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a b s t r a c t

This paper presents a systematic methodology to optimise the geometry of a three-body hinge-barge
wave energy converter, to maximise the energy extraction of the device in given sea states and in site-
specific wave climates. To that end, a 5-degree-of-freedom mathematical model is proposed to describe
the system dynamics in two-dimensional space and a two-layer optimisation is designed to find the
optimal design and control variables. The inner-layer optimisation is used to find the optimal control
parameters of the power take-off system and the outer-layer optimisation, which uses a genetic algo-
rithm, is employed to find the optimal design parameters of barge lengths and of optimal ballast posi-
tioning. In the case study, this methodology is applied to a 1:20 scale prototype of the McCabe Wave
Pump device. Numerical results indicate that the optimal dimensions of the device, under given sea
states, can be found efficiently and accurately, and that there appears to be no obvious benefit in the use
of three barges, over a two-barge system.
© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Wave energy converters (WECs) are used to capture the energy
carried by ocean surface waves. Over the past few decades, a large
number of WEC concepts have been proposed [1], and numerous
theoretical, computational and experimental studies have been
performed to investigate the performance of such devices. In order
to maximise the energy extraction of a WEC from incident waves, a
number of strategies can be employed [2e4]. Among them, two
well-known approaches propose optimising the geometry of the
primary capture system and employing advanced control strategies
for the power take-off (PTO) system.

Geometric optimisation is relevant to all types of wave energy
conversion techniques, including point absorbers [5e9], oscillating
water columns (OWCs) [10e12], and overtopping devices [13e15].
In [5], the authors optimise the geometric shape and the radius of a
floating WEC, based on an average annual wave energy spectrum
for the deployment location at the Atlantic marine energy test site
(AMETS). In [6], the optimal diameter and draft of a one-body
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heaving point absorber are investigated for the nearshore region
of Rio de Janeiro, where the optimisation process is based on a
frequency-domain model and aims to maximise both absorbed
energy and absorption bandwidth while providing a natural period
close to the predominant wave period of the sea site. In [7], the
optimal shape and size of a heaving absorber is determined
through a numerical approach, based on frequency-domain anal-
ysis. In [8], the authors perform geometric optimisation for a
conical-bottom buoy with three types of PTO which are linear,
constant, and quadratic non-linear, using the commercial software
Flow-3D. To perform the geometric optimisation of the OWC type
device, a simplified linear model is employed in [10] and a CFD
model in used in [11]. The influence of different time scales on the
geometric design of a bottom-fixed OWC device is highlighted in
[12], showing the sensitivity to sea state, seasonal and annual pe-
riods over which the parameters are optimised. In relation to the
geometric optimisation of the overtopping type WECs, the authors
in [13] use a CFD approach incorporating the finite volume method
to evaluate the relative depth on the design of the ramp geometry
(ratio between the ramp height and its length) and to investigate
the shape which leads to the highest amount of water inside the
reservoir. Authors in [14] employed the same method to evaluate
the influence of the ratio between the height and length of the
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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ramp on the amount of mass that enters the tank for two different
levels of submergence. Authors in [15] investigate the effect of five
different geometry control scenarios on the overall hydraulic effi-
ciency and overall hydraulic power of overtopping WECs, and find
that adapting the crest freeboard of devices to the wave charac-
teristics increases overall hydraulic efficiency and power.

Most endeavours so far have been limited to carrying out geo-
metric optimisation independently of the control system, which
has proved to have a significant influence on the energy capture of
WECs [3]. Recently, PTO-control-informed geometric optimisation
has been studied for several WEC concepts, particularly for point-
absorber type WECs and hinge-barge type WECs. In [16e18], re-
sults indicate that, for a 1-degree-of-freedom (DOF) point-absorber
type WEC, the optimal radius and draft of the buoy can be obtained
depending on the type of PTO control strategy considered during
the design optimisation stage. In [19], results demonstrate that
control-informed geometric optimisation can significantly improve
the energy production of a three-body hinge-barge WEC, under
both regular and irregular waves.

In addition to the PTO control strategy, another key factor to be
considered during the design stage is the ballast mass, as the
location of the centre of gravity governs the dynamics of rigid
bodies and hydrodynamics of floating structures. In [20,21], the
effect of mass redistribution is systematically investigated for a
modified Duck WEC, and results indicate that the device’s perfor-
mance is changed by rearranging the ballast distribution and that it
is possible to optimise the performance of the device by choosing
an appropriate value for the centre of mass of the ballast for a
certain sea state. More recently, results in [22] show that mass-
offset position has the greatest impact on the power production
of a single-tether submerged spherical point absorber WEC, with
asymmetric mass distribution and optimal mass distribution
increasing the power production of the WEC by at least 1.5 times
more than the generic single-tether point absorber.

However, to the best of the authors’ knowledge, there are no
studies systematically investigating the integrated impact of PTO
control strategies, geometric size parameters, and ballast distribu-
tion on a hinge-barge WEC performance. In this paper, a two-layer
optimisation is proposed, with the inner layer optimising the PTO
control parameters and the outer layer optimising the geometry
and ballast related parameters. The use of such a two-layer opti-
misation is not new (see, for example [16,18]), but the current study
extends this state-of-the-art in considering a hinge-barge WEC
with significantly more complexity than devices studied to date,
specifically with regard to multi-body dynamics and user-defined
ballast. The choice of optimisation routines is also reasonably
standard, and adopted from the optimisation literature, though the
necessity for a concurrent optimisation algorithm in the outer loop
is required, given the non-convexity of the optimisation problem
with respect to a number of the parameters to be optimised. The
execution of such an optimisation across a range of sea states also
adds novelty to the study.

Real sea states measured from a scale test site in Galway, Ireland,
are used in the analysis. The proposed scheme can be used to
effectively determine the global optimal design parameters of a
WEC, i.e. geometric size and ballast weights, for the pre-selected/
considered deployment site, and it provides a new guideline of
designing WECs, in particular multi-body connected WECs. The
presented multi-DOF’s motion equation is validated by the identi-
fication process, through using experimental data collected from
tank test and numerical data computed by the mathematical
model. The presented spectral method can accurately simulate
dynamics of the multi-body hinge-barge WEC, and it can also be
used to study the hydrodynamic response of other complex floating
structures.
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TheWEC concept used in this paper is a three-body hinge-barge
WEC, as illustrated in the authors’ previous work [19], where
control-informed geometric optimisation of the device was per-
formed and optimal fore barge length and aft barge length of the
device under regular waves, and irregular waves, were found.
Earlier studies on this device can be found in [23,24], where the
authors carried out optimal control of this device using a 4-DOF
mathematical model and pseudo-spectral control calculations.
Physical experiments were performed in wave tanks in the United
States of America [25] and in Ireland [24] and tank test data are
used in the identification stage of the numerical case studies. This
study is broadly based around a 1:20 scale prototype model [26],
with the intention of optimising its physical parameters, drawing
on the validation of previous mathematical models at that scale
[24,25].

In addition to this McCabe Wave Pump device [27], there are
other WEC concepts consisting of hinged bodies, e.g., the M4 WEC
[28,29], Crestwing WEC [30,31], the SeaPower WEC [32] and the
Mocean WEC [33]. Numerical results and physical experiments
have shown that hinge-bargeWECs usually have a broad frequency
response range and a high capture width ratio [34,35].

The remainder of the paper is organized as follows: in Section 2,
the methodology used for the overall geometric optimisation of the
three-body hinge-barge WEC is briefly presented. In Section 3, the
mathematical model that uses an embedding technique, based on
Lagrangian mechanics, is explained for the multi-DOF multi-body
system. Section 4 demonstrates the two-layer optimisation routine
in detail and illustrates the spectral method used to solve the
equation of motion. Section 5 shows the principle used to select the
optimal design parameters of a WEC in site-specific wave climates,
from a perspective of long-term operation of the WEC. In Section 6,
the proposed two-layer optimisation procedure is applied to a
small-scale prototype and corresponding numerical simulation
results are presented. Finally, Sections 7 and 8 presents some dis-
cussion and conclusions, respectively.

2. Geometric optimisation methodology

As illustrated in Fig. 1, the candidate WEC used in this study
consists of three floating barges, one damping plate and two PTO
systems. The damping plate is rigidly connected to the central
barge. The central barge has a separate hinge connection with the
fore and aft barges. As the hinge-barge WEC is designed to operate
along the direction of wave propagation, the system dynamics
under consideration are confined to a two-dimensional space.
Therefore, only the barge lengths, rather than the barge widths, are
of interest. The original three-bargeWEC is equipped with two PTO
systems, one located between the fore barge and the central barge
and the other located between the aft barge and the central barge.

The objective of the overall optimisation is to maximise the
time-averaged power generation of theWEC in irregular waves and
long-term operation, by integrating an optimal PTO control strat-
egy and optimal ballast positioning at the geometry design phase.
To approach the control-informed and ballast-optimisation-
informed geometric optimisation, a two-layer optimisation
routine is proposed. As illustrated in Fig. 2, the purpose of the inner
layer is to optimise the PTO control variables, and the outer layer is
designed to optimise the location of the centre of gravity, influ-
enced by the ballast masses and the geometric parameters of the
barges. In this study, the geometric parameters to be optimised are
the lengths of fore and aft barges, i.e. L1 and L3, shown in Fig. 1, and
the ballast-related parameters to be optimised are mapped to the
position changes of the new centre of gravity to the centroid of fore
barge and aft barge respectively, i.e. x d1, z d1, x d3, z d3 shown in
Fig. 1.



Fig. 1. Schematic of the floating hinge-barge wave energy converter. This device has 5 DOF in two-dimensional space. L1, L3, x d1, z d1, x d3, z d3 are the variables to be optimised.
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Additionally, this model-based geometric optimisation requires
estimation of the energy production (as an objective function of the
optimisation problem) of a device in the sea state under consider-
ation. To this end, a 5-DOF mathematical model is required to
describe the system dynamics. To model the collection of multiple
bodies, linked by hinges or by rigid connection, the proposed
methodology treats the three floating barges as free-response
bodies in the hydrodynamic model and considers the damping
plate and the central barge as one body, as they are rigidly con-
nected, then incorporates all the constraints representing hinge
connections in the formulation of the motion equations. Linear
potential flow theory is used to solve the hydrodynamic problem. It
has previously been shown that the hydrodynamics of hinge barges
are predominantly linear [36].

The developed computational/mathematical model allows the
control forces, the lengths, and the locations of the centres of
gravity of the fore and aft barges to be adjusted. The PTO forces, or
the corresponding control parameters, are optimised in the inter-
optimisation routine, fully considering the hinge connection and
hydrodynamic interaction in all motion modes. This mathematical
model is able to evaluate the wave-induced response of the central
barge in heave, surge and pitch modes, and also allows computa-
tion of the relative rotation of the fore and aft barges with respect to
the central barge, respectively.

Finally, the optimal ballast and the optimised geometric sizes,
i.e. lengths of the fore and aft barges, are selected while incorpo-
rating the optimal PTO control strategy at the geometry design
optimisation stage.
3. Mathematical model of a 5-DOF three-body hinge-barge
WEC

3.1. System dynamics

To describe the dynamics of the three-body hinge-barge floating
WEC in a dimensional space, three kinds of reference frames are
used: one global inertia frame, three local body frames, and the
generalised frame. The global inertial frame is fixed in space, its
orientation and location will not change over time, and it uses
rotation and translation to define the general displacements of a
rigid body in a multi-body system. The local body frame is a non-
inertial frame of reference, and its orientation and location in the
global inertia frame varies over time. As depicted in Fig.1, each local
body frame is fixed on each barge, thereby the particles of a rigid
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body do not move with respect to its local body frame. Finally, the
configuration of a multi-body system is identified by defining the
location of the origin, and the orientation of the body frame of each
rigid body, with respect to the global inertia frame. For example, the
global position vector of the hinge point H1 in Fig. 1 is defined by
the location and orientation of local body frame O1 � x1z1 as:

rH1
g ¼RO1

g þ Ao1gH
H1

o1 ; (1)

where H
H1

o1 ¼ ðhH1
x1 ;h

H1
z1 Þ

T
, a local position vector of hinge point H1

defined in the body frame O1 � x1z1, is constant in the case of rigid

body analysis, and RO1
g is the global position vector of the origin O1.

Ao1g is the transformation matrix from a local body frame to the
global inertial frame, defined as:

Ao1g ¼
�
cosðqo1Þ �sinðqo1Þ
sinðqo1Þ cosðqo1Þ

�
; (2)

where qo1 is the pitch rotation angle of local body frame O1 � x1z1.
For small amplitudes of pitch rotation, the transformation matrix
can be linearised using cosðqo1 Þz1 and sinðqo1 Þzqo1 .

In a similar way, the global position vector of the hinge point H1
can also be defined by the location and orientation of the local body
frame O2 � x1z1 as:

rH1
g ¼RO2

g þ Ao2gH
H1

o2 ; (3)

where H
H1

o2 ¼ ðhH1
x2 ;h

H1
z2 Þ

T
, a local position vector of hinge point H1

defined in the body frame O2 � x2z2, is constant in the case of rigid

body analysis, and RO2
g is the global position vector of the origin O2.

Ao2g is the transformation matrix from local body frame O2 � x2z2
to the global inertial frame. As the global position of the hinge point
H1, defined through Eq. (1), always equals that defined by Eq. (3),
equality of these two equations yields the mathematical descrip-
tion of hinge constraints.

The generalised frame is used when the dynamic equations of a
constrained multi-body system are formulated by the embedding
technique. For a multi-body system, consisting of N interconnected
rigid bodies, 6N generalised coordinates are needed to describe the
configuration of this system in a 3-dimensional space, with 3N
generalised coordinates are required for a 2-dimensional space.
However, due to the existence of hinge connections, some



Fig. 2. Two-layer optimisation routine used in study.
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generalised coordinates are not independent. Deriving expressions
for the kinetic energy, force and virtual work in terms of general-
ised coordinates, the equation of motion is ultimately associated
with the system-independent coordinates, with constraint forces
automatically eliminated using the embedding technique [37].

For the three-body hinge-bargeWEC, in two-dimensional space,
the generalised coordinates are defined as:

Q ðtÞ¼ ½q1; q2; q3; q4; q5; q6; q7; q8; q9�T
¼ ½xb1; zb1; qb1; xb2; zb2; qb2; xb3; zb3; qb3�T ;

(4)
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where ROi
g ¼ ½xbi; zbi�T is the global position vector of the origin of

body frame Oi � xizi, and xbi and zbi represent the Cartesian co-
ordinates in the x and z directions, respectively. qbi is the orienta-
tion angle of local body frame Oi � xizi with respect to the global
inertia frame Og � xgzg .

The number of independent generalised coordinates equals the
number of DOF of a multi-body system. The three-body hinge-
barge WEC has 5 DOFs in two-dimensional space, and the inde-
pendent generalised coordinates are defined as:

Q sðtÞ¼ ½qb1ðtÞ; xb2ðtÞ; zb2ðtÞ; qb2ðtÞ; qb3ðtÞ�T : (5)



L. Wang and J.V. Ringwood Renewable Energy 171 (2021) 1159e1170
Based on the D’Alembert-Lagrange equation, the equation of
motion of the three-body hinge-bargeWEC is expressed [19,38] as:

Ms _VsðtÞþ
�
Bccm;s þBvisc;s

�
V sðtÞþGsXsðtÞþM∞s _V sðtÞ

þ
ðt
0

Ksðt� tÞVsðtÞdt¼ FesðtÞþ FusðtÞ;
(6)

Ms ¼ PTMP;
Bccm;s ¼ PTBccmP þ PTM _P þ PTM∞ _P;
Bvisc;s ¼ PTBviscP;
Gs ¼ PTGP;
M∞s ¼ PTM∞P;
Ks ¼ PTKP;
Fes ¼ PTFe;
Fus ¼ PTFu;

(7)

where Ms is the generalised mass matrix associated with inde-
pendent generalised coordinates, M ¼ diagðM1;M2;M3Þ is the
mass matrix, M∞ is the matrix of added mass at infinite frequency,

P is the system Jacobian matrix, Bvisc ¼ diagðBvisc
1 ;Bvisc

2 ;Bvisc
3 Þ is the

linearised viscous damping matrix, Bccm;s ¼ diagðBccm;s
1 ;

Bccm;s
2 ;Bccm;s

3 Þ is the Coriolis-Centripetal matrix, G ¼ diagðG1;G2;G3Þ
is the total hydrostatic matrix, and FeðtÞ¼ Fe

1ÞFe
2ÞFe

3ÞðFe
3ÞðFe

3ÞT �
T
is

the matrix of excitation forces with Fe
i ¼ ðFexi ; Fezi ; Feqi ÞT represent-

ing the wave excitation force vector of body i.
The PTO force vector is

FuðtÞ¼ FPTOUcðtÞ ¼ FPTO½u1ðtÞ;u2ðtÞ�T ; (8)

where u1ðtÞ and u2ðtÞ are the PTO control forces applied at the fore
PTO and at the aft PTO, respectively.

The PTO control configuration matrix FPTO, for a 5-DOF three-
body system, in two-dimensional space, is defined as:

FT
PTO ¼

�
0 0 1 0 0 �1 0 0 0
0 0 0 0 0 �1 0 0 1

�
: (9)

The independent velocity vector, V sðtÞ, is defined through:

VðtÞ¼PV sðtÞ: (10)

Matrix P, derived from the linearised kinematic constraint
equations, is defined as:

P¼

2
666666666666666666666664

hH1
z1 1 0 �hH1

z2 0

�hH1
x1 0 1 hH1

x2 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 �hH2

z2 hH2
z3

0 0 1 hH2
x2 �hH2

x3
0 0 0 0 1

3
777777777777777777777775

: (11)

If the pitch velocities of the aft and of fore barges in V sðtÞ are
defined with respect to the pitch motion of the central barge, the
system Jacobian matrix is expressed as:
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P¼

2
666666666666666666666664

hH1
z1 1 0 �hH1

z2 þ hH1
z1 0

�hH1
x1 0 1 hH1

x2 � hH1
x1 0

1 0 0 1 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 �hH2

z2 þ hH2
z3 hH2

z3

0 0 1 hH2
x2 � hH2

x3 �hH2
x3

0 0 0 1 1

3
777777777777777777777775

: (12)

The linearised viscous matrix is identified from experimental
and simulation results. More details are given in [24].

min
Bvisc;s

JLS ¼
XNf
i¼1

Nf

XNDOF
j¼1

NDOF

������HjðwiÞ � bHjðwiÞj2; (13)

where Nf is the number of frequencies in the spectrum of the
incident waves, NDOF is the number of degrees of freedom, Hj andbHj are the experimental and theoretical transfer functions between

the jth DOF and the incident wave, respectively.
3.2. Fluid-structure interaction

Assuming the fluid is homogeneous, incompressible, invicid and
irrotational, linear potential flow theory is used to describe the
interaction of rigid bodies with plane progressive waves inwater of
finite depth, with the free-surface and body-boundary conditions
linearised. The assumption of potential flow permits the definition
of the velocity potential Q ¼ ReðfeiwwavetÞ, satisfying the Laplace
equation in the fluid domain, i.e., DQ ¼ 0. The linearised fluid-
structure problem permits the decomposition of the velocity po-
tential into incident, scatter and radiation components, i.e.:

f¼fI þ fS þ fR (14)

The complex velocity potential fI of the incident wave is defined
as:

fI ¼
igAwave

uwave

cosh
h
k
�
zþ Hdep

�i
coshkHdep

e�ikxcosb; (15)

where $\b$ is the angle of the incident wave relative to the positive
direction of xg axis, Awave is wave amplitude, uwave is wave fre-
quency, Hdep is water depth, g is gravitational acceleration, and k is

the real root of the dispersion relation u2
wave ¼ gktanhðkHdepÞ.

The excitation force, due to incident waves, is computed by
integrating the hydrodynamic pressure over the wet surface Sw:

bF ie ¼ � iuwaver∬
Sw

niðfI þfSÞds; (16)

where the unit vector n!¼ ðn1;n2;n3Þ is normal to the body
boundary and points out of the fluid domain.
3.3. Centre of gravity and centre of buoyancy

The inertia matrix is defined as:
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M¼
2
4M1 03�3 03�3
03�3 M2 03�3
03�3 03�3 M3

3
5; (17)

Mi ¼

2
6664
mi 0 miz

g
i

0 mi �mix
g
i

miz
g
i �mix

g
i Iyyi

3
7775; i ¼ 1;2;3; (18)

where mi is the inertial mass of body i, and ðxgi ; z
g
i Þ

T
is the position

vector of the centre of gravity of body i defined in the local body
frame Oi � xizi. I

yy
i is the moment of inertia of body i defined in local

body frame Oi � xizi.
The mass matrix M is diagonal, if the origin of each local body

frame is set at the corresponding centre of gravity. It will also result
in the elimination of off-diagonal terms during the transformation
from the Cartesian frame to the generalised frame. Thereby, for
simplicity and to eliminate the inertial coupling between the
rotation and translation of each body frame, the origin of each local
body frame is always fixed to the centre of gravity of each barge.

The original COG of the fore and aft barges coincides with the
centroid, assuming that each barge has symmetric (or even) mass
distribution. When the ballast is added, the COG of the fore and aft
barges is located at some distance from their geometric centres. The
COGs of the fore and aft barges are considered as parameters to be
optimised, i.e. x d1, z d1, x d3 and z d3, shown in Fig.1. Many forms
can be taken to achieve the location change of the COGswhen using
ballast mass, e. g, by evenly placing the weight at the outer-side
surface and bottom-side surface of the fore and aft barges, where
different weighting masses will yield different COG locations in the
horizontal and vertical direction, respectively.

The new COG location yields newwetted surfaces as well as new
centres of buoyancy (COB), in still water (no waves). The COB of
each barge always coincides with the centroid of the displaced
volume of fluid. The total buoyancy has an identical magnitude to
that of the total device mass, but an opposite direction. For the
proposed two-dimensional problem, the new wetted surface for
the new ballast configuration is determined from these well-
established principles.
4. Two-layer optimisation of variables

The overall problem is tomaximise the energy converted for the
three-body hinge-barge WEC in the sea state under consideration,
by finding optimal geometric design parameters and optimal
ballast positions with information from the PTO control strategy at
the design stage. This energy-maximisation problem has six vari-
ables, i.e., length of the fore barge L1, length of the aft barge L3, and
location parameters related to ballast x d1, z d1, x d3 and z d3, as
illustrated in Fig. 1.

A two-layer optimisation methodology is proposed to achieve
the optimal solution. The inner optimisation is for the PTO control
variables, where different control strategies can be implemented
and control variables can be optimised in this loop for each ge-
ometry set and ballast configuration, under the given sea state. The
outer optimisation is to optimise the geometric variables and
ballast-related variables, based on the optimal PTO control forces
obtained from the inner optimisation loop.
4.1. Inner-layer optimisation of PTO control forces

In this section, energy-maximisation control using the spectral
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method is demonstrated. States and control variables are repre-
sented by a linear combination of basis functions, following the
development in [39]. Here, velocity and PTO control forces are
approximated by truncated zero-mean Fourier series, and the basis
functions are expressed as:

Fbs ¼ ½cosðw0tÞ sinðw0tÞ… cosðnw0tÞ sinðnw0tÞ�T ; (19)

where w0 is the fundamental angular frequency.
The ith components of the velocity and position vectors, are

defined, respectively, as follows:

viðtÞzFT
bsðtÞbv i; (20)

xiðtÞzFT
bsðtÞbxi; (21)

where bv i ¼ ½bv1;bv2;…bvNdc
�T and bxi ¼ ½bx1; bx2;…; bxNdc

�T are the Fourier
projection vectors of velocity and displacement of mode i,
respectively.

The total velocity and displacement vectors are formulated,
respectively, as follows:

V sðtÞ¼ ½v1ðtÞ; v2ðtÞ;…; vNdcðtÞ�T

z

�
FT

bsbv1;F
T
bsbv2;…;FT

bsbvNdc

�T
¼ JðtÞbV s;

(22)

XsðtÞ¼ ½x1ðtÞ; x2ðtÞ;…; xNdcðtÞ�T

z

�
FT

bsbx1;FT
bsbx2;…;FT

bsbxNdc

�T
¼ JðtÞbX s;

(23)

where JðtÞ ¼ INdc
5FT

bs is a Ndc block diagonal matrix and each

block is FT
bs. The symbol INdc

denotes an identity matrix of size Ndc

and the symbol 5 represents the Kronecker product of two

matrices. bV s ¼ ½bvT
1; bvT

2;… ; bvT
Nbs

�T and bX s ¼ ½bxT1; bxT2;…; bxTNbs
�T .

The derivatives of displacement and velocity with respect to
time are formulated, respectively, as:

_XsðtÞ z

�
_F
T
bsðtÞbx1; _FT

bsðtÞbx2;…; _F
T
bsðtÞbxNdc

ðtÞ
�T

¼
�
FT

bsðtÞDbx1;FT
bsðtÞDbx2;…;FT

bsðtÞDbxNdc

�T
¼ JðtÞDdc

bX s;

(24)

_V sðtÞ¼JðtÞDdc
bV s; (25)

where Ddc ¼ INdc
5 D. The differential matrix D2RNbs�Nbs is block-

diagonal, and each diagonal block Dn with n ¼ 1;2;…;Nbs=2 is

Dn ¼
�
0 nw0
�nw0 0

�
: (26)

The PTO control force FusðtÞ is formulated as:

FusðtÞ¼PTFPTO

�
FT

bsðtÞbu1;F
T
bsðtÞbu2

�T
¼ PTFPTOJ2*2Nbs

ðtÞbU c;
(27)

where J2*2Nbs
ðtÞ ¼ I25FT

bs and bU c ¼ ½buT
1; buT

2�
T
.
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bui ¼ ½bu1; bu2;…; buNbs
�T is the control Fourier projection vector.

Substituting Eqs. (22), (23), (25) and (27) into Eq. (6), the
equation of motion is reformulated to a residual form:
rðtÞ ¼ ðMs þM∞sÞJðtÞDdc
bV s þ

�
Bccm;s þ Bvisc;s

�
JðtÞbV s þ GsJðtÞbX s þ

ðt
0

Kðt � tÞJðtÞbV sdt� PTJeðtÞbE�
PTFPTOJ2*2Nbs

bU c;

(28)
where r is a vector of size Ndc � 1, and its ith component is:
riðtÞ¼
XNdc
p¼1

Ndc

2
4ðMs þM∞sÞi;pFT

bsðtÞDbvp þðGsÞi;pFT
bsðtÞbxp þ �

Bccm;s þ Bvisc;s
�
i;pF

T
bsðtÞbvpþ

ðt
0

Ki;pðt� tÞFT
bsðtÞbvpdt

�

�
�
PTJeðtÞbE�

i
�
�
PTFPTOJ2*2Nbs

bU c

�
i
:

(29)
v
The residual form of the equation of motion is minimised by

solving

C4j; riD ¼ 0;
CFbs; riD ¼ 0Nbs�1:

(30)

The discretised equation of motion turns into a linear system:

Hds
bV s¼ LdsbEs þ Cds

bU c; (31)

where Hds is a block matrix with Ndc � Ndc blocks:

Hds ¼
2
4H1;2 … H1;Ndc

« «
HNdc;1 … HNdc;Ndc

3
5; (32)

and

Hi;p ¼ðMs þM∞sÞi;pDþ �
Bccm;s þ Bvisc;s

�
i;pINbs

þðGsÞi;pD�1 þGi;p:
(33)

Lds is a block matrix:

Lds¼
2
4 L1;1 … L1;Nall

« 1 «
LNdc;1 … LNdc;Nall

3
5: (34)

The ith row, jthcolumn block of Lds is:

Li;j ¼
�
PT

�
i;j
INbs

: (35)

Cds is a block matrix:
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Cds ¼
2
4C1;1 C1;2
« «
CNdc;1 CNdc;2

3
5: (36)
The ith row, jth column block of Cds is:

Ci;j ¼
�
PTFPTO

�
i;j
INbs

; (37)

where i ¼ 1;2;…;Ndc and j ¼ 1;2.
The total energy converted by the WEC is:

J¼ �
ðT
0

h
PJbV s

iT
FPTOJ2�Nbs

bU cdt

¼ � T
2
bV T
s Cds

bU c;

(38)

and the time-averaged power is expressed as:

P¼1
2
bV T
s Cds

bU c: (39)

The control variable optimisation issue is mathematically
formulated as:

min: P ¼ 1
2
bV T
s Cds

bU cs:t: : Hds
bV s ¼ LdsbE þ Cds

bU c: (40)

The optimal solution bV *

s for the unconstrained problem is:

bV *

s ¼
�
Hds þ HT

ds

��1
LdsbE: (41)

While Eq. (41) gives the solution for the optimal device velocity
in a general (spectral) parametric form, it can be recast for the
linear passive control case, where the control forces of the fore and
aft PTOs of a 5-DOF three-body hinge-barge WEC are para-
meterised as a linear function of velocity and PTO damping co-
efficients, i.e., u1ðtÞ ¼ � Bf v1ðtÞ, and u2ðtÞ ¼ � Bav5ðtÞ, and Bf and
Ba are the damping coefficients of the fore and aft PTOs, respec-
tively, and v1 and v5 are the rotation velocity of the fore and aft
barges relative to the central barge, respectively.



Fig. 3. Optimal mean power over the fore barge length and the aft barge length of a 1 :

25 scale, three-body hinge-barge WEC (with optimal PTO control parameters for each
set). Results are given by the direct search method. The significant wave height is 3 cm
(with a scaled-up value of 0:75 m, and the peak energy period is 1:5 s (with a scaled-up
value of 7:5 s).
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If considering the constraints on the amplitudes of control
forces and velocity, the control variable optimisation issue for the
optimal linear passive control case is formulated as follows, with
the objective function defined in a quadratic form:

min: P¼1
2
bY T

Hqd
bY (42a)

s:t: : ½Hds �Cds 0�bY ¼ LdsbE; (42b)

Aleq
bY � Bleq; (42c)

g
�bY ;Bf ;Ba

�
¼0; (42d)

where bY ¼ ½bV T
s ;

bU T
c ;Bf ;Ba�

T
,

Hqd ¼
2
40 Cds 0
0 0 0
0 0 0

3
5; (43)

Aleq ¼

2
666664
INdcþ25FT

bs 0
0 I2
�INdcþ25FT

bs 0
0 �I2

3
777775; (44)

Bleq ¼12�15
h
11�Ndc

Vmax;11�2Fmax;Bf ;Ba
iT
; (45)

and Vmax and Fmax represent the maximum amplitudes of velocity
and control force, respectively. Eq. (42d) recasts the control force
from the general (spectral) form into the linear passive form.
4.2. Outer-layer optimisation of design variables and COG variables
using the genetic algorithm

A genetic algorithm (GA) is an evolutionary optimisation
method, relying on bio-inspired operators such as mutation,
crossover and selection. GAs are typically computationally expen-
sive, but their performance can significantly exceed that of
gradient-based methods in many cases, particularly when the
objective function is not expressed analytically in terms of its
constitutive variables and where there exist many local extrema in
the search area [40,41]. GAs have been successfully applied in the
geometric optimisation of other WECs [40,42e45].

In the early work of the authors [19], where the objective is to
maximise the energy conversion by optimising the fore and aft
barge lengths of a 1 : 25 scale, 5-DOF hinge-barge WEC, different
optimisation strategies were tried, including a direct search
method, a gradient-based method and a GA. The direct search
Table 1
Optimal barge lengths of a 1:25 scale prototype, computed by three different opti-
misation methods. Hs ¼ 3:0 cm, Tp ¼ 1:5 s. The direct search method uses a step
length of 0.1 m. The genetic algorithm uses a population number of 50 and a gen-
eration number of 5. The multi-start global search method uses 16 initial multi-
starts.

Optimisation method Fore barge length Aft barge length

Direct search 0.7 m 1.3 m
Genetic algorithm 0.7025 m 1.212 m
Multi-start global search 0.9646 m 1.2676 m
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method does not use any derivative information of the objective
function, while the gradient-based method uses derivative infor-
mation to guide the search process. Results are shown in Table 1,
and indicate that, for the problem in hand, the GA converges to the
true solution by cross-validating its results with those obtained by
means of the direct search method and global search method.
Additionally, as illustrated in Fig. 3, the geometric optimisation
problem for the 1 : 25 scale hinge-bargeWEC under irregular wave
excitation, where the fore and aft barge lengths are the geometric
parameters to be optimised, is nonconvex. Thereby, only the GA is
considered in the outer-layer optimisation of the following studies.

The outer-layer optimisation, using the genetic algorithm, starts
with nominal values in the search space using an initial population.
Fittest individuals of the initial population, i.e., members that better
fulfill the optimisation objective (mean power in this case), are
given preference to form and breed the next generation. To form
Fig. 4. Scatter diagram of the measured ocean surface waves in Galway Bay, Ireland,
from January 01, 2019 to June 30, 2019. Raw data can be found at website [46]. The
Galway Bay test site represents a relatively benign site with 20e23 m water depth.



Fig. 5. Optimisation of ballast-related variables of the existing 1 : 20 scale three-body
hinge-barge WEC, using the proposed two-layer optimisation methodology. x d1, z d1,
x d3, z d3 are the variables to be optimised. Hs ¼ 6:0 cm, Tp ¼ 1:23 s.
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the next generation, each pair of surviving individuals, i.e. parents,
give birth through a process called crossover to children that inherit
properties from their parents. A process called mutation is intro-
duced which randomly modifies a percentage of the newborn
children, to make sure artificial evolution does not converge to a
local extremum. Eventually, the global optimum is reached, in most
cases, after a sufficient number of generations.

For each individual parameter set used in the genetic algorithm
optimisation, a discretised mesh is created to approximately
describe the WEC geometry set and is used in the hydrodynamic
model parameter calculations. Hydrodynamics parameters, e.g.,
radiation damping coefficients and added mass, are computed us-
ing linear potential flow theory. The proposed mathematical model
is used to compute system dynamics and power production. Note
that the fitness function used in the GA optimisation is the mean
power defined in Eq. (42a).

5. WEC optimal design for a specific site over a long term

Sections 3-5 detail the model used to perform control-
informed ballast and geometric optimisation of the hinge-barge
WEC, in a given wave condition. This model can be used to
select the optimal design parameters of a WEC under both reg-
ular and irregular waves. However, in reality, a WEC will be
deployed in a pre-selected test site with pre-selected geometry
and the device will encounter numerous sea states during long-
term operation. As illustrated in Fig. 4, statistical analysis of the
measured ocean surface waves at Galway Bay from January 01,
2019 to June 30, 2019, shows that the occurrence frequency of
the peak energy period and the significant wave height vary
widely. It is therefore meaningful to develop a procedure to
determine the optimal geometric and ballast design parameters,
with a long-term perspective.

As sea state information for a pre-selected/specific test site can
be predicted or gleaned from historical measurements, the optimal
design parameters can be determined by evaluating the total en-
ergy production of the WEC over the complete operational time
range. The evaluation function is defined as:

EtotðgÞ¼
XNs

j¼1

wwtðjÞPðj;gÞ; (46)

where Ns is the total number of sea states encountered by theWEC,
j is an index of the sea state, wwtðjÞ is a weighting function, repre-
senting the likelihood of occurrence of the sea state j over long-
term operation, g refers to one geometric set of ðL1; L3; xd1; zd1;
xd3;zd3Þ, and Pðj;gÞ represents the generated mean power.

The optimal design parameter g* indicates the variable set that
yields the maximum value of Etot , i.e.:

g* : ¼max
g

EtotðgÞ: (47)

6. Numerical case studies

A 1:20 scale prototype, based on the McCabe Wave Pump de-
vice, is used in the case studies. The fore barge has a height of
0:13m and a width of 0:5m, the central barge has a height of
0:19m, a width of 0:5m and a length of 0:35 m, and the aft barge
has a height of 0:13 m and a width of 0:5m. The gap between
hinged barges is 0:12m. The damping plate has a thickness of
0:03m, a width of 0:56 m and a length of 0:61 m, and is lowered
0:346m below the bottom surface of the central barge.
1167
In Case study A, shown in Section 6.1, only the ballast-related
variables, i.e., xd1;zd1;xd3; zd3, are optimised. For this case, the fore
barge length is fixed to its nominal value of 0:85 m and the aft barge
length is fixed to a nominal value of 1:25 m. This can provide a
guideline of how to ballast the existing 1 : 20 scale hinge-barge
WEC.

In Case study B, shown in Section 6.2, both the barge lengths and
ballast-related variables are optimised, i.e., L1; L3; xd1; zd1; xd3; zd3.
The results will provide reference values for the optimal geometric
parameters of the three-body hinge-barge WEC across the range of
the 3 representative sea states employed to illustrate the example
i.e. Ns ¼ 3 in Eqns. (46) and (47).

In each of the case studies, the control for both hinges is para-
meterised as an optimal linear passive damper. This gives a bulk
measure of the control force applied to the fore and aft barges,
giving an indication of the relative value of fore and aft pontoons, in
terms of power production. In turn, this allows some conclusions to
be drawn as to the value of a three-barge system, over a two-barge
one.

The proposed two-layer optimisation is used in both studies.
Simulations are carried out using the MATLAB environment. The ga
function, integrated within the MATLAB global optimisation
toolbox, is used to find the optimal solution of the objective func-
tion. The algorithm used for optimising the PTO control variables is
implemented via the fmincon function within the MATLAB opti-
misation toolbox. Hydrodynamic coefficients, including radiation
damping coefficients, added mass and excitation force coefficients,
are computed usingWAMIT [47], a boundary element method code
using linear potential flow theory. The high-order panel method
was employed, with a frequency range of 0.1e14.8 rad/s used,
similar to the parameters utilised in [38]. To investigate the sensi-
tivity to panel size specification, a range of maximumpanel lengths,
from 0.01m to 0.8 m, was examined. For all lengths in this range, for
both optimisation studies, consistent results were achieved, with a
maximum panel size of 0.5 m adopted to produce the final results.
A frequency range of 0.1e14.8 rad/s was chosen in the computation
of the hydrodynamic parameters.

In terms of computation, WAMIT was run on a Dell PowerEdge
machine with 48 GB RAM and Intel Xeon(R) E5-2440 processors
running at 2.4 GHz8, while the calling MATLAB optimisation
routine, including the simulation stage, was running on a PC with



Fig. 6. Optimisation of barge lengths and ballast positions of the 1 : 20 scale three-
body hinge-barge WEC, using the proposed two-layer optimisation methodology. L1,
L3, x d1, z d1, x d3, z d3 are the variables to be optimised. Hs ¼ 6:0 cm, Tp ¼ 1:23 s.

Fig. 7. Comparison of the mean power converted by the three-body hinge-barge WEC
using three methods.

Table 2
Sea states employed for optimisation study.

Sea state Hs (cm) Tp (s)

1 5.0 1.0
2 6.0 1.23
3 11.3 1.45
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IntelÂ®Coreâ„¢i3-2120 CPU@ 3.30 GHz, with 16 GB of RAM, using a
Windows 10 Pro 64-bit OS. While the genetic optimisation requires
the concurrent evaluation of multiple objective function evalua-
tions, no explicit parallelisation was employed. By way of example,
40 generations, with 6 variables to optimise, took 5 days to
compute (3 days for 4 variables).

6.1. Case study A: ballast optimisation of the existing 1 : 20
prototype

Here, we consider an irregular wave spectrumwith a significant
wave spectrum height (Hs) of 6:0 cm and a peak period (Tp) of
1:23 s, which is scaled down from one of the most common sea
states in Galway Bay, off the west coast of Ireland. The control-
informed ballast optimisation is performed for the existing 1 : 20
scale three-body hinge-barge WEC.

As shown in Fig. 5, the upper plot gives the evolution of the
ballast-related variables as the generations increment. Results
show that the fluctuations of those values become small (the
decrement ratio in -power is <1:01 after 20 generations), which
indicates that the best individuals are close to, or have reached, the
optimal solutions. It indicates that more ballast weight should be
used for the fore barge of the existing prototype, and the new COG
is close to the outer-side surface and bottom-side surface. The
suggested position change for the COG of the aft barge is slight, in
particular in the horizontal direction.

Results in Fig. 5(b) indicate that the mean power production of
the WEC using ballast optimisation is 0:955 W , while that of the
original WEC without ballast optimisation (the COG of each body
coincides with its centroid) is 0:570 W . The performance of the
device is improved by 67:6% in terms of energy production, in this
sea state.

6.2. Case study B: overall optimisation of barge lengths and ballast-
related variables

Fig. 6(a) shows the evolution of variables related to barge
lengths and ballast, over each generation of the GA optimisation of
the three-body hinge-barge WEC in the same sea state (Hs ¼
6:0 cm, Tp ¼ 1:23 s). Note that both the control optimisation and
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ballast optimisation are integrated in the overall optimisation
routine.While convergence is slightly slower in this case, compared
to the ballast-only case, the optimal variables have converged by
generation 30, with a decrement ratio in -power of <1:01. The
optimal returned length of the fore barge is 1:995 m and the
optimal length of the aft barge is 1:08 m in this sea state. More
ballast weights are suggested for the aft barge of the optimised
WEC and the COG should be close to the outer-side surface and
bottom-side surface. The suggested position change for the COG of
the fore barge is slight, under this sea state.

Results in Fig. 6(b) show that the mean power production of the
WEC is 1:698W , improving the power production up to 225:7%,
compared to that of the original WEC without geometric optimi-
sation and ballast optimisation, and up to 77:7% compared to that of
the original WEC with ballast optimisation alone.

7. Discussion

Section 6 demonstrates the application of an efficient two-layer
optimisation to the control-informed ballast and geometric opti-
misation of a three-body hinge-barge WEC. Through a systematic
approach, the optimal geometric parameters of the device, under a
given sea states, are found. Results demonstrate the importance of
properly choosing barge lengths and ballast-related parameters for
a site-specific wave climate, in order to maximise the total energy
generated. To make the conclusions more general, the performance
of the WEC under more sea states, scaled down from three of the
most popular wave climates shown in Fig. 4, is examined.

From Fig. 7, it is clear that the control-informed ballast and
geometric optimisation has better performance than other two
methods, in terms of improving the energy production of the WEC.
The energy production of the WEC improved by the proposed two-



Fig. 8. Power variation of a three-body hinge-barge WEC (with control-informed ballast and geometric optimisation) over fore PTO damping coefficients (Bf ) and aft PTO damping
coefficients (BaÞ, under Sea State 1. Bf and Ba have a unit of Nms=rad. This device has an optimal fore barge length of 1.99m and an optimal aft barge length of 1.03m, under Sea state
1.

Fig. 9. Power variation of a three-body hinge-barge WEC (with control-informed ballast and geometric optimisation) over fore PTO damping coefficients (Bf ) and aft PTO damping
coefficients (Ba), under State 2 (Hs ¼ 6:0 cm, Tp ¼ 1:23 s) and Sea state 3 (Hs ¼ 11:3 cm, Tp ¼ 1:45 s). Bf and Ba have a unit of Nms=rad. (a) Sea state 2: The device has an optimal fore
barge length of 1.995 m and an optimal aft barge length of 1.08 m. (b) Sea state 3: The device has an optimal fore barge length of 1.997m and an optimal aft barge length of 1.336 m.
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layer optimisation is up to 225:7%, compared to that of the original
1 : 20 prototype (only control optimised, without ballast optimi-
sation). Additionally, for the existing physical 1 : 20WECwith given
barge lengths, the performance can be improved by optimal use of
ballast mass, by up to 70:8%, in terms of energy production. The sea
states used are documented in Table 2.

Initially, examining Fig. 8(b) and (c), it is clear that, while opti-
mising fore or aft barge power individually, the preference is for a
finite (modest) damping value for the barge under consideration,
while the damping value for the other barge should be quite large.
This suggests that a two-barge systemmight be preferable. Equally,
examining the total power in Fig. 8(a) (and indeed, Fig. 9(a) and (b))
it suggests that, for an optimal (finite) damping value for one hinge,
either fore or aft, that the total power is relatively insensitive to the
other damping value. Therefore, from economic considerations, we
can chose one barge to have very high damping, effectively rec-
ommending a two-barge system.

This has strong implications for both the physical WEC design
and for the PTO configurations, as it would be economically pru-
dent tominimise the number of individual barges and PTO systems.
This may help to explain the trend towards two-barge systems,
such as the Mocean WEC [33], the SeaPower WEC [32] and the M4
WEC [28,29] devices.

It should be noted that this analysis assumes idealised power
take-off systems that use optimal linear passive dampers, and
employs linear potential flow theory. The sensitivity of the geo-
metric optimisation to the control strategies and to nonlinear po-
tential flow is not examined in this study.

Additionally, the proposed two-layer optimisation routine can
be replaced by a three-layer optimisation routine, where the outer
layer is to optimise the lengths of the fore barge and of the aft barge,
the middle layer is to optimise the ballast-related variables and the
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inner layer is to optimise the PTO control parameters. However, this
will require that the ballast-related variables must converge before
the next iteration of barge lengths can be taken, with a consum-
mate increase in computation time. Nevertheless, such an approach
may better explicitly observe any dependence between optimal
ballast and barge length parameters.
8. Conclusions

This paper presents a genericmethodology for the optimal design
of a multi-degree-of-freedom three-body hinge-barge wave energy
converter. The demonstrated multi-degree-of-freedom mathemat-
ical model helps in the understanding the fundamental dynamics of
the multi-body device. The developed two-layer optimisation
routine can accurately examine the effects of geometric size, control
strategy and ballast on thewave energy converter, in irregular waves.

The two-layer optimisation procedure is successfully applied to
a 1 : 20 scale prototype of the McCabe Wave Pump device. Results
indicate that performance of the device in irregular waves is
significantly improved by the simultaneous design of the device
geometry, control strategy and ballast. For example, the energy
production is improved by up to 225:7% in a sea state with a
significant wave height of 11:3 cm (with a scaled-up value of
2:25 m, based on the 1 : 20 scale prototype) and a peak period of
1:45 s (with a scaled-up value of 6:5 s), compared to the original
design. Additionally, the centre of gravity, tuned by ballast mass,
also influences the dynamics and performance of the device.
Optimal ballast improves the energy production of the physical
existing 1 : 20 scale hinge-barge device by up to 70:8% in the sea
state with a significant wave height of 5:0 cm (with a scaled-up
value of 1:0m) and a peak period of 1:0 s (with a scaled-up
value of 4:5 s).
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In conclusion, for the three-body hinge-barge wave energy
converter with optimised barge lengths, the optimal location of
centre of the gravity does not coincide with the centroid, in
particular for the aft barge. More ballast weight is suggested for the
aft barge, and the position of the centre of the gravity is suggested
to be placed closer to the outer-side surface in the horizontal di-
rection and to the bottom surface in the vertical direction. It is also
concluded that there is no obvious performance benefit in three
barges, over a two-barge system, indicating the potential for sig-
nificant capital cost savings.
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