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Stochastic Geometry-based Analysis of Airborne Base
Stations With Laser-powered UAVs

Mohamed-Amine Lahmeri, Mustafa A. Kishk

Abstract— One of the most promising solutions to the problem
of limited flight time of unmanned aerial vehicles (UAVs),
is providing the UAVs with power through laser beams emitted
from Laser Beam Directors (LBDs) deployed on the ground.
In this letter, we study the performance of a laser-powered
UAV-enabled communication system using tools from stochastic
geometry. We first derive the energy coverage probability, which
is defined as the probability of the UAV receiving enough energy
to ensure successful operation (hovering and communication).
Our results show that to ensure energy coverage, the distance
between the UAV and its dedicated LBD must be below a certain
threshold, for which we derive an expression as a function of the
system parameters. Considering simultaneous information and
power transmission through the laser beam using power splitting
technique, we also derive the joint energy and the Signal-to-noise
Ratio (SNR) coverage probability. The analytical and simulation
results reveal some interesting insights. For instance, our results
show that we need at least 6 LBDs/10km? to ensure a reliable
performance in terms of energy coverage probability.

Index Terms— Laser-powered UAYV, simultaneous wireless
information and power transmission, energy coverage, stochastic
geometry.

I. INTRODUCTION

UE to its wide spectrum of applications and use cases,

UAVs have recently known an unprecedented spread
and attracted research interests worldwide [1]. UAVs’ main
attractions include flexible deployment, high maneuverability,
and the continuous decrease in their cost. These advantages
motivated integrating UAV-mounted BSs into existing cellular
networks to improve coverage and capacity [2], while taking
advantage of the maneuverability of the UAVs to optimize their
paths [3], [4]. However, the feasibility and the reliability of the
UAV-enabled applications still face some crucial challenges,
especially for long-duration missions, due to the limited energy
resources on-board [1], [5]. Unfortunately, the majority of
the commercially available UAVs struggle to stay in the
air for more than half an hour. Thus, the UAV is always
obliged to abort its mission to refuel or change its battery.
To overcome this technical challenge, many works in the
literature focused on optimizing the consumption of the on-
board energy by increasing the battery capacity [6], optimizing
the UAV trajectory [7], or optimizing the UAV placement [8].
While these solutions maximize the efficiency of the energy
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consumption on-board, they can not provide the significant
increase in the UAV flight time, which is required for many
UAV-enabled applications.

In this context, a novel technology to prolong mission
duration is laser beaming [9]-[11]. This technology proved
the ability to enable much longer UAV flight times and is
currently being developed by a number of companies [12].
Implementing a high power laser device is proven to be
possible using an appropriate power beaming system, in which
an energy-rich laser array can be oriented through a complex
optical system (set of mirrors or diamonds) and then shines
on the target UAV. More interestingly, the laser beam could
be used for both energy harvesting and information transfer.

In this letter, we use tools from stochastic geometry
to model and analyze the performance of laser-powered
UAV-mounted BSs. In particular, we consider simultaneous
information and power transmission from the LBD to the UAV
for (i) charging the UAV and (ii) providing the UAV with
wireless backhaul link through the laser beam. More details
about the contributions in this letter are provided next.

Contributions: Modeling the locations of the LBDs as a
homogeneous Poisson Point Process (PPP), we focus on a
typical UAV that is harvesting power and receiving informa-
tion from its nearest LBD simultaneously using power splitting
technique. We first derive a closed-form expression for energy
coverage probability using the Free-space Optical (FSO) range
equation. We also study the effect of atmospheric turbulence
on this probability. Next, we evaluate the SNR coverage
probability at the UAV, which is the probability of success-
ful communication through the backhaul link. Furthermore,
we derive the joint probability of energy and SNR coverage
and exploit it to draw useful system-level insights on the
influence of some system parameters on the performance such
as the power splitting factor and the LBD density. We provide
general expressions for all the derived performance metrics,
which can be applied using the energy consumption models
for either fixed-wing or rotary-wing UAV.

We consider a UAV-enabled communication system, where
a UAV is providing cellular coverage for ground users. The
UAV is powered by LBDs that are deployed on the ground
and spatially distributed according to a Poisson Point Process
(PPP), ®; = {x;} € R? with density A\;. We assume that the
high altitude of the UAVs enables them to effectively establish
Line-of-sight (LOS) link with the LBDs. All LBDs transmit
energy with the same fixed power pirans > 0 and the UAV
associates with its nearest LBD.

As shown in Fig. 1, we suppose that the UAV flies with a
constant altitude H > 0. Without loss of generality, we focus
on a typical UAV located at (0,0, H). The serving LBD
is located at (xy,,0); x5, € R2. Consequently, the distance
between the UAV and its serving LBD is d = vV R2 + HZ,
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Concentrated laser beam
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Fig. 1. System description of a laser-powered UAV.

where R = ||zr|| denotes the distance between the UAV’s
projection in R? and its serving LBD. Given that the locations
of the LBDs are modeled by a PPP, the location of the serving
LBD, and consequently R, are random variables.

In addition to energy harvesting and communication with
users on the ground, the UAV is also backhauling with its
serving LBD through intensity modulation. In this work,
we focus on downlink. Hence, the UAV is considered as a
receiver when communicating with its serving LBD. The UAV
adopts power splitting technique which divides the laser power
received from the LBD into two streams: (i) energy harvesting
with power ratio 1 —J, and (ii) backhaul link information with
power ratio ds.

II. SYSTEM MODEL
A. Power Harvesting Model

The energy harvesting through the laser link can be derived
using the commonly known FSO range equation. We suppose
a linear energy harvesting model with an efficiency w and,
thus, the power harvested at the UAV, when associating with
an LBD at distance R from its projection in R, is represented
by [13]:

(]- - 6S)WAXptranse_ad
(D + dA0)?
_ (1 - 6S)WAXptranseia R2+H? ()
(D +VRZ+ H2A0)2

where prec(R) is the total power received from the serving
LBD, (1 — ds) is the fraction of the received power dedicated
to energy harvesting, A is the area of the receiver telescope
or collection lens, D is the size of the initial laser beam, « is
the attenuation coefficient of the medium, y is the combined
transmission receiver optical efficiency, Af is the angular
spread of the laser beam. The angular spread A# is equal
to 24, where Dy is the size of the detector and f its focal
length.

Note that (1) is derived from the Beer-Lambert equation.
It takes into account the scattering effect and the divergence
of the laser beam when propagating into the atmosphere but
does not include the effect of the atmospheric turbulence.

pharv(R) = (]. — 6S)prec(R) =

B. Turbulence Effect

The received power can be affected by turbulence. In the
literature, many statistical models were proposed to model
the intensity fluctuation caused by turbulence. A Log-Normal
distribution can catch the turbulence effect in the weak-
to-moderate regime. However, for moderate-to-strong turbu-
lence regime, a Gamma-Gamma distribution can be used.
Although we assume a Log-Normal distribution in the
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simulation results section, we keep our analytical results
general for any kind of distribution. The probability density
function of the Log-Normal distribution is given by:

exp( _ (In(hy) +25%)? )7

8o

fht (ht) =

2hV2mo?

)

where h, is the random variable that represents the turbulence
effect, and o2 is the variance, which is given by:

0? =0.3ksC2(H)R's

where C2(H) is the index of refraction structure parameter at
altitude H and k is the optical wavenumber.

C. Power Consumption Model

The UAV’s power consumption is composed of the propul-
sion power pprop and the communication-related power Peomm.-
The value pcomm represents the power consumed by the pay-
load of the UAV for communication and on-board processing.
The propulsion power differs with the type of the used UAV.
We provide expressions for fixed-wing and rotary-wing UAV
propulsion power below.

1) Fixed-Wing UAV: The instantaneous power consumed
by the fixed-wing UAV is represented by the following
equation [10]:

2 _ (aTw)?
Hall—“v%’) T

C2
+ ma” v|,

(14

vl 9>

3
Pprop = |c1 || v[|” + I

3)

where v denotes the instantaneous UAV velocity, a denotes
the UAV acceleration, m is the mass of the UAV, ¢; and c»
are two parameters related to the aircraft’s weight, wing area,
and air density.

2) Rotary-Wing UAV: The propulsion power for a rotary-
wing UAV can be approximated using [14]:

2
Pprop = Py (1 + %) + sz'UO + %dOPS-AUBv “4)
where Uy, denotes the top speed of the rotor blade, vy is the
mean rotor induced velocity, dj is the fuselage drag ratio, s is
rotor solidity, p denotes the air density and .A denotes the rotor
disc area. Py and P; are two constants related to UAV weight,
rotor radius, blade velocity, and other system parameters.
In this work, our first objective is to derive the energy
coverage probability, which is formally defined below.
Definition 1 (Energy Coverage Probability): The  energy
coverage probability at the UAV is defined as the probability
that the harvested power is greater than the consumed power:

Penergy = IED(pharv (R) > Pprop + pcomm)- (5)

D. Backhaul Link

To communicate with the UAV, the LBD uses laser intensity
modulation. We assume that the information transfer is done
using On-Off keying modulation (OOK). The UAV is equipped
with a direct detection (DD) system that responds only to the
instantaneous power of the collected field. The DD system is
composed of a receiving lens that focuses the optical beam
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onto a photo-detecting surface, which converts the instanta-
neous power into an electrical signal for processing. Taking
into account the atmospheric effects of turbulence, the respon-
sivity of the detector, and the splitting factor, the average
photocurrent collected is given by:

(6)

where 7 is the photodiode responsivity, &5 is the power
splitting factor, and h; represents the turbulence effect on the
received signal. Since we are using a high laser power, which
wavelength is in the infrared domain, we adopted a shot noise
limited regime where the SNR expression for the FSO link
can be expressed as follows [13], [15]:

iy = 5377htprec(R)a

i2 2102 h2prec(R)? Ssnhiprec(R)
N _ % Y% t Prec _ 9 t Prec
SNRuav o2 QhvisAf QhvAf @)

where A is Planck’s constant, v = £ is the photon’s frequency,
A is the wavelength, ¢ is the speed of light, and Af is the
modulation frequency bandwidth. Using the SNR expression
in (7), we define the SNR coverage probability as follows.

Definition 2 (SNR Coverage Probability): Given that the
power splitting technique is adopted, SNR coverage probability
is defined as the probability that the information-carrying part
of the received signal from the LBD at the UAV can achieve
a target SNR threshold [3:

Psnr = P(SNRyav > 3). (8)
The ultimate objective from the analysis provided in this letter
is to find the joint SNR and energy coverage probability, which
is defined next.

Definition 3 (Joint Coverage Probability): The joint cover-
age probability is the probability that the UAV is able to suc-
cessfully receive and decode the information, while harvesting
enough power for propulsion and communication:

-Pjoint = P(pharv(R) > Pprop + Pcomm; S1\”-:{UAV > ﬂ) (9)

III. PERFORMANCE ANALYSIS

In this section, our aim is to derive the previously defined
performance metrics: (i) the energy coverage probability, (ii)
the SNR coverage probability, and (iii) the joint coverage
probability. We first derive the energy coverage probability in
the case of no turbulence, in order to provide some insightful
expressions. We will incorporate the turbulence effect in the
energy coverage probability later in this section.

Lemma 1 (Energy Coverage Probability): The energy cov-
erage probability in the case of no turbulence is given by:

—ALwR*?

Penergy =1l-e ) (10)

where R* is given by
aD 2
zVV @ (1_63)6014)(])“&1156@ _2
@ ’ QAH pprop+pcomm AH

_ HQ]

where Wy(.) is the principal branch of the Lambert W
function [16].

R =

N

(1)

Proof: See Appendix. |

Remark 1: Agreeing with intuition, the probability of hav-
ing enough harvested power for the UAV is an increasing
function of the density of the LBDs existing in the ground.
Furthermore, the value of R* represents a threshold on the
distance between the UAV and the LBD that ensures energy
coverage. The provided expression in (11) for R* captures the
effect of all the system parameters on the energy coverage
probability, such as the UAV altitude H, the propulsion power
Dprops and the communication-related power Peomm,
Next, we derive the energy coverage probability under
atmospheric turbulence effect with general probability distri-
bution.

Lemma 2 (Effect of Turbulence on the Harvested Power):
Taking into account the effect of atmospheric turbulence,
the energy coverage expression is given by:

Penergy = /0 (]. - th (Q(T)))QWALreiALTWQdT', (12)

where Fy, is the cumulative distribution function of hy, and
a(r) _ PproptPcomm
Phary (1) . .
Proof: Incorporating the turbulence effect into the energy

coverage probability definition in (5), we have

Penergy
- ]P(htpharv(R) > Pprop +pcomm)

=Egr |:P (htpharv (R) > Pprop T Pcomm

=)

= / P (htpharv (R) > Pprop T Pcomm R= ’I“) fR('r)dT
0

_ /00(1 — Fy,(a(r)))2mA re 2™ dr, (13)
0

where the probability distribution of the distance between the
UAV’s projection in R? and its nearest LBD is given by
fr(r) = 27r7“/\Le_A“”“2. [ ]

In addition to the power transfer, the LBD transmits infor-
mation to the UAV through the laser beam via intensity
modulation. We derive the SNR coverage probability at the
UAV for a general distribution of h; in the following lemma.

Lemma 3: (SNR Coverage Probability) The SNR coverage
probability is given by:

s -
Psnr = / <1 - th (b(?“))) 271’)\[/7’67)‘“”"2(217“, (14)
0

where b(r) = #%.

Proof: Using the same approach in the proof of Lemma 2,
and substituting in (7) and (8), the final result in Lemma 3
follows. [ ]

Using the results in Lemma 2 and Lemma 3, the joint
coverage probability, defined in Definition 3, is derived next.

Lemma 4: (Joint Coverage Probability) The joint coverage
probability is given by:

-Pjoint = -Penergy]l (IC > ]-) + ]DSNR]l (IC < ]-) 5 (15)
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TABLE I
SYSTEM PARAMETERS [10], [12], [17]
Parameter Value Parameter Value
Area [300 km, 300 km]?> | # of iterations 10000
H 100 m UAV type Fixed-wing
D 0.1 m 1 9.26 x 10* kg/m
A 3.4 x 107° co 2250 kgm?3/s?
a 1075 m wAy 0.004 m?
Dirans 600 W (o] 0.5 x 1014
n 0.5 A/W h 6.63 x 10~3*m?kgs~!
C 0.004 m? Af 1 GHz
Os 10-° k 5.92 x 105 nm~!
A 0.785 pm v 30 m/s
Pprop 100 W a 0 m/s?
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Fig. 2. Energy coverage for a Laser-powered UAV.
195 (Pprop+Peomm) . g .
where K = =5 7R and 1(.) is the indicator function.
Proof: Using the definition in (9), we have

]Djoint

58 h rec R
= P((1 — 0s)htPrec(R) > Pprop + Peomm; M

2 hvAf =)

T + min 2hl/A

= P(htprec(R) > M; htprec(R) > J)a
1— 0, 705

which leads to the final result in (15). [ |

Remark 2: From (15), we can easily note that the joint
coverage probability is either dominated by the energy cover-

age Penergy or by the SNR coverage Psnr, depending on the

165 (Pprop +Pcomm)
value K = ShUATAI5 The term KC captures the effect

of multiple system parameters such as the 3 and Js.

IV. NUMERICAL RESULTS AND SIMULATIONS

In this section, we verify the theoretical results derived
throughout this letter using Monte Carlo simulations. In addi-
tion, we draw some useful system-level insights and provide
some comments and recommendations for an efficient design
of a laser-powered UAV-enabled communication system. The
values of the system parameters considered in the simulation
setup comply with the values provided by commercially avail-
able laser-powered UAVs, and are summarized in Table I
In Fig. 2, we plot the energy coverage probability Pepergy
against different values of Ap. The simulation results con-
firm the accuracy of the theoretical results we proposed in
Lemma 1 and Lemma 2, which was derived without any
approximations. The red dashed lines correspond to the case
of no turbulence effect, while the continuous blue lines corre-
spond to the energy coverage under a Log-Normal distributed
atmospheric turbulence.
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Fig. 4. Joint coverage probability against SNR Threshold 3, §s = 10~6.

In order to extract a useful threshold on the density of the
LBDs, we impose to satisfy a stringent minimum on Pepergy
which is 90% probability. For instance, this level corresponds
to Az, = 0.52 x 1076 LBD/m?, in the case of P.gpm = 10 W
and with the presence of weak turbulence. Putting it into
words, we recommend having 6 LBDs each 10 km? to ensure
energy coverage. This level of Penergy i safe, because even
in the worst cases where the UAV is cut off from its serving
LBD, a backup battery could solve this problem efficiently
until the UAV is able to establish a charging link with a new
LBD.

Fig. 3 shows the SNR coverage for different values of f3.
Comparing Fig. 2 and 3, we note that much less LBDs
are needed to ensure SNR coverage than the number of
LBDs needed to ensure energy coverage. In other words, FSO
communication can provide coverage for ranges longer than
Laser power transmission.

In Fig 4, we observe that /C, defined in Lemma 4, is greater
than one as long as 3 is less than 50dB. This makes the joint
coverage probability dominated by the energy coverage and,
thus, it remains constant at this range of values of 3. When
[ is greater than 50dB, the joint coverage probability starts to
decrease as it is dominated by the SNR coverage. These results
verify our comments in Remark 2 that the joint coverage
probability Pioin¢, provided in Lemma 4, is dominated either
by the energy coverage probability P,ergy Or by the SNR
coverage probability Psng, depending on the value of K,
which is a function of .

Fig 5 depicts the effect of varying the power splitting factor
05 on the joint coverage probability for different values of LBD
density A\;,. We note that at very low values of §,, K < 1,
which makes Piin¢ dominated by SNR coverage and, hence,
it is an increasing function of ;. However, as J5 increases,
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Fig. 5. Joint coverage probability against power splitting factor 05, 3=55dB.

Pioint becomes constant until it starts decreasing as d
approaches 1.

V. CONCLUSION

In this letter, we used tools from stochastic geometry
to study the performance of simultaneous information and
power transfer from LBDs to laser-powered UAVs using a
power splitting technique. For this setup, we derived the
energy coverage probability, the SNR coverage probability,
and the joint coverage probability. We demonstrated that, with
the current achievable values for the transmission power of
the LBD provided by commercially available LBDs, at least
6 LBDs in each 10 km?, is required to ensure a probability
of energy coverage above 0.9. Future work can be oriented
towards extending the system by modeling multiple UAVs
and studying the optimal scheduling technique when multiple
UAVs are within the coverage range of a given LBD.

APPENDIX
PROOF OF LEMMA 1

: 16 )w Axpuranse VTR :
Since pharv(R) = ¢ ()g e A6)? is a strictly

decreasing function with respect to the positive radius R,
the energy coverage probability is

P(pharv (R) > Pprop + pcomm)
=P(R<R)=1-¢ "7 (16)
where R* is a root for the following equation:
(1 - 6S)WAXptranse_O( H2+R?
(D + VH? + R2A0)?

Let 2 = Ry, and multiply both sides with factor e*P | we can
rewrite (17) as follows:

(D + V H? + R2Ag)?e*(PTVHIFEEAD)
(]- - 55)WAXptran56ZD

= Pprop T Pcomm. (17)

= . (18)

pprop + pcomm

As a result, we get an equation with the form of:
g(X) = X% =C, (19)
where z > 0, C = (1=0,)w Axprranse*” > 0 and X =

pprop +pcon1nl

D+ VH? + R2A6.
To find the solution of (19), let y(x) = /g(x) = we>,
fi(z) = 2, and fo(z) = 2ze®, for every x > 0. Clearly,

we have y(z) = fo(fi(x)) and f; is invertible with f; ' (z) =
27””. However, the inverse of f5 is not straight forward. To find
f5 '(x) we use the Lambert W function defined by the
following equation [16]:

x=W(z)eW®,

Consequently the inverse function of f5 is given by:
_ zx
1 (@) = Wo(5).

Recalling that y(z) = fa(f1(x)), we get

2 2T

v @) = 17 @) = S5,

Having y?(x) = g(z), we finally get g~1(z) = %WO(Z‘Q/‘E).
Given that X* = ¢~ '(C) = 2Wy(2%C) and X = D +
VH? + R2A#, the final expression for R* in (11) follows.
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