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Dedicating Cellular Infrastructure for Aerial Users:
Advantages and Potential Impact on Ground Users
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Abstract— A new generation of aerial vehicles is hopeful
to be the next frontier for the transportation of people and
goods, becoming even as important as ground users in the
communication systems. To enhance the coverage of aerial users,
appropriate adjustments should be made to the existing cellular
networks that mainly provide services for ground users by the
down-tilted antennas of the terrestrial base stations (BSs). It is
promising to up-tilt the antennas of a subset of BSs for serving
aerial users through the mainlobe. With this motivation, in this
work, we use tools from stochastic geometry to analyze the
coverage performance of the adjusted cellular network (consisting
of the up-tilted BSs and the down-tilted BSs). Correspondingly,
we present exact and approximate expressions of the signal-to-
interference ratio (SIR)-based coverage probabilities for users in
the sky and on the ground, respectively. Numerical results verify
the analysis accuracy and clarify the advantages of up-tilting
BS antennas on the communication connectivity of aerial users
without the potential adverse impact on the quality of service
(QoS) of ground users. Moreover, it is unveiled that there exists
an optimal value of the up-tilted/down-tilted BS density ratio
for maximizing the coverage probability of the aerial or ground
users.

Index Terms— Stochastic geometry, aerial transportation,
cellular networks, coverage probability, up-tilt angle.

I. INTRODUCTION

IN RECENT years, aerial transportation has seen unprece-
dented advances since the terrestrial traffic congestion

and the constraints of public transportation infrastructure.
Transportation of (i) goods through unmanned aerial vehicles
(UAVs) and (ii) people through flying cars is not a futuristic
dream anymore [1], [2].

To become a reality, it is important to provide a strong
and reliable connection for all kinds of aerial transportation
to ensure (i) safety and control of UAVs and (ii) coverage
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for mobile users in flying cars. However, the current cellular
infrastructure is primarily designed to serve users spatially
distributed on the ground. In particular, the antennas of the
terrestrial base stations (BSs) are down-tilted and completely
direct towards the ground users. Consequently, the aerial
users can only get sidelobe gain from the current cellular
infrastructure, which might not be enough to ensure the full
coverage of such a new type of users. Therefore, there is an
urgent need to modify the current cellular network to meet
the connectivity requirement of aerial users (e.g., UAVs for
delivery or surveillance and mobile equipment held by people
in flying cars).

A. Related Work

Aerial communication equipment-enabled communication
systems have recently attracted much research interest [3], [4],
[5], [6], [7], [8]. For example, by employing geographic infor-
mation, the authors in [3] jointly optimized the 3D position and
power allocation of the UAV relay to improve communication
capacity. In [4], UAVs were served as BSs, whose placement is
based on the prediction of the user equipment (UE) movement,
to provide seamless communication services for the flash
mobile crowds. Reference [5] formulated an optimization
problem to design the trajectory of a UAV by maximizing
the minimum rate of the downlink (from a UAV to a ground
UE). However, in the above works, UAVs either act as BSs
or relays to enhance the quality of service (QoS) of ground
users, while the coverage probability of UAVs (regarded as
UEs, i.e., UAV-UEs) is not considered.

The QoS of aerial communication equipment served by the
existing cellular network also has some work. The authors
in [9] and [10] discussed the technical feasibility of leveraging
the established cellular network for supporting the connectivity
of UAVs in a cost-effective manner. Modeling the actual
radiation pattern in the vertical plane of the BSs equipped with
uniform linear antennas (ULAs), [11] provided the uplink and
downlink coverage performance analysis for the UAV-UE in
cellular networks composed of regularly-distributed BSs.

On the other hand, adjusting the current network structure
to serve aerial users has been investigated recently, e.g., [12],
[13], [14], [15], [16], [17], and [18]. The authors in [13] found
an optimal value of the UAV height to ensure connectivity.
The height-dependent path-loss exponent and the small-scale
fading were further considered in [14] to analyze the coverage
probability of the aerial users. In addition to optimizing the
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height of the aerial users, the parameters of BSs have been
modified to improve the aerial coverage probability [15], [16],
[17], [18]. References [15] and [16] proposed to reduce the
down-tilt angle and scale the beamwidth of BS antennas to
allow part of BSs to provide services through mainlobes for
both aerial users and ground users. However, once such BSs
are associated with ground users, they unavoidably interfere
with aerial users from the mainlobes and vice versa. In order
to suppress interference, antenna patterns were designed
in [17] and [18].

It is worth noting that the existing literature on improving
the QoS of aerial users mainly focuses on optimizing the
height of BSs/UAVs and the down-tilted angle/beamwidth.
However, in these solutions, the BSs tilting their antennas
downward still aims at serving the ground users. In fact,
as a result of the on-growing set of applications of UAVs,
it is anticipated to see a continuous increase in the number
of aerial users, even becoming comparable to the number of
ground users in the communication systems. Therefore, it is
reasonable to design a cellular network composed of two types
of BSs for serving ground users and aerial users, respectively.

B. Contributions

Motivated by the above discussion, in the paper, we propose
to up-tilt the antennas of a fraction of BSs to ensure the
coverage of aerial users. Intuitively, the up-tilted BSs enable
aerial users to receive higher power through the mainlobes
and only interfere with ground users from the sidelobes. This
implies that the proposal can increase the received power at
aerial users and decrease the interference power at ground
users. However, this proposal also involves some new technical
challenges related to characterizing the interference from both
the sidelobes of down-tiled BSs and the sidelobes/mainlobes of
up-tilted BSs for aerial users and the opposite for ground users.
We use the signal-to-interference ratio (SIR)-based coverage
probability as a performance metric to quantify the impact
of the coexistence of up-tilted BSs and down-tilted BSs on
aerial users and grounds users. Employing the stochastic
geometry approach, we seek a reasonable solution to improve
the coverage probability of aerial users without deteriorating
the QoS of ground users. The main contributions of this paper
are listed as follows:

• We propose a new method to ensure the connectivity
of aerial users, i.e. converting a part of the down-tilted
BSs into up-tilted BSs, which makes it possible for the
cellular network to transmit signals to aerial users through
mainlobes.

• Using stochastic geometry, we derive the expressions of
the SIR-based coverage probabilities of aerial users and
ground users to evaluate the effectiveness of the proposed
cellular network. We also verify the analysis accuracy by
extensive Monte Carlo simulations.

• With the improvement on the coverage probabilities in
numerical results compared with the current network
comprising only down-tilted BSs, we show that the pro-
posed network is effective to increase the QoS of aerial
users without lowering that of ground users.

Fig. 1. Depiction of a fraction of the terrestrial BSs that direct their antennas
towards aerial users.

• We further explore the impact of system parameters,
including the up-tilted/down-tilted BS density ratio, the
up-tilted angle/beamwidth, and the heights of BSs and
aerial users on the coverage performance. These analyses
provide insights into the design of future networks to
achieve wide coverage for both aerial users and ground
users.

The rest of this paper is structured as follows. We introduce
the proposed cellular network, the corresponding stochastic
geometry-based model, and the performance metrics in Sec. II.
In Sec. III, we derive the expressions of the performance
metrics. Then, we present and discuss the numerical results
in Sec. IV. Finally, we conclude our work in Sec. V. Table I
summarizes the notations in this paper.

II. SYSTEM MODEL

In this section, we introduce the idea of switching a subset
of the cellular infrastructure into a fully dedicated network
for serving aerial users, followed by the channel model, the
association policy between the BSs and the users, and the
performance metrics.

A. Network Model

We consider a cellular network consisting of terrestrial BSs,
aerial users, and ground users with particular altitudes hT, ha,
and hg, respectively. We model their 2D locations as three
independently homogeneous PPPs (HPPPs): ΨT = {ti} ∈ R

2

with density λT, Ψa = {ai} ∈ R
2 with density λa, and

Ψg = {gi} ∈ R
2 with density λg, respectively. In fact, the

aerial users are movable and have different altitudes. The
2D-PPP modelling of aerial users can be considered as an
approximation to a scenario in which the altitudes of aerial
users are uniformly distributed within a range of heights and
ha is the average altitude.1 Each BS serves one single user
in a time-frequency slot. Besides, we assume that the antenna
radiation patterns of BSs are omnidirectional in the horizontal
plane and directional in the vertical plane, while all users
employ omnidirectional antennas. As illustrated in Fig. 1,

1The analysis of aerial communication devices with different altitudes
matches that with the same altitude (equal to the average altitudes of aerial
communication devices) [19], [20].
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TABLE I

TABLE OF NOTATIONS

a fraction (δ) of terrestrial BSs are dedicated to serving aerial
users by up-tilting their beams with angle εU and vertical
beamwidth ϕU, where 0 ≤ δ ≤ 1. The density of the BSs
with an up-tilt angle is denoted by λU = δλT. The rest of
BSs have down-tilt angle εD and vertical beamwidth ϕD with
density λD = (1 − δ)λT.

To this end, our main purpose throughout this paper is
to analyze the considered setup in terms of four specific
parameters:

• The fraction of cellular BSs that should direct their
antennas towards aerial users: δ.

• The antenna pattern of BSs, i.e. up-tilt or down-tilt angles
of the BSs and their vertical beamwidths: εU, εD, ϕU,
and ϕD.

• The heights of elements in the cellular network: hT, ha,
and hg.

• The probability that the SIR at the typical user is above
a predefined threshold: Pcov.

Given the values of the mainlobe and sidelobe gain of the BSs,
we aim to derive the expression of Pcov as a function of δ,
εU, εD, ϕU, ϕD, hT, ha, and hg for aerial users and ground
users, so as to study how the ground mobile users can be
affected when taking a fraction of their cellular infrastructure
to support aerial communications. The expression offers some
instructive information for designing the cellular network in
different kinds of communication environments.

Without loss of generality, the following analysis is for a
typical user above or at the origin (i.e., the typical aerial-user
and the typical ground-user) [21]. The distance from a BS,
e.g., ti ∈ ΨT, to the typical user, i.e., ri = ||ti||, refers to the
horizontal distance, unless otherwise stated.

B. Channel Model

In this subsection, we present the antenna gain of the
up-tilted BSs and down-tilted BSs, respectively. We also

consider the characteristics of line-of-sight (LoS) transmission
and non LoS (NLoS) transmission for channels from the
terrestrial BSs to aerial users (T2A) and to ground users
(T2G) when calculating the path loss. Furthermore, we use the
Nakagami-m fading model to describe the small-scale fading.
Then, we provide the received power and the SIR of a typical
user in the sky and on the ground.

Based on the aforementioned antenna angles and
beamwidths of BSs, each user experiences either mainlobe
gain or sidelobe gain from an up-tilted/down-tilted BS, which
depends on their positions. For illustration, we denote the
type of users by v ∈ {a, g}, where v = a represents the aerial
users and v = g represents the ground users. The antenna
gain provided by a up-tilted BS with horizontal distance r to
a v-type user provides antenna gain is given by

Gv,U(r) =

�
GM if zv,U,1 < r ≤ zv,U,2

GS otherwise,
v ∈ {a, g} , (1)

where zv,U,1 = min
�
0, (hv − hT) cot(εU + ϕU

2 )
�

and
zv,U,2 = min

�
0, (hv − hT) cot(εU − ϕU

2 )
�

. As depicted in
Fig. 1, (zv,U,1, zv,U,2] is the range of the mainlobe coverage
area defined by a up-tilted BS on a horizontal plane at a
specific height (ha or hg). Similarly, the antenna gain provided
by a down-tilted BS with distance r to the typical user at origin
(v = g) or above origin (v = a) is given by

Gv,D(r) =

�
GM if zv,D,1 < r ≤ zv,D,2

GS otherwise,
v ∈ {a, g} , (2)

where zv,D,1 = min
�
0, (hT − hv) cot(εD + ϕD

2 )
�

and
zv,D,2 = min

�
0, (hT − hv) cot(εD − ϕD

2 )
�

. (zv,D,1, zv,D,2]
describes the mainlobe coverage area of a down-tilted BS in
Fig. 1. Due to the fact that the BSs with up-tilted antennas
are fully dedicated to serving aerial users, it is reasonable
that εU − ϕU

2 > 0 and εD − ϕD
2 > 0 in (1) and (2). Thus,

zg,U,1 = zg,U,2 = za,D,1 = za,D,2 = 0, which means the
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up-tilted BSs can provide either mainlobe or sidelobe gain
for aerial users while only sidelobe gain for ground users.
Likewise, the aerial users can not be served through mainlobes
of the down-tilted BSs. Hence, (1) and (2) can be simplified as

Gg,U(r) = Ga,D(r) = GS. (3)

The blockages in the communication environment lead to
the LoS and NLoS links. We consider the LoS and NLoS
conditions for both the T2A channel and the T2G channel,
whose occurrence probabilities depend on the environment and
the altitudes of the transceivers. The probability of the LoS
transmission, denoted by PL

v (r), is given by [22]

PL
v (r) =

N�
n=0

⎡
⎢⎣1−exp

⎛
⎜⎝−
�
hT− (n+0.5)(hT−hv)

N+1

2
2γ2

⎞
⎟⎠
⎤
⎥⎦ ,

N =
�

r
√

αβ

1000
− 1
�

, (4)

where v ∈ {a, g} stands for the type of the user, r is the
horizontal distance between a BS and a user, and the proper-
ties of the environment are described by the three constants
{α, β, γ}. α is the ratio of the building area to the total land
area, β represents the mean number of buildings per km2, and
the scale parameter γ is related to the Rayleigh probability

density function (PDF), i.e., f(H) = H
γ2 exp

�
− H2

2γ2

�
, where

H is the building height and f(H) is the distribution of H .
Correspondingly, the probability of NLoS transmission is
PN

v (r) = 1 − PL
v (r).

For simplicity, we denote the antenna direction (up-tilt or
down-tilt), the mainlobe or sidelobe gain from a BS to the
typical user, and the LoS or NLoS condition of the channel
between a BS and the typical user as w1 ∈ {U, D}, w2 ∈
{M, S}, and w3 ∈ {L, N}, respectively. Then, the BSs set
(denoted by W ) can be divided into 8 types, i.e. W =
{w} = {UML, UMN, USL, USN, DML, DMN, DSL, DSN},
where w = w1w2w3. Notations b, b1, b2, and b3 have the
same meaning as w, w1, w2, and w3, respectively, while b (or
w) represents the type of the serving (or interfering) BS in
the following. More details of the notations are provided in
Table I. Particularly, even though we classify the BSs into
8 types, the w-type BSs still follow the PPP distribution
due to the independent thinning property of PPP [21], i.e.,
ΨT = ΨU∪ΨD, ΨU = ΨUML∪ΨUMN∪ΨUSL∪ΨUSN, ΨD =
ΨDML ∪ ΨDMN ∪ ΨDSL ∪ ΨDSN, and Ψb ∩ Ψw = ∅ (b, w ∈
W, b �= w). Furthermore, (3) simplifies the BSs set into Wa

for aerial users and Wg for ground users, as shown in Fig. 2,
where

Wa = {UML, UMN, USL, USN, DSL, DSN} ,

Wg = {DML, DMN, DSL, DSN, USL, USN} . (5)

The path loss between a typical v-user and a BS located at ti
(with horizontal distance ri = ||ti|| and type w = w1w2w3)
is given by

ζv,w3(ri) = ηw3d
−αw3
v,i =ηw3

�
r2
i +(hv−hT)2

−αw3/2

,

v ∈ {a, g} , w3 ∈ {L, N} , (6)

Fig. 2. Types of BSs from the perspective of (a) aerial users and (b) ground
users.

where w3 represents the characteristics of the link, i.e., LoS or
NLoS, αw3 is the path-loss exponent corresponding to the link
characteristics w3, ηw3 is a constant parameter representing
the path loss at the reference distance d = 1 m, dv,i is the
Euclidean distance between the typical v-user and the BS i,

where dv,i =
�

r2
i + (hv − hT)2. The independent small-

scale fading denoted by Ωw3,i, follows Gamma distribution
with E {Ωw3,i} = 1. We adopt the widely-used Nakagami-m
fading model with shaping parameters given by mL and mN

for LoS and NLoS links, respectively. The PDF of ωw3,i is
given by [23]

fΩw3,i(ω) =
m

mw3
w3 ωmw3−1

Γ(mw3)
e−mw3ω, w3 ∈ {L, N} , (7)

where Γ(m) is the Gamma function and Γ (m) =
�∞
0

tm−1

e−tdt [24]. The received power at the typical v-user from a
BS in Ψw, with horizontal distance ri, is given by

P r
v,w(ri) = P r

v,w1w2w3
(ri) = P tGw2ζv,w3 (ri)Ωw3,i, (8)

where P t is the constant transmission power. Therefore, when
the typical v-user is associated with a BS located at t0 ∈ Ψb

(with horizontal distance r0 = ||t0||), the interference power
from all BSs except the serving BS, denoted by Iv|r0 , is given
by

Iv|r0 =
�

w∈Wv

Iv,w|r0 =
�

w∈Wv

�
i,ti∈Ψw\{t0}

P r
v,w(ri), (9)
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where Iv,w|r0 is the interference from all interfering w-BSs.
Correspondingly, the instantaneous SIR is given by

SIRb
v =

P r
v,b(r0)
Iv|r0

, (10)

where v = {a, g} is the type of the typical user and b ∈ Wv

is the type of the serving BS.

C. Association Policy

Following the discussion in Sec. II-B, we introduce an
association policy based on the average received power.
In specific, the typical user is associated with the BS that
provides the strongest average received power. We denote the
horizontal distance between the typical user and its serving
BS as r0. It is worth noting that serving BS is not always
the closest one in the BSs set W since signals from different
types of BSs experience different channel gain. For instance,
a UML-BS is able to transmit the signal from mainlobe
through LoS links, which compensates for the long-distance
path loss and thus may provide stronger average power,
compared with a closer USN-BS. By noting E {Ωw3,i} = 1
in (8), the average received power from a BS in Ψw with
distance ri to the typical v-user is given by

P̄ r
v,w(ri) = P tGw2ζv,w3 (ri) . (11)

It can be seen from (11) that, for the same type of BSs
with the same channel characteristics, the average received
power only depends on the path loss, which is a monotonically
decreasing function of the propagation distance. Clearly, the
closest BS in each type of BSs can provided the strongest
average received power compared with the rest BSs with the
same type. Therefore, the serving BS must be one of the
closest BSs from each type of BSs, which are highlighted
by red squares in Fig. 2. Let r0 denote the horizontal distance
between the serving BS and the typical v-user. The association
policy can be mathematically expressed as

r0 = arg max
Rb, b∈Wv

�
P̄ r

v,b(Rb)
�

, Rb = min
i, ti∈Ψb

{ri}, (12)

where Rb is the closest horizontal distance between BSs in
Ψb and the typical v-user and P̄ r

v,b(Rb) is the corresponding
strongest average received power from a BS in Ψb and is
given in (11).

D. Performance Metrics

We adopt the coverage probability, i.e., the probability that
SIR is above a predefined threshold, as a metric to quantify the
performance of the proposed cellular network. Let Cv denote
the event that the typical v-user is in coverage. Given threshold
τ , the coverage probability of the T2A or T2G link can be
defined as follows.

Pcov
v = P {Cv} = P {SIRv > τ} . (13)

As discussed in Sec. II and II-B, the typical user is associated
with a single BS in a time-frequency resource block and there
are 8 types of BSs in the cellular network. Therefore, the event
Cv can be decomposed into 8 sub-events that the typical v-user

is in coverage when served by a BS in Ψb with horizontal
distance Rb. The sub-event is denoted by Bv,b. Therefore, the
coverage probability can be rewritten as

P {Cv} (a)
=
�

b∈Wv

ERb
[P {Cv,Bv,b|Rb}]

=
�

b∈Wv

ERb
[P {Cv|Bv,b, Rb}P {Bv,b|Rb}]

=
�

b∈Wv

ERb

�
P

�
SIRb

v > τ |Rb

�
P {Bv,b|Rb}


, (14)

where (a) follows the law of total probability, Rb is given
in (12), and SIRb

v is given in (10).

III. PERFORMANCE ANALYSIS

This section provide several steps to derive the expressions
of the performance metrics defined in Sec. II. First, we derive
the distribution of the closest distance between the typical user
and each type of BSs. Then, considering that the typical user
is associated with a BS with a specific type, we analyze the
locations of the nearest interfering BSs for the rest of BS
types, followed by the corresponding association probability.
We next characterize the interference by its Laplace transform.
Finally, we obtain the exact and approximate expressions of
coverage probabilities.

A. Distance Distribution

As discussed in Sec. II-B, the terrestrial BSs are divided into
8 types, which forms 8 independent and non-homogeneous
PPPs: ΨUML, ΨUMN, ΨUSL, ΨUSN, ΨDML, ΨDMN, ΨDSL, and
ΨDSN. The densities of these non-homogeneous PPPs are
related to the LoS probability of the channel between a BS and
the typical user, e.g. λUML(r) = λUPL

v (r) = δλTPL
v (r). With

a given mainlobe beamwidth of BSs, the up-tilted BSs that can
provide mainlobe gain for the typical aerial (or ground) user
is limited in a ring area with a radius range (za,U,1, za,U,2]
(or (zg,U,1, zg,U,2]), while the down-tilted BSs that can pro-
vide mainlobe gain for the typical aerial (or ground) user
is limited in a ring area with a radius range (za,D,1, za,D,2]
(or (zg,D,1, zg,D,2]). The following lemma provides the distri-
bution of the distance between the closest BS in Ψb and the
typical v-user, which is useful to describe event Bv,b that the
typical user is associated with different types of BSs.

Lemma 1 (Distance Distribution): The PDF of the hori-
zontal distance between the typical v-user and the closest
b-BS is denoted by fv,Rb

(r), b = b1b2b3 ∈ Wv . For the
up-tilted/down-tilted BSs transmitting signals from mainlobe
with LoS/NLoS links (i.e., b1 ∈ {U, D}, b2 = M, and
b3 ∈ {L, N}), fv,Rb1Mb3

(r) is given by (15), shown at the
bottom of the next page, where zv,b1,j (j ∈ {1, 2}) is the
maximum or minimum radius of the occurrence area of BSs
providing mainlobe gain and is given in (1) and (2). For the
up-tilted/ down-tilted BSs transmitting signals from sidelobe
with LoS/NLoS links (i.e., b1 ∈ {U, D}, b2 = S, and b3 ∈
{L, N}), fv,Rb1Sb3

(r) is given by (16), shown at the bottom of
the next page.

Proof: See Appendix A. �
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B. Nearest Interfering BSs

Based on the association policy mentioned in Sec. II-C,
the typical user is associated with the BS that can provide
the strongest average received power instead of the closest
BS in the cellular network. Namely, it is impossible for the
interfering BSs to provide larger average received power than
the serving BS. From (12), we notice that, once the horizontal
distance between the typical v-user and its serving b-BS is
determined (i.e., r0), the nearest interfering BS in each BS
type with distance Rw to the origin is restricted. The minimum
value of Rw related to r0 is denoted by rv,w|b(r0), which is
given in the following lemma.

Lemma 2 (Nearest Distance of Interfering BSs): The typi-
cal v-user is associated with the BS in Ψb with horizontal
distance r0, implying that the horizontal distance between
the interfering BSs in Ψw (w ∈ Wv \ {b}) and the
typical v-user is no less than rv,w|b(r0), which is given
by (17), shown at the bottom of the page, where X =�
(P tGw2ηw3

P tGb2ηb3
)−

2
αw3 (hv − hT)2

αw3
αb3 − (hv − hT)2.

Proof: The average received power from the serving
b-BS with distance r0 can be calculated by (8) and (12) as
P̄ r

v,b(r0) = P tGb2ζv,b3 (r0). Clearly, the interfering BSs with
type w provide no more average received power than the
serving BS does. Therefore, the nearest interfering BS in Ψw

with distance Rw to the typical user satisfies the inequality as
follows,

P tGw2ζv,w3 (Rw) ≤ P tGb2ζv,b3 (r0) , (18)

where rv,w|b(r0) is the minimum value of Rw in (18).
However, it might happen that no BS in Ψw can provide the
greater average received power than that by the serving BS
with a distance of r0 to the typical user, leading to imaginary
rv,w|b(r0). Naturally, in this case, there is no restriction on the
location of the nearest interfering BS in Ψw, i.e., the minimum
value of Rw is 0. Thus, we complete the proof Lemma 2. �

C. Association Probability

In Sec. II-D, the calculation of Pcov
v is transformed

into the calculation of the average joint probability, i.e.,
ERb

[P {Cv,Bv,b|Rb}], that the typical v-user is in coverage
when served by the nearest BS in Ψb with distance Rb. In this
subsection, we provide the association probability, Av,b, which
is the corresponding probability of the event Bv,b.

Lemma 3 (Association Probability): The probability that
the typical v-user is associated with the nearest BS in Ψb

with distance r0 is given by

Av,b(r0) = ξv,b1b2(r0)
�

w∈W\{b}

� ∞

rv,w|b(r0)

fv,Rw(z)dz, (19)

where rv,w|b(r0) is given in (17), fv,Rw(z) is given in
Lemma 1, ξv,b1b2(r) is a rectangular function, which is related
to the antenna direction (up-tilt or down-tilt) i.e., b1 ∈ {U, D},
and the antenna gain (mainlobe or sidelobe) of the BSs, i.e.,
b2 ∈ {M, S}. The specific expression of ξv,b1b2(r) is defined as

ξv,UM(r) =

�
1, if zv,U,1 < r ≤ zv,U,1

0, otherwise,

ξv,US(r) = 1 − ξv,UM(r),

ξv,DM(r) =

�
1, if zv,D,1 < r ≤ zv,D,2

0, otherwise,

ξv,DS(r) = 1 − ξv,DM(r). (20)

Proof: See Appendix B. �
Note that za,D,1 = 0 and za,D,2 = 0. Therefore, ξa,DM(r)

always equals to 0, i.e., Aa,DML(r0) and Aa,DMN(r0) are
0 at any value of r0. Namely, aerial users would never be
associated with DML-BSs and DMN-BSs, which is consistent
with our previous results of simplifying the BS set W into
Wa in Sec. II-B. Similarly, for ground users, the association
probabilities for UML-BSs and UMN-BSs are 0.

fv,Rb1Mb3
(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, if r ≤ zv,b1,1

2πλb1rPb3
v (r)exp

"
−2πλb1

r�
zv,b1 ,1

zPb3
v (z)dz

#
, if zv,b1,1<r≤zv,b1,2

0, otherwise,

(15)

fv,Rb1Sb3
(r) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2πλb1rPb3
v (r)exp

$
−2πλb1

r�
0

zPb3
v (z)dz

%
, if r≤zv,b1,1

0, if zv,b1,1 <r≤zv,b1,2

2πλb1rPb3
v (r)exp

"
−2πλb1

"
r�

zv,b1,2

zPb3
v (z)dz+

zv,b1,1�
0

zPb3
v (z)dz

##
, otherwise.

(16)

rv,w|b(r0) =

⎧⎨
⎩
&

(P
tGw2ηw3

P tGb2ηb3
)

2
αw3 [r2

0+(hv−hT)2]
αb3
αw3 −(hv−hT)2, if r2

0 <X

0, otherwise,
(17)
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D. Interference

Given the type and the location of the serving BS, we
characterize the interference at the typical v-user, i.e., Iv|r0

in (9), by its Laplace transform [25].
Lemma 4 (Laplace Transform of Interference): The

Laplace transform of the interference (conditioned on
the type of the serving BS being b and the horizontal distance
between the serving BS and the user being r0), denoted by
LIv|r0

(s), is given by

LIv|r0
(s)

= exp

⎛
⎜⎝−�

w∈Wv

2πλw1

∞�
rv,w|b(r0)

[1−κw(z, s)]zPw3
v (z)ξv,w1w2(z)dz

⎞
⎟⎠,

(21)

where κw(z, s) = ( mw3
mw3+sP tGw2ζv,w3 (z) )

mw3 and if w = b,
rv,w|b(r0) = r0.

Proof: See Appendix C. �

E. Exact Coverage Probability

As discussed in Sec. II-D, the system coverage probability
is equivalent to the sum of coverage probabilities conditioned
that the typical user is respectively associated with 8 types of
BSs. Based on the association probability and the distribution
of the distance between the typical user and its serving BS,
in this subsection, we derive the expression of Pcov

v .
Lemma 5 (Exact Coverage Probability): The coverage

probability of the typical v-user in a cellular network
containing both up-tilted BSs and down-tilted BSs with the
average received power-based association policy, i.e., Pcov

v ,
is given by

Pcov
v =

�
b∈Wv

� ∞

0

Pcov
v,b (r0)Av,b(r0)fv,Rb

(r0)dr0, (22)

where Av,b(r0) is given in (19), fv,Rb
(r0) is given in Lemma 1,

and Pcov
v,b (r0) is the conditional coverage probability given that

the typical v-user is associated with the b-type BS at horizontal
distance r0. From (14), Pcov

v,b (r0) = P

�
SIRb

v > τ |r0

�
, which

can be further expressed as

Pcov
v,b (r0) =

mb3−1�
k=0

(−s)k

k!
dk

dks
LIv|r0

(s), (23)

where s = mb3τ

P tGb2ζv,b3 (r0) and LIv|r0
(s) is given in (21).

Proof: See Appendix D. �

F. Approximate Coverage Probability

When mb3 is larger than 1, the calculation of Pcov
v,b (r0)

in (23) would be quite complex due to the high order of
derivations of the Laplace transform LIv|r0

(s). Therefore,
we provide an approximate expression for Pcov

v,b (r0) to simplify
the computation in the following.

TABLE II

TABLE OF SYSTEM NUMERICAL PARAMETERS

Lemma 6 (Approximate Coverage Probability): Using the
upper bound of CDF of the Gamma distribution, the complex
expression of Pcov

v can be approximated as [19]

P̃cov
v =

�
b∈Wv

∞�
0

mb3�
k=1

$
mb3

k

%
(−1)k LIv|r0

(kβb3s)

×Av,b(r0)fv,Rb
(r0)dr0, (24)

where βb3 = (mb3 !)
−1

mb3 , s is given in (23) and LIv|r0
(kβb3s)

is obtained by using (21).
Proof: See Appendix E. �

IV. RESULTS AND DISCUSSION

In this section, we provide the numerical results and exten-
sive Monte Carlo simulation results. To verify the effectiveness
of the proposed method, we compare the coverage probabili-
ties of aerial users and ground users in a network consisting
of up-tilted BSs and down-tilted BSs with that in the current
network without up-tilted BSs. Furthermore, we explore the
effects of the system parameters, which allows the network
designer to improve the connectivity of both aerial users and
ground users. The parameters used in the simulations and their
default values are given in Table. II, unless otherwise specified.

A. Impact of the Fraction of Up-Tilted BSs and
Communication Environment

In Fig. 3, we plot the coverage probability vs the fraction of
up-tilted BSs (δ) in four selected environments [26]: suburban
(0.1, 750, 8), urban (0.3, 500, 15), dense urban (0.5, 300, 20),
and highrise urban (0.5, 300, 50) for aerial users and ground
users, respectively. The simulation results closely match the
numerical results of (24), which verifies the accuracy of our
analysis.

Feasibility of the proposed method. It is worth mentioning
that the statistics observed at δ = 0 corresponds to the
performance of the current cellular network composed entirely
of down-tilted BSs. It can be seen from Fig. 3a that the
value of the aerial coverage probability when 0 < δ ≤ 1
(i.e., in the proposed network) is greater than that when δ = 0
(i.e., in the current network), indicating that steering part of
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Fig. 3. Comparing with τ = −5 dB, the value of Pcov vs the fraction
of up-tilted BSs (δ) in different environments for (a) aerial users, (b) ground
users.

the BSs antennas into users in the sky effectively improve the
QoS of aerial users. Interestingly, as shown in Fig. 3b, the
occurrence of up-tilted BSs also improves the QoS of ground
users, as long as the fraction of up-tilted BSs is moderate,
approximately between 0.1 and 0.9. These observations clarify
the feasibility of the proposed cellular network, which not only
ensures the connectivity of aerial users but also increases the
communication quality of the ground users.

The fraction of up-tilted BSs. In Fig. 3a, we see that the
aerial coverage probability in the dense urban environment
achieves its maximum value when we increase δ to 0.4;
while a further increase in δ lowers the coverage performance.
It is clear that, as δ increases, aerial users have a higher
chance to be associated with an up-tilted BS and receive
power through its mainlobe, thereby improving the coverage
probability. However, despite the high received power from
the serving BS, the rest of up-tilted BSs interfere with the
aerial users from the mainlobes/sidelobes. This is why a larger
number of up-tilted BSs (e.g., δ > 0.4) results in a decrease in
the SIR. In Fig. 3b, we also see that the coverage probability
of ground users in the dense urban environment first increases
with δ until 0.8, but as δ further increases, the performance
begins to decrease. In fact, for ground users, a suitable ratio of
up-tilted BS not only converts part of the mainlobe interference

into sidelobe interference but also ensures their association
with down-tilted BSs that can provide mainlobe gain. It can
be concluded from Fig. 3a and 3b that a network consisting
entirely of one type of BS, either up-tilted BSs (δ = 1) or
down-tilted BSs (δ = 0), does not satisfy the high QoS of
both the aerial users and the ground users. In the rest of the
simulations, we focus on δ = 0.4, at which the performance
of the cellular network is enhanced for both aerial users and
ground users, and then we discuss the impact of other system
parameters.

Communication environment. It is also visible from Fig. 3a
that, in the suburban, urban, and dense urban areas, the cover-
age probabilities of aerial users are more sensitive to the value
of δ; while highrise urban aerial users have a high coverage
probability with slight fluctuations as δ varies. In the highrise
urban environment, the high and dense blockages increase the
path loss during the signal transmission, greatly reducing the
power from interfering BSs. This is why increasing the number
of up-tilted BSs has little impact on the highrise urban aerial
users. In the other three environments, T2A links are generally
LoS due to the high altitude of aerial users. Consequently, the
interfering BSs interfere with the aerial user via LoS links,
especially when the number of up-tilted BSs increases, thereby
degrading the communication quality.

B. Impact of Up-Tilt Angle and Down-Tilt Angle

Fig. 4 reveals the impact of the up-tilt angle and the down-
tilt angle on the coverage probabilities of aerial users and
ground users, respectively. As discussed in (3), the down-tilted
BSs only serve/interfere with aerial users through sidelobes,
implying that the down-tilt angle has no effect on the per-
formance of aerial users. Likewise, the different values of
the up-tilt angle do not affect the QoS of the aerial users.
Therefore, we only draw the curve of the coverage probability
for aerial users when changing the angle and beamwidth of
up-tilted antennas in Fig. 4a and do the opposite in Fig. 4b.

Up-tilt Angle. From (1), the beamwidth of up-tilted BSs
(ϕU) and the up-tilt angle (εU) define the mainlobe coverage
area in a horizontal plane, where the inner ring radius or the
outer ring radius of the area is zv,U,j (j ∈ {1, 2}). BSs falling
in this mainlobe coverage area can provide service through
mainlobe for the typical aerial-user. We set the beamwidth
of up-tilted BSs at a fixed value as ϕU = 20◦. In this
case, the inner/outer ring radius, i.e., zv,U,j , is determined
by the up-tilt angle. We notice that when ϕU = 20◦ and
εU = 10◦, zv,U,2 = ∞. Namely, most interference comes from
the mainlobe of UML-BSs and UMN-BSs, thereby limiting
the SIR. This explains the worst coverage performance at the
first point in Fig. 4a. When εU increases from 10◦ to 14◦, the
mainlobe coverage area is gradually shrinking, i.e., the number
of UML-BSs and UMN-BSs decreases. Correspondingly, the
interference reduces to reduce interference. The above analysis
is consistent with the initial increasing tendency of the aerial
coverage probability in Fig. 4a. However, Fig. 4a also shows
that further up-tilting the BS antennas leads to a decrease
in the aerial coverage probability. As discussed above, the
larger value of εU, the smaller the mainlobe coverage area,
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Fig. 4. Comparing with τ = −5 dB, the value of Pcov for different values
of εU or εD in different environments for (a) aerial users, (b) ground users.

the smaller the number of UML-BSs and UMN-BSs, and even
there are no BSs in this mainlobe coverage area. Therefore,
the typical aerial-user has to connect with a USL-BS or a
DSL-BS that provides sidelobe gain. Obviously, the received
power from a USL-BS or a DSL-BS is less than that from a
UML-BS under the same propagation distance.

Down-tilt Angle. We see the same trend in Fig. 4b compared
to Fig. 4a. The conclusion and explanation for the impact
of the up-tilt angle on the aerial coverage probability apply
to the impact of the down-tilt angle on the ground coverage
probability. Therefore, we omit it here.

C. Impact of Beamwidth and Height of BSs

In Fig. 5, we present the coverage probability vs the
beamwidth of up-tilted/down-tilted BSs for different up-tilt/
down-tilted angles and different BS heights under an urban
environment. As discussed in Sec. IV-B, varying the value of
the up-tilted (or down-tilt) beamwidth only affect the QoS of
aerial (or ground) users. Therefore, we separately investigate
the impact of the up-tilted beamwidth on aerial users in Fig. 5a
and the impact of the down-tilt beamwidth on ground users
in Fig. 5b.

Beamwidth of up-tilted BSs. We see from Fig. 5a that, with
the increasing beamwidth of the up-tilted BSs, the urban aerial

Fig. 5. Comparing with τ = −5 dB, the value of Pcov for different values
of ϕU for (a) aerial users under an urban environment, (b) ground users under
a highrise environment.

users tend to be better served. As mentioned in Sec. IV-B,
the range of the mainlobe coverage area, i.e., (zv,U,1, zv,U,1],
depends on both the beamwidth of up-tilted BSs (ϕU) and
the up-tilt angle (εU). Therefore, the larger εU, the larger the
mainlobe coverage area. Namely, the chance of the typical
aerial user being associated with a UML-BS becomes greater.
Similar to the results in Fig. 4, Fig. 5a also shows that a
large value of the up-tilt angle (e.g., εU = 18◦) destroys the
QoS of aerial users. The results shown in Fig. 5a and Fig. 5a
provide guidelines for designing parameters of up-tilted BSs,
i.e., a combination of a large value of ϕU and a moderate
value of εU.

Height of up-tilted BSs. Fig. 5a intuitively illustrates the
influence of BSs height on the aerial coverage probability, i.e.
a rise in BSs height makes the coverage performance of the
aerial users worse. From (1), (2), and (4), we see that the height
of BSs has a potential influence on the mainlobe coverage area
and LoS transmission. In fact, when the BSs are at a higher
altitude, the mainlobe coverage area in the ground is extended
and the probability of LoS transmission is improved, which
leads to severe interference and thus reduces the SIR.

Beamwidth and height of down-tilted BSs. A similar impact
of the beamwidth and height of down-tilted BSs is shown
in Fig. 5b.
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Fig. 6. Comparing with τ = −5 dB, the value of Pcov for different values
of εU given the height of aerial users and the environment.

D. Impact of Aerial Users Height

Fig. 6 provides some suggestions on how to adjust the
up-tilt angle given the height of the urban aerial user to ensure
connectivity. For up-tilted BSs, in addition to the height of
BSs, the size of the mainlobe coverage area and the probability
of LoS transmission are related to the height of aerial users
as well. In general, the coverage probability decreases as the
height of aerial users increases due to the higher probability of
LoS transmission and the corresponding stronger interference
power. This conclusion is consistent with the simulations
results in Fig. 6 when εU < 14◦ and ϕU = 20◦. However,
when εU > 14◦, there is a completely opposite trend of the
coverage probability varying with the altitude of aerial users.
The reason for this opposite trend is that the propagation
distance becomes dominant in the SIR. Therefore, the higher
the aerial users are, the better trade-off between the received
power and the interference can achieve.

V. CONCLUSION

In this paper, we proposed an effective method to adjust
the current cellular network for aerial users without reduc-
ing the QoS of the ground users, i.e., converting a subset
of down-tilted BSs into up-tilted BSs. We also provided a
stochastic geometry-based framework for the proposed cellular
network. Specifically, we derived the analytical expressions of
the coverage probabilities for aerial users and ground users,
respectively. We observed the improved coverage probabilities
for both aerial and ground users in the adjusted cellular
network as compared with the current cellular network, which
strongly supports the feasibility of the proposed method.
With this framework, we further investigated the effect of
system parameters on the coverage performance, including the
fraction of up-tilted BSs, the up-tilted angle, the beamwidth of
BS antennas, and the height of aerial users/BSs. For instance,
we found the optimal value of the fraction of up-tilted BSs
for enhancing the coverage performance for both aerial and
ground users. Therefore, our work allows the network designer
to design the future cellular network for satisfying the QoS of
aerial users and ground users, before actual deployment.

As for future work, some issues that have not been dis-
cussed in this paper are still worth investigating, e.g. a more
complicated antenna model, the mobility of aerial users, and

the characteristics of T2A links. (i) A more complicated
antenna model. The scenario where the BS adopts 3D beam-
forming and the users are equipped with directional antennas
to suppress the interference power can be considered when
analyzing [5], [11]. Interestingly, even under the assumption
that the antenna radiation pattern is omnidirectional in the hor-
izontal plane and directional in the vertical plane as described
in this paper, the QoS of aerial users and ground users can be
enhanced. It is reasonable to deduce that when the BSs and the
users adopt a 3D antenna radiation pattern with a more finite
mainlobe coverage area, aerial users and ground users can
have better coverage performance. (ii) The mobility of aerial
users. In this paper, the BSs with fixed up-tilted antennas are
randomly distributed and follow a PPP. However, considering
that the aerial users are mostly movable vehicles in the future,
instead of fixing the antenna direction of BSs as up-tilt or
down-tilt, a new dimension of improving the QoS of aerial
users and ground users is worth trying, i.e. deciding which
BSs to be up-tilted based on a particular traffic state of the
network. The adjustable direction of BS antennas ensures the
efficient utilization of BSs, thereby enhancing the QoS of both
aerial users and ground users. (iii) The characteristics of T2A
links. Future aerial transportation is expected to change the
high LoS probability of the T2A links because the users are
densely distributed in different altitudes and the users located
between the height of the desired user and the height of the
serving BS may block the communication channel. Therefore,
the LoS probability of T2A links should be remeasured.

APPENDIX A
PROOF OF LEMMA 1

In Sec. II-B, we divided a HPPP ΨT into 8 independent and
non-homogeneous PPPs, i.e., ΨUML, ΨUMN, ΨUSL, ΨUSN,
ΨDML, ΨDMN, ΨDSL, and ΨDSN. We start by analyze ΨUML.
From (1), the up-tilted BSs that can provide mainlobe gain are
restricted to the ring area with a radius ranging from zv,U,1

to zv,U,2. Thus, the Lebesgue measure of the UM-BSs area,
denoted by ρv,UM, centered at the origin with a radius of r
can be expressed as [27]

ρv,UM(r) =

⎧⎪⎨
⎪⎩

0, if r ≤ zv,U,1

π(r2 − zv,U,1
2), if zv,U,1 < r ≤ zv,U,2

π(zv,U,2
2 − zv,U,1

2), otherwise.
(25)

RUM is the nearest horizontal distance of UM-BSs to the
origin. Using the null probability of the PPP in [28], the
cumulative distribution function (CDF) of RUM is given by

Fv,RUM(r)
= P {RUM ≤ r}
= 1 − P {RUM > r}
= 1 − exp [λUρv,UM(r)]

=

⎧⎪⎨
⎪⎩

0, if r≤zv,U,1

1−exp
'−λUπ(r2−zv,U,1

2)
(
, if zv,U,1<r≤zv,U,2

1−exp
'−λUπ(zv,U,2

2−zv,U,1
2)
(
, otherwise.

(26)
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Taking the probability of LoS transmission in (4) into account,
the density of UML-BSs is λULM(r) = λUPL

v (r) and the CDF
of UML-BSs is given by

Fv,RUML(r)

=

⎧⎪⎪⎨
⎪⎪⎩

0, if r ≤ zv,U,1

1−exp
�
−2πλU

� r

zv,U,1
zPL

v (z)dz
�

, if zv,U,1<r≤zv,U,2

1−exp
�
−2πλU

� zv,U,2

zv,U,1
zPL

v (z)dz
�

, otherwise.

(27)

Considering the relationship between the PDF and the CDF,
i.e., fv,RUML(r) = d

dr Fv,RUML(r), we obtain the expression of
fv,RUML(r). The density of ΨUMN is λUNL(r) = λUPN

v (r).
fv,RUMN(r) can be derived by following the above methods.
Likewise, fv,Rb

(r) can be derived similar to fv,RUML(r) and
fv,RUMN(r) and we omit it here.

APPENDIX B
PROOF OF LEMMA 3

Av,b(r0) is the probability that the typical v-user is asso-
ciated with the nearest BS in Ψb with horizontal distance r0.
From (12), the average received power from the serving BS in
Ψb is larger than that from the closest BS with distance Rw

in Ψw (w ∈ Wv \ {b}), i.e., P̄ r
v,b(r0) > P̄ r

v,w(Rw). Hence,
Av,b(r0) can be expressed as

Av,b(r0) = ξv,b1b2(r0)P {Bv,b(r0)}
= ξv,b1b2(r0)

�
w∈Wv\{b}

P
�
P̄ r

v,b(r0)>P̄ r
v,w(Rw)

�
, (28)

where ξv,b1b2(r0) gives the existence area of different types of
BSs and is defined in (20). Based on Lemma 2, we obtain

P
�
P̄ r

v,b(r0) > P̄ r
v,w(Rw)

�
= P

�
Rw > rv,w|b(r0)

�
(a)
= 1 − Fv,Rw(rv,w|b(r0))
(b)
=
� ∞

rv,w|b(r0)

fv,Rw(z)dz,

(29)

where (a) follows the method in (26) and (b) follows the
relationship between the CDF and the PDF. Substituting (29)
into (28), we complete the proof of Lemma 3.

APPENDIX C
PROOF OF LEMMA 4

As defined in Sec. II-B, Iv|r0 is the interference experienced
by the typical v-user conditioned on that the typical v-user is
associated with the nearest BS located at t0 with type b and
horizontal distance r0 = ||t0||. The Laplace transform of Iv|r0

is given by

LIv|r0
(s) = EIv|r0

)
exp(−sIv|r0)

*
(a)
= EIv|r0

�
exp(−s

�
w∈Wv

Iv,w|r0)

+

= EIv|r0

� �
w∈Wv

exp(−sIv,w|r0)

+

(b)
=

�
w∈Wv

EIv,w|r0

�
exp(−sIv,w|r0)

�
, (30)

where (a) is from (9), Iv,w|r0 is the interference from all
interfering BSs in Ψw, and (b) follows the independence
of interference from different types of BSs. From (8), (9)
and (30), we have

EIv,w|r0

�
exp(−sIv,w|r0)

�
= EIv,w|r0

⎧⎨
⎩exp(−s

�
i,ti∈Ψw\{t0}

P r
v,w(ri))

⎫⎬
⎭

= EΨw,{Ωw3,i}

⎧⎨
⎩

�
i,ti∈Ψw\{t0}

exp(−sP tGw2ζv,w3 (ri)Ωw3,i)

⎫⎬
⎭

(a)
= EΨw

⎧⎨
⎩

�
i,ti∈Ψw\{t0}

EΩw3

�
exp(−sP tGw2ζv,w3(ri)Ωw3)

�⎫⎬⎭
(b)
= EΨw

⎧⎨
⎩

�
i,ti∈Ψw\{t0}

κw(ri, s)

⎫⎬
⎭ , (31)

where κw(ri, s) is given in (21), (a) follows the indepen-
dence of PPPs and small-scale fading, and (b) follows the
Gamma distribution of Ωw3 . Employing the probability gen-
erating functional (PGFL) of PPP in [25], (31) can be further
expressed as

EIv,w|r0

�
exp(−sIv,w|r0)

�
(a)
= exp(−2πλw1

∞�
rv,w|b(r0)

[1−κw(z, s)]zPw3
v (z)ξv,w1w2(r0)dz),

(32)

where (a) is from the restriction of the nearest interfering BS in
each type of BSs in Lemma 2 and rv,w|b(r0) is given in (17).
Substituting (32) into (30), Lemma 4 has been proofed.

APPENDIX D
PROOF OF LEMMA 5

Since we have already derived the expression for asso-
ciation probability Av,b(r0) in (19) and distance distribu-
tions fv,Rb

(r0) in (15)-(16), the coverage probability in (13)
and (22) can be further expressed as

Pcov
v =

�
b∈Wv

ERb
[P {Cv|Bv,b, Rb}P {Bv,b|Rb}]

=
�

b∈Wv

ERb

�Pcov
v,b (Rb)Av,b(Rb)|Rb = r0

�

=
�

b∈Wv

� ∞

0

Pcov
v,b (r0)Av,b(r0)fv,Rb

(r0)dr0, (33)

where Pcov
v,b (r0) denotes the probability of the event that the

typical v-user served by a b-BSs is in coverage conditioned on
the serving distance r0, i.e., Pcov

v,b (r0) = P {Cv|Bv,b, r0}, and
has a similar definition of Pcov

v in (13). From (8), (9) and (10),
we have

Pcov
v,b (r0) = P

�
SIRb

v > τ | Rb = r0

�
= P

/
P r

v,b(r0)
Iv|r0

> τ

0
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= P

/
P tGb2ζv,b3 (r0)Ωb3,0

Iv|r0

> τ

0

= P

/
Ωb3,0 >

τIv|r0

P tGb2ζv,b3 (r0)

0
, (34)

where Iv|r0 is given in (9). Since the Gamma distribution of
Ωb3,0, (34) can be transformed into

Pcov
v,b (r0) = EIv|r0

/
P

/
Ωb3,0 >

τIv|r0

P tGb2ζv,b3 (r0)
| Iv|r0

00

= EIv|r0

�
Γu

'
mb3 , sIv|r0

(
Γ (mb3)

+

(a)
= EIv|r0

⎧⎨
⎩

mb3−1�
k=0

sk

k!
Iv|r0

k exp
'−sIv|r0

(⎫⎬⎭
=

mb3−1�
k=0

sk

k!
EIv|r0

�
Iv|r0

k exp
'−sIv|r0

(�
, (35)

where Γu (m, mg) =
�∞

mg tm−1e−tdt, s is given in (23),

and (a) is from the definition Γu(m,g)
Γ(m) = exp(−g)

1m−1
k=0

gk

k! .
Applying the property of Laplace transform into (35), we have

Pcov
v,b (r0) =

mb3−1�
k=0

sk

k!
(−1)k

dk

dks
LIv|r0

(s)

=
mb3−1�

k=0

(−s)k

k!
dk

dks
LIv|r0

(s). (36)

With (35) and (36), we obtain the final expression of Pcov
v in

Lemma 5.

APPENDIX E
PROOF OF LEMMA 6

The CDF of Gamma distribution is FG(g) = Γl(m,mg)
Γ(m) ,

where Γl (m, mg) =
�mg

0
tm−1e−tdt. The authors in [29] give

the upper bound and the lower bound of FG(g), which is
given by

[1 − exp (1 − β1mg)]m

<
Γl (m, mg)

Γ (m)
< [1 − exp (1 − β2mg)]m , (37)

where m �= 1 and

β1 =

�
1 if m > 1

(m!)(
−1
m ) if m < 1,

β2 =

�
(m!)(

−1
m ) if m > 1

1 if m < 1.

(38)

Using the upper bound in (37), we rewrite (35) as

Pcov
v,b (r0) = EIv|r0

�
Γu

'
mb3 , sIv|r0

(
Γ (mb3)

+

= 1 − EIv|r0

�
Γl

'
mb3 , sIv|r0

(
Γ (mb3)

+

(a)≈ 1 − EIv|r0

�'
1 − e−βb3sIv|r0

(mb3
�

=
mb3�
k=1

$
mb3

k

%
(−1)k LIv|r0

(kβb3s)

�
= P̃cov

v,b (r0), (39)

where Γl (m, mg) = 1 − Γu (m, mg) and (a) follows the
method proofed in [19]. The approximate form of Pcov

v,b (r0)
in (39) simplifies (22) into

P̃cov
v =

�
b∈Wv

� ∞

0

P̃cov
v,b (r0)Av,b(r0)fv,Rb

(r0)dr0. (40)

Finally, P̃cov
v is derived after substituting (39) into (40).
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