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Abstract

In this thesis, we will study the theory of superalgebras, which are algebras with
a (y-grading. One of our main aims is to show that many concepts and theorems in
Algebra Theory have their counterparts in Superalgebra Theory. For example, we will
state and prove the superalgebra counterparts of Schur’s Lemma, Maschke’s Theorem,
and Wedderburn’s theorem.

In Algebra Theory, each field F' has a group called the Brauer Group of F' (denoted
as Br(F)), which is a group of equivalence classes of central simple F-algebras. We will
be showing that there is a superalgebra equivalent, namely the Brauer-Wall group of
F (denoted as BW (F")), which is a group of equivalence classes of super central simple
F-superalgebras.

Additionally, we will be studying group superalgebras, super representations, and
super characters. In the study of ordinary group algebras, the Frobenius-Schur indicator
meaningfully associates an irreducible C-character of a finite group G' with a division
algebra over R. In this thesis, we will introduce the Super Frobenius-Schur indicator,
which associates a super irreducible C-super character with a super division algebra over
R. We will also give the full decomposition of group superalgebras over R and C.

Finally, we will discuss Clifford Algebras, another family of examples of superalgebras.
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Introduction

This thesis aims to study finite dimensional superalgebras, with a particular focus on
super semisimple superalgebras and group superalgebras over R and C.

In section 1, we will recall elementary concepts in Algebra theory. We will define
objects such as algebras, ideals, modules, algebra homomorphisms, module homomor-
phisms, and division algebras. We will also define what it means for a module to be
irreducible, and what it means for a module to be completely reducible. From there, we
will state three important theorems: Schur’s Lemma, Maschke’s Theorem, and Wedder-
burn’s Theorem.

We will then study central simple algebras. Given a field F', we can define an equiv-
alence relation on the set of central simple F-algebras, and from there we introduce an
important group called the Brauer Group of F' (denoted by Br(F')). We will not focus
much on the proofs of important theorems in this section. We will instead refer the reader
to .M. Isaacs’ Character Theory of Finite Groups [1] and W. Scharlau’s Quadratic and
Hermitian Forms [2].

In section 2, we will introduce the concept of a superalgebra. Many concepts from
Algebra Theory have their equivalent concepts in Superalgebra Theory. A term in Su-
peralgebra Theory will often have the prefix “super-” to distinguish it from its ordinary
Algebra Theory counterpart. We will also prove the super versions of Schur’s Lemma,
Maschke’s Theorem, and Wedderburn’s Theorem. We will base a lot of the proofs of
statements in Superalgebra Theory on the proofs of their Algebra Theory equivalents.

Afterwards, we will define super central simple F-superalgebras, and introduce the su-
per version of the Brauer group called the Brauer-Wall group of F' (denoted by BW (F)).
To examine the group structure of BW (F'), we will follow the theory from C.T.C. Wall’s
Graded Brauer Groups [5]. We will explore properties of super central simple superal-
gebras in detail, focusing on the case where char(F) # 2. In this situation, some super
central simple superalgebras are also central simple in the ordinary algebra sense, and
some are not. The subset P(F) C BW(F') containing classes of ordinary central simple
algebras forms a subgroup. One of the major results in this section is that, for any field
F such that char(F) # 2, BW(F)/P(F) = Cy, and P(F)/Br(F) = F*/F**. We will
then show that BW(C) = Cy and BW(R) = Cs.

We will then build our way towards studying group superalgebras over R and C. To
prepare us for that, we will go through some preliminary definitions and results in Rep-
resentation and Character Theory of finite groups in section 3. One important definition
is the Frobenius-Schur (FS) indicator of an irreducible C-character. For any finite group
G, we will then describe the two-sided ideal decomposition of RG and CG. Each min-
imal two-sided ideal of CG corresponds to an irreducible C-representation. A minimal
two-sided ideal of RG is a matrix algebra over either R, H or C. These cases respectively
correspond to either a single C-character with FS indicator 1, a single C-character with
FS indicator —1, or a pair of C-characters with FS indicator 0.

We will then specialise to the case where G has a subgroup N such that |G : N| = 2.
We will use Clifford Theory to study the relationship between characters of GG, and char-
acters of V. This will allow us to describe super representations and super characters
of G over N. We will define two new indicators: the Gow indicator (an indicator for
irreducible characters of V), and the Super Frobenius-Schur (SFS) indicator. The SFS

iv



Introduction

indicator of a super irreducible super character can take 8 possible non-zero values. Each
possible non-zero value corresponds to an element of BIW (R).

This will bring us to the discussion of group superalgebras over R and C, our main
topic of section 4. We will see how the decomposition of CG will help us describe the
decomposition of the group superalgebra C[G, N]. We will then explore how the decom-
position of C[G, N], RG and RN will help us describe the decomposition of R|G, N].
Afterwards will be able to describe super irreducible C[G, N]- and R[G, N]-supermodules
and how they come about from CG- and RG-modules.

In section 5, we will briefly go through another family of examples of superalgebras,
namely Clifford Algebras. We will investigate how we can construct Clifford Algebras
over R and C, and how we can relate them to an element of BW(R) and BW(C).

The diagram below lists the key concepts in Algebra Theory that have counterparts
in Superalgebra Theory. The down arrows tell us when one topic leads to another topic.

Algebras > Superalgebras

~ ~

Central simple algebras ——— Super central simple superalgebras

~ v

Brauer group > Brauer-Wall group

~ ~

Frobenius-Schur indicator ——— Super Frobenius-Schur indicator

-

Group Algebras > Group Superalgebras

Throughout the thesis, we will omit the proofs of some theorems and lemmas. When
this happens, a reference will be provided at the end of the theorem/lemma, allowing the
reader to locate the proof.



1 Algebras

1.1 Algebra Theory preliminaries

* Throughout the thesis, I’ will refer to an arbitrary field.

In this section, we will list some important definitions and theorems from the theory
of Algebra. Much of the material in this section comes from [I, Chapter 1] and [2,
Chapter 8].

An F-algebra A is an F-vector space with an additional ring structure. In an F-
algebra, the addition operation in the vector space and the ring structure coincide, and
the scalar multiplication in the vector space and multiplication in the ring are related in
the following way: for all ¢ € F' and z,y € A,

(cx)y = c(xy) = x(cy).

* Throughout the thesis, we will assume that any algebra is a ring with a multi-
plicative identity. Throughout this section, A will refer to an arbitrary F-algebra with
multiplicative identity denoted as 14.

An F-algebra A is said to be finite-dimensional if it is finite-dimensional as an
F-vector space. We define the dimension of A over F' by the vector space dimension of
A over F.

Example 1.1 Let us list examples of F-algebras, and mention their dimensions over F'.
e The field F itself is an F-algebra, and dimg(F') = 1.

e Let K be a finite field extension of F'. Then K is an F-algebra, and dimp(K) =
[K : F].

e The set M,,(F) of n x n matrices over F is an F-algebra, and dimp (M, (F)) = n?.

e Given an F-vector space V, then Endg(V'), the set of endomorphisms (or F-linear
transformations) of V' is an F-algebra. Multiplication in Endg(V) is given by compo-
sition of maps, and given ¢ € F and « € Endp(V), ca is defined by ca(v) = a(cv) for
any v € V. If V is finite-dimensional over F, then dimp (Endr(V)) = (dimg(V))2

e Given a finite group G, the group algebra of G over F', denoted FG, is an F-
algebra with a basis {e,; : g € G} whose elements are indexed by the elements of G.
So F'G can be expressed as

FG:{cheg:cgeF}.

geG

In this algebra, the multiplication of the basis elements {e, : g € G} is inherited
from the group multiplication in G. So if g, h € G, then, in FG, we have eze;, = egp.
We extend this linearly to all of F'G to define multiplication in F'G. We note that
e1,, is the multiplicative identity of F'G. Furthermore, dimp(FG) = |G|.

G

e The ring F[x] of polynomials in x with coefficients in F' is an F-algebra. We note
that this is an infinite-dimensional F-algebra.



1.1 Algebra Theory preliminaries

Since we have defined F-algebras to be rings, we can talk about the notion of left and
right ideals of algebras.

A left ideal I C A of an F-algebra A is a subspace of A that is closed under left
multiplication by A. In other words, for any a € A and x € I, ar € I. Right ideals are
defined correspondingly. We call I a two-stded ideal of A if it is both a left and a right
ideal of A.

Since we assumed that any F-algebra A has an identity 14, the condition that an
ideal is a subspace of A would come automatically from the ring theoretic definition of
an ideal. Indeed, if I is a left ideal of A seen as a ring, then for any ¢ € F and x € I,
cx =c(lax) = (cly)z € 1.

Definition 1.2 e The centre of A is the set Z(A) :={z € A: za = az Va € A}.

e Given a subset B C A, the centralizer of B in A is the set Z4(B) := {a € A :
ab = ba Vb € B}.

A subalgebra B C A of an F-algebra A is a subspace of A that is itself an F-algebra,
with addition and multiplication inherited from A.
While addition and multiplication in B are inherited from A, the identity 1g of B does
not necessarily coincide with the identity 14 of A. We say that a subalgebra B C A is
called unital if 15 and 14 coincide.

Example 1.3 Given an F-algebra A, let us mention examples of subalgebras of A.

e The set F'- 14 = {cla:c € F} is a subalgebra of A. In this case, the identities of
F -1, and A coincide. Also, we can identify F' with F' - 14.

e The centre Z(A) of A is a subalgebra. Additionally, for any subset B C A, its
centralizer Z4(B) is a subalgebra of A.

Definition 1.4 Given an F-algebra A, we say that A is simple if it has no non-trivial
proper two-sided ideals.

Definition 1.5 An algebra is called a division algebra if every non-zero element has
a multiplicative inverse.

Since algebras are both vector spaces and rings, we would like homomorphisms of
algebras to be both vector space and ring homomorphisms.

Definition 1.6 Let A and B be F-algebras. Then an F-algebra homomorphism is
amap ¢ : A — B from A to B that satisfies the following conditions:

L p(zy) = p(x)p(y) for all z,y € A,
2. p(14) =1,
3. ¢ is an F-linear transformation.

As expected, a map ¢ : A — B from A to B is called an F-algebra isomorphism
if it is a bijective algebra homomorphism.

Definition 1.7 Let A be an F-algebra. Then an A-module V is a finite-dimensional
vector space that is equipped with a left A-action map

AxV =V, (a,v)—a-v=av

that satisfies the following properties for any x,y € A, v,w € V and c € F"



1.1 Algebra Theory preliminaries

L. z(v +w) = zv + zw,
2. (x+y)v =2V + Yo,
3. (wy)v = z(yv),
4. z(ev) = e(xv) = (cx)v,
5. 1yv =w.
The properties the left A-action needs to satisfy can be equivalently stated as follows:
1. Forany x € A, v € V, the map V — V, v — zv is an endomorphism of V',

2. The map defined by A — Endg(V), 2 — (v — av) for any v € A,v € V is an
F-algebra homomorphism.

We define right A-modules in a corresponding way.
* Throughout the thesis, the term A-module will refer to a left A-module unless
specified otherwise.

Definition 1.8 Let A be an F-algebra. The regular A-module, denoted as A°, is A
viewed as an A-module under left multiplication.

Definition 1.9 Let V' be an A-module. Then a subspace W C V is called an A-
submodule of V if W is closed under left multiplication by A. In other words, for
any a € Aand w e W, aw € W.

Definition 1.10 Let V and W be two A-modules. Then an A-module homomor-
phism is a linear transformation ¢ : V- — W from V' to W that satisfies z¢(v) = ¢(zv)
forany v € V and z € A.

The set of all A-module homomorphisms from V' to W is denoted as Hom4(V, W).
By convention, Hom4(V, V') will be denoted as End (V).

Given two A-modules V, W and an A-module homomorphism ¢ € Homa(V, W), we
define the kernel of ¢ as kerp := {v €V : p(v) = 0w }. The image of ¢ is given by
imp := {w € W : Jv € V such that ¢(v) = w}. kery and imy are submodules of V' and
W respectively.

Given two A-modules V, W, an A-module homomorphism ¢ € Hom4(V, W) is called
an A-module isomorphism if it is bijective, and we would say that V and W are
isomorphic as A-modules. An A-module isomorphism ¢ € Homy(V, W) satisfies the
conditions kery = Oy and imp = W.

Definition 1.11 Let V be a non-zero A-module. Then V is said to be irreducible if
the only submodules of V are 0 and V.

We now state an important lemma involving irreducible A-modules:

Lemma 1.12 (Schur’s Lemma) If V and W are irreducible A-modules, then every
non-zero A-module homomorphism in Homa(V,W) has an inverse in Homa(W,V'). [I,
Lemma 1.5]

A consequence of Schur’s Lemma is that if F' is an algebraically closed field, A is an
F-algebra, and V' is an irreducible A-module, then Ends (V) = F' - 1, the set of scalar
multiplications on V.



1.1 Algebra Theory preliminaries

Definition 1.13 Let V be an A-module. Then V is said to be completely reducible
if for every submodule W C V, there exists a submodule U C V such that V =W @ U.

Definition 1.14 An F-algebra A is said to be semisimple if the regular module A° is
completely reducible.

Theorem 1.15 (Maschke’s Theorem) Let G be a finite group and suppose F' is a field
whose characteristic does not divide the order of G. Then every FG-module is completely
reducible. [1, Theorem 1.9]

Theorem 1.16 Let V' be an A-module. Then the following are equivalent:
1. 'V is completely reducible.
2. V is a sum of irreducible submodules.

3.V is a direct sum of irreducible submodules.

[1, Theorem 1.10 + Lemma 1.11]

Let A be an F-algebra with multiplication *4. The opposite algebra of A, denoted
as A°P, is the F-algebra that is A as a vector space, but with multiplication *40r defined
by a %400 b = b*4 a for any a,b € A.

Definition 1.17 Let V be a completely reducible A-module and let M be an irreducible
A-module. We define the M -homogeneous part of V as the sum of all the submodules
of V' that are isomorphic to M. We denote this as V' (M).

Lemma 1.18 Let V = @ W; be a direct sum of a finite number of irreducible A-modules
W;. Let M be any irreducible A-module. Then the following holds:

1. V(M) is an EndA(V)-submodule of V.
2. V(M) =S {W, : W, = M}.

3. The number of W; that are isomorphic to M is an invariant of V', and is independent
of the given direct sum decomposition.

[1, Lemma 1.13]

Given a semisimple algebra A and an irreducible A-module M, it can be shown that
A°(M) is a two-sided ideal of A. We will denote A°(M), regarded as an ideal of A, as
A(M).

We let M(A) be a set of irreducible A-modules such that every irreducible A-module
is isomorphic to exactly one element of M(A).

Theorem 1.19 (Wedderburn’s Theorem) Let A be a semisimple algebra and let M
be an irreducible A-module. Then the following holds:

1. A(M) is a minimal two-sided ideal of A.
2. If W is an irreducible A-module, then W is annihilated by A(M) unless W = M.
3. M(A) is a finite set.

[1, Theorem 1.15]



1.1 Algebra Theory preliminaries

Corollary 1.20 If A is a simple F-algebra, then any two irreducible A-modules are iso-
morphic, and |9M(A)| = 1.

We note that for any irreducible A-module M, A(M) is a simple subalgebra of A that
is not necessarily unital. The algebra A can then be decomposed in the following way as
a direct sum of simple subalgebras:

A= A(M).
MeM(A)

Lemma 1.21 Let A be a finite-dimensional simple F-algebra. Then for some positive
integer n, A = M, (D) for some division algebra D whose centre contains F'. [2, Chapter
8, Theorem 1.5 + Corollary 1.6]

In combination with Wedderburn’s Theorem, this allows us to say that any semisimple
F-algebra A is a direct product of simple algebras of the form M,, (D) where D is a division
algebra over F'.

Definition 1.22 (Tensor Product of Algebras) Let A, B be F-algebras. Then the
F-algebra tensor product A ® B is A ®r B as an F-vector space with the following
multiplication: for any aj, asg € A, bl, b2 € B, (CL1 X bl) . (ag &® bg) = ai1a9 ® blbg.

It is an exercise to show that multiplication in A® B is associative, that A9 B = BRA,
and that (A® B)® C =2 A® (B ® C) for any F-algebras A, B, C.

Recall that the centre of an F-algebra A, Z(A), is defined as the set {z € A : za =
az Ya € A}. In this discussion, let A be a simple F-algebra. Then A = M, (D) for some
positive integer n and some division algebra D whose centre contains F'. From this, we
can say that Z(A) = Z(D), and for any division algebra D, Z(D) is a field. Note that
Z(D) is the largest field over which we can view A as an algebra. We now state the
following definition.

Definition 1.23 A is said to be central over F if Z(A) = F.

So if a simple F-algebra A is central, then F' is the largest field over which we can view
A as an algebra. If A is not central, then there are finite field extensions of F' over which
we can view A as an algebra.

Now let A = @, A; be a semisimple F-algebra such that each A; is simple. Suppose
A; = M,,(D;). Then Z(A) = @, Z(A;) = @, Z(D;). So the centre of a semisimple
algebra is a direct product of fields. Clearly, if a semisimple algebra A is central, then A
is simple.

Definition 1.24 An F-algebra is said to be central simple if it is central over F, and
simple.

Theorem 1.25 If A is a central simple F-algebra and B is a simple F-algebra, then
A® B is simple. [2, Chapter 8, Theorem 3.2 (ii)]

Theorem 1.26 Let A and B be two F-algebras, and let A’, B' be unital subalgebras of
A and B respectively. Then Zagp(A' @ B') = ZA(A") @ Zg(B'). [2, Chapter 8, Theorem

Note that this implies in particular that Z(A ® B) = Z(A) ® Z(B).
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1.1 Algebra Theory preliminaries

Corollary 1.27 If A and B are both central simple F-algebras, then A ® B is central
simple.

Theorem 1.28 (Skolem-Noether theorem) Let A be a central simple F-algebra, and
let B be a simple F-algebra. Let 0 : B — A and 7 : B — A each be unital F-algebra
homomorphisms. Then there exists an inner automorphism ¢ of A such that T = ¢o,
and we obtain the commutative diagram.

B—— A
\ |#
A
[2, Chapter 8, Theorem 4.2]

In particular, this implies that any F-algebra automorphism of a central simple F-
algebra is an inner automorphism.

Theorem 1.29 (Centralizer Theorem) Let A be a central simple F-algebra, and let
B be a simple unital subalgebra of A. Then the following holds:

1. ZA(B) is a simple unital subalgebra of A.

2. dimp(A) = dimp(B) - dimp(Za(B)).

3. If B is central, then A= B ®p ZA(B).
[2, Chapter 8, Theorem 4.5]

Corollary 1.30 Let A be a central simple F-algebra, and let B be a simple unital subal-
gebra of A. Then ZA(Z4(B)) = B. [2, Chapter 8, Corollary 4.8]

Lemma 1.31 If A is a central simple F-algebra, then A ® A°® = M, (F) where n =
dimp(A). [2, Chapter 8, Theorem 3.4]

Corollary 1.32 Let D be a division algebra that is central over F'. Then D ® D =
M, (F) where n = dimp(D).

Lemma 1.33 Let A = M, (D) be a central simple F-algebra, where D is a central division
algebra over F. Then A°P = M, (D°P).

Proof. We can express A as A = M, (F)® D, and M, (D) = M, (F) ® D°. For any
i,j < n, we define F;; to be the matrix in M, (F) with a 1 in the (i,7)"™ entry and 0
everywhere else. The required isomorphism ¢ : (M, (F)® D)°® — M, (F)® D is defined
as: (b ; ®x)=FE,;; ®x for any x € D. |

The tensor product of central simple algebras somewhat exhibits the behaviour of
a group operation. Let us see how:

e Firstly, as mentioned before, as an operation on F-algebras, the algebra tensor
product is associative. In general, for any F-algebras A, B,C, (A® B) ® C =
A® (B® C). This of course still holds for central simple algebras.

6



1.2 The Brauer Group of F

e Let A and B be two central simple F-algebras. Then, by Corollary 1.27, A =
M,,(Dy), B = M,,(Ds) and A ® B = M,,(D3) for some positive integers n; and
for some division algebras D; such that Z(D;) = F for all i. So the algebra tensor
product is closed in the set of central simple F-algebras.

e For any central simple algebra M, (D), M,(D) & M, (F) = M, (F) ® M,(D) =
M, (D). In a sense, “tensor multiplying” a central simple algebra by M, (F") does
not change the associated (central) division algebra. So the matrix algebras of the
form M, (F') act like identity elements under the tensor product operation.

e Since D®DP = My(F), M,,(D)® M,(D?) = M,,(D®)Q M, (D) = Mn(F)®(D®
DP) = M (F) @ Mg(F) = Mpma(F). So given a central simple algebra M, (D),
central simple algebras of the form M,,(D°P) act like inverses under algebra tensor
product.

We remark that the isomorphism classes of central simple F-algebras is a monoid
under the operation of algebra tensor product. We now formalize the group structure of
central simple F-algebras in a way introduced by Richard Brauer.

1.2 The Brauer Group of F

Let us first describe the set of elements in the Brauer group of F. For any central
simple F-algebras A, B, define A ~ B if A = M,(D,), B = M,,(Dg), and Dy = Dp.
One can check that ~ defines an equivalence relation on all central simple algebras over
F.

Let F be a field. We denote the set of equivalence classes of central simple F-algebras
as Br(F). Then [A] will denote the set of central simple F-algebras in the same equiva-
lence class as A. We define a binary operation on Br(F') in the following way:

For any two equivalence classes [A], [B], set [A]-[B] := [A® B|. Let us verify that this
operation is well defined. Let A = M,,(D4) and B = M,,(Dp) for some central division
algebras D4, Dp. For any A’ ~ A, A’ = M,,(D,) and for any B’ ~ B, B’ = M,,,(Dg).

Our task is to show that [A’ ® B'| = [A ® B]. Suppose Dy ® Dg = M, (D) where
D is a central division algebra. Then A ® B & M,,,(F) ® (Da ® D) = M, (F) ®
(M.(F) ® D) = My (D). On the other hand, A’ ® B’ = M,y (F) ® (Da ® Dp) =
My (F) @ (M (F) ® D) = My (D). This has the same central division algebra part
as A® B, and so A® B~ A’ ® B, hence [A' ® B'] = [A® B| and the binary operation
on the set of equivalence classes is well defined.

Since the tensor product is associative on central simple F-algebras, the binary oper-
ation - is associative. Note that [A] - [F] = [A]. So the equivalence class [F] acts as the
identity element under the operation. Also if A = M, (D), then [A]-[D°?] = [D]-[D] =
[D°P] - [D] = [F]. So the inverse of [D] is [D°P]. We can now define the group Br(F).

Definition 1.34 The Brauer group of F is the set Br(F') of equivalence classes of
central simple F-algebras equipped with the group operation defined by [A]-[B] = [A® B|.

As ® is commutative, we note that Br(F) is abelian.

It must be emphasised that the Brauer group is different for different fields. Note that
given a field F', the order of Br(F') is equal to the number of distinct central division
algebras over F.

Corollary 1.35 If a field F' is algebraically closed, then Br(F) =1, the trivial group.

7



1.2 The Brauer Group of F

When it comes to finite fields, we note that by Wedderburn’s little theorem, every
finite division algebra is a field. Hence, if F'is a finite field, then the only finite-dimensional
central division algebra over F'is F' itself. Hence, if F' is a finite field, then Br(F') = 1.

By Frobenius, there are only two finite-dimensional central division algebras over R.
They are R and H, the algebra of quaternions. Hence Br(R) = (3. The only other
finite-dimensional division algebra over R is C. It is clear that C is not central over R.



2 Superalgebras

2.1 Superalgebra Theory preliminaries

In this section, we will introduce the concept of a superalgebra, which is a specific
type of algebra. Many of the definitions and theorems we encountered in Algebra Theory
will have their equivalents in Superalgebra Theory. As such, section 2 will follow a similar
structure to section 1. This time, we will provide full proofs of the “super” theorems, such
as the Super Schur’s Lemma, Super Maschke’s Theorem, and the Super Wedderburn’s
Theorem. Many of these proofs are based on the proofs of the theorems from ordinary
Algebra Theory. We will eventually build up to super central simple superalgebras and
the Brauer-Wall group. Many of the definitions mentioned in this section comes from |3,
Chapters 5 + 6].

* Again, F' will refer to an arbitrary field, and A will refer to an arbitrary F-algebra.
Suppose G is a finite group. A G-grading on A is a direct sum decomposition A = @ Ay

geG
of A indexed by the elements of GG that satisfies the following conditions:

o F. 1A C AlG’
o For any g, h € G, Ay - A, C Agp.
Ais a G-graded F-algebra if it is equipped with a G-grading A = EB Ay. The subspace

geG
Ay is called the g-component of A.

Definition 2.1 An F-superalgebra is a Cs-graded F-algebra.

Given an F-superalgebra with a Cy-grading, by convention we will denote the compo-
nent of A indexed by the trivial element of C5 as Ag, and we will denote the component
indexed by the non-trivial element of Cy as A;. Ag is called the 0-component of A,
while A; is its 1-component.

Let A = Ay @ A; be an F-superalgebra. Then the set Ay U Ay is called the set of
homogeneous elements of A. Homogeneous elements in Ay and A; are called even and
odd elements respectively. An F-superalgebra A is purely even if A; = {0}. Given
i € {0,1}, a homogeneous element z in A; is said to have degree d(z) = i.

Remark 2.2 e An F-algebra A can be given different gradings. We will mention this
fact in the list of examples that follow this remark.

e From the definition of a superalgebra, we know that Ag is an ordinary unital subal-

gebra of A.

e Like with F-algebras, the dimension of an F-superalgebra A is given by its vector
space dimension over F'.

Example 2.3 Given a field F', let us list examples of F-superalgebras.
e The field F' itself can be regarded as a purely even F-superalgebra.

e Let 7,5 > 0. Then the matrix superalgebra over F, M, (F), is M,s(F) as an
F-algebra with the following grading: (M (rs) (F )) , Is the set of matrices of the form

(51)

9



2.1 Superalgebra Theory preliminaries

where A and B are r x r and s X s matrices over F respectively, while (M., (F))

is the set of matrices of the form
0|C
D0

where C' and D are r X s and s X r matrices over F' respectively. From this, we
can see that for any n > 2, M,(F') can be given different gradings. For example,
the F-superalgebras M) (F') and M 3)(F') are both M,(F') as algebras, but have
different gradings.

1

e We can define the notion of an F-super vector space and its super endomorphism
ring over F. Let V be a finite-dimensional F-vector space. Let r,s be two non-
negative integers such that r + s = dimp(V'). Then the F-super vector space
V(5) is V as an F-vector space with a direct sum decomposition V = V@ Vi where
dimp(Vp) = r and dimp(V4) = s. The super endomorphism ring Ends, (V")
of V%) is Endp(V) as an F-algebra with the following grading:

- (End}(V(’”’s)))O = {p € Endp(V) : p(vg) € Vo and p(v1) € Vi Yoy € Vg, vy €
Vi}, and

— (End"};(v(“s)))1 = {¢ € Endp(V) : p(vg) € Vi and p(vq) € Vi Yug € Vg, vy €
Vi}.

e Let G be a finite group with a normal subgroup N < G of index 2. Then the
group superalgebra F|G,N] is FG as an F-algebra with the following grading:
(F|G,N])g = FN, while (F|G, N]); = F[G\N].

e The ring F[z] of polynomials in = with coefficients in F' can be equipped with the
following grading: F[z]y is the set of all polynomials of the form > ¢,z?", while
F[z]; is the set of all polynomials of the form Y ¢,z*"*!. With this grading, F'[z] is
an infinite-dimensional F-superalgebra.

If A, B are F-superalgebras, then A x B is an F-superalgebra with 0-component Ay x By
and 1-component A; x By. In general, a finite direct product of F-superalgebras [ A; is
itself an F-superalgebra with O0-component [] (4;), and 1-component [] (4;);.

* In this section, we set A to be an F-superalgebra.

Definition 2.4 A left superideal [ C A of A is a subspace of A with a decomposition
I = Iy & I, that satisfies the following properties:

° ]0 C AO and ]1 C Al.
e For any i,j € {0,1}, A; - I; C I(i4j)mods-

Right superideals are defined correspondingly. A two-sided superideal of A is a
left superideal that is also a right superideal.

We note that superideals of a superalgebra are ordinary ideals of the underlying
algebra.

A subsuperalgebra B C A is a subspace of A that is also an F-superalgebra, and
is equipped with a grading B = By & B; that satisfies By C Ay and By C A;. A
subsuperalgebra B C A is called unzital if 13 =14.

Let us mention examples of subsuperalgebras of A.

10



2.1 Superalgebra Theory preliminaries

e [7-1,4 is a purely even subsuperalgebra of A.

e Z(A) is a subsuperalgebra of A with grading Z(A)y = Z(A) N Ay and Z(A), =
Z(A)NA;.

Definition 2.5 The super centre of A, denoted by Z*(A), is the subsuperalgebra of A
with the following grading:

o (Z°(A)), = {20 € Ao : 2000 = apzo and zpa; = a1z for any ag € Ag,a; € A1} and
o (Z°(A)), = {1 € A1 : 2100 = apz and z1a1 = —ay2; for any ag € Ag, a1 € A1}

Let B C A be a subsuperalgebra of A. Then the super centralizer of B in A,
denoted by Z%(B), is the subsuperalgebra of A with the following grading:

o (Z5(B))y = {20 € Ao : 20by = byzg and z9b1 = by 2o for any by € By, by € By} and
o (Z5(B)), ={z1 € A1 : z1by = byz1 and 210y = —by 2 for any by € By, by € B }.
Definition 2.6 A is super simple if it has no non-trivial proper two-sided superideals.

An F-superalgebra is called a super division algebra if every non-zero homoge-
neous element has a multiplicative inverse.

Remark 2.7 e Let D = Dy & D; be a super division algebra, and let z € D; be a
non-zero homogeneous element of degree i. Then it is straightforward to show that
2! is also a homogeneous element of degree i.

e Given a super division algebra D = Dy & Dy, Dy itself is an ungraded division
algebra. If Dy # 0, then for any non-zero v € Dy, D1 = Dyv.

Definition 2.8 Let A and B be F-superalgebras. Then an F'-superalgebra homo-
morphism is a linear map ¢ : A — B which satisfies:

L p(zy) = p(z)p(y) for all z,y € A,

3. ¢(A;) C B; for any i € {0, 1}.

As expected, an F-superalgebra isomorphism is a bijective superalgebra homo-
morphism.

Definition 2.9 A left A-supermodule V is a finite-dimensional vector space that is
equipped with a direct sum decomposition V' = V, @ V; (called its grading) and a left
A-action map

AxV =V, (a,v) = a-v=av

that satisfies the same properties as a left A-action map for an ordinary A-module, and
additionally satisfies A; - V; C V(i jymoaz for any i, j € {0, 1}.

We define right A-supermodules in a corresponding way. Throughout the thesis, the
term A-supermodule will refer to a left A-supermodule unless specified otherwise.

Definition 2.10 Let A be an F-superalgebra. The regular A-supermodule, denoted
as A°, is A viewed as an A-supermodule under left multiplication.

11
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Let A be an F-superalgebra and let V' be an A-supermodule. Then a subspace W C V/
is called an A-subsupermodule of V if W is closed under left multiplication by A, and
is equipped with a direct sum decomposition W = Wy @& W, that satisfies W, C Vj,
Wy Cc Vi and A; - W C Wiy jymoas for any 4, j € {0, 1}.

Definition 2.11 Let V and W be two A-supermodules, and let i« € {0,1}. Then a map
p:V —= W from V to W is called an A-supermodule homomorphism of degree i
if it is a linear transformation that satisfies:

o o(Vj) W

(j+i)mod2

for any j € {0, 1}.
e p(a;v) = (=1)Ya;p(v) for any a; € A;, v e V.

The set of all A-supermodule homomorphisms from V' to W, denoted as Hom® (V, W),
is the A-supermodule with the following grading:

e (Hom’ (V,W)), is the set of all A-supermodule homomorphisms from V' to W of
degree 0.

o (Hom®(V,W)), is the set of all A-supermodule homomorphisms from V' to W of
degree 1.

Remark 2.12 e Given an A-supermodule homomorphism ¢ € Hom® (V, W), its ker-
nel ker ¢ and image imy are defined in the same way as the ungraded case. If ¢ is
homogeneous, then ker ¢ and im¢p are subsupermodules of V' and W respectively.

e Given two A-supermodules V, W an A-supermodule homomorphism ¢ € Hom® (V, W)
is called an A-supermodule isomorphism if it is homogeneous and bijective, and
if such an A-supermodule homomorphism exists, we would say that V' and W are
super tsomorphic, and we would denote this as V =* W.

Conventionally, given an A-supermodule V', Hom?, (V, V') will be denoted as End’ (V).

Lemma 2.13 Suppose V = Vo ® Vi and W = Wy & Wy are two A-supermodules such
that there exists an ordinary A-module isomorphism ¢ : V. — W such that (Vo) = W,
and (V1) = Wy. Then V = W.

Proof. Let us show that the linear map ¢ defined by: @(vg) = ¢(vg) for any vy € Vg,
and ¢(vy) = —p(vy) for any v; € V; is an A-supermodule isomorphism. For any v; € V;,
note that for any ay € Ao, @(aov;) = (=1)p(av;) = ag(—1)'p(v;) = app(v;), and for
any a1 € A1, P(arv;) = (=1 p(arv;) = ai(—1)""p(v) = —ai(—1)'p(v;) = —a1p(vy).
Hence ¢ is an A-supermodule isomorphism of degree 1, and V' = W. |
Definition 2.14 Let V be a non-zero A-supermodule. Then V is said to be super
irreducible if the only subsupermodules of V are 0 and V.

Lemma 2.15 If V =V, &V is a super irreducible A-supermodule, then Vy and Vi are
irreducible as ungraded Ag-modules.

Proof. Let V =V, @® V; be a super irreducible A-supermodule. Without loss of general-
ity, suppose V; is not an irreducible ungraded Ag-module. Let W, C Vj be a non-trivial
Ag-submodule of V;. Then Wy @ (A; - Wy) would be a non-trivial A-subsupermodule of
V', which is a contradiction. |

We now come to the superalgebra analogue of Schur’s Lemma.
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Lemma 2.16 (Super Schur’s Lemma) IfV and W are super irreducible A-supermodules,
then every non-zero homogeneous A-supermodule homomorphism in Hom®% (V, W) has an
inverse in Hom® (W, V).

Proof. Since V =V, @® V; and W = W, @ W, are super irreducible A-supermodules,
then by Lemma 2.15, Vg, Vi, Wy and W; are irreducible ungraded Ag-modules.

If ¢ € Hom®(V, W) is a non-zero homogeneous A-supermodule homomorphism of
degree 7, then the subsupermodule ker o = ker(y |y;,) @ ker(¢ |v;,) of V' is not equal to V.
Since V' is super irreducible, then ker ¢ = 0, implying ker(¢p |v,) and ker(¢ |y, ) are both
equal to 0, which tells us that ¢ |y, and ¢ |y, are non-zero elements of Hom 4, (Vp, W;)
and Homu,(Vy, W;_;) respectively. By the ungraded Schur’s Lemma, ¢ |y, and ¢ |y,
have inverses in Hom 4, (W;, Vo) and Hom 4, (W;_;, V7). This will allow us to construct the
inverse of : for any wg € Wy, wy € Wy, o~ Hwo + w1) = (¢ |v;)"Hwo) + (¢ v,_,) " Hwn).
¢~ is an A-supermodule homomorphism in Hom? (W, V'), and we are done. |

Remark 2.17 e If V and W are super irreducible A-supermodules and ¢ € Hom?® (V, W)

is a non-zero homogeneous A-supermodule homomorphism of degree 7, then ¢! is

also a non-zero homogeneous A-supermodule homomorphism of degree 1.

e Given a super irreducible A-supermodule V', End% (V') is a super division algebra.
If End’ (V) has non-zero homogeneous elements of degree 1, then Vj and V; are
isomorphic as Ag-modules, and dimg(Vp) = dimg(V)).

Definition 2.18 Let V be an A-supermodule. Then V' is completely super reducible
if for every subsupermodule W C V, there exists another subsupermodule U C V' such
that V =W @ U.

Definition 2.19 An F-superalgebra A is said to be super semisimple if its regular
supermodule A° is completely super reducible as an A-supermodule.

Now we get to the super version of Maschke’s Theorem.

Theorem 2.20 (Super Maschke’s Theorem) Let G be a finite group, and let Gy be
a subgroup of G with |G : Go| = 2, and suppose that the characteristic of F does not
divide |G|. Then every F|G, Go|-supermodule is completely super reducible.

Proof. Let V be an F[G, Gyl-supermodule, and let W be a subsupermodule of V. Since
W is also an ungraded F'G-submodule of V| then by the ungraded Maschke’s Theorem,
there exists an ungraded submodule U such that W & U = V. We note that U is also
an F[G, Gyl-subsupermodule of V| with grading U = Uy & Uy, where Uy = U NV, and
Uy=UnV. [ ]

Theorem 2.21 Let V' be an A-supermodule. Then the following are equivalent:
1. 'V is completely super reducible.
2.V is a sum of super irreducible subsupermodules.

3.V 1s a direct sum of super irreducible subsupermodules.

Proof. First, let us show that 1 — 2.
Let V be a completely super reducible A-supermodule. Let W be the sum of all super
irreducible subsupermodules of V. For the sake of contradiction, suppose W C V. Since
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V' is completely super reducible, then V=W @ U for some non-zero A-supermodule U.
Since V' is finite dimensional, U contains a super irreducible subsupermodule U’ C V.
Since W is the the sum of all super irreducible subsupermodules of V., U’ € W, which
implies W NU # 0, which is a contradiction. Thus W = V, and V is a sum of super
irreducible subsupermodules.

Then, let us show that 2 — 1.

Let V be a sum of super irreducible subsupermodules. Then V' = "V where each
V< is super irreducible. Let W C V be a subsupermodule of V. By finite dimensionality
of V', choose a maximal subsupermodule U C V with the property that W NU = 0.
We claim that W @ U = V. If this was not true, then there would exist a V' that
Ve & W e U. This would mean that V¢ ¢ W and V¢ ¢ U. Since V¢ is super irre-
ducible, then V*NW =0 and V*NU = 0. Hence U & V* would be a subsupermodule
that satisfies WN(U@® V) = 0, which contradicts the maximality of U. Thus WaU = V|
and V' is completely super reducible.

3 = 2 is immediate, so we just need to show that 2 — 3.

Let V be a sum of super irreducible subsupermodules. Then V' = >V where each
V% is super irreducible. We choose a maximal subsupermodule W C V with the property
that W is the direct sum of some of the V*’s. We aim to show that W = V. For the sake of
contradiction, suppose W C V. Then for some o, V* ¢ W. Since V¢ is super irreducible,
then V¥NW =0, and W & V* 2O W. This contradicts the maximality of W. Thus we
can conclude that W =V and V is a direct sum of super irreducible subsupermodules. B

Let A be an F-superalgebra with multiplication x4. The super opposite algebra
of A, denoted as A*P, is the F-superalgebra that is A as a vector space, has the same
grading as A, but with multiplication * o0 defined by:

® a * 500 by = by *4 ag for any ag, by € Ay.
® (g ko0 A1 = A7 %4 ag and by * gs0p by = by x4 by for any ag, by € Ao, a1,b; € Aj.
® ap *gs00 b = —(by %4 a1) for any aq,b; € Aj.

Definition 2.22 Let V be a completely super reducible A-supermodule and let M be
a super irreducible A-supermodule. We define the M -homogeneous part of V as the
sum of all the left subsupermodules of V' that are super isomorphic to M. We denote
this as V*(M).

Lemma 2.23 Let V = @ W; be a direct sum of A-supermodules where each W; is super
irreducible. Let M be any super irreducible A-supermodule. Then the following holds:

1. V(M) is an End’y(V')-subsupermodule of V.
2. VE(M) = 3 AW; : W; = M}.

3. The number of W; that are super isomorphic to M 1is an invariant of V, and is
independent of the given direct sum decomposition.

Proof.
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1. Tt is enough to show that for any homogeneous element ¢ € End%(V'), o(V(M)) C
Ve(M).

Now let ¢ be a homogeneous element of End (V). To show that ¢(V*(M)) C
Ve(M), it is enough to show that for any subsupermodule W C V' that is super
isomorphic to M, (W) C VE(M).

Let W be a subsupermodule of V' such that W =* M. If (W) = 0, then
immediately o(W) C V*(M). Suppose (W) # 0. Since W =* M and M is super
irreducible, W is also super irreducible. Therefore, ker(y |w ) is either 0 or W. Since
(W) # 0, ker(e |w) = 0, which means the map ¢ |w: W — (W) is injective,
and hence bijective. Therefore, W 2* (W), and since W =°* M, o(W) =* M. We
conclude that (W) C V*(M).

2. It is clear that Y {W;: W;=* M} C V*(M). To show the reverse inclusion, it is
enough to show that for any subsupermodule W C V that is super isomorphic to
M, W Y AW, : W, =* M}.

First, let 7; be the projection map from V' onto W;. Note that 7; is a homogeneous
element of Hom® (V, W;) of degree 0. Now let W C V be a subsupermodule such
that W =° M. We know that means W is super irreducible. For any 4, ker(m; |w)
is either 0 or W. If ker(m; |w) = 0, then the map m; |w: W — W; is injective.
Since W is super irreducible, we also get that im(m; |w) = W;, hence m;(W) =
W, € > {W,;: W; =°* M} for any i. However, since W C >, m;(W), we get that
W > {W,: W, =* M}, and we are done.

3. Let n denote the number of W; that are super isomorphic to M. By 2), we get that
dimp(V*(M)) = n - dimp(M), and it is clear that n is an invariant of V.

Definition 2.24 Let V be an A-supermodule, and let W C V be a subsupermodule of
V. Then the factor supermodule (V/W)* is V/W as an ungraded A-module with the
following grading: (V/W) = Vo/Wy, and (V/W); = Vi /W;.

Lemma 2.25 Let A be an F-superalgebra. Then the following holds:

1. Every super irreducible A-supermodule is super isomorphic to a factor supermodule

of A°.

2. If A is super semisimple, then every super irreducible A-supermodule is super iso-
morphic to a subsupermodule of A°.

Proof.

1. Let V be a super irreducible A-supermodule. Choose a non-zero element v € V;, and
define the F-linear ¢ : A — V by ¢(z) = zv. Note that for any ay € Ag, agv € Vj,
and for any a; € Ay, ajv € V;. Hence ¢(Ag) C Vp and ¢(A;) C Vi. Also, for any
z,y € A, p(xy) = (zy)v = z(yv) = xp(y). That means ¢ is a homogeneous element
of Hom% (A°, V') of degree 0. Hence imy is a subsupermodule of V', and since V is
super irreducible, imy is either 0 or V. Since v € imyp, imp = V| and this allows us
to say that V = imp =° A°/ker ¢.
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2. Let V' be a super irreducible A-supermodule. From 1), V' =° A°/ker ¢ where ¢ is
the A-supermodule homomorphism defined in 1). If A is super semisimple, then
since ker ¢ is a subsupermodule of A°, there exists a subsupermodule U C A° such
that A° = ker @ U. This tells us that U =° A°/kerp =°* V. Hence V is super
isomorphic to U, a subsupermodule of A°.

Given a super semisimple superalgebra A and a super irreducible A-supermodule M,
it can be shown that (A°)*(M) is a two-sided superideal of A. We will denote (A°)*(M)
seen as a two-sided superideal of A as just A*(M).

We can describe a representative set of super irreducible A-supermodules. We can
describe a set 9°(A) as a set of super irreducible A-supermodules such that every super
irreducible A-supermodule is super isomorphic to exactly one element of 9t°(A).

We finally get to Wedderburn’s theorem for superalgebras

Theorem 2.26 (Super Wedderburn’s Theorem) Let A be a super semisimple su-
peralgebra and let M be a super irreducible A-supermodule. Then the following holds:

1. A*(M) is a two-sided superideal of A.

2. If V is a super irreducible A-supermodule, then V is annihilated by A*(M) unless
V=M.

3. A*(M) is a minimal two-sided superideal of A.
4. M(A) is a finite set.
Proof.

1. Let us first prove that A°(M) is a two-sided superideal of A.

First we note that A*(M) is a non-zero sum of left subsupermodules of A°. This is
because, by Lemma 2.25(2), there is a subsupermodule W C A° such that M =°* W.
Since left subsupermodules of A° are also left superideals of A, A*(M) is therefore
a sum of left superideals of A, and hence is a left superideal of A.

Next, we show that A°(M) is a right superideal. Let V' = Vj @ V} be a super
irreducible left subsupermodule of A° that is super isomorphic to M. Once we show
that for any a € AgU A, V-a= (Vy-a)® (Vi -a) =V when V -a # 0, we can
then say that for any a € Ay U Ay, A°(M) - a is a sum of left subsupermodules of
the form V - a, and each non-zero V - a are all super isomorphic to M, allowing us
to conclude that A*(M) -a C A*(M).

When showing that V' - a =°* V when V - a # 0, we need to first note that since
Vo CAgand V7 C Ay, Vp-a C A(O+d(a))mod2 and V] -a C A(1+d(a))m0d27 which means
(Vo -a) N (V4 -a) = 0. This validates our grading of V- a = (V5 -a) ® (V1 - a).
Let ¢ : V. — V - a be the super homomorphism defined by ¢(z) = xa. Since V
is super irreducible, then ker ¢ is either 0 or V. If kerpy =V, then V -a = 0. If
ker o = 0, then ¢ is a bijection. It is also a homogeneous super homomorphism
of degree 0, and because of associativity in A, for any b € Ay U A; and = € V,
o(bz) = (bxr)a = b(xa) = bp(x). Hence for any a € AgU A,V -a =2V = M
when V -a # 0. As stated in the previous paragraph, this allows us to conclude that
A*(M) -a C A*(M), meaning A°(M) is a right superideal.
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2. Let V' be a super irreducible A-supermodule. First we will show that if V' 22° M,
then V' is annihilated by A°(M).

Let V 22° M. Since A is super semisimple, then A° is a direct sum of super irre-
ducible subsupermodules, and so A° = @ W;. In particular, A° = (@ {W,: W, =* V})®
(B{W, - W, = M}) o (@B{W,;: W; 2V and W; 22° M}). By Lemma 2.23(2), we
have A*(V) = (@ {W,;: W, =*V}) and A*(M) = ({W,: W, =* M}). Hence
A*(V)NA*(M) = 0. Since A*(V') and A*(M) are two-sided superideals, A*(M)A*(V) C
A*(V)N A*(M) = 0. Hence V is annihilated by A°(M).

Now let V' =* M. We can express A° in the following way: A° = (@{W; :
W, = M}) & (@P{W;: W; 2° M}). From the previous paragraph, we can say
that (@ {W;: W, 22°* M}) annihilates M (and hence also V). As a consequence
(P {W;: W, = M}) = A°(M) does not annihilate M, and therefore A*(M) does
not annihilate V.

3. Let I C A°(M) be a two-sided superideal of A. We need to show that I = 0.

Since I C A°(M) and A°(M) is a sum of subsupermodules super isomorphic to
M, there is a subsupermodule N C A*(M) such that N =2* M and N ¢ I. Since
M is super irreducible, so is N. Since NNI C N and N ¢ I, NNI = 0. Since
IN Cc NNnlI, IN = 0. Hence, for any homogeneous element x € I, z- N = 0. In
fact, for any subsupermodule V' C A°(M) that is super isomorphic to M, -V =0,
hence x - A*(M) = 0.

To show that x = 0 for any homogeneous element x € I, we first note that
A = (@AW - Wi = M) (B {W: - W; 2 M}) = A(M)& (B A{W: : W; 2° M}).
Then 14 = m+n where m € A*(M) andn € @ {W; : W; 2°* M}. Since x € A*(M),
by 2), x annihilates everything in @ {W; : W; 2° M}, hence 214 = x(m+n) = xm+
xn = xm. But from the previous paragraph, = - A*(M) = 0, hence - 14 = xm = 0,
and we conclude that x = 0 for any homogeneous element x € I. Hence I = 0, and
A*(M) is a minimal two-sided superideal.

4. On the one hand, by 2.25(2), A*(V) # 0 for any super irreducible A-supermodule
V. On the other hand, since A° = @ W, and each Wj is super isomorphic to one
element of 9*(A),

L= G 4w
Vems(A)
where each A*(V) is non-zero. Since A° is finite dimensional, there is a finite number
of distinct A*(V') in the direct sum, hence 2*(A) is a finite set.

Definition 2.27 Let A, B be two F-superalgebras. Then the super tensor product A ® B
is A®p B as an F-vector space with the following grading: (A® B)y = (Ag® By) ® (A1 ®
B;) and (A® B); = (A4y® B,) ® (A, ® By). For any a € A, b € B, a®b is identified with
a ® b. Multiplication in A® B is defined in the following way: for any ai,as € Ay U A,
bl, b2 € BO U Bl, (a1 ® bl) . (CL2 ® bg) = (—l)d(a2)d(bl)(a1a2 ® blbg).

While it is not obvious that the super tensor product is a commutative operation on
F-superalgebras, let us show that for any F-superalgebras A, B, A® B~ B® A.

For any homogeneous elements a € AgU Ay, b € ByU By, the required F-superalgebra
isomorphism ¢ : A® B — B® A is defined by p(a @b) = (=1)494®) (b& a). Let us show
that it is an F-superalgebra homomorphism.

17
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For any a,a’ € AgU Ay, b,b' € ByU By, let i =d(a),j = d(da’),k = d(b), and | = d(V').
Then

p((a®@b) - (@' ®V)) = o((—1)"(ad' @bb')) = (= 1) (—1)HFDEH(BY & aa’) =
(—1)2 R (Y & aa') = (—1) 4 (B & ad).

On the other hand,

Pla®b)p(a V) = (~1)*(b& a) - (<1 G a') = (~1)* (1) (' & aa) =
(— 1)+ (b & ada').

It can be seen straight away that ¢ preserves grading, and so it is an F-superalgebra
homomorphism. ¢ is also bijective, so A® B~ B® A.

Next, let us show that the super tensor product is associative. In other words, let us
show that for any F-superalgebras A, B,C, (A® B)®C = A®(B®C).

For any homogeneous elements a € AU Ay, b € ByU By, ¢ € CyU (Y, the required F-
superalgebra isomorphism ¢ : (A® B) ® C' — A& (B ® C) is defined by ¢((a®b)®c) =
a®(b&®c). Let us show that it is an F-superalgebra homomorphism.

For any a,a’ € AgU Ay, b,V € ByU By, ¢, € CoUCY, let i, 7, k, 1l be d(a’),d(b),d(V'),
and d(c) respectively. Then

p(((a@b)@c) - ((a' V)& ) = wﬁ(—l)i”k)l”j(aa’@bb’) ®cc) =
(_1>zl+kl+1jaa/ ®(bb/ ® CC’).

On the other hand,

D16 8) & e)pl(d &) &) = (b)) - (d B &) =
(—1)UHHR " @ (b0 @ cc') = (—1)H M+ qa’ @ (b & cc').

It is an exercise to verify that ¢ preserves grading, and so it is an F-superalgebra
homomorphism. ¢ is also bijective, so (A® B)®C =~ A®(B® ).

Lemma 2.28 Let A be a finite-dimensional super simple F'-superalgebra. Then for some
non-negative integers r,s, A = M 4 (F) ® D for some super division algebra D whose
centre contains .

Proof. We will prove this lemma in two steps.

e To set up the first step, we will let I C A be a left superideal that is also a super
irreducible A-supermodule. Then by the Super Schur’s Lemma, End% (/) is a super
division algebra. Denoting End% (/) as D, we can now describe our first step, which
is to show that A = End}, (/) as F-superalgebras.

e To set up the second step, we first note that Iy and I; are vector spaces over the
ungraded division algebra Dy. If Dy = 0, then we will let r = dimp,(/p) and s =
dimp, (1), and our second step would be to show that Endj, (1) = M, s (F) & DP.
If Dy # 0, then we will let » = dimp,(/y), and s = 0, and our second would be to
show that Ends,(I) & M) (F) & D = M,(F) & D™,

Step 1. To show that A = End} (/) we will consider the natural map ¢ : A — End} (1),
a — p, where p,(x) = ax for any x € I. Let us quickly verify that this is indeed a
map from A to Endj,(I) that preserves grading.

Let i € {0,1}. Since, for any a; € A;, a; - I; C Ij4jymoaz for any j € {0,1},
Soai(]j) - I(i+j)m0d2 for aHYj S {07 1}
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Now let 4,5 € {0,1}. For any a; € A; and d; € D;, d;(a;x) = (—1)7a;d;(x) for any
x € I, hence ¢, (d;(x)) = a;dj(x) = (—1)9d;(a;x) = (—1)7d;(pa,(2)) for any x € I.
We can conclude that for any i € {0,1}, ¢(A4;) C (End}(1));. Hence ¢ is a map from
A to End},([) that preserves grading.

Next, let us show that ¢ is a homomorphism of F-superalgebras. Let us show that
t(ab) = u(a) o t(b). For any x € I, pu(z) = (ab)x = a(bz) = aps(x) = wu(vs()),
and hence we have shown that t(ab) = t(a) o ¢(b).

It is clear that ¢(14) = id, the identity element of End}, (/). Also, since A is an F-
algebra, ¢ is an F-linear transformation. We can conclude that ¢ is an F-superalgebra
homomorphism.

Next, we show that ¢ is injective. Note that ker(¢) is a two-sided superideal of
A. Since A is super simple and ¢(14) = id # 0, ker(¢) # A, so ker(¢) = 0, and ¢ is
injective.

Finally, we will show that ¢ is surjective. To do this, we show that ¢(A) is a left
superideal of End}, (7).

For this, we first show that ¢([) is a left superideal.

Note that for any a € Iy U I, the map 1), : I — I defined by x — (—1)4®d@)gq
for any © € Iy U I is an element of D = End’ (/) of degree d(a). Hence, for
any homogeneous element ¢ € End}, (1) of degree i, p(1,(x)) = (—=1)"¥@q), (p(z))

)

for any x € I. So for any z,y € Iy U L1, (pou(x))(y) = olp(y)) = ¢(x )
p((—1) @MWy () = (=11 Wp(yhy () = (-1)1DHNGY, (o(2)) = oo )
V@) (y) = (Lo p(x))(y). This tells us that for any v € I, poi(x) = 1o p(x). T
applies for any homogeneous element ¢ € End}, (/). We conclude that ¢(1) is a

superideal of End%,(7), as desired.

Next, let us show that ¢(A) is a left superideal of End%, (7). Note that since I
is a left superideal of A, I - A is a two-sided superideal of A (with 0-component
InAo + 1Ay and 1-component [yA; + 11 Ag), and since A is super simple and [A
is non-zero, IA = A. So t(A) = «(IA) = «(I)e(A). Since ¢(I) is a left superideal
of End$, (1), so is ¢(I)t(A), and hence ¢(A) is a left superideal of End$, (/). Since
id € 1(A), «(A) = End},([), and hence ¢ is surjective. We have now shown that
A =~ End},(1).

left

In this step, we show that if D; = 0, then End},(I) & M, (F)® D where r =
dimp,(lp) and s = dimp,(/;). Since D = Dy would be an ungraded division algebra
when D; = 0, then, as an ungraded algebra, End3, (/) = Endp(/), and by choosing
a D-basis for I, we get Endp(l) = M, (D°?) where n = dimp (/). Since dimp(/) =
dimp(ly) +dimp(l;) = r+ s, then, as an ungraded algebra, Endp(/) = M, ;(D°P).

Since as a D-super vector space, Iy @ I; = D) then by choosing a D-basis
for Iy and I, we get that the required grading for M, (D) is M (D) =
M5 (F) & D°P, and hence, as a superalgebra, Ends, (1) = M, s (F) & D°P.

Now let us tackle the case where D; # 0. Let us first show that (End} (1)), =
M, (Dg?) where n = dimp, (Ip).

Let v € D; be a non-zero element. Since I; = v(lp), then every element of
(End}, (1)), is determined by an element of Endp, (/y), and since, after choosing a Dy-
basis for Iy, Endp,(ly) = M,(Dy") where n = dimp,(ly), we get that (End}, (1)), =
My (Dg").
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Now, we figure out (End},(1)),. Let ¢ € (End},(1)),. Now let ag € Iy and a; € Iy,
and let b; = vay and by = va;. Note that p(ag) = @(v™1b) = —v~lp(b)) € I and
ola)) = p(vlby) = —vtp(by) € Iy. Note that for any dy € Dy and = € I,
v lp(dor) = v ldop(x) = (dy *por (v71))p(x). That means v~'¢ is an element of
(End},(1)),, and hence, for any ¢ € (End}, (1)), ¢ = v for some ¢ € (End}, (1)), =
M, (Dg?). Hence (End},(I)); = v - (Endj(1)), = v - M,(Dg"). Overall, we get
that End}, (1) & M, (F)& D*P. In this superalgebra isomorphism, (End},([)), =
M, (F) (D), = M, (F) &(D?) and (End,(I)), = M, (F) &(D*),

Lemma 2.29 Let r, s be non-negative integers and let D = Do & Dy be a super division
algebra over F such that F C Z(D) and Dy # 0. Then M. (F)® D = M, (F)& D.

Proof. Let v be a non-zero element of D;. For any 7,j < r + s, we define F; ; to be the

matrix in M, (F) with a 1 in the (i, j)™ entry and 0 everywhere else. We define a linear
map ¢ : M(Ts)(F) Q@D — M,;s(F)® D by:

)—Eijé@x ifi,7 <r,and x € DyU Dy,

(-1)@E; ;@zv ifi <r,j>r and z € DyU Dy,
[ ]

(B
o p(Ei; ®x) =

o(E ;@) = Z]®U Yy ifi>r, j<randx € DyU Dy,

0B j®r)=(-1)@E ;@v ey ifi,j >r, and z € Dy U D.

One can check that this is a superalgebra homomorphism that preserves grading, and
is bijective. |

Lemma 2.28, in combination with the Super Wedderburn’s Theorem, allows us to say
that any super semisimple F-superalgebra A is a direct sum of super simple superalgebras
of the form M, s (F)® D where D is a super division algebra over F.

Corollary 2.30 Suppose A is a super semisimple F'-superalgebra and that char(F') # 2.
Then Z°(A) = Z(A) N Ay.

Corollary 2.31 Let A = M, 4(F) ® D be a super simple F-superalgebra, where D is
a super division algebra whose centre contains F. Then for any super irreducible A-
supermodule V', End’ (V') = D*°P.

* Throughout the rest of this section, we will only cover the case where F'is a field
whose characteristic is not equal to 2.

Let A be a super simple F-superalgebra. Then A = M 4 (F) ® D for some super
division algebra D whose centre contains F. If Dy = 0, then Z°(A) = Z(D) = Z*(D),
which is a field. If Dy # 0, then Z°(A) = Z(Dy) N Zp,(D1) = Z°(D), and one can check
that this is a field.

We now give the following important definition:

Definition 2.32 An F-superalgebra is said to be super central over F' if Z°(A) = F.

Now let A = @, A" be a super semisimple F-superalgebra such that each A’ is a
super simple F-superalgebra. Suppose A® = M, ) ® D'. Then Z°(A) = @, Z°(A?) =
@, Z°(D"). So the super centre of a super semisimple F-superalgebra is a direct product
of fields. If a super semisimple superalgebra A is super central, then A is super simple.
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Definition 2.33 An F-superalgebra is said to be super central simple if it is both
super central over F', and super simple.

We now provide the superalgebra analogue of Theorem 1.25.

Theorem 2.34 If A is a super central simple F-superalgebra and B is a super simple
F-superalgebra, then A® B is super simple.

Proof. Let I be a non-zero two-sided superideal of A ® B. We will show that 1, & 15 € I,
which would imply that I = A® B.

First, let us show that if I contains a non-zero homogeneous element of the form a ® b
where a € AU A; and b € ByU By, then 1, ® 15 € I. Since A is super simple, A has no
non-trivial proper two-sided superideals, which means the two-sided superideal generated
by a is the whole of A. This means 14 is in the superideal generated by a. This means
we can express 14 in the form

n m
_ / ~
14 = E a;aq; + g a;aa;
i=1 Jj=1

for some a; € Ay, a; € Aga),a; € Ay and a; € An_gq)). Thus

n m
~

Z(ai & 1B)(a® b) ((_1)d(a)d(b)<a; & 13)) + Z(d" & 1B)(a & b) ((_1) (1—d(a))d(b)(d; & 1B))

i=1 i=1

= (Z amaé) Qb+ (Z c@-a&}) ®b= (Z a;aa; + Z &ja&;) Rb=1,R0b
=1 j=1 i=1 j=1

Similarly, since B is super simple, we can express 1g in the form

= bbb+ > bbb
i=1 Jj=1
for some b; € By, b, € By, b; € By and b; € B(y_a@)). Thus

D (1a®b)(1a@b)(1a®b) + Y (1a©b)(1a@b)(1a®b) = 14 ® (Z bibbg)

=1 =1 =1
/ /

+1a& (Z szf;.) —1,4® <Z bbb, + Z@bl;;) — 1481 =1,45 € o
j=1

i=1 j=1

Therefore | = A® B.

Let us now show that I is guaranteed to have an element of the form a ® b where
a€ AyUA; and b € ByU B;. Once we show this, then we can say that 1, ® 15 € I, like
before. Suppose, for the sake of contradiction, that A ® B does not have a homogeneous
element of the form a ® b where a and b are homogeneous elements of A and B respectively.
Suppose x is a homogeneous element that can be expressed as

k
x:ZaT@)bT
r=1
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where a, € AgUA,b, € ByUBy,d(b,) = (d(z)—d(a,))mod2, k > 1 and k is minimal over
all homogeneous elements of I. Note that the b,’s would therefore be linearly independent
over F'. By our earlier argument, the two-sided ideal of A generated by a; is the whole
of A, meaning 14 can be expressed in the following way:

n m

/ ~ ~/

14 = E a0y + g Qa0
i=1 Jj=1

for some «a; € Ay, Oé; S Ad(ak)) O~éj € A; and dj S A(l—d(ak))‘ Thus

n

Z(ai & 1p)x ((—1)4@e) (o) & 1)) + i(@j ®1p)x ((—1) ((1—d(ar))d(br)) (@ & 13))

i=1 j=1

k—1
= (Zc@b,«) +1a &by

r=1

where
n

e = Z(_l)d(ak)d(bk)ai%&; + Z<_1) ((1—d(ak))d(bk)) &;0,0
Jj=1

i=1

Denote (Z’:;ll cy ®br> + 14 &b, as w. Note that, for each r < k, ¢, € Ay U A; and

d(c, ®@b,) = d(by). Sow is a homogeneous element of A ® B with k terms in its expression.
Note that none the c¢,’s are 0, and the ¢,’s are linearly independent, otherwise it would
contradict the minimality of k. Note that ¢;_; ¢ F, since if c,_1 € F, d(cp_1 @ bp_y) =
d(bx—1) = d(by). This means the last two terms can be expressed as (cp_1 ®@bp_1) +
(1a®@by) = (cr_1 + 14) @(bg_1 + by), and we would get an expression of a homogeneous
element of I with kK — 1 terms that satisfies the same conditions as x, which would
contradict the minimality of k. Hence ¢, ¢ Z°(A) since Z*(A) = F. Hence there exists
a homogeneous element ¢ € AgU A such that ccy_; # (—1)4*-14)¢, . Therefore, the
(k — 1)th term in

(C® lg)w — (—1) (d(ck—1)+d(bk_1))d(c)w(c® 1)
would be (ccp_q — (—1)Mx=D4) ¢y _1¢) @ by_q, which is not equal to 0. The kth term

would be <c — (=1 (d(Ck1)+d(bk1)+d(bk))d(6)c> R b = (c — (=1)2E0dC) ) & b, =

(c —¢)®by, = 0. Since the b,’s are linearly independent,

(c® 15)w — (—1) (d(ckfl)‘f‘d(bk—l))d(c)w(c® 15)

is a non-zero homogeneous element of I that satisfies the same conditions as x, but has
at most k — 1 non-zero terms, which contradicts the minimality of k.

We can then say that there exists a homogeneous element of I in the form a & b where
a€ AgU A, and b € By U By, and from earlier, that means I contains 14 ® 15, meaning
I = A® B. We conclude that A® B is super simple. |

Theorem 2.35 Let A and B be two F-superalgebras, and let A, B’ be unital subsuper-
algebras of A and B respectively. Then Z% o (A’ ® B') = Z5(A") ® Z%(B'), and their 0-
and 1-components coincide.
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Proof. 1t is an exercise to show that
(Z4(A) & Z5(B)), = Z5(A)0 & Z5(B o + Z4(A): & Z5(B)1 C (244 5(A & B)),
and
(Z3(A) & ZR(B')), = Z5(A)o & Zp(B)1 + Z3(A)1 & Z(B')o C (254 s(A @ B)),.
One can show that the reverse inclusion holds for both. We will outline the argument
showing that (ZZ®B(A’ ® B’)) (Z5(A) & Z%(AB’))D, and a similar argument can be
made to show that ( A®B(A’ ®B)), C (Z3(A)® Z5(B)),.

First, let w € (25, z(A'®@B)),. Then w € Ag® By + A, & B;. We will show that
€ (Z5(A) & Zy(B )) Choose an F-basis for By, let us say {b1,...0b,}, and choose an

F-ba81s for By, let us say {bl, by +}. Then

i=1 j=1

for some x; € Ay and z; € A;. Since w € (
(a®15)w. Hence

A®B(A’®B))O, for any a € Aj), w(a® 1) =

n' n n’

w(a®1p) :Zacia(%bi—kZi:ja@l;j = (a®13)w:Zaxi®bi+Zajj®5j.

i=1 Jj=1 i=1 j=1

Hence, for all i, x;a = ax; and for all j, z;a = ax;. This applies for any a € Aj.
Additionally, for any @ € A}, w(a® 1) = (@® 1g)w. Hence

w@®lp) =Y ma®b — Y Ha®b = (a®lpw=>Y ar; @b+ Y ai;®b;.
i=1 j=1 = =
Hence, for all 4, z;a4 = ax; and for all j, ;6 = —ax;. This applies for any a € Aj.

We have thus shown that for all i, z; € Z5(A’)y and for all j, Z; € Z5(A’);, and hence
w € Z5(A)o® By + Z5(A"); ® By. Now we choose an F-basis for Z5(A')g, let us say
{c1,...¢m}, and choose an F-basis for Z%5(A’)1, let us say {¢1,...,éw}. Then

i=1 Jj=1

Now for any b € By, w(l4 ®b) = (14 & b)w and for any b € By, w(14®b) = (14 & b)w
Using a similar argument as before, one can verify that these equations imply that for
any i, y; € Z%(B')o and for any j, §; € Z%(B')1. Hence w € Z5(A")y® Z%(B')o +
Z5(A") & Z5(B')1, and we get (Z° (A’®B)) (ZA(A’)(X)Z5 (B))

Similarly, one can show that (124553 A®B ()]1 (Z5 (A& Z3 (B’))
In conclusion, we get ( A®B(A’®B')) = (Z5(A) @ Z3y(B ’)) and ( A®B(A’®B’))
(Z5(A") & Z3(B')),, meaning Z5 e p(A ® B') = Z5(A") ® Z%(B'), and their 0- and 1-
components coincide. |

The following corollaries are now obvious:

23



2.1 Superalgebra Theory preliminaries

Corollary 2.36 If A and B are two F-superalgebras, then Z*(A® B) = Z*(A) @ Z*(B).

Corollary 2.37 If A and B are two super central simple F-superalgebras, then A® B is
super central simple.

Proof. Since A is super central simple, and B is super simple, then by Theorem 2.34,
A ® B is super simple. Since A and B are super central, by Corollary 2.36, Z*(A® B) =
Z75(A)®Z%(B) = F - 14® F - 15 & F, which means A ® B is also super central. Hence
A® B is super central simple. [ |

Lemma 2.38 Let A be a super central simple F-superalgebra. Then A*°P is also super
central simple.

We now come to a key result in the classification of super central simple superalgebras.
Lemma 2.39 Let D be a super central super division algebra over F.

1. If Dy = 0, then D@ D*P = D ® D°° = M, (F) where n = dimg(D).

2. If Dy # 0, then D @ D*P = M, ,,(F) where n = dimp(Dy).

Proof. The first statement is proven by invoking Corollary 1.32. Now let us prove
the second statement. If D; # 0, let us show that D & D%P = M ny(F), where n =
dimz(Dy). To do this, we will show that D & D*°P = Endj.(D). First, let us denote the
linear map D — D, x — axb as g,p. Then for any homogeneous elements a € Dy U Dy,
b€ Dy U D, we can construct a linear map ¢ : D @ D*P — Endj.(D) where, for any
x € Dy U Dy, pla®b)(z) = (—1)4@dO) g,

We claim that ¢ is a superalgebra homomorphism. It is clear that ¢ preserves grad-
ing. For any a,a’,x € Dy U Dy, b,V € Dy U Di®, let 4,5, k,1 be d(b),d(a),d(V)
and d(z) respectively. Then p((a®b)(a’ @V))(x) = o((—1)"(ad’ @b *psop V'))(z) =
gp((—l)ij”k(aa’ ®b/b))<:€) _ (—1)ij+ik(—1)(i+k)laa/xb/b _ (—1)i(j+k+l)+klaa,xb'b.

On the other hand,

(p(a&b) o pla &V)() = pladb)((—
p((a@b)(a' @V))(x) = (pla®b) o p(d
superalgebra homomorphism.

Since ¢ is a superalgebra homomorphism, ker ¢ is a two-sided superideal. Since D is
super central simple, so is D*P by Lemma 2.38. By Corollary 2.37, D ® D*°? is super
central simple, hence ker ¢ is either 0 or all of D ® D*P. However, ker p # D @ D*°P
since ¢(1p ® 1psop) = idp. Hence ker p = 0, which means ¢ : D ® D*°*® — End%(D) is
injective.

Since dimp(imy) = dimp(D & D*°P) = dimp(D)? = dimp(End} (D)), we get im(p) =
End (D), which means ¢ is surjective. We conclude that ¢ is a superalgebra isomor-
phism, and D ® D*°P = End}.(D) = M, ) (F) where n = dimp(Dy), as desired. [ |

DRa'zb) = (—1)U+kD(—1)kFga/zb'b.  Hence
20))(x), and ¢ : D& D*P — End}(D) is a

For super opposite superalgebras, we have:

Lemma 2.40 Let A= M, o (F) ® D be a super central simple F-superalgebra, where D
is a super central super division algebra. Then A®P = M, o (F) & D*P.

Proof. If D, = 0, then the required superalgebra isomorphism ¢ : A% — M, o (F) ® D°pP
is the linear map defined by:

~

e (B ;®x)=E,;; ® x whenever i > r or i, j < r for any & € Dy U Dy,
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e p(E;;®x)=—E;;®x whenever i <7 and j > r for any x € Dy U D;.

;@
# 0, then we know, by Lemma 2.29, M(TS)(F)@)D ~ M,,o(F)®D and

f Dy
)(F )® D*P = M, (F)® D*P, and the required superalgebra isomorphism
go (M,15(F) & D)*P — MT+S(F)®DSOP is the linear map defined by ¢(F;; ®@z) =
E;;®x for any x € Ag U Ay. [ ]

The following lemma comes from [, Proposition 2.10 in pg. 102].

Lemma 2.41 Let m,n,r, s be non-negative integers such that m +mn >0 and r + s > 0.
Then M(m,n) (F) & M(r,s) (F> = M(mr+ns,ms+nr)<F)-

Proof. Let U and V be F-vector spaces of dimension m + n and r + s respectively,
and let W = U ®p V. We know that, once we choose a graded F-basis for U(™™ and
V) Endy(UM™) & M, (F) and Endj, (V")) = M(r,s)(F). So proving the lemma
is equivalent to proving that Endj. (U™ ”)) ® End5,(V("s)) 22 Endy, (W (mr+nsmstnr)y

Note that the F-super vector space W (mr+ns motn) can be constructed by grading the
F-module tensor product U™ @ V(3) in the following way:

(U(m,n) ® V(T73)>0 = (Uémvn) ® ‘/07’75)> P <U1(mv”) ® ‘/'1(7’75)> o~ (Fm ® Fr) D (Fn ® Fs) ~

Fmr gy s o FmrJrns’ and (U(m,n) ® v(r,s))l _ <U(§m,n) ® m(r,s)) ® (Ul(m,n) ® Vb(r,s))
(Fm ® Fs) fast (Fn ® Fr) o~ [ms st T o Fms—‘rnT.

2

We now construct ¢ : End%(U™™) @ End (V™)) — Endj, (W mr+ns, ms*”r)). Let
f, 9,2 and y be arbitrary homogeneous elements of End$.(U™™), Ends.(V "), ymn)
and V(™) respectively. We define o(f @ g) as follows:

p(f&®g)(x®y) = (-1)") f(z) ® g(y).

One can check that ¢ is well defined, and is an F-superalgebra isomorphism. [ |

Just like the algebra tensor product induces a group operation on equivalence classes of
central simple algebras, the super tensor product induces a group operation on equivalence
classes of super central simple superalgebras, as we see next.

2.2 The Brauer-Wall Group of F

The Brauer-Wall group, named after R. Brauer and C.T.C. Wall, is the super version
of the Brauer group. It gives a group structure on the isomorphism classes of super
central simple superalgebras.

Let A and B be two super central simple F-superalgebras. From the Super Wed-
derburn’s Theorem, as superalgebras, A = M, ;) (F)® D4 and B = M, (F) & Dg for
some super central super division algebras D4 and Dg. We define the equivalence relation
on super central simple F-superalgebras as A ~ B if Dy = Dp as superalgebras. One
can check that this satisfies the conditions of an equivalence relation on the set of super
central simple F-superalgebras. Let F' be a field. We denote the set of equivalence classes
of super central simple F-superalgebras as BW (F'). We use [A] to denote the equivalence
class containing A. Now define a binary operation on BW (F') in the following way:

For any two equivalence classes [A], [B], we set [A] - [B] := [A® B]. Let us verify
that this operation on equivalence classes is well defined. Let A = M, ,)(F)® D4 and
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2.2 The Brauer-Wall Group of F

B = Mg (F) ® Dp for some super central super division algebras D4, Dg. For any
A~ AL A Mgy oy (F) ® Dy and for any B’ ~ B, B' = M o (F) ® Dp. Our task
is to show that [A'® B'] = [A® B]. Suppose Ds® D = M)(F) ® D where D is a
super central super division algebra. Then A® B = My nsmstnr) (F) ®(Dy® Dp) =
Mmrsnsmsinr) (F) @M (F) @ D) = M. q(F)® D, where ¢ = a(mr+ns)+b(ms+nr)
and d = a(ms + nr) + b(mr + ns).

On the other hand, A ® B = M(m’r’+n’s’,m’s’+n/r/) (F) ®(DA ® DB) = M(c’,d’)(F) ® D
where ¢ = a(m/r’"+n's") +b(m's'+n'r’") and d' = a(m’s’ +n'r") + b(m'r’ +n's"). This has
the same super central super division algebra part as A® B, and so AQ B ~ A'® B’,
hence [A'® B'] = [A® B] and the binary operation on the set of equivalence classes is
well defined.

Since ® is an associative operation, then the operation - we have defined is associative.
Note that for any super central simple F-superalgebra A, [A] - [F] = [A® F] = [A]. So
the equivalence class [F] acts as the identity element under the operation. Also for
any super central simple F-superalgebra A = M, o (F') ® D, AP = M. o (F) ® D%°P
by Lemma 2.40, and [A] - [A*P] = [D] - [D*°?] = [D*°P] - [D] = [D & D*°?] = [F], since
D & D*°P = M, ,(F) where n = dimp(Dy) by Lemma 2.39. So for any equivalence class
[D] (where D is a super central super division algebra), [D*°P] is its inverse. We can now
define the Brauer-Wall group of F'.

Definition 2.42 Given a field F', the Brauer- Wall group of F is the set BW (F') of
equivalence classes of super central simple F-superalgebras, with group operation [A] -

[B] = [A® B] for any [A],[B] € BW(F).

Note that BW (F) is abelian, as & is commutative.

It must be emphasised that the Brauer-Wall group depends on the field F'. Note that
given a field F', the order of Br(F') is equal to the number of distinct super central super
division algebras over F.

To study the Brauer-Wall group of a given field F', we need to understand some further
properties of super central simple F-superalgebras. We will now go through some of the
main results from [5].

* In this subsection, A will refer to a super central simple F-superalgebra. We main-
tain the assumption that charF # 2 throughout this subsection.

Lemma 2.43 The following holds:
1. ]fAl 7é 0, then Al : Al = Ao.

2. If I is a non-zero two-sided ordinary ideal of Ay, [+A-1-Ay = Ay and A1-1+1-A; =
A

Proof.

1. Suppose Ay - Ay # Ag. Then (A; - A1) + A; would be a proper two-sided superideal,
which is a contradiction.

2. Let I be a two-sided ordinary ideal of Ayg. Then (I + Ay -1-Ay)+ (A -1+ 1+ Ay)
is a two-sided superideal of A, with 0-component I + A; - I - A; and 1-component
Ay -T+1- A, Since A is super simple, this superideal is either A or 0. If I #£ 0, we
get [+ Ay-1-Ay=Apand Ay -1+ 1-A; = Ay, as required.
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Lemma 2.44 If J is a proper two-sided ordinary ideal of A, then the projections my :
J — Ay and m - J — Ay are bijective.

Proof. We will first show that 7 is surjective. To begin, we note that J N Ay and 7y (J)
are two-sided ideals in Ag. Let us show that J N Ay and mo(J) are not equal.

Suppose, for the sake of contradiction, that J N Ay = m(J). Then mo(J) C J, which
means, for any j = jo + j1 € J (where j; € A;), we have jo € J, which implies j; € J,
and so J = (J N Ag) & (J N Ay), which means J is also a proper two-sided superideal,
which is a contradiction since A is a super simple superalgebra.

Now we will show that both JNAg and 7y(J) are improper two-sided ideals of Ag. We
first note that, because J is a two-sided ideal of A, A; - (J N Ap) - A; C JN Ap. Similarly,
Ay -mo(J)- Ay C mo(J). If we assume J N Ay is a proper two-sided ideal of Ay, then JN Ay
is non-zero, and (J N Ag) + A1 - (J N Ag) - Ay = J N Ay = Ag by Lemma 2.43, which is a
contradiction. Similarly, if we assume (/) is a proper two-sided ideal of Ay, then 7y(J)
is non-zero, and mo(J) + Ay - mo(J) - A1 = mo(J) = Ap by Lemma 2.43, which is again a
contradiction.

So both JN Ag and mo(.J) are improper in Ay. We cannot have JN Ay = Ap, otherwise
Ay C J and mo(J) = Ag. That means we can only have J N Ag = 0 and mo(J) = Ap.
Thus we have shown that 7y is surjective.

Next, let us now show that 7; is surjective. Since we just showed that J N Ag = 0,
JNA =Ay-(JNA) =A1- A -(JNA) C A -(JNAy) = A0 =0, and 7 (J) contains
Ay - mo(J) = Ay - Ag = Ay. Thus the 7 is surjective.

Finally, let us show that my and 7 are injective. Since JNA; = 0, ker(my) = JNA; = 0,
and since J N Ay = 0, ker(m;) = J N Ay = 0. Hence both 7y and 7 are injective, and we
can conclude that both are bijective linear maps. |

Lemma 2.45 If A is not ordinary simple, then Aqg is ordinary simple and A1 = Ag - v,
with v € Z(A) N Ay and v? = 14.

Proof. Suppose A is not ordinary simple. Then it has a proper two-sided ideal J,
and by Lemma 2.44, the projections my : J — Ay and 7 : J — A; are bijective linear
maps. Consider the element x = 7;'(14) € J. Since my(x) = 14, * = 14 + v, where
v=m(x) € A;. Since J is a two-sided ideal, J contains the element v(14 + v) = v? + v.
Since 7 is bijective and m (14 +v) = v = 7, (v? + v), 14 + v = v? + v, meaning v? = 14.

Let us show that v € Z(A) and A; = Ap - v. For any y € (A U A1)\{0}, J contains
the elements zy = (14 +v)y =y + vy and yxr = y(14 +v) = y + yv. Let i = d(y). Since
m; is bijective and m;(y + vy) = y = m(y + yv), y + vy = y + yv, which means vy = yv
for any y € (Ag U A1)\{0}. As a consequence, v € Z(A). That means A; = A; - 14 =
Ay -v2 C Ay-v,and so A; = Ap - v.

Finally, if I is a two-sided ideal of Ay, we have

Al'I‘Alz(Ao"U)'['(Ao‘U):Ao"l)'I‘U:Ao'I'U2:Ao'[:[,

and if we assumed [ is a non-trivial proper two-sided ideal, then, by Lemma 2.43, [ + A -
I-A; =1= Ay, which is a contradiction. Therefore, I is improper, and Ay is ordinary
simple. |

Lemma 2.46 If A is not ordinary central simple, then Aq is ordinary central simple, and
A is not ordinary central.

Proof. We will first prove that if A is a super central simple F-superalgebra that is
not ordinary central simple, then it is not ordinary central. To show this, we will show
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that A not being ordinary simple implies it is not ordinary central. We will prove the
contrapositive.

Let A be ordinary central. We can show that A being ordinary central implies it is
ordinary simple. If we assumed A was not ordinary simple, then, by Lemma 2.45, we can
find a v € Z(A) N Ay such that v =1 and A; = Ay -v. But Z(A) = F -1 C Ay, which
means Z(A) N A; = 0 and v = 0> = 0 = 14, a contradiction. Thus A being ordinary
central implies it is also ordinary simple.

Hence if A is not ordinary central simple, then A is not ordinary central. Let us now
show that Ay is ordinary central simple.

Since A is super central, Z(A) N Ay = F -1 C Z(A), which means Z(A) N 4, is a
non-zero subspace of Z(A). For any z € Z(A)N Ay, 2% € Z(A)NAy = F-1. To show that
Ay is ordinary central simple, let us first show that there exists an element v € Z(A)N A,
such that A; = Ay - v.

To show this, we will first propose that there exists an element v € Z(A) N A; such
that v? # 0. For the sake of contradiction, suppose v? = 0 for all v € Z(A) N A;. That
means Z(A) has zero-divisors, and as a consequence, it would mean Z(A) is not a field.
Therefore A is not ordinary simple, and by Lemma 2.45, we can find a v € Z(A) N A,
such that v? = 1,4, which is a contradiction. Hence there exists a v € Z(A) N A; such
that v? € (F - 14)\{0}. Let uw = v?. Then A; = A; -u = Ay - v* C Ap - v, which means
A1 = AO - V.

Now let us show that Ay is central. Since v € Z(A) and A; = Ay - v, then any
element of A is in the form a + bv where a,b € Ay, and for any z € Z(Ay), z(a + bv) =
za + zbv = az + bvz = (a + bv)z for any a,b € Ay, which means z € Z(A), and hence
Z(Ap) C Z(A)N Ayg = F - 14. Therefore, Z(Ay) = F - 14, and Ay is central.

To show that Ay is ordinary simple, we first note that if I is a two-sided ideal of Aq,
then I + I - u is a two-sided superideal of A. Since A is super simple, [ + I - u is either
0 or all of A. Therefore I can only be either 0 or all of Ag. Hence Ay is ordinary simple,
as required. [ |

Corollary 2.47 If A is not ordinary central simple, then Z(A) = F - 14+ F - v where v
is an element of Z(A) N Ay such that v* is a non-zero element of F - 14.

Proof. The proof of lemma 2.46 tells us that there exists a v € Z(A) N Ay, such that
vi=a € (F-14)\{0}, and hence A; = Ay - v.

So far, we know that F'- 14+ F -v C Z(A). Let us show that we have an equality.
To do this, we show that Z(A)N Ay = F -v.

Let z be a non-zero element of € Z(A) N A;. Then z = cv for some ¢ € Ap\{0}. Note
that zv = cv? is a non-zero element of Z(A) N Ay, since ¢ is non-zero and v? is a non-zero
element of F'-1,4. Since A is super central, Z(A) N Ay = F - 14, which means zv = b €
F -14\{0}. That means zv? = za = bv, hence z = (b/a)v, and since (b/a) € F - 14,
z € F' - v. Hence we have shown that Z(A) N Ay = F - v, and since Z(A) N Ay =F - 14
and Z(A) is a subsuperalgebra, we can conclude that Z(A) = F - 14+ F - v. |

Remark 2.48 We further claim that Z4(Ay) = Z(A) in the case where A is super central
simple, but not ordinary central simple. The inclusion Z(A) C Z(Ap) is obvious. To
show the reverse inclusion, first note that in this situation, A; = Ay - v where v €
Z(A)N A;y. Hence any element of A can be expressed in the form x + yv where x,y € Ay.
Now let a € Z4(Ap). Since v € Z(A) N Ay, then for any x + yv € A (where z,y € Ay),
a(x + yv) = ax + ayv = xa + yav = za + yva = (x + yv)a. Hence a € Z(A), and we
conclude that Z4(Ag) = Z(A). Overall we have Z4(Ag) = Z(A)=F - 1o+ F - v.

28



2.2 The Brauer-Wall Group of F

We also note that in the case where A is super central simple, but not ordinary central
simple, A can be expressed as A = Ay ® Z(A) = Ay ® (F - 14+ F - v).

Lemma 2.49 Let A = M, (F) ® D be a super central simple F-superalgebra, where D
s a super central super division algebra. Then A is ordinary central simple if and only if
D is ordinary central simple.

Proof. Suppose D is ordinary central simple. In the case where Dy = 0, D = Dy is
an ordinary central division algebra, and since D is purely even, then, as an F-algebra,
A= M, »(F)®D = My (F)® D = M;4(F) ® D = M,,4(D). Hence A is ordinary
central simple in the case where D; = 0.

If Dy # 0, then M, o(F)®D = M, ((F)® D, and since M,,(F) is purely even,
M, o(F)®D = M,,,(F)® D. Since M,,,(F) and D are ordinary central simple, then
A= M, s(F)® D is ordinary central simple.

Now suppose A is ordinary central simple. For the sake of contradiction, suppose D
is not ordinary central simple. Then D; # 0, because otherwise D would be an ordinary
central division algebra. Since Dy # 0, M, 5 (F) ®D =M, (F)®D~M,, (F)®D.

If D is not ordinary central, then Z(A) & Z (M,,(F)® D) = Z(D), which would
mean A is not ordinary central, which is a contradiction.

If D is not ordinary simple, then it contains a non-trivial proper two-sided ideal I,
and the subspace M, 4(F) ® I in A would be a non-trivial proper two-sided ideal of A,
which is again a contradiction. Thus A being ordinary central simple implies that D is
ordinary central simple. |

We summarise our analysis thus:

Let A be a super central simple F-superalgebra that is not ordinary central simple.
e A and D are not ordinary central.
e Ay # 0, and Dy # 0.
e [y is a central division algebra.
o Ay = M,(Dy) for some n > 0, and Ay is ordinary central simple.

o Z(A) = Zs(Ay) = F 14+ F - v where v € Z(A) N A; and v? is a non-zero
element of F'-14.

e A AR (F 14+ F-v) X M,(Dy)® (F-14+F-v) = M,(F)® D.
e If D is also not ordinary simple:

— v? is a square in F' - 14.

— A is not ordinary simple.

— A= Mn(Do) X Mn(D(])
e If D is ordinary simple:

— v? is not a square in F - 14.

— A is ordinary simple.

Next, we deal with the case where A is ordinary central simple.
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Lemma 2.50 Suppose A is ordinary central simple. If Ay # 0, then Ag is not ordinary
central simple.

Proof. Let A = M4 (F)®D be a super central simple F-superalgebra that is also
ordinary central simple. If Dy = 0, then Ay = M, 4(F)o ® D. Since A; # 0, then both r
and s are positive integers, meaning Ag = M, 5)(F)o® D = M, (D) x M(D), which would
mean Ay is neither ordinary central or ordinary simple. In this case Z(Ay) & F x F =
{(a9):a,be F}. ) )

Now suppose Dy # 0. Then A = M, o(F)® D = M, ((F)® D. Letting n = r + s,
then Ay = M, (Do), which means Ay is ordinary simple. Let us show that Ag is not
ordinary central.

To begin, we give a construction that is applicable in both the D; = 0 and the Dy # 0
case. Consider the involution T of A defined by: T(z) = x whenever x € Aj, and
T(y) = —y whenever y € Ay. If charF' # 2, then it can be easily checked that the set
of elements of A fixed by T is Ay. It can also be easily checked that T is a non-trivial
F-algebra automorphism. Since A is an ordinary central simple F-algebra, then by the
Skolem—Noether theorem, T is an inner automorphism. So there exists an element v € A*
such that for any z € A, T'(z) = v aw.

Note that T'(v) = v *vv = v, and since the elements of A fixed by T is Ay, v € Ag.
Since for any z € Ay, v'zv = x, v € Z(Ap). Since T is a non-trivial automorphism,
v & F-1,. We further note that for any x € A, T(T(z)) = x, meaning for any = € A,
v (v )y = (v?)"taw? = x, hence v? is a non-zero element of Z(A) = F-1,. Therefore,
F-14+ F-vis a unital subalgebra of Ay, and it is isomorphic to {(g %’) ta,b € Fyu=v?}.
One can check that this is a field if and only if v?> = u is not a square in F*. Also note
that F'- 14+ F - v C Z(Ay).

In the case where Dy = 0, Z(Ap) = F x F would not be a field, and so v? = u would
be a square in F* if D; = 0. If Dy # 0, then Z(Ao) = Z(D,), which is a field. Since
F 14+ F-v C Z(Ay), then F'- 14+ F - v would also need to be a field, which means
v? = u is not a square in F'*. We have thus shown that Ay is not central. |

Corollary 2.51 Suppose A is ordinary central simple. If Ay # 0, then Z(Ag) = F-14+
F - v where v is an element of Ag\(F - 1,4) such that v? is a non-zero element of F - 14.

Proof. Let A = M, 4(F) ® D be a super central simple F-superalgebra that is also ordi-
nary central simple. We have previously seen that if Dy = 0, then Ag = M,.(D) x M(D),
which means Z(Ay) = F - I, x F' - Iy where I, and I are the identity elements of M, (D)
and M,(D) respectively. Note that Z(Ag) = F -1, x F- I, = F - (I, I,) + F - (I,, —I,).
Hence Z(Ayg) = F - 14 + F - v where v = (I, —I,). Note that v* = (I,, I,) = 14, which is
a non-zero element of F - 14.

Now let us investigate the case where D; # 0. From the previous lemma, we showed
that there is an element v € Ao\ (F-14) such that v'zv = (=1)*z for any v € AgUA;.
We also noted that when D; # 0, v? is an element of F' - 14 that is not a square, and
F-1a4+F-v C Z(Ay). We can show that F'- 14+ F -v D Z(Ap) by showing that
F 144+ F-v=_27Z4(A0) D Z(Ao).

In order to show that F'- 14+ F-v = Z4(Ay), we first note that F'- 14+ F - v is a field,
since F-14+F-v C Z(Ay) = Z(Dy), and we know Z(Dy) is a field. Hence F-14+F-v is
a simple unital subalgebra of A. By Corollary 1.30, Zao(Zs(F-1a+F-v)) = F-14+F-v.
Note that z € Z4(F - 14 + F - v) if and only if v~'zv = z if and only if z € A;. That
means Za(F - 14+ F-v) = Ag, hence Zo(Za(F 14+ F -v)) = Zs(Ag) = F - 14+ F - 0.

Since we always have Z(Ag) C Za(Ap), we get Z(Ag) C F -1, + F - v, and hence we
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can conclude that Z(Ag) = F - 14+ F - v. [ |

We summarise our analysis thus:

Let A be a super central simple F-superalgebra that is also ordinary central simple.
e D is an ordinary central simple algebra.
o If A; =0, then:

— Dy =0 and Dy = D is an ordinary central division algebra.

— Ay = A is ordinary central simple.
o If Ay # 0, then:
— Z(Ag) = Z4(Ag) = F - 14+ F - v where v € Ay\(F - 1,4), v* is a non-zero

element of F' - 14, and for any € Ay, vlzv = —2.
— If Dy =0, then:
x Dy = D is an ordinary central division algebra.

x Ay = M,.(D) x My(D) for some r,s > 0, and Aj is neither ordinary
central or ordinary simple.
x v? is a square in F - 14.

— If Dy # 0, then:

x Dy is a division algebra that is not ordinary central.

x Ay = M,(Dy) for some n > 0, and Ay is ordinary simple but not
ordinary central.

* v? is not a square in F - 14.

We will now work towards describing the properties of BW (F'). We remind the reader
that we are assuming charF' # 2 throughout the rest of this subsection.

Theorem 2.52 Let A and B be two super central simple F-superalgebras which are or-
dinary central simple. Then A® B is ordinary central simple.

Proof. First we will cover the case where at least one of A and B is purely even. If one
of A and B is purely even, then A® B = A® B, and since A and B are ordinary central
simple, then A ® B is ordinary central simple, hence A& B is ordinary central simple.
Now let us cover the case where both A and B have a none-zero 1-component. If A;
and B; are both non-zero, then Z(Ay) = F'- 14+ F-v and Z(By) = F - 15+ F - v’ where
v@ F-1y,v & F-1p, v 'ov = —x for any x € A; and v'~'yv’ = —y for any y € B;. To
show that A ® B is ordinary central simple, we will show that (A ® B)j is not central. We
first note that for any ag € Ay and by € By, (v®@v')(ag @ by) = vag @ v'by = agv @ by’ =
(ag @bg)(v&®v'), and for any a; € A; and by € By, (v®v)(a; ®b) = va; @v'b; =
(—a1v) ®(=b1v') = av @b’ = (a1 ®b)(v®V). Hence (v®v') € Z((A® B)y), and
F-(1,®1p)+F-(v®v) C Z((A® B)y). Since (v®v') ¢ F-(14®1p), (A® B) is not
central, which implies A ® B is ordinary central simple. |

Remark 2.53 We note that Z(A® B)g) = F - (14®1p) + F - (v®v') since A® B
is ordinary central simple, meaning dimp(Z((A® B)g)) is at most 2. Also, for any
ap € Ag and by € By, (v®v)(ag®by) = vag@v'by = agv @(—b1v') = —(agv @ bv') =
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A ~

—(ag®b)(v®'), and for any a; € A; and by € By, (v®v)(a; @by) = va; @v'by =

~

(—a1v) ® bgv" = —(a,v @bev') = —(a; ®bg)(v®v'). This means for any z € (A® B);,
(vev)r = —z(ve).

Let us denote the subset of BW (F') consisting of classes of ordinary central simple
algebras as P(F'). Then we have the following lemma:

Corollary 2.54 P(F) is a subgroup of BW(F).

Proof. Theorem 2.52 tells us that the set of super central simple F-superalgebras that
are also ordinary central simple is closed under the super tensor product operation. This
means the subset P(F') is closed under the group operation of BW (F'). It is clear that
the identity element [F] of BW (F) is an element of P(F'). Let us show that for any
element [A] € P(F), [A]7! = [A*P] € P(F). It is enough to show that for any super
central simple F-superalgebra that is ordinary central simple, AP is also ordinary central
simple.

If A is purely even, then A*P = A°P and since A°? has the same two-sided ideals as
A, and Z(A) = Z(A°P), A? = A*°P is also ordinary central simple.

If Ay #0, then Z(Ag) = F - 14+ F - v where v is an element in Z(A) such that, for
any x € Ay, v'zv = —x. Note that Z((A4*?)g) = F - 14 + F - v, hence A*P is ordinary
central simple. We can conclude that P(F') is a subgroup of BW (F). |

Theorem 2.55 BW(F)/P(F) = (.

Proof. First we will show that the set BW (F)\P(F') is non-empty for any field F' not
of characteristic 2. We simply note that D = F x F' can be turned into a super division
algebra by giving it the following grading: Dy = F - (1p,1r), and Dy = F - (1p, —1p).
This is a super central simple F-superalgebra that is not ordinary central simple, hence
the set BW (F)\P(F) is non-empty.

To show that BW(F)/P(F) = Cy, it is enough to show that if A and B are su-
per central simple F-superalgebras that are not ordinary central simple, then A® B is
ordinary central simple. If A and B are super central simple F-superalgebras that are
not ordinary central simple, then Z(A) = F - 14+ F-v and Z(B) = F - 14+ F -V,
where v € Z(A)N A; and v' € Z(B) N B;. To show that A® B is ordinary cen-
tral simple, we will show that F - (1,®1p) + F - (v®v') C (A® B)y, which would
mean (A® B)g is not ordinary central. Note that for any ag € Ay and by € By,
(v @) (ag @ by) = vag®v'by = agv @ bov’ = (ag @ by)(v @), and for any a; € A; and
by € B, (v®v)(a;®b) = —(va; @v'b) = —(av®@b1v') = (a3 @b1)(v®v'). Hence
(v@v) € Z(A®B)g) and F - (14®1p) + F - (v®v') C (A®B)o. Since (v®v') ¢
F-(1,®1p), (A® B)y is not central. Hence A® B is ordinary central simple, and for
any equivalence classes [A], [B] € BW(F)\P(F), [A] - [B] = [A® B] € P(F). We con-
clude that BW(F)/P(F) = Cs. [ |

Hence BW(F') is an extension of P(F) by Cy. We note that Br(F) can be iden-
tified with a subgroup of BW (F’), namely the classes of BW (F') that contain the purely
even super central super division algebras. Since a purely even super central super di-

vision algebra is a central simple algebra, Br(F') is a subgroup of P(F'), and we have
Br(F) < P(F) < BW(F).

Theorem 2.56 P(F)/Br(F) =~ F*/F*2
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2.2 The Brauer-Wall Group of F

Proof. First, we will show that P(F)/Br(F) is trivial if and only if F*/F*? is trivial.

First, let P(F)/Br(F) be trivial. Suppose, for the sake of contradiction, that F* /F*?
is non-trivial. Then F* has an element u that is not a square. For any x € F*, F*(\/x)
will denote the algebra {(¢2°) : a,b € F} with the following grading: F*(\/z), =
F-($9), and F*(\/z); = F - (9%). One can express F*(,/z) as F -1® F - v, where
vi=1z.

Note that F*(y/x) is a super central super division algebra that is not ordinary cen-
tral simple for any x € F*. Also note if there exists an element u € F* that is not a
square, then A = F*(\/u) ® F*(y/—1) would be a super division algebra; one can check
that Ay = F*(y/u), which is a field, and 4, = Ag - (v, ® 1).

Since F*(y/u) and F*(y/—1) are not ordinary central simple, A is a super central sim-
ple superalgebra that is ordinary central simple. However, since it is a super central super
division algebra that is not purely even, [A] € P(F)\Br(F'), which is a contradiction.

Now let F* /F*2 be trivial, and suppose, for the sake of contradiction, that P(F)/Br(F')
is non-trivial. Then there is a super central super division algebra D that is ordinary
central simple, but is not purely even. Then Z(Dy) = F-1p+ F-v where v € Do\(F-1p),
and v? is a non-zero element of F'- 1. Since D is ordinary central simple and D; # 0,
Z(Dy) is a field, which means v? is not a square in F - 1p. Hence there are non-squares
in F'*, which is a contradiction.

Now let us construct an isomorphism between P(F)/Br(F) and F*/F>*? when they
are both non-trivial. We will denote our required isomorphism as ¢. For any [A] € Br(F),
©([A]) = [1]’ (for this proof, prime will denote an equivalence class in F*/F*?). For any
[A] € P(F)\Br(F), we know that Z(Ay) = F - 14 + F - vg where vy € Ap\(F - 14), and
v%4 = uyu is not a square in F' - 14. Using the notation from before, Z(Ao) = F*(\/ua),
where w4 is not a square in F'*. Then for any [A] € P(F)\Br(F), we will let p([A]) =
[ua]” Let us show that this map is well defined.

Let A be a super central simple superalgebra whose equivalence class [A] € BW (F)
is contained in P(F)\Br(F'), and let B be a super central simple superalgebra such that
[B] € Br(F). If By = 0, then (A®B)y = Ay ® By = Ay ® B, hence Z(A® B), =
Z(Ay®B) =2 Z(A)) @ Z(B) = (F-1a+F-v4) @ F 2 F-14+ F-v4, and since v4 = ua,
o([A® B]) = [ua]. If By # 0, then Z(By) = F - 15 + F - vg where vg € By\(F - 1)
and v4 = up is a square in F*. Note that F'- (1,® 1) + F - (va®vp) C Z((A® B)y),
and since dimpZ((A® B)g) <2, Z(A®B)y) = F - (1,®1p) + F - (v4®vp). Squaring
(va ®vp), we get (V4 ®v2%) = (us @up) = uaup(la® 15), hence 9([A® B]) = [usup],
and since up is a square in F*, ¢([A® B]) = [uaup] = [ua]’, and we have shown that
the map ¢ : P(F)/Br(F) — F*/F*? is well defined.

Let us show that ¢ is a group homomorphism. In the previous paragraph, we
showed that if [A] € P(F)\Br(F) and [B] € Br(F), then p([A][B]) = p([A® B]) =
[ua] = [ual[1]" = @([A])¢([B]). Let us now show that o ([A][B]) = ¢([A])¢([B]) for any
[A],[B] € P(F)\Br(F).

Let [A], [B] € P(F)\Br(F). Then Z(A¢) = F-14+F-vs and Z(By) = F-15+ F -vp
where v4 = u4 and v4 = up are not squares in F*. We note that Z((A® B)y) =
F-(1,®15)+ F - (va®vp), and (va®@vp)? = (v} ®v%) = (us @up) = usup(la @ 1p).
If usup is not a square in F*, then [A® B] € P(F)\Br(F), and hence p([A][B]) =
0([A® B]) = [uaup] = [ual[us] = ©([A)¢([B]). If uqup is a square in F*, then
the super division algebra part of A® B is purely even, hence [A® B] € Br(F), and
p([A][B]) = p([A® B]) = [1] = [uaup] = [ua]'[us]' = ¢([A])p([B]). We conclude that
® is a group homomorphism.
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2.3 The Brauer-Wall Group of C

It can be easily seen that ¢ is injective, since we have defined it in such a way
that for any [A] € P(F)\Br(F), ¢([A]) # F*?. Let us show that ¢ is surjective. For
any element u € F* that is not a square, we previously said that the superalgebra
A = F*(y/u) ® F*(v/—1) has the property that Z(Ay) = F*(\/u) = F - 14 + F - v where
v € Ag\(F - 14) and v? = u. Thus, p([F*(v/u) ® F*(v/—1)]) = [u]/, and we have shown
that ¢ is surjective.

We can finally conclude that ¢ : P(F)/Br(F) — F*/F*? is an isomorphism. [ |

Hence P(F) is an extension of Br(F) by F*/F*2,

Corollary 2.57 Suppose both Br(F) and F*/F*? are finite. Then BW(F) is finite,
and |BW (F)| = 2|Br(F)||F*/F*?|.

Corollary 2.58 Suppose F' is algebraically closed. Then BW (F') = Cs.

Proof. 1f F is algebraically closed, then every element of F'* is a square, which means
F*/F*? is trivial. In addition, by Corollary 1.35, Br(F) is also trivial. By Corollary
2.57, |BW(F)| = 2, hence BW(F) = Cs. [ |

Our discussion above shows that if F' is a field not of characteristic 2, Br(F) and
BW (F) are related by the exact sequences:

1 — P(F)— BW(F)— Cy—1, and

1 — Br(F)— P(F) = F*/F** = 1.

2.3 The Brauer-Wall Group of C

Since C is algebraically closed, then by Corollary 2.58, BW(C) = (5. This also
means there are only two super central super division algebras over C. They are C & 0
(which is C as a purely even algebra), and C x C equipped with the following grading:
(CxC)o={(a,a):a € C}and (CxC); ={(a,—a):a € C}. We will denote the latter
super division algebra as C & Cv, where Cuv is the 1-component of the super division
algebra. We note that Z(C @& Cv) = C & Cv. We also note that both C& 0 and C & Cv
are super division algebras over R, but they are not super central over R. Both of their
super centres are isomorphic to C.

In BW(C), we simply have that [C @& Cv]? = [C @ 0]. In fact, (C & Cv) ®(C @ Cv) =
M(l,l) ((C)

2.4 The Brauer-Wall Group of R

Let us construct all of the super central super division algebras over R. We know
that if D is a purely even super central super division algebras over R, then it is an
ordinary central division algebra over R. Hence the purely even super central super
division algebras over R are R&0 and H@ 0. Their equivalence classes [R@ 0] and [H® 0]
in BW(R) make up the subgroup Br(R) contained in BW(R). Now let us construct the
super central super division algebras over R that are ordinary central simple, and thus
find the subgroup P(R).
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2.4 The Brauer-Wall Group of R

2.4.1 Super central super division algebras over R that are ordinary central
simple

We know from Theorem 2.56 that P(R)/Br(R) & R* /R*2. Since R*/R*? = {[1],[-1]}
>~ (Y, then |P(R)| = |Br(R)|-|R*/R*?| = 2-2 = 4. So there are four super central super
division algebras over R that are ordinary central simple, and two of them are purely
even. Let us find the two super central super division algebras that are not purely even.

If D = Dg@® D is a super central super division algebra that is ordinary central
simple, and Dy # 0, then Dy is an ordinary division algebra that is non-central, and
Z(Dy) =R-14+R-v where v? is not a square in R - 14. Hence u = v? is a negative real
number, and we can show that this means Z(Dp) = R-14+R-v = C. If v* = —a for some
positive real number a, then (\/Lav)2 = —1. Letting v = \/iav, then R-1,+R-v = R-14+R-v,
and it is clear that this is isomorphic to C.

However, we know that Dy is a division algebra that is not ordinary central, and by
Frobenius’ Theorem, the only non-central division algebra over R is C. Hence Dy = C
and Dy = Z(Dg) =R - 14 + R -0 whenever D is a super central super division algebra
over R that is ordinary central simple, and not purely even. Let us show that, in this
situation, for any non-zero x € Dy, z* € (R - 1p)\{0}.

For any non-zero x € Dy, > € Dy, so > = a + bv for some real numbers a, b. Since
(2?)x = x(2?), (2*)x = (a +b0)x = ax +box = xa —xbd = x(a—bd) = x(z?) = v(a+bv),
hence a — b = a + bo, implying b = 0 and 22 = a # 0. Hence, for any non-zero x € D;,
z? € (R-1p)\{0}.

Let us show that there are two possibilities: either, for every non-zero z € Dy, 22 is a
positive real number, or, for every non-zero € Dy, 22 is a negative real number. To show
this, it is enough to show that for any two non-zero elements z,y € Dy, 2 /y? is positive.
For any two non-zero elements z,y € Dy, xy~! € Dy, so there exists real numbers a, b such
that x = (a+ b0)y. Note that 2% = (a+ bd)y(a+bd)y = (a+bd)(a — bd)y? = (a® + b*)y>.
Since x? is non-zero, (a? + b?) is non-zero, which additionally means it is positive, and
2?2 /y* = (a® + b?) > 0, which means 2% and y? are either both positive or both negative.

If, for some arbitrary non-zero element z € Dy, 22 = a > 0, then we will let v = \/iax

We can see that (v7)? = 1, and hence D = Dy & Dy - v where Dy = C. For any super
central super division algebra D’ over R whose 0-component is isomorphic to C and every
non-zero degree 1 element squares to a positive number, D’ = Dy @ Dyv™. We will denote
this super division algebra as C & Cov™.

Similarly, if every element of D; squares to a negative number, then we can find an
element v~ € D; that squares to —1, and any super central super division algebra over
R that is in that situation is isomorphic to Dy & Dyv~ where Dy = C. We will denote
this super division algebra as C @ Cv~!. One can check that C @ Cv™ 22 C @ Cv~. Also,
both of these super division algebras are not isomorphic to C @ Cu, since Z(C @ Cv) =
Ce Cv=C x C, whereas Z(C® Cvt) = Z(C® Cv) = C.

Hence we have constructed the two super central super division algebras over R that
are ordinary central simple, and are not purely even. One can check that C & Co™ =
M5(R), and C & Cv~ = H. Now, let us find the four remaining super central super

division algebras over R that are not ordinary central simple.

35



2.4 The Brauer-Wall Group of R

2.4.2 Super central super division algebras over R that are not ordinary
central simple

In this situation, the super division algebra is not purely even, Dy is a central division
algebra over R, and D = Dy ® (R-1p @R -v) where v is a non-zero element of Z(D)N D,

such that v? is a non-zero element of R - 1p. If v = a > 0, then we will let v = L

va’
and we can see that (v*)? = 1. If v* = —a < 0 for some positive number a, then we will
let v = \/Lav, and we can see that (v7)? = —1. We can now construct the four super

central super division algebras over R that are not ordinary central simple:
eRRIMR-1pR-v") =RPRot,

eRRR-1GR-v7)=R®Rv,

) =
e HR (R-1®&R-v") =H® Hovt, and
)=

(
eH®(R- 18R v ) =HoHv .

2.4.3 Group Structure of BIW(R)

So far, we only know that |[BW(R)| = 2|Br(R)| - |[R*/R*?| =2-2-2 = 8. Let us
explore the group structure of BW (R).

We note that (R&Rv*) @(RORvt) = CHCo*, and (CHOCvT) @(RORvt) = HeHv ™.
Hence, in BW(R), [R ® Rv"]? = [C @ Cv™| and [R & RvT]® = [H & Ho~]. Note that
HeHo™ = (H®0) ©(R@®Rv™), hence, in BW (R), [RORv*|* = [R@Rv*] RORvt] =
HoHv |[ReRvT] = [HBO0][RERv~|[RERvT] = [HBO|[RGRoT|~ [R@Rv*] Hea0].

Also note that (R @ Rv™ ) @R PRv™) = CHCv, and (CHCv™ )RR B Rv™) =
HeHvt. Note also that (HeHv") = (H®0) ®@(RORv ™), hence, in BW (R), [RORvT]® =
ReERvTRORuT] = [HBO][RSRvT| = [HEHv"]. We can compute the higher powers
of [R @ Rou*] in BW(R):

RERvT)® = [ReRoT [R@Rvﬂ HoHvt|[ReRoT] = [CHCv|[RERv|[RP
Rot] = [C & Cv][ReRv ' RERvT] = [C Cov].

[RORvT]” = [RORvT* [ RORvT| = [CHCv|[RERvT] = [RORv™|[RORv~|[RORvT| =
RORvT]RORoTIRBRvT] = [RORv™] = [RSRov*] ™. Hence [RERvT|® = [RB 0],
and hence BW(R) = Cs, and R @ Rut generates the entire group.

In summary, the powers of [R @ Ru*] are:

o R®Rv! = [R& Rot],
o [R ®Rvt]? = [C @ Co],
o [R®Rvt]® = [Ho Ho,
o RERvT4=[Ha 0],

o [R @R+’ = [H & Hot,
o [R ®Rv]® = [C & Cvl,
o RBRv)" = [R& Ro],
e ReRuv]P=Ra 0]
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2.4 The Brauer-Wall Group of R

So we now have a complete list of super central simple super division algebras over

e R& 0. It is a purely even algebra.

e RERv™ 2 RxR. We graded (R xR) in the following way: (RxR)y =R-(1,1) & R,
and (R x R); =R - (1,—1). Also, v" € Zp(Dy) and (v*)? = 1.

I

e C@ Cvt = My(R). We grade M>(R) in the following way: Ms(R)o = {(4?) :
a,b € R} = C, and My(R); = {(¢ %) : a,b € R}. Also, vTz(vt)™' = T for any

z € Dy and (vh)? =1

e Hp Hov™ = H® C = My(C). We grade My(C) in the following way: My(C)y =
{(77):2,weC}=H, and My(C); = {(5 %) : z,w € C}. Also, v~ € Zp(Dy)
and (v7)? = —1.

e H& 0. It is purely even.

eHoHvt * H® (RO®RvT) X H® (R x R) = H x H. We graded (H x H) in
the following way: (H x H)q = H - (1,1) = H, and (H x H); = H- (1,—-1). Also,
vt € Zp(Dyp) and (vF)2 =1

e Co®Cv~ = H. We grade H in the following way: Hy = {a+ bi : a,b € R} = C, and
H, = {aj + bk : a,b € R}. Also, (v )z(v™)"t =7 for any x € Dy and (v™)* = —1.

e R@Rv~ = C. We grade C in the following way: Cq = R, and H; = {ai : a € R}.
Also, v~ € Zp(Dyp) and (v™)? = —1.

In total, there are ten finite-dimensional super division algebras over R. Eight of them
are super central, while two of them (C & 0 and C & Cwv) are not super central over R.
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3 Character Theory of finite groups

3.1 Representation and Character Theory preliminaries

Throughout this section, G is a finite group and F is a field. We may restrict the
characteristic of F' as required.

Definition 3.1 An F-representation of G is a group homomorphism X : G — GL,,(F)
for some n > 1. The integer n is the degree of the representation X.

_ Given an F-representation X of G, its linear extension is the F-algebra homomorphism
X: FG — M,(F) defined by:

X (Z cgeg> = c,X(g).

geG geG

By convention, we will use the same symbol to denote both an F-representation and
its linear extension.

Note that an F-representation X of GG of degree n determines an n-dimensional F'G-
module in the following way: given an n-dimensional F-vector space V', we can identify
Endp (V) with M, (F') (the codomain of X) since M,,(F') = Endp(V'). The corresponding
FG-module of X is V' with the left F'G-action defined by:

FGxV =V, (Z cgeg,v> — X (cheg> .
9eG geG

Conversely an n-dimensional F'G-module V' determines an F-representation X in the
following way: first, we define GLr (V') to be the group of invertible F-endomorphisms of
V. Note that GLr(V) and GL, (V') are isomorphic as groups, so we can identify GLg(V)
with GL, (F). We define the F-representation X : G — GLg (V') corresponding to V' by:

X(g) := (v egv for any v eV).

We say that an F-representation of G is #rreducible if its corresponding F'G-module is
irreducible.

Definition 3.2 Let X be an F-representation of G. Then the F'-character of X is a
function x : G — F defined by x(g) = tr(X(g)), where tr is the matrix trace. If X has
degree n, we say Y is a character of degree n.

We can see immediately that, when char(F') = 0, deg(x) = x(1).

Definition 3.3 A function f : G — F is called a class function if f(x) = f(y)
whenever x and y are conjugate in G.

Lemma 3.4 Let G be a finite group and let F' be a field. The following holds:
1. Equivalent F-representations of G have the same F-characters.

2. Characters are class functions.

38



3.1 Representation and Character Theory preliminaries

A character y is said to be #rreducible if it is a character of an irreducible F-
representation of G. We denote the set of all the distinct irreducible F-characters of G
as Irrp(G). The trivial character of the trivial representation of G is denoted as 1.

We now specialise to the case where ' = C.

Definition 3.5 Let ¢ and i) be C-valued class functions on GG. Then the inner product
of ¢ and 1 is defined as

(o, ) = ,—é| > w(g)(g).

geG

Theorem 3.6 (First Orthogonality Relation) Let x1, x2 € Irrc(G). Then:

<X1 X2> _ 1 Zf X1 = X2,
7 0 if X1 # Xa-

[1, Corollary 2.14]

Corollary 3.7 Let ¢ and 1) be any C-characters of G. Then {(p,1) = (¥, @) is a non-
negative integer. In addition, ¢ € Irrc(G) if and only if (p,p) = 1. [1, Corollary 2.17]

The inner product allows us to quickly check if a C-character of G is irreducible.
Now, given any finite group G, we can use the set Irrc(G) to decompose CG as a
direct sum of simple subalgebras:

CG= @ My 1)(C).

x€Irre (G)

So for any irreducible CG-module V', let x be its corresponding C-character. Then we
have CG(V) =2 M, 1)(C).
We also hope to express RG as a direct sum of simple algebras, using information
about Irrc(G). To do this, we will need to introduce the Frobenius-Schur indicator.
Given a class function ¢ of a group G, set p?(g) := ¢(g?). It is straightforward to
check that ¢ : G — F is also a class function.

Definition 3.8 Let x be a C-character. The Frobenius-Schur indicator ¢(x) of x is
defined as

0 =15 > x(g®) = (P, 16).

Theorem 3.9 (Frobenius-Schur) Let x € Irrc(G). Then we have the following:
1. x® is a difference of characters.
2. ¢e(x) =1,0 or —1.
3. €(x) # 0 if and only if x is real-valued.

[1, Theorem 4.5]

Definition 3.10 Given a C-representation X : G — GL,(C), we say that X is a real
representation if there exists an invertible matrix P such that P~'X(g)P is areal n xn
matrix for all g € G. Given a C-character y of G, we say that x is realisable over R if
it is a character of a real representation.
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3.1 Representation and Character Theory preliminaries

Given a C-character x of G, we say Y is real (or real-valued) if x(g) is a real number
for all g € G. We note that every C-character that is realisable over R is a real character,
but not all real characters are realisable over R.

Definition 3.11 Let y be a real character of G. Then Y is said to be quaternionic if
it is not realisable over R.

We call a C-character of GG that is not real a complex character.

Theorem 3.12 Let x € Irrc(G). Then:
1. €(x) = 0 if and only if x is a complex character.
2. €(x) = 1 if and only if x is realisable over R.
3. €(x) = =1 if and only if x is a quaternionic character.

[1, Theorem 4.5, Corollary 4.15 + Theorem 4.19]

We can now begin to explore RG-modules by taking irreducible CG-modules, and
restricting them down to an RG-module.

Before we begin our analysis, let us state a quick definition. Given an irreducible
RG-module V| we say that V' is of type R, C or H if Endgg (V) = R, C or H respectively.

Now, given a finite group G, let V, be an irreducible CG-module with character x.
o If e(x) = 1, then (V3)r = Vi @V, where V, is an irreducible RG-module of type R.
o If ¢(x) = 0, then (V,);r = V, where V} is an irreducible RG-module of type C.

o If ¢(x) = —1, then (V,),;g = V, where V; is an irreducible RG-module of type H.

Let us go on the other direction; we will outline what can happen when we take an
irreducible RG-module, and induce it up to a CG-module.
Let V' be an irreducible RG-module.

o If Vis of type R, V€ = C®g V = V,, where V, is an irreducible CG-module with
character x, and €(x) = 1.

o If V is of type C, VI€ = Cer V = V, & V4, where V, and V4 are irreducible
CG-modules with characters x and X respectively, and e(x) = ¢(x) = 0.

e If Visof type H, VI =C@r V = Vi @V, where V, is an irreducible CG-module
with character x, and €(x) = —1.

We can also begin to describe the simple subalgebra decomposition of RG. First, let
us introduce some notation.

Let S be any finite set, and let n be a non-negative integer such that n < |S|. Then
we define P, (S) as the set of subsets of S of cardinality n.

Now, we give the decomposition of RG :

RG= P MuwRe P MuH & M,1y(C).

xEIrre (G) xElrre G) {X7X/}EPQ(IYTC(G))
e(x)=1 e(x)= X' =X
e(x)=e(x)=0
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3.2 Introduction to Clifford Theory

3.2 Introduction to Clifford Theory

Let H be a subgroup of a group GG. Given an irreducible C-character y of H, the
restriction of x to H, denoted as x m, is a character of H. In the same vein, given an
irreducible C-character 9 of H, there is a character of GG called the induced character of
9. Recall that, given a class function ¢ of a subgroup H of GG, the induced class function

©'% on G is given by
1 o _
$"(g) = EZ@O (zgz),
zeG

where ¢° is defined as

orn_ Jwlg) ifgeH
S0(9)_{0 itgd H.

In 1937, Alfred H. Clifford developed a detailed and effective theory that explored
restrictions and inductions of characters when H is a normal subgroup of G.

Definition 3.13 Let N be a normal subgroup of GG, and let ¥ be a complex-valued class
function of N. Given g € GG, we define a function ¥ on N by

¥(n) =19 (gng’l)
for all n € N. Then vY is called a G-conjugate of 9.
Lemma 3.14 With G, N and ¥ as abowve,

(1) 99 is a class function of N.
(2) (99)" = 99" for all g and h in G.
(3) If ¢ and ¥ are class functions of N, then

<ng’19g>N = <90719>N‘
(4) For any class function x of G,
s ) v = (v, ) -

(5) If 9 is an ordinary character of N, then so is ¥9.

(6) The subset of all g € G satisfying V9 = 9 is a subgroup of G containing N. This
subgroup is called the stabilizer of ¥ in G, and we denote it as Gy.

[1, Lemma 6.1]
Given a normal subgroup N < G and a class function ' of N, we have
G =JGg.
i=1

where Gygi, ..., Gygn are the right cosets of Gy in G and m = |G : Gy|. Then, given
g € GG, it can be expressed as sg; for some s € Gy. We observe that

99 = P9 = (9°)% = 99,

We additionally have 99 = 9% <= i = j. Thus ¥ has m = |G : Gy| different
GG-conjugates.
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3.2 Introduction to Clifford Theory

Theorem 3.15 (Clifford’s Theorem - Part 1) Let N be a normal subgroup of G and
let x be an irreducible C-character of G. Let ¥ be an irreducible constituent of x| n. Let
Y =19,...,9,, be the different G-conjugates of 9. Then

X¢N26(191+"'+19m)7
where e is some positive integer. [1, Theorem 6.2]

We can actually expand on Theorem 3.15 by taking into account the stabilizer sub-
group Gy of ¥. Since (x,n,9) = e > 0, there must be some irreducible character ¢ of
Gy that satisfies (x,c,,¢) # 0 and (¢ n, V) # 0. In other words, x|, has an irreducible
constituent ¢ such that ¢ is an irreducible constituent of ¢, . It turns out that y = %,
so that x is induced from Gjy.

Theorem 3.16 (Clifford’s Theorem - Part 2) Using the notation introduced, if  is
an trreducible character of Gy that satisfies

Xuagr ) #0 and (pyn,9) #0,
then x = 'Y and ¢, n = eV,

Proof. Since Gy is the stabilizer subgroup of ¥ in G and (¢, n, ) # 0, it follows that
o n = fo for some integer f, by Theorem 3.15 (since ¢ is an irreducible character of Gy,
and the only Gy-conjugate of ¥ is itself). In addition, since (x n,?) = e and ¢y is a
constituent of x|y (which is implied from (x,q,, @) # 0), we must have that f < e. Let us
look at x(1). Since xyy =e (V1 + -+ ), m = |G : Gy| and ¥9(1) = I(glg™") = I(1)
for all g € G, we get x(1) = ¢e|G : Gy|I(1).

Now since (x,g,,?)a, # 0, we have (x, ¢'%)¢ # 0 by Frobenius reciprocity. Hence y
is an irreducible constituent of ¢'“, which means x(1) < ¢'9(1) = |G : Gylp(1) = |G :
GylfO(1). So x(1) = e|G: Gy|¥(1) < |G : Gy|fI(l) = e < f. But we already have
f <e and so e = f and x(1) = e|G : Gy|¥(1) = |G : Gy|p(1). We can now conclude
that x = ¢'% and ¢y = €. [ |

We note that ¢ would in fact be the unique irreducible character of Gy with the
properties described in Theorem 3.16. Also, we have that (x,q,, ) = €.

Corollary 3.17 Let N be a normal subgroup of G such that |G : N| = p, where p is
a prime. Then, for each x € Irrc(G), either x ;n € Irrc(N) or N has an irreducible
character ¥ with the property that 9'¢ = x. In that case, x,y = Uy + -+ - +U,, where the
¥;’s are the conjugates of 1.

Let us discuss this corollary further. In the case where x|y = ¥ € Irrc(G), it is
straightforward to prove the following: Let lg = e1,¢€2,...,¢, be the different linear
characters of G/N inflated to G. Then the characters xe; = x, xea, . . ., X, are all distinct
and they are the extensions of ¥ to G. We also get that 1% = y + xea2 + - - + x&p-

Let us now specialise in the case where |G : N| = 2. Given any x € Irrc(G) we have
the following two possibilities:

L. If xyn ¢ Lrre(V), then for some ¥ € Irre(N), xy v = 9 + 99 for some g € G\N. In
this case, Gy = N, and 91¢ = (99)1¢ = y.
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3.3 Super representations and super characters

2. If xyv = ¥ € Irre(N), then Gy = G, and 97¢ = x + sgny where sgny is the
C-character defined by:

seny(g) = x(9) if g€ N,
—x(g)  ifgeG\N.
Note that (sgny),ny = x;n = 0.

We can visualise the induction and restriction relationships present in these two cases
using the poset diagrams below:

Case 1: Case 2:
G / X \ G X \ sgn(x)
N v, 99 N Y

3.3 Super representations and super characters

In section 3.1, we saw how an F-representation of a finite group GG determines an
FG-module, and vice versa. We now want to define a super representation in such a way
that we can readily construct a supermodule from a super representation, and vice versa.

Recall that given an FG-module V, the map F'G — Endp(V) defined by z +— (v —
zv forallv € V) is an F-algebra homomorphism. This can be turned into an F-
representation by restriction to the basis elements {e, : g € G}. We want to say something
similar regarding F'[G, N]-supermodules.

Let G be a group, and let N <G be a normal subgroup of index 2. Let V = V&V be
a finite dimensional F[G, N]-supermodule. Let us first note that dimp(Vy) = dimp (V1)
since, for any g € G\N, the linear map Vj — Vi, vg — eyup is bijective.

Now let n = dimp(V4). We claim that the map ¢ : F[G, N] — End5 (V™) defined
by: ¢(z) := (v — zv forallv € V) is an F-superalgebra homomorphism. Since V' is
an F'G-module, ¢ is an ordinary F-algebra homomorphism. We just need to show that
¢ preserves grading. Note that for any z € F[G, N]o, - Vo C Vp and x -V} C V4. This
implies that p(F[G, N]o) C End%(V™™)y. Also, for any x € F[G, N}, = - Vo C V4 and
x- V) C Vy. This means p(F[G, N];) € End$(V™™),, and thus ¢ is an F-superalgebra
homomorphism.

By restricting ¢ to the basis elements {e, : ¢ € G}, we begin to see how we could
define an F-super representation. We identify M, ) (F) with Endj(V™™). We can see
that for any g € N, p(eg) € My (F)o N GLa,(F), and for any g € G\N, ¢(e,) €
M0y (F)1 N GLg, (F). We can now define F-super representations.

Definition 3.18 Let G be a finite group, and let N < G be a normal subgroup of index
2. Then an F-super representation of the pair (G, N) is an F-representation X : G —
GLy, (F) that additionally satisfies X(N) C M) (F)o and X(G\N) C My, ) (F), for
some n > 1.

This definition of an F-super representation allows us to readily construct the corre-
sponding F[G, N]-supermodule.

An F-super character of (G, N) is an F-character of an F-super representation of
(G,N).
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3.4 The Gow indicator and the Super Frobenius-Schur indicator

Let ¢ € G\N, and let X be an F-representation of N of degree n. We let X9 :
N — GL,(F) be the F-representation defined by X9(n) := X(¢ 'ng) for any n € N.
Given an F'N-module V with corresponding representation X, we let V¢ denote the F'N-
module with corresponding representation X9. It is an exercise to show that, for any two
elements g,h € G\N and for any FN-module V, V9 = V" For any g € G\N, we call
V9 a G-conjugate module of V.

Theorem 3.19 Let V = Vy & Vi be an F |G, N|-supermodule. Then, for any g € G\N,
Vi 2 V§ as FN-modules.

Proof. Let X denote the representation of G' corresponding to V. Additionally, let X,
and X; denote the representations of N corresponding to V; and V) respectively so that
for any n € N, X(e,)vg = Xo(en)vo for any vy € Vo and X(e,)v; = X1(e,)vq for any
v; € Vi. Now let ¢ € G\N. Note that V; = X(e,) - Vo. Let ¢ : Vi — V{ be the linear
map defined by: ¢(v1) := X(e;")v1.

Let us show that ¢ is an F'N-module isomorphism. Note that, for any n € N,
o(Xi(en)v) = X(e; ") Xi(en)vr = X(e,)X(en)vr = X(ejen)vr = X(e,'enege, vy =
X(e eney) X(e; Jon = Zoley "eneg)io(vn) = X9(en)o(un).

Hence Vi =2V as F'N-modules. [ |

From this, we can also say that Vy =V for any g € G\N. We deduce from Theorem
3.19 that, for any F[G, N]-supermodule V = V& V4, V = VJ¢ = V. This gives us a
criteria outlining when an C-character is a super character.

Theorem 3.20 An F-character x of G is an F-super character of (G, N) if and only if
there exists an F-character 9 of N such that 91¢ = y.

Note that by Lemma 2.15, an F|[G, N|-supermodule V = V & V; is super irreducible
if and only if V) and V; are irreducible F'N-modules.

We say that an F-super character y is super irreducible if its corresponding F[G, N]-
supermodule is super irreducible. It is immediate that a super character x of (G, N) is
super irreducible if and only if there exists ¥ € Irrp(NN) such that 919 = y.

3.4 The Gow indicator and the Super Frobenius-Schur indicator

Recall that given a C-character x € Irre(G), the Frobenius-Schur indicator e(x) is
the average value of x(¢g?) as g runs over all of G. R. Gow explored a related indicator
in [0]:

Definition 3.21 Let N be a subgroup of index 2 in a finite group G and let ¥ be an
irreducible character of N. Then the Gow indicator n(v) of ¥ is:

n(0) ::ﬁ S 0.
geG\N

Lemma 3.22 [t turns out that n(v) = 0,1 or —1. Moreover, n(x) # 0 if and only if ¥
1s G-conjugate to 1.

Let us explore the different possibilities given the setting of Definition 3.21.
If Gy = N, then ¥ would have one other G-conjugate. Let g € G\N. Then 99 would
be that other G-conjugate, and ¥ # 9. By Clifford Theory (Theorem 3.16), 97¢ would
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3.4 The Gow indicator and the Super Frobenius-Schur indicator

be an irreducible character of G. Since we have €(v) = €¢(¥9) and n(J) = n(¥9), we also
get €(91Y) = €(9) + n(9¥). Table 1 below lists the different possible values of e(91¢), €(¥9)
and 7(19).

If Gy = G, then ¥ can be extended to an irreducible character ¢ of GG. In this case,
we would have 2¢(¢) = €(9) + n(J). Table 2 below lists the different possible values of
€(p), €(¥) and n(v).

Table 1: When Gy = N Table 2: When Gy =G
e (91°) | e(@) | n(¥) e(p) | €(?) | n(9)
1 0 1 1 1 1
1 1 0 -1 -1 -1
0 0 0 0 0 0
-1 0 -1 0 1 -1
-1 -1 0 0 -1 1

Let G be a group, and let N <G be a normal subgroup of index 2. Let ¢ be an irre-
ducible C-character of N. Then the Super Frobenius-Schur indicator of the C-super
character 9% is defined as follows:

1. If both €(¥) and n(¥9) are equal to zero, then S(V91¢) = 0.
2. If at least one of €(¢9) and n(+J) is non-zero, then S(V9'¢) = %.

The possible values of S(J) are the eighth roots of unity, and 0. While the Super
Frobenius-Schur indicator alone doesn’t distinguish the two separate cases where the
indicator is 0, we can distinguish them by checking if ¥ is an irreducible C-character
of G or not.

We can create a new table that lists the possible values of S(¥), €(9) and 7(¢), with
the help of our two previous tables. We shall also list the ten possible values of €(x),
where y = 91¢ if Gy = N and x = ¢ if Gy = G. Here, w = e Following the notation
from [7], we will define a variable ¢(¢) to be equal to 0 if Gy = N, and 1 if Gy = G.

SW) || a(@) | e(x) | e(@) | n(9)
0 0 0 0
0 1 0 0 0
1 0 1 1 0
w 1 1 1 1
wr=1 0 1 0 1
w3 1 0 -1 1
wt=—-1 0 -1 -1 0
w? 1 -1 -1 -1
W=—i || 0 -1 0 -1
w7 1 0 1 -1
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3.4 The Gow indicator and the Super Frobenius-Schur indicator

We can visualize the last eight cases using the diagram below. The eight roots of
unity each have three coloured dots associated with them. These dots tell you the values
of €(9), €(x) and n(J) that occur. Green, blue and red dots represent the values 1, 0 and
—1 respectively. We will also write down the corresponding super central super division
algebra of R.

H®O0

T R®0

Ceo Cou™

~ Re(2)

Let us give an example of each of the ten possibilities, for specific G and N:

S) | ()

€(x) | ()

n(?)

0

0 0

0

Let G = S5 x C3 and N = C3 x C3. The presentation of S3 is (s1, 3 :

2
817

s32 = 1,(s189)® = 1), while the presentation of Cs is (g : ¢ = 1). Let v, be the
character of S3 x {1} with the given character values:

{(L, 1)}

{(s1,1)}

{(s182,1)}

X

2

0

1

restrict x to N, x;~ would be a sum of two G-conjugate characters of N.
To describe these two G-conjugate characters, let ¢ be the (linear) character of

Let ( = e5, and let 15 be the (linear) character of {1} x Cj defined by
o(1,9) = ¢. Now let x = 91 ® 1p9. This is an irreducible character of G. When we

C3 x {1} < S3x {1} defined by ¢(s159,1) = (. Then the two G-conjugate characters
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3.4 The Gow indicator and the Super Frobenius-Schur indicator

of N that make up y;ny are ¥ = ¢ ® 1y and 99 = ¢? @ 1)5. So x;x = ¥ + 99, and we
are in the situation where ¢(J) = 0. x is a complex character of G, while ¥ and 99
are complex characters of N. Hence €(y) = 0 and €(¢) = ¢(99) = 0. This also gives
us the value of the Gow indicator, which is n(J) = 0.

SW) | a@) | e(x) | €(@) | n(V)
0 1L [ o] oo

Let G = Cg and N = Cy. The presentation of Cg is (g: g% =1). Let ( =¢e’s
and consider the (linear) character y of Cy defined by x(g) = ¢. When we restrict x
to Cy (where Cy is the subgroup generated by ¢?), we get a single character ¥ = x|,
which means ¢(J) = 1. x and 9 are C-characters of G and N respectively, and hence
€(x) = 0 and €(v) = 0. This also gives us the value of the Gow indicator, which is

n(¥) = 0.
S(0) || q(?) | e(x) | (@) | (V)
1 0 1 1 0

Let G = Dg and N = K,. The presentation of Dg is {a,b: a* =b* =1,b"tab =
a™1). Let x be the character of G with the given character values:

{1} | {a?} | {a,a®} | {b,a®b} | {ab,a®b}
X | 2 -2 0 0 0

The subgroup K, contained in Dg is the subgroup generated by a? and b. When
we restrict x to N, xyn would be a sum of two G-conjugate characters of N. So
Xin = U+ 19, where x|y, ¥ and 99 have the following character values:

{1} | {a?} | {0} | {0}

XN || 2 -2 0 0
U 1 -1 1 -1
i 1 -1 -1 1

We therefore are in the situation where ¢(¢) = 0, and we can compute that
e(x) =1, ¢(¥) =1 and n(v) = 0.

SW) | a@) | e(x) | (@) | n(®)
w I T S B |

Let G = Cy and N = {1}. The presentation of Cy is (g : ¢*> = 1). Con-
sider the (linear) character y of Cy defined by x(¢g) = —1. When we restrict y to
N, we get a single character ¥ = x|y, which means ¢(J) = 1. x and ¢ are real
characters of G and N respectively, and hence €(x) = 1 and €(v) = 1. This also
gives us the value of the Gow indicator, which is () = 1.

S@W) | q@) | e(x) | e@) | n(V)
Wwr=il| o 1 0 1
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3.4 The Gow indicator and the Super Frobenius-Schur indicator

Let G = Dg and N = Cy. The presentation of Dg is (a,b: a* = b*> = 1,bab™! =

a™1). Let x be the character of G with the given character values:

{1}

{a?}

{a,a’}

{b, a®b}

{ab, a®b}

X 2

-2

0

0

0

The subgroup C} contained in Dy is the subgroup generated by a. When we
restrict x to N, x;n would be a sum of two G-conjugate characters in N. So
XN = U+ 199, where x|y, ¥ and 99 have the following character values:

{1}

{a}

{a?}

{a*}

XIN 2 0 -2 0
v 1 { -1 -1
0l 1 -1 -1 {

We therefore are in the situation where ¢(¢) = 0, and we can compute that
e(x) =1, ¢(¥) =0 and n(v) = 1.

S(0)

q(?)

e(x)

€(V)

n(v)

w3

1

0

-1

1

Let G = SDyg and let N = Qg. The presentation of SDyg is (a,d : a® =
b> = 1,bab™! = a®). Let x be the character of G with the given character values:

{1}

{a*}

{a?,a"}

{a,a’}

{a®,a"}

{b, a®b, a*b, aSb},

{ab, a®b,a®b, a"b}

X

2 -2

0

iv/?2

V2

0

0

The subgroup Qg contained in SD;g is the subgroup generated by a? and ab.
When we restrict x to (s, we get a single character ¥ = xn, which means ¢(J) = 1.

X is a complex character of G, while ¥ is a quaternionic character of NV, and hence

e(x) = 0 and €(9)

n(J) = 1.
S@) | q(?) | e(x) | €(@) | n(¥)
Wwi=—-11 0 | -1 ] -11] o0

Let G = Qg1 Cy and N = Qg X Qg.

—1. This also gives us the value of the Gow indicator, which is

Within N, there is a subgroup H =

Qs x {1} = Qg. The presentation of Qg is (a,b: a* = 1,a% = b2, b~tab = a™'). Let
1 be the character of H with the given character values:

{1}

{a?}

{a,a’}

{b, 0%}

{ab, a*b}

v 2

-2

0

0

We let ¥ = ¢ ® 1g,, and let y = 97¢. ¢ and y turn out to be irreducible
characters of N and G respectively. When we restrict x to N, x;x would be a sum
of two G-conjugate characters in N. So x5 = ¥ + 9. Hence we have ¢(J) = 0. In
their respective groups, x and ¢ are both quaternionic characters, so €(x) = —1 and
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3.4 The Gow indicator and the Super Frobenius-Schur indicator
€(v) = —1. We also get n(J) = 0.

S@) || ¢(W) | e(x) | e(@) | (V)
L2 R R S R

Let G = Qg x Cy and N = Qg. The presentation of Qg is {a,b : a* = 1,a> =
b*,b~tab = a™'). Let 9 be the character of N with the given character values:

{1} | {a?} | {a,a®} | {b,0°} | {ab,a’b}
9 2 -2 0 0 0

We let x = Inf(+)). It is straightforward to show that x is an irreducible char-
acter of G. We also immediately get x;nv = ¥ and hence ¢() = 1. x and 9 are
quaternionic characters of G and N respectively, and so €(x) = —1 and €(¢) = —1.
We also get n(v) = —1.

S@) || q(9) | e(x) | e(@) | (D)
W=—i|l 0 | -1 | 0 | -1

Let G = Qg and N = C,;. The presentation of Qg is {(a,b : a* = 1,a*> =
b, b7 ab = a™'). Let x be the character of G with the given character values:

{1} | {a?} | {a,a®} | {b,0°} | {ab,a®b}
2 | 2 0 0 0

The subgroup C4 contained in Jg is the subgroup generated by a When we
restrict x to N, x;n would be a sum of two G-conjugate characters in N. So
XN = U+ 199, where x|y, ¥ and 97 have the following character values:

{1} | {a} | {a®} | {a®}

XIN 2 0 -2 0

9 1 v -1 -1

W9 1 -1 -1 l

We therefore are in the situation where ¢(¢) = 0, and we can compute that
e(x) = —1, ¢(v) =0 and n(v) = —1.

SW) || q(@) | e(x) | (@) | n()
W7 1 0 1| -1

Let G = Cy and N = Cy. The presentation of Cg is (g : ¢* = 1). Consider
the (linear) character x of Cy defined by x(g) = i. When we restrict x to Cy, we get
a single character ¥ = x|, which means ¢(¢) = 1. x is a complex character of G,
while ¥ is a real character of N, and hence €(x) = 0 and ¢(¢) = 1. This also gives
us the value of the Gow indicator, which is n(J) = —1.
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4 The Superalgebras C|G, N] and R|G, N]|

Throughout this section, G is a finite group, and N <G is a normal subgroup of index
2. We aim to describe the decomposition of the superalgebras C[G, N] and R[G, N]. We
will also describe the super irreducible C[G, N]- and R[G, N]-supermodules.

4.1 Simple subalgebras of CG and RG

In this subsection, we will first recap how we obtain the simple subalgebras of CG
and RG for arbitrary G. We will use a construction that comes from [%, Theorem 3.15].

Let x be an irreducible C-character of G. Its corresponding (primitive) central idem-
potent e, is:

ey = %2@69 € Z(Caq).

geG

It is known that for any x € Irrc(G), e, CG = M,(1)(C), which means ¢,CG is a
(central) simple C-subalgebra of CG. Note that if x is a real character, then e, can also
be seen as a central idempotent in RG.

Lemma 4.1 Let x be an irreducible C-character of G. We have the following:
o x is realisable over R if and only if e,RG = M, 1)(R).
e x is quaternionic if and only if e, RG = M% (H).
o x is complex if and only if (e, + ex)RG = M,1)(C).

[8, Theorem 8.16]

All simple R-subalgebras of RG are of the form (e, + ex)RG for some yx € Irre(G).

4.2 Super simple subsuperalgebras of C[G, N]

Let x be an irreducible C-character of G. Previously we saw that we have two possible
situations regarding xn:

e either x|y is a sum of two irreducible characters of NV that are G-conjugates of each
other, or

e X~ is an irreducible character of N.

These two cases allow us to find the two different possible types of super simple subsu-
peralgebras of C|G, N|:

o If y;nv = 9+199 where ¥ € Irrc(N) and 999 is its G-conjugate, then 97¢ = y. However,
for any g € G\N,

1 o
x(g) =0"(g) = == D07 (wga™") =0
’ | zeG
since zgz~! € G\N for all z € G (which means ¥° (zgz~!) = 0 ). Hence the central
idempotent e, corresponding to x is contained in the subalgebra CN. With this in
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4.3 Super simple subsuperalgebras of R[G, N]

mind, we can use e, to create a super simple subsuperalgebra of C[G, N].

The superalgebra e, C[G, N] is ¢,CG as an algebra, but graded in the following
way:

— Its 0-component is e, CN.

— Its 1-component is e, C[G\ N].
Note that since e, € CN, then e,CN is contained in the subspace CN, while

e, C|G\N] is contained in the subspace C[G\N].
As a superalgebra, e, C[G, N] = Mya)91))(C).

o If yyv = ¥ € Trre(N), then 91¢ = x + sgny (where sgnx(g) = x(g) whenever
g € N, and sgny(g) = —x(g) whenever g € G\N). Note that 9%(g) = 0 whenever
g € G\N, S0 €, + €ggny 1s contained in the subalgebra CN. We can use e, + €sgny t0
create a super simple subsuperalgebra of C[G, N].

The superalgebra (e, + €sgny)C[G, N] is (€y + €sgny )JCG as an algebra, but graded in
the following way:

— Its O-component is (e, + €sgny)CN = eyCN.
— Its 1-component is (€, + €ggny)C[G\N].
As a superalgebra, (&, + €sgny)C[G, N] = My1)(C) &(C & Cv).

We can express C[G, N| as a direct sum of super simple subsuperalgebras in the following
way:

ClG,N = @ Muw.n,)(C) e & M,1y(R) &(C @ Cv).

x€lrre(G) Dex'YeP2 (Irre (G))
X N=0+99 X' =sgn(x),
9,99 €lrre(N) XLN=X| y Elrre (V)

4.3 Super simple subsuperalgebras of R[G, N]

With G, N and x as in the previous subsection, let us revisit the two possibilities
regarding x| n:

o If x\;v = ¥ + 99, then we are able to use e, to construct a super central simple
subsuperalgebra of R[G, N| if  is a real character. If y is real, then the superalgebra
e,R[G, N] is e,RG as an algebra, but graded in the following way:

— Its O-component is e, RV.
— Its 1-component is e, R[G\ N].

From our discussion of the Gow indicator, there are four possibilities if x is real:

e(x) | €(?) | n(?)
1| 1] o0
1| o |1
101l o
110 | -1
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4.3 Super simple subsuperalgebras of R[G, N]

Let us look at these four possibilities:

—If e(x) = 1 and €(¥) = 1, then e, R[G, N] = Mya)va)(R).

(x) =1 and €(¥) = 0, then e, R[G, N] = My1)(R) ®(C & Cv™).
— Ife(x) = —1 and 6(19) —1, then e, R[G, N| = M(m m)(H)

(x) = —1 and €(9) = 0, then e, R[G, N| = My1)(R) ®(C & Cv™).

— If e(x

— If e(x

If x is complex, then the superalgebra (e, +ex)R[G, N] is (e, +ex)RG as an algebra,
but graded in the following way:

— Its 0-component is (e, + ex)RN.

— Its 1-component is (e, + ex)R[G\N].

As a superalgebra, (e, + ex)R[G, N] = M x &)(C)

If xyv = ¥ € Irre(N) then we can use e, + egn(y) to construct a super central
simple subsuperalgebra of R[G, N]| if 9 is real. If ¢ is real, then the superalgebra
(ex + €sgn(y))R[G, N] is (ey + €gn(y))RG as an algebra, but graded in the following
way':
— Its O-component is (e, + €sgn(y)) RN = eyRN.
— Its 1-component is (e, + esgn(y) ) R[G\NV].

From our discussion of the Gow indicator, there are four possibilities if ¥ is real:

e(x) | (@) | n(¥)
I S T
0 | -1 ] 1
S R . |
0 | 1 | -1

Let us look at these four possibilities:
1 and €(¥) = 1, then (e, + €sgn())R[G, N] = My (R) ®(R & Ro™).
=0 and €(v) = —1, then (e, + €ggn())R[G, N] = Moo (R) ®(H & Ho™).

—Ife(x) =
(x)
If e(x) = —1 and €(¥) = —1, then (ey + esgn() ) R[G, N] = M@(R)@(H@HU‘F).
(x)

— If e(x

— If e(x) = 0 and €(d) = 1, then (e + exgn(y))RIG, N| = Mya)(R) &(R & Ro™).

If ¥ is complex, then the superalgebra (e, + ex + €sgn(x) + €y RIG, N] is (e, +
ex T €sgn(x) T €sgnin) JRG as an algebra, but graded in the following way:

— Its O-component is (e, + ex + €sgn(y) + Csen() )>RN'

— Its 1-component is (ey + ex + €sgn(y) + sy RIG\N].

As a superalgebra, (e, + ex + €sgn(y) + €s7)R[G, N] = M, (1) (R) &(C ¢ Cv)

sgn(x)
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4.3 Super simple subsuperalgebras of R[G, N]

The table below describes the super simple subsuperalgebras of R[G, N|. The first column
of the table describes the irreducible C-characters of GG involved in each stage of the direct

sum decomposition of R[G, N].

C-Characters of Super simple sub- Subsuperalgebra | 0-component
G involved in superalgebra of as a subalgebra as a sub-
the decomposition R[G, N] of RG algebra of RNV
{x: X} 6( 7;2(Irr(<c(§?)) : ©
X' =X, e(x) =e(x) =0, My (C
XIN = Y + ’(99, ’19,’[9g S Il"l"(c(N), M(% %)(C) MX(1)<C) XMgg(l)(C)
() =€) =0
{X7 X,7 % w,} € 7)4(IYY(C<G))—:
Y =% ¥=sa(x), ¥ =0 Mo
(0 = (V) = e(w) = ) =0, | Mo®aCacy | OE
XIN = wiN =9 € Il”l”(c(N),
() =0
X € Irre(G) :
e(x) =1, Myay(R)
Xiv =0+ 99, 9,99 € Trre(N), Mg x0)(R) My (R) X Miga(1)(R)
(W) =€) =1
{X, X’} € PQ(IIT(C(G)) :
X' =sgn(x), e(x) =e(x) =1 - My )(R)
y M, (R)®(R & Rot X My (R
Xiv =X\ x =9 € Irg(N x0)(R) @R & Ro™) x My (1)(R) s (R)
€(W)=1
X € Irre(G) :
6<X) = 17 A +
XN = Y+ 99, 9,99 € II"I"(C(N), Mle) (R) ®((C ® Cv ) MX(1)<R) Mﬁ(l)((c>
() =€) =0
{X, X’} € PQ(IIT(C(G)) :
X' =sgn(x) =X, €(x) =¢€(x') =0 - -
oy = XiN = € Irrg(N) M% (R) @(H & Ho™) M, 1)(C) M@(H)
e(v) = -1
X (E §rrC(G) : Vo (ED)
e\x) = _17 @
ow = 9+ 99, 9,09 € Trre(N), Mixg s, (H) My (H) X Mossy (H)
(V) =e(9) = -1 :
X' =sgn(x), e(x) =e€(x') =-1 . X
p M, (R) ®(H & Ho™ 2 M) (H
XiN = Xy =V € Irre(NV) <T( ) o(H  Hu™) X My (H) ¥( )
e(v) = -1 ?
X € Irre(G) :
G(X) = _17 A _
Yy = 0+ 09, 9,99 € g (), | MapR)@(CoCv7) M (H) My (C)
() =€) =0
{X, X’} € PQ(IIT(C(G)) :
X' =sgn(x) =X, €(x) =¢€(x') =0 2 -
Xix = X,y = 9 € Irre(N) M,1)(R) ©(R & Rv™) My 1)(C) M) (R)

e(W) =1
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4.4 Super irreducible C[G, N]-supermodules

4.4 Super irreducible C[G, N]-supermodules

We know that any super irreducible C[G, N]-supermodule can be constructed by in-
ducing an irreducible ungraded CN-module. A super irreducible C[G, N]-supermodule
V' corresponds to an element of BW(C) = Cy, which is determined by the super di-
vision algebra Endaa N](V). Let us go through the two possibilities for a super irre-
ducible C[G, N]-supermodule. To do this, we will explore how super irreducible C[G, N]-
supermodules can be constructed from irreducible CG-modules.

Let V) be an irreducible CG-module with character x.

o If (V}),n is not an irreducible CN-module, then:
— (V)N = V@ Vye, where Vy and Vs are irreducible CN-modules with characters
¥ and 9 respectively, and Vy 2 Vys.

» V, is itself a super irreducible C[G, N]-supermodule with components Vj and
Vﬁg.

— V=V =V,

— The corresponding super simple two-sided superideal summand, C[G, N|*(V}),
is isomorphic to Mya),91))(C). The 0-component is isomorphic to My)(C) x
Myay(C).

— x would be a super irreducible C-super character of (G, N).

When (V) is not an irreducible CN-module, we will say that it has poset type A,
as its corresponding poset diagram resembles the “A” symbol.

19/X\199

o If (V}),n is an irreducible CN-module, then:

G

N

— (Vy)in = Vy, where Vj is an irreducible CN-modules with character 9.
G
— Vo = Vi @ Vimny)-
> V), ® Vign(y) is a super irreducible C[G, N]-supermodule with components con-
structible in the following way:
* Since (Vy)in = Vo =~ (Vign(x))inv, there is a CN-module isomorphism ¢ :
Vi = Vign(o)-
* The components of Vi @ Vign(y) are: Vo = {a+¢(a):ae€V,} and V) =

{a —¢(a) : a € V, }. Both of these components are isomorphic to Vy as CN-
modules.

> As CG-modules, V, 2 Vign(y). As CN-modules, V, = Vg (o).

— The corresponding super simple two-sided superideal summand, C[G, N]*(V,, &
Vien(x)), is isomorphic to Myi)(C) x Myn)(C). The 0-component is {(A, A) :
A € My1y(C)}, which is isomorphic to My(1)(C). The 1-component is {(A, —A) :
A € Mywy(C)}.
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4.5 Super irreducible R[G, N]-supermodules

- End?C[G,N](‘/X ® Vign(y)) = C @ Cu.
— x + sgn(x) would be a super irreducible C-super character of (G, N).

When (V,),n is an irreducible CN-module, we will say that it has poset type V, as
its corresponding poset diagram resembles the “V” symbol.

G sgn(x)

\/

The table below summarises our analysis. The super division algebra specified in each
row is the super division algebra part of C[G, N|*(V') for each possibility of a C|G, N]-
supermodule V =V, & V.

Poset | CG-mod. SDA a Irred.
>~ V7
SDA /C type decomp. simple alg.? Vo =W CG-module?
Ca0 A Vi Yes No Yes
Co Co V Vi + Vign(x) No Yes No

4.5 Super irreducible R|G, N|-supermodules

Any super irreducible R[G, N]-supermodule can be constructed by inducing an irre-
ducible ungraded RN-module. The diagram below shows the different restrictions we
will be performing when finding super irreducible R[G, N]-supermodules.

C|G,N] —— R|[G, N]

| I

CN — RN
Let V), be an irreducible CG-module with character x.

e If V is not an irreducible CN-module, we know that (V) ) n = Vi & Ve, where
Vy and Vye are irreducible CN-modules with characters ¢ and 99 respectively, and
Vi % Vya.

— If e(x) =0, and €(¥) = €(¥9) = 0, then:

x 09 £ 0.

x (Vy);r = Vy where V is an irreducible RG-module of type C.

* (VX)LRN = ((V )UV)UR = (Vﬂ@V@g)iR = (Vg)u}g@(vlgg)ug = Vﬁ@Vﬁg where ng
and Vs are irreducible R/ N-modules of type C. Note that (V JIN = = Vy®Vys.

> ‘:/X is itself a super irreducible R[G, N]-supermodule with components Vy and
Vs .

« VIS = VIO = 7.

% The corresponding super simple two-sided superideal summand, R[G, N]¢(V;,),

is isomorphic to My),91))(C). The 0-component is isomorphic to My)(C)x
Mya)(C).
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4.5 Super irreducible R[G, N]-supermodules

+ End N](V )=Ca0.
* When induced up to C:

> VTCG V,@rC 2V, @ V.

> Vg(CN = Vﬁ QrC=ZVyd Vs and VIJQCN = ‘7199 RQr C = Vys & Vs
* X + X would be a super irreducible R-super character of (G, N).

— If e(x) =1, and €(9) = €(¥9) = 1, then:
x 09 £ 9.
x (Vy)ir = Vi ® V;, where V, is an irreducible RG-module of type R.

* (VX)URJ\L = ((Vx)J,N)UR = (VodVya) g = (Vi) 1D (Vige) g = Vﬁ@vﬁ@%g EB%g
where Vy and Vye are irreducible R/N-modules of type R.

* Given V), we can construct f/ by setting a C-basis {z1, .. (1)} on V; such
that its R-span is an 1rredu01ble RG-module. Slmﬂarly, We can construct
Vy and Vye by setting a C-basis {yi, - yey} and {z1,..., 29} on Vy

and Vs such that their R-spans are 1rredu01ble RN —modules. Note that
(~Vx)¢N = Vy & Vys. i

» V. isitself a super irreducible R[G, N]-supermodule with components Vj and
Viga.

VIO 7IG

* The corresponding super simple two-sided superideal summand, R[G, N ]5( )
is isomorphic to My)s1))(R). The 0-component is isomorphic to My)(R)x
My (R).

+ End N}(V )=R®O.

* When induced up to C:

VT(CG V ®r C=2V,.
> VQCN = Vy @r C =V and Vi7" = Vyo @r C =2 V.
« x would be a super irreducible R-super character of (G, N).

— If e(x) =1, and €(9) = €(¥9) = 0, then:
x 99 = 1.
x (Vi) = Vi ® V;, where V is an irreducible RG-module of type R.

* (Virny = (Viiv)ir = (Vo @ Vs )ig = (Vo) g © (Vi ) g = Vgﬁ% %g where
Vg and Vs are irreducible RN-modules of type C. Note that (V, © Vy) v =
Vﬁ EB Vﬁg

> V b V is itself a super irreducible R|[G, N]-supermodule with components
Vg and Vﬁg

> As RG-modules, V, ® 0= 0@ V.

« VIC=VIE=V, eV,

* The corresponding super simple two-sided superideal summand, R[G, N ]5(\~/X69
V,), is isomorphic to My)(R) @(C & Cuv™), which, as an algebra, is isomor-
phic to M, 1)(R). The 0-component is isomorphic to Myn)(C).

* Endﬁ[a,z\/}(vx oV,)=CaCu .

* When induced up to C:
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4.5 Super irreducible R[G, N]-supermodules

> (V@ V)1 = (V@ V,) @ C 2V, @ V.
VJCN = VJQCN = Vg C=Vy Vs
* 2x would be a super irreducible R-super character of (G, N).

—If e(x) = —1, and €(¥) = €(v9) = —1, then:
x 99 £ 9.
x (Vy)ir =V, where V is an irreducible RG-module of type H.
x (V)ry = (V) )ie = (Vo @ Vo) iz = (Vo)1 ® (Vo) iz = Vo @ Vo where Vi
and Vyy are irreducible R/N-modules of type H. Note that (V JIN = = Vy® Vis.
> V is itself a super irreducible R[G, N]-supermodule with components Vy and
Vﬂg
VIO
* The corresponding super simple two-sided superideal summand, R[G, N]*( X)
is isomorphic to M, (20 200 (H). The 0-component is isomorphic to M @) (H) x
2 0 2 2
Mﬂ(l) (H).
* Endiﬂ’{[GN(V) He 0.
* When induced up to C:
> VI =V, @ C2 V@V,
> VJ(CN = ‘719 Rr C = Vyd Vy and ‘Z;CN = ‘71951 Rr C = Vys @ Vys.
* 2x would be a super irreducible R-super character of (G, N).

— If e(x) = —1, and €(9) = €(¥9) = 0, then:

x 09 = 9.

x (Vy)ir =V, where V is an irreducible RG-module of type H.

* (VX)LRN = ((V )iN)iR = (Vﬁ@vﬁg)w{ = (Vﬁ)\LR@(Vﬁg)uR = Vﬁ@Vgg where ‘/;9
and Vys are irreducible R/N-modules of type C. Note that (V )N = = Vy® Vys.

> V is itself a super irreducible R[G, N]-supermodule with components Vy and
ngg

CVIG ZVIE 7,

% The corresponding super simple two-sided superideal summand, R[G, N]¢(V4,),
is isomorphic to My)(R) ®(C @ Cv™), which, as an algebra, is isomorphic
to My(1)(H). The O-component is isomorphic to My)(C).

* When induced up to C:

> VI =V, @r C 2V, @V,
> VQCN =2V =Ty @ C 2V @ V.
+ Endge N](V ) =CaoCot.
* 2x would be a super irreducible R-super character of (G, N).

o If V, is an irreducible CN-module, we know that (V,),n = Vjy, where Vj is an
irreducible CN-module with character ¢, Vg ¢ = Vi @ Vign(x), and the components

Vo and Vp of Vg G = Vi @ Vign(y) are isomorphic to Vy, and are constructed in the
following way:
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4.5 Super irreducible R[G, N]-supermodules

* Since (Vi)nv = Vi = (Vign(y))yn, there is a CN-module isomorphism ¢ : V) —
Vagn(o)-

* The components of Vy @ Vign(y) are: Vo = {a+¢(a):a € V,} and Vi, = {a —
¢(a) : a € V, }. Both of these components are isomorphic to Vy as CN-modules.

— If e(x) = e(sgn(x)) = 0 and €(9)) = 0, then:
« sgu() # X o o
* (Vi @ Vagno)ie = (Vi) e © (Vean( )k = Vi @ Vign(y), where Vi and Vigny

are irreducible RG-modules of type C.

* (Vi@ Vigno Juzw = (Vi © Vagno )i )ir = (Vo @ Vo) e = (Vi )iz © (Vo) im
Vy@Vy where Vjy is an irreducible RN-module of type C. Note that (V}),n
(Vegno )uv = Vs

» V@ Vign(y) is itself a super irreducible R[G, N]-supermodule with compo-
nents (‘/0>UR and (%)}R erre, (%)¢R = (‘/1)@2{ = Vﬂ~ ~ ~

> As RG-modules, Vi 2 Vign(y)- As RN-modules, V) = Vi) = Vy.

* The corresponding super simple two-sided superideal summand, R[G, NJ* (‘7 S

Vien(x)), is isomorphic to My(1)(C) x Myn)(C). The 0-component is {(A, A) :
A € Myu)(C)}, which is isomorphic to My)(C). The l-component is
{(A,—A): A e My)(C)}.
* End?R[G’N](VX ® Vign(y)) = C @ Co.
* When induced up to C:
> (Vi @ Vagn() €6 = (Vi @ Vign)) ®r C 2V, @ Vi @ Vigny) @ Vs

> %T(CN = VfCN = Vﬁ Rr C = Ve & Vg.

* X + X + sgn(x) + sgn(x) would be a super irreducible R-super character of
(G, N).

sgn(x)"

— If e(x) = €e(sgn(x)) = 1 and €(¢) = 1, then:

* sgn(x) # X. S ~ ]

* (Vy EB~ngn(x))¢R = (Vi)ir ® (Vagn( i = Vi © Vi © Vign(x) @ Vign(y), Where V5
and Vig,(y) are irreducible RG-modules of type R.

* (Vi ® Ve )iy = (Ve @ Vign(o Juw) e = (Vo © Vo) = (Vo)ir © (Vo)im =
Ve @ Vy® Vy @ Vy where Vﬁ is an irreducible R/N-module of type R.

* Given V) and Vg, (y), we can construct f/x and Kgn(x) by setting a C-basis
{z1,.. 2y} and {y1, ..., yyq)} for Vi and Vi, such that their R-spans
are irreducible RG-modules.

>V, D ngn (x) 1s itself a super irreducible R[G, N]-supermodule with compo-
nents VO and Vl, where VO and V1 are the R-spans of {1+ go(xl) S Ty(1) T

©(xyn))} and {@1 — p(x1), ..., 2y1) — @(xyq))}. Here, Vo=V V19
> As RG-modules, f/x > f/sgn(x). As RN—modules, VX &~ ngn () = ng.

* The corresponding super simple two-sided superideal summand, R[G, N ]5(\7X@
Vien(x)), is isomorphic to My(1)(R) x Mya)(R). The 0-component is {(A, A) :
A € Myn)(R)}, which is isomorphic to My)(R). The l-component is
{(A,—A): A € Myq)(R)}.
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4.5 Super irreducible R[G, N]-supermodules

* Ende[G,N](VX D ‘7sgn(x)> =RoRv™.
* When induced up to C:
> (Vs © Vign(0) ¢ = (Vy @ Vagniy) @ C = Vy @ Vigny)
> VN = VJCN =V ®p C vﬂ.
* X + sgn(x) would be a super irreducible R-super character of (G, N).

— If e(x) = €e(sgn(x)) = 0 and €(v) = —1, then:

* sgn(x) = X- o i i

* (Vi @ Vagno Jir = (Viir @ (Vagn(o Jir = Vi @ Vign(y)» where Vi and Vign(y
are irreducible RG-modules of type C.

* (Vi @ Vigno urw = (Vi ® Vagno Juv Jir = (Vo @ Vo)yr = (Vo)ir @ (Vo)ur
V1969V19 where Vg is an irreducible RN-module of type H. Note that (V}),x
(stgn( ))¢N = Vﬁ

>V, @ ngn () is itself a super irreducible R[G, N]-supermodule with compo-
nents (Vp)r and (Vl)uR Here, (Vo)r = (Vi)r = Vy.

> As RG-modules, VX & ngn( )-

% The corresponding super simple two-sided superideal summand, R[G, N]¢(V, @

Vign(y)) is isomorphic to M o) (R) ®(H @ Hv~) which, as an algebra, is iso-

morphic to My(1)(C). Its 0-component is isomorphic to Mq, (H).
2

* Endﬁ&[G,N}(Vx 52 f/sgn(x)) =~ H o Hut.
* When induced up to C:
> (Vy ® Vignin) 1 = (Vye @ Vignr) @1 € 2 Vo @ Vi @ Vagn(y) ® Ve
V@V, @ Vi@ Vs
> %T(CN = ‘71T(CN = ‘779 ®r C = Vyd Vy.
* 2(x +X) = 2(x +sgn(x)) would be a super irreducible R-super character of
(G, N).

||2 ||

12

— If e(x) = €e(sgn(x)) = —1 and ¢(¥) = —1, then:

v sgn(x) £ X o o

* (Vi ® Vagn(o )ir = (Vi @ (Vegnoo Jir = Vi @ Vign(ry, where Vi and Vigny)
are irreducible RG-modules of type H.

* (Vi @ Vigno irw = (Vi ® Vagno Juv Jir = (Vo @ Vo) yr = (Vo)ir @ (Vo)ur
Vﬁ@‘/ﬁ where ng is an irreducible RN-module of type H. Note that (V}),x
(Vegnoo) v = V.

>V, @ ngn () is itself a super irreducible R[G, N]-supermodule with compo-
nents (Vp)r and (Vl)}R. H~ere, Vo)ir = (V1) 1r = ng; i

> As RG-modules, Vi 2 Vign(y). As RN-modules, V) = Vg >~ V.
* The corresponding super simple two-sided superideal summand, R[G, NJ* (‘7 S
Vien(x)), is isomorphic to M (H) x M) (H). The 0-component is {(A, A) :
2 2
A € Moy (H)}, which is isomorphic to Masa) (H). The l-component is
{(A,—A)" A € My (H)}.
* Endpg (Vi @ Vign(n) = H@ Ho™
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4.5 Super irreducible R[G, N]-supermodules

* When induced up to C:
D(‘7><G9‘~/Sgn( )TCG (V @ngn )®RCNV D Vy @ Vign(y)
> %N:N = ‘71TCN = Vg QrC=ZVyp Vy.

% 2x + 2sgn(x) would be a super irreducible R-super character of (G, N).

® ngn(x)'

— If e(x) = e(sgn(x)) = 0 and €(¥) = 1, then:
* sgn(x) =X
* (Vy)r = V4, where V is an irreducible RG-modules of type C.
* (Virny = (Viiv)ir = (Vo)ir = Vy @NV,g where Vy is an irreducible RN-
module of type R. Note that (V) v = Vy & Vy.

> VX is itself a super irreducible R[G, N]-supermodule. To construct its compo-
nents Vp and V;, we first note that (Vy)in = Vy is an irreducible CN-module
such that e(¥) = 1. Hence (Vy)r = Vy @ V. We can construct V, by taking
a C-basis {x1,..., 2,1} of Vy whose R-span is an irreducible RN-module.

V, will be the R—span of {ix1,... ixya)}. We note that Vo2V, 2 V.

* The corresponding super simple two-sided superideal summand, R[G, N|°® (VX),
is isomorphic to My)(R) ®(R & Rv™), which, as an algebra, is isomorphic
to My1)(C). The O-component is isomorphic to My (R).

* When induced up to C:

> VIS0 — 1, 05 C = Vy & Vi,
o T 2 TN Z T g2,
+ Endge N](V ) 2R @ RoT.
% X + X would be a super irreducible R-super character of (G, N).

The table below summarises our analysis. The super division algebra specified in each
row is the super division algebra part of R[G, N|°(V') for each possibility of an R|G, N]-

supermodule V =V, & V1.

Poset | RG-mod. | RG-mod. SDA a RN-mod. Irred.

SDA /R type decomp. type simple alg.? Vo = W7 type RG-module?
Coo0 A f/x C Yes No C Yes
CeCo vV ‘N/X &) ffsgn(x) C No Yes C No
R&e0 A Vx R Yes No R Yes
RORvT | V| Vi ® Vigniy R No Yes R No
C o Co* A f/x D NX R Yes Yes C No
H & Ho~ \Y, ~x @ f/sgn(x) C Yes Yes H No
HG0 A Ve H Yes No H Yes
He Hot Vv VX D f/sgn(x) H No Yes H No
Ceo Cu~ A f/x H Yes Yes C Yes
R & Rv~ Vv ~x C Yes Yes R Yes
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4.6 Interpretation of the Gow indicator

We end this section with an interpretation of the Gow indicator. Since the Gow
indicator 7(¢)) of an irreducible C-character ¥ of N is equal to either 1, 0 and —1, it is
tempting to think that the Gow indicator is acting like the Frobenius-Schur indicator
on some kind of module. This is in fact true, and we will outline this in the upcoming
subsection.

4.6 Interpretation of the Gow indicator

Ideas in this subsection are inspired from [9]. Again, let G be a group and let N <G be
a normal subgroup of index 2. Then we can construct the group superalgebra R[G, N].
From this, we construct a different superalgebra A = (R ® Rv~) ® R[G, N]. This has
homogeneous components Ay = (R ® RN) + (Rv™ @ R[G\N]) 2 RG and 4; = (R®
R[G\N]) + (Rv~ @ RN).

Now let V' be an irreducible .A-module. Our task is to relate End4 (V') with the Gow
indicator. To this end, we note that V is itself an RN-module. Let W C V be an
irreducible RN-submodule of V. Let 9 be the character of the CN-module CerW. This
is a character of IV, and is either irreducible, or a sum of two irreducible characters of N.
Let ¥ be an irreducible constituent of . We can now state the following theorem:

Theorem 4.2 (Gow indicator Theorem)
1 if Endy(V)

1
n(v) := i Z I(g*) =40 if Endy(V)
9EG\N 1 if Endy(V)

)

R
C,
H

A proof of this theorem can be sketched by comparing the Super Frobenius-Schur
indicator table with the R[G, N] decomposition table on page 53.

S@) | q(?) | e(x) | e(?) | n(?)
0 0 0 0 0
0 1 0 0 0
1 0 1 1 0
w 1 1 1 1
w? =i 0 1 0 1
w? 1 0 -1 1
wt= -1 0 -1 -1 0
w? 1 -1 -1 -1
WO=—i | 0 -1 0 -1
w’ 1 0 1 -1

Super Frobenius-Schur indicator table

We note that in the above table, the values in the €(x) and n(?) columns follow the
same cyclic sequence in the rows with non-zero S(¢) value. In the last 8 rows, the sequence
in the e(x) column is the same as the sequence in the n(¢}) column, but shifted up by
one space. So given any 9 € Irre(N) and its corresponding super simple subsuperalgebra
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4.6 Interpretation of the Gow indicator

B = By® By, the superalgebra (R©®Rv~) @ B will be, as an algebra, isomorphic to either
M, (R), M, (C), M,(H), M,(R) x M,(R), M,(C) x M,(C) or M,(H) x M,(H) for some
n > 1, and we can see that:

e n(¥) = 1if (R® Rv~)® B is isomorphic to M,(R) or M,(R) x M,(R) for some
n>1.

e (1Y) = 0 if (R® Rv~)® B is isomorphic to M, (C) or M,(C) x M,(C) for some
n > 1.

e n(¥) = —1if (R Rv~)® B is isomorphic to M, (H) or M, (H) x M, (H) for some
n>1.

From this observation, we get the Gow indicator theorem. This result was interpreted in
a similar way in [9, Theorem 4.2].
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5 Clifford Algebras

In this section, we will give one final family of examples of superalgebras, namely
Clifford Algebras (named after William K. Clifford). We will construct Clifford Algebras
over R and C, and see how we can relate them to an element of BW(R) and BW(C).
The theory in section is based on material from [2, Chapter 9, Section 2].

5.1 Introduction to Clifford Algebras

Let V' be a finite dimensional F-vector space. Let us introduce some notation.
The n-fold tensor product of V' with itself,

Veave -V,

n times

n 0
will be written as ® V. By convention, ® V:.=F.
Definition 5.1 The tensor algebra of V is the vector space
T(V):=)_ (@V) —FoVeVoV)a(VeVeV)d---.
n=0
So each element of T'(V') is a sequence of tensor products, only finitely many of which
are non-zero. Clearly T'(V') is infinite dimensional over F'. The multiplication in T'(V') is

induced by
n m n+m
(&)« (®] &
where (V] @ Ve ® -+ @ Uy, W QWe R+ ++ R Wpy) F> V] RV R -+ - QU W1 R W R+ ++ @ Wy

This makes T'(V') into a ring, and indeed an F-algebra.

For example, if V' is a 1-dimensional F-vector space, we may write V = Fx for any
non-zero x. Then T'(V') = F[z], which is the algebra of F-polynomials in the variable .
Under this isomorphism, x ® z is mapped to 22, etc. So T'(V) is a polynomial algebra.

Now, given a finite dimensional F-vector space, let ¢ : V' — F be a quadratic form (g
is not necessarily non-singular). Let I(q) be the two-sided ideal in T'(V') generated by

{vev—q) lrpy:veV}.

Note that 1y = 1p.

Definition 5.2 Given a finite dimensional F-vector space V' and quadratic form ¢ on V,
the Clifford Algebra C(V,q) is defined as

C(\V,q) =T(V)/1(q).

We note that the composition V' — T(V) — C(V, q) gives us a natural injection from
V to C(V,q), since VN I(q) = Oy.
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5.1 Introduction to Clifford Algebras

Example. Let V' = Fz (where z is non-zero), and let ¢ = (a) be a 1-dimensional form on
V (where a € F*). Suppose q(x) = a. Then we have T'(V) = F[z] and I(q) = (2* — «),
which is the ideal generated by x? — . That means C(V, q) = Flz]/(z* — «). If a is not
a square in F', then C(V,q) = F(y/«a), which is a quadratic extension field.

Now that we have defined C(V,q), we give it a superalgebra structure as follows:
Write C(V,q) = Ag @ A;, where Ag is the image of )’ ((%V) in the natural map

n even

T(V)— C(V,q), and A, is the image of > <<§V>
n odd
Essentially, C'(V, ¢) inherits the natural grading of 7'(V'). We note that I(g) is in the

even part of T'(V'). We shall denote the even part of C(V, q) as Cy(V, q) and the odd part
as C1(V, q).

Let us outline some properties of Clifford Algebras.

Let V' be an F-vector space, and let ¢ be a quadratic form on V. If {z,...,2,}
is an orthogonal basis for V' (with respect to the associated bilinear form (a,b) =
q(a +b) — gq(a) — q(b)), then, in C(V,q), z;x; = —z,x; whenever i # j. In other words,
distinct z;’s anti-commute in the Clifford Algebra.

This can be quickly verified: z;,z; being orthogonal with respect to ¢ means g(z; +
z;) — q(x;) — q(z;) = 0. Hence, in C(V,q), (x; + x;)* — 2] — 23 = 2} + z;2; + 252, + 25

—r} — 1) = rwy 4 v = 0 = w0y = —x;1;.
Proposition 5.3 Let (V,q) be a quadratic vector space, and let {x1,...,x,} be an or-
thogonal basis for V' with respect to q. Set a; = q(z;), i =1,...,n.

Then {1,x1,Z9, ..., Tp, T1T2, T1T3, . . ., Ty_1Tp, T1ToL3, ..., T1To -+ Ty} 1S a basis for

C(V,q). In particular, dimg(C(V, q)) = 2", independent of the choice of basis for V.

We remark that not all o;’s are necessarily non-zero.

Proposition 5.4 Let (V,q) be a quadratic F-vector space. If V is even dimensional,
then C(V,q) is a central simple algebra over F. If V is of odd dimension, then Cy(V,q)
1s central simple over F.

Before we look at the super tensor product of two Clifford Algebras, let us outline a
universal property of C'(V, q).

Proposition 5.5 Let F be a field, (V,q) a quadratic F-vector space, and A an F-algebra.
Suppose we have a linear mapping f : V. — A which is compatible with q in the sense that
f(v)? = q(v) - 14. Then there exists a unique F-algebra homomorphism g : C(V,q) — A
such that f = goi, where i : V — C(V,q) is the natural injective map we outlined earlier.
We have the following picture:

Proof. We have our natural map V/ z, T(V) % C(V,q). That means i = po4’. Let us
define the linear map h : T'(V)) — A. Given a sequence (g, (v1,1), (V2,1 ®v22), (V31 QU3 2@

U373), . ) n T(V), h would map this to /\0+f<1)1,1)+f(112,1)f(112,2)—|-f(’l)371)f(’l)372)f(’0373)+
---. We now have the following picture:
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5.1 Introduction to Clifford Algebras

A

3
! RN
/ ih \\\\

Vs T(V) — C(V.g)

By the universal property of tensor product, f factors via h : T(V) — A. Let us
show that h vanishes on I(q) (this would yield a well-defined map g : C(V,q) — A). We
have h(v®@v—q(v)-14) = h(v@v)—h(q(v)-14) = f(v)?—q(v)-14 = 0 by compatibility. B

Let us now recall that, given a quadratic form ¢ on V', there is a symmetric bilinear

form ¢ : V x V — F associated with g. ¢ would be defined by ¢(v,w) = 1(g(v + w) —
q(v) — q(w)). This works when charF' # 2. When our underlying field F' does not have
characteristic 2, we have a one-to-one correspondence between the set of quadratic forms
on V and the set of symmetric bilinear forms on V. The reverse correspondence is given
by ¢(v) = ¢(v, ).
* From now on, we will assume the characteristic of F' is not 2.

Let V1, V5 be F-vector spaces with respective quadratic forms ¢; and ¢». Denote the
symmetric bilinear forms associated with ¢; and ¢y as ¢; and ¢ respectively. Let V; @& V5

be the direct sum of the vector spaces. We define a symmetric form on V; @& V5 as follows:
VieV)x(Viel) = F

(v1 @ 2, V] B y) = 1 (v1,v7) + a(v2, v3).

It is straightforward to check that this is a symmetric bilinear form. It is called the
orthogonal sum of ¢; and ¢,. It is denoted as ¢; L ¢o. We note that, for any v; € Vi,
vg € Vo, (1 L ¢2)(v1,v2) = ¢1(v1,0) + ¢1(0,v2) = 04 0 = 0. So, under this symmetric
bilinear form, every vector in V] is orthogonal to every vector in V5. We may denote the
quadratic form associated with ¢ L ¢ as ¢; L go.

We can now explore the super tensor product of two Clifford Algebras.

Proposition 5.6 Let (Vi,q1), (Va, q2) be quadratic F-vector spaces. Then C(Vi@® Vs, q1 L
@) = C(Vi,q1) ®C(Va,q2) as superalgebras.

Recall that, given two superalgebras A, B, f : A — B is a superalgebra homomor-

phism if f is an algebra homomorphism that satisfies f(A;) C B; for i =0, 1.

Proof. Let us construct the linear map fo: Vi @ Vo — C(V1,q1) @ C(Va, @), v1 ® vy
(v ® 1) + (1 ® vy). This is compatible with ¢; L ¢ since, using multiplication in
C(‘/la Ch) ® C(‘/Qa Q2>7

foi@n)?=w1+10un) (1 e1+1Qw) =07 1+1Qv)
1 @U — 1 @ =R 1+10v;=q[) ®1+1® ¢(vy) =

q1(v1) - 14 q2(v2) - 1 = (qu(v1) + @2(v2)) - 1 = (@1 L @2)(v1 D v2) - 1.

Hence, by the universal property of C(V} @ Vo, 1 L o), fo factors through f : C(V; @
Va,q1 L g2) = C(Vi,q1) @ C(Va, g2). We have the following picture:

C(Vi,q1) ®C(Va, ga)
+

% f\\\\\\‘f
| Tl

ViV, —— T(VidVy) —— C(Vid Va,q1 L qo)
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5.2 Clifford Algebras over C

Note that f is surjective as the image of f, generates all of C'(Vi,q1) @ C(Va, q2).

To show that f is a superalgebra isomorphism, we can construct the inverse of f.
To this end, we note that the map

natural injection

Vi—=ViaW CVieVa,q1 L qo)

is compatible with ¢;. Hence, by universality, there exists a map oy : C(Vi,q1) —
C(Vi1® Va,q1 L g2). Similarly, the natural map

natural injection

Vo= Vi@V, CVieVa,q1 L qo)

gives us ag : C'(Va,qa) = C(V1 @ Vo, q1 L ¢2). Each a; is a superalgebra homomorphism,
and the images of a; and ay "anti-commute” in the sense described earlier. This is a
consequence of the earlier remark that elements of an orthogonal basis anti-commute in
the Clifford Algebra. Hence, we can create a well-defined superalgebra homomorphism:

a@ay: C(Vi,q1) @C(Va,q2) = C(Vi @ Vo, L qo).

We can check that (a; ® as) o f is the identity map (on C(Vi @ Vo,q1 L ¢2)) by
verifying that it is the identity on elements of an orthogonal basis for (V; & Va,¢q1 L ¢2).
We conclude that f is a superalgebra isomorphism. [ |

5.2 Clifford Algebras over C

Let us now give an example of a C-Clifford Algebra C(V, q) for every class in BW(C),
the Brauer-Wall group of C. We need to specify both the real vector space and the
non-singular quadratic form.

(i) 2° = [C® 0] = 1pw(c):
V = R?, ¢ is represented as (é (1)) The basis of C(V, q) is {1, z,y,zy}. So Cy(V, q)
span(1l,zy) and Cy(V,q) = span(z,y). We can see that, in this case C(V,q)
Mqa 1y(C).

(i1) ' = [C @ Cuv]:
V = Rz, ¢ is represented as (1) The basis of C(V,q) is {1,z}. So Cy(V,q) =R -1
and C1(V, q) = Rz. We can see that, in this case C'(V, q) = C @ Cv.

[raml

5.3 Clifford Algebras over R

Let us now give an example of an R-Clifford Algebra C'(V, q) for every class in BW (R),
the Brauer-Wall group of R. We need to specify both the real vector space and the non-
singular quadratic form.

(Z) ZEO = [R D O] = 1BW(R):
V =R?, gisrepresented as (§ % ). The basis of C(V, q) is {1, z,y, zy}. So Co(V,q)
span(1l,zy) and Cy(V,q) = span(z,y). We can see that, in this case C(V,q)

11l

(ii) 2! = [R @ RuT):
V = Rux, ¢ is represented as (1) The basis of C(V,q) is {1,z}. So Cy(V,q) =R -1
and C1(V,q) = Rx. We can see that, in this case C(V,q) = R @ Ro™.
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5.3 Clifford Algebras over R

(ii1) 2* = [C® Cv™]:
V = R?, ¢ is represented as ((1) ?) The basis of C(V, q) is {1, z,y,zy}. So Cy(V, q)
span(1,zy) and C1(V,q) = span(z,y). We can see that, in this case C(V,q)
Co Cut.

(iv) 23 = [H & Ho™]:

V = R3, g is represented as (é
Y

[t

§). The basis of C(V, q) is {1, x,y, z, zy, xz,yz, xyz}.

0
0
yz) and C1(V,q) = span(z,y,z, xyz). In this case,

So Co(V,q) = span(l,zy, zz
C(V,q) =He Ho.
(v) z* = [H @ 0]:

V = R3, g is represented as

o—OO

0
§ . The basis of C'(V, q) is {1, w, z, y, z, wz, wy, wz,

SOoOO+
oo—O

Y, T2, Yz, wry, wrz, wyz, xyz, wryz . So Cy(V, q) = span(l, wz,wy,wz,zy, xz,yz,
wzyz) and C1(V, q) = span(w, z,y, z, wry, wrz, wyz,ryz). In this case, C(V,q) =
M, 1 (H).

(vi) 2% = [H & Ho™]:
V = R3, q is represented as (_81 21 §1 > The basis of C(V, q) is {1, x,y, z, 2y, x 2, y=z,
xyz}. So Co(V,q) = span(l,zy,xz,yz) and C1(V,q) = span(z,y, z,zyz). In this
case, C(V,q) X He Ho'.

(vii) 28 = [C® Cov7]:
V = R? ¢ is represented as (' %). The basis of C(V,q) is {1,z,y,zy}. So
Co(V,q) = span(1, zy) and C;(V, q) = span(z,y). In this case, C'(V,q) = C @ Cv~.

(viii) 2" = [R® Ro~|:
V = Rz, q is represented as (—1). The basis of C'(V, q) is {1,z}. So Cy(V,q) =R-1
and C1(V, q) = Rz. In this case, C(V,q) = R G Ro~.

We note that when char(F) # 2, a Clifford Algebra C'(V, q) over F'is ordinary central
simple if V' is of even dimension, and C(V, q) is not ordinary central simple if V" is of odd

dimension.
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6 Conclusion and Future work

Throughout the thesis, we have seen that many results regarding algebras and modules
have their equivalents in Superalgebra Theory. One important result we have proven is
the Super Wedderburn’s Theorem, which states that any super semisimple superalgebra
is a direct sum of super simple superalgebras of the form M, ® D where D is a super
division algebra.

Given a field F', we have also defined a group of equivalence classes of super central
simple F-superalgebras called the Brauer-Wall group of F' (denoted as BW (F')), which
is the superalgebra equivalent of the Brauer group. One important result is that, if
char(F) # 2, then we have BW(F)/P(F) = Cy, and P(F)/Br(F) = F*/F*2.

We have also introduced the Super Frobenius-Schur indicator of a super irreducible
C-super character of (G, N). It associates a C[G, N]-supermodule with a super division
algebra over R. We also studied in detail the supermodules of the superalgebras C[G, N]|
and R[G, N|, and how we can construct them from ordinary modules.

There are a couple of topics in the theory of superalgebras that can be explored in fu-
ture work. For example, one could examine the theory of super semisimple superalgebras
over a field of characteristic 2. Further reading on this topic can be found in [5].

One may also study super representations and super characters of specific pairs (G, N),
where N <G and |G : N| = 2. A potentially interesting set of examples would be the
pairs (S,, A,), (2-55,2-A,), and (2-5,,2- A,).

One could also explore the theory of graded algebras when the grading is over a
different group. Given a group G, one can explore if there are complications to the
theory of G-graded algebras if the characteristic of F' divides the order of G.

To generalise the idea of a group superalgebra, let G be a group and let N <G be
normal subgroup of index p. Let ¢ € G\N. Then we could give CG a C,-grading by
letting the 0-component be CN, and the i-component be C[Ng']. One can introduce
a generalised version of the Frobenius-Schur indicator that applies to characters of CG.
The C)p-graded Frobenius-Schur indicator would relate characters of CG with C),-graded
division algebras.

Another further topic one could explore is the Category Theory of superalgebras,
supermodules and super homomorphisms. Studying this topic can explain why much of
the structure theory of algebras and modules can be carried over to superalgebras and
supermodules.
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