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One of the major challenges slowing down the use of unmanned
aerial vehicles (UAVs) as aerial base stations (ABSs) is the limited
onboard power supply, which reduces the flight time of a UAV. Using
a tether to provide UAVs with power can be considered a reasonable
compromise that will enhance the flight time while limiting the mo-
bility of the UAV. In this article, we propose a system where ABSs are
deployed at the centers of user hotspots to offload the traffic and assist
terrestrial base stations. First, given the location of the ground station
in the user hotspot (user cluster) and the spatial distribution of users,
we compute the optimal inclination angle and length of the tether.
Using these results, we compute the densities of the tethered UAVs
deployed at different altitudes, which enables the tractable analysis
of the interference in the considered setup. Next, using tools from
stochastic geometry and an approach of dividing user clusters into
finite frames, we analyze the coverage probability as a function of the
maximum tether length, the density of accessible rooftops for UAV
ground station deployment, and the density of clusters. We verify
our findings using Monte Carlo simulations and draw multiple useful
insights. For instance, we show that it is actually better to deploy UAVs
at a fraction of the clusters, not all of them as it is usually assumed in
the literature.
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I. INTRODUCTION

The use of unmanned aerial vehicles (UAVs) in a variety
of emerging commercial and military applications, such as
aerial surveillance, border defense, traffic control, trans-
portation, logistics, precision agriculture, search and rescue
operations, disaster relief, to name a few, has sparked a lot
of interest [1]. Recently, many researchers have studied the
possibility of using UAVs as aerial base stations (ABSs) to
support terrestrial users and assist terrestrial base stations
(TBSs) [2], [3], [4], [5], [6], [7]. This is motivated by the
high probability of establishing a line-of-sight (LoS) chan-
nel when the base station (BS) is deployed at high altitude.
Moreover, the UAV’s mobility and relocation capability
would greatly improve its deployment flexibility and give
it the ability to intelligently adjust its positions in real time
in order to afford high quality of service.

In addition, because of its simple, fast, and cost-efficient
deployment, UAVs can be used in emergency and disaster
recovery scenarios to serve mobile users in recovering ar-
eas [8]. It can also be used to provide extra coverage to areas
that experience heavy traffic conditions exacerbated by
mass events such as large-scale activities, such as sporting
events, festivals, conferences, exhibitions, and concerts.

Indeed, UAVs introduce several improvements over
conventional infrastructure, but practical limitations have
prevented it from attracting the attention of the industrial
sector. The most important limitation is the power supply,
which extremely affects the flight time and the ability of
communication and data processing. This reduces the effi-
ciency of the UAV since it needs to revisit a ground station
(GS) every period of time to recharge or change the battery
and, as a consequence, its coverage area will be temporarily
out of service. Gupta et al. [9] present the issues of UAV
communication networks in more details.

Fortunately, these issues can potentially be solved using
the tethered UAV (T-UAV), which is a UAV connected to
a GS with a tether. The tether carries two cables: one for
power and other for data. The GS can be located on a rooftop
or a mobile station [10]. With a stable power supply, the
T-UAV can achieve much longer flight times and support the
required power for onboard communication and processing.
Besides the continuous energy supply, the tether allows
totally secured and high-speed data transfer (backhaul link).

Nevertheless, the T-UAVs are also susceptible to some
limitations caused by the tether [11]. First, the UAV is no
more flexible. It depends on the location of the GS, which
depends on the availability and accessibility of rooftops.
Second, the tether of the T-UAV restrains the freedom of
its mobility around the GS. In fact, besides the maximum
tether length, the T-UAV is also constrained by the minimum
inclination angle, which is a security angle to avoid tangling
with the buildings surrounding the GS and to ensure safety.

Despite these limitations, the T-UAV can be a viable
alternative for the U-UAV, especially that it has been demon-
strated in previous work that providing a sufficient number
of GS locations accessibility and long enough tether, the
T-UAV outperforms the U-UAV [12].

7890 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 59, NO. 6 DECEMBER 2023

Authorized licensed use limited to: Maynooth University Library. Downloaded on October 17,2024 at 13:13:06 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0009-0000-9724-7146
https://orcid.org/0000-0001-7518-2783
https://orcid.org/0000-0003-4827-1793
mailto:safa.khemiri@kaust.edu.sa
mailto:slim.alouini@kaust.edu.sa
mailto:mustafa.kishk@mu.ie


Unlike the T-UAV, the U-UAV has no mobility con-
straints. It can move around freely allowing us to deploy
it in the optimal location, which is the cluster center, as
demonstrated in [12]. However, the U-UAV is limited by its
energy. While T-UAVs can stay in the air and operate with-
out interruption for days, U-UAVs can only hover for 1 or 2 h
before landing to change their batteries. Hence, the U-UAV
cannot be continuously available like the T-UAV. To account
for U-UAV unavailability when analyzing U-UAV systems,
researchers introduce a duty-cycle parameter A ∈ [0; 1] that
is determined by the charging and serving duration of the
U-UAV [10], [12]. Regarding the channel model, both the
T-UAV and U-UAV links experience Nakagami-m fading
but with distinct parameters. Therefore, the primary distinc-
tions between T-UAVs and U-UAVs come down to mobility
restrictions and flight duration.

In this article, we address a novel setup related to the
large-scale deployment of T-UAVs for wireless coverage
enhancement. More details on the contributions of this
article are provided later in Section I-B. However, first,
we go over the most relevant literature in the following
subsection.

A. Related Work

Motivated by its tractability, stochastic geometry has
been widely used to analyze integrated aerial–terrestrial net-
works [11], [12], [13], [14], [15], [16], [17], [18]. Alzenad
and Yanikomeroglu [13] suggest a method for analyzing
coverage and rate in an aerial–terrestrial network. They
use the Poisson point process (PPP) to model the loca-
tions of BSs, and ABSs are assumed to be at the same
altitude. The downlink performance is analyzed under the
assumption that air-to-ground (A2G) and terrestrial links
experience Nakagami-m fading and considering the oc-
currence of LoS and non-line-of-sight (NLoS) transmis-
sions separately. A slightly different scenario is considered
in [14], where the UAVs are assumed to be deployed above
user hotspots. The influence of the correlation between the
user hotspot locations and the UAV deployment is also
studied.

Unlike most of the existing literature that focuses only
on U-UAVs, the authors in [11] and [12] study a com-
munication system that uses T-UAVs to provide wireless
coverage. Both the works focus mainly on the optimal
deployment of the T-UAV given the constraints imposed
by the length of the tether and the safety measures taken
to avoid tether entanglement with surrounding buildings.
Kishk et al. [11] use a deterministic setup where it fo-
cuses on one user and one T-UAV to optimize the location
of the T-UAV by minimizing the path loss, while Bush-
naq et al. [12] focus on one cluster where users are uni-
formly distributed and determine the optimal placement by
maximizing the coverage performance. In the same context,
a more advanced solution was proposed in [19]. In fact,
Lim et al. [19] model the optimal deployment problem by

a Markov decision process and use reinforcement learn-
ing, more specifically a multiagent Q-learning algorithm to
solve it.

Other than the optimal placement, Selim and Kamal [8]
use the T-UAV to provide a high-quality backhaul connec-
tion to ABSs that construct a flying network. In addition,
they use it to manage and control the ABS network. More
recently, Lou et al. [20] have proposed using T-UAVs in a
system architecture that aims to reduce the electromagnetic
field exposure of the users while maintaining their data rates.
Moreover, in [21], T-UAVs were used to compensate the
deficiency of TBSs in rural areas and improve the coverage
performance.

The most related works to this article are [11] and [12].
However, unlike those two works, we study a large-scale
T-UAV deployment system capturing large numbers of clus-
ters and spatial distribution of users within each cluster. We
use tools from stochastic geometry to analyze this system
and determine the optimal placement by minimizing the
average path loss. We investigate the coverage performance
of the system taking into consideration the interference,
which was neglected in both [11] and [12].

B. Contributions

Different from the existing literature, which mainly
focused on the performance of U-UAVs, this article presents
the first attempt to analyze the performance of large-scale
deployment of T-UAVs in a UAV-assisted wireless commu-
nication system. More details about the contributions of this
article are provided next.

1) Large-Scale Deployment of T-UAVs: We consider a
scenario in which T-UAVs are needed to be deployed at user
hotspots to assist TBSs in providing coverage. However,
the deployment is limited by: i) accessible buildings that
allow the deployment of the UAV GSs on their rooftops;
ii) maximum achievable length of the tether; and iii) the
surrounding environment that limits the inclination angle
of the tether. We provide a mathematical framework that
captures all these constraints, optimizes the location of each
given UAV based on the distance between the hotspot center
and its nearest accessible rooftop, and enables computing
the overall coverage probability of the considered system as
a function of all the T-UAV system parameters, such as the
tether length, the density of the hotspots, and the density of
accessible buildings.

2) Novel-Stochastic-Geometry-Based Approach:
While the stochastic-geometry-based analysis of the
coverage of ABSs has already been studied before, the
usual assumption is deploying all the ABSs at the same
altitude. Given that in the considered setup, each T-UAV
will have its own altitude depending on the distance
between the rooftop and the hotspot center, the equal
altitude assumption cannot hold. Hence, we propose a
novel approach that divides each hotspot (user cluster) into
a finite number of rings with each ring corresponding to a
given optimal altitude. This enables quantizing the possible
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Fig. 1. Illustration of the system model.

altitudes of the UAVs and, hence, enables analyzing the
interference and the coverage of the considering system
without the similar altitude assumption.

3) System-Level Insights: Using numerical results of
the derived expressions and Monte Carlo simulations, we
reveal multiple useful insights. For instance, we show that
the maximum tether length of the UAV has an optimal value
in an urban environment, while increasing its value in a
suburban environment actually reduces the coverage prob-
ability. We also learn that, unlike what is typically assumed
in the literature, it is actually not always the best approach
to deploy a UAV for each user hotspot. In fact, there exists
an optimal fraction of the hotspots for which we deploy
T-UAVs, which maximizes the coverage probability. We
also learn that this optimal fraction reduces as we increase
the fraction of accessible buildings .

II. SYSTEM MODEL

A. Cluster Model

As depicted in Fig. 1, we focus on a scenario, in which
users are located in high-density hotspots (also referred to
as clusters), where the locations of the users are uniformly
distributed within each hotspot. We will perform our anal-
ysis on a randomly selected user from a randomly selected
cluster, which is referred to as the typical user. Depending
on buildings availability, a T-UAV GS is deployed on the
nearest rooftop to the center of each hotspot. For each clus-
ter, at most one T-UAV is deployed. If no available building
exists within the cluster, no T-UAV will be deployed in that
cluster. To ensure the generality of the proposed analysis,
we assume that T-UAVs are deployed at only a fraction δ of
the total number of clusters. A hotspot region is modeled as
a disk D(L0, R0) centered at the origin L0 with radius R0, and
the set of hotspot centers is a homogeneous PPP, denoted
by �C with intensity λC . Since we only deploy the ABS
in a specific percentage of clusters, the density of T-UAV
equipped cluster centers is δλC . A summary of notations is
provided in Table I.

Given that we can have a rooftop at any location in
the cluster, we can have infinite possible values of the
distance between the center of the cluster and the rooftop.
Thus, to make our analysis more tractable, we quantify the

locations of rooftops by dividing each cluster into N frames
(concentric rings). For each rooftop location, we have an
optimal placement for the T-UAV, and hence, for each
location, we have an optimal altitude. Thus, discretizing the
distance between the rooftop and the center of the cluster
allows us to avoid deploying T-UAVs at a particular height
(generally the average of UAVs’ height) as has been done
in previous works, such as [13]. Therefore, unlike U-UAVs
that are flexible and free to move, the placement of T-UAVs
depends directly on the location of the GS.

As a result and using the thinning procedure (see [22,
Th. 3.3]), the PPP of the cluster centers �C can be
decomposed into N PPP {�Ci}i∈{1,..,N}, where �C =⋃

i∈{1,...,N}{�Ci}. If the nearest rooftop is located in ring i, the
cluster center is mapped into �Ci . Therefore, the intensity
of �Ci is λCi = piδλC , where pi is the probability of having
the nearest rooftop in ring i.

The cluster centers and the users can be modeled as a
Matern cluster process where the parent is the cluster center
and the daughter points are the users, which are uniformly
scattered on the disk of radius R0 centered at each parent
point. The intensity of this Matern cluster process is λ =
δλCc̄, where c̄ is the mean number of daughter points per
parent. Using the thinning procedure, we can get N Matern
cluster processes.

B. Network Model

1) Terrestrial Base Station: The locations of the TBSs
are modeled as a homogeneous PPP �TBS with intensity λT,
and all the TBSs transmit at the same power ρT. The height
of TBSs is assumed to be equal to zero. The same applies for
the users. This is commonly used in the literature to focus
on the influence of the ABS heights [13].

2) Aerial Base Station: All the ABSs transmit at the
same power ρABS, and using the displacement theorem,
we can model their locations as the displacement of the
locations of the cluster centers due to the randomness of
the distances between the rooftops and their corresponding
cluster centers. We denote the PPP of the locations of ABSs
associated with GSs located in ring i by �ABSi . Mathe-
matically, we define �ABSi as �ABSi = {x ∈ �Ci : x + Vx},
where the random variables Vx are independent. Vx is the
displacement caused by the T-UAV being connected to a
rooftop that is not located at the cluster center. Since �Ci is
a PPP, �ABSi is also a PPP with intensity

λABSi = piδλC

∫
R2

ϑ (x, y)dx. (1)

ϑ (x, y) = 1C(x,Rui ) (y)

2πRui
= 1C(o,Rui ) (y−x)

2πRui
is the probability density

function (PDF) of the new location y, where 1C(x,Rui )(y) = 1
if y ∈ C(x, Rui ) and 1C(x,Rui )(y) = 0 otherwise. It displaces
each point by a random vector uniformly onC(o, Rui ), where
C(o, Rui ) is the circle of center o and radius Rui , and Rui is
the horizontal distance between an ABS associated with the
GS located in ring i and the center of the cluster where the
ABS is deployed.
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TABLE I
Summary of Important Notation

Since {�Ci}i∈[1,N] are homogeneous PPPs and ϑ (x, y) is
a function only of y − x, we have

λABSi = piδλC ∀i ∈ [1, N] . (2)

In addition, A2G links can be either LoS links or NLoS
links. This depends on the nature of the surrounding envi-
ronment. The probability of LoS transmission, denoted by
pL and provided in [23], is defined as

pL(r, h) = 1

1 + a exp
(−b( 180

π
tan−1

(
h
r

)− a
) (3)

where h is the T-UAV altitude, r is the horizontal distance
between the typical user and the projection of the T-UAV
on the horizontal plane, and a and b are constants that de-
pend on the environment. Consequently, the probability of
NLoS transmission, denoted by pN , is defined as pN (r, h) =
1 − pL(r, h).

Therefore, using the thinning procedure, the PPP �ABSi

can be decomposed into two PPPs �Li and �Ni with densi-
ties λLi and λNi , respectively.

The location of the ABS is mapped into �Li , if the ABS
is in an LoS condition with the typical user and the GS

associated with this ABS is located in ring i, while it is
mapped into �Ni , if it is in an NLoS condition with the
typical user and the GS associated with it is located in
ring i.

Since it can be changed from one ring to another, we
denote the altitudes of ABSs associated with GSs located
in ring i by hui . We also denote the probability that an ABS
associated with a GS located in ring i is an LoS ABS by
pLi , which is defined as pLi (r) = pL(r, hui ). Similarly, we
denote pNi (r) = 1 − pLi (r).

To sum up, the ABS is modeled as a PPP �ABS, which is
decomposed into 2N PPP {�Li}i∈[1,N] and {�Ni}i∈[1,N] with
intensities{

λLi (r) = pLi (r)λABSi = pLi (r)piδλC ∀i ∈ [1, N]

λNi (r) = pNi (r)λABSi = pNi (r)piδλC ∀i ∈ [1, N]
.

(4)

3) Ground Station: The locations of the rooftops that
are capable of hosting (also referred to as accessible
rooftops) the T-UAV GSs are modeled as a homogeneous
PPP �GS with intensity λGS = κbλb, where κb is the acces-
sibility factor, which is the fraction of buildings that have
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a rooftop eligible for GS deployment, and λb is the density
of the buildings.

For a given cluster center, the probability of having the
nearest rooftop in ring i is defined as

pi = P(R fi−1 < RGS < R fi ) = exp
(−λGSπR2

fi−1

)
× (

1 − exp
(−λGSπ (R2

fi
− R2

fi−1
)
))

(5)

where R fi = R0
N i, i ∈ [0, N] and RGS is the distance between

the cluster center and the projection of the GS.
In addition, the probability of having no accessible

rooftops inside the cluster is given by

pout = P(R0 < RGS ) = exp(−λGSπR2
0). (6)

C. Channel Model

We assume that A2G and terrestrial links experience
Nakagami-m fading with shape parameters and scale param-
eters, given by (mN, 1

mN
), (mL, 1

mL
), and (mT, 1

mT
) for NLoS,

LoS, and terrestrial links, respectively. Note that Rayleigh
fading can be generated from Nakagami-m fading by setting
the shape parameter to unity. The PDF of the channel fading
power gains, denoted by G, is defined as

fGQ (g) = mmQ

Q . gmQ−1

	(mQ)
e−mQ.g, Q ∈ {N, L, T} (7)

where 	(mQ) is the Gamma function given by 	(mQ) =∫∞
0 xmQ−1e−xdx.

The received power at the typical user from an LoS
ABS associated with the GS located in ring i, the NLoS
ABS associated with the GS located in ring i, or the TBS is
given by

Pr
Ni

= ρABSηNGND−αN
Ni

, Pr
Li

= ρABSηLGLD−αL
Li

Pr
T = ρTηTGTD−αT

T (8)

where DNi , DLi , and DT are the distances from the typical
user to the NLoS ABS associated with the GS located in
ring i, the LoS ABS associated with the GS located in
ring i, and the TBS, respectively, αT, αL, and αN are the
path-loss exponents for terrestrial, LoS, and NLoS trans-
missions (αL ≤ αN), respectively, and ηT, ηL, and ηN are
the mean additional losses for terrestrial, LoS, and NLoS
transmissions (ηL ≥ ηN), respectively.

To measure the quality of the downlink between the
typical user and its serving BS, the signal-to-interference
plus noise ratio (SINR) is used. The instantaneous SINR at
the typical user when it is associated with a BS located at
z0 is defined as

SINR =

⎧⎪⎪⎨
⎪⎪⎩

Pr
T,z0

σ 2+I , if z0 ∈ �T

Pr
Li ,z0

σ 2+I , if z0 ∈ �Li ∀i ∈ [1, N]
Pr

Ni ,z0
σ 2+I , if z0 ∈ �Ni ∀i ∈ [1, N]

(9)

where σ 2 is the additive white Gaussian noise power and I
is the interference power. The ABSs and TBSs are assumed
to operate in the same frequency spectrum, and thus, they
interfere with each other. We also assume the worst case

Fig. 2. System setup considered in this section.

scenario where all the BSs have data to send. In this case,
the interference is equal to the sum of the received powers
from all the BSs except the serving BS. It is formulated
mathematically as

I =
∑

y∈�T\{z0}
Pr

T,y +
∑

i∈[1,N]

∑
y∈�Li \{z0}

Pr
Li,y

+
∑

i∈[1,N]

∑
y∈�Ni \{z0}

Pr
Ni,y + Pr

CABS (10)

where Pr
CABS is the received power from the ABS located

in the same cluster as the typical user. It is equal to zero, if
there is no ABS in the same cluster as the typical user.

D. Association Policy

To determine the serving BS, we adopt the strongest
average received power association scheme. Hence, having
an NLoS ABS closest to the typical user does not mean that it
delivers the strongest average received power. An LoS ABS
may provide a stronger average received power due to the
fact that ηL > ηN and αL < αN. However, for a particular
set of BSs (LoS ABS, NLoS ABS, or TBS), the transmit
powers and path-loss parameters are the same. Therefore,
the closest BS provides a higher average received power
than that provided by any other BS in its set. Finally, we
conclude that the serving BS can be the closest NLoS ABS,
the closest LoS ABS, or the closest TBS.

III. OPTIMAL DEPLOYMENT OF T-UAV

Users are uniformly distributed inside clusters. They are
continuously in motion; therefore, on average, the optimal
location of the UAV is above the center of the cluster, as
has been demonstrated and proven in [12]. Since T-UAVs
are constrained by the position of the closest accessible
building where the GS will be placed, the tether length,
and the inclination angle, we are unlikely to be able to place
them above the cluster’s center. T-UAVs will be deployed in
the most advantageous position that they can reach. Hence,
the ultimate goal of T-UAV placement is to find the location
that minimizes the average path loss between the T-UAV
and the users within its cluster.

We will perform our analysis for a randomly selected
hotspot region. As shown in Fig. 2, we consider a system
composed of a T-UAV launched from a GS that is placed on
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a rooftop at height h. The T-UAV has the freedom to hover
anywhere within the hemisphere centered at the rooftop
with radius equal to the maximum value of the tether length
Tmax. In order to avoid tangling upon surrounding buildings
and to ensure the safety of the tether, the inclination angle
of the tether has a minimum value θmin. To represent the
locations of the T-UAV and the GS, we use Cartesian
coordinates. Therefore, we denote the location of the T-UAV
as (x, y, h) and the location of the GS as (Rn, 0, hn), where
n is the index of the ring in which the GS is located. The
horizontal distance between the GS and the center of the
cluster is defined as Rn = 2n−1

2˜N R0, since we approximate
the placement of the buildings to the center of the ring in
which they are located. We assume that all the buildings
have the same altitude hn, regardless of the ring in which
they are situated. The optimization problem can be formally
written as follows:

min
T,θ

PLavg(T, θ )

subject to θmin ≤ θ ≤ π

2
0 ≤ T ≤ Tmax (11)

where PLavg is the average path loss that will be defined
later in this section, T is the tether length, and θ is the
inclination angle. Therefore, having Tmax, θmin, hn, and Rn,
we can determine the optimal values of the tether length
and the tether inclination angle by minimizing the average
path loss. Since Rn is proportional to the ring index (n), the
optimization problem will be solved N times for a given
Tmax, θmin, and hn.

The path loss between the T-UAV and a typical user can
be calculated using the distance d between the typical user
and the T-UAV, as well as the transmission parameters. It is
defined as

PL= 1

ηN
pN

(√
d2 − h2, h

)
dαN + 1

ηL
pL

(√
d2−h2, h

)
dαL .

(12)

To solve the optimization problem (11), we need to write
the expression of the path loss as a function of the tether
length T and the tether inclination angle θ .

The T-UAV altitude can be written in function of T, θ ,
and hn as

h = hn + T sin(θ ). (13)

Therefore, the Euclidean distance between the typical user
and the T-UAV can be written as

d =
√

R2
u,r + h2 =

√
R2

u,r + (hn + T sin(θ ))2 (14)

where Ru,r is the horizontal distance between the typical
user and the T-UAV.

The PDF of Ru,r , provided in [12], is

fRu,r (r) =

⎧⎪⎨
⎪⎩

2r
R2

0
, 0 ≤ r ≤ R0 − Ru

2r
πR2

0
arccos

(
R2

u+r2−R2
0

2Rur

)
, R0 − Ru ≤ r

r ≤ R0 + Ru

(15)

where Ru is the horizontal distance between the center of
the cluster and the T-UAV. It is defined as

Ru =
√

R2
n − 2Rn

√
T 2 cos2(θ ) − y2 + T 2 cos2(θ ). (16)

As discussed before, the optimal placement of a T-UAV
is as close to the cluster center as possible. Therefore,
considering the line connecting the cluster center and the
building position as the x-axis, the optimal value of y is zero.
As a result, the distance Ru can be reduced to

Ru = Rn − T cos(θ ). (17)

Using (14), we can write the expression of the path loss as
a function of T, θ and the horizontal distance between the
typical user and the T-UAV denoted by Ru,r . This expression
is given by

PL(T, θ, Ru,r ) = pN (Ru,r, h)

ηN

×
√

R2
u,r + (hn + T sin(θ ))2

αN + pL(Ru,r, h)

ηL

×
√

R2
u,r + (hn + T sin(θ ))2

αL

. (18)

Now, we can compute the average path loss as follows:

PLavg(T, θ ) = ERu,r [PL]

=
∫ R0+Ru

0
PL(T, θ, r) fRu,r (r) dr (19)

and solve the optimization problem (11) to get the optimal
value of the tether length Topt and the optimal value of the
tether inclination angle θopt. As we have already mentioned,
we have N optimal values for each of the tether length and
the tether inclination angle. Using (13), we can deduce N
optimal values for the altitude of the T-UAV. Therefore,
unlike U-UAVs which are totally free to localize themselves
in an optimal position, the T-UAV will have N different
optimal 3-D placements depending on the position of the
GS. It is important to mention that the solution for the
optimization problem (11) can be found using exhaustive
search given that we only have two optimization variables
(i.e., tether length and inclination angle).

IV. COVERAGE PROBABILITY

As mentioned earlier, the considered system is com-
posed of ABSs deployed at a subset of user clusters
(hotspots), TBSs, and users uniformly distributed inside
the clusters. The typical user is randomly selected from
a random cluster. Assuming that there exists at least one
accessible building in the cluster to deploy a GS, there
exists an ABS in this cluster responsible for serving its
users. Supposing that it is located in the point (x0, y0) ∈
�ABS. We partition the set �ABS into the sets {(x0, y0)}
and �ABS \ {(x0, y0)}, containing the ABS located in the
same cluster as the typical user and all the remaining ABSs,
respectively. Note that, following Slivnyak’s theorem, the
set of UAVs remains a PPP with intensity λABS. Therefore,
we can keep the same notation as those existing in Section II.
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A. Distance Distributions

The cumulative distribution functions (CDFs) and the
PDFs of the distances between the typical user and the
closest BS from each type (TBS, LoS ABS, and NLoS
ABS) are crucial in the coverage analysis. They are needed
to derive each of the association probabilities, the Laplace
transform of interference, and even the final expression of
the coverage probability.

LEMMA 1 We denote the distances between the typical user
and the closest LoS ABS associated with a GS located in
ring i, the closest NLoS ABS associated with a GS located in
ring i, and the closest TBS by DLi , DNi , and DT, respectively.
The CDFs of these distances are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

FDT (d ) = 1 − exp
(−πλTd2

)
1[0,+∞[(d ).

FDLi
(d ) =

[
1 − exp

(
−2π piδλC

∫√
d2−h2

ui
0 r pLi (r)dr

)]
×1[hui ,+∞[(d )

FDNi
(d ) =

[
1 − exp

(
−2π piδλC

∫√
d2−h2

ui
0 r pNi (r)dr

)]
×1[hui ,+∞[(d ).

(20)

PROOF The above results follow by using the null prob-
ability of a PPP given that the locations of TBSs are
homogeneous PPP with density λT , while those of LoS
(NLoS) ABSs follow an inhomogeneous PPP with density
piδλC pLi (r). �

COROLLARY 1 For each i ∈ [1, N], the PDFs are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fDT (d ) = 2πλTd exp
(−πλTd2

)
1[0,+∞[(d ).

fDLi
(d ) = exp

(
−2π piδλC

∫√
d2−h2

ui
0 r pLi (r)dr

)
×2π piδλCd pLi

(√
d2 − h2

ui

)
1[hui ,+∞[(d )

fDNi
(d ) = exp

(
−2π piδλC

∫√
d2−h2

ui
0 r pNi (r)dr

)
×2π piδλCd pNi

(√
d2 − h2

ui

)
1[hui ,+∞[(d )

.

(21)

PROOF The results follow directly by taking the derivative
of the expressions in (20). �

After determining the distance distributions of the TBS,
LoS ABS, and NLoS ABS, it is time to determine the
distance distribution of the ABS located in the same cluster
as the typical user. In this article, we will refer to this ABS
as the cluster ABS.

THEOREM 1 The CDF of the horizontal distance between
the typical user and the cluster ABS, given that the cluster
ABS is associated with a GS located in ring j, is defined as

FRu j ,r
(r) =

{
r2

R2
0
, 0 ≤ r ≤ R0 − Ruj

A, R0 − Ruj ≤ r ≤ R0 + Ruj

(22)

where

A = θ2

π
− r2

πR2
0

arcsin

(
sin(θ2)Ruj

r

)
− sin(θ2)Ruj

πR2
0

×
√

g(r, θ2) + 1

2πR2
0

×
(
− sin(2θ2)R2

u j
− 2θ2r2 + 2πr2

)

θ1 = arcsin

(
r

Ruj

)
, θ2 = arccos

(
R2

0 + R2
u j

− r2

2R0Ruj

)

g(r, θ ) = r2 − R2
u j

sin2(θ ).

Ruj is the horizontal distance between the center of the
cluster and the ABS associated with the GS located in ring j.
It is defined as Ruj = Rj − Tj cos(θ j ), where Rj = 2n−1

2N R0

is the horizontal distance between the GS and the center
of the cluster, Tj is the optimal tether length when the GS
is located in ring j, and θ j is the optimal inclination angle
when the GS is located in ring j.

PROOF See Appendix A. �
COROLLARY 2 The PDF of the horizontal distance between
the typical user and the cluster ABS, given that the cluster
ABS is associated with a GS located in ring j, is given by

fRu j ,r
(r) =

∂FRu j ,r
(r)

∂r

=

⎧⎪⎨
⎪⎩

2r
R2

0
, 0 ≤ r < R0 − Ruj

∂A
∂r , R0 − Ruj ≤ r ≤ R0 + Ruj

0, otherwise

. (23)

PROOF The results follow directly by taking the derivative
of the expressions in (22). �

Based on the distribution of the horizontal distance be-
tween the typical user and the cluster ABS, we can derive the
distribution of the Euclidean distance between the typical
user and the cluster ABS.

COROLLARY 3 The CDF of the Euclidean distance between
the typical user and the cluster ABS is defined as

FDu j ,r
(d ) = FRu j ,r

(√
d2 − h2

u j

)
1[hu j ,+∞[(d ). (24)

PROOF It follows from the relationship between the Eu-
clidean and horizontal distances. �
COROLLARY 4 The PDF of the Euclidean distance between
the typical user and the cluster ABS is given by

fDu j ,r
(d ) =

∂FDu j ,r
(d )

∂d

= d√
d2 − h2

u j

fRu j ,r

(√
d2 − h2

u j

)
1[hu j ,+∞[(d ).

(25)

B. Nearest Interfering BSs

Before deriving the association probability expressions,
we need first to determine the distances to the nearest
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interfering BSs when a TBS is the serving BS, when an
LoS ABS is the serving BS, and when an NLoS ABS is the
serving BS. Therefore, we provide the following distances.

REMARK 1 We denote dQ1Q2 (r) as the minimum distance
to the closest interfering Q2 given that the typical user is
associated with Q1, where r is the distance between the
serving BS and the typical user and {Q1, Q2} ⊂ {L, N, T}.
The index i existing in some distances refers to the ring
index, in which a GS associated with an ABS is located.
Those distances are given by

dTLi (r) =
⎧⎨
⎩

hui , if r < l i
T−L(

ρABSηL

ρTηT

) 1
αL r

αT
αL , if r ≥ l i

T−L

dLT(r) =
(

ρTηT

ρABSηL

) 1
αT

r
αL
αT (26)

dTNi (r) =
⎧⎨
⎩

hui , if r < l i
T−N(

ρABSηN

ρTηT

) 1
αN r

αT
αN , if r ≥ l i

T−N

dNL(r) =
(

ηL

ηN

) 1
αL

r
αN
αL (27)

dLNi (r) =
⎧⎨
⎩

hui , if r < l i
L−N(

ρABSηN

ρABSηL

) 1
αN r

αL
αN , if r ≥ l i

L−N

dNT(r) =
(

ρTηT

ρABSηN

) 1
αT

r
αN
αT (28)

where l i
Q1−Q2

=
(

ρQ1 ηQ1
ρQ2 ηQ2

) 1
αQ1 h

αQ2
αQ1
ui , {Q1, Q2} ⊂ {L, N, T},

and ρL = ρN = ρABS. Those variables are used to make sure
that the distances to the nearest interfering BSs are not less
than their altitudes, which is an impossible event.

C. Association Probabilities

As we have already mentioned, we adopt the strongest
average received power association scheme. Hence, based
on the assumption that the expectation of the channel fading
power gains is equal to 1 (E[GN] = E[GL] = E[GT] = 1),
we can determine the serving BS by comparing the received
powers coming from the cluster ABS, the closest LoS ABS
associated with a GS located in ring i for each i ∈ [1, N],
the closest NLoS ABS associated with a GS located in ring
i for each i ∈ [1, N], and the closest TBS, without taking
into consideration the channel fading. The typical user can
be served only by one BS. In the following lemmas, we will
provide the probabilities that the typical user is associated
with each type of BS.

LEMMA 2 The probability that the typical user is associated
with an NLoS ABS located at a distance r from the typical
user and associated with a GS situated in ring i is given by

ANi (r) = exp
(−πλTd2

NT(r)
)
1[0,+∞[(r)

×
∏

j∈[1,N]
j 	=i

exp

(
−2π p jδλC

∫ √
max(hu j ,r)2−h2

u j

0
xpNj (x)dx

)

×
∏

j∈[1,N]

exp

(
−2π p jδλC

∫ √
d2

NL (r)−h2
u j

0
xpL j (x)dx

)

×
⎛
⎝pout +

∑
j∈[1,N] p j

∫ +∞
dNL (r) pL j

(√
x2−h2

u j

)
fDu j ,r

(x) dx

+∑ j∈[1,N] p j
∫ +∞

max(hu j ,r) pNj

(√
x2−h2

u j

)
fDu j ,r

(x) dx

⎞
⎠ .

(29)

The probability that the typical user is associated with an
LoS ABS located at a distance r from the typical user and
associated with a GS situated in ring i is given by the same
expression as (29) replacing the index N by L and L by N .

PROOF See Appendix B. �

LEMMA 3 The probability that the typical user is associated
with a TBS that is located at a distance r from the typical
user is given by

AT(r) =
∏

i∈[1,N]

exp

(
−2π piδλC

∫ √
d2

TNi
(r)−h2

ui

0
xpNi (x)dx

)

×
∏

i∈[1,N]

exp

(
−2π piδλC

∫ √
d2

TLi
(r)−h2

ui

0
xpLi (x)dx

)

×
⎛
⎝pout +

∑
j∈[1,N] p j

∫ +∞
dTNj (r) pNj

(√
x2−h2

u j

)
fDu j ,r

(x) dx

+∑ j∈[1,N] p j
∫ +∞

dTLj (r) pL j

(√
x2−h2

u j

)
fDu j ,r

(x) dx

⎞
⎠

(30)

where dTNi (r) and dTLi (r) are given in Remark 1

PROOF The proof proceeds in a similar manner to
Lemma 2. Therefore, it is omitted here. �

LEMMA 4 Given that the cluster ABS is an LoS ABS located
at a distance r from the typical user and associated with a
GS located in ring j, the probability that the typical user is
associated with it is given by

ACLj (r) = exp
(−πλTd2

LT(r)
)

×
∏

i∈[1,N]

exp

(
−2π piδλC

∫ √
max(hui ,r)2−h2

ui

0
xpLi (x)dx

)

×
∏

i∈[1,N]

exp

(
−2π piδλC

∫ √
d2

LNi
(r)−h2

ui

0
xpNi (x)dx

)
.

(31)

Given that the cluster ABS is an NLoS ABS located at
a distance r from the typical user and associated with a
GS located in ring j, the probability that the typical user is
associated with it is given by the same expression as (31)
replacing the index L by N and L by N .

PROOF See Appendix C. �
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COROLLARY 5 The probability that the typical user is asso-
ciated with the cluster ABS is given by

ACABS(r) =
N∑

j=1

p jACNj (r)pNj

(√
r2 − h2

u j

)

+
N∑

j=1

p jACLj (r)pL j

(√
r2 − h2

u j

)
. (32)

D. Interference

Interference is a fundamental feature of wireless com-
munication systems, as multiple transmissions frequently
occur at the same time over the same communication

medium. As a result, it has the potential to significantly
reduce the reliability of a wireless communication system.

As we have already mentioned, we assume that ABSs
and TBSs operate on the same frequency spectrum and,
thus, interfere with each other. We also assume that all the
BSs have data to send. The interference in this case is equal
to the total of all the received powers from all the BSs except
the serving BS. Its expression was given in (10).

LEMMA 5 Supposing that the origin of the coordinate sys-
tem is the typical user and denoting z0 as the location of the
serving BS, the Laplace transform of the interference power
conditioned on the serving BS being at a distance r from
the typical user is given in (33)–(37) shown at the bottom
of this page.

LI (s) = exp

(
−
∫ ∞

a(r)

[
1 −

(
mT

mT + sρTηTz−αT

)mT
]

2πλTz dz

)

×
∏

i∈[1,N]

exp

⎛
⎜⎝−

∫ ∞

bi (r)

⎡
⎢⎣1 −

⎛
⎜⎝ mL

mL + sρABSηL

√
z2 + h2

ui

−αL

⎞
⎟⎠

mL
⎤
⎥⎦ 2π piδλC pLi (z)z dz

⎞
⎟⎠

×
∏

i∈[1,N]

exp

⎛
⎜⎝−

∫ ∞

ci (r)

⎡
⎢⎣1 −

⎛
⎜⎝ mN

mN + sρABSηN

√
z2 + h2

ui

−αN

⎞
⎟⎠

mN
⎤
⎥⎦ 2π piδλC pNi (z)z dz

⎞
⎟⎠

×
⎛
⎝pout +

∑
j∈[1,N]

p j

k j (r)

⎛
⎝
∫∞

e(r)

(
mL

mL+sρABSηLx−αL

)mL

pL j

(√
x2 − h2

u j

)
fDu j ,r

(x) dx

+ ∫∞
l (r)

(
mN

mN+sρABSηNx−αN

)mN

pNj

(√
x2 − h2

u j

)
fDu j ,r

(x) dx

⎞
⎠
⎞
⎠ (33)

where ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a(r) = r; bi(r) =
√

d2
TLi

(r) − h2
ui
; ci(r) =

√
d2

TNi
(r) − h2

ui
, if z0 ∈ �T

a(r) = dLT(r); bi(r) =
√

max(r2 − h2
ui
, 0); ci(r) =

√
d2

LNi
(r) − h2

ui
, if z0 ∈ �Lj

a(r) = dNT(r); bi(r) =
√

d2
NL(r) − h2

ui
; ci(r) =

√
max(r − h2

ui
, 0), if z0 ∈ �Nj

(34)

⎧⎪⎨
⎪⎩

e(r) = dTLj (r); l (r) = dTNj (r); k j (r) = P(Pr
T > Pr

CABSj
|DT = r), if z0 ∈ �T

e(r) = max
(
r, huj

) ; l (r) = dLNj (r); k j (r) = P(Pr
Li

> Pr
CABSj

|DLi = r), if z0 ∈ �Li ∀i ∈ [1, N]

e(r) = dNL(r); l (r) = max
(
r, huj

) ; k j (r) = P(Pr
Ni

> Pr
CABSj

|DNi = r), if z0 ∈ �Ni ∀i ∈ [1, N] .

(35)

Moreover, if the serving BS is the cluster ABS, the Laplace transform of the interference power is defined in (36)

LI (s) = exp

(
−
∫ ∞

a(r)

[
1 −

(
mT

mT + sρTηTz−αT

)mT
]

2πλTz dz

)

×
∏

i∈[1,N]

exp

⎛
⎜⎝−

∫ ∞

bi (r)

⎡
⎢⎣1 −

⎛
⎜⎝ mL

mL + sρABSηL

√
z2 + h2

ui

−αL

⎞
⎟⎠

mL
⎤
⎥⎦ 2π piδλC pLi (z)z dz

⎞
⎟⎠

×
∏

i∈[1,N]

exp

⎛
⎜⎝−

∫ ∞

ci (r)

⎡
⎢⎣1 −

⎛
⎜⎝ mN

mN + sρABSηN

√
z2 + h2

ui

−αN

⎞
⎟⎠

mN
⎤
⎥⎦ 2π piδλC pNi (z)z dz

⎞
⎟⎠ (36)

where ⎧⎨
⎩

a(r) = dLT(r); bi(r) =
√

max(r2 − h2
ui
, 0); ci(r) =

√
d2

LNi
(r) − h2

ui
, if the ABS is LoS

a(r) = dNT(r); bi(r) =
√

d2
NL(r) − h2

ui
; ci(r) =

√
max(r − h2

ui
, 0), if the ABS is NLoS

. (37)
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PROOF See Appendix D. �

E. Exact Coverage Probability

The coverage probability is one of the key performance
quantities. It is generally defined as the probability that the
SINR is greater than a designated threshold γ

Pcov = P(SINR > γ ). (38)

THEOREM 2 The overall coverage probability of the pro-
posed system is given by

Pcov =
∑

j∈[1,N]

p j

∫ ∞

hu j

P
CLj

cond(r)ACLj (r) fDu j ,r
(r) dr

+
∑

j∈[1,N]

p j

∫ ∞

hu j

P
CNj

cond(r)ACNj (r) fDu j ,r
(r) dr

+
∑

i∈[1,N]

∫ ∞

hui

PLi
cond(r)ALi (r) fDLi

(r) dr

+
∑

i∈[1,N]

∫ ∞

hui

PNi
cond(r)ANi (r) fDNi

(r) dr

+
∫ ∞

0
PT

cond(r)AT(r) fDT (r) dr (39)

where P
{Li,Ni,CL j ,CNj ,T }
cond is the conditional coverage probabil-

ity given that the typical user is associated with an LoS ABS
linked to a GS located in ring i, an NLoS ABS linked to a
GS located in ring i, the cluster ABS that is an LoS ABS
linked to a GS in ring j, the cluster ABS that is an NLoS
ABS linked to a GS in ring j, or the TBS.

The conditional coverage probabilities are given by

PQ′
cond(r) =

mQ−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LU (s)

]
s=μQ(r)

(40)

where μQ(r) = mQγ (PQηQ)−1rαQ , U = I + σ 2, and
(Q′, Q) = {(T, T), (Li, L), (Ni, N), (CLj, L), (CNj, N )}.
Clearly, U depends on the type of the serving BS. In
addition, ANi , ALi , AT, ACLj , and ACNj are given, respectively,
in Lemmas 2–4.

PROOF See Appendix E. �

F. Approximate Coverage Probability

As can be seen in (40), the evaluation of conditional
coverage probabilities necessitates the evaluation of higher
order derivatives of the Laplace transform. The larger the
shape parameters mN, mL, and mT are, the more compli-
cated the computation becomes. Therefore, following the
same approximations as [13], we use a tight bound of the
CDF of the Gamma distribution to provide an approximate
evaluation of the coverage probability.

THEOREM 3 Using the upper bound of the CDF of the
Gamma distribution, the overall coverage probability can

be approximated as

P̃cov =
∑

j∈[1,N]

p j

∫ ∞

hu j

P̃
CLj

cond(r)ACLj (r) fDu j ,r
(r) dr

+
∑

j∈[1,N]

p j

∫ ∞

hu j

P̃
CNj

cond(r)ACNj (r) fDu j ,r
(r) dr

+
∑

i∈[1,N]

∫ ∞

hui

P̃Li
cond(r)ALi (r) fDLi

(r) dr

+
∑

i∈[1,N]

∫ ∞

hui

P̃Ni
cond(r)ANi (r) fDNi

(r) dr

+
∫ ∞

0
P̃T

cond(r)AT(r) fDT (r) dr (41)

where P̃Li
cond, P̃Ni

cond, P̃
CLj

cond, P̃
CNj

cond, and P̃T
cond are the approxi-

mate conditional coverage probabilities and are given by

P̃Q′
cond(r) =

mQ∑
k=1

(
mQ

k

)
(−1)k+1LU

(
kβQμQ(r)

)
(42)

where βQ = (mQ!)
−1
mQ , μQ(r) = mQγ (PQηQ)−1rαQ , and

(Q′, Q) = {(T, T), (Li, L), (Ni, N), (CLj, L), (CNj, N)}.
PROOF See Appendix F. �

V. NUMERICAL RESULTS

In this section, we validate the analytical expression of
the coverage probability with Monte Carlo simulations, and
we discuss the impact of various system parameters on the
coverage performance.

First, we numerically solve the optimization problem
(11) to determine the optimal values that minimize the
average path loss. Then, deploying T-UAVs in their optimal
placements, we use MATLAB to evaluate the main expres-
sion, which is the coverage probability expression and run
10 000 Monte Carlo iterations. We consider a square region
that measures 400 km on each side. In each iteration, we
generate the ABS PPPs {�LABSi , �NABSi , i ∈ [1, N]}, the
TBS PPP �TBS, and the coordinates of the typical user,
which is uniformly distributed inside clusters. Then, we
calculate the received powers at the typical user from each
type of BS and compare them to determine the serving
BS. Based on the type of the serving BS, we calculate the
interference and the SINR. Finally, comparing the SINR to
the chosen threshold, we deduce the coverage probability.
Throughout this section and unless otherwise specified, we
use the default system parameters listed in Table II, which
mostly correspond to the parameters listed in [12], [13],
and [21].

Fig. 3 shows the variation of coverage probability with
the maximum value of the tether length Tmax for different
values of δ in urban and suburban environments. Looking
at Fig. 3, we can see that the analytical and simulation
results match with a small gap that is mostly visible in the
suburban curves. This difference is due to the approximation
in Theorem 3 that is used to generate the numerical values
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TABLE II
Simulation Parameters [11], [12], [13], [21]

Fig. 3. Coverage probability for different values of Tmax.

of the coverage probability. In the suburban environment,
the coverage probability is a strictly decreasing function. It
falls from 0.61 to 0.36 for δ = 0.7 and from 0.57 to 0.28
for δ = 1. Therefore, decreasing δ improves the coverage
performance. This is explained by the fact that decreasing
δ reduces the number of deployed T-UAVs, resulting in less
interference and an increase in the coverage probability. In
the urban environment, the coverage probability increases
as Tmax increases. It reaches its maximum value and then
decreases. Hence, we have an optimal value of Tmax. For
δ = 1, the optimal value of Tmax is equal to 80 m, while it is
equal to 90 m for δ = 0.7. With the augmentation of Tmax, the
altitude of T-UAVs increases. Thus, there are more T-UAVs
that experience LoS conditions with the users. This implies
that the users are more likely to be associated with the LoS
ABS, while the interference power is dominated by NLoS
ABSs and TBSs. Since the LoS transmissions have the best

Fig. 4. Coverage probability for different values of δ.

Fig. 5. Coverage probability for different values of Tmax and optimal
values of δ.

channel conditions, the coverage probability will improve.
However, as the maximum tether length is increased further,
we have more interfering LoS ABSs. Thus, the interference
will significantly rise, causing a coverage probability drop.

Furthermore, we notice that the coverage probability
varies with δ. Thus, we plot the coverage probability as a
function of δ, as illustrated in Fig. 4. In Fig. 4, we can see
that δ has an optimal value for both the urban and suburban
environments. This optimal value is equal to 0.2 for the
suburban environment and 0.5 for the urban environment.
It is more likely to establish an LoS link in a suburban
environment than in an urban environment due to the density
and height of the surrounding buildings. Thus, the number
of LoS ABSs in a suburban environment is more important
than that in an urban environment. With the increase in
the maximum tether length, the number of LoS ABSs will
increase furthermore. Thus, the interference will be much
more important in a suburban environment, which explains
the fact that the coverage performance of the ABS is better in
an urban environment. In a suburban environment, we need
to reduce the number of deployed T-UAVs to restrain the bad
effect of interference and have good coverage performance.

Knowing that there are optimal values of δ, we generate
Fig. 5 that depicts the variation of coverage probability with
Tmax, taking into consideration the optimal values of δ. The
optimal value of δ decreases as Tmax increases. With the
augmentation of Tmax, the altitude of T-UAVs increases.
Consequently, more T-UAVs are encountering LoS condi-
tions with the users. This increases the interference and, as a
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Fig. 6. Coverage probability for different values of λC and optimal
values of δ.

Fig. 7. Coverage probability for different values of accessibility factor
and optimal values of δ.

result, reduces the coverage probability. Therefore, the op-
timal value of δ will decrease in order to reduce the number
of LoS ABSs and, thus, the interference. Moreover, in the
suburban environment, the coverage probability reaches its
maximum value for Tmax = 50 m and δ = 0.5, whereas in
the urban environment, it reaches its maximum value for
Tmax = 70 m and δ = 1.

Fig. 6 depicts how the coverage probability varies with
the density of the cluster centers (λC), taking into account
the optimal values of δ. In urban environments, the coverage
probability increases slightly with the rise of λC , while the
optimal value of δ remains constant and equals 1. In the sub-
urban case, the coverage probability decreases dramatically
from 0.74 to 0.22 and so does the optimal value of δ, which
decrease from 1 to 0.1. This can be explained by the high
probability of having LoS transmission in suburban areas.
For low densities (1 km−2, 2 km−2), the typical user is more
likely to be associated with the LoS ABS, which clarifies
the high coverage probability. Increasing λC , the number
of interfering LoS ABSs substantially rises, so does the
interference, which demonstrates the coverage probability
drop. The optimal value of δ decreases to reduce the number
of ABSs and, more specifically, the number of LoS ABSs.

Fig. 7 illustrates the variation of the coverage probability
with the accessibility factor, taking into account the optimal
values of δ. We notice that, for both the environments,
the coverage probability is almost constant. Moreover, δ

Fig. 8. Coverage probability as a function of the cluster radius.

decreases from 0.5 to 0.2 and then remains constant in a
suburban environment, while it decreases from 1 to 0.3 and
then remains constant in an urban environment.

Fig. 8 illustrates the variation of the coverage probability
as a function of the cluster radius R0. In an urban environ-
ment, the coverage probability slightly declines with the rise
of R0 and then remains steady. However, in a suburban en-
vironment, the coverage probability dramatically decreases
with the increase of R0. It drops from 0.65 when R0 = 100 m
to 0.25 when R0 = 500 m. The association scheme we use
can help to understand this. Recall that the serving BS
is the BS that delivers the greater average power to the
user. Therefore, the user can be served by the cluster ABS,
another ABS, or a TBS. When we increase the cluster radius,
the user becomes further away from the cluster UAV. Thus,
the association probability with the cluster ABS decreases,
and the performance of the system becomes more like a PPP
than a Poisson cluster point. In an urban environment, the
density of ABS is high. Therefore, even if the probability of
being associated with the cluster ABS is low, the probability
that the user is associated with a nearby ABS other than the
cluster ABS is high. Therefore, the coverage performance
will not be affected much. In a suburban environment, the
density of the ABS is relatively small. Since the system
behaves like a PPP as we increase the cluster radius, the
coverage probability will decrease.

After analyzing the impact of each parameter, we com-
pare our setup with a reference one to highlight the effi-
ciency of the proposed system. As a benchmark, we consider
the same proposed setup except that the T-UAV will be
deployed exactly above the GS in each one of the clusters
(inclination angle equal to 90◦ and δ equal to 1). Looking
at Fig. 9, we can clearly see that the proposed system
outperforms the reference system in both the environments.
As a result, optimizing T-UAV placement and determining
the optimal number of T-UAVs to be deployed significantly
improve the coverage performance.

Furthermore, we compare our setup with a similar setup
of U-UAVs in order to highlight the differences between
the two types of UAVs. We set the maximum altitude of
the U-UAV to 150 m. As illustrated in Fig. 10, we plot the
coverage probability as a function of the cluster density λC
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Fig. 9. Coverage probability with different values of accessibility factor
for the proposed and reference systems.

Fig. 10. Coverage probability as a function of the cluster density for
different values of availability factor A.

for different values of duty-cycle parameter A and different
values of the maximum tether length Tmax. Those plots are
generated for optimal values of delta and for the urban
environment. In Fig. 10, we can clearly see that starting from
λC = 2 km2, the T-UAV with Tmax = 135 m outperforms
the U-UAV regardless of the value of A, while the T-UAV
with Tmax = 80 m outperforms the U-UAV starting from
λC = 6 km2. The T-UAV is even better than the U-UAV
with A = 1, which is an unrealistic case since the U-UAV
cannot always be available. Moreover, the coverage prob-
abilities of U-UAVs with different values of A decrease as
λC decreases, and they all converge to the same value 0.58
for λC = 10 km2.

VI. CONCLUSION

In this article, we used stochastic geometry to model
the T-UAV-assisted network, where hotspots were mod-
eled as clusters that were divided into frames to make the
system analysis tractable. As a first step in the analysis,
we formalized an optimization problem to determine the
optimal T-UAV placement that minimizes the average path
loss. Then, deploying T-UAVs in their optimal location, we
analyzed the coverage performance of the system. First,

we derived the distributions of the distances between a
typical user and the closest BS from each type. Second,
we established the association probability expressions and
developed the Laplace transform of interference formulas.
Finally, we proposed an expression for the coverage proba-
bility. Moreover, we performed Monte Carlo simulations to
validate the proposed expressions and study the influence of
some parameters on the coverage performance. We deduced
that the maximum tether length has an optimal value in the
urban environment. Hence, providing much freedom to the
tether will badly affect the coverage probability because
even if we reduce the average path loss, the interference
will increase. We also provided a comparison between the
proposed setup and benchmarks to highlight the efficiency
of the T-UAV system.

This article has many possible extensions. Since we
focused on a stochastic geometry setup, one possible exten-
sion would be optimizing the T-UAV locations for a deter-
ministic setup composed of a finite number of clusters with
finite options for the rooftops. Another possible extension
would be to find the optimal locations of the T-UAVs based
on other metrics, such as coverage probability or data rate.

APPENDIX A
PROOF OF LEMMA 1

We will first compute the horizontal distance between
the typical user and the cluster ABS. Supposing that the GS
associated with the cluster ABS is located in ring j, this
distance is denoted by Ruj ,r , and using Al-Kashi formula, it
is defined as

R2
u j ,r = R2

u j
+ R2

r − 2Ruj Rr cos(θ )

= (Rr − Ruj cos(θ ))2 + R2
u j

sin2(θ ) (43)

where:

1) θ is the angle between the typical user and the
ABS. It is uniformly distributed with PDF fθ (x) =

1
2π

1[0,2π ](x);
2) Ruj is the horizontal distance between the center of

the cluster and the ABS associated with the GS lo-
cated in ring j. It is defined as Ruj = Rj − Tj cos(θ j ),
where Rj = 2n−1

2˜N R0 is the horizontal distance be-
tween the GS and the center of the cluster;

3) Rr is the distance between the typical user and the
cluster center. The density probability function of Rr

is defined as

fRr (r) =
{ 2r

R2
0
, 0 ≤ r ≤ R0

0, otherwise
. (44)

The CDF of Ruj ,r is defined as

FRu j ,r
(r) = Eθ

(
P(Ruj ,r < r|θ )

)
(45)

where P(Ruj ,r < r|θ ) = P(R2
u j ,r < r2|θ ) = P((Rr − Ruj

cos(θ ))2 < r2 − R2
u j

sin2(θ )|θ ).
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If r2 − R2
u j

sin2(θ ) ≤ 0, we have P(Ruj ,r < r|θ ) = 0.
Otherwise, we have

P(Ruj ,r < r|θ )=P

(
−
√

r2−R2
u j

sin2(θ ) < Rr −Ruj cos(θ )

<

√
r2 − R2

u j
sin2(θ ) |θ

)
= P(Ruj cos(θ ) −

√
r2 − R2

u j
sin2(θ ) < Rr < Ruj cos(θ )

+
√

r2 − R2
u j

sin2(θ ) |θ )

= FRr

(
Ruj cos(θ ) +

√
r2 − R2

u j
sin2(θ )

)
− FRr

(
Ruj cos(θ ) −

√
r2 − R2

u j
sin2(θ )

)
. (46)

Thus, to determine the CDF of Ruj ,r , we need
to determine the range of θ and the range of

r, where 0 < Ruj cos(θ ) +
√

r2 − R2
u j

sin2(θ ) < R0, 0 <

Ruj cos(θ ) −
√

r2 − R2
u j

sin2(θ ) < R0, and g(r, θ ) = r2 −
R2

u j
sin2(θ ) > 0.
i) First, we will determine the range of θ , where g(r, θ ) =

r2 − R2
u j

sin2(θ ) > 0.

We have r2 − R2
u j

sin2(θ ) > 0 ⇒ − r
Ru j

< sin(θ ) < r
Ru j

.

There are the following two cases
∗ If r ≥ Ruj

− r

Ruj

< sin(θ ) <
r

Ruj

⇒ −1 ≤ sin(θ ) ≤ 1

⇒ 0 ≤ θ ≤ 2π. (47)

∗ If r < Ruj

− r

Ruj

< sin(θ ) <
r

Ruj

⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 < θ < arcsin
(

r
Ru j

)
π − arcsin

(
r

Ru j

)
< θ < π + arcsin( r

Ru j
)

2π − arcsin
(

r
Ru j

)
< θ < 2π

. (48)

ii) Second, we will determine the range of θ , where
Ruj cos(θ ) + √

g(r, θ ) < R0

Ruj cos(θ ) + √
g(r, θ ) < R0 ⇒ √

g(r, θ ) < R0 −
Ruj cos(θ ) ⇒ g(r, θ ) < (R0 − Ruj cos(θ ))2 ⇒ r2 −
R2

u j
sin2(θ ) < R2

0 − 2R0Ruj cos(θ ) + R2
u j

cos2(θ ) ⇒
cos(θ ) <

R2
0+R2

u j
−r2

2R0Ru j
.

∗ If r < R0 − Ruj , we have
R2

0+R2
u j

−r2

2R0Ru j
> 1. Therefore

cos(θ ) <
R2

0 + R2
u j

− r2

2R0Ruj

=⇒ 0 < θ < 2π. (49)

∗ If R0 − Ruj < r <
√

R2
0 + R2

u j
, we have 0 <

R2
0+R2

u j
−r2

2R0Ru j
< 1. Therefore,

cos(θ )<
R2

0+R2
u j

− r2

2R0Ruj

=⇒

⎧⎪⎪⎨
⎪⎪⎩

arccos

(
R2

0+R2
u j

−r2

2R0Ru j

)
< θ

θ < 2π − arccos

(
R2

0+R2
u j

−r2

2R0Ru j

). (50)

∗ If
√

R2
0 + R2

u j
< r < R0 + Ruj , we have −1 <

R2
0+R2

u j
−r2

2R0Ru j
< 0. Therefore

cos(θ ) <
R2

0 + R2
u j

− r2

2R0Ruj

=⇒

⎧⎪⎪⎨
⎪⎪⎩

π − arccos

(
−R2

0+R2
u j

−r2

2R0Ru j

)
< θ

θ < π + arccos

(
−R2

0+R2
u j

−r2

2R0Ru j

). (51)

iii) Third, we will determine the range of θ , where
Ruj cos(θ ) + √

g(r, θ ) > 0
∗ cos(θ ) > 0 =⇒ Ruj cos(θ ) + √

g(r, θ ) > 0 ∀r.
∗ cos(θ ) < 0 =⇒ Ruj cos(θ ) + √

g(r, θ ) > 0 ⇒√
g(r, θ ) > −Ruj cos(θ ) ⇒ g(r, θ ) > R2

u j
cos2(θ ) ⇒

r2 − R2
u j

sin2(θ ) > R2
u j

cos2(θ ) ⇒ r2 > R2
u j

⇒ r > Ruj .

=⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

If r < Ruj ∀θ ∈ [0, π
2

]⋃ [
3π
2 , 2π

]
,

Ruj cos(θ ) + √
g(r, θ ) > 0

If r > Ruj ∀θ ∈ [0, 2π ] ,

Ruj cos(θ ) + √
g(r, θ ) > 0

. (52)

iv) Fourth, we will determine the range of θ , where
Ruj cos(θ ) − √

g(r, θ ) > 0.
∗ cos(θ ) > 0 =⇒ Ruj cos(θ ) − √

g(r, θ ) > 0 ⇒
Ruj cos(θ ) >

√
g(r, θ ) ⇒ R2

u j
cos2(θ ) > g(r, θ ) ⇒

R2
u j

cos2(θ ) > r2 − R2
u j

sin2(θ ) ⇒ R2
u j

> r2 ⇒ r < Ruj

∗ cos(θ ) < 0 =⇒ Ruj cos(θ ) − √
g(r, θ ) < 0 ∀r.

=⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

If r < Ruj ∀θ ∈ [0, π
2

]⋃ [
3π
2 , 2π

]
,

Ruj cos(θ ) − √
g(r, θ ) > 0

If r > Ruj ∀θ ∈ [0, 2π ] ,

Ruj cos(θ ) − √
g(r, θ ) < 0

. (53)

v) Fifth, we will determine the range of θ , where
Ruj cos(θ ) − √

g(r, θ ) < R0.
Ruj cos(θ ) − √

g(r, θ ) < R0 ⇒ Ruj cos(θ ) − R0 <√
g(r, θ ).

We have Ruj cos(θ ) − R0 < Ruj − R0 < 0. Therefore

Ruj cos(θ ) −
√

g(r, θ ) < R0 ∀θ ∈ [0, 2π ] ∀r ≥ 0. (54)

APPENDIX B
PROOF OF LEMMA 2

ANi is the probability that the average power received at
the typical user from the closest NLoS ABS associated with
the GS located in ring i is greater than the powers received
from the other types of BS. It is mathematically defined as

ANi (r) =
∏

j∈[1,N]

P(Pr
Ni

> Pr
Lj
|DNi = r)
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×
∏

j∈[1,N]
j 	=i

P(Pr
Ni

> Pr
Nj

|DNi = r) × P(Pr
Ni

> Pr
T|DNi = r)

×
⎛
⎝ ∑

j∈[1,N]

p jP(Pr
Ni

> Pr
CABSj

|DNi = r) + pout

⎞
⎠ . (55)

Using the null probabilities of �Lj , �Nj , and �T, we have
the following results:

P(Pr
Ni

> Pr
Lj
|DNi = r)

= P

(
ρABSηND−αN

Ni
> ρABSηLD−αL

Lj
|DNi = r

)

= P

(
DLj >

(
ηL

ηN

) 1
αL

r
αN
αL

)

= exp

(
−2π p jδλC

∫ √
d2

NL (r)−h2
u j

0
xpL j (x)dx

)
. (56)

P(Pr
Ni

> Pr
Nj

|DNi = r)

= P

(
ρABSηND−αN

Ni
> ρABSηND−αN

Nj
|DNi = r

)
= P(DNj > r)

= exp

(
−2π p jδλC

∫ √
max(r,hu j )2−h2

u j

0
xpNj (x)dx

)
(57)

P(Pr
Ni

> Pr
T|DNi = r)

= P
(
ρABSηND−αN

Ni
> ρTηTD−αT

T |DNi = r
)

= P

(
DT >

(
ρTηT

ρABSηN

) 1
αT

r
αN
αT

)

= exp
(−πλTd2

NT(r)
)
1[0,+∞[(r). (58)

In addition, we have Pr
Ni

> Pr
CABSj

⇒
{

Pr
Ni

> ρABSηNGND−αN
u j ,r , if the ABS is an NLoS ABS

Pr
Ni

> ρABSηLGLD−αL
u j ,r , if the ABS is an LoS ABS

⇒
⎧⎨
⎩

Duj ,r > DNi , if the ABS is an NLoS ABS

Duj ,r >
(

ηL

ηN

) 1
αL D

αN
αL
Ni

, if the ABS is an LoS ABS

(59)

P(Pr
Ni

> Pr
CABSj

|DNi = r)

= EDu j ,r

[
1
(
Duj ,r > dNLj (r)

)× pL j

(√
D2

u j ,r − h2
u j

)]
+ EDu j ,r

[
1
(
Duj ,r > r

)× pNj

(√
D2

u j ,r − h2
u j

)]
=
∫ +∞

dNLj (r)
pL j

(√
x2 − h2

u j

)
fDu j ,r

(x) dx

+
∫ +∞

max(hu j ,r)
pNj

(√
x2 − h2

u j

)
fDu j ,r

(x) dx. (60)

Substituting (56)–(58) and (60) into (55), we get the final
expression provided in (29).

APPENDIX C
PROOF OF LEMMA 4

ACLj is the probability that the average power received
at the typical user from the cluster ABS given that it is an
LoS ABS associated with the GS located in ring j is greater
than the powers received from the other types of BS. It is
mathematically defined as

ACLj (r) =
∏

i∈[1,N]

P(Pr
CLj

> Pr
Ni

|Duj ,r = r)

×
∏

i∈[1,N]

P(Pr
CLj

> Pr
Li
|Duj ,r = r)

× P(Pr
CLj

> Pr
T|Duj ,r = r) (61)

where Pr
CLj

= ρABSηLGLD−αL
u j ,r is the received power at the

typical user from the cluster ABS given that the cluster ABS
is an LoS ABS.

Using the null probabilities of �Lj , �Nj , and �T, we
have the following results:

P(Pr
CLj

> Pr
Ni

|Duj ,r = r)

= P(ρABSηLD−αL
u j ,r > ρABSηND−αN

Ni
|Duj ,r = r)

= P

(
DNi >

(
ηN

ηL

) 1
αN

r
αL
αN

)

= exp

(
−2π piδλC

∫ √
d2

LNi
(r)−h2

ui

0
xpNi (x)dx

)
(62)

P(Pr
CLj

> Pr
Li
|Duj ,r = r)

= P(ρABSηLD−αL
u j ,r > ρABSηLD−αL

Li
|Duj ,r = r)

= P
(
DLi > r

)
= exp

(
−2π piδλC

∫ √
max(r,hui )2−h2

ui

0
xpLi (x)dx

)
(63)

P(Pr
CLj

> Pr
T|Duj ,r = r)

= P(ρABSηLD−αL
u j ,r > ρTηTD−αT

T |Duj ,r = r)

= P

(
DT >

(
ρTηT

ρABSηL

) 1
αT

r
αL
αT

)

= exp
(−πλTd2

LT(r)
)
. (64)

Thus, we can deduce the final expression (31).

APPENDIX D
PROOF OF LEMMA 5

Supposing that the origin of the coordinate system is the
typical user and denoting z0 as the location of the serving BS,
the Laplace transform of the interference power conditioned
on the serving BS being at a distance r from the typical user
is defined as

LI (s) = EI
[
exp(−sI )

]
(a)= E�T

⎡
⎣ ∏

y∈�T\{z0}
EGT exp(−sPr

T,y)

⎤
⎦
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×
∏

i∈[1,N]

E�Li

⎡
⎣ ∏

y∈�Li \{z0}
EGL exp(−sPr

Li,y)

⎤
⎦

×
∏

i∈[1,N]

E�Ni

⎡
⎣ ∏

y∈�Ni \{z0}
EGN exp(−sPr

Ni,y)

⎤
⎦

×
⎛
⎝pout +

∑
j∈[1,N]

p jEI exp(−sPr
CABSj

)

⎞
⎠

(b)= E�T

⎡
⎣ ∏

y∈�T\{z0}

(
mT

mT + sρTηTD−αT
T,y

)mT
⎤
⎦

×
∏

i∈[1,N]

E�Li

⎡
⎣ ∏

y∈�Li \{z0}

(
mL

mL + sρABSηLD−αL
Li,y

)mL
⎤
⎦

×
∏

i∈[1,N]

E�Ni

⎡
⎣ ∏

y∈�Ni \{z0}

(
mN

mN + sρABSηND−αN
Ni,y

)mN
⎤
⎦

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

pout +
∑

j∈[1,N]

p j

k j (r)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∫∞
e(r)

(
mL

mL+sρABSηLx−αL

)mL

×pL j

(√
x2 − h2

u j

)
fDu j ,r

(x) dx

+∫∞
l (r)

(
mN

mN+sρABSηNx−αN

)mN

×pNj

(√
x2 − h2

u j

)
fDu j ,r

(x) dx

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(65)

Step (a) follows from (10) and the independence of the
spatial point process and small-scale fading. Knowing that
	(m) = (m − 1)!, step (b) follows from the fact that

EGT exp(−sPr
T) =

∫ ∞

0
fGT (g) exp(−sPr

T) dg

=
(

mT

mT + sρTηTD−αT
T

)mT

. (66)

Similarly and by replacing the index T with L and N,
the expressions of EGL exp(−sPr

Li
) and EGN exp(−sPr

Ni
) are

derived as follows:

EGL exp(−sPr
Li

) =
(

mL

mL + sρABSηLD−αL
Li

)mL

EGN exp(−sPr
Ni

) =
(

mN

mN + sρABSηND−αN
Ni

)mN

. (67)

In addition, we have

EI exp(−sPr
CABSj

) = EDu j ,r
[EGL exp(−sPr

CLj
)

× pL j

(√
D2

u j ,r − h2
u j

)
|Pr

CABSj
< Pr

S] + EDu j ,r
[EGN

exp(−sPr
CNj

) × pNj

(√
D2

u j ,r − h2
u j

)
|Pr

CABSj
< Pr

S] (68)

where Pr
CLj

and Pr
CNj

are the received power at the typical
user from the cluster ABS given that the cluster ABS is an

LoS ABS and an NLoS ABS, respectively. Pr
S is the received

power at the typical user from the serving BS. Using (67),
we deduce that

EI exp(−sPr
CABSj

)

=
∫ ∞

e(r)

(
mL

mL + sρABSηLx−αL

)mL

pL j

(√
x2 − h2

u j

)

×
fDu j ,r

(x)

k j (r)
dx +

∫ ∞

l (r)

(
mN

mN + sρABSηNx−αN

)mN

× pNj

(√
x2 − h2

u j

) fDu j ,r
(x)

k j (r)
dx (69)

where k j (r) = P(Pr
CABSj

< Pr
S |Ds = r), S ∈ {T, Li, Ni}, and

e(r) and l (r) are the distances to the nearest interfering BS,
defined in Remark 1. The variables k j (r), e(r), and l (r)
depend on the type of the serving BS. If the cluster ABS is
the serving BS, we have EI exp(−sPr

CABSj
) = 1.

Finally, using the probability generating functional of
the PPPs and the distances to the nearest interfering BS
from each type of the BS, we deduce the expressions (33)
and (36).

APPENDIX E
PROOF OF THEOREM 2

The conditional coverage probability, given that the
serving BS is a TBS located at a distance r from the typical
user, is defined as

PT
cond(r) = P

(
ρTηTGTr−αT

σ 2 + I
> γ

)
= P

(
GT > (ρTηT)−1rαT (σ 2 + I )γ

)
. (70)

The complementary CDF of the Gamma distribu-
tion can be written as P(GT > g) = 	u(mT,mTg)

	(mT ) =∑mT−1
k=0

(mTg)k

k! exp(−mTg), where 	u is the upper incomplete
Gamma function.

Denoting U = σ 2 + I , μT(r) = mTγ (ρTηT)−1rαT , we
have

PT
cond(r) = EU

[
mT−1∑
k=0

(μT(r)U )k

k!
exp(−μT(r)U )

]

=
mT−1∑
k=0

(μT(r))k

k!
EU
[
exp(−μT(r)U )U k

]
. (71)

Since EU [exp(−sU )U k] = (−1)k ∂k

∂sk LU (s), we get

PT
cond(r) = ∑mT−1

k=0 [ (−s)k

k!
∂k

∂sk LU (s)]s=μT(r).

We will just provide the proof of PT
cond. Following the

same steps, we can deduce the other conditional coverage
probabilities.

The coverage probability given that the serving BS is a
TBS is given by

PT
cov = EDT

[
PT

cond(DT )AT(DT )
]

=
∫ ∞

0
PT

cond(r)AT(r) fDT (r) dr (72)
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where PT
cond(r) is the conditional coverage probability given

that the serving BS is a TBS located at a distance r from the
typical user.

The coverage probability given that the serving BS is an
ABS is given by

PA
cov =

∑
i∈[1,N]

EDLi

[
PLi

cond(DLi )ALi (DLi )
]

+
∑

i∈[1,N]

EDNi

[
PNi

cond(DNi )ANi (DNi )
]

=
∑

i∈[1,N]

∫ ∞

hui

PLi
cond(r)ALi (r) fDLi

(r) dr

+
∑

i∈[1,N]

∫ ∞

hui

PNi
cond(r)ANi (r) fDNi

(r) dr (73)

where P{Li,Ni}
cond (r) is the conditional coverage probability

given that the serving BS is an LoS/NLoS ABS located
at a distance r from the typical user and associated with a
GS in ring i.

The coverage probability given that the serving BS is
the cluster ABS is given by

PCA
cov =

∑
j∈[1,N]

p jEDu j ,r

[
P

CLj

cond(Duj ,r )ACLj (Duj ,r )
]

+
∑

j∈[1,N]

p jEDu j ,r

[
P

CNj

cond(Duj ,r )ACNj (Duj ,r )
]

=
∑

j∈[1,N]

p j

∫ ∞

hu j

P
CLj

cond(r)ACLj (r) fDu j ,r
(r) dr

+
∑

j∈[1,N]

p j

∫ ∞

hu j

P
CNj

cond(r)ACNj (r) fDu j ,r
(r) dr (74)

where P
{CLj,CNj}
cond (r) is the conditional coverage probability

given that the serving BS is a cluster LoS/NLoS ABS located
at a distance r from the typical user and associated with a
GS in ring j.

Combining the aforementioned coverage probabilities,
we deduce the overall coverage probability as follows:

Pcov = PA
cov + PCA

cov + PT
cov. (75)

APPENDIX F
PROOF OF THEOREM 3

The CDF of the Gamma distribution is given by FG(g) =
	l (m,mg)

	(m) and is bounded as [24]

(
1 − e−β1mg

)m
<

	l (m, mg)

	(m)
<
(
1 − e−β2mg

)m
(76)

where 	l (m, mg) = ∫ mg
0 tm−1e−t dt , β1 ={

1, if m > 1
(m!)

−1
m , if m < 1

, and β2 =
{

(m!)
−1
m , if m > 1

1, if m < 1
.

It has been demonstrated in [25] that the upper bound
in (76) offers a good approximation to the CDF of the
Gamma distribution. As a result, we approximate the cov-
erage probability using the upper bound. Having (76) and

	u (m,mg)
	(m) = 1 − 	l (m,mg)

	(m) , the conditional coverage probabil-
ity PC

T can be rewritten as

P̃C
T = 1 − EU

[
	l (mT , μT(r)U )

	(mT )

]
(a)≈ 1 − EU

[(
1 − exp(−βT μT(r)U )

)mT
]

(b)=
mT∑
k=1

(
k

mT

)
(−1)k+1

EU
[
exp(−kβT μT(r)U )

]

=
mT∑
k=1

(
k

mT

)
(−1)k+1LU (kβT μT(r)) (77)

where βT = (mT !)
−1
mT and μT(r) is defined as before. Step

(a) follows from the upper bound in (76). Step (b) follows
from the binomial theorem, the assumption that mT is an
integer, and the linearity of the expectation. The remaining
conditional coverage probability is derived following the
same steps.
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