3Λ + 2)(k(x, y) .

Now suppose y ∈ |κ|. Again, (2.15) tells us that

m := mod(A) =
∣

∣log
|a|
|b|

∣

∣ =
∣

∣log
|a|
|c|

∣

∣ ≤ k(x, y) .

Also, by (2.20a) and (2.20b),

k(a, y) ≤ ℓk(χ) = ℓk([a, c]) + ℓk(κ) ≤ 2m+ 2π ≤ (2 + 2π/m)k(x, y) .

Thus

k(x, a) ≤ k(x, y) + k(y, a) ≤ (3 + 2π/m)k(x, y)

21So, χ = [a, c] ⋆ κ is the reverse of χba, where κ is a circular arc from c, the radial projection of a, to b.
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and therefore

ℓk(β[x, y]) = ℓk(α[x, a]) + ℓk(χab[a, y]) ≤ Λk(x, a) + ℓk(χab)

≤ Λ(3 + 2π/m)k(x, y) + (2 + 2π/m)k(x, y)

≤
(

3Λ + (Λ + 1)
2π

m
+ 2

)

k(x, y) . �

The following simple observation is repeatedly applied to handle various cases and subcases
in our argument for Theorem B.

6.3. Lemma. Let α be a quasihyperbolic Λ-chordarc path with endpoints a, b. Let µ = µ(Λ)
be the asssociated ABC parameter. Let β be a subarc of α with endpoints x, y such that
a ≤ x ≤ y ≤ b; so, β = α[x, y]. Suppose there is an annulus A ∈ AΩ(6µ) with c(A) = 0 and
such that both

x, y ∈ core3µ(A) and [a, b]k crosses C := {r ≤ |z| ≤ s}
where r := |x| ∧ |y| and s := |x| ∨ |y|.22 Then for any p ∈ |β| there exists a point q ∈ [a, b]k
such that k(p, q) ≤ 4µ+ 2π.

Proof. Clearly, C ⊂c core3µ(A) and B := band2µ(C) ⊂c corelog 2(A); the last containment is a
simple calculation. As each collar of C relative to B has modulus 2µ, Lemma 3.7(b) asserts
that |β| ⊂ B. Let p ∈ |β|.

Suppose p ∈ C. Pick q ∈ [a, b]k∩S1(0; |p|). Then by (2.16) and Remark 2.17, k(p, q) ≤ 2π.
Suppose p 6∈ C. Let p′ be the radial projection of p onto C. Note that

∣

∣ log(|p|/|p′|)
∣

∣ ≤ 2µ.
Pick q ∈ [a, b]k ∩ S1(0; |p′|). Again by (2.16) and Remark 2.17, k(p, q) ≤ k(p, p′) + k(p′, q) ≤
4µ+ 2π. �

In fact we also use modifications of the above.

6.A. Start of Proof of Theorem B. We show that whenever one of the metric spaces
(Ω, h) or (Ω, k) is Gromov hyperbolic, so is the other space; in fact, the hyperbolicity con-
stants depend only on each other.

First, suppose (Ω, k) is Θ-hyperbolic. Then quasihyperbolic quasi-geodesic triangles in Ω
are CΘ-thin where the constant C depends only on the quasi-geodesic data. Let ∆ = ∆h =
[a, b]h∪ [b, c]h∪ [c, a]h be a hyperbolic geodesic triangle in Ω. Thanks to Theorem A we know
that ∆ is also a quasihyperbolic quasi-geodesic triangle where the quasi-geodesic constant is
an absolute constant. Since h ≤ 2k, it now follows that ∆ is hyperbolically 2CΘ-thin where
C is an absolute constant. Thus (Ω, h) is also Gromov hyperbolic.

Next, suppose (Ω, h) is Θ-hyperbolic. Thanks to Fact 6.1, it suffices to demonstrate that
(Ω, k) is geodesically stable. We must verify that each point of any given quasihyperbolic
quasi-geodesic is quasihyperbolically roughly close to some fixed quasihyperbolic geodesic
(with the same endpoints) with a uniform constant that depends only on the quasi-geodesic
data and Θ.

Let Λ ≥ 1. We produce a constant D = D(Λ,Θ) such that for any quasihyperbolic Λ-
chordarc path α with endpoints a and b, there exists a fixed quasihyperbolic geodesic [a, b]k
such that for each p ∈ |α| there is a q ∈ [a, b]k with k(p, q) ≤ D. So, let α be such a
path, and let [a, b]k be any fixed quasihyperbolic geodesic with the same endpoints as α. For
convenience, we say that p ∈ |α| is D-close to [a, b]k if k(p, [a, b]k) ≤ D.

22We allow the possibility that r = s in which case C is a circle.
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Let µ = µ(Λ) = πΛ be the ABC parameter for quasihyperbolic Λ-chordarc paths, and put
S := 10µ,M := 10S, L := 10M.

As in the proof of Theorem A, our argument involves several cases each having subcases
and subsubcases. There are two Easy Cases where we assume that bp is bounded (either
above or below) on α, and then two remaining Main Cases. Surprisingly, Easy Case II is
the heart of our argument, at least in the sense that in Main Case I we reduce back to Easy
Case II and in Main Case II we reduce back to Main Case I. All of this relies heavily on the
ideas and constructions in our proof of Theorem A.

6.A.1. Easy Case I. Here we assume that along α, bp ≥ P for some constant P > 6µ.
Thanks to Lemma 3.6 we know that |α| ⊂ coreP/2A(a) ⊂c core3µA(a). Appealing to Lemma 6.3
(with β = α) we see that each point of |α| is 5µ-close to [a, b]k.

6.A.2. Easy Case II. Here we assume that along α, bp ≤ P for some constant P > π. Since
[a, b]k has the (π, log 2)-ABC property, Lemma 3.12 tells us that bp < 4P on [a, b]k.

Let p ∈ |α|. Since (Ω, h) is Θ-hyperbolic, it is geodesically stable. As α and [a, b]k are
both hyperbolic quasi-geodesics with the same endpoints, there is a point q in [a, b]k with
h(p, q) ≤ Dh = Dh(Λ,Θ). We claim that along [p, q]h, bp ≤ 10P . Therefore, k(p, q) ≤
(k+10P )h(p, q) ≤ (k+10P )Dh, so p is D-close to [a, b]k with D = D(Λ,Θ) = (k+10P )Dh.

If the claim were false, then we would get a LFS annulus A that separates {p, q}, but
then as α ⋆ [b, a]k crosses A we would have bp large somewhere on α ⋆ [b, a]k. We supply the
details.

Suppose there is a point zo ∈ [p, q]h with bp(zo) > 10P . Then bp < 4P at each of
p, q and bp(zo) > 10P , so by Lemmas 3.10 and 3.11 (applied to [p, q]h), Ao := A(zo) is a
non-degenerate annulus and core8P (Ao) separates {p, q}. Evidently, α[p, a] ∪ [a, q]k joins the
points p, q so

(

|α| ∪ [a, b]k
)

∩ core8P (Ao) 6= ∅ .
However, according to Remark 3.4(c), in core8P (Ao) we have bp > 1

2
8P = 4P which then

contradicts bp < 4P on |α| ∪ [a, b]k.

Now we examine the Main Cases where we assume that bp is both smaller than S at some
points of |α| and larger than L at some points of |α|.

6.B. Main Case I in Proof of Theorem B. Here we assume that bp(a) ≤ S and bp(b) ≤ S.
This permits us to utilize the constructions from Main Case I in the proof of Theorem A;
see §5.A. In particular, we get an integer n ≥ 1 and points

a =: ah0 < bh0 < z1 < ah1 < · · · < bhi−1 < zi < ahi < · · · < bhn−1 < zn < ahn < bhn := b

along the quasihyperbolic quasi-geodesic α such that

α := γ0 ⋆ β1 ⋆ γ1 ⋆ · · · ⋆ βn ⋆ γn

where the “good” and “bad” subarcs of α are

γi := α[ai, bi] (0 ≤ i ≤ n) and βi := α[bi−1, ai] (1 ≤ i ≤ n) .

Recall too that bi−1 and ai are, respectively, the first and last points of α in core2M(Ai)
where Ai := A(zi) are non-degenerate annuli that each separate {a, b} and that satisfy
coreq(Ai) ∩ coreq(Aj) = ∅ for any q ∈ (log 16, L).
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In particular, [a, b]k crosses core2M(Ai) and |βi| ⊂ coreM(Ai) ⊂c core3µ(Ai). It therefore
follows, from Lemma 6.3, that each point of each βi is 5µ-close to [a, b]k. Thus it remains to
reveal why the points of each γi are quasihyperbolically roughly close to the quasihyperbolic
geodesic [a, b]k.

Fix 0 < i < n and consider the “good” subarc γi; the two subcases where γi is a “tail”
of α (i.e., i = 0 or i = n) are left for the diligent reader. Let c and d be, respectively,

the last and first points of γi in coreM(Ai) and coreM(Ai+1). Then let c̃ and d̃ be the radial
projections of c and d, respectively, onto core2M(Ai) and core2M(Ai+1) (so, c̃ ∈ ∂core2M(Ai)

and d̃ ∈ ∂core2M(Ai+1)); here by radial projection we mean with respect to the centers of the
two annuli Ai and Ai+1, respectively.

Next, pick any point ã ∈ [a, b]k ∩ ∂core2M(Ai) so that ai, ã, c̃ all lie in the same boundary

circle, and pick b̃ ∈ [a, b]k ∩ ∂core2M(Ai+1) so that bi, b̃, d̃ all lie in the same boundary circle.
We are now positioned to perform (twice) the “chordarc surgery” as described in Lemma 6.2;
that is, we prune both ends of α. Doing this we obtain a quasihyperbolic quasi-geodesic

α̃ := χãc ⋆ γ̃ ⋆ χ−1

b̃d
where γ̃ := γi[c, d], χãc = κãc̃ ⋆ [c̃, c], χb̃d = κb̃d̃ ⋆ [d̃, d] .

Here the circular-arc-segment paths χãc and χb̃d are constructed as described in (2.2).

It is straightforward to check that α̃ is a quasihyperbolic Λ̃-chordarc path where Λ̃ = 4Λ+3;
see the proof of Lemma 6.2, but note too that the quasihyperbolic distance between the arcs
χãc and χb̃d is at least 2(M− S) = (9/5)M.

Now by construction, bp ≤ L along γi, so also along γ̃. Next, as |χãc| ⊂ corelog 16(Ai) \
core2M(Ai) and |χb̃d| ⊂ corelog 16(Ai+1) \ core2M(Ai+1), we know that bp ≤ 4M on each of
these arcs (e.g., by Remark 3.4(b)). Thus bp ≤ L on all of |α̃|. Therefore, we can apply
Easy Case II, with P := L = 103µ = 103πΛ, to the quasihyperbolic Λ̃-chordarc path α̃ (and

[ã, b̃]k ⊂ [a, b]k) to assert that each point of |α̃| is D-close to [ã, b̃]k with D = D(Λ,Θ) =
(k+ 10L)Dh. In particular, each point of |γ̃| is D-close to [a, b]k.

It remains to examine points in |γi[ai, c]| ∪ |γ[d, bi]|. Our choices of ai, bi, c, d give us that
|γi[ai, c]| = |α[ai, c]| ⊂ coreM−2µ(Ai) \ core2M(Ai) and |γi[d, bi]| = |α[d, bi]| ⊂ coreM−2µ(Ai+1) \
core2M(Ai+1). Using (2.16) and Remark 2.17 we deduce that for each p ∈ |γi[ai, c]|,

k(p, ã) ≤ 2π + 2(M+ 2µ) ≤ 205µ ,

and similarly each point of |γ[d, bi]| is also 205µ-close to b̃.

Thus, when bp ≤ S at both endpoints of α, each point in |α| is D-close to [a, b]k with
D = D(Λ,Θ) = (k+ 10L)Dh.

23 Here S = S(Λ) = 10µ = 10πΛ and L = L(Λ) = 100S.

6.C. Main Case II in Proof of Theorem B. As above, we must demonstrate that there
is a constant D = D(Λ,Θ) such that each p ∈ |α| is D-close to [a, b]k. To this end, eventually,
we use “chordarc surgery” (see Lemma 6.2) to prune the ends of α and replace it by another
quasihyperbolic chordarc path α′ := χa′c⋆α[c, d]⋆χ

−1
b′d where: c, d ∈ |α|; the endpoints a′, b′ of

α′ lie in [a, b]k with bp ≤ S′ := 4S at each of a′, b′; and such that all points of |α[a, c]|∪|α[d, b]|
are quasihyperbolically roughly close to [a, b]k. Once this is accomplished, we then apply
Main Case I to α′ and [a′, b′]k ⊂ [a, b]k to assert that all points of |α′| are quasihyperbolically
roughly close to [a′, b′]k ⊂ [a, b]k. Since |α′| ⊃ α[c, d], we then see that all points of |α| are
quasihyperbolically roughly close to [a, b]k.

23Here we assume that Dh ≥ 1.
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In a number of special cases we can immediately assert that all points of |α| are quasihy-
perbolically roughly close to [a, b]k; in these cases we are done with the proof. For example,
according to Lemma 6.3, if there is an annulus A ∈ AΩ(6µ) with a, b ∈ core3µ(A), then each
p ∈ |α| is 5µ-close to [a, b]k. In particular, we may, and do, assume that for any such A,
{a, b} 6⊂ core3µ(A).

Our first goal is to prune the a-end of α. We seek points a′ ∈ [a, b]k and c ∈ |α| such that
bp(a′) ≤ S′ = 4S, each p ∈ |α[a, c]| is quasihyperbolically roughly close to [a, b]k, and so that
a′, c lie on the boundary of some thin (not too fat) annulus. Once obtained, we replace α by
the quasihyperbolic chordarc path β := χa′c ⋆ α[c, d].

6.C.1. First Step. If already bp(a) ≤ S′, then we set c := a′ := a, β := α, and go to §6.C.3
(the Penultimate Step).

Assume bp(a) > L. Put A := A(a) and assume c(A) = 0; A could be a degenerate annulus.
If b ∈ core3µ(A), then we are done (by Lemma 6.3); assume b 6∈ core3µ(A). Recalling that
a ∈ ∂corebp(a)(A) ⊂ coreL(A) (see (3.5)), we see that there is a unique collar C of core2S(A)
relative to coreS(A) with the property that both α and [a, b]k cross C. (If A is degenerate,
there is only one such collar, while if A is non-degenerate there are two such collars but only
one that gets crossed.)

Let c be the last point of α in coreS(A) and let c′ be the radial projection of c onto
core2S(A); so c ∈ ∂C ∩ ∂coreS(A), c

′ ∈ ∂C ∩ ∂core2S(A), and [c, c′] is a radial segment of C
that joins the boundary circles of C. It is not difficult to check that a, c ∈ core3µ(A), and
thus by Lemma 6.3 all points of |α[a, c]| are 5µ-close to [a, b]k.

Now pick any point a′ ∈ [a, b]k ∩ ∂core2S(A). Then a′ and c′ lie in the same component
of ∂C (i.e., in the same boundary circle). Thus there is a circular arc κ′ := κa′c′ and a
quasihyperbolic chordarc path χa′c := κ′ ⋆ [c′, c] from a′ through c′ to c (cf. (2.2)). Therefore,
we can do the “chordarc surgery” as described in Lemma 6.2 to obtain the quasihyperbolic
M-chordarc path β := χa′c ⋆ α[c, b] from a′ to b with M = 4Λ + 3.

Finally, note that a′ ∈ corelog 16(A) \ core2S(A), so by Remark 3.4(c) bp(a′) ≤ 4S = S′.
Now we go to §6.C.3 (the Penultimate Step).

Assume S′ < bp(a) ≤ L. Let zo be the first point z of α with bp(z) = L. Put Ao := A(zo)
(which could be a degenerate annulus) and assume c(Ao) = 0. Eventually—see §6.C.2—we
will deduce that we can assume b 6∈ coreS(Ao) and so we can mimic the above argument to
prune the a-end of α via “chordarc surgery”.

Again, we may assume {a, b} 6⊂ core3µ(Ao); but, note that—as zo ∈ |α|—the quasi-geodesic
α enters deep into Ao. Let So be the boundary circle of coreL(Ao) that contains zo (if Ao is
degenerate, then So = ∂coreL(Ao)) and for j = 1, 2 let Bj := band2jµ(So)

24. Then

So ⊂ B1 ⊂c B2 ⊂c coreL−4µ(Ao) ⊂c core3µ(Ao) ,

so {a, b} 6⊂ B2, and if {a, b} ∩ B1 = ∅, then B1 separates {a, b}. It is not difficult, albeit
tedious, to check (e.g., using Remark 3.4(c)) that for both j = 1 and j = 2,

1

2

(

L− 2jµ
)

≤ bp ≤ 2
(

L+ 2jµ
)

in Bj .

Suppose b ∈ B1. Then |α[zo, b]| ⊂ B2 (by the ABC property) and therefore bp ≤ 2(L+4µ)
on |α[zo, b]|. Since bp ≤ L on α[a, zo] (by construction), we can appeal to Easy Case II (with

24So, B1 and B2 are open annuli with S1(Bj) = So and mod(Bj) = 4jµ.
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P := 2(L+4µ)) to conclude that each p ∈ |α| is D-close to [a, b]k with D := [k+20(L+4µ)]Dh.
Here we are done with the proof.

Suppose b 6∈ B1. We claim that each point of |α[a, zo]| is quasihyperbolically roughly close
to [a, b]k. First, suppose a ∈ B1 (the easy case). Then a, zo ∈ B1 ⊂c core3µ(Ao), and we
would like to appeal to Lemma 6.3 but cannot. We do know that |α[a, zo]| ⊂ B2 (by the
ABC property). Let p ∈ |α[a, zo]|. Put p′ :=

(

|a|/|p|
)

p. Since a, b ∈ B2 ⊂c corelog 2(Ao),
(2.16) and Remark 2.17 tell us that

k(p, a) ≤ k(p, p′) + k(p′, a) ≤ 2
∣

∣log
|p|
|p′|

∣

∣ + 2π ≤ 8µ+ 2π .

Next, suppose a 6∈ B1. This subcase requires a wee bit of work. Here {a, b} ∩ B1 = ∅,
so B1 separates {a, b} and we can write ∂B1 = Sa ∪ Sb where Sa and Sb are, respectively,
the first and last components of ∂B1 that α meets. Now we do “chordarc surgery” replacing
α[a, zo] with another quasihyperbolic quasi-geodesic α̃ which has endpoints a, b̃ ∈ [a, b]k
and with bp . 1 along all of α̃. Then Easy Case II tells us that all points in |α̃| are
quasihyperbolically roughly close to [a, b]k, and it is not hard to check that the same is true
for points in |α[a, zo]| \ |α̃|.

With this goal in mind, let za be the first point of α in So and pick any point b̃ ∈ [a, b]k∩Sb.
Now do “chordarc surgery” via Lemma 6.2 using the quasi-geodesic α, the annulus with
boundary circles So and Sb, and the points za and b̃ to get α̃ := α[a, za] ⋆ χzab̃

which is a

quasihyperbolic M-chordarc path with endpoints a, b̃ ∈ [a, b]k and M = 4Λ + 3.

Clearly, |α̃[a, za]| = |α[a, za]| ⊂ |α[a, zo]|, so bp ≤ L on |α̃[a, za]|. Also, |α̃[za, b̃]| = |χzab̃
| ⊂

B̄1, so bp ≤ 2(L + 2µ) on |α̃[za, b̃]|. Appealing to Easy Case II we deduce that each p ∈ |α̃|
is D-close to [a, b̃]k ⊂ [a, b]k with D := [k+ 20(L+ 2µ)]Dh.

Since α[a, za] = α̃[a, za], it remains to check points in |α[za, zo]| ⊂ B1. As za and zo both
lie in the circle So, we can proceed as in the easy case (where a ∈ B1—see four paragraphs
above) to see that these points are 5µ-close to [a, b]k.

6.C.2. Next Step. Here we continue from the First Step; we have S′ < bp(a) ≤ L, b 6∈ B1, and
we know that all points p ∈ |α[a, zo]| are D1-close to [a, b]k with D1 := [k + 20(L + 4µ)]Dh.
To start, we explain why we may assume that b 6∈ coreS(Ao).

Suppose b ∈ coreS(Ao). Then a 6∈ coreS(Ao), since coreS(Ao) ⊂c core3µ(Ao). In particular,
{a, b}∩B1 = ∅ and B1 separates {a, b}. Therefore, [a, b]k crosses the annulus with boundary
circles So and S1(0; |b|). Since zo, b ∈ core3µ(Ao), we can appeal to Lemma 6.3 to assert that
each p ∈ |α[zo, b]| is 5µ-close to [a, b]k. Here we are done with the proof.

Assume b 6∈ coreS(Ao). Our goal is to prune the a-end of α via “chordarc surgery” as
described in Lemma 6.2. We seek the appropriate points a′ ∈ [a, b]k and c ∈ |α| as described
in the paragraph preceding §6.C.1.

We do not know exactly where the point a lies, but as in the First Step (see the first
paragraph), there is a unique collar C of core2S(Ao) relative to coreS(Ao) with the property
that α[zo, b] crosses C. (Again, if Ao is degenerate, there is only one such collar, while if A
is non-degenerate there are two such collars but only one that gets crossed:-)

Since α crosses C and {a, b} ∩ C = ∅, we know from Lemma 3.7(d) that C separates
{a, b}. Therefore [a, b]k also crosses C. Thus we can write ∂C = Sa ∪ Sb where Sa and Sb

are, respectively, the first and last components of ∂C that α meets.
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Let c be the last point of α in Sb, let c
′ be the radial projection of c onto core2S(Ao) (so

c′ ∈ Sa), and pick any point a′ ∈ [a, b]k ∩ Sa. According to Lemma 6.2, β := χa′c ⋆ αcb

is a quasihyperbolic M-chordarc path with endpoints a′, b and M = 4Λ + 3. Note that as
a′ ∈ Sa ⊂ ∂core2S(Ao) ⊂ corelog 16(Ao) \ core2S(Ao), we have bp(a′) ≤ 4S = S′ (thanks to
Remark 3.4(c)).

We claim that all points in |α[a, c]| are quasihyperbolically roughly close to [a, b]k. We
already know this for points in |α[a, zo]| (with constant D1), so we need only check points in
|α[zo, c]|.

Let A1 be the annulus with boundary circles So and Sb. Suppose A1 separates {a, b}.
Then [a, b]k crosses A1 and zo, c ∈ Ā1 ⊂ core2S(Ao) ⊂c core3µ(Ao), so Lemma 6.3 tells us that
points in |α[zo, c]| are 5µ-close to [a, b]k.

Suppose A1 does not separate {a, b}. Then a ∈ A1 ∩ B1. Since [a, b]k crosses the annulus
with boundary circles S1(0; |a|) and S1(0; |c|) = Sb, Lemma 6.3 tells us that all p ∈ |α[zo, c]|
with |p| ≥ |a| are 5µ-close to [a, b]k. Thus we are left to examine points in |α[zo, c]| ∩ B1.

Take p ∈ |α[zo, c]|∩B1 and let p′ be the radial projection of p onto the circle S1(0; |a|). From
(2.16) and Remark 2.17 we obtain k(p, a) ≤ k(p, p′)+k(p′, a) ≤ 2

∣

∣log
(

|p|/|p′|
)
∣

∣+2π ≤ 8µ+2π.
We have demonstrated that all points p ∈ |α[a, c]|, are D1-close to [a, b]k. Note too that

points in |χa′c| are 2π-close to [a, b]k.

6.C.3. Penultimate Step. We arrive here with α replaced by the quasihyperbolic M-chordarc
path β := χa′c ⋆ α[c, b] where M = 4Λ + 3, a′ ∈ [a, b]k with bp(a′) ≤ S′, and c ∈ |α| with all
p ∈ α[a, c] D1-close to [a, b]k. If bp(b) ≤ S′, we put d := b′ := b, α′ := β, and go to §6.C.4
(the Last Step).

Suppose bp(b) > S′. We repeat all of above, as necessary, for the reverse quasihyperbolic
quasi-geodesic β−1 and [b, a′]k. If any of Easy Case I or Easy Case II or Main Case I applies,
then we are done with the proof. So, we may assume that we get to Main Case II, and that
we have again completed the First and Next Steps, as described in §6.C.1 and §6.C.2, for
β−1 and [b, a′]k. (At some time during these two steps, we could have been done with the
proof, but we assume otherwise.)

We should exercise some caution here, so let’s be explicit. The quasihyperbolicM-chordarc
path β enjoys the (ν, log 2)-ABC property where ν = ν(M) = πM = π(4Λ + 3); see Re-
mark 3.9. By performing the First and Next Steps we prune the b-end of β via “chordarc
surgery” to obtain a quasihyperbolic N -chordarc path α′ := β[a′, d]⋆χ−1

b′d where N = 4M+3,
b′ ∈ [a′, b]k with bp(b′) ≤ S′(M), and d ∈ |β| with all p ∈ |β[d, b]| D2-close to [a′, b]k ⊂ [a, b]k
for D2 := [k+ 20(L(M) + 4ν)]Dh.

Here S′(M) := 4S(M) = 40ν = 40πM and L(M) = 103ν. Note too that we can assume
that d is some point in α[c, b], so β[a′, d] = χa′c ∗ α[c, d] and thus α′ = χa′c ∗ α[c, d] ⋆ χ−1

b′d.

6.C.4. Last Step. We arrive here with α replaced by the quasihyperbolic N -chordarc path
α′ = χa′c ∗ α[c, d] ⋆ χ−1

b′d with endpoints a′, b′ ∈ [a, b]k where N = 4M + 3, bp(a′) ≤ S′(Λ) =
4S(Λ), bp(b′) ≤ S′(M) = 4S(M), and all points in |α[a, c]| ∪ |α[d, b]| are D-close to [a, b]k
with D := D1 ∨ D2. It remains to establish that points in |α[c, d]| are quasihyperbolically
roughly close to [a, b]k.

If either Easy Case I or Easy Case II applies to α′, we are done with the proof. We
claim that we can appeal to Main Case I to assert that all points in |α′| are D′-close to
[a′, b′]k with D′ :=

(

k + 10L(N)
)

Dh. In order to use Main Case I with the quasihyperbolic
N -chordarc path α′, we need to know that bp ≤ S(N) = 10ω at both endpoints of α′, where
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ω = ω(N) is the ABC property parameter for quasihyperbolic N -chordarc paths. Now,
ω = πN = π(4M + 3) > 4πM = 4ν, so

S(N) = 10ω > 4 · 10ν = 4S(M) = S′(M) ≥ bp(b′) > S′(Λ) ≥ bp(a′) . (⌣̈)
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Soc. 18 (1978), no. 2, 475–483.

[BHK01] M. Bonk, J. Heinonen, and P. Koskela, Uniformizing Gromov hyperbolic spaces, Astérisque. 270
(2001), 1–99.

[Bon96] M. Bonk, Quasi-geodesic segments and Gromov hyperbolic spaces, Geometriae Dedicata 62 (1996),
281–298.

[BH99] M.R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Springer-Verlag, Berlin,
1999.

[GO79] F.W. Gehring and B.G. Osgood, Uniform domains and the quasi-hyperbolic metric, J. Analyse
Math. 36 (1979), 50–74.

[GP76] F.W. Gehring and B.P. Palka, Quasiconformally homogeneous domains, J. Analyse Math. 30
(1976), 172–199.
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no. 2, 192–199.

[Pom84] , On uniformly perfect sets and fuchsian groups, Analysis 4 (1984), no. 3–4, 299–321.
[SV01] A.Yu. Solynin and M. Vuorinen, Estimates for the hyperbolic metric of the punctured plane and

applications, Israel J. Math. 124 (2001), 29–60.
[SV05] T. Sugawa and M. Vuorinen, Some inequalities for the Poincaré metric of plane domains, Math-
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