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Abstract— Cell-free massive multiple-input-multiple-output
(CF-mMIMO) systems are promising deployment paradigms for
next-generation networks. They comprise a large number of base
stations (BSs) and simultaneously serve all users over the same
time and frequency resources. We analyze the performance of
integrating aerial users, such as unmanned aerial vehicles (UAVs),
into this novel system. Specifically, we consider a CF-mMIMO
network containing both ground and aerial users and study the
influence of system parameters on the signal-to-interference-plus-
noise ratio (SINR) and rate coverage performance. Additionally,
we use tools from stochastic geometry to capture the spatial
randomness of users and BSs and compare the performance
of the CF-mMIMO system to that of traditional small cell
systems. Given the improvement of dedicated antennas, such as
up-tilted/down-tilted antennas, on the performance of small cell
systems, we include the up-tilted/down-tilted antenna model in
this work and analyze the omnidirectional antenna model as a
special case. We derive both the exact expressions and dominant-
signal-based approximations for SINR and rate coverage. Our
numerical results demonstrate that the CF-mMIMO system
exhibits better performance at low values of SINR and rate
thresholds and higher minimum achievable SINR compared to
the small cell system. Furthermore, we observe that users benefit
dramatically from increasing altitudes and establishing line-of-
sight (LoS) channels with BSs.

Index Terms— Cell-free massive MIMO, aerial users, stochastic
geometry, small cell, coverage probability, achievable rate.

I. INTRODUCTION

UNMANNED aerial vehicles (UAVs), also referred to as
drones, have shown great potential and a wide range

of applications in next-generation communications and trans-
portation. Given their high flexibility and mobility, UAVs are
able to deliver packages [1] and act as aerial base stations
to track and serve users in real-time based on demand [2],
[3], [4], [5], provide cellular coverage to remote areas [6],
[7], conduct surveillance, and even perform multiple tasks
simultaneously [8], [9]. Consequently, integrating UAVs into
current wireless communication networks and establishing
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reliable connectivity between UAVs and base stations have
become hot research topics.

Meanwhile, cooperative cellular networks have been the
subject of much investigation throughout the past decade,
in which a set of BSs equipped with single or multiple anten-
nas simultaneously serve a set of users. Typically, cell-free
massive multiple-in-multiple-out (CF-mMIMO) architecture is
viewed as a key solution to the increasing demand of data rate
as it combines the best aspects of mMIMO and ultra-dense
networks [10], e.g., take advantages of the accompanying high
spectral and energy efficiency and simple signal processing,
and avoids the inter-cell interference and large quality-of-
service (QoS) variations. In CF-mMIMO networks, a large
number of BSs with single or multiple antennas are deployed
to serve a smaller number of users in the same time and fre-
quency resources, and these BSs are connected via a backhaul
network to a central processing unit (CPU) to process the
data [11]. At the same time, [12] shows that CF-mMIMO
outperforms small cell systems in terms of 95%-likely
per-user throughput and provides uniformly good perfor-
mance to all users, and [10] shows that its low-complexity
user-centric alternative also provides good performance
to users.

Noticing the potential widespread deployment of
CF-mMIMO in future wireless communication networks,
it becomes crucial to analyze the performance of aerial
users, such as UAVs (in this study, we select UAVs due to
their previously mentioned potential). Therefore, motivated
by the diverse applications of UAVs and the promising
performance of CF-mMIMO architecture, we investigate the
performance of UAV users within CF-mMIMO systems.
We analyze the impact of various system parameters,
including altitudes, fading parameters, and BS densities,
on network performance. Additionally, building upon our
previous work demonstrating the capability of dedicated
aerial base stations to enhance the signal-to-interference-plus-
noise ratio (SINR) coverage probability of aerial users [13],
we examine the performance of CF-mMIMO systems
using the same antenna model, namely up-tilted/down-tilted
antennas.

A. Related Works

Literature related to this work can be categorized into:
(i) existing methods of improving the Quality of Service
(QoS) of aerial users, (ii) CF-mMIMO-related analysis,
and (iii) stochastic geometry-based analysis of CF-mMIMO

0090-6778 © 2024 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence
and similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Maynooth University Library. Downloaded on September 23,2025 at 15:50:34 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0003-4980-2680
https://orcid.org/0000-0001-7518-2783
https://orcid.org/0000-0003-4827-1793


5232 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 73, NO. 7, JULY 2025

systems. A brief discussion of related works in each of these
categories follows.

1) Existing Methods of Improving the QoS of Aerial Users:
Given the unprecedented advances in aerial transportation in
recent years, the QoS of aerial communication has garnered
significant attention [14], [15]. Aerial dedicated BSs were
proposed in [13], where the authors considered adjusting
a fraction of down-tilted BSs into up-tilted BSs to serve
aerial users. Additionally, in [16], the authors studied Max-
Min SINR UAV trajectory design based on aerial dedicated
BSs. In [17], the downlink inter-cell interference coordina-
tion mechanism was applied to aerial command and traffic
control to enhance the reliability of aerial connectivity. Fur-
thermore, [18], [19] extended models for ground-to-ground
(G2G) links to air-to-ground (A2G) channels and analyzed
altitude-dependent path-loss exponents and fading functions.
Aerial user trajectory optimization was explored in [20] and
[21] to improve network energy efficiency. In [22], mas-
sive MIMO systems were utilized to enhance connectivity
between UAVs and ground BSs. Additionally, a study in [23]
investigated a deep reinforcement learning-based intelligent
navigation task for cellular-connected UAV networks, aiming
to minimize the weighted sum of time cost and expected
outage duration alongside UAV trajectory. Furthermore, [24]
analyzed uplink precoding optimization for NOMA cellular-
connected UAV networks. A 5G New Radio-based analysis
for vehicle-to-everything (V2X) communication was presented
in [25] and [26], where the authors proposed a resource
allocation scheme to reduce resource collisions and achieve
improved performance and ubiquitous service. In [27], the
authors employed a digital twin-based distillation method to
enhance the operational accuracy of aerial users. A multi-UAV
cooperation system with resource allocation was analyzed
in [28] to optimize UAV resource utilization and reduce
processing delay. Additionally, deep learning and graph theory
were jointly employed in [29] to reduce the transmission delay
of aerial users.

2) CF-mMIMO-Related Analysis: Authors in [30] provided
a comprehensive survey on CF-mMIMO, which discussed
the system model, system operations, practical perspec-
tives, and future research directions of CF-mMIMO systems,
and the authors in [31] provided a overview about using
CF-mMIMO in 6G networks and talked out the open ques-
tions. CF-mMIMO systems with channel estimation errors,
power control, non-orthogonal pilot sequences, and corre-
lated and uncorrelated channels were investigated in [12]
and [32], where the authors showed that CF-mMIMO sys-
tems can significantly outperform small cell systems in terms
of throughput. Authors in [33] provided a discussion on
CF-mMIMO from the perspective of energy efficiency and
quantified a range of open issues. A scalable CF-mMIMO
system was analyzed in [34], [35] by exploiting the dynamic
cooperation cluster concept from the Network MIMO lit-
erature. The performance of a CF-mMIMO system with
multi-antenna access points (APs) and full-pilot zero-forcing
precoding was analyzed in [36], while local partial zero-
forcing precoding was analyzed in [37]. A deep learning-based
power allocation approach in CF-mMIMO systems was

analyzed in [38], and hardware impairments-related analysis
was provided in [39], [40], [41]. Regarding aerial users,
authors in [11], [42] studied the performance of a CF-mMIMO
network containing both aerial and ground users, with [11]
focusing more on power allocation and [42] on the user-
centric approach. The authors in [43] analyzed the integration
of reconfigurable intelligent surfaces into CF-mMIMO sys-
tems and derived closed-form expressions for the lower-bound
achievable spectral efficiency.

3) Stochastic Geometry-Based Analysis of CF-mMIMO Sys-
tems: Stochastic geometry-based analysis of the performance
of CF-mMIMO networks was initially explored in [44], where
the authors analyzed coverage probability based on the Poisson
point process (PPP) distributed BSs. In contrast to [44],
which primarily focused on performance metrics, authors
in [45] utilized stochastic geometry to analyze CF-mMIMO
systems, emphasizing phenomena such as channel hardening
and favorable propagation. From the perspective of fronthaul
capacity, [46] investigated the rate coverage performance of
CF-mMIMO systems with finite fronthaul capacity, adopting
a user-centric approach where the locations of users and BSs
are modeled by independent PPPs, and users are served only
by the nearest several BSs. A study on simultaneous wireless
information and power transfer (SWIPT)-based performance
analysis of CF-mMIMO users was conducted in [47], con-
sidering both linear and non-linear energy harvesting models.
To address the Doppler shift effect on CF-mMIMO system
performance, [48] explored frame length selection techniques
to mitigate the effect and provided lower bounds on aver-
age downlink and uplink rates using stochastic geometry
tools. Additionally, [49] investigated the uplink performance
of CF-mMIMO systems supported by mmWave. Security
performance analysis of CF-mMIMO systems was presented
in [50], where the locations of access points (APs), users, and
eavesdroppers are modeled by three independent PPPs. Fur-
thermore, for edge computing scenarios, [51] offered insights
into the energy-efficient design of edge computing-enabled
CF-mMIMO systems.

B. Contributions

This work investigates the performance of CF-mMIMO
systems which are mixed of ground and aerial users and
compares its performance with small cell systems. Different
from related works, we use tools from stochastic geometry to
model the spatial randomness of users and BSs, and use the
Nakagami-m model to capture the multi-path fading. The main
contributions are summarized as follows.
• We consider a CF-mMIMO system mixed with ground

and aerial users and model the locations of BSs and users
by independent PPP and binomial point process (BPP).
We model the communication channels by Nakagami-m
fading models and use the minimum mean square error
technique to estimate the channels. Besides, we consider
the up-tilted/down-tilted antenna model and analyze the
omnidirectional antenna model as a special case.

• We derive the SINR and rate coverage expressions for the
CF-mMIMO systems and propose an approximation that
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TABLE I
NOTATION TABLE

is based on computing the dominant signal (not necessar-
ily the nearest BS due to antenna gain) exactly and the
remaining signal in average. The proposed approximation
highly reduces the computation complexity and provides
a tight result to the simulation.

• We study several system parameters, such as aerial user
altitudes, environment parameters, Nakagami-m fading
parameters, and BS densities, on the performance of
CF-mMIMO systems and compare the performance to
the small cell systems.

• To the best of our knowledge, our work is the first to
use stochastic geometry tools to evaluate the CF-mMIMO
systems containing both ground and aerial users. Our
numerical results reveal that CF-mMIMO systems out-
perform small cell systems at minimum achievable SINR
and data rates, and CF-mMIMO systems benefit greatly
from increasing the user altitudes.

II. SYSTEM MODEL

We consider a CF-mMIMO system containing BSs, aerial
users, and ground users. In particular, we consider two types
of BSs: up-tilted BSs and down-tilted BSs. The up-tilted BSs
are dedicated to serving aerial users by up-tilting their beams,
while the down-tilted BSs are traditional ground BSs, as shown
in Fig. 1. Additionally, the notations used in this work are
summarized in Table I.

We consider a finite space A, which is a circle with radius
rs, with area S(A) = πr2

s m2, and the locations of BSs are
modeled by a PPP Φb with density λb, in which a fraction
δ of BSs are up-tilted BSs. The locations of users, aerial
and ground users, are modeled by a binomial point process
(BPP). Therefore, the density of up-tilted BSs is λb,ub = δλb

and the density of down-tilted BSs is λb,db = (1 − δ)λb,
and the locations of up-tilted BSs Φb,ub and the locations
of down-tilted BSs Φb,db are two independent PPPs which
can be obtained by independent thinning of Φb. Consequently,
the number of BSs is a Poisson random variable with mean

Fig. 1. Illustration of system model. The system is composed of aerial users,
ground users, up-tilted BSs and down-tilted BSs.

E[Nbs] = λbS(A). Assume that each BS has Na antennas,
Na ≥ 1, hence, the total number of antennas existing in A is
M = NaNbs. We consider that each user is equipped with a
single antenna and let K = N (au)+N (gu) be the summation
of the number of single antenna UAV users, au, and ground
users, gu, which satisfy K ≪ M [12], [46], au and gu are
the locations of UAV users and ground users.

In the CF-mMIMO system, all Nbs BSs simultaneously
serve all K users, and the downlink transmission and uplink
transmission proceed by time-division duplex (TDD) oper-
ation. That is, each coherence interval includes an uplink
training phase, a downlink payload, and an uplink payload
transmission phase. Without loss of generality, we focus on
the typical user located at the origin, with a probability of
N (au)

K to be an aerial user and a probability of N (gu)
K to be a

ground user, to conduct the analysis and investigate the system
performance.

In what follows, we introduce the channel models, antenna
models, and uplink training phase.

A. Channel Model

We consider that the channels between the user and antennas
from different BSs undergo different large-scale fading while
the antennas from the same BS go through the same large-
scale fading but i.i.d. small-scale fading. That is, let gwk ∈
CNa×1 be the channel vector between the w-th BS and the
k-th user, the communication link can either be line-of-sight
(LoS), denoted by 1(LoS), or non-LoS (NLoS), denoted by
1(NLoS),

gwk = 1(LoS)l1/2
wk,lhwk,l + 1(NLoS)l1/2

wk,nhwk,n, (1)

in which lwk,c = max(1, r−αc

wk ) is the non-singular bounded
path-loss model and r{·} is the Euclidean distance between
the BS and the user, where the subscript c ∈ {l, n} depends
on the LoS or NLoS link, and rwk is the distance between the
w-th BS and k-th user. hwk,c ∈ CNa×1 contains the small-
scale fading elements, which are i.i.d. random variables with
each i ∈ {1, · · · , Na} has |hwk(i)| following a Nakagami-m
probability density function (PDF) and |hwk(i)|2 following a
Gamma distribution

f|hwk(i)|2(x) =
mmc

c xmc−1

Γ(mc)
exp(−mcx), (2)

in which Γ(x) is a gamma function and mc denotes the
shape parameter, mc = {ml, mn} in the case of LoS and
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NLoS transmission, respectively. Besides, we have E[hwk,l] =
E[hwk,n] = 0Na×1, E[|hwk,l|2] = E[|hwk,n|2] = 1Na×1

and E[|hwk,l|4] = (1 + 1/ml)Na×1, E[|hwk,n|4] = 2Na×1.
The probability of establishing LoS communication channel
depends on the Euclidean distance and the altitude difference,
given in [52] as

Pl(r) =
1

1 + e1 exp(−e2( 180
π arctan(∆h{au,gu}

r )− e1))
,

(3)

where e1 and e2 are two environment variables and ∆h{au,gu}
is the height difference between aerial users, ground users and
BSs, respectively. Consequently, the probability of NLoS link
is Pn(r) = 1− Pl(r).

B. Antenna Models

We use the same antenna model as our previous work [13].
Users in the network either experience main lobe or sidelobe
gain from an up-tilted/down-tilted BS, which depends on the
positions. Let v ∈ {gu,au} be a general user. While the
up-tilted BSs are dedicated to aerial users, all ground users
experience sidelobe from up-tilted BSs. Similar to down-
tilted BSs and aerial users. The antenna gain provided by an
up-tilted/down-tilted BS with horizontal distance z to v is
given by

Gv,ub(z) =

{
ζm , zub,1 < z < zub,2, v ∈ {au},
ζs , otherwise,

Gv,db(z) =

{
ζm , zdb,1 < z < zdb,2, v ∈ {gu},
ζs , otherwise,

(4)

in which the subscript {ub, db} denotes the up-tilted and
down-tilted BSs, respectively, and zub,1 = ∆hau cot(θub +
ϕub

2 ), zub,2 = ∆hau cot(θub − ϕub

2 ), zdb,1 = ∆hgu cot(θdb +
ϕdb

2 ), zdb,2 = ∆hgu cot(θdb − ϕdb

2 ), where θub and θdb are
the up-tilt and down-tilt angle of the BS antenna, respectively,
and ϕub and ϕdb are the vertical antenna beamwidth of the
up-tilted BSs and down-tilted BSs, respectively.

C. Uplink Channel Estimation

In the uplink training phase, all K users simultaneously
send orthogonal pilot sequences, ψi ∈ Cτtr×1, with duration
equal to τtr < τc, where τc is the dimension in time/frequency
samples of the channel coherence length. Let zwi be the
Euclidean distance between the BS w and the user i, therefore,
the signal received by the w-th BS during the training phase
is yw ∈ CNa×τtr ,

yw =
N (au)∑

i=1

√
τtrρpGau,b(zwbi)gwbiψ

H
i

+
N (gu)∑

j=1

√
τtrρpGgu,b(zwbj)gwbjψ

H
j + ntr

=
K∑

l=1

√
τtrρpGv,b(zwk)gwlψ

H
l + ntr, (5)

where the superscript H denotes the conjugate transpose, b ∈
{ub, db} denotes the up-tilted BSs or down-tilted BSs (which
depends on which type of tilt is the n-th BS), ρp denotes the
uplink pilots’ signal-to-noise ratio (SNR), ψ{i,j} ∈ Cτtr×1 is
the pilot sequence sent by user {i, j}, ψH

i ψj = δij , and ntr

denotes the additive noise vector at the BS which is a Na×τtr

matrix with elements i.i.d. CN (0, 1).
The w-th up-tilted BS estimates the channel of the k-th user

by projecting yw onto 1√
ρpτtr

ψk,

ywk =
1

√
ρpτtr

ywψk =
K∑

i=1

Gv,b(zwi)gwiψ
H
i ψk

+
1

√
ρpτtr

ntrψk, (6)

where the term
∑

i̸=k ψ
H
i ψk is due to the pilot contamination.

Assuming the distance-dependent pathloss lwk is known
a priori, and the BS estimates the channel by using minimum-
mean-squared-error estimation. Let ĝwk be the estimated
channel vector at w-th BS and g̃wk is the channel estimation
error,

ĝwk = E[gwkyH
wk](E[ywkyH

wk])−1ywk,

g̃wk = gwk − ĝwk. (7)

D. Conjugate Beamforming

In this work, we consider that BSs use conjugate beamform-
ing technology to serve K users. With conjugate beamforming
precoding, the n-th BS transmits the signal

xw =
√

ρb

K∑
i=1

√
ηwiĝ∗wisi, (8)

in which ()∗ denotes the conjugate, ρb is the transmit power
limit of each BS, ηwi is the power coefficient of the w-th BS
for the transmission to the i-th user, and si is the data signal
to the i-th user, in which E[|si|2] = 1. Consequently, the
downlink received signal of the typical user is

pr,o =
Nbs∑
w=1

Go,b(zwo)gT
woxw + no

=
Nbs∑
w=1

K∑
i=1

√
ρbηwiGo,b(zwo)gT

woĝ
∗
wisi + no

=
Nbs∑
w=1

√
ρbηwoGo,b(zwo)E[ĝT

woĝ
∗
wo]so

+
Nbs∑
w=1

√
ρbηwiGo,b(zwo)(ĝT

woĝ
∗
wo − E[ĝT

woĝ
∗
wo])so

+
Nbs∑

wb=1

K∑
i̸=o

√
ρbηwiGo,b(zwo)ĝT

woĝ
∗
wisi

+
Nbs∑
w=1

K∑
i=1

√
ρbηwiGo,b(zwo)g̃T

woĝ
∗
wisi + no, (9)

where the subscript o denotes the typical user, o ∈
{au,gu} and no denotes the noise in downlink transmission,
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no ∼ CN (0, 1). Besides, the first term in (9) is the desired
signal, the second term is due to the beamforming uncertainty,
the third term denotes the inter-user interference, and the forth
term is caused by channel estimation error.

The SINR at the typical user is obtained by the ratio of the
power of the desired signal and the power of the remaining
terms in (9). Here, the signal and interference are obtained
by the mean due to the uplink channel estimation [11], [12],
[44], [46].

Definition 1 (SINR of the CF-mMIMO user): The SINR of
a CF-mMIMO user is given by

SINR =
E[|T0|2]

1 + E[|T1|2] + E[|T2|2] + E[|T3|2]
, (10)

in which |T0| denotes the desired signal, |T1| is the beamform-
ing gain uncertainty, |T2| denotes the interference from other
users, and |T3| is channel estimation error,

E[|T0|2] = ρb

( Nbs∑
w=1

√
ηwoGo,b(zwo)E[ĝT

woĝ
∗
wo]so

)2

,

E[|T1|2] = E[|
Nbs∑
w=1

√
ρbηwoGo,b(zwo)(ĝT

woĝ
∗
wo

− E[ĝT
woĝ

∗
wo])so|2],

E[|T2|2] = E[|
Nbs∑
w=1

K∑
i̸=o

√
ρbηwiGo,b(zwo)ĝT

woĝ
∗
wisi|2],

E[|T3|2] = E[|
Nbs∑
w=1

K∑
i=1

√
ρbηwiGo,b(zwo)g̃T

woĝ
∗
wisi|2]. (11)

Generally, the coverage probability is defined as the prob-
ability that the SINR of the typical user is greater than a
predefined threshold θ, and the rate coverage is defined as
the achievable rate of the typical user is greater than a given
threshold γ.

Definition 2 (Coverage Probability and Rate Coverage):
The downlink coverage probability of a CF-mMIMO user is
given as

Pcov(θ) = E[P(SINR > θ)], (12)

and the rate coverage is

Racf = E
[
P
((

1− τtr

τc

)
(log2(1 + SINR) > γ)

)]
, (13)

where the expectation operation is for the randomness of the
locations, e.g., Φb.

III. PERFORMANCE ANALYSIS

In this section, we study the downlink performance: cover-
age probability and rate coverage of the typical user. Before
proceeding further, we first derive the expression for the uplink
channel estimation vector.

Lemma 1 (Uplink Channel Estimation): The estimated
channel and the error, ĝwk and g̃wk are, respectively, given
by,

ĝwk = βwkywk,

g̃wk = gwk − ĝwk, (14)

in which,

βwk =
Gv,b(zwk)lwk∑K

i=1 lwiG2
v,b(zwi)|ψH

i ψk|2 + 1
ρpτtr

. (15)

Besides, we have E[ĝwk] = 0Na×1, E[|ĝwk|2] =

NaGv,b(zwk)lwkβwk, E[|ĝwk|4] = N2
a

(
2G2

v,b(zwk)l2wkβ2
wk +

β4
wk

∑K
i=1 |ψ

H
i ψk|4G4

v,b(zwi)l2wi

(
1

mc
− 1

))
, where mc

depends on the established LoS/NLoS channel between BS
n and user k, E[g̃wk] = 0Na×1, and E[|g̃wk|2] =

NaGv,b(zwk)
(

lwk − lwkβwk

)
.

Proof: See Appendix A.
Remark 1: Different from the Rayleigh fading case, the

channel estimation vector does not follow a multi-dimensional
complex Normal distribution. Recall that Rayleigh fading is
a special case of Nakagami-m fading, therefore, by setting
mc = 1 above results become the same as Rayleigh fading sce-
narios. Compared with Rayleigh fading scenario, Nakagami-m
fading is different in the expectation of the fourth moment of
ĝwk or the second moment of |ĝwk|2 due to the term ( 1

mc
−1)

which is strictly negative and results in a lower variation.

A. Downlink Data Transmission

In the following section, we first derive the received signal
based on the beamforming and then compute the coverage
probability and achievable rate of the typical user. Recall that
we consider both aerial users and ground users, the probability
of having a ground user as typical user is pgu = N (gu)

K and
the probability of having an aerial user as typical user is pau =
N (au)

K . We first simplify (10) to obtain the SINR at the typical
user.

Lemma 2 (SINR at the Typical User): The SINR at the typ-
ical user is given by

SINR =
ρbN

2
a

( ∑Nbs

w=1

√
ηwoG2

o,b(zwo)lwoβwo

)2

1 + I
, (16)

where

I = ρbN
2
a

( Nbs∑
w=1

K∑
i=1

ηwiG3
o,b(zwo)Gvi,b(zwi)lwolwiβwi

+
Nbs∑
w=1

ηwoG2
o,b(zwo)β4

wo

K∑
i=1

|ψH
i ψo|4

G4
vi,b(zwi)l2wi

(
1

ml
− 1

))
. (17)

Proof: See Appendix B.
In CF-mMIMO network, BSs simultaneously serve all

users, therefore, the power constraint at the w-th BS
is

∑K
k=1 ηwkE[|ĝ∗wk|2] ≤ 1. In this work, we con-

sider that BSs serve users by full and uniform power
transmission scheme, that is,

√
ηwk = 1√

KE[|ĝ∗wk|2]
=

(KNaGvk,b(zwk)lwkβwk)−1/2. Consequently, the transmit
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signal at BS w is simplified as

xw =
√

ρb/K
K∑

k=1

ĝ∗wk√
NaGvk,b(zwk)lwkβwk

sk, (18)

and SINR of the typical user is given in the following
corollary.

Corollary 1 SINR at the Typical User under Uniform Power
Transmission Scheme: The SINR at the typical user under the
uniform power transmission scheme is

SINR =
ρb/KNa

( ∑Nbs

w=1 G
3
2
o,b(zwo)

√
lwoβwo

)2

1 + I
, (19)

where

I =
ρbNa

K

(
K

Nbs∑
w=1

G3
o,b(zwo)lwo

+
Nbs∑
w=1

Go,b(zwo)β3
wo

K∑
i=1

|ψH
i ψo|4G4

vi,b(zwi)
l2wi

lwo

(
1

mc
− 1

))
.

(20)
Remark 2: If we ignore the pilot contamination in the

denominator, the interference term becomes,

I =
ρbNa

K

(
K

Nbs∑
wb=1

G3
o,b(zwo)lwo

+
Nbs∑
w=1

G5
o,b(zwo)β3

wolwo

(
1

mc
− 1

))
, (21)

and compared to (16), SINR are only functions of the distances
to all BSs. In that case, if the total number of users is fixed,
e.g., K is fixed, the performance of aerial users does not
influence the ground users, and vise versa. The performance
of the user is only impacted by the distances to BSs, as well

as its height
(

recall that lwo = max(1, r−αc
wo ), where rwo =√

∆h2
{au,gu} + z2

wo

)
.

B. Coverage Probability and Rate Coverage

Notice that the SINR of the typical user contains the
distances to all BSs, which requires a Nbs-fold integration
to average it over the locations, and pilot contamination.
As demonstrated in Corollary 1 (20), the interference is
influenced by the distances to all BSs and users, making it
intractable and highly complex in the domain of stochastic
geometry. Therefore, to make the analysis tractable, we ignore
the effect of pilot contamination, which means we use (21)
for subsequent analysis.1 Consequently, the proposed analysis
serves as an upper bound for real-life scenarios, as certain
terms in the interference are omitted. In what follows, we pro-
pose an approximation, which is similar to the approximation

1Pilot contamination is a complex engineering challenge caused by various
factors, such as hardware impairments, non-reciprocal transceivers, and lim-
itations in coherence time. It is also influenced by the transmission scheme,
whether time or frequency division duplex, and by whether the transmission
is uplink or downlink. Therefore, it can be an interesting future direction.

used in [46], [53], to simplify the integration of computing
SINR. We use this approximation for two main reasons: (i) we
include uplink channel estimation and conjugate beamforming,
which implies that in the received signal, randomness stems
solely from the locations of BSs, and (ii) both the signal
and interference are dependent on the locations of all BSs.
Consequently, the commonly used Gamma-distribution-based
approximation [4] cannot be applied in this context.

The main idea of the proposed approximation is: the SINR
is dominated by contributions from the BS which provides
the strongest signal, it may not be the nearest BS, due to
the antenna model. Observing that both the signal and the
interference terms are functions of G3

o,blno, therefore, we need
to weigh the BS based on the antenna gain and distance.

Before we derive the approximation, we first introduce some
important distance distributions. Let Rl be the distance to the
nearest LoS BS and Rn be the distance to the nearest NLoS
BS. The cumulative distribution function (CDF) and PDF of
Rl and Rn are respectively, given by

FR{l,n}(r, λ)=1− exp
(
− 2πλ

∫ r

0

zP{l,n}(
√

∆h2
v+z2)dz

)
,

fR{l,n}(r, λ) = 2πλP{l,n}(r)r

exp
(
− 2πλ

∫ r

0

zP{l,n}(
√

∆h2
v + z2)dz

)
.

(22)

Let Rl,m and Rn,m be the distances to the nearest LoS BS
and NLoS BS that provide the mainlobe gain, respectively.
The CDF and PDF of Rl,m and Rn,m are respectively, given
by

FR{l,n},m
(r, λ) =

0, if r < zb,1,

1− exp
(
− 2πλ

∫ r

zb,1

zP{l,n}(
√

∆h2
v + z2)dz

)
,

if zb,1 < r < zb,2,

1− exp
(
− 2πλ

∫ zb,2

zb,1

zP{l,n}(
√

∆h2
v + z2)dz

)
,

if zb,2 < r,

(23)
fR{l,n},m

(r, λ) =
2πλP{l,n}(r)r exp

(
− 2πλ

∫ r

zb,1

z

×P{l,n}(
√

∆h2
v + z2)dz

)
, if zb,1 < r < zb,2,

0, otherwise,

(24)

The above CDFs and PDFs are obtained by using the proper-
ties of non-homogenous PPP [4].

Let bub ∈ Φb,ub and bdb ∈ Φb,db be the locations of the up-
tilted and down-tilted BSs, respectively. For the typical user,
(if the typical user is an aerial user then g = ub and if the
typical user is a ground user then g = db) the strongest LoS
BS and NLoS BS have the following four cases, respectively:
(i) the strongest LoS BS can be a bub or bdb within B(0, zg,1)
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with probability plos,1, be a bub within B(0, zg,1 − zg,2)
with probability plos,2, be a bdb within B(0, zg,1 − zg,2) with
probability plos,3, and be a bub or bdb outside B(0, zg,2) with
probability plos,4; (ii) the strongest NLoS BS can be a bub

or bdb within B(0, zg,1) with probability pnlos,1, be a bub

within B(0, zg,1 − zg,2) with probability pnlos,2, be a bdb

within B(0, zg,1 − zg,2) with probability pnlos,3, and be a
bub or bdb outside B(0, zg,2) with probability pnlos,4. Each of
the probabilities p{los,nlos},{1,2,3,4} are defined in the below
lemma.

Lemma 3 (Strongest BS Events): The probabilities of the
above events are, respectively, given by

p{los,nlos},1 = fR{l,n}(r, λb)F̄R{l,n},m
(dl(r), λb,g),

p{los,nlos},2 = F̄R{l,n}(d
′
l(r), λb)fR{l,n},m

(r, λb,g),

p{los,nlos},3 = F̄R{l,n}(
√

z2
g,1 + ∆h2

o, λb)F̄R{l,n}(dl(r), λb,g)

FR{l,n},m
(r, (λb − λb,g)),

p{los,nlos},4 = fR{l,n}(r, λb), (25)

in which,

d{l,n}(r) = min
(√

z2
g,2 + ∆h2

o,

max
(

ζ
3

α{l,n}
m r,

√
z2
g,1 + ∆h2

o

))
, (26)

d′{l,n}(r) = min
(√

z2
g,1 + ∆h2

o, max
(

ζ
− 3

α{l,n}
m r, ∆ho

))
.

(27)
Proof: See Appendix C.

In each case defined above, the SINR at the typical user is
approximated by summing of the exact term of the signal from
strongest LoS and NLoS BS and the mean of the remaining
BSs. Let rl and rn represent the distances to the LoS and
NLoS BSs providing the strongest signal, considering both
distance and antenna gain (a similar concept is used in [54]).
The approximated SINR is given in the following lemma.

Lemma 4 (Approximated SINR): Given the location of the
BS providing the strongest signal, the SINR at the typical user
is approximated by

SINR(rl, rn) ≈ (Sl,i(rl) + Sn,j(rn))2
K

Naρp
+ Il,i + In,j

, (28)

where i ∈ {1, 2, 3, 4} and j ∈ {1, 2, 3, 4} correspond to the
locations of strongest LoS and NLoS BSs as defined above
Lemma 3, respectively, and

S{l,n},1(r{l,n}) ≈
(r{l,n})−α{l,n}√

(r{l,n})−α{l,n} + 1
ρpτtr

+ 2πλb

∫ √
z2

ub,1+∆h2
o

r{l,n}

f1(r)rdr

+ 2πλb,ub

∫ √
z2

ub,2+∆h2
o

d′{l,n}(r{l,n})

f2(r)rdr

+ 2πλb

∫ ∞

√
z2

ub,2+∆h2
o

f1(r)rdr

+ 2πλb,d

∫ √
z2

ub,2+∆h2
o

√
z2

ub,1+∆h2
o

f1(r)rdr, (29)

S{l,n},2(r{l,n}) ≈
ζ

3
2
mr−α{l,n}√

r−α{l,n} + 1
ρpτtr

+ 2πλb

∫ √
z2

ub,1+∆h2
o

min(d{l,n}(r{l,n}),
√

z2
ub,1+∆h2

o)

f1(r)rdr

+ 2πλb,ub

∫ √
z2

ub,2+∆h2
o

r{l,n}

f2(r)rdr

+ 2πλb

∫ ∞

√
z2

ub,2+∆h2
o

f1(r)rdr

+ 2πλb,db

∫ √
z2

ub,2+h2
o

d{l,n}(r{l,n})

f1(r)rdr, (30)

S{l,n},3(r{l,n})

≈ r−α{l,n}√
r−α{l,n} + 1

ρpτtr

+ 2πλb,ub

∫ √
z2

ub,2+∆h2
o

d′{l,n}(r{l,n})

f2(r)rdr

+ 2πλb,ub

∫ ∞

√
z2

ub,2+∆h2
o

f1(r)rdr

+ 2πλb,db

∫ ∞

r{l,n}

f1(r)rdr, (31)

S{l,n},4(r{l,n}) ≈
r−α{l,n}√

r−α{l,n} + 1
ρpτtr

+ 2πλb

∫ ∞

r{l,n}

f1(r)rdr, (32)

in which

f1(r) =
P{l,n}(r)r−α{l,n}√

r−α{l,n} + 1
ρpτtr

,

f2(r) =
P{l,n}(r)ζ2

mr−α{l,n}√
ζ2
mr−α{l,n} + 1

ρpτtr

, (33)

similarly, the interference terms are given by,

I{l,n},1 ≈ Kl{l,n}o + β3
{l,n}ol{l,n}o(

1
m{l,n}

− 1) + 2π

×
(

λb

∫ √
z2

ub,1+∆h2
o

r{l,n}

f3(r)rdr

+λb,ub

∫ √
z2

ub,2+∆h2
o

d′{l,n}(r{l,n})

f4(r)rdr

+λb

∫ ∞

√
z2

ub,2+h2
o

f3(r)rdr + λb,db

∫ √
z2

ub,2+∆h2
o

√
z2

ub,1+∆h2
o

f3(r)rdr

)
,

(34)

I{l,n},2 ≈ Kζ3
ml{l,n}o + ζ5

mβ3
{l,n}ol{l,n}o(

1
m{l,n}

− 1)
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+ 2π

(
λb

∫ √
z2

ub,1+∆h2
o

min(d{l,n}(r{l,n}),
√

z2
ub,1+∆h2

o)

f3(r)rdr

+ λb,ub

∫ √
z2

ub,2+∆h2
o

r{l,n}

f4(r)rdr

+ λb

∫ ∞

√
z2

ub,2+∆h2
o

f3(r)rdr

+ λb,db

∫ √
z2

ub,2+∆h2
o

d{l,n}(r{l,n})

f3(r)rdr

)
, (35)

I{l,n},3 ≈ Kl{l,n}o + β3
{l,n}ol{l,n}o(

1
m{l,n}

− 1)

+ 2πλb,ub

∫ √
z2

ub,2+∆h2
o

d′{l,n}(r{l,n})

f4(r)rdr

+ 2πλb,ub

∫ ∞

√
z2

ub,2+∆h2
o

f3(r)rdr + 2πλb,db

∫ ∞

ro

f3(r)rdr,

(36)

I{l,n},4 ≈ Kl{l,n}o + β3
{l,n}ol{l,n}o(

1
m{l,n}

− 1)

+ 2πλb

∫ ∞

r{l,n}

f3(r)rdr, (37)

in which

f3(r) = P{l,n}(r)r
[
Kr−α{l,n} +

r−4α{l,n}( 1
m{l,n}

− 1)

(r−α{l,n} + 1
ρpτtr

)3

]
,

f4(r)=P{l,n}(r)r
[
Kζ3

mr−α{l,n}+
ζ8
mr−4α{l,n}( 1

m{l,n}
− 1)

(ζ2
mr−α{l,n} + 1

ρpτtr
)3

]
.

(38)
Proof: See Appendix D.

Consequently, the coverage probability and rate coverage of
the typical user are obtained by taking the expectation over the
locations of the strongest LoS/NLoS BSs, given in the follow-
ing theorem. Recall that pau and pgu are the probabilities of
the typical user being aerial or ground, respectively.

Theorem 1 (Coverage Probability and Rate Coverage):
The coverage probability of the typical user is

Pcov(θ) = pauPcov,au(θ) + pguPcov,gu(θ), (39)

where Pcov,au(θ) and Pcov,gu(θ) are the coverage probability
of the aerial user and ground user, respectively, given by

Pcov,{au,gu}(θ) =
4∑

i=1

4∑
j=1

∫
rl,{au,gu}

∫
rn,{au,gu}

plos,i(rl,{au,gu})pnlos,j(rn,{au,gu})

× 1(SINR(rl,{au,gu}, rn,{au,gu}) > θ)
drn,{au,gu}drl,{au,gu}, (40)

and the rate coverage is

Racf(γ) = pauRacf
au(γ) + pguRacf

gu(γ), (41)

where Racf
au(θ) and Racf

gu(θ) are the rate coverage of the
aerial user and ground user, respectively, given by

Racf
{au,gu}(γ) =

4∑
i=1

4∑
j=1

∫
rl,{au,gu}

∫
rn,{au,gu}

plos,i(rl,{au,gu})

×pnlos,j(rn,{au,gu})1(log2(1+SINR(rl,{au,gu}, rn,{au,gu}))

> γ)
(

1− τtr

τc

)
drn,{au,gu}drl,{au,gu}, (42)

where the subscript {au, gu} denotes the aerial and ground
users, and they are different when computing the integration
due to the altitudes.

In the next subsection, we consider a special case, where
omnidirection antenna model is considered, and all users
experience the same antenna gain ζm = ζs = 1 from all BSs.

C. Special Case

In the case of omnidirectional antenna, antenna gain equals
to 1 and the SINR in (19) becomes

SINRomni =
ρb

( ∑Nbs

w=1

√
ηwoNalwoβwo

)2

1 + I
. (43)

where,

I = ρb

Nbs∑
w=1

K∑
k=1

ηwkN2
a lwkβwklwo

+ ρp

Nbs∑
w=1

ηwoN
2
aβ4

wo

K∑
i=1

|ψH
i ψo|4l2wi(

1
ml

− 1). (44)

Similarly, we consider full and uniform power transmission:√
ηwk = 1√

KE[|ĝ∗wk|2]
= (KNalwkβwk)−1/2, the SINR at the

typical user is

SINRomni =

( ∑Nbs

w=1

√
lwoβwo

)2

K
Naρp

+ K
∑Nbs

w=1 lwo +
∑Nbs

w=1 β3
wolwo( 1

ml
− 1)

.

(45)

In the case of omnidirectional antenna, the nearest BS pro-
vides the strongest component to the SINR. Under the this
observation, we approximate the SINR at the typical user as
the sum of the exact terms of the nearest LoS and NLoS BS
and the mean of the rest of BSs.

Corollary 2 (Approximated SINR): If the antenna is omni-
directional, the SINR at the typical user is

SINRomni(Rl, Rn)≈(
R
−αl
l√

R
−αl
l + 1

ρpτtr

+ R−αn
n√

R−αn
n + 1

ρpτtr

+2πλb(κl(Rl) + κl(Rn))
)2

K
Naρp

+K(R−αl

l +r−αn
n ) +

R
−4αl
l ( 1

ml
−1)

(R
−αl
l + 1

ρpτtr
)3

+κ1(Rl)+κ2(Rn)
,

(46)
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where

κl(ro) =
∫ ∞

ro

Pl(r)
r−αl√

r−αl + 1
ρpτtr

rdr,

κn(ro) =
∫ ∞

ro

Pn(r)
r−αn√

r−αn + 1
ρpτtr

rdr,

κ1(ro) =
∫ ∞

ro

Pl(r)
[
Kr−αl +

r−4αl( 1
ml
− 1)

(r−αl + 1
ρpτtr

)3

]
rdr,

κ2(ro) =
∫ ∞

ro

Pn(r)Kr−αnrdr. (47)

Proof: See Appendix E.
After obtaining the approximated SINR, the coverage prob-

ability and rate coverage are derived by substituting (46)
into (40) and (42), and taking the expectation over Rl and
Rn, whose PDFs are given in (22) with λ = λb.

D. Small Cell

For the sake of comparison, we consider a small cell system
model with the same BS density and number of users. Each
BS serves only one user at a time, the user associates with
the available BS that provides the strongest signal (maximum
ratio combining), and the BSs which have no associated users
remain silent. Note that the BS that provides the strongest
signal is obtained by jointly considering the LoS/NLoS trans-
mission and distances to the user. Therefore, the interference
comes from the active BSs, the BSs that are serving users. Let
bk be the BS chosen by the user k, then we have

bk = arg maxi∈{available BSs}gbik, (48)

in which gbik ∈ Na× 1 since we assume the same number of
antennas as CF-mMIMO system model. In small cell system,
we only compute the omnidirectional antenna scenario. For
the dedicated BS scenario please refer to [13] for details.

In the downlink transmission, the user estimate the channel
based on the pilot sent by the BSs and similar to CF-mMIMO,
the minimum mean square error estimation of the channel is

ĝbkk = gbkk − g̃bkk, (49)

in which g̃bkk is the channel estimation error. Besides, we have
E[||ĝbkk||2] = Nalbkkβbkk and E[||g̃bkk||2] = Na(lbkk −
lnkβsc

bkk), where

βsc
bkk =

lbkk∑K
i=1 lbki|ψH

i ψk|2 + 1
ρsc

d τsc
tr,d

, (50)

in which ρsc
d and τsc

tr,d denote SNR of downlink transmis-
sion and downlink training duration in samples, respectively.
Assuming the BS using the full power to serve the user,
consequently, the received power at the user k is

yk =
√

ρsc
d ĝbkksk +

√
ρsc

d

K∑
k′ ̸=k

gbk′ksk′ +
√

ρsc
d g̃bkksk

+ nsc
k , (51)

where nsc
k ∼ CN (0, 1) is the additive Gaussian noise. Conse-

quently, the coverage probability and achievable rate of small
cell users are given in the following equations,

P sc
cov(θ) = E[P(SINRsc > θ)], (52)

Rasc(γ)

= E
[
P
((

1−
τsc
tr,u + τsc

tr,d

τc

)
log(SINRsc + 1) > γ

)]
,

(53)

where SINRsc denotes the SINR of small cell user,

SINRsc =
||ĝbkk||2∑

k′ ̸=n ||gbk′k||2 + ||g̃bkk||2 + 1
ρsc

d τsc
tr,d

. (54)

Compared to CF-mMIMO system, the rate coverage of small
cell system is slightly different since it requires one more
downlink training phase.

Since the number of users is fixed, the corresponding
number of serving BSs is fixed. Therefore, for a user, the
interfering BSs form a BPP. Due to the correlation on the
locations of users (since users choose their serving BSs at a
random order), the SINRsc

i and data rate, Rasc
i , of small cell

a user are solved by the Algorithm 1, and consequently, (52)
and (53) are obtained by averaging over the realization of Φb.

Algorithm 1 Algorithm for Small Cell
SINR and Data Rate

1: Let Φ′b = Φb

2: for k ≤ K do
3: Choose bk = arg maxgbik, in which

bi ∈ Φ′b
4: Φ′b = Φ′b \ {bk}
5: end for
6: Compute the SINRsc

i and Rasc
i for a

random user i ∈ K

In Algorithm 1, Φ′b denotes the locations of the available
BSs. Since we assume one BS can only serve one user in
small cell systems, once a BS associates with a user it becomes
unavailable, e.g., Φ′b = Φ′b \ {bk}.

IV. NUMERICAL RESULTS

In this section, we aim to validate our analytical results with
simulations and reveal multiple useful system-level insights.
Additionally, we provide comparisons between CF-mMIMO
and small cell systems to illustrate the scenarios under which
CF-mMIMO performs better. To ensure a fair comparison
between the CF-mMIMO systems and small cell systems, the
total radiated power is set to be equal in both architectures.
That is, we have ρb,sc = Nbs

K ρb. Furthermore, we set τsc
tr,d =

τsc
tr,u = τtr. Additionally, we consider a finite circular region

of radius rs. Unless stated otherwise, we use the simulation
parameters as listed in Table II.

For the simulations of the given system setup, for each
iteration, we first generate two independent realizations of a
PPP and a BPP for the locations of BSs and users (the total
number of users is K), respectively. Then, we use independent
thinning to obtain δ up-tilted BSs and (1−δ) down-tilted BSs,
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TABLE II
TABLE OF PARAMETERS

as well as N (au) = 20 aerial users and N (gu) = 10 ground
users. Next, minimum mean square error channel estimation
is used to estimate the channel between each user and BS.
Therefore, in each iteration, we (i) randomly select one user as
the typical user, (ii) generate a set of Gamma random variables
as channel fading, and (iii) compute the SINR of the typical
user based on Equation (10). Iterations are repeated for a large
number until the curve is smooth.

Firstly, we would like to show the coverage performance of
aerial users in CF-mMIMO networks. We first plot Fig. 2 to
show the tightness of the approximation proposed in Lemma 4
against the SINR in the case of aerial users ∆hau = 100 m.
The proposed approximation shows a good matching at large
values of rs and we observe that the proposed approxima-
tion cannot capture the smooth transition in the value of
coverage probability at some values of θ. As mentioned, the
proposed approximation is obtained by accurately considering
the dominant signal while averaging the remaining terms.
Therefore, given the location of the BS that provides the
strongest signal, the coverage performance of the typical
user is determined (as the remaining terms are based on
the location of the dominant-signal BS). However, in the
simulation, the coverage performance of the typical user is
not determined due to the effect of the second-dominant BS.
In other words, the performance at the smooth transition part
can be improved by accurately considering the locations of
the second/third/. . . dominant BSs.

In Fig. 2 (a) shows the influence of simulation areas and
Nakagami-m fading parameters on the aerial user performance.
We set K = 1 which refers to all BSs serving only one aerial
user, as the performance of the aerial user is the main focus
and contribution of this work. Additionally, since we proposed
an approximation, we need to demonstrate the accuracy of
this approximation under different system parameters, such
as Nakagami-m fading. Comparing LoS and NLoS users, the
difference is mainly caused by the second term in the denom-
inator of (21) as well as the path loss exponent. The value
of this term is comparatively low, which is β to the power
of 3, but has a high influence at the tails of SINR. However,
we can expect that this term has a low impact on the system
performance at a large number of users since we assume a uni-
form power allocation and K is directly multiplied by the first
term of the interference, see (21), and this conclusion validates
in Fig. 2 (b). In Fig. 2 (b) we consider a realistic scenario in

Fig. 2. (Aerial user only) Simulation and analysis results of coverage
probability of aerial users ∆hau = 100 m for both CF-mMIMO and small
cell systems: (a) Coverage probability under K = 1 and different values of
ml and rs, (b) Coverage probability under K = 30, up-tilted/down-tilted
antennas, in which δ = 0.3, and different values of ml and rs. ‘AG’ refers
to dedicated aerial antenna.

which K = 30, we compare the coverage performance of users
in the case of small cell, dedicated aerial antenna (referred
to as ‘AG’ in the figure) with δ = 0.3 and omnidirectional
antenna scenarios. Compared with our previous work [13],
in which we show that the aerial dedicated antenna can
improve the system coverage performance, the aerial dedicated
antenna cannot improve the coverage performance in the
CF-mMIMO scenario. This is because the received signal from
a BS contains both the desired signal and the interference
(since the BS simultaneously serves all the users). As shown
in (19) in Cor. 1, the SINR of the typical user is a ratio
between the square of the summation of the distances to all
BSs and the summation of the square of distances to all BSs.
Besides, we compare the coverage performance between small
cell and CF-mMIMO systems, in which rs of the small cell is
set at 1 km.

The results in Fig. 2 (b) show that the CF-mMIMO system
provides users with uniform performance. The SINR of users
is concentrated, as evidenced by the sharp decrease in the
complementary cumulative distribution function (CCDF) of
coverage probability, indicating that users achieve similar
SINR. In contrast, in the small cell system, the SINR of users
varies dramatically, with the CCDF of coverage probability
decreasing slowly. This implies that while some users achieve
high SINR, others have low SINR. Additionally, the minimum
achievable SINR, defined as the minimum SINR that users
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Fig. 3. (a) Analysis and simulation results of coverage probability of
CF-mMIMO and small cell systems under different number of aerial users.
(b) The intersection points in (a).

can achieve with probability 1, of the CF-mMIMO system is
much higher than that of the small cell system. For example,
the minimum SINR is about −10 dB in CF-mMIMO systems,
while it is less than −20 dB in small cell networks, as shown
in Fig. 2 (b). Since we observe that up-tilted/down-tilted
antennas cannot improve system performance compared to
omnidirectional antennas, in the following figures, we focus
on the CF-mMIMO performance under the omnidirectional
antenna case. Here, the antenna gain is fixed at 1, and the
BS that provides the strongest received power is obtained by
jointly considering the LoS/NLoS transmission and distances
to users.

In Fig. 3 (a), we plot the analysis and simulation results of
CF-mMIMO and small cell systems under different numbers
of aerial users and ∆hau = 100 m. The coverage probability
of small cell users decreases with the increasing number of
users due to further distance to the available BSs and a
higher probability of having interferer BSs that are closer than
the serving BS. For the CF-mMIMO user, the performance
decreases with the increasing of K due to the desired signal
from one BS decreases, and as shown in (46), the interference
is obtained by K times the summation of the distances.

In Fig. 3 (b), we plot the SINR threshold below which the
CF-mMIMO system performs better than the small cell system
(which is obtained by finding the intersect points in Fig. 3 (a)).
We compare three different scenarios: (i) aerial users are
deployed at the same altitude at ∆hau = 100, (ii) aerial
users are deployed at the same altitude at ∆hau = 150, and

Fig. 4. Analysis and simulation results of coverage probability of
CF-mMIMO and small cell systems under: (a) different BS densities, and
(b) user altitudes.

(iii) the aerial users are deployed at the different altitude,
∆hau = 150 for CF-mMIMO users and ∆hau = 100 for
small cell users, since the performance of small cell users
decreases with the increase of the user altitude and the optimal
altitude of small cell user is around 100 m. We show that
CF-mMIMO performs better than small cell systems under
different numbers of users at low values of θ, while the the
intersect point values of θ increase with the increasing of
user altitudes. Besides, we also notice that in CF-mMIMO
system, aerial users can improve the coverage performance by
increasing their altitudes.

To further study the impact of system parameters on the
system performance, we plot Fig. 4 to show the influence
of (a) BS density and (b) user altitude. With the increase
of BS density, CF-mMIMO systems’ coverage performance
improves dramatically and approaches 1, which is attributed to
the decrease in communication distance and the improvement
in the power of received signal, and is explained in more detail
in [12] and [32]; and an optimal density exists for the coverage
performance of small cell, which is about 160 BS/km2, due to
the increase in interference. Besides, we show that an optimal
altitude exists for small cell users, which is about 100 m, but
such an optimal value does not exist for CF-mMIMO users,
and aerial users benefit from increasing the altitudes. As previ-
ously explained, this is because BSs simultaneously serve all
users, and the fact that both interference and desired signal are
coming from the same BS. Therefore, for CF-mMIMO users,
the ratio of the square of the summation of distances and sum-
mation of distances squared is more important (recall (46)).
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Fig. 5. Analysis and simulation results of coverage probability under
∆hau = 100 m, and different LoS/NLoS environments: (a) suburban areas,
(b) urban areas, (c) dense areas, and (d) highrise urban areas.

Fig. 6. Analysis and simulation results of: (a) coverage probability,
and (b) rate coverage of the system, mixed of N (au) = 20 and
N (gu) = 10 users under different aerial user altitudes.

Fig. 4 offers valuable insights into system design. Notably,
for a fixed SINR threshold, small cell UAV users can enhance
coverage probability by lowering their altitudes to approach
the base stations. In contrast, CF-mMIMO UAV users can
achieve improved coverage probability by increasing altitude.
The maximum coverage probability for small cell UAV users,
typically below 0.8 or 0.6, is markedly lower than that of
CF-mMIMO UAV users, which approaches 1. Moreover, for
altitudes below 200 m, CF-mMIMO consistently outperforms
small cell scenarios, particularly at lower values.

Considering the influence of environment types, e.g., sub-
urban areas, urban areas, etc, we plot the coverage probability
under four different environments in Fig. 5. For all four
different environments, the CF-mMIMO system performs

better in the minimal achievable SINR compared to the small
cell system. In addition, we notice that the performance of
CF-mMIMO systems benefit from establishing LoS channels
and it has better performance than the small cell for almost
all values of θ in suburban areas, as shown in Fig. 5 (a).

Finally, we plot SINR coverage probability and rate cov-
erage for the CF-mMIMO and small cell systems serving
N (au) = 20 and N (gu) = 10 users in Fig. 6. We notice
that the SINR and rate coverage performance of small cells
decreases with the increase of altitude due to the increase
in the serving distance, but the CF-mMIMO system benefits
from increasing the aerial user altitudes. This is because in
CF-mMIMO systems the ratio (between the square of the
summation of the distances to all BSs and the summation of
the square of distances to all BSs) matters, as seen in (46).
Therefore, when the UAV altitude increases, both the power
of the desired signal and the interference decreases, but their
ratio increases. At the optimal altitude of small cell users
(∆hau = 100 m), the CF-mMIMO system performs better at
low values of θ and γ (θ = −5 dB and γ = 3 dB). However,
if we increase the altitude of aerial users, CF-mMIMO users
have better performance at larger ranges of θ and γ (θ = 5 dB
and γ = 13 dB).

V. CONCLUSION

Given that UAVs have a huge market in the next-generation
networks, this work investigates the use of CF-mMIMO
systems to serve a network of aerial users and ground
users. Different from previous works, we use tools from
stochastic geometry to model the realistic locations of ran-
domly distributed BSs and users. Besides, we use the
Nakagami-m fading model to capture the LoS/NLoS channels
between BSs and users. In addition, considering that the up-
tilted/down-tilted antenna model is able to improve the system
performance in small cell systems, we first derive the SINR
and rate coverage expressions based on the up-tilted/down-
tilted antenna model and then propose the omnidirectional
antenna model as a special case. To simplify the calculation,
we propose an approximation that is based on computing
the BS that provides the strongest signal exactly while the
remaining BSs in an average sense.

Our numerical results show interesting system insights.
We first show that the up-tilted/down-tilted antenna model
cannot improve the SINR and rate coverage of CF-mMIMO
systems due to both desired signal and interference coming
from the same BSs, and multi-path fading influencing the tail
SINR coverage. We show that CF-mMIMO users benefit from
increasing the altitudes. While at low altitudes, CF-mMIMO
users can only achieve a higher minimum achievable SINR
compared to small cell users, at high altitudes, CF-mMIMO
users outperform small cell users at much larger ranges of
SINR and data rate.

APPENDIX

A. Proof of Lemma 1

By using minimum mean square error estimator, the esti-
mated channel vector and estimation error ĝwk and g̃wk are,
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respectively, given by,

ĝwk = E[gwkyH
wk](E[ywkyH

wk])−1ywk, (55)

for instance, the w-th BS is an up-tilted BS,

E[gwkyH
wk] = l

1/2
wk E[hnk(

N (au)∑
i=1

Gau,ub(zni)gwiψ
H
i ψk

+
N (gu)∑

j=1

ζsgwjψ
H
j ψk +

1
√

ρpτtr
ntrψk)H ]

= l
1/2
wk E[hwk(Gau,ub(zwk)gH

wk +
N (au)∑

i̸=k

Gau,ub(zni)ψH
k ψig

H
wi

+
N (gu)∑

j=1

ζsψ
H
k ψjg

H
wj +

1
√

ρpτtr
ψH

k nH
tr)]

= l
1/2
wk E[hwkGau,ub(zwk)gH

wk]

+ l
1/2
wk E

[hwk(
N (au)∑

i̸=k

Gau,ub(zni)ψH
k ψig

H
wi +

N (gu)∑
j=1

ζsψ
H
k ψjg

H
wj)]

= lwkGau,ub(zwk)E[hwkhH
wk] = lwkGau,ub(zwk)INa

,

E[ywkyH
wk] = E[(Gau,ub(zwk)gwk +

N (au)∑
i̸=k
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× gwiψ
H
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H
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1
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ρpτtr
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H
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1
√

ρpτtr
ntrψk)H ]
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wk] + E[
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k ψig

H
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lwiG2
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i ψk|2INa
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N (gu)∑

j=1

lwjG2
gu,ub(zwj)|ψH

j ψk|2INa
+

1
ρpτtr

INa , (56)

the down-tilted BS follows a similar way, and the proof
completes by simplifying the above equations and let βwk =

Gv,b(zwk)lwk∑K
i=1 lwiG2

v,b(zwi)|ψH
i ψk|2+ 1

ρpτtr

.

B. Proof of Lemma 2

The E[|T0|2], E[|T1|2], E[|T2|2], and E[|T3|2] are computed
as follows,

E[|T0|2] = ρb

(N (bub)∑
w=1

√
ηwoGo,ub(zwo)E[ĝT

woĝ
∗
wo]so

+
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woĝ
∗
wo]so

)2
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2
a
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√
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o,b(zwo)lwoβwo

)2

,
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,
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(57)

Substituting the above values, we obtain the results pre-
sented in Lemma 2.

C. Proof of Lemma 3

In the case of plos,1, it means that the strongest signal is
from the BSs, either wdb or wub, providing a side-lobe to
the typical user. Therefore, the signal from BSs that provides
main-lobe should be at least dl away: r−αl > ζ3

md−αl

l , which

implies that dl > ζ
3

αl
m r. The min(·, ·) and max(·, ·) in (26) are

used to constraint the range of the locations. Consequently,
the probability of plos,1 is obtained by the multiplication
of the PDF of the side-lobe BS is located at z (z < zg,1)
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and the main-lobe BS is located further than dl(r). The other
scenarios follow the same method.

D. Proof of Lemma 4

Let Nbs,l and Nbs,n be the number of BSs, including bdb

and bub, that established LoS and NLoS channels with the
typical user. The signal term is given by

S =
Nbs∑
w=1

√
G3

o,b(zwo)lwoβwo

=
Nbl∑

wl=1

√
G3

o,b(zwlo)lwloβwlo +
Nbn∑

wn=1

√
G3

o,b(zwno)lwnoβwno

= Sl(rl) + Sn(rn). (58)

In the case that the strongest LoS BS is located within
B(0, zg,1) (plos,1) at distance r away from the typical user,
the nearest LoS BS that establish main-lobe with the typical
user is located at least at distance dl away. To simplify the
notations, we assume that BSs are ordered. That is, the LoS
BS with the strongest signal is denoted by wl = 1 in the
summation in (59). Hence, the Sl,1(rl) is approximated as

Nbs,l∑
wl=1

√
G3

o,b(rwlo)lwloβwlo =
√
G3

o,b(r1o)l1oβ1o

+
Nbs,l∑
wl=2

√
G3

o,b(rwlo)lwloβwlo

≈
√
G3

o,b(r1o)l1oβ1o + E
[ Nbs,l∑

wl=2

√
G3

o,b(rwlo)lwloβwlo

]
(a)
= l1oβ1o + E

[ ∑
b∈B(rlo,zg,1)

√
lboβbo

]

+ E
[ ∑

bg∈B(dl,zg,2)

√
ζ3
mlbgoβbgo

]

+E
[ ∑

bdb∈B(zg,1,zg,2)

√
lbdboβbdbo

]
v +E

[ ∑
b∈B(zg,2,∞)

√
lboβbo

]
,

(59)

in which the step (a) follows that the strongest BS is located
within B(0, zg,1), thus, the user experience a side-lobe gain,
the first expectation term is the mean of the siganl of remaining
BSs within B(0, zg,1), the second expectation term is the mean
of the signal from the BS that provides the main-lobe gain to
the typical user, which should be located at least dl away,
similarly, the third and the fourth expectation terms are the
mean of the signal from the remaining BSs,

E
[ ∑

b∈B(rlo,zg,1)

√
lboβbo

]
(b)
= 2πλb

∫ zg,1

rlo

Pl(r)r−αl√
r−α{l,n} + 1

ρpτtr

dr, (60)

in which step (b) follows Campbell’s theorem [55] with con-
version from Cartesian to polar coordinates, and the density of

LoS BSs within B(rlo, zg,1) is λbPl(r). The other expectation
terms, as well as Sn(rn) and the interference term, follows a
similar way, thus, omitted here.

E. Proof of Corollary 2

Similar to previous proof, BSs are divided into LoS and
NLoS, and w = 1 denotes the nearest LoS or NLoS BS. The
numerator is approximated as( Nbs∑

w=1

√
lwoβwo

)2

≈
(√

l1o,lβ1o,l

+ E[
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w=2

√
lwo,lβwo,l | l1o,l]

+
√
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w=2

√
lwo,nβwo,n | l1o,n]

)2
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r−αn
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ρpτtr

+ 2πλb(κl(r1o,l)

+ κl(r1o,n))
)2

, (61)

and the denominator is approximated as

K

Nbs∑
w=1

lwo +
Nbs∑
w=1

β3
wolwo(

1
ml

− 1)

≈ K(l1o,l + l1o,n) + β3
1o,ll1o,l(

1
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− 1) + E
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Klwo,l

+ β3
wo,llwo(

1
ml

− 1)
)
| l1o,l

]
+ E

[ Nbs,n∑
w=2

Klwo,n | l1o,n

]

= K(r−αl

1o,l + r−αn
1o,n ) +

r−4αl

1o,l ( 1
ml
− 1)

(r−αl

1o,l + 1
ρpτtr

)3
+ κ1(r1o,l)

+ κ2(r1o,n). (62)
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