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Abstract

An invariant definition of mass in asymptotically de-Sitter space-times is given that relies on the

existence of a time-like Killing vector on a sphere surrounding the mass but does not require going

to an asymptotic region. In particular the mass can be calculated exactly on a sphere inside the

cosmological horizon. The formalism requires varying the background metric solution by a pertur-

bation that satisfies the linearized equations of motion but need not share the Killing symmetry of

the solution and is therefore applicable when a gravitational wave within the cosmological horizon

perturbs a background metric with a time-like Killing vector.
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I. INTRODUCTION

It is not straightforward to give an invariant definition of mass in an asymptotically de

Sitter space-time containing mass in a compact region, due to problems arising from the

existence of a cosmological event horizon. This is an old question that has been addressed

by many authors, for example [1–6] among others. It is well known that the Komar mass

[7] gives the wrong answer, it is out by a factor of 2, and this problem was resolved by Wald

in [8] where he showed that there is an extra contribution to the mass which rectifies this

deficit. A comprehensive review of quasi-local definitions of conserved quantities in General

Relativity is conspicuously silent about asymptotically de Sitter space-times [9].

An approximate definition, that works well provided any black-hole horizon rBH is very

much smaller that than the cosmological horizon rC , was given in [1]. In that work it is

assumed that there is a region rBH << r < rC in which the full de Sitter group SO(1, 4)

is an approximate symmetry and a time-like generator is used to define the energy density,

from which a mass is obtained by integrating over a 2-sphere of radius r. The resulting mass

is a good candidate provided corrections of order rBH
r

, but still with r < rC , can be ignored.

Building on the work of Wald and collaborators [8, 10, 11] we give in the following an exact

definition of mass in asymptotically de Sitter space-times which only requires the existence

of one Killing vector at some r with rBH < r < rC , but there is no approximation requiring

r >> rBH and the full SO(1, 4) symmetry is not necessary — one time-like Killing vector is

sufficient.

The basic problem is most easily appreciated by examining a static asymptotically de

Sitter Schwarzschild black hole with line element

ds2 = −
(

1− 2m

r
− Λr2

3

)
dt2 +

(
1− 2m

r
− Λr2

3

)−1

dr2 + r2(dϑ2 + sin2 ϑdϕ2) (1)

for which the Killing vector ∂
∂t

is space-like for r > rC , where rC is the cosmological horizon

— the largest root of the cubic equation

Λr3 − 3r + 6m = 0. (2)

The most widely accepted definition of mass in general relativity involves identifying an

asymptotically time-like Killing vector at either spatial infinity [12, 13] or light-like infinity

[14] and evaluating the energy over a 2-sphere there, but there is no such time-like Killing
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vector for an asymptotically de Sitter black hole. The same difficulty applies to definitions

using Yano tensors [15].

This is particular vexing as the cosmological constant is measured to be positive [16] so

in principle we do not have a rigorous definition of mass for a black hole in our Universe

(though the observed Λ is so small that the definition in [1] should suffice for all practical

purposes for any known astrophysical black hole). Nevertheless it would be gratifying to

have a more mathematically rigorous definition.

In this work we give an invariant definition of mass for a black hole in de Sitter space-time

that does not rely on taking r →∞, all that is necessary is that at some value of r < rC there

is a time-like Killing vector in a region of space-time containing a 2-sphere surrounding the

mass. The definition is in essence very like Gauss’ law in electrostatics, though in detail it is

a lot more involved. The bottom line is that the mass can be calculated by integrating over

a sphere of any radius as long as it completely surrounds the mass and is in a region with a

time-like Killing vector — this is a quasi-local definition in the same spirit as the Komar 2-

form approach but, as mentioned earlier, Wald’s definitions had an extra term that rectifies

the 50% deficit of the Komar approach. We give the example of Scwharzschild-de Sitter

space-time, where the calculation can be done analytically for any radius r and explicitly

shown to be independent of r. In an appendix we also treat the Kerr-de Sitter metric where

the calculation can only be done analytically as r →∞, but the general formalism ensures

that the same answer would be obtained for finite r < rC were it possible to push it through

analytically.

The construction relies on the work of Wald and collaborators [8, 10, 11] in which a

Noether form associated with a Killing vector was identified which can be used to give a

Noether charge associated to the symmetry generated by the Killing vector. The definition

of the charge involves perturbing the background metric and the metric perturbation need

not share the Killing symmetry of the background metric, it could for example correspond to

a gravitational wave in a region where the background metric has a time-like Killing vector.

For realistic values of the cosmological constant numerical calculations could be performed

in a region where r is large enough for δg
r2

to be small but still r < rC . It was shown in [17]

that Wald’s formalism leads to the canonically accepted Henneaux-Teitelboim mass for the

asymptotically anti-de Sitter Kerr metric and the analysis in the appendix can be succinctly

summarized in the statement that the Wald mass of the asymptotically de Sitter Kerr metric
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is simply the analytic continuation of [17] from negative to positive Λ.

II. THE INVARIANT MASS

In preparation for the main calculation of the paper we first summarize the construction

of Lee and Wald’s invariant mass [8, 10] (a fuller treatment using the language of differential

forms is given in [18]). Consider a theory with fields F I governed by a Lagrangian density

L(F I , ∂µF
I) (a D-form) on a D-dimensional space-time (in this section D is arbitrary, later

we shall specialize to D = 4). Under a variation of the fields, F I → F I + δF I , the variation

of L yields the equations of motion, EJ(F I), together with a total derivative,

δL = EJ(F I)δF I + dθ(F I , δF I)

where θ is a (D − 1)-form. Let S denote the (infinite-dimensional) space of all possible

solutions of the equations of motion. For any specific solution of the equations of motion,

F I = SI ∈ S,

δL = dθ(SI , δSI).

θ(Si, δSI) is linear in the infinitesimal variation δSI (which is a solution of the linearized

equations of motion) and can be thought of as a 1-from on T ∗S, as well as a (D − 1)-form

on M. Under a second distinct field variation, anti-symmetrised under the two variations,

define

ω(SI , δ1S
I , δSI2) = δ2θ(S

I , δSI1)− δ1θ(S
I , δSI2). (3)

ω a 2-from on the space of solutions and we can write this (3) as

ω = δθ

with δ being viewed as the exterior derivative on the space of solutions, satisfying δ2 = 0

and δd = dδ.

Given a foliation of space-time M into space-like hypersurfaces Σt, labelled by a mono-

tonic time-parameter t,

Θ =

∫
Σt

θ

is a (pre-)symplectic potential for a (pre-)symplectic structure

Ω =

∫
Σt

ω = δΘ
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on the phase space of the theory. Since

dω = dδθ = δdθ = δ2L = 0

on shell we can deduce that, with suitable conditions on the fall of the fields at the boundary,

∂Σt, Ω is independent of the choice of hypersurface Σt.

For a field theory invariant under diffeomorphisms and gauge transformations we shall

denote the group of all such transformations by G and denote the space of solutions of the

equations of motion mod gauge transformations and diffeomorphisms by Ŝ = S/G. Under

a projection from S to S/G there must be a symplectic structure Ω̂ on Ŝ that pulls back

to Ω on S under the projection. For this to be true Ω should vanish when one of the field

variations is a diffeomorphism, generated by a vector field ~X say. This will be the case if

the symplectic density is d-exact when one of the variations is a diffeomorphism,

ω( ~X) = dφ( ~X),

for some (d− 2)-form φ( ~X) depending linearly on ~X. Since then, assuming that ~X vanishes

on (and falls of sufficiently fast near) the boundary ∂Σ of Σ [19], we have1

Ω[ ~X] =

∫
Σ

dφ( ~X) =

∫
∂Σ

φ( ~X) = 0.

Under an infinitesimal diffeomorphism, generated by a vector field ~X, the variation of

the Lagrangian is

δL = L ~XL = di ~XL

where L ~X = di ~X + i ~Xd denotes the action of the Lie derivative on differential forms. Thus

on shell

dθ( ~X) = diKL ⇒ θ( ~X) = i ~Xθ(
~X) + J( ~X)

with J( ~X) is a closed (D − 1)-form, the Noether current of [8]. Assuming following [20]

that, with reasonable assumptions, J( ~X) is exact, so J( ~X) = dQ( ~X) for some (D− 2)-form

Q( ~X) depending linearly on the diffeomorphism ~X, we can write

θ( ~X) = i ~XL+ dQ( ~X). (4)

1 Since φ( ~X) is linear in ~X it vanishes on ∂Σ if ~X vanishes there.
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When one of the variations is a diffeomorphism we have

ω( ~X) = dφ( ~X) = δθ( ~X)− L ~Xθ (5)

where θ in the last term depends on a variation which corresponds to a physical variation of

the fields and is not just a diffeomorphism. Since δL = dθ on shell and i ~Xδ = δi ~X we have,

using (4) and (5),

ω( ~X) = i ~XδL+ dδQ( ~X)− di ~Xθ − i ~Xdθ = d(δQ( ~X)− i ~Xθ).

If a Hamiltonian h( ~X) exists which generates the flow ~X then we expect

ω( ~X) = −δh( ~X) = d(δQ( ~X)− i ~Xθ).

Whether or not such a Hamiltonian does exist will depend on the theory, it is only possible

if i ~Xθ is δ-exact,

i ~Xθ = δµ( ~X)

for some (D − 2)-form µ( ~X) on M and this may not be the case. It is however true in

general relativity [10] and we shall assume that such a µ( ~X) exists.

Furthermore if ~X = ~K is Killing then ω( ~K) vanishes identically [10]

δh( ~K) = dδ
(
µ( ~K)−Q( ~K)

)
= 0

and the (D − 2)-form

φ( ~K) = δ
(
Q( ~K)− µ( ~K)

)
is not only δ-exact it is also d-closed.

In contrast to a general diffeomorphism we do not assume that ~K vanishes on ∂Σ so φ( ~K)

can also be non-zero there. In that case

δ

∫
Σ

h( ~K) = −
∫

Σ

dφ( ~K) = δ

∫
∂Σ

(
µ( ~K)−Q( ~K)

)
= 0.

We shall refer to the (D − 2)-form

ρ( ~K) = µ( ~K)−Q( ~K)

as the Noether form of the second kind (to distinguish it from Q( ~K) which is referred to

as the Noether form in [8]). Thus
∫
∂Σ
ρ( ~K) is a function on the space of solutions which

depends on ~K with δ
∫
∂Σ
ρ( ~K) = 0.

6



For example suppose there is a mass in some compact region surrounded by a sphere of

radius r0 and ∂Σ consists of two nested (D−2)-spheres, one inside the other, at radii r0 and

r1 > r0 (we may take r1 →∞, but this is not necessary). Then the boundary of Σ consists

of two pieces, a (D−2)-sphere at r0 and another at r1, ∂Σ = S
(D−2)
r0 ∪S(D−2)

r1 . We can define

δ

∫
SD−2|r1

ρ( ~K) = δ

∫
SD−2|r0

ρ( ~K) := δQ[ ~K]

and the variation δQ( ~K) is independent of the value of r at which it is calculated. Thus

Q[ ~K] =

∫
SD−2

ρ( ~K)

is a candidate for a conserved quantity associated with the Killing vector ~K.

It is emphasized that δQ[K] is independent of the value of r at which it is calculated

and there is no requirement that the metric perturbation share the Killing symmetry of the

solution, all that is required is that it satisfy the linearized Einstein equations.

A. Invariant mass in general relativity

For a 4-dimensional space-time M (D = 4 in this section) with metric gµν and co-

ordinates xµ we foliate M with constant time hypersurfaces and let xµ = (t, xα) where

α = 1, 2, 3 and t is a time co-ordinate. We use the standard ADM decomposition: t = const

are space-like hypersurfaces, Σt, and we denote the induced metric on Σt by hαβ(t). The

4-dimensional line element decomposes as

ds2 = gµνdx
µdxν = g2

tt + 2gtαdtdx
α + gαβdx

αdxβ

= −N2dt2 + hαβ(dxα +Nαdt)(dxβ +Nβdt), (6)

where gtt = −N2 + hαβN
αNβ, gtα = gαβN

β and hαβ = gαβ.

We shall employ differential form notation using orthonormal 1-forms ea for the metric

g, which can be expressed in a co-ordinate basis as

ea = eaµdx
µ.

The connection 1-forms are determined by the torsion-free condition

Dea = dea + ωab ∧ eb = 0
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and the curvature 2-forms are

Rab =
1

2
Rabcde

c ∧ ec = dωab + ωa
c ∧ ωcb

where orthonormal indices are raised and lowered using ηab = ηab = diag(−1,+1,+1,+1).

Under the above foliation denote orthonormal 1-forms for hαβ by

ẽi = ẽiαdx
α,

with i = 1, 2, 3, so ẽiα = eiα with

e0 = Ndt and ei = ẽi +
N i

N
e0, (7)

and N i = eiαN
α the orthonormal components of the shift vector. The connection 1-forms

associated with ẽiα on Σt are defined using the zero torsion condition

d̃ẽi + ω̃ij ∧ ẽj = 0 (8)

with d̃ = ẽi∂i the exterior derivative on Σt at constant t.

In this gauge

eaµ =

N 0

N i ẽiβ

 , (e−1)µa =

 1
N

0

−Nα

N
(ẽ−1)αj

 (9)

and the unit vector normal to Σt, ~n, has orthonormal components na = (1, 0, 0, 0) so the

metric dual 1-form is n = nae
a = −e0.

Metric variations are described by variations in the tetrad δea = δeaµdx
µ which can be

encoded into the square matrix

∆a
b = (δeaµ)(e−1)µb =

 δN
N

0

ẽiαδNα

N
∆i

j

, (10)

with ∆i
j = (δẽiα)(ẽ−1)αj. ∆ij can be decomposed into symmetric and anti-symmetric parts

Sij = ∆{ij} =
1

2
(∆ij + ∆ji), Aij = ∆[ij] =

1

2
(∆ij −∆ji).

Let S = Sii be the trace of Sij and κij be the extrinsic curvature2 of Σt and κ = κii its

trace.

2 In the gauge (9) κij = 1
2 (Dinj +Djni).
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For the Einstein action with a cosmological constant,

S =

∫
M

(Rab ∧ ∗(ea ∧ eb)− 2Λ ∗ 1),

it was shown in [21] that, if ~K = ∂
∂t

is Killing and Σt can be foliated into 2-dimensional

spheres S2|t,r parameterized by r, then

δQ[ ~K] =
1

8π

∫
S2|t,r

{
N
(
D̃jSi

j − ∂iS) + (∂iN)S − (∂jN)Si
j

+XijN
j −Ni(κjkS

jk + δκ)
}
∗ e0i, (11)

where D̃j is the co-variant derivative associated with the orthonormal 1-forms ẽi (here

Xij = δκij + [κ,∆]ij + κijS (12)

and [κ,∆]ij is the commutator of the matrices κij and ∆ij). δQ[ ~K] is guaranteed to be

independent of t and r and Q[ ~K] is the mass contained within S2|r. For asymptotically flat

space-times it corresponds to the ADM mass when r →∞ with t fixed and S2|r is space-like

[11], and it gives the Bondi mass when r → ∞ with (t− r) fixed and S2|r is a null surface

[21].

A crucial observation is that it is not necessary to take the asymptotic limit as long as the

perturbation satisfies Einstein’s equations and the 2-surface S2|r lies in a region where ~K is

Killing [17, 21] — it is not even necessary that the perturbation has the Killing symmetry.

B. Schwarzschild-de Sitter space-time

As an example consider the Schwarzschild-de Sitter metric with line element (1) with

Killing vector ~K = ∂
∂t

. We can choose orthonormal 1-forms

e0 =

√
1− 2m

r
− Λr2

3
dt, e1 =

1√
1− 2m

r
− Λr2

3

dr, e2 = rdϑ, e3 = r sinϑdφ

for r in the region rBH < r < rC . Thus

N =

√
1− 2m

r
− Λr2

3
, N i = 0.

κij = 0 and (11) simplifies to

δQ[ ~K] =
1

8π

∫
S2

{
N
(
D̃jS1

j − ∂1S) + (∂1N)S − (∂jN)S1
j
}
∗ e01. (13)
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Now

∂1 = N∂r, ∂2 =
1

r
∂ϑ and ∂3 =

1

r sinϑ
∂ϕ

so ∂2N = ∂3N = 0 and

∂1N =
m

r2
− Λr

3
.

The non-zero connection 1-forms arising from (8) are

ω̃12 = −N
r
e2, ω̃13 = −N

r
e3, ω̃23 = −cotϑ

r
e3

from which3

D̃jS1
j = ∂jS1

j + ω̃1k|jS
kj + ω̃jk|jS1

k = N

(
S ′11 +

2

r
S11 −

1

r
S⊥

)
+

1

r
(∂ϑ + cotϑ)S12 +

1

r
∂ϕS13

where ′ = ∂
∂r

and

S⊥ = S2
2 + S3

3

is the transverse trace of Sij.

Using this in (13) gives

δQ[ ~K] =
1

8π

∫
S2

{
2N2S11

r
−N2(S⊥)′ +

(
m

r2
− Λr

3
− N2

r

)
S⊥ (14)

+
N

r

(
(∂ϑ + cotϑ)S12 +

1

sinϑ
∂ϕS13

)}
r2 sinϑdϑdϕ.

Now 1
r

(
(∂ϑ+cotϑ)S12 + 1

sinϑ
∂ϕS13

)
= ∇ı̂V

ı̂ is the divergence of a vector field V ı̂ = S1
ı̂ (with

ı̂ = 2, 3) generating a diffeomorphism of S2 and as such its integral over S2 must vanish

from Stokes’ theorem if V ı̂ is globally well defined on S2. We finally arrive at

δQ[ ~K] =
1

8π

∫
S2

{
2N2S11

r
−N2(S⊥)′ +

(
m

r2
− Λr

3
− N2

r

)
S⊥

}
r2 sinϑdϑdϕ. (15)

In this expression we must remember that S11 and S⊥ are not independent, they are

related by the condition that the metric variation must satisfy the linearized equations of

motion with Λ fixed, in this case δea must be such that the variation of the Ricci tensor

δRab = 0 in an orthonormal basis. This is satisfied for example suppose by choosing S⊥ = 0

and demanding that S11 arises solely from varying m in the function N , m→ m+ δm with

δm constant. With e1 = dr
N

, δe1 = − δN
N
e1 this produces

S11 = −δN
N

=
δm

N2r
(16)

3 The notation here is ω̃ij = ω̃ij|kẽ
k.
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so

δQ[ ~K] =
1

8π

∫
S2

(
2δm

r2

)
r2 sinϑdϑdϕ = δm (17)

and indeed the parameter

m = Q[ ~K]

is the Noether charge associated with the Killing vector ~K = ∂
∂t

. Like Gauss’ law in elec-

trostatics the expression (17) is valid for any r > 0, it is not necessary to take r → ∞.

We are free to use any value of r > 0 to evaluate the mass analytically, though only in the

range rBH < r < rC is ∂
∂t

time-like. Note that we cannot take δN in (16) to be a more

general function of r without allowing for S⊥ 6= 0 as S⊥ must be determined by the linearized

equations of motion.

For the Kerr-de Sitter space-time, with rotational parameter a [22], the formalism gives

Q[ ~K] =
m(

1 + a2

L2

)2 . (18)

The mathematical analysis is more involved in this case and is relegated to an appendix,

(A12). Indeed the calculation can only be pushed through analytically for r → ∞, but

the formalism guarantees that the final result for δQ[ ~K] is independent of r, and this could

be checked numerically. The result (18) is simply what one would obtain by analytically

continuing the Henneaux-Teitelboim mass for the Kerr-anti-de Sitter space-time [17, 23]

from negative to positive Λ.

For Kerr de Sitter there are two Killing vectors at finite r, the second corresponding

to a rotation and relevant to angular momentum. There are thus two conserved charges

and indeed any linear combination of these is a conserved charge. Which particular linear

combination one wishes to associated with a mass and which with angular momentum is

best decided by embedding them in the full de Sitter group.

III. CONCLUSIONS

For a large class of diffeomorphism invariant theories the formulation of Wald et al. allows

an invariant charge to be associated with any solution of the equations of motion that admits

a Killing vector. The Killing vector does not need to be globally defined, it suffices for it to

be Killing outside of a compact region contained within a 2-sphere over which the charge is

11



calculated, in a manner similar in spirit but different in detail to Gauss’ law in electrostatics.

The charge is calculated by perturbing the metric by a variation that satisfies the linearized

equations of motion but need not share the Killing symmetry.

Explicit examples have been given of Schwarzschild-de Sitter space-time, where the cal-

culation can be performed analytically for any value of r and shown to be independent

of r, and of Kerr-de Sitter space-time. In the latter case the calculation cannot be done

analytically at finite r and is only pushed through for r → ∞, but the general formalism

ensures that the same value of the mass would be obtained for any value of r, in particular

for r < rC , though an explicit verification of this would require numerical calculation. For a

more general asymptotically de Sitter metric with a time-like Killing vector outside of some

compact region one could use numerical computation to determine the mass if an analytic

evaluation is not feasible.

For a single Killing vector the normalisation is of course arbitrary, one can re-scale by

any constant, but the r →∞ limit can be used to determine the normalisation of the Killing

vector. By assumption, the metric is de Sitter in that limit and the full de Sitter group is

realised as Killing symmetries asymptotically. The cosmological constant then provides a

natural length scale L for the de Sitter algebra, Λ = L2

3
, setting the normalisation ~K = L ∂

∂t
,

although this would only be time-like inside the cosmological horizon.

An important aspect of the formulation is that the charge can be calculated exactly by

integrating over any sphere in a region of space where the Killing symmetry holds, it is not

necessary to go to an asymptotic region. For a time-like Killing vector this allows masses

to be calculated in asymptotic de Sitter space-times, provided there is a region inside the

cosmological horizon where the Killing symmetry holds.
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APPENDIX A: ASYMPTOTICALLY DE SITTER STATIONARY BLACK

HOLES

The line element outside a rotating black hole in de Sitter space-time is [22]

ds2 = −∆

ρ̃2

(
dt̃− a sin2 ϑ̃

Ξ
dϕ̃

)2

+ ρ̃2

(
dr̃2

∆
+
dϑ̃2

Ξϑ̃

)
+

Ξϑ̃ sin2 ϑ̃

ρ̃2

(
r̃2 + a2

Ξ
dϕ̃− adt̃

)2

(A1)

with

∆ =
(r̃2 + a2)(L2 − r̃2)

L2
− 2mr̃, Ξϑ̃ = 1 +

a2

L2
cos2 ϑ̃,

ρ̃2 = r̃2 + a2 cos2 ϑ̃ and Ξ = 1 +
a2

L2
. (A2)

This can be decomposed into a pure de Sitter part and a part that vanishes when m = 0,

ds2 = ds2
dS + ds2

m

where

ds2
dS = −

(
1− r̃2 + a2 sin2 ϑ̃

L2

)
dt̃2 − 2a

(
r̃2 + a2

L2

)
sin2 ϑ̃

Ξ
dt̃dϕ̃

+
L2ρ̃2

(r̃2 + a2)(L2 − r̃2)
dr̃2 +

ρ̃2dϑ̃2

Ξϑ̃

+ (r̃2 + a2)
sin2 ϑ̃

Ξ
dϕ̃2, (A3)

ds2
m =

2mr̃

ρ̃2

(
dt̃2 − asin2 ϑ̃

Ξ
dt̃dϕ̃+

sin4 ϑ̃

Ξ2
dϕ̃2

)

+
2mr̃ρ̃2L4

(r̃2 + a2)(L2 − r̃2)
[
(r̃2 + a2)(L2 − r̃2) + 2mr̃L2

]dr̃2. (A4)

Despite appearances (A3) is the dS Sitter metric, but not in standard co-ordinates. The

co-ordinate transformation that puts it into a more standard form was given in [23]: with

t = t̃,

ϕ = ϕ̃− at̃

L2
,

r2 cos2 ϑ = r̃2 cos2 ϑ̃,

r2 sin2 ϑ = (r̃2 + a2)
sin2 ϑ̃

Ξ
.

Some useful relations are

(L2 − r̃2) Ξϑ̃ = (L2 − r2)Ξ (A5)(
r̃2 + a2

r̃2

)
tan2 ϑ̃ = Ξ tan2 ϑ. (A6)
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One finds that (A3) is the more familiar

ds2
dS = −

(
1− r2

L2

)
dt2 +

1(
1− r2

L2

)dr2 + r2(dϑ2 + sin2 ϑdϕ2).

It is not illuminating to write ds2
m in (t, r, ϑ, ϕ) co-ordinates in general but we shall need

its asymptotic form for r̃ >> L (and r >> L). Let

Σ2
ϑ = 1 +

a2

L2
sin2 ϑ

then some useful formulae for the deriving the asymptotic form of ds2
m in (t, r, ϑ, ϕ) co-

ordinates are

Ξϑ̃ =
(L2 − r2)

(L2 − r̃2)
Ξ =

Ξ

Σ2
ϑ

+O

(
1

r2

)
tan2 ϑ̃ = Ξ tan2 ϑ+O

(
1

r2

)
r̃2 = Σ2

ϑr
2 +O(1)

cos2 ϑ̃ =
cos2 ϑ

Σ2
ϑ

+O

(
1

r2

)
sin2 ϑ̃ = Ξ

(
sin2 ϑ

Σ2
ϑ

)
+O

(
1

r2

)
.

Using these one finds  dr̃

r̃dϑ̃

 =

Σϑ
a2 cosϑ sinϑ

L2Σϑ

0
√

Ξ
Σϑ

 dr

rdϑ

+O

(
1

r2

)
and the leading terms in ds2

m are

ds2
m =

2m

rΣ5
ϑ

(
dt− a sin2 ϑdϕ

)2
+

2L4

r5Σ3
ϑ

dr2 + · · · . (A7)

In the time-gauge the vierbeins are of the form (9) with leading order terms

eaµ =



r
L

√
1− L2

r2
− mL

r2Σ5
ϑ

0 0 0

0 L
r

1√
1−L2

r2

+ mL3

r4Σ3
ϑ

0 0

0 0 r + ma2L2 sin2(2ϑ)

r4Σ6
θ

0

−2ma sinϑ
r2Σ5

ϑ
0 0

(
1 + ma2 sin2 ϑ

r3Σ5
ϑ

)
r sinϑ


+ · · · .

(A8)

In particular

N =
r

L

√
1− L2

r2
− mL

r2Σ5
ϑ

+O

(
1

r3

)
.
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The m/r4 term in e2
r is retained because we define f(r, ϑ) via

e1
r =

1

f

with

f =
r

L

√
1− L2

r2
− mL

r2Σ3
ϑ

+O

(
1

r3

)
,

while the m/r4 term in e2
θ does not affect the subsequent analysis and can be discarded.

To order 1
r3

the connection 1-forms are

ω01 = −∂rN
N

fe0, ω02 = −1

r

∂ϑN

N
e0, ω03 = 0,

ω12 = −1

r

∂ϑf

f
e1 − f

r
e2, ω23 = −cotϑ

r
e3, ω13 = −f

r
e3.

Hence asymptotically

N → r

L
, f → r

L
,

ω01,0 → −
1

L
, ω12,2 → − 1

L
, ω13,3 → − 1

L
.

We will now evaluate (11) using this asymptotic behaviour. We have ∂1 = f ∂
∂r

+ O
(

1
r2

)
and, although ∂rN ∼ 1/L, for transverse derivatives ∂̂N ∼ O

(
1
r2

)
and ωj1,1 ∼ O

(
1
r3

)
. One

finds ∫
S2
t,r

[
N
{
D̃j(Si

j)− ∂i(Sjj)
}

+ ∂iN
(
niSjj − njSij

)]
r2ê 23

=

∫
S2

{
Nf

(
2

r
S11 −

1

r
S⊥ − (S⊥)′

)
+N ′fS⊥

}
r2ê 23 +O

(
1

r

)
where S⊥ = S22 + S33 is the transverse trace of Sij,

′ = ∂
∂r

and

ê 23 = sinϑdϑ ∧ dϕ

is the volume form on the unit sphere. Now

Nf = − r
2

L2
+ 1− m

r

(
1

Σ5
ϑ

+
1

Σ3
ϑ

)
+O

(
1

r2

)
,

N ′f = − r

L2
+O

(
1

r2

)
so ∫

S2

{
Nf

(
2

r
S11−

1

r
S⊥ − (S⊥)′

)
+N ′fS⊥

}
r2ê 23

=

∫
S2

{(
1− r2

L2

)(
2
S11

r
− (S⊥)′

)
− S⊥

r

}
r2ê 23 +O

(
1

r

)
.

15



Now we can expand S11 and S⊥ in inverse powers of r as

S⊥ =
∞∑
n=1

bn(ϑ, ϕ)

rn
,

S11 =
∞∑
n=1

cn(ϑ, ϕ)

rn

then ∫
S2

{
Nf

(
2

r
S11 −

1

r
S⊥ − (S⊥)′

)
+N ′fS⊥

}
r2ê 23 (A9)

= −
∫
S2

{
(b1 + 2c1)

L2
+

2(b2 + c2)

L2r
− 2c1

r2
+

(3b3 + 2c3)

L2r2

}
r2ê 23 +O

(
1

r

)
.

Averaging over the sphere let b̄i = 1
4π

∫
S2 bi(ϑ, ϕ) sinϑdϑdϕ and c̄i =

1
4π

∫
S2 ci(ϑ, ϕ) sinϑdϑdϕ then, for a finite expression in (A9) as r → ∞, we must

demand that

b̄1 + 2c̄1 = 0 and b̄2 + c̄2 = 0.

If we wish the deformation of the area of the sphere at infinity to remain finite we must

further demand that b̄1 = 0, so c̄1 = 0 (if we wish the area to be invariant we impose the

stronger restriction b̄1 = b̄2 = 0⇒ c̄1 = c̄2 = 0).

In any case we finally arrive at

lim
r→∞

δQ[ea,L ~Ke
a, δea] = 2c̄1 −

1

2L2
(3b̄3 + 2c̄3). (A10)

For example if we vary the parameters m → m + δm and a → δa in the original metric

(A8), keeping L fixed, then e1 = 1
f
dr and

S11 = −δf
f

= −1

2

δf 2

f 2
=
L2

r2
δ

(
m

rΣ3
ϑ

)
+ O

(
1

r4

)
= −L

2

r3
δ

(
m

Σ3
ϑ

)
+ O

(
1

r4

)
,

with

S⊥ =
1

r sinϑ
δ

(
ma2 sin3 ϑ

r2Σ5
ϑ

)
+ O

(
1

r4

)
=

1

r3
δ

(
ma2

Σ5
ϑ

)
+ O

(
1

r4

)
so

c1 = 0, b3 = sin2 ϑ δ

(
ma2

Σ5
ϑ

)
and c3 = −L2δ

(
m

Σ3
ϑ

)
.

(A10) is therefore

lim
r→∞
Q[ea,L ~Ke

a, δea] =
1

8π

∫
S2

{
2 δ

(
m

Σ3
ϑ

)
− 3 sin2 ϑ

L2
δ

(
ma2

Σ5
ϑ

)}
sinϑdϑdϕ

=
1

8π
δ

{∫
S2

m

(
2

Σ3
ϑ

− 3a2

L2

sin2 ϑ

Σ5
ϑ

)
sinϑdϑdϕ

}
= δ

{
m

4

∫ 2π

0

(
2

Σ3
ϑ

− 3a2

L2

sin2 ϑ

Σ5
ϑ

)
sinϑdϑ

}
.
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The integrals are elementary,∫ 2π

0

sinϑdϑ

Σ3
ϑ

=
2(

1 + a2

L2

) , ∫ 2π

0

sin3 ϑdϑ

Σ5
ϑ

=
4

3
(
1 + a2

L2

)2 , (A11)

giving

δQ[ea,L ~Ke
a, δea] = δM

with

M =
m(

1 + a2

L2

)2 . (A12)

This is actually the analytic continuation of the mass determined in [23] (indeed it is presum-

ably no co-incidence that the integrals (A11) are precisely the ones that appear in equation

(B.7) of that reference).

Finally a note on normalization. For asymptotically flat space-time the normalization of

the time-like killing vector ~K = ∂
∂t

is chosen that ~K has unit norm at r →∞. This criterion

cannot be used in asymptotically de Sitter space-time. For asymptotically de Sitter space-

time the normalization can be fixed by using the natural normalization of the generators of

the de Sitter group SO(1, 4) at r →∞, in which case the natural normalization is ~K = L ∂
∂t

and the invariant quantity obtained from this normalization is mL.
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