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1. Introduction

Each linear representation of a finite group G over a field k is a group homomorphism
G — GL(V), where V is a finite dimensional k-vector space. The isomorphism classes
of faithful representations of G correspond to the conjugacy classes of subgroups of
general linear groups which are isomorphic to G. Likewise a symplectic representation is
a homomorphism G — Sp(V') into a symplectic group and an orthogonal representation is
a homomorphism G — O(V) into an orthogonal group. The isometry classes of faithful
symplectic and orthogonal representations of G then correspond, respectively, to the
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conjugacy classes of subgroups of symplectic and orthogonal groups which are isomorphic
to G. The conjugacy classes of symplectic and orthogonal groups were enumerated by
G.E. Wall in [6]. This is essentially equivalent to a classification of the symplectic and
orthogonal representations of cyclic groups.

Now let kG be the group algebra of G over k. A symplectic kG-module is a pair
(M, B), where M is a kG-module and B is a G-invariant symplectic form on M. We
say that (M, B) is indecomposable if B is degenerate on each proper submodule of M.
One example of a symplectic kG-module can be constructed as follows. Let M be any
kG-module, with dual kG-module M* = Homy (M, k). The evaluation (f,m) — f(m),
for f € M* and m € M, then defines a G-invariant quadratic form on M* @ M. Its
polarization is the G-invariant symmetric form P((f,m), (f',m’)) := f(m') + f'(m), for
fyf € M* and m,m’ € M. This is symplectic in characteristic two. We call (M*& M, P)
the paired module.

From now on, unless otherwise specified, G is the Klein-four group and k is a perfect
field of characteristic 2. In this paper we determine the isometry classes of indecom-
posable symplectic kG-modules. For each such module (M, B) we also determine the
isometry classes of G-invariant quadratic forms on M which polarize to B.

As usual k* is the multiplicative group of k and P(k) is a set of representatives for the
cosets of {\%2 + X | A € k} in the additive group of k. Hence |P(k)| = 2, if k is finite and
|P(k)| = 1, if k is algebraically closed. We use sp(vy, ..., v,) to denote the k-span of vec-
tors v1, ..., v, in a k-vector space and |r] to denote the largest integer less than or equal
to r € R. Other notation will be developed as needed. All our modules are left modules.

Recall that kG has tame representation type. In particular there are only finitely many
indecomposable kG-modules of any given dimension. In Section 4 we review Conlon’s
classification [1] of these modules. In addition to the trivial module Ag = By = k¢ and
the regular module D = kG, the families are

An, Bp, Cp(m) and Cp(00),

where n runs over all positive integers and 7 runs over all irreducible k-polynomials. The
kG-modules which give rise to indecomposable symplectic kG-modules are:

(ka)?, kG, (kG)?, Ay @ By, Cn(m), Cp(m)?, Cp(o0) and  Cpn(c0)?.

Now up to scaling kz has a unique symmetric bilinear form, and this form is clearly
not symplectic. Moreover any statement about symplectic forms on kg & kg is just
a statement about symplectic vector spaces. By [4, Theorem 2.10] if (k @ k,b) is a
symplectic vector space, then b is a non-zero multiple of the paired form. So (k @ k, b) is
a hyperbolic plane. The quadratic forms on k & k which polarize to b are parametrized
by d € k. Moreover, as d ranges over P(k), we get representatives for all isometry classes
of quadratic forms which polarize to b. See [4, Theorem 12.9] and [4, Proposition 13.14]
for full details.
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In [3], Gow and Willems described all group invariant symplectic and quadratic forms
on the regular module of a finite group. However they did not discuss the isometry
classes of such forms. Here we show that the G-invariant symplectic forms on kG are
parametrized by the triples (a,b, ¢) € k% with a+b+c # 0. Furthermore those triples with
a+ b+ ¢ = 1j represent the isometry classes of forms. Also the G-invariant quadratic
forms which polarize to a given symplectic form are parametrized by k, and all such
forms are isometric. The details can be found in Theorem 5.1.

The isometry classes of indecomposable G-invariant symplectic forms on (kG)? fall
into three families: the paired module, a family parametrized by k* and a family
parametrized by the projective line P'(k). So if k& = F, is the field with ¢ elements,
there are 2qg + 1 isometry classes of such modules. The G-invariant quadratic forms
which polarize to a given symplectic form are parametrized by k2, and all such forms
are isometric. See Theorems 5.2 and 5.3.

For the modules A, & B,,, the isometry classes of G-invariant symplectic forms are
parametrized by the vectors in k2" which have first non-zero coordinate 1j. This in-
cludes the zero vector, which corresponds to the paired module. So if & = F,, there
are 1 + (¢°" —1)/(q — 1) isometry classes. Furthermore there is a G-invariant quadratic
form which polarizes to a symplectic form in the isometry class of (A1,...,\2,) € k2"
if and only if Ag; = Ag;41, for ¢ = 1,...n — 1. In the case of the paired module there
is one isometry class of G-invariant quadratic forms. Otherwise the isometry classes of
quadratic forms are parametrized by P(k). For full details, see Theorems 6.4 and 6.7.

The results on symplectic and quadratic forms on C,,(7) are developed in Section 7.1.
Set K = E[x]/(7), an extension field of &k of degree m = deg(). Then the isometry classes
of G-invariant symplectic forms on C,,(7) are parametrized by K!"/2l. So if k = F, is
finite, there are ¢"™!"/2] isometry classes of symplectic forms. For a given 7 and n > 1,
there is at most one isometry class of symplectic forms for which there exist corresponding
G-invariant quadratic forms. For each symplectic form in this class, the isometry classes
of corresponding quadratic forms are parametrized by P(k). See Theorems 7.5 and 7.7.

We consider the modules C,(m)? in Section 7.2. The isometry classes of inde-
composable G-invariant symplectic forms on C,(m)? are parametrized by quadruples
(v,w, f1, f2), where 1 < v < w < n+ 1 with w — v odd and f;, fo € K[z]. Moreover if
w=wv+ 1, then f; = 0. Otherwise deg(f1) < (w —v —3)/2. Also if w > n, then fo = 1.
Otherwise deg(f2) < (n —w — 1)/2 and f2(0) # 0. The paired module is given by the
quadruple (n,n+1,0,1). In this case there is one isometry class of G-invariant quadratic
forms. Otherwise corresponding G-invariant quadratic forms exist depending on n + v,
7 and fi. Either n+viseven, 7 € {z,x+ 1} and fy =1l orn+visodd, 7 ¢ {x,x + 1}
and there is one possibility for f;. In both cases the isometry classes of quadratic forms
are parametrized by P(k). See Theorems 7.8 and 7.10.

Finally C),(00) is the module C),(x), where the role of two generators of G has been
interchanged. Consequently the G-invariant symplectic and quadratic forms for C,,(c0)
and Cp,(00) @ Cy,(c0) are the same as for Cp,(z) and Cy,(z) ® Cp(z), respectively. Full
details are given in Theorems 8.1, 8.3, 8.4 and 8.6.
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We recall basic results and define notation for matrices in Section 3. These are used
throughout the remainder of the paper. Section 3.2 outlines the algebraic background
needed to understand the modules C),(7) and C,,(c0).

2. Forms and modules

The theory of symmetric, symplectic and quadratic forms is highly dependent on
whether the characteristic is odd or even. In this section we give full definitions and
briefly overview the theory of forms in both cases.

2.1. Bilinear and quadratic forms

Let M be a finite dimensional vector space over a field k, with dual space M* and
endomorphism ring Endg(M). Fix an ordered basis M = (mq,...,my,) of M and let
MT = (mT,...,mI) be the dual basis of M*. So mI'm; = &;;, for all 4, j. This extends
to a k-isomorphism 7' : M — M*,m +— m”, for all m € M. Note that mTm’ = (m/)T'm,
for all m,m’ € M.

A bilinear form on M is a map B : M x M — k which is linear in both variables.
Given B, there is a unique 8 € Endy (M) such that B(m,m’) = mTsm’. This is clear
as B and 3 are uniquely determined by the values B(m;, m;) and m?ﬁmj, for all i,j =
1,...,n, respectively. In this sense we can identify B and . Also we can identify B and
the Gram matrix (mfﬁmj)lgi,jgn. Note that this identification depends on the choice
of M. We say that B is non-degenerate if 3, or equivalently (m! 8m;)1<; j<n is invertible.

Next define BT (m,m’) := B(m/,m), for all m,m’ € M. Then B — BT is an invol-
untary k-algebra anti-automorphism of Endy(M). Note that the Gram matrix of BT is
the transpose of the Gram matrix of B. Also m? BTm/ = (m/)TBm = (Bm)Tm’, and
thus (Bm)T = mT BT for all m € M.

We say that B is symmetric if BT = B, and skew-symmetric if BT = —B. These are
mutually exclusive properties if char(k) # 2, but they are equivalent if char(k) = 2. We
say that B is alternating if B(m, m) = 0, for all m € M. It is easy to check that each
alternating form is skew-symmetric. Also if char(k) # 2, each skew-symmetric form is
alternating. However if char(k) = 2, a form B is alternating if and only if it is symmetric
and hollow (meaning B(m;,m;) =0, fori=1,...,n).

We say that B is a symplectic form if it is both alternating and non-degenerate.
In this case we call (M, B) a symplectic space. Then M has an ordered basis which
represents B as a diagonal sum of 2 x 2 block matrices ( _{ }). In particular dim(M) is
even. Conversely each even dimensional space has one symplectic form, up to isometry.

Next let B be non-degenerate and let o € Endg(M). We define By(m,m') :=
B(m,am'), for all m,m’ € M. Then B, is a bilinear form on M and B, = Ba. In
particular B, is non-degenerate if and only if « is invertible. Moreover {B, | a €
Endy (M)} uniquely describes all bilinear forms on M. For instance BT = B,, where
o = B71BT. Also there is a unique a® € Endy (M) so that B(am,m’) = B(m, a’m’), for



96 L. Pforte, J. Murray / Journal of Algebra 505 (2018) 92—-124

all m,m’ € M. We call the map ° the adjoint of B. As (am)? = mTa®, for all m € M,
we have a® = B~ta” B. So ¢ is a k-algebra anti-automorphism of Endy(M). Also note
that 0° = o~ 1.

Next, a quadratic form on M is a map ¢ : M — k such that g(Am) = A2q(m), for all
A€ k,me M, and g(m + m') = g(m) + g(m') + P;(m,m’), for all m,m’ € M, where
P, is a bilinear form, called the polarization of q. We note that P, is symmetric. If P, is
non-degenerate, we say that ¢ is non-degenerate and call (M, q) a quadratic space.

Now suppose that B is a bilinear form. Then the diagonal of B is the quadratic form

AB(m) := B(m,m), forallm e M.

Notice that AB polarizes to B + BT and AB = 0 if and only if B is alternating. In
particular AB = AB’, for bilinear forms B and B’, if and only if B — B’ is alternating.

Now q = L AP, if char(k) # 2. However if char(k) = 2, this does not make sense and
indeed Fj is alternating and ¢ cannot be recovered from F,. To rectify this situation, we
define the upper-triangular part of B as the bilinear form

B(m;,m;) if i < j.
B i ;) = ’ I
VB(mi, m;) {0, ifi> .
Of course, VB depends on the choice M of an ordered basis. Also define Dy(m;, m;) =
q(m;)d;j, for all 4, j. Then D, defines a bilinear form which has a diagonal matrix relative
to M. Moreover ¢ = A(D, + VF,), or more concretely

q (Z /\imi> = Z)\fq(mz) + Z AiXjPy(my,my), forall \q,....,\, €k. (1)
i=1 i=1

1<i<j<n

Conversely, given an alternating form B, it is clear that

{A(D +VB)| D diagonal} is the set of all quadratic forms which polarize to B.
(2)

2.2. Symplectic and quadratic modules

Now suppose that M is a kG-module and let Endg (M) be the algebra of kG-endo-
morphisms of M. Identify ¢ € G with m — gm in Endg(M). Then Endg(M) =
{a € Endi(M) | goo = ag}. We say that a bilinear form B on M is G-invariant if
B(gm,gm') = B(m,m/'), for all g € G and m,m’ € M. Hence B is G-invariant if and
only if ¢’ Bg = B, for all g € G.

We say that M is self-dual if M = M* as kG-modules. Given a kG-isomorphism
¢ : M — M* set B(m,m') := ¢(m)(m'), for all m,m’ € M. Then B is a non-
degenerate G-invariant bilinear form on M. Conversely, each non-degenerate G-invariant
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bilinear form on M defines a kG-isomorphism M = M*. So M affords a non-degenerate
G-invariant bilinear form if and only if M is self-dual.

Let B be a non-degenerate G-invariant bilinear form on M. For o € Endy(M)
recall B, as defined in section 2.1. Then B, is G-invariant if and only if a €
Endg(M). Overall the set of G-invariant symplectic forms on M is {B, | a €
Autg (M) and Ba is alternating}.

Next suppose that B is a G-invariant symplectic form. We then call (M, B) a sym-
plectic kG-module. For each submodule N of M, set Nt := {m € M | B(m,n) = 0,
for all n € N}. Then N= is a submodule of M such that M/N+t = N*. In particular
dim(M) = dim(N) + dim(N*). Hence if B restricts to a non-degenerate form on N,
then M = N @ N+, as kG-modules, and (N*, B) is symplectic. We say that (M, B) is
indecomposable if it is not a sum of two proper symplectic kG-modules. The proposition
in [2] (and its proof) shows that:

Lemma 2.1. Let (M, B) be a symplectic kG-module and let M = My @ --- @ M; be
a decomposition of M into indecomposable kG-modules. Then for each i € {1,...,t}
either M; is non-degenerate or there exists j # 4 such that B : M; x M; — k is a
non-degenerate pairing. In particular M; = M; and B is non-degenerate on M; & M.

The lemma implies that (M, B) is indecomposable if and only if M is indecomposable,
or M =2 N @ N*, where N is indecomposable and (N, B) is degenerate.

We say that « : (M, By) — (M, B) is an isometry of symplectic kG-modules if o €
Endg(M) and Bi(m,m’) = B(am,am’), for all m,m’ € M (or equivalently if B; =
aT Ba). For example, m +— um, for p € k*, defines an isometry (M, u>B) = (M, B).

Note that an isometry is necessarily a kG-isomorphism. Clearly isometry is an equiv-
alence relation on the G-invariant symplectic forms on M. We fix a set of representatives
Isom (M) for the corresponding equivalence classes.

Next let ¢ be a quadratic form on M. Then for each g € G, the map m — g(gm), for
m € M, is a quadratic form on M. Moreover g(g—) polarizes to g7 P,g. So ¢ and ¢(g—)
polarize to Py, if P, is G-invariant. We say that ¢ is G-invariant if ¢(g—) = ¢, for all
g € G. Now suppose that ¢ = AQ, for some bilinear form Q. Then ¢(g—) = A(g7Qg).
As a consequence

q is G-invariant if and only if Q@ — ¢” Qg is alternating, for each g € G. (3)

Notice that (1) implies that if P, is G-invariant, then ¢ is G-invariant if and only if
q(gm;) = q(m;), fori=1,...,nand all g € G.

Let ¢’ be another G-invariant quadratic form on M. We say that a € Endg(M) is an
isometry (M, q) — (M, q') if ¢'(m) = g(am), for all m € M. Notice that if « exists then
it induces an isometry (M, P;) — (M, Py).

Now suppose that ¢ is G-invariant with polarization B and let (M, B’) be isometric
to (M, B). Then B’ = 3T Bp, for some invertible 3 € Endg(M). Then the quadratic
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form B7qB is G-invariant and B : (M, q) — (M, 37 ¢pB) is an isometry. This discussion
shows that once Isom(M) is fixed, each isometry class of non-degenerate G-invariant
quadratic forms on M contains a form ¢ such that P, € Isom(M). We let QIsom(M, B)
be a full set of representatives for the distinct isometry classes of G-invariant quadratic
forms on M which polarize to B.

2.3. Pairings between a module and its dual

Let k be a field of characteristic 2 and let M be an indecomposable kG-module.
Equivalently Endg (M) is a local ring, in the sense that every element of Endg (M) is
either nilpotent or invertible. Let J(Endg(M)) be the Jacobson radical of Endg(M).
Then Endg(M) := Endg(M)/ J(Endg(M)) is a division algebra over k. In particular
Endg (M) is a field if k is finite, and Endg(M) = k if k is algebraically closed.

Suppose that M 2 M*. Then M* & M has no self-dual indecomposable direct
summand. So the paired module (M* @& M, P), as defined in the introduction, is in-
decomposable.

For the rest of this section we assume that M is self-dual. We briefly discuss symplectic
forms on M2, as we face this situation in Sections 7.2 and 8.

We identify M? with ordered pairs (i) of elements of M. The kG-endomorphisms of
M? are (2 5) (my) = (g fhme), for all (7m1)€ M?, where a,b,c,d € Endg(M). Likewise

the G-invariant bilinear forms on M? are
(& B)((m). (m2)) = A(my1,m3) + B(ma,ma) + C(ma, m3z) + D(ma2, ma),

for all (7m1), (Tms)€ M?, where A, B,C, D are G-invariant bilinear forms on M.
Let (4 B) be an indecomposable symplectic form on M?. As (4 LB))T = (g; g;),
A and D are alternating and C' = B”. Lemma 2.1 implies that A and D are degenerate

and B is non-degenerate.

Lemma 2.2. Suppose that Endg (M) is a field and that the adjoint of some (and thus all)
non-degenerate G-invariant form on M acts trivially on Endg(M). Then the indecom-
posable G-invariant symplectic forms on M? are

T
5Y D A, D degenerate G-invariant alternating forms on M

{ ( A B) | B non-degenerate G-invariant bilinear form on M}
Proof. Let p: Endg (M) — Endg(M) be the projection, with kernel J(Endg(M)). The
assumption on Endg (M) implies that M is indecomposable. So every indecomposable
direct summand of M? is the image of an injective kG-homomorphism ¢ : M — M?. We
can write ¢(m) = (41, for all m € M, where ¢1, 2 € Endg(M). Then for my,me € M
we have
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(5 o) ((Zim)- (8i72)) = Alwma, drma) + Blgwm, dyma)t
BT (¢am1, g1ma) + D(pami, p2ms)
Recall from section 2.1 that A = B, and D = B, for some o, € J(Endg(M)), and

let 0 = B~!BT. Then the right hand side equals B.(m,ms), with e = ¢aps + ¢9ds +
03061 + $5592. S0 ji(e) = p(d5s + ¢30 ), using p(¢fady) = j(¢556s) = 0.

Next the hypothesis on Endg (M) implies that p(¢°) = u(¢)° = w(C), for all ¢ €
Endg(M). In particular u(o)™t = p(o=t) = u(0®) = u(o). This forces p(o) = 1, as
Endg (M) is a field of characteristic 2. So

ple) = (7)) p(d2) + u(9s) (o) u(é1) = 0.

We deduce that e € J(Endg(M)). So ( 4 B) is degenerate on ¢M. In particular we

BT D
conclude that (M?2, ( o g)) is indecomposable. O
Let B be any non-degenerate G-invariant bilinear form on M. Recall that (mq, ..., my,)

and (¢1,...,4,) are B-dual bases of M if B(¢;,m;) = 4,5, for all 7, 5. Then (¢;,m;) —
(mI',m;), for all 4,5, extends to an isometry (MQ,( o B)) — (M* @ M, P). So under

BT o
the hypothesis of Lemma 2.2, the paired module (M* @ M, P) is indecomposable.
We note that there is a 2-dimensional self-dual indecomposable FsC3-module M whose
paired module is decomposable. In this case Endg(M) = Fy and the adjoint of a sym-
plectic form on M acts as the Frobenius automorphism A — \? on Fy.

3. Matrices

Let k be a perfect field of characteristic 2. For all m,n > 1, we let Mat,, «, (k) be the
k-space of m x n matrices with entries in k, simplified to Mat,, (k) if m = n.

3.1. Definitions and notation
Suppose that M € Mat,, (k). Then the centralizer and transposer of M are

Cat,, (k) (M) := {X € Mat, (k) | XM = MX},
That, (k) (M) == {X € Mat, (k) | XM = MTX}.

We simplify to C(M) and T(M), if n and k are clear from the context. Then C(M) is
a subalgebra of Mat,, (k), and T(M) = T C(M), if T is an invertible matrix in T(M).
Now C(UMU) = U~'C(M)U, for all U € GL,, (k). Moreover

Lemma 3.1. If U € GL,, (k) then T(U'MU) = UTT(M)U.

We say that M is alternating if it is hollow (has a zero diagonal) and symmetric. Then
a pairing argument gives:
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Lemma 3.2. Let M € Mat, (k) be symmetric and let U € GL,,(k). Then M is hollow if
and only if UT MU is hollow. Moreover, for V € Mat,, (k) we have

n

(VIMV)i =Y M,V

s foreachi€{l,... ,n}.

Jj=1

We use E,; to denote a matrix, of unspecified dimensions, which has the single non-
zero entry 1 at position (s, t). We simplify to E for the diagonal matrix E;, ;. By fiat E ,
is the zero matrix in Mat,, « (k), if s ¢ {1,...,m}ort ¢ {1,...,n}. We use Diag,, (k) to
denote the diagonal matrices in Mat,, (k). We write diag(Ay, ..., A;) for a matrix which
has the square blocks Ay, ..., A; positioned successively along its diagonal. We use * to
denote a block of arbitrary entries and - to denote a block with 0 entries in any matrix.

A matrix is Toeplitz if it has constant diagonals. For each integer s we define T :=
> i Eiiys—1. So T, is a non-zero Toeplitz matrix in Mat,, ,(k), if 2 —m < s < n.
Moreover (To—p, ..., Ty) is a basis for the space T, xn (k) of all m x n Toeplitz matrices.
We use T, (k) to refer to Tp,xn (k).

A matrix is Hankel if it has constant anti-diagonals. For each integer s we define
Hg:=),F;s ;. So H, is a non-zero Hankel matrix in Mat,, ,(k), if 2 < s < m + n.
Moreover (Ha, ..., Hy1,) is a basis for the space H,y,wn (k) of all m x n Hankel matrices.
We use H,, (k) to refer to H,,«n (k). Notice that each square Hankel matrix is symmetric.

We call a Hankel matrix monic if its first non-zero row has first non-zero entry 1, and
we use MH,,,«n (k) to denote the set of all monic m x n Hankel matrices. Now label the
anti-diagonal containing (7,7) by ¢ + j. Then we use DH(,,41)xr (k) to denote the set of
monic (n + 1) x n Hankel matrices which are constant on the anti-diagonals labeled by
2i — 1 and 2i, for all i = 2,...n. Note that both M3, x» (k) and DH,,11)x, (k) contain
the zero matrix.

We write I, for the nxn Hankel matrix H, n+1, simplified to I if n is understood. We call
I the exchange matrix. So I has 1’s on its main anti-diagonal. Note that I2 = I and that
H, is non-singular if and only if H, = 1. Also fnTS = H,s.So :fn Tnxm (k) = Hpxm (k).

For all m,n > 1, exchange-transpose is a map Mat,, xn (k) = Mat, xm (k) defined by

AT =T, ATT,,, for all A € Maty,xn (k). (4)

This variant of the transpose turns the first (second etc.) column of A into the last
(second last etc.) row of AT but in reversed order.

3.2. Companion matrices

In this section we prove results which we need when dealing with the modules C,,(7)
and C,,(00). So let m be an irreducible polynomial over a perfect field k of characteristic 2
and set m := deg(w). Then 7 has distinct roots €y, ..., €n in a splitting field & over k.
Set K = k(eq).
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Fix n > 1 and let P € Maty,,(k) be the companion matrix of «™. So P =
To + > Nic1E; n, where 7 = >0 X;2*. Now P is a non-derogatory matrix, mean-
ing that its characteristic and minimal polynomials are equal (to 7™). In particular

ChMat o, (k) (P) = k[P] is isomorphic to % Next (k[n]) is a commutative ring with a

unique maximal ideal (7). Also % ~ K, and so &2l ~ fqt] Corresponding to this

(7™)

isomorphism, there is a unique expression (Jordan decomposition)
P =E+ N, where £ has minimal polynomial = and N is nilpotent.
The following lemma gives a more explicit version of this decomposition:
Lemma 3.3. Let f(z) € k[z] be the unique polynomial of degree < mn such that
fle)=¢ mod (x—¢)", i=1,...,m.

Then f(x) has coefficients in k. Set £ := f(P) and N :=P —E. Then & — € and N —t

extends to a k-algebra isomorphism Cypay,,, (k) (P) = g[t)]

Set C(P) = Cwmat,, (k) (P) and identify k(&) with K. Then each A € C(P) can be
written uniquely as A = 21 o N, where o € K for i = 0,...,n — 1. Set |A| =
min{i > 0 | o; # 0}, if A # 0, and |A| := n, otherwise. Then | - | is almost a Euclidean
valuation, as

|A| =0, if and only if A is a unit in k[P],
|AB| = |A| +|B|, if B € C(P) with AB # 0, and (5)
|A+ B| > min{|A|,|B|}, with > if and only if |A| = |B| and a4 = f)p|-
Now K is perfect as k is perfect. So an easy consequence of Lemma 3.3 is that the set

of squares in C(P) is {f(N?) | f € K[z],deg(f) <

form a k-subspace of C(P) of dimension m| %+ |.

(n —1)/2}. In particular the squares

Lemma 3.4. Let 0 < v < w < n such that w — v is even and let A € C(P) with |A| = v.
Then there are U,V € C(P) such that AU? = N+ NY+LV2, This expression is unique,
in the sense that AW? = NV +NYHL X2 with W, X € C(P), if and only if AW? = AU?.

Proof. Write A = NVP? + N?T1Q? with P,Q € K[N]. Then P is a unit, as |A| = v.
Set U = P~IN(w=)/2 Then AU? = N* + N*t1V2, where V = P~1Q.

Now suppose that AW? = N% 4+ N@t1X2 for some W,X € C(P). Then
AU? + W2) = NwTH (V2 + X?). Tt follows that A(U? + W?2) = 0, as otherwise we
get the impossible integer equality v +2|JU + W|=w+ 1+ 2|V + X|. O

As a particular case, A is a unit in C(P) if and only if there are U,V € C(P) such
that AU% =1+ N'V2. In this case U is a unit and A'V? is uniquely determined.
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Next, it is well-known that given an n X n matrix M over any field F, there is a
non-singular symmetric matrix S in Typas,, (7)(M). For example, if J,(X) = AL, + Ty is
an n x n Jordan block matrix, for A € F, then I,J,(A) = J,(\)T1,. Moreover, it is
a theorem of O. Taussky and H. Zassenhaus [5] that all matrices in Tyjat, (7)(M) are
symmetric if and only if M is non-derogatory. In particular all matrices in Thpas,,,, (k) (P)
are symmetric.

We can describe the symplectic forms on C,,(7) and C,,(7)? in terms of an arbitrary
non-singular matrix 7 € Typat,,,, k) (P). However, in order to determine the existence of
corresponding G-invariant quadratic forms (in Theorems 7.7 and 7.10) we must choose
T carefully, as we now explain. This requires some Jordan form and Galois theory.

Let J € Matmn(ff) be a Jordan normal form matrix of P. So without loss of gener-
ality J = diag(Jn(€1), ..., Jn(em)), where J,,(€) := el,, + Ty, for all € € k. Notice that
diag(fn, . ,Tn) is an invertible symmetric matrix in Typat,,, (&) (J)-

Lemma 3.5. There exists V € GLyy (k) such that P = V=TV and VT diag(I,,,..., 1)V
has entries in k.

Proof. As P has Jordan form 7, there exists V € GLmn(lAc) such that P = V-17V. Let
V@) € Matynnxi(k) be the j-th column of V. As P = T_; + Yo Ni—1E; ,, we have
Vit = v.pU) = 7.V and thus VW) = 77-1. V) for j = 2,...mn. In particular
V is uniquely determined by V).

Let s € {1,...,m} and set pus := Vi, 1. Note that for j = 1,...mn, the (sn)-th row
of J7 has a single non-zero entry ¢/ in the (sn)-th position. As V) = 77-1. V1) the
(sn)-th row of V is ps(1,€s,...,em"~1). Since V is non-singular, we deduce that p # 0.

Form the n x n upper-triangular Toeplitz matrix X, := Z?Zl Vent1-i,1715, for s =
1,...,m. Then X is non-singular, as it has diagonal entries ps. Moreover it is clear that
diag(Xl_l, . ,anl)V(l) is an mn-tuple with entry 1 at each position n,2n, ..., mn, and
zeros elsewhere. Now X € CMat”(;;)(Jn(%))- So replacing V by diag(X;',..., X )V,
we may assume that V) =37 E_, ; in Mat 1 (k).

~

Next there are V{; ;) € Mat,, (k) such that

Vay Vaz -+ Vam
yo | ey Vea oo Vem
‘/(m,l) ‘/(m,Q) e ‘/(m,m)
Alsoset Viyy = (Viy Vi - Viim)) € Matnxmn(l%), and let V((ZJ)) denote the j-th
column of V(;y. Then for ¢ = 1,...,m and j = 2,...mn we have

‘/(EJ)) = J(e)i L. V(S) =Ju(e)7 ' By (6)
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Now write Gal(k/k) = {o1,...,0m} where o;(e;) = €, for i = 1,...,m. Acting on
matrices entry-wise, o; extends to a map Mat, xmn (k(€1)) = Mat,xmn (k(€;)). Then (6)
implies that V(; j) = o;V(1 5), fori,j =1,...,m

Now write VT diag(Iy, .. ., I,)V in Mat,,(Mat, (k)); the (i,)-th block is

Ms

(onVE0) Tn (o0Vin ) = (Zw)vmf Vi)

D Vi IaVies) =
k=1 k=1

k=1
As this is Gal(k/k)-invariant, we conclude that VT diag(Iy, . .., I,)V has entries in k. O
For the rest of the paper we take V' to be as in the statement of Lemma 3.5 and define
T =V diag(I,,...,1,)V. (7)
So T is an invertible symmetric matrix in Typat,,, k) (P)-
Corollary 3.6. Thpay,,, (k) (P) = Tk[P] = VT diag(L,, ..., I,)k[T]V .

Let g € k[z] be as in the statement of Lemma 3.3. Then for i = 1,...,m, we have
q(Jn(€)) = €1, and Ty = J,,(€;) — €;1,. As P = V1 JV it follows that

E =V diag(e1In, 21y ... emI,)V, and N =V 'diag(Ty, Ts...,T2)V.
Notice that as each matrix in T(P) is symmetric we have
XTTX = (TX)"X =TX? forall X € C(P).

So T is determined up to multiplication by the square of a unit in C(P). Our next lemma
depends crucially on our choice of T.

Corollary 3.7. The alternating matrices in Tyas,,, (1) (P) are

{TC?*| C €k[P]} ifn is even,
{TNC? | C € k[P]} ifn is odd.

Proof. By Lemma 3.2 and Corollary 3.6 the alternating matrices in T(P) correspond
to the alternating matrices in diag(Ly, .. ., I, )k[J] = diag(Ink[Jn(€1)], - - -, Ink[Jn(€m)]).
Next note that k[.J,,(€;)] is the space T, (k(e;)) of nxn upper-triangular Toeplitz matrices
with entries in k(e;). Let B = Z?:_Ol wiTiyq, with po,..., ptn—1 € k(e;). Then I,B =
Sy HiH g1 N

Suppose first that n is even. Then the diagonal of I,, Bis (0, ...,0, i1, 43, - -, hn—1)- SO
I, B is alternating if and only if gy = 3 = -+ = 1 = 0. Also T119; = (T4)?, for i >0
and k(e;) is a perfect field. So I, B is alternating if and only if B = (Y177 /fiz; T4)?
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a square in k[J,(€;)]. Then Corollary 3.6 implies that the alternating matrices in T(P)
are {TC? | C € k[P]}.

Next suppose that n is odd. Then the diagonal of I,B is (0,...,0, po, (12, -+ s fh—1)-
So an is alternating if and only if pg = po = --- = pp—1 = 0. It follows that an is
alternating if and only if B = T2(Zl(lgl)/2 V12 T3)?. Then Corollary 3.6 implies that
the alternating matrices in T(P) are {TNC? | C € k[P]}. O

4. Indecomposable symplectic modules for the Klein-Four group
The Klein-Four group is

G= {91592793794}7

where ¢, is the identity and gs, g3, 94 = g2g3 are involutions. Let k be a perfect field of
characteristic 2. The indecomposable kG-modules are described in [1], where they are
enumerated using the notation:

D, A,, By, Cy(m) and Cp(00).

Here n > 1 and 7 is an irreducible polynomial over k. As mentioned in the introduction,
we use kg to denote the trivial module Ag = By and kG to denote the regular module D.

Recall that an indecomposable symplectic kG-module is even-dimensional and either
indecomposable as a kG-module or isomorphic to N* @& N, for some indecomposable
kG-module N. The modules A,, and B,, are odd-dimensional and dual to each other,
and Cp(m) and Cy,(00) are self-dual. So the kG-modules that are candidates for inde-
composable symplectic modules are:

(kG)?, kG, (kG)?, Ap @ By, Cn(m), Cu(m)?, Cn(o0), Cn(o0).

We discussed (kg)? in the introduction. We deal with the remaining families in turn in
the rest of the paper. For a module M in each family we compute the endomorphism
ring Endg (M) and describe all G-invariant symplectic forms on M. We then give a
set of representatives Isom(M) for the isometry classes of symplectic forms. Finally, we
determine which symplectic forms have an associated G-invariant quadratic form, and
for each such symplectic form B we give a set of representatives QIsom(M, B) for the
isometry classes of G-invariant quadratic forms on M which polarize to B.

5. The regular module
Temporarily let G be an arbitrary finite group and see [3] for further details. We

express © € kG as x = ) . x(g)g, where z(g) € k, for all g € G. If X C G, then
by X+ we mean Y wex T € kG. The augmentation map is a k-algebra homomorphism
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kG =k, |z| = z(g), for all z € kG. Its kernel is called the augmentation ideal
9geG
of kG.

Let B be the non-degenerate G-invariant symmetric bilinear form on kG such that

11@7 ifg:h
B(g, h) = for all g, h € G.
(g,h) {% itgn oAl e (8)

It is well-known that Endge(kG) can be identified with £G°P. Here x € kG°P acts by
right-multiplication on kG: y — yx, for all y € kG. The adjoint of B is the contragredient
map ° on kG given by ¢g° = g1, for all g € G. For each = € kG, set B, (y, z) := B(y, zx),
for all y, z € kG. Then {B, | x € kG} is the set of all G-invariant bilinear forms on kG.
Note that B,(g,h) = z(h~1g), for all g,h € G. So the G-invariant symplectic forms are

{B, | ¥ a unit in kG, z(g1) = 01, and z(g) = z(g~!), for all g € G},

with g; the identity in G. In the notation of Section 2.1 we have the G-invariant quadratic
form AB(x) = |z|?, for all x € kG. Note that AB polarizes to 0. More generally fix a
total order g1 < go < --- < g, on G. Let B, be a symplectic form on kG, for x € kG,
and let x € k. Define ¢, , := XAB + AVB,. Then

axa(y) = xlyI* + VBa(y,y), forall y € kG.

So ¢y, is a G-invariant quadratic form which polarizes to B;. Conversely let ¢ be a
G-invariant quadratic form on kG which polarizes to B,. Write ¢(g1) = u, for some
i € k. Then by G-invariance ¢(g) = p, for all ¢ € G. It then follows from (1) that
q9=dquz-

We now return to our assumption that G is the Klein-Four group. So kG is a com-
mutative ring, © is the identity map, and 2% = |z|?gy, for all x € kG. In particular x is
a unit in kG if and only if |z| # O.

Theorem 5.1. Isom(kG) = {B, | z € kG, x(g1) = O, |z| = 1x}.

So if k =T, then |Isom(kG)| = ¢*.

The G-invariant quadratic forms which polarize to By are {qy | x € k}. Each ¢y 4
is isometric to qo» = AV B,.

Proof. By the discussion above, {B, | « € kG, |z| # Ok, 2(g1) = O} are the G-invariant
symplectic forms on kG. Fix a symplectic form B, and let u be a unit in kG. Then

uzu® = u?

x = |ul?z. Now as k is perfect we can choose u such that |u|> = |z|~!. Then
|u*z| = 1j. So B, is isometric to By, for a unique y € kG such that y(g1) = 05 and
ly| = 1j. This completes our description of Isom(kG).

Next let gy, be a G-invariant quadratic form on kG, for x € k. Let u € kG with

|u| # 0p. Then gy .(u—) is a G-invariant quadratic form which polarizes to Bj,2,. So
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{gx,z(u=) | u € kG, |u| = 1} give all non-degenerate G-invariant quadratic forms on kG
which polarize to B, and which are isometric to gy . Now if |u| = 1, we get

Oy,o(U—) = qu,», where = qy . (u).
Choose u = (1 +7)g1 + (g2 + g3 + g4), with 7 = |z|~*x. Then |u| = 1 and so by (1),
p= xlul® + (2(g2) + 2(g3) + 2(94)) (1 + 7)r +1%) = 0.
Thus we conclude that g, , is isometric to qp .. O
5.1. Two copies of the regular module

We next consider (kG)?, which we identify with {(2) |,y € kG}. Recall the form B
on kG, given by (8), with trivial adjoint. The G-invariant bilinear forms on (kG)? can
be written as (¢ ), with a,b,c,d € kG, where

(@ 5 ((21), (22)) := Balz1,22) + By(21,92) + Be(y1, 22) + Ba(y1, y2),

for all (31),(32) € (kG)?. Now {By | z € sp(g2 + g4, 93 + g4)} is the space of degenerate
G-invariant alternating forms on kG. Moreover the Jacobson radical of Endg(kG) = kG
is the augmentation ideal of kG. So Endg(kG) = k. Now by Lemma 2.2, the indecom-
posable symplectic forms on (kG)? are {(‘g 5 1 a,b,d € kG, [b| # Ox,a,d € sp(g2 + g4,

g3 +94)}.
We denote the ‘projective line’ in the plane sp(gs + g4, 93 + g4) by

P! = {g3+ g4} U{(g2 + 9a) + Mgs + g4) | X € k}.
z e P!
Theorem 5.2. Isom((kG)?) = 0 ¢ N A I E + 94 9 | .
g1 0 g1 0 gv g3 +94) )" e >
So |Isom((kG)?)| =2q+ 1, if k =TF,.

Proof. We fix an indecomposable G-invariant symplectic form (3 ) on (kG)2. So b is
a unit in kG and a,d € sp(g2 + 91,93 + g4). Let (; ) be a unit in Endg ((kG)?), with
non-zero ‘determinant’ y := ru + st. Then

r s\ (a b T s\ _ r?a +t%d xb + rsa + tud
t wu b d)\t u)]  \xb+rsa+tud s*atu’d |-
So the isometry class of (¢ [) is

{( Ir2a + [t|?d  xb+ rsa+ tud

xb+rsa+tud  |s]?a+ |ul*d ) | T’S’t’UEkG’ru+5t7éo}' (9)
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Take r = gi,s =t =0 and u = b~' in (9). Then (3 Y) is isometric to (o 2), with
u = |b|=2. There are three cases which we analyze in turn.

Case (i): Suppose that a = d = 0. Then ((kG)?, (9 b)) is isometric to the paired
module. In particular all these forms are isometric to (2 4 ).

Case (ii): Next suppose that a and d are linearly dependent but not both 0. Taking
r=u=0and s=1t=g in (9) we see that (§ }) is isometric to ({ ). So we can and
do assume that a # 0 and d = €2a, for some € € k.

Now there is § € k such that §%a = g3 + g4 or 6%a = (g2 + g4) + A(gs + g4), for some
A € k. Choose r = dg1,5 = €g1,t = 0,u = g1 in (9), we see that (¢ ) is isometric
to (gt oA %) or ((92+ g+ 2ga+ga) b dea) These forms are in turn isometric to
(92494 ) or (l2F90)FMas+90) g1), respectively. Moreover, it is clear from (9) that
these forms are pairwise non-isometric.

Case (iii): Finally suppose that a and d are linearly independent. Then there are
a, B,7,6 € k, with ay + 82 # 04, such that

Pa+y*d=go+g1 and BPa+6°d=gs+ ga

Taking r = ag1,s = Bg1,t = vg1,u = gy in (9), and with xy = ay+ 32, we see that (‘b‘ Z)

i 1 i g2 + g4 xb + aBa + véd i ig i 1 1 g2 + g4
is isometric to (xb 280 s e ) This is in turn isometric to ( .

with 2 = |xb+ aBa + vdd| = x|b|. In particular u # 0.
Now suppose that (92;—194 u(gsgjr 94) u’(gsglJr 94)) with 'u/ S

via an isometry (7 3). As by assumption |r[*|u|® # |s|?[t|* in k, the equalities

u(gsgjr 94))

) is isometric to (92;194

72(g2 + g4) + [t1?u(gs + g4) = (g2 + ga)
5% (g2 + g4) + [ul*pu(gs + ga)= 1/ (g3 + 94)

imply that |r| = 1, |u|?u = ¢/ and |s| = |t| = 0x. But also
(ru+ st)gr + tu(ga + ga) + rsp(gs + g4) = g1
So |rl|lu| = 1j. As |r| = 15 we get |u| = 1. We conclude that ¢/ = p. O

In order to describe the G-invariant quadratic forms, fix a symplectic form (g 5).

b
Then for all «,d € k, there is a G-invariant quadratic form which polarizes to (3 5):
q(g)(z Z)(g) = Ga,o(x) + Bp(z,y) + ¢54(y), forall z,y € kG.

So Ua)(s 8 = A(egr 50 ) +AV(g L), in the notation of Section 2.1.

591

a b
b d
%). Each of these is isometric to q(g)’(,g b

Theorem 5.3. {q( ) | a,8 € k} are the G-invariant quadratic forms on (kG)?

)
; )= AV(5 4.

5
which polarize to (
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Proof. Let ¢ be a G-invariant quadratic form on kG which polarizes to (¢ [), and set
a = ¢(%) and ¢ := ¢(, ). The G-invariance of ¢ implies that q(g) = aand ¢(y) =9,
for all g € G. Now the diagonal of the upper-triangular form of (‘Z Z) is the G-invariant
quadratic form

AV(¢ 5)(3) = qo.a(z) + By(w,y) +qo.a(y), forall 2,y € kG.

It then follows from (1) that ¢ = 95,3 b)

To describe the isometry classes of quadratic forms, let (7 3) be a unit in

u

Endg((kG)?). Then 9U2)(3 ) ((+ 5)—) is a G-invariant quadratic form on (kG)? which

|7|%a + |t|%d xb + rsa + tud
xb + rsa + tud |s|?a 4 |u|?d
r=u=g and s = uG*, t = vGT, for p,v € k. This fixes (¢ ), as x = 1y,
sa = pla|GT =0 and td = u|d|GT = 0. Now

polarizes to ( ), according to (9). Now consider the unit with

AV(E 9 (2 7)) = doaler) + Bulgr, vGF) + qo.a(vG*) = v

g1

g1

Likewise AV(g 1) (( 9, MG*)( )) = p|b|. Taking v = a|b|~! and pu = 6]b| 7, we see
b
that 9(3),(2 3) is isometric to AV(¢ §). O

6. The modules A,, d B,

We follow the description of A, and B, given in [1]. First note that dimg(4,) =
dimg (B,) = 2n+1 is odd. So neither A, nor B,, afford a G-invariant symplectic form. Set
ng := g1+g2 and n3 := g1 +gs3 in kG. Then ny and n3 act on a basis (a1, ..., an,bo, ..., by)
of A,, as follows:

naa; = nga; =0, foralli=1,...,n

ngbo = ngbn = O7 ’I’Lzbj = n3bj_1 = Gy, for aH] = 1, -

So with respect to the basis

0 T 0 T
ng(o 02> andng(o 01).

Here Ty and Ty are n x (n + 1) Toeplitz matrices with 1’s on the superdiagonal and

diagonal, respectively. Likewise ny and ng act on a basis (ag, ..., an,b1,...,b,) of B, as
follows:
nea; = nza; = 0, foralli=0,...,n
n2b1 = ap, ngbn = Qp, ’I’Lgbj+1 :n3bj = ay, for aH] = 1,...,n—1.

So with respect to the basis
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0 T 0 T
ng(o 01> andn3<0 00),

where T} and Ty are (n + 1) x n Toeplitz matrices with 1’s on the diagonal and subdi-
agonal, respectively.

Lemma 6.1. A} = B, for alln > 0.

Proof. By inspection if no maps b; to a; in A,, then ny maps b,—j41 to ap—; in B,,. The
same is true of ng. It follows that the map b, ;11 — aiT, fori=1,...,n,and ap_; — b;ﬂ
for j =0,...,n, extends to a kG-isomorphism B,, = A’ . Equivalently

T T
= 0 T = 0 T = 0 1T = 0 T
I2n+1 (0 02> IZnJrl = <O 01) and 12n+1 <0 01> IZnJrl = <0 00) . O

We represent the elements of A, ® B;, by column vectors ({), witha € A, and b € By,
and we use the following ordered basis of A, & B,:

B = {(“ol),...,(“61)7((90)7...7(;31),(%])’___,(béb)’(zg),m’(bg)}.

So the action of kG on A,, @ B,, is defined by the following matrices, with respect to B:

0 T 0 Ippy1+ En
n2—<0 02) and n3—<0 2+10 +1>. (10)

Here T3 is the (2n + 1) x (2n + 1) Toeplitz matrix with 1’s on the superdiagonal and
Iopi1 + Epqq = diag(1™,0,1™). In fact in the following we describe all endomorphisms
and forms on A,, & B,, with respect to the basis B. -

Now recall that T,,«,, (k) is the space of m xn Toeplitz matrices and that M7 = IMTT
is the exchange-transpose operation, as defined in (4).

X * *

al,
Lemma 6.2. Enda(AneaBn>:{( P AT lXear}ffnfb(k)}'

BI,

Proof. Let A, B,C, D € Maty,1(k). Then (4 ) € Endg(A, ® B,) if and only if

(i) A-Ty=T,-D

(i) C-Th=0=T,-C

(iii) A+ A-Epyy =D+ Enyy-D
(iv) C+C-Epy1=0=C+Epi1-C

First note that (ii) and (iv) hold if and only if C' = 0. Next (i) holds precisely if for all
k#2n+1and [ # 1 we have
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Api—1 = Diy1y and Agpy1p = 0= Dy 1. (11)

Finally (iii) holds if and only if for all k,I # n + 1 we have

Api=Dpgand Api1;=0= Dy py1. (12)
Hence the matrices described in the statement indeed belong to Endg (A4, ® B,).
Now suppose that C = 0 and (11) and (12) are satisfied. Then A = (Xl as X2> and
X3 a3 X4

X1 - Xa
D = (dl dy ds ), by (12). Here each X; is an n x n matrix, as,ds € k, and a1, a3 and
Xz - X4

dy,ds are columns and rows of length n, respectively. Let k,1 € {1,...,2n + 1}. Then
Ak = Dgy1441, unless k = 2n+ 1 or | = 2n + 1, by (11). Also Ag; = Dy, unless
k=n+1lorl=n+1,by (12). In particular Ay; = Ag+1,41, unless k,1 € {n,2n + 1}
and Dy = Dyi1 141, unless k,1 € {n+ 1,2n + 1}. Therefore the following matrices are
Toeplitz-matrices

(G @) (%) (%) (& %)

Above we have seen that the first column of D is zero except possibly for the first entry,
which we call a. Also the last row of A is zero except possibly for the last entry, which
we call 8. Thus it follows that X; = al, dy = 0, d2 = a, X3 =0, a2 = 3, a3 = 0,
X4 = BI and d3 = a . Finally consider the n x (n+ 1) matrix X := (a1 X3 ). Then X
is a Toeplitz matrix and X”© = (%2)- This completes the proof. O

Next recall that 3, «, (k) is the space of m x n Hankel matrices.

Lemma 6.3. The G-invariant alternating forms on A, & B, are

( 0 B) 1B ( 0 a'fn> a €k, H € Hnpryxn(k)

BT D B al,y1 H ) De Mato,+1(k) alternating

Proof. The proof of Lemma 6.1 can be interpreted as showing that EnJrg is the Gram
matrix, with respect to B, of a G-invariant symplectic form on A, @ B,, (this is equivalent
to the identities go7 - Iini2 - g2 = Linto and g37 - Iinys - g5 = Lins2). It follows from
this that {Ij,42- A | A € Endg(A, @ B,)} is the set of all G-invariant bilinear forms on
A, @ B,,. Now in the statement of Lemma 6.2, X is an n x (n + 1) Toeplitz matrix. Set

H =1,X. Then HT = XI, = ~n+1Xf. Moreover H is an (n 4 1) x n Hankel matrix.
The Lemma follows from these facts. O

Recall that M, x (k) is the set of monic m x n Hankel matrices. We can now prove
the main theorem of this section.

Theorem 6.4. Isom(A,®B,) = {(BOT g) | B = (.70 Z_) ,H € MJ—C(TLH)Xﬂ(/ﬂ)},
n+1
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Proof. By Lemma 6.3 each indecomposable symplectic form on A, @ B,, has a matrix
(AOT g) where A, D € Mat (g,11)(k), with D alternating and A = (}JSH *g) for some
p e k> and H' € H(,41)xn(k). By Lemma 6.2 each unit in Endg (A, ® B,,) has the form
(" Af2), where My = (°f» 5~ ), My = (alﬁw ?Ii), for a, 8 € k* and X € Tpnt1(k),
and My € Mata,41(k). Then

(M1 MQ)T 0 A (M1 M2>_ 0 M AM,
0 My AT D 0 My)  \MTFATM, MIAM, + M AT M, + MT DM,
(13)

As D is symmetric and hollow there is some Z € Matg,, .1 (k) such that D = Z + Z7T.
Applying (13) with My = My = I, 11 and My = A~7Z, we see that (AUT é) is isometric

to (AOT g‘). So from now on we assume that D = 0.

A . . . 0 B .
0) is isometric to (BT 0) if

and only if B = M{ AM,, where M; and M, are of the form given above. Now

MTAM, = o _abuln _ 0 abply ,
afplnpr Bu(X L, + Ly XT) + B2 H' afplyy  BPH

as fn+1XT = XTT,. Next there is B € k* such that H := 82H’ lies in MH (1) xn (k).
Moreover note that 3 is unique if H' # 0. Now set o := (Bpu)~! € k*. Then M{ AMy =
( 0 %) Finally H is clearly determined by the isometry class of ( o A). m|

I AT D

Now the previous paragraph and (13) show that ( A

Corollary 6.5. If k=T, then |Isom(A4, ¢ B,)| =1+ qzn__ll.

We use our next lemma to describe the isometry classes of G-invariant quadratic forms
on A, @ B, and reuse it for the modules C, () and C, (7)?. Recall that F; is a square
matrix with (4, j)-th entry 0;,6;, and P(k) is a set of representatives for the distinct
cosets of the additive subgroup {\*> + A | A € k} in (k,+). Also we write A < B for
square matrices A, B if A 4+ B is alternating.

Lemma 6.6. Let M be a kG-module of dimension 2n such that with respect to a given

basis B we have I X) € Endg(M), for all X € Mat, (k). Also let A <61 B) be

0 I, D

a G-invariant quadratic form on M, where B € GL, (k) and A, D € Diag,, (k).

(i) If A=0, then A (8 g) is isometric to A (8 g)

(ii) If A0, there existst € {1,...,n} such that (B~*AB~T);, # 0. Then A <A B)

0 D
is isometric to A for a uni € (B~'AB™ "), }P(k
0 7E, que T € ( tt (k).
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Proof. We note that A(¢ 7) polarizes to the G-invariant symplectic form o ‘g). Let
X € Mat,, (k). Then by assumption (4 ) is a unit in Endg (M) and

I, X\ (A B\ (I, x\_ [ A AX +B
0 In 0 DJ\0 I,)T\XTA XTAX+XTB+D)"

First suppose that A = 0. Choose X = B~"D. Then X"AX + X"B+D =0.So (4 B)
and (§ #) are isometric. In particular part (i) holds.

Next suppose that A # 0 and set A := B 'AB~T. Then A is not hollow, by
Lemma 3.2. Let t € {1,...,n} be such that 7 := gt,t is not zero.

We construct a symmetric matrix L € Mat,, (k) such that LAL + L+ 7E; = D, for
some 7 € n~'P(k). First set L; ; = 0, for all 4,5 € {1,...,n}\{t}. Then by Lemma 3.2
we have

nL? if i #t.

t, i’

LAL+ L+7E)ii =4 & ~
( T LA B ZAj7jL§,t+Lt,t+Ta if i =t.

Jj=1

As k is perfect, we can choose L;; = L;; € k such that anJ = D;;, for i # t. We
complete the construction of L by making the unique choice of L;;,7 € k such that
T € P(k) and

ST AL+ 0 (nLee)? +nLee +70) = Dy
=1
Tt

Now set X = B-TL. Then XTAX + XTB+D = LAL+ L+ D = T7E;. Consequently
A(g B) is isometric to A(§ 2 ).

To show that 7 € n~1P(k) is unique, we compute the Arf invariant of our quadratic
form Q := A(§ 5,). Let S = ( 9 ?) be the polarization of Q. Now

BT

B™* 0\(A B BT o0\ _ (A 1I,
0 In 0 TEt O In B O TEt
is the matrix of @) with respect to a symplectic basis (u1, ..., Un,v1,...,v,) of M relative
to S. This means that S(u;, u;) = S(v;,v;) =0 and S(u;,v;) = d;5, for all 4, j. Then the
Arf invariant of Q is Y., Q(u;)Q(v;) = Aye7 = 71 (see [4, Theorem 13.13]). It follows
that if 7/ € n~'P(k) and 7/ # 7 then A(3 A ) is not isometric to A(4 % ). O
Recall that DH,,11xn (k) is the set of monic (n + 1) x n Hankel matrices in sp(Ha,
(H3+ Hy),(Hs + Hg), ..., (Hop—1 + Hon), Hopy1)-
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Theorem 6.7. Given o € k* and H € Hp11)xn(k), there is a G-invariant quadratic

orm on A, ©® B,, which polarizes to T wit = ~ if and only

f An ® By, which polari sr o) with B Ioaé"'fdl
Qlp41

if He€ Dj_C(’rLJrl)X'n(k)

Suppose that H = iy Ho+ > o pi(Hoi—1 + Ho;) + pns1 Hapr 1, with g, ..., pns1 € k.

(i) Set D = diag(0™, 1, .., tnt1) € Matoni1(k). Then the G-invariant quadratic

forms which polarize to (BOT g) are {A (g g) | E € Diagy,,,(k)}.

(ii) If H =0 then A (8 f}) is isometric to A (8 g)

If H #0, there exists t € {1,...,n+ 1} such that piny2-+ # 0. Then

Qlsom(A, & By, (BOT §>) ={A <ZO) T%t) |7 e N;-sl-z—tfp(k)}-

Proof. By (2) the quadratic forms which polarize to (BOT ‘g) are AQ, where Q = (B £),

with D, E € Diagy,,, (k). According to (3), AQ is G-invariant if and only if Q — ¢" Qg

is alternating, for all g € G. Write D = diag(ds, ..., d2n+1) where dy, ... ,dopt1 € k.
We described the action of ng = g1 + g2 on A, @ B,, in (10). So

I 0 D B\ (I T
T . 2n+1 . . 2n+1 2
don= (' 40)- (0 2)- (% ul)
B 0 DTy 0 0
_Q+<T2TD 0 )*(o T2TDT2—|—T2TB)'

Now T¥' B = BTy, and thus T DTy + T B is symmetric. It follows that Q — g2 Qg is
alternating if and only if 74 DT + T B is hollow. Now 7§ = Ty and

0 ifi=1
(To-D-To+1Ty- B)y = ‘
di—l +Bi—1,i; ifi e {2,,2n+1}

So @ — g2’ Qgo is alternating if and only if d; = B; ;41, for all i = 1,...,2n.

Similarly @ — g2 Qgs is alternating if and only if (Izp11 + Ent1)D(I2nt1 + Ent1) +
(Isp+1 + Eny1)B is hollow, or equivalently if and only if d; = B;;, for all i € {1,...,
2n 4+ 1\{n +1}.

Write H = p1Ho + > i o (i Hoi—1 4 piHoi) + pin1Hopny1, with p;, pi; € k. Then the
superdiagonal and diagonal of B are
€ kil

(07, s iz, - -y i) € k2™ and (07, o, iy, il -+ oy s fint1) respectively.

So by the work above, AQ is G-invariant if and only if u; = p;, for i = 2,...,n and
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D = diag(0", pu1, - - s fins fint1)-

Thus H = py Hy + 3 pri(H2i—1 4 Hai) + ptn 11 Hap g1 belongs to DH 41y« p (k). More-
over, when H € DH(,,11)xn (k) then D is as described in the statement of (i).

We now prove (ii). Let (§ £) with E € Diag,,, ;(k) and D as in part (i). Note that
all assumptions of Lemma 6.6 are satisfied.

If H=0then D =0and A(] 7) is isometric to A(§ £), by Lemma 6.6(i).

If H # 0 then D # 0. Then by direct calculation B~'DB~T = fgn+1DT2n+1 =
diag(fnt1, fns - - - 5 f11,0™). Choose t € {1,...,n+1} with (B"*DB~T),; = piy42-¢ # 0.
Then it follows from Lemma 6.6(ii) that there is a unique 7 € p, 1, ,P(k) such that
A(§ ) is isometric to A({ % ). This completes the proof. O

7. The modules C,,(7) and C,,(7)?2

7.1. The modules Cp ()

Let m € k[x] be a monic irreducible k-polynomial of degree m and let n > 1. Recall
the results of Section 3.2 on the companion matrix P € Mat,,, (k) of ™. In particular
the Jordan decomposition of P is

P=E+N,

where £ has minimal polynomial 7w and N is nilpotent, of nilpotency index n. Also
K = k[€] is a field extension of k of degree m and C(P) = k[P] coincides with the set of
K-polynomials in A/ of degree less than n. Finally T(P) = Tk[P], where T € GLy, (k)
is as defined in (7). In particular 7 € T(P).

As before, set no = g1 + go and nz = g1 + g3 in kG. Write " = Z:i% Xix®, with
A; € k. Following Conlon [1], Cy(7) is the 2mn-dimensional kG-module with a basis
B :=(ag,...,@mn-1,b1,-..,bmn) with respect to which the kG-action is given by:

noaj =mnza; =0, 7=0,...,mn—1,
’I’Lgbj =aj5-1, jZ 1,...,mn,

mn—1

nsbj =a;, j=1,....mn—1, and nsbpy, = Z ;.
i=1
So the matrices of ny and ng with respect to B are

n2—<8 ITg”), ng—(g 75) (14)

Lemma 7.1. Endg(Ch () = {(‘3 ﬁ) | AcC(P),Be Matmn(k)}.
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Proof. Let A, B,C, D € Mat,,, (k). Then (& B) € Endg(Cy(n)) if and only if A = D,
C=0and AP=PA. O

Lemma 7.2. (,(7)- Z;) is a symplectic form on Cy(w). In particular C,(w)* = C, ().

Proof. Set B = (9 7). Then g2TBgs = B and g3” Bgs = B. So B is a non-degenerate
G-invariant bilinear form on Cy, (7). O

Corollary 7.3. Endg(Cy (7)) = K and the adjoint of (9- Z;) acts as the identity on

Endg(Cp(m)).
Proof. Let ({ %) € Endg(Cn(m)), with A € C(P),B € Matyn(k). We may write
A = a(N), where a(z) € K[z]. Then (¢ 5) ~ a(0x) is a k-algebra epimorphism onto K,

with kernel J(Endg(Cy,(7))). It follows that Endg(Cp (7)) & K.
Next let © be the adjoint of (9 7) on Endg(Cyp(7)). Then

(387 = (0 W) B D=0 )
But ATT = TA. So T-'ATT = A. Hence ° acts as the identity on Endg(C,(7)). O
0 B

B D
on Cp(m). A form is symplectic if and only if B is invertible and D is alternating.

Lemma 7.4. { ( ) | Be T(P),D € Matmn(k)} are the G-invariant bilinear forms

Proof. Let A € C(P) and X € Mat,,, (k). Then (& 7)(4 X) = (% 7T4£). The result
now follows from Lemmas 7.1 and 7.2. O

0 T(nn + N f? fe KN
Theorem 7.5. Isom(C, (7)) = {(T(Imn NP ( 0 )> | deg(f) < 52 }

Proof. Let B € T(P) be invertible and let D € Mat,,, (k) be alternating. So (& 5) is
an indecomposable symplectic form on C, (7). Let X be a unit in C(P) and let ¥ €
Maty, (k). Then (¥ X)is a unit in Endg(C, (7)) and

x v\ /0o B\(Xx Y\ _ [ o0 XTBX 1s)
o x) \B p)lo x)T\X"BX Y"BX+XTBY +XTDX )"

Note that as D is alternating, there is some Z € Mat,,, (k) so that D = Z + Z7.
Choosing X = I,y and Y = B™'Z we see that (& 5)isisometric to (§ &). Furthermore
(& &) is isometric to some (& §) if and only if C = X" BX, for some unit X € C(P).
But XTBX = BX?2. Now by Lemma 3.4 there are X,Y € C(P) such that T 'BX? =
Inn+NY?2. Moreover I,,,, + N'Y? is uniquely determined. Clearly we may choose Y = f,
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where f € K[N] is a unique K-polynomial in A of degree at most (n — 2)/2. This
completes the proof. O

Corollary 7.6. If k = F, then |Isom(C,(7))| = ¢ ].
Recall that P(k) is a set of representatives for the cosets of {\?> + X | A € k} in (k, +).

Theorem 7.7. For a unit B € T(P), there is a G-invariant quadratic form on Cy(r)
which polarizes to (g lg) if and only if one of the following holds:

(i) m € {z,x+1}, n is odd and (g E) 1s isometric to (T(Im7?+N) T(Imn0+ N)) '
2
(ii) 7 ¢ {x,x+1}, n is even and <g g) is isometric to (T(P(—)l—PQ) T('P(—)FP ))

If (i) or (ii) holds, let D € Diag,,, (k) be the diagonal of B. Then the corresponding
G-invariant quadratic forms on Cy(m) are {A (lO) g) | E € Diag,,, (k)}. Moreover,

we can choose t € {1,...,mn} such that (B=%);4 # Ox. For any such t, A (lo) g) is

. . . D B . 1=
isometric to a unique A (0 TEt> with T € (B 1),5,,51‘.]3(14).

Proof. By (2) a quadratic form with polarizes to (§ £) is given by AQ, where Q =
(5 B) with D, E € Diag,,,, (k). By (3), AQ is G-invariant if and only if Q — ngng is
alternating, for j = 2,3. One checks quickly that

0 D 0 DP

Notice that D + B and PT DP + PT B are symmetric. Also PTDP +PTB = PT(D +
B)P + (PTBP + PTB). So if D + B is hollow, Lemma 3.2 implies that PTDP + PTB
is hollow if and only if P7BP + PT B is hollow. Moreover PT BP + PTB = B(P? + P).
We deduce that AQ is G-invariant if and only if D + B and B(P? + P) are hollow.

First note that D+ B is hollow if and only if D = diag(B1 1, - - -, Bmn,mn)- In particular
D is determined by B. Next write B = TU, where U is a unit in C(P).

For (i), suppose that m € {x,2+1}. Then P+P? = N+ N?2. If n is even, Corollary 3.7
implies that B(P? + P) is hollow if and only if U(N + N?) = C?, for some C € C(P).
This is impossible, as [U(N + N?)| = 1 but |C?| is even. Here | - | is the valuation
given by (5). If n is odd, then Corollary 3.7 implies that B(P? + P) is hollow if and
only if U(N + N?) = NC?, for some unit C € C(P). This means that U(I,, + N) =
C? + AN~ for some A € K. But K is perfect and n — 1 is even. So UX? = (I,,, + N),
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where X = (Inn +N)(C 4+ VIN®=D/2)=1 is unit in C(P). Now the isometry follows
from (15) with ¥ = 0.

For (ii), suppose that 7 ¢ {z,x + 1}. Then P+ P? = (£ + %) + N + N? is a unit in
KI[N], as £ # £2. If n is odd, Corollary 3.7 implies that B(P? + P) is hollow if and only
if U(P + P?) = NC?2, for some C € C(P). This is impossible, as |[U(P + P?)| = 0 and
INC?| > 0. If n is even. So Corollary 3.7 implies that B(P? 4 P) is hollow if and only if
U(P+P?) = C?, for some unit C € C(P). Thus UX? = P+P?, where X = (P+P?)C L.
Again the stated isometry follows from (15) with ¥ = 0.

Now suppose that (i) or (ii) hold and let A(§ £) be a G-invariant quadratic form on
Chp(m). We claim that B is not hollow. If n is odd this follows at once from Corollary 3.7,
as in that case T(P) contains no hollow units. If n is even then = ¢ {z, z+1} and we may
assume that 771B = (€ + £2) + N 4+ N2, As this is not a square in C(r), Corollary 3.7
again implies that B is not hollow. This proves our claim.

As B is not hollow, neither is B~! = B~'BB~T. Choose t € {1,...,mn} such that
B4+ # 0 and set v = (B7!);;. Now notice that B~1(D + B)B~7 is hollow. So
v = (B'DB™ ). It now follows from Lemma 6.6(ii) that A(} Z) is isometric to
A(B B, for a unique 7 € v P(k). O

t

7.2. The modules C,,(1)?

Recall the basis B := (ag, - .., @mn_1,b1,- -+, bmn) of Cp (7). Now C,,(7)? is the Carte-
sian product of C,,(7) with itself. We use the following ordered basis of Cy, ()

€:= ((au,0),(0,av), (bw, 0),(0,b)), 0<w,v<mn-—-1, 1<wz<mn
Lemma 7.1 can be used to show that, with respect to €

Ende(Cp(m)?) = {(’5‘ ﬁ) | A € Mata(C(P)), B € Matgmn(k)} .

In turn Lemmas 2.2 and 7.4 show that the G-invariant symplectic forms on C,,(m)? are

§17 EQ, §4 S T(P)

<() B>|D€Mat2mn(k) B (El ’352

B D = B, B4> , By nonsingular

alternating ~ o~
Bi, By singular

Theorem 7.8. Each indecomposable symplectic form on C,(r)? is isometric to evactly
0 BY .. pn_ (TN(I+NfE) Th
one form <B 0) wzthB—( T TA
Here 0 < v <w < n+1, w—v is odd and f1, f € K[N]. Also f; =0, if w =v+1, and
otherwise deg(f1) < “’_TH Moreover if w € {n,n + 1} then fo = Iy, and otherwise

deg(f2) < "=4=L and f»(0) # 0.
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Proof. Let (% 7) be a symplectic form on Cn(m)2. So D € Matam, (k) is alternating
and B = <§; gj) with By, Bs, By € T(P) such that By is invertible and By, By are not
invertible. We first show that the isometry class of (3 J) contains a form which has one
of the given types. We then show that this form is unique in its isometry class.

Let (¥ ¥) be a unit in Endg(Cp(7)?). So X is a unit in Maty(C(P)) and Y €

Matom,n (k). Also

X v\ [0 BY(X Y\ [ O XTBX
0 X B D)\0 X XT"BX YT'BX+XTBY +XTDX )’

Now as D is alternating, there is some Z € Matg,,,, (k) such that D = Z + ZT. Choosing
X = Ipyn and Y = B~1Z we see that (% g) is isometric to (3 g). Moreover (3 Jg) is
isometric to all (XT%X XT(f‘X) as X ranges over the units of Maty(C(P)).

We consider X7 BX in more detail. Write X = (R €), where P,Q, R, S € C(P), and
PS + QR is a unit in C(P). Now ATT = TA, for all A € C(P). Moreover C(P) is a
commutative ring. An easy calculation then gives

By — < ) BP? + §4R2 . Bs(PS + QR) + J§~1PQ + §4Rs> |

B>(PS + QR) + B1PQ + B4RS B1Q? + B,S?

So the isometry class of (§ 5) contains all (g, %') where B' = (g: %)’ and if we write

B; = TB; and B, = T B!, with B;, Bl € C(P), for i = 1,2,4, then

B} = B, P? + B4R?,
Bl = Ba(PS + QR) + B1 PQ + B4RS, (16)
B = B1Q? + B4S?,

for some P,Q, R, S € C(P) such that PS + QR is a unit in C(P).
We consider a number of cases. Set v = |By|, where | - | is the valuation given by (5).
Then 0 < v < n, as B; is not invertible in C(P).

Case 1: Suppose that By = By = 0. Setting P = B;',Q = R =0 and S = I,,,,,, (16)
gives B] = B} = 0 and Bj = I;n,. So (3 B) is isometric to <§, }3') with B’ = (2 7)),
and (Cn(TF)2, (% g)) is isometric to the paired module. In this case v = n, w =n +1,

fleande:I.

Case 2: Suppose that exactly one of By and By is 0. Taking P = S = 0 and @ =
R = Iy, (16) gives B] = By, B4 = By and B} = B;. So we may assume, and we do,
that By # 0 and B4 = 0. Now by Lemma 3.4 there are V, W € C(P), with V a unit, such
that B;V?2 = NV + N2, Choosing P =V,Q = R=0and S = V-'B; !, (16) gives
Bl = NV + N""'W?2, By = I, and B} = 0. So (§ B) is isometric to (0 B') with

B 0
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B = (T(N”+$’”“Wz) Z)') We note that TAUTW?2 = TNV f2 for some f; € K[N]
such that v+ 1+ 2deg(f1) <n—1. Choose w € {n,n+ 1} such that w — v is odd. Then
deg(f1) < (w—wv —3)/2. Also in this case fo = L.

Final Case: We now suppose that By # 0 and By # 0. Also set w = |By|. We may
assume that v < w and that w — v is maximal in the isometry class of (3 7).

We claim that w — v is odd. For suppose otherwise. Then take P = I,,,, Q =
M @=)/2 for some A € K, R = 0 and S = I,,,,. Then (16) gives B} = By, B} =
BiNN =) 4 By, But |BiN?N (W =?)| = |By|. So we may choose A so that |Bj| > |By|.
Then |Bj| — |B}| > w — v, which contradicts the maximality of w — v. This proves our
claim.

Now by Lemma 3.4 there are Vi,W; € C(P), with V; a unit, such that BV =
NV + NvH W2, Choosing P = Vi, Q = R =0 and S = I,,,,, in (16), we can replace
Bi by B} = N* + N*T'W2 and B) = By. By similar reasoning, we may assume that
By = N* + NYTW2 | for some W, € C(P).

Next take P = I, Q@ = N@—vtD2W, R = 0,8 = I,,,. Then B, = B, and we
may replace By by B) = N¥ + N¥+2(W;W,)2. Now choose P = I,,,,@ =R =10,5 =
(Imn + NW1W,)~ L. Then B = B; and we can replace By by B = N'v.

Write By = NV + NV (N2)+ N¥ L2, where f; € K|x] and deg(f1) < (w—v—3)/2
and L € C(P). Choosing P = I,,,Q = 0,R = L,S = I, we get B] = NV +
N (N?) and B} = By.

We now modify Bs as much as we can, without changing By or By. Notice that the
annihilator of N in K[N] is generated by N™~%. So t := [ 2=%=1 | is the largest integer
such that w+2t < n. Next write By = fo(N)+EN'™! where fo € K|[z] with deg(f2) <t
and E € C(P). Choosing P = I,,,,,Q = R =0,5 = (1 + By "EN**') we get B} = By,
B!, = By, and we replace By by B) = By + EN'T1 = fo(N).

Uniqueness: Let (3 §) and ( > %') be isometric symplectic forms on C,,(7)? with

By =N"+ N fi(N?),  By= fo(N), Bi=N",
By = N+ N*HfI(N?),  By= f3(N), Bi=NY,

where v, w, f1, fo, and likewise x,y, f1, f4, satisfy the constraints in the statement of the
theorem. Moreover (16) holds for certain P,Q, R, S € C(P).

First note that (16) implies that |B{| > min{|B;| + 2|P|, |Bs| + 2|R|} > |B|. But as
isometry is a symmetric relation, we likewise have |B1| > |Bi|. So v = z.

We claim that B) = B,. For otherwise we may assume that Bj # 0 and |By4| > |By|.
Now |B1Q?| # |B4S?|. So |Bj| = min{|B;| + 2|Q|,|Ba| + 2|S|}. This forces |Bj| =
|B1] +2|Q| = |Bi| + 2|Q|. So y — x is even, which is false. This proves our claim.

The equation for Bj in (16) can now be rearranged to

N (In + S?) = B1Q%
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If B1Q?* # 0, then |I,,,,, +5?] is even. So w = v mod 2, which is false. So in fact B;Q? = 0
and N (I, + S5?%) = 0. Recall that ¢ is the largest integer such that 2t < (n —w). Then

Q=0 mod N*"' and S=1I,, mod N (17)
The equation for Bj in (16) can likewise be rearranged to
NY(Inn + P?) = N"TH LN + A(N?)P?) + NV R

As w — v is odd, it follows that both sides are 0. So NV = NV P2, Substituting this back
into the previous displayed equation gives

NS+ F)WV?) = NUR?.

But deg(f{ + f1) < “=2=%. So N*R? = 0 and f{(N?) = f1(N?), whence B} = By.
Now MY = N?P? and NYR? = 0 implies that

and P=1I,, mod N"' and R=0 mod N (18)
Finally, we may use (17), (18) and the equation for B in (16) to obtain the congruence
(f2+ f)N)=0 mod N1,
But deg(f2 + f3) < t. So B = fo(N) = f3(N) =Bj. O
Corollary 7.9. If k is finite, set q := |k|™. Then

n-q 2 if n is even,

)
(L g4 221y "2 if n s odd.

| Tsom(Cy, (7)?)| = {

Proof. We count the number of choices we have for v, w and fi, fo € K[N], subject to
the constraints of Theorem 7.8. So fix v, with 0 < v < n. The case v = n corresponds to
By = By =0 and fs = I;,,. So there is one such isometry class.

From now on we assume that v < n. Set £ := |[*5%]. So £ = {w | v < w < n,
w — v odd}|. First note that w € {n,n + 1} corresponds to By = 0, fo = I, and
deg(f1) < W*TH So we have ¢* choices for f;. Suppose then that w < n. Then deg(f;) <

w=r=3 deg(f;) < “=2=L and f2(0) # 0 as f, is a unit. So there are qw=v=1/2 choices

n—w—1

for f; and (¢ — 1)gl" 2 choices for fo. But £ = [2=2=1| 4 2=t 45 0w — v = 1
mod 2. So the number of choices for the pair fi, f2 is (¢ — 1)¢*~ . Now as there are ¢

allowed values of w strictly between v and n, the total number of isometry classes with
parameter v < n is

¢ +0qg—1)g" = (L +1)q" — Lg" .
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Suppose that n is even. Then as v ranges over {1,...,n}, ¢ takes each value in
{0,..., ”7_2} twice. So the total number of isometry classes of symplectic forms is given
by the telescoping sum

M)

n—

2

2 ((€+1)qef€qul) =ng z .

£=0
Suppose that n is odd. Then as v ranges over {1,...,n}, £ takes each value in
{0, ..., "T_?’} twice and "T_l once. So now the total number of isometry classes of sym-

plectic forms is given by the sum

n—3

2
+ 1 n—1 n — 1 n—3 n + 1 n—1 n — 1 n—3
23 (U 1)g" — b+ (g - ) = o5t g
ezo((+)q ¢ )+ 54 54 547 + 5

Theorem 7.10. There is a G-invariant quadratic form on C,(m)? which polarizes to

(g g) if and only if there is a unit U € Mato(C(P)) and one of the following holds:

(i) UTBU = (O T). So (0 B) is isometric to the paired form.

T 0 B 0

(i) m € {z, 2+ 1}, n+v is odd and UT BU = <TN (1,77"-"’ +N) Z;)
v 2

(ili) ¢ {z,x + 1}, n+ v is even and UT BU = (TN (?7).+P ) g)

If (i), (ii) or (ii) holds, let D € Diag,,,, (k) be the diagonal of B. Then the corresponding

G-invariant quadratic forms are {A (g g) | E € Diag,,,,(k)}.

In case (i) D =0 and A (8 g) is isometric to A <8 g)

In cases (ii) and (iii) we can choose t so that (B™');; # 0. Then A (l()) g) 18

D B

isometric to A (O 1B,

) for a unique T € (B_l);tlfP(k:).

Proof. First note that go = (g~ 727+) and g3 = (g~ ;7> ), with respect to the basis
€ of Cy(m)?. Here Py denotes (7 $) in Maty(C(P)).

Let @ = A(§ ) be a quadratic form which polarizes to (3 §) and with D, E €
Diag,,,,, (k). Then @ is G-invariant if and only if Q — ngng is alternating, for j = 2, 3.

One checks quickly that

Q_92Q92—<D D+B>’ Q_93Q93—<P2TD ’PQTDPQ—FP?B .
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Write B = ( 1 gj), where By, By, By € T(P). Then BT BZ7 and PTB; = B;P, for
i=1,2,4.So D + B and PY DP, + PI B are symmetric. Now D + B is hollow if and
only if PY(D + B)Ps is hollow. It follows that D + B and P DPy + PI B are hollow if
and only if D + B and PJ BP, + PZ B are hollow.

I TR — (Bi(P+P?) By(P+P?) R ; ;
Now Py BP2 + Py B = (B (PP Bip i P )) We conclude that () is G-invariant if

and only if each of D + B, By (P + P?2) and B,(P + P?) are hollow.

Notice that if D + B is hollow if and only if D is the diagonal of B. Next, we may
assume that By = TA(I + N f2) and By = TN™, where 0 < v < w < n+1, w — v is
odd and f € K|N].

If v = n, then w = n + 1 and so By = By = 0. This is case (i).

Suppose then that v < n. First let 7 € {x, 2 + 1}. Then P + P? = N+ N2. So

Bi(P+P%) =T (N Ly + N2 f2) + NV (L, + f2)) -

Then Corollary 3.7 implies that B, (P + P?) is hollow if and only if n + v is odd and
f =TIy ie. By = TNV (Inn + N).

Next suppose N # 0. Then Corollary 3.7 implies that By(P 4+ P?) = T(NwH +
N¥+2) is hollow if and only if w = n — 1. But then w + n is odd. As w — v is odd,
we conclude that By (P + P2) is hollow if and only if By = 0. This gives case (ii).

Finally let m ¢ {z,2+ 1}. Then v := £ 4+ £? is a non-zero element of K and P+ P? =
¥+ N+ N?%in K[N]. In this case

Bi(P+P?) =T (N°(y + N (Lyun + ) + N (Ln + (v + N2 £2))

So by Corollary 3.7, By (P+P2) is hollow if and only if n+uv is even and f2 = (y+AN?2)~!
ie.

Bif 2 =TN (v + N +N?) = TN (P + P?).

Now just as in the case m € {z,z + 1} we have that By(P + P?) is hollow if and only if
By =0.

Now suppose that A(f £) is a G-invariant quadratic form. Note that in case (i) B is
hollow and thus D = 0. Now Lemma 6.6(i) applies. In the cases (ii) and (iii) we see from
Corollary 3.7 that B is not hollow. For if n+v is odd then A7 (1+A/) is not a square, for
j=wv,v—1,and if n + v is even, then N7 (y + N + N?) is not a square, for j = v,v — 1.

Now B~! = B=!BB~T is not hollow. Choose t € {1,...,mn} such that (B~!),; # 0
and set v = (B71);. Since D+ B is hollow, it follows that B~1(D+B)B~7T is hollow. So
v=(B7'DB~");;. Then Lemma 6.6(ii) shows that A(5 2) is isometric to A(§ B,
for a unique 7 € v1P(k). O
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8. The modules C,,(c0) and C,, (c0)?

In [1] Conlon defines C),(c0) as a 2n-dimensional kG-module with the basis B :=
(a1y...,an,b1,...,b,) such that

(0 Ty (0 1,
=g o0) ™=\ o o)

Note that up to conjugation by diag(,,1,) the action on C,(co) equals the action on
Cp(z) given by (14), but with the roles of ny and ns interchanged. Hence C),(c0) and
C(z) have the same symplectic and quadratic forms and the same isometry classes. For
Cp(x) we have K =k, P =N =Ty and T = I, = Hyi1. Also I, TNVI, = NVT =
Hyp 140, for all integers v > 0. The following results for C),(c0) are with respect to the
basis B. Theorem 7.5 implies

Theorem 8.1.

0 Hyp1+ 32 AiHnyai
Isom(C,, () = 1) =1 | ALy A2 €k
Hyp1+ > NiHpy0i 0
i=1

Corollary 8.2. If ¢ = |k| then |Isom(C,,())| = ¢LZ].
For quadratic forms, Theorem 7.7 gives:

Theorem 8.3. A bilinear form on Cp(c0) is the polarization of a G-invariant quadratic
0 Hn+1+Hn+2

Hn+1+Hn+2 0 '

In this case the G-invariant quadratic forms which polarize to the above symplectic

form if and only if n is odd and the form is isometric to

E" Hn Hn i . . .
form are & < ﬁ Hl—; +2) for D € Diag, (k). Each of these is isometric to
ELH H’I’L+1 + Hn+2 )
A ( 0 pEas for a unique u € P(k).

The remaining three statements are with respect to the ordered basis

C:=((a1,0),...,(an,0),(0,a1),...,(0,an), (b1,0),...,(bn,0),(0,b1),...,(0,b,))

on C,,(c0)? and follow from Theorem 7.8, Corollary 7.9 and Theorem 7.10, respectively.
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Theorem 8.4. Each symplectic form on C,,(00)? is isometric to one form <g g) with

w—v—1 2n—wt2
B H,+>,_ 2 MNHy_1y2i Hpp1 + Zz‘Lzl = iy
- 2n—w—+2
Hn+1 + Zz\‘_:l 2 J lfsznJr'L Hw

Heren+1<v<w<2n+1, w—vis odd, \;, u; € k and py # 1

n—2 . .
ng e, if n is even,
Corollary 8.5. If k = F, then | Isom(C,,(00)?)| = 1 ns /

(24l g+ 251)g"2" if n is odd.

Theorem 8.6. There is a G-invariant quadratic form on C,(00)? which polarizes to

(g g) if and only if there is a unit U € Maty(C(T32)) so that one of the follow-

ing holds:
. T o 0 Hn+1
(i) UTBU = (Hn+l ).
(ii) UTBU = <H”I;-|_ i”“ H’6+1>, where v >n+ 1 and v is even.

If (i) holds, {A (8 ZB)> | D € Diag,,(k)} are the corresponding G-invariant quadratic

forms. Each of these are isometric to A <8 g)

If (ii) holds, choose t so that (B™1);; # 0. Then A(g g) is isometric to

D B . i
A <0 TEt>’ for a unique T € (B 1)t’tlﬂ:’(k:).
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