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Abstract—In this paper we consider state estimation of an
unstable scalar system using multiple sensors, where the sensors
quantize their individual innovations, which are then combined
at the fusion center to form a global state estimate. We obtain an
asymptotic expression for the error covariance (or mean squared
error) that relates the system parameters and bit rates used by
the different sensors. Numerical results show close agreement
with the true mean squared error for quantization at high rates.
An optimal rate allocation problem amongst the different sensors
is also considered.

I. INTRODUCTION

Linear state estimation using multiple sensors is a com-
monly performed task in areas such as radar tracking and
industrial monitoring. Nowadays, much of the communication
systems used in practice are digital in nature. For instance, ana-
log measurements made by sensors will need to be quantized
before transmission to a central processor or fusion center.
Characterizing the performance loss due to quantization, for a
linear state estimation problem, is the focus of this paper. This
can be seen as a first step towards achieving a quantization
rate versus state estimation error trade-off (for both single
and multi-sensor cases) for linear dynamical systems, which
is largely unavailable in the current literature.

We consider an unstable scalar linear system. A number
of sensors take measurements, perform some local processing
before transmitting a processed signal to a fusion center, that
then combines these signals to form a global state estimate. At
the sensor level, each sensor will quantize their innovations'.
This is motivated by the fact that for unstable systems,
while the state will become unbounded (leading to possible
saturation of the quantizer), the innovations process remains
of bounded variance [1]. These quantized innovations are then
sent to a fusion center to form a global state estimate, using a
modification of the exact decentralized scheme for unquantized
Kalman filtering in [2].

The work of [3] gave structural results on optimal coding for
state estimation with measurements obtained over a finite rate
digital link, though the focus is more on determining minimum
bit rates required for stability. For a linear quadratic control
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problem with quantized state feedback, the performance with
high rate quantization has been studied in [4]. The idea of
quantizing innovations has also been considered in [5]-[7]
with slightly different filtering equations from ours. However
[7] only considers the case of a single sensor, while the multi-
sensor setup in [6] does not involve a fusion center but instead
requires sensors to broadcast their quantized innovations to all
other sensors. In [8] quantization of measurements is carried
out after performing an optimization of the quantization levels,
but their scheme requires feedback of the state estimates from
the fusion center back to the sensors. In [9] a filter which
involves quantizing the true innovations at the sensor (rather
than the approximation to the true innovations considered here
and in [5]-[7]) is given, but it is shown that for unstable sys-
tems the mean squared error always becomes unbounded with
this scheme. Particle filtering schemes are also considered in
[9], though such schemes are difficult to analyze theoretically.

The paper is organized as follows. We first briefly consider
the single sensor case to motivate our choice of quanti-
zation method, filtering equations, and asymptotic analysis
techniques for high rate quantization. We then consider the
multi-sensor case. We obtain an asymptotic approximation for
the error covariance in terms of the bit rates used by the
different sensors in quantizing their innovations, as well as the
system parameters. Numerical comparisons are made between
the asymptotic expression and Monte Carlo simulations of the
true mean squared error. While our asymptotic expressions
are derived assuming high rate quantization, numerical results
suggest that they are quite accurate even for bit rates as
low as 3, in agreement with the conventional wisdom [10].
We also solve a rate allocation problem in the multi-sensor
case for minimizing the steady-state error covariance at the
fusion centre when the total rate across the sensors is limited.
Performance of this optimal rate allocation scheme is analyzed
both qualitatively and numerically.

II. SINGLE SENSOR
A. System model

The system is a scalar linear system

Tri1 = ATE + Wk
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with a single scalar sensor measurement
Yk = CT + Uk

where wy, ~ N(0,02) and vy ~ N(0,02) are i.i.d. in time.
We consider unstable systems, i.e. |a| > 1, and we assume
that {wy,} and {v;} are mutually independent. Define the state
estimates and error covariances?

kf

xk\k*l =E $k|y07 cee 7yk71]

~k
xk|fk: =E $k|y07 cee 7yk]

[
[
[
[

k ~k
Pk\{eq = El(zx - xk{kfl)z\yo» -
k K
Pk|£ = El(zx - xk|f]g)2|y07 ce s Yk]

The innovations process is

- ok
ik = gk — Elyrlyo, - yk—1] = yr — eyl
It is well-known (see e.g. [1]) that

gk ~ N(0,* Py +02)

The Kalman filtering equations (without quantization) are:

~kf _ akf
Thlk—1 — AT, _1|p—1
skf _ skf kf ~kf _ skf kf ~
Ty = Tyjpog + K, (yr — ka|k71) = Ty T K Uk
kf
gk ThEa®
bepr 462
k|lk—1 v
kf  _ 2pkf 2
Pieo1 =@ By oy
PR 52
kf _ pkf kf pkf  _ klk—1%v
Piie = Py — By Py = S
Pk T 0%

(1)

For ¢ # 0, as k — oo, P,fl’;_l converges to a steady state
value:

P =
(oo}
—(02 = 202 — a%02) + /(02 — 202, — a202)? + 4c20202,
2c2
 —(l=ols—a*)+ /(1 —0%s—a?)>?+402s
2s
2)
2 . .
where s £ <5 can be regarded as a sensor signal to noise
ratio. :

B. Quantized filtering scheme
Here we consider a suboptimal scheme, where we run a

slightly modified version of the unquantized filtering equations

2As in [9], we use the superscript “kf” to denote the true Kalman filtering
quantities.

given in (1):

Trlk—1 = ATk —1|k—1

e = Tjp—1 + Krq(yre — cZpip—1)
Pyjp—1c

2 Pyjp—1 + 02 + 02 3)
Pyjj—1 = a*Py_1jp—1 + 0o,

Ky =

Pyjp—1(op + 07)
CQPk‘k_l + 0',[2] + U?L

Py = Pyjp—1 — KpcPyjp—1 =

where q(yy — cix|x—1) is the quantization of yy, —ci|x—1, and
o2 is a term to account for “quantization noise”, similar to e.g.
[11]. Note that due to quantization g, Pk, and yp —cIy 1 are
not the true conditional mean, error covariance and innovations
respectively, but for high rate quantization the approximations
are quite accurate.

We will use a uniform quantizer, motivated by the result
that for uniform quantization of certain random variables such
as Gaussian random variables, the quantization error at high
rates is approximately uncorrelated with the quantizer input
[12], so that one can write

q(yr — CTpjp—1) B Yr — CTpjp—1 + N

where ny is the quantization noise. Under high rate quantiza-
tion, the distortion is approximated by (see e.g. [10]):

12N2

)\2(1‘) r =0,

where N is the number of quantization levels, f(z) is the p.d.f.
of the random variable to be quantized, and A\(x) is the point
density. At high rates, we will also assume that the quantity
Yk — CEgp—1 is approximately N(0,c?Ps, + 07), where Py
is the limit of Pjx_; in (3) as k — oo. We use a uniform
quantizer with N quantization levels, truncating the range to
[—34/2Ps + 02,3,/ P, + 02}, which is motivated by the
rule of thumb in statistics that 99.7% of samples lie within 3
standard deviations of the mean. The point density will then

_ 1
be A\(z) = NI and hence

1 3(c? P + 02)

2 - _ - 2 2 _ 2T o0 T T

7n = 12N2 /36(6 Poo + ;) f(@)dx e :

The value of P, can then be found by solving for

p_ @Puleiod) |
2Py + 02+ 02
with 02 = w. This can be rearranged into a quadratic
equation
3 3a?c? 3
|:62(].+]\72) N2 Pozofo'?vdg(].‘i’m)
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so that
—(1+ %)(1 —a%—025)

Py =

{1+ )
\/(1+%)2(17a2—025)2+402 s(14 25 =380 (14 +2)
2s(1+ 5 —39)

“)
with s = ¢? /o2
C. Asymptotic analysis

Here we determine the asymptotic behaviour of (4) for large
N. We have

V4 20)2(1-a2 —025)2 + 402 s(1+ o -

Dy 1/2
|:D1+N,2+O( )
1 1

=VDi+ 5o 2\ﬁN2 +0(3)

where Dy = (1 —a? — o2
028)? + 402 s(6 — 3a?) =

3 (14 22)

5)2 +402s and Dy 2 6(1 — a® —
6D — 1202 sa?. Then

3(1—a®*—0o?
—(1—a?—02s) — (aNifs)

Poo:( 2s

F 2 NZ — 3a?
+ ¢—28N + O(5= )><1_3N:§ O(]\;))

2F—|—3(a —1)v/D1—3a*(1—-a®>—02%s) 1

— pkf il
> 2s N2
1
+O(ﬁ)

where P/ as given by (2) is the steady state error covariance
when there is no quantization. Alternatively, we can express
this in terms of the bit rate R = log,(N), so that

2F+3(a —1)v/D1—3a*(1—a?—0o%s) 1

_pH 1
Poo = Pos' + 2s 22R
1
+O(2TR)

We thus see that P,, asymptotically behaves like the unquan-
tized error covariance P/ plus a term that decays to zero at
the rate 1/22%,

III. MULTIPLE SENSORS

The system is again a scalar linear system
Trp+1 = ATk + W,

but now with M different sensors taking scalar sensor mea-
surements (using 7 to denote the sensor index and k the time
index):

Yik = CiTk +/Ui,k7i = 17"'7M
where wy, ~ N(0,07,) and v, ~ N(0,07,,) are i.i.d. in time.

We assume that {wy, } and {v; j }, Vi are mutually independent.
It is assumed that the individual sensors can perform some

local processing, with a fusion center then using an appropriate
fusion rule to compute a global estimate of the state xj. See
Fig. 1 for a diagram of the system model.

Sensors
Yix ql(yll,k)
Process / \ R
Fusion | X«
X, Center |
\ qM(j/M,k)
yM,k

Fig. 1. System model: Multi-sensor

A. Decentralized Kalman filter

In [2], it is shown that in the case where there is no quanti-
zation, each sensor can run its own individual Kalman filter to
obtain local state estimates, which can then be combined at the
fusion center to obtain a global state estimate, with this global
estimate being the same as if the fusion center had access to the
individual measurements. We summarize the equations below.

Define the local estimates and error covariances:

kf

Ty jh—1 = Elzk|yio,-- - Yik—1]
if{c\k Elzx|yi o, -, ikl

Pi]fl{|k—1 = E[(zx — ffim D2 19i0s -+ Yig1]
Pfl{\k = E[(zx — lk|k) |Yi,05 -+ Yi k]

and the global estimates and error covariances:

~kf

Tyip—1 = Elzelyo, - ¥4
iyl = Eluelyo, - v)

P’fljlzfl = E[(xk ;%Z\fk 1) |YO> s ayk71]
Pff\];c = El(zx — xk\k) Y0, -+ ¥l

where y, £ (Y1 k- - Y k)-

The sensors run their individual Kalman filtering equations,
for ¢ = 1,..., M, whose equations take the form (1) but
replacing y, with y; 1, ¢ with ¢;, 0 with cr i ete. The fusion
center makes use of the local estimates 2°7 k‘ p_q and z xl Kk and

and P*/

local error covariances P A

Jelk—1 to compute global
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state estimates as follows:

Jkf Jkf
Tylp—1 = L1 1151
L s o T
kS kf 1 i i 1
Ty = Prje kf +Z kf  pkf
Pk|k-—1 i=1 sz|k sz|k 1 5)
kf  _ 2pkf 2
Pk\k-l* Pk k=11 Ow
kf
Pkf o Pk|k 1
K|k

|k: 121 10L2

v

Note that instead of the sensors sending their local estimates
and error covariances, the local innovations ¥; r = Yir —

~k . . .
i, {C‘ w1 can be sent to the fu510n center instead, since the

N
zk\k’

Pkk‘ . from g x pr0v1ded it has knowledge of all the sensor
parameters ¢; and 02, i =1,..., M.

For later reference, the local error covariances pPk/
steady state values

fusion center can reconstruct " k‘ b1° Pk i klk—1 and

Z’U’

k‘k 1 have

kf —(1 — 03)81' — a2)
4,00 2s;
V(1 —02s; —a?)? + 402 s
+ 257;

while the error covariance Pk| w1 has steady state value

Pk — -(1-o2, i=15i a?)
oo T M
23 s 8i
\/(1 — 0% Yt s — a?)? 403 Y0 s
+ M
221-:1 S;

2

A C;

where s; = -
i,

to noise ratios.

can be regarded as the individual sensor signal

B. Quantized filtering scheme

As in the single sensor case, we can consider a suboptimal
scheme which is a slightly modified version of the unquantized
Kalman filtering equations. The individual sensors run the

following equations, for ¢ =1,..., M:
Tipk—1 = T4 p—1k—1
T pik = Tiplh—1 + Kin@i(Yik — ci®i gji—1)
K Pi,k\k—lci
ik = 73 2 2
;P gk—1+o07,+0;, (6)

2 2
Pigpp—1=a" P 1p—1+ 0y

2 2
P pjr—1(0i, +07,,)

Pk =
) 2 2 2
G Plﬁk\k?*l + Ui,v + Ui,n

while the fusion center runs the following equations:

Tpjk—1 = ATp—_1|h—1

. M o, .
. Tk|k—1 Lik|k Tik|k—1
Tpik = Pk + E { — -
Peje—1 = (Pigie Piklp—1
Py = a*P, + 02 @
Elk—1 = @ Ig_1|k—1 T Oy
Prjp—1
Py = 7

1+ Prg—1 Zi\i %

i,n

where q;(yir — CiZipp—1) is the quantization of yir —
¢iZ; k|k—1, With corresponding term a ,, to account for the
quantization noise. The values ql(yl,k Cixi,k|k71) are the
quantities that are sent to the fusion center. Similar to the
remark in the previous subsection, the fusion center can
reconstruct &; xk—1, Tikjk> i kjk—1 and P; g from q;(y; x —
Ci%; |k—1) and knowledge of the sensor parameters.

We will again use uniform quantization, with N; quantizer
levels for sensor 7. At high rates, assuming that y;; —
Ci%; p|k—1 is approximately N(0,¢}P; o + 07,), and using

2P oo + 02 3\/022Pi,oo + 01‘2,1;]’
we obtain similar to the single sensor case that

2 S(C%PLOO + UiQ,v)

in N2

K2

a quantization range [—3

Z’L)’

where P;  is the steady state value of P ;,_; and satisfies

a2Pi7oo(ai2’v + U?,n)

2D, 2 2
G P)%OO + Ui,'u + Ui,n

P 1,00 — + o 5)
Then P~ has solution of the form (4), but replacing ¢ with
Ci» a with O’ , s with s;, N with N; etc.

The quantlty Pk| k—1 has steady state value

2

—(1—032£1ﬁ—a2)
Poo: (,2
221—10- +¢7L”
2
\/(102 D 1ﬁ*a2) +402 32 10170%
+ = ’
QZ’L 10 +U

i,n

®)
C. Asymptotic analysis

We now determine the asymptotic behaviour of (8) as N; —
00, Vi. From the analysis of the single sensor case, we have

P Pkf+0<1)

NQ
3(012sz£0 + Uz‘Q,v) 0 1
=Nz TO\NE

By similar methods, we can further obtain

M 3si(siPML 4+ 1) 1
e DI CRE Sl
— z n i=1 Ni N;

and hence
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and
M 2 M 2
_ o2 i —a2)2 2 i
" U”ZG%H? P,
om0 ()
where
M M
Fy £ (1 — a2 —O’?UZSJ‘)Q—f—éldi)ZSj
j=1 j=1
and
M
By 2 =602 | 1+a>+ 02> s | si(siPFL +1)
7j=1
for ¢ = 1,..., M. Finally, after some algebraic manipulation

we can obtain
SRy

_Pkf+222R
i=1

= log,(NV;) and

1
N2N2
4,7
1
22R +2R;

(€))

where R;

A
€, =

2
M
: (ijl Sf)
— 14+ FE —

M
H(1+a® *JwZ] 155) 205218
VE;

X

(10)

It is not too difficult to show that e; > 0, V.

Thus in the multi-sensor case, P, asymptotically behaves
like the unquantized error covariance Pfof plus a sum of M
terms, with each term decaying to zero at the rate 1/22%%,

D. A rate allocation problem

Suppose we are given Ry,;, where Ry, is large. We want
to determine how this total rate is to be allocated amongst
the sensors. Let R; = a;R:,+ where 0 < «; < 1. One way
to allocate the rates is to minimize the asymptotic expression
given by (9), subject to the total rate being less than or equal
to Ryo¢, 1.€. the problem:

min Pkf + Z

Q1 yeees UM 1 22a Rtot
/l

Y

M
S.t. Z(Jéi <l,a; 20

i=1
with e; given by (10). Note that in problem (11), we are not
constraining the rates to be integer values, which allows this

problem to be solved analytically.> We have the following
result:

Lemma 1: The optimization problem (11), where e; > 0
are constants, has solution

1 1 e;
y 1 ! 12
Q; M + 2Rtot 089 M 1/M ( )
Hj:l €j

Proof: The optimal solution follows from analyzing the
Karush-Kuhn-Tucker conditions. The derivation is omitted. W
From the solution (12) we see that larger values of e; should
be allocated higher rates. From (10) we see that larger values
of e; correspond to larger values of sl(slP +1). It is not
difficult to show that

028, —a?) + /(1 —0%s; — a2)? +4o2s;
2

—(1—

is an increasing function of s;, hence s;(s; P, fo +1) is also an
,
increasing function of s;. Thus larger values of e; correspond
2

to larger values of the sensor signal to noise ratios s; = U(’:;' .

Another observation that can be made from (12) is that for
fixed M, as Ryy — 00, af — 1z, so for high R, each
sensor should be allocated approximately equal proportions of
the total rate.

E. Numerical studies

In Fig. 2 we plot P, given by (8), the asymptotic expression
for P, given by (9) and compare these expressions with
Monte Carlo simulations of the mean squared error E[(z) —
Zgp—1)?] using the estimator given by the equations (6)-
(7). We consider the case with two sensors, with parameters
a=12c = l,cg = 1, 02 = 1, a%’v = 0.1,U%w = 1.
We set Ny = Ny = N. As we can see, the asymptotic
approximation becomes more accurate for higher rates. Note
that in this example P*f = 1.1211.

1.55 T T T
—©6— Mean squared error
1.5F —5—P_ |

—v— asymptotic expression

E[(zr, — &1 )?]

I092 N

Fig. 2. Mean squared error and asymptotic expression: Multi-sensor

30therwise we would have an integer programming problem that is difficult
to solve efficiently.
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TABLE I
MEAN SQUARED ERROR AND ASYMPTOTIC EXPRESSION

Ri =log,(N1) | R2 =logy(N2) | Mean squared error | Poo expression (8) | Asymptotic expression (9)
1 7 2.0503 1.7129 2.0699
2 6 1.4507 1.3334 1.3585
3 5 1.1981 1.1790 1.1805
4 4 1.1368 1.1363 1.1363
5 3 1.1278 1.1262 1.1262
6 2 1.1290 1.1262 1.1277
7 1 1.1375 1.1302 1.1441

We will next consider the optimal rate allocation problem
(11). For the same parameters a = 1.2,¢; = 1,¢co =1, 0721) =
1, 01, = 0.1,05, = 1, with R;,; = 8, we find that the
optimal solution is o = 0.6682, a5 = 0.3318, corresponding
to rates R} = 5.3459, R; = 2.6541. In Table I we tabulate
the results for some integer combinations of R; = log, (V1)
and Rs = log,(N2), with Ry + Ry = 8. We see that Ry = 5,
Rs = 3 gives the best performance. Thus in this case, the
best integer valued rates are given by rounding the solution
obtained from (11) to the nearest integers.

IV. CONCLUSION

We have derived an asymptotic approximation to the error
covariance for linear state estimation of an unstable scalar
system with quantized innovations, valid when the sensors
use high rate quantization. Extensions of this work to vector
systems is currently under investigation.
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