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bounded Kolmogorov complexity. We show polylog depth satisfies all basic logical depth
properties, namely sets in P are not polylog deep, sets with (time bounded)-Kolmogorov
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polynomially Turing compute a polylog deep set. We prove that if NP does not have
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1. Introduction

Bennett [1] introduced the notion of logical depth, as an attempt to characterise useful information (e.g. the halting
problem) as opposed to non-useful information (e.g. a Martin-L6f random sequence). Interestingly, non-deep sequences
(called shallow sequences) can range from trivially organised sequences such as 01010101..., to completely unorganised
ones such as a random sequence. Logically deep sequences are somewhere between these two extremes.

A sequence is Bennett deep [1] if the difference of every computable approximation of the Kolmogorov complexity of its
initial segments, and the actual Kolmogorov complexity, is unbounded. This difference is called the depth magnitude of the
sequence [2].

Moser and Stephan [2] studied the differences in computational power of sequences of different depth magnitudes,
within the context of computability theory. They related logical depth to standard computability notions (e.g. highness,
diagonally-non-computability and lowness). Highness and lowness are important characterisations of the computational
power of sets used in computability theory [3]. Informally a set is high (resp. low) if it is useful (resp. not useful) given as
an oracle. Among others, they showed that a Turing degree is high iff it contains a deep set of large depth magnitude [2].
They found that not all deep sets need be high, by constructing a low deep set (subsequently refined by Downey, Mclnerney
and Ng into a low r.e. deep set [4]).

In this paper, we revisit the results of Moser and Stephan [2] within the context of computational complexity theory.
There are two main difficulties in trying to do so. Firstly the quest for the “right” polynomial version of depth has turned
out to be elusive. There are several issues inherent to complexity theory that are hard to overcome, while trying to translate
logical depth from computability to complexity theory. It is non-trivial to find a polynomial depth notion that simultaneously
satisfies all natural properties of Bennett’s original notion. Secondly, translating the results from [2] to complexity theory
is not straightforward, because the main techniques in [2] do not scale down to complexity theory. Several computability
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techniques used in [2] (e.g. the equivalence between highness and dominating functions, the notion of DNC degrees) have
no natural equivalent concept in complexity theory. Therefore the proof of the main result in this paper (the existence of
low deep sets) rely on different techniques from the ones used in [2].

As mentioned above, finding a good polynomial depth notion is not straightforward. There have been several attempts
by various authors over the last decade [5-7]. The main difficulty is to achieve a notion that satisfies the natural properties
of Bennett’s logical depth (among others: easy and hard sets are not deep, non-deep sets can’t compute deep ones, some
deep set exists), while at the same time is powerful enough to prove interesting results. All notions so far have been a
compromise between these two goals, i.e. relaxing the satisfaction of some of the natural properties in order for the notion
to be useful. See [7] for a summary of previous polynomial depth notions, and the compromises made by each notion.

In this paper we study a polylog version of depth as close as possible to the original notion by Bennett, namely the
difference of two Kolmogorov complexities with different time bounds. Informally Bennett’s depth measures some aspect of
the difference in power between Ag and A?. In our polylog setting, this becomes EXP vs. P. This corresponds to quasipoly-
nomial vs. polylog in the setting of Kolmogorov complexity, because the size of the characteristic sequence is exponentially
larger than the size of the strings it encodes (i.e. sets in P have their polynomial time complexity measured relative to
the size of the input, which corresponds to polylog with respect to the size of the characteristic sequence). To allow for
Kolmogorov complexity with polylog time bounds, i.e. such that there is not enough time to read the whole program, we
use the oracle Kolmogorov complexity model of [8]. This model is equivalent to standard Kolmogorov complexity for time
bounds linear or greater, but allows for sublinear time bounds.

Polylog depth is interesting because it interacts nicely with lowness and highness for the complexity class E, as ex-
plained below. But similarly to previous polynomial depth notions, this comes at a cost (the compromise): the natural
property “random implies non-deep” is not formulated in terms of the canonical random sets for EXP (the ones on which
no pp-martingale succeeds), instead we use “complex” sets (sets for which the time bounded Kolmogorov complexity is
large). It is currently unknown whether p,-random sets and “complex” sets are the same, see [9] for more on this question.
Apart from this compromise, polylog depth satisfies the natural properties of depth, namely “easy” sets (here: in P) and
“random” enough sequences (here: complex sets) are shallow, and polylog depth satisfies a slow growth law, i.e. no shallow
sequence can quickly compute a deep one. Also EXP contains polylog deep sets.

Next we investigate whether NP contains any polylog deep sets. Since one cannot exclude P = NP (in which case all
NP-sets are shallow), one can only hope for a conditional result. We prove that if NP does not have p-measure zero, then
it contains a polylog deep set. The assumption NP does not have p-measure zero is a reasonable assumption based on
Lutz’'s p-measure [10], which has implications not known to follow from P # NP. Examples include separating many-one
and Turing reductions [11] and derandomization of AM [12,13], see [14] for more.

Next we study the relation between highness and depth, and show that each set that is high for E (i.e. a set A such that
EE C E4) contains a polylog deep set in its polynomial Turing degree. This is on par with the results of [2] at the polylog
level. The idea of the proof is that highness enables the set to compute polynomially random strings of small sizes, but
large enough to guarantee depth of the whole sequence.

Our main result investigates whether all polylog deep sets need be high. We find a negative answer, by constructing a
polylog deep set in Low(E, EXP), (i.e. sets A such that EA C EXP). Lowness for E (i.e. Low(E, E)) was first studied in [15],
where a low set in E — P was constructed. The set constructed in [15] is a very sparse set of strings that are random at the
polynomial time level but not at the exponential time level. The sparseness of the set guarantees that large queries can be
answered with “no”, hence only small queries need to be computed, which guarantees lowness. However the set in [15] is
too sparse to be polylog deep. We construct a new set with blocks of subexponential size each containing a random string.
The size of the blocks are measured by a tower of subexponential functions, in order to be able to satisfy two conflicting
requirements, namely the sequence needs to be sparse enough to stay low, but the relative size of blocks needs to be small
enough so that the polylog depth of each block is preserved over the whole sequence.

2. Preliminaries

Logarithms are taken in base 2 and rounded down. For simplicity of notation we write logn for [log,n] and log® n
stands for loglogn. By convention, whenever a real number is cast to an integer, we take the floor of the real number; we
omit the floor notation for simplicity of notation.

We use standard complexity/computability/algorithmic randomness theory notations (see [16,17,3,18,19]). We write
{0, 1}" for the set of strings of size n. We denote by sg, s1,...,s; the standard enumeration of strings in lexicographic
order. For a string x, its length is denoted by |x|. The empty string is so = €. The index of string x is the integer ind(x) such
that x = Sinq(x). For every natural number n, it holds |s,| =log(n+ 1), and the index of strings of length n are in the interval
[2" —1,2"t1 —2]. We identify n with s, in particular |n| = |sn| = log(n + 1). We say string y is a prefix of string x, denoted
y < x, if there exists a string a such that x = ya.

A sequence is an infinite binary string, i.e. an element of 2%. For string or sequence S and i, j € N, we write S[i, j] for
the string consisting of the ith through jth bits of S, with the conventions that S[i, j]=¢€ if i > j, S[i] = S[i, i], and S[0] is
the leftmost bit of S. We write S i for S[0,i — 1] (the first i bits of S) and S [ x for S [ ind(x). The characteristic sequence
of a set of strings L is the sequence x; € 2%, whose nth bit is one iff s, € L. We abuse the notation and use L and ¥
interchangeably. Note that for any string x, |L | x| = 0 (2’)).
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We consider the following standard time bound families: P = {kn| k € N}, PL = {klogkn| k € N}, E = {2k| k € N},
and EXP = {2”"\ k € N}. We abuse notations by using time bound families for complexity classes interchangeably, e.g.
E = U.cy DTIME(2). Logarithmic time bounds require oracle access to the input as explained below.

We use <% (resp. =T) to denote less or equal (resp. equal) up to a constant term. We fix a poly-computable 1-1 pairing
function (-) : N x N — N. An order function is an unbounded non-decreasing function from N to N, computable in
polynomial time, e.g. logn, nlogn, n?.

We consider standard polynomial Turing reductions SIT’. Two sets A, B are polynomial Turing equivalent (A EIT’ B) if
A 5‘; B and B E‘T’ A. The polynomial Turing degree of a set A is the class of sets polynomial Turing equivalent to A.

Fix a universal Turing machine U. The (plain) Kolmogorov complexity of string x, denoted Cy (x), is the length of the
lexicographically first program x* such that U on input x* outputs x. It can be shown that the value of Cy(x) does not
depend on the choice of U up to an additive constant, therefore we drop U from the notation and write C(x). C(x, y) is
the length of a shortest program that outputs the pair (x, y), and C(x | y) is the length of a shortest program such that U
outputs x when given y as an advice.

We also consider time bounded Kolmogorov complexity. To allow logarithmic time bounds i.e. shorter than the time
required to read the full program, we use the oracle model of [8]. In this model, the universal machine is provided with
program p as an oracle (written UP), and can query any bit of it. As noticed in [8], the definition coincides with the standard
time bounded Kolmogorov complexity, for time bounds greater than O (n). Given time bound t > logn, define

Ct(x) = min{|p|: Vb €{0,1, €} Vi <n, UP(i, b)[t(n)] | = accepts iff x[i] = b}

where n = |x|, x[0], x[1], ..., x[n — 1] are the n bits of x, xfm] =€ for all m >n and UP(i, b)[t(n)] | means U with oracle
access to p halts within t(n) steps on input i, b.

To concatenate two programs p,q one can double all the bits in p, and append 01. We write p for this string, i.e. from
pq it is easy to recover p, q.

A sequence A is called (PL, PL)-complex if for all k,n > 0, Clogk”(A I'n) > loghn. We use the same (-, ) notation for
other levels of complex sets, where the first (resp. second) parameter is the time bound (resp. the minimal program size
bound).

The symmetry of information holds for exponential time bounds.

Theorem 2.1 (Symmetry of information [/20], 7.1.12, p. 548). Let t € E be a time bound. Then there exists time bound t’ € E such that
for any strings x, y, we have Ct(x, y) > C (x) + C* (y|x) — O (log(|x| + |y])).

Lutz [21] used Lebesgue measure to define a measure notion on complexity classes e.g. E, EXP.
For the rest of this section, let i € {1,2}; p; (abbreviated p) stands for polynomial time bounds, p, for 2FL.

Definition 2.1 (See [21] for more details). A class C has p;-measure zero (written pp, (C) =0) if there is a single p;-martingale
d that succeeds on every language A of C.

This property is monotone in the following sense: If class D is contained in a class C of p;-measure zero, then D also
has pj-measure zero. It is easy to see that if a class C has pi-measure zero, then it has p,-measure zero. The converse is
not always true but the following is known.

Theorem 2.2 (Juedes and Lutz [22]). NP has pp-measure zero iff NP has p-measure zero.

The measure conservation property [10] states that class E (resp. EXP) does not have p-measure (resp. pp-measure) zero.
Lutz [10] showed that sets with small circuit complexity have p;-measure zero, which is implied by the following result.

Theorem 2.3 (Lutz [10]). Let c € N. The set {A € 2%| 3%°n C*(A | n) < log® n} has p,-measure zero.
3. Polylog depth

A sequence S is h-deepp; if the difference between the large and small time-bounded Kolmogorov complexity of the
prefixes of S exceeds some order function h. We call the order h the depth magnitude of S. As shown in [2], the choice of

h can have consequences on the computational complexity of S.

Definition 3.1. Let m(n) <n be an order function. A set S is m-deepp if for every t € PL there exists t’ € 2P such that for
almost every n, C'(S | n) — C'(S [ n) > m(n).

We say S is O(1)-deepp, if it is c-deepp; for every c > 0. We say S is PL-deepp if it is m-deepp, for every m € PL (and
similarly for other order function families).
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In the following section, we show that polylog depth satisfies most natural properties (scaled down to complexity the-
ory) of Bennett’s original notion. Firstly, as noticed in [7], for most depth notions it can be shown that easy and random
sequences are not deep. The following two results show that this is also the case for deepp;.

Theorem 3.1. Let A be in P. Then A is not 2 logn-deepp;.

We need the following lemma; it follows the same proof as the unbounded Kolmogorov complexity case, but since we
are considering sublinear time bounds, we need to check it still holds.

Lemma 3.1. Let A € DTIME(n®) (resp. DTIMlg(Z”E)). Forevery t € PL (resp. t € 2PL) and n € N, CY' (A [ n) < Ct(1") with t'(n) =
0 (t(n) + log® n) (resp. t'(n) = O (t(n) + 2'°¢ M)).

Proof of Lemma 3.1. Let A,t be as above and let n € N and M be a TM deciding A in time n®. Let p denote a minimal
t-program for 1%, i.e. |p| = C'(1"). Consider prefix-free program p’ = gp, where q are instructions such that for b=0,1, ¢
Up/(i,b) simulates UP (i, 1). If UP(i, 1) accepts (i.e. i <n), simulate M(s;) and accept iff M(s;) =b. If UP(i, 1) rejects, then
accept iff b = €. The first step takes at most t(n) steps, and the simulation of M on an input of size at most logn takes at
most logn steps, for a total of O(t(n) + log®n) steps. The exponential case is similar. O

Proof of Theorem 3.1. Let us prove the theorem. Let A € P, decidable in time n¥, let t(n) = O (logn + log’< n) be given by
Lemma 3.1, and let t’ € 2P, For every ne N,

C'(An)—Cl'(An) <t c2lognqm) by Lemma 3.1
<% logn

where the last inequality holds by/ a print program, i.e. a program p = ge where g are instructions, e is a binary encoding
of n, such that for b € {0, 1, €}, UP (i, b) accepts iff (i <n and b=1) or (i > n and b = €). Therefore A is not 2logn-deepp,
which ends the proof. O

From the point of view of Bennett’s logical depth, shallow sequences are those whose structure is either very organised,
e.g. the sequence 1010101010..., or lack any organisation at all, e.g. a random sequence. For the latter case, Bennett [1]
showed that Martin-L6f random sequences are not deep. A similar result holds in our setting:

Lemma 3.2. Let A be (2", n — 2logn)-complex, then A is not 2 logn-deepp, .

Proof. Let A be as above i.e., for every k € N, for almost every n

logk n
C2

(An)>n—2logn. M

Okn . .
Since C21°8"(A [ n) <* n via a “print” program, we have C21%8"(A [ n) — €2 "(A | n) <™ n — (n — 2logn), i.e. A is not
2logn-deepp,. O

Note such sequences exist: every Martin-Lof sequence satisfies C(A [n) >n— K(n) — O(1) > n —2logn; and not all such
sequences are Martin-Lof (e.g. see [18] section 8.4: a no gap theorem for 1-randomness, for more details).

Bennett showed that producing a logical deep sequence requires a complex and lengthy computation [1]. For example
truth-table reductions are not capable of computing a Bennett deep sequence from the empty set. This is known as the slow
growth law, which states that if some set A truth-table computes some deep set B, then A is deep. A similar result holds
for deepp;, once the power of the corresponding reductions is adapted to the polynomial world. Truth-table reductions are
too powerful in the setting of complexity theory (they can compute every set in every complexity class included in A?),
thus they need to be replaced with polynomial time Turing reductions.

Theorem 3.2. Let A, B € EXP, A 5‘; B in time O (n%), and A is o logc" n-deepp; for some k, « > 0, then B is 8 log" n-deepp; for some
B >0.

Lemma 3.3. Let A 5‘; B, where en® is the running time of the reduction. For every s’ € PL (with s’ = logk n)and n € N we have

CS(A | 241081y <+ 5" (B | ) + 2logn

2

ck+c
ack+c n.

forsome a > 0and s(n) =

log
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Proof of Lemma 3.3. Let A, B,c,e,s’ be as above, M be the TM computing the reduction, and n € N. Let p be a minimal

s’-program for B | n. Consider the following program p’ for A [ 2° log"/“n \vhere P’ =qq'p, q is a set of instructions, ¢’
encodes n (i.e. |§'| <t 2logn), and where UP (i, b) does the following:

e Recover n.m
o If i >201087" 1 accept iff b =e.

o Ifi <2 logl/c”, simulate MB(s;), answering each query s; to B by simulating UP(j, 0). Accept iff b= MB(s;).

For the last item above, notice that all queries are within B [ n, because A | 2¢ log"/n codes for strings of length at most
alog'/® n. Therefore the largest query has size at most e(alog!/“n)¢ = ealogn, i.e. a string with index at most 21+ea"logn _
2 < 22ea%logn _ by choosing a small enough. The simulation of MB(s;) takes at most els;|° < logn steps, and there are at
most logn queries to B | n, each requiring at most s'(n) steps, thus a total of s’(n)logn + logn < 2s’(n) logn. Let us express

1/c logm

1
" We have L log¢m = logn, ie. 2a =n hence the total

this time bound as a function of the input size m = 29108 o

number of steps becomes

logct*m. O

/1~ = logm 1 Co
25 (2 )a—c log"m = prray:
Proof of Theorem 3.2. Let us prove the theorem. Let A, B,«,k be as above, and en‘ be the running time of the
gg-reduction. and B > 0 to be determined later. By contradiction, suppose B is not 8 logk n-deepp, i.e., there exists t = logdn
such that for every t’ € 2P there exists an infinite set N such that for every n € N, C*!(B [ n) < ﬂlogkn +ct’'(B [ n). Sup-

pose B is decidable in time 2" (for some b > 0). Consider t(n) = aafﬂ logc‘”cn, where a is given by Lemma 3.3, and

t'(n)=n+ 2'°gb", and let n € N where N is the infinite set of lengths testifying the non depth of B for this t’. We have

cfa |20 log'/“ny —+ ct(p I'n) +2logn by Lemma 3.3
<Blogn+C'(B [ n)+2logn becausen € N
<t Blogkn+c*(1") +2logn by Lemma 3.1
<* Blogtn + logn + 2logn
< 4Blog“n.
Thus for all n € N and all s € 271,
CE(A [ 20108 0y _ (a1 20108 ny < E(a 20108 0y _ () _ 48 10gkn — % logc (20108 n)

i.e. A is not :T’i long n-deepp;. Choosing 8 > 0 small enough such that 48/a% < o, we get a contradiction. O

The proof above implicitly shows the following: (PL, PL)-complex sets are closed upwards under poly Turing reductions.
All PL-deepp; sequences are (PL, PL)-complex. The converse holds if the sequence is in EXP. It would be interesting to see
whether Theorem 3.2 still holds without the assumption that the set is in EXP, though this is currently unknown.

By enumerating all short O (n)-time programs, one can for every k > 1 construct a (PL, logk“ n)-complex sequence in
EXP, i.e. a sequence A € EXP such that for allne N, C"(A [n) > log’“’l n. Since A € EXP, by Lemma 3.1, A is log"n-deeppL.

It is natural to ask whether some NP sets are deepp.. One cannot exclude the possibility that P = NP, in which case the
answer is negative, but if one assumes that NP is not a small subset of EXP, then one can show that NP contains deep sets.
To measure the size of NP within EXP, we use Lutz's p-measure [10], which is a complexity version of Lebesgue measure
that allows to measure the size of subsets of EXP. Thus the statement that NP is a not a small subset of EXP, is formalised by
the statement that NP does not have p-measure zero. The assumption that NP does not have p-measure zero implies P#£NP
and is not known to follow from it. It has been used to show some interesting results, e.g. [11-14], that are not known to
follow from P#NP.

Theorem 3.3. If C € EXP with ), (C) # 0 then C contains a logk n-deepp; set for every k > 0.

Proof. Suppose 1 p,(C) #0 and C does not contain a logk n-deepp set for some k > 0. Then for every A € C and for every
t' € 2PL there exists an infinite set N, such that for every n e N, C{(A [ n) — Ct/(A [n) < logkn. Thus C(A [n) < logk+1 n,
by Lemma 3.1, since A € EXP. Thus for every A € C, there exists an infinite set N4, such that for every n € N4, C"(A [ n) <
logk“ n. Thus by Theorem 2.3, up,(C) =0; a contradiction. O

Corollary 3.1. If i1, (NP) # O then NP contains a logk n-deepp; set for every k > 0.
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Proof. Apply Theorem 3.3 together with Theorem 2.2. O
4. Highness and depth

Highness and lowness are important characterisations of the computational power of sets used in computability theory
[3]. Informally a set is high (resp. low) if it is useful (resp. not useful) given as an oracle. The notions were generalised
to considering two classes, with applications in randomness theory [18,19]. Complexity versions of these notions were
developed for NP [16,17], and E [15].

Definition 4.1. Let C C D be two complexity classes.

1. Set A is Low(C, D) if CA < D.
2. Set A is High(C, D) if CA > DP.

Set A is low for E if it is Low(E, E). Set A is high for E if it is High(E, E).
Lowness and highness for E are preserved under polynomial Turing reductions.
Lemma 4.1. Let A be high (resp. low) for E. Then all sets in the polynomial Turing degree of A are high (resp. low) for E.

Proof. Let A be high for E, B be in the gg—degree of A and L € EE. By highness for E of A, there is an oracle TM M4 that
decides L in time 2%". On an input x of size n, M makes at most 29" queries to A, each of size less than 2%". Since A, B are
in the same §¥-degree, there is a machine N® deciding A in time n®. Thus each query q to A can be answered by N® in
lqI® < (29M)b = 29" steps. Thus L can be decided in time 29729 < 22abn with oracle access to B, i.e. L € EE. The proof for
lowness is similar. O

The following result shows that any high set computes a deep set. The idea of the proof is that highness enables the set
to compute polynomially random strings of small sizes, but large enough to guarantee depth of the whole sequence.

Theorem 4.1. Let A be high for E. Then the §¥—degree of A contains a set that is log® n-deepp.

3n
Proof. Let c € N to be determined later. Consider the following set of random strings R = {x| c? (%) > |x|} € EE CEA. Let
jeN, j/=21tgi 5o that j¢ < j’ <2j¢ and log j/ = 1 + log j¢. Define
B[z] -1, 2]+1 —2]= R[]/ -1, 2]/ _ Z]A[2]—1 _ 172] _ 2]02]'_]'/_21'*1
i.e. BN{0,1}/ codes for RN {0,1}'°¢J" and AN {0, 1}/,

Claim 1. B is in the gg—degree of A.

For each x of length log j/, deciding whether x € R requires at most 2% queries of size at most 2%¥ to A (for some
a e N), ie. 20108J" < 0(jo¢) queries of size 29°8J" = 0(j%). Since there are j' such x’s, we have R[j’,2j — 2] can be
computed in at most 0 (j2%) steps, hence B <* A. Since A <} B the claim is proved.

Let us show that B is deep. Let t € PL, j € N and v € [2/+1 — 1,2/%2 — 2]. Since this guarantees all of R N 2!°8J" s
available from B | v, we have

CtB 1v)=C B v)=tc?(r,v) 2)

where r is the first string of size log j’ in R. Let t; € E be the time bound given by Theorem 2.1 with to(n) = 2", so that we
have

' (r,v) =l (r) 4+ Cli(v 1) — 0(log|v]) 3)

Let p be testifying C''(v | r), i.e. U(p,r) = v in at most t;(|v|) steps. Let p’ = §q’p where q are instructions, ¢’ is an
encoding of j, and U on input p’:

e Recovers j then j'.
e Computes r, i.e. the first element of R[j' — 1,2 — 2].
e Simulates U(p,r) =v (in t1(]v]) steps) and outputs v.
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For the second item above: each bit of R requires at most 2logJ’ programs to be simulated for 2218 steps, i.e. a total

of j’ZJ"3 steps, thus a total of at most 2/ < 27 steps to compute R[j’ — 1,2j" — 2]. The total running time is less than
to(lv]) =t1([v]) + 2", since |v| =1+ j. Therefore we have

Cew)<C (v In+14l+141 <t C"(v|r)+2log j. (4)

Also B € EXP because A € E and R[j’ —1,2j" — 2] requires at most 27 steps to be computed, i.e. B € EXP.

Let p testify C'2(v), i.e. U(p) = v in t2(|v|) steps. Let p’ =gp where U on input p’ simulates U(p) = v (in t(|v|) steps),
and outputs B [ v (in w2l steps, where B € Dtime(z”b)) with a total running time less than t3(v) = t2(|v|) + v2lv? <
t2(log(v + 1)) + v2192"+D ¢ 2PL Thyg

CB3(B[v) <t Ccl(v). (5)
We have,

C‘(Blv)—CB3(Bv)=*

Cl'(r+Cl(v|r)—odog|v|) — C2(v) > by Equations (3), and (5)
Cti(r) + C2(v) —2log j — C2(v) — O(log|v|) > by Equation (4)
C''(r) — 0(log j)

Since t; € E, we have C!' (1) > |r] =log j' > log j¢ because r € R. Thus,

C'(Bv)—CB(B|v)>clogj— 0(ogj)>2logj>log?v

for an appropriate choice of c. Since t € PL and v € N are arbitrary, and t3 € 2L, B is (log'® n)-deepp,. O

5. Lowness and depth

The following result shows that some deep sets can be low. The idea of the proof is to construct a very sparse set
of strings that are random at the polynomial time level but not at the exponential time level. The sparseness of the set
guarantees that large queries can be answered with “no”, hence only small queries need be computed, which guarantees
lowness. To make the set deep, one needs to cut the sequence in blocks of subexponential size each containing a random
string. The blocks need be large enough to not hurt the sparseness property, but small enough to ensure that the depth of
the blocks is preserved over the whole sequence.

Theorem 5.1. For every € > 0, there exists a set in Low(E, EXP) which is log!/(1+€) n-deepp; .

2Iog2 Tn

Proof. Let € > 0, and € = €/2. For all n > 1, define Ty =2 with Tg = 1. Consider the following set A where

k+1
(1+€') 2

A[Ty, Tpq —1] is constructed as follows: For all k < log(z) T, with 2108 Tn < Tp41, put the lex-first string x; of

4
log(1+€’)

k k+1
2 ni NGt
R={x: C?" (x) > |x|} with 208" """ Tn < ind(x) < 208" % Tu into A. Note such a string exists since ¥n RN {0, 1}" # &,

k
and all the strings of length 1+ log!*€)? T, are included in this interval: strings of length m have their index within

’ ki1 ’ L4 ’
[2m —1,2m+1 —21. Since log?™") 2 T, = (log*¢?? T,,)1+)"* the right endpoint of the interval is large enough, provided
T, is large, because (14 €’)!/2 > 1. Also add the lex-first string of R of length log(T,.1) — 1. Note all strings of this length
have their index within interval [Ty, Tp41 — 1].

Claim 2. A € EXP.

This holds because to decide whether x € R one needs to simulate 2* programs for 2X” steps i.e. less than t(|x]) = 22X
steps.

Claim 3. A is Low(E, EXP).

Let us prove the claim. Let L € E*; we need to show that L € EXP. Let M4 be an oracle TM deciding L in time 2. Let
neN and v € [Ty, Tny1 — 1. MA(v) makes at most 21! queries of size at most 2€IV! to A. First note that all queries are

within A | Tpyo. Indeed since |v| < log Tny1, the largest query to A has size at most 2€108Tnt1 — TﬁH, i.e. a string with index

c log2 T, . . . .
less than 21+ Tam <22 "M = Th42. Let us show the queries to A can be answered in exponential time.
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Subclaim 1. Let g be a query to A by MA(v) with |q| > |v|*. Then C2(q) < |q|.

Let us prove the claim. Any such g can be specified by its index in M4 (v)’s queries list (i.e. O(c|v|) bits) with the index of
the previous queries to A to be answered with yes (the other ones are answered with no), i.e. at most O (|v| log2 Tn) < V4
bits because the max number of 1s (i.e. the number of yes queries) in A[Tq, Tn+2 — 1] is less than

alog® Tpp1 +alog® Ty + ... +alog® Ty <alog® Tpiq +anlog® T,
<@+ 1)1og® Typq
=@+1 log2 Ty
<@+

because |v| > log T, and where a = log{ﬁ. It takes at most 2Vl steps to simulate MA(v), plus |v|* steps to check the
list of yes query answers, i.e. a total of less than 2%¢IVI. Thus C2*(q) < |v|* < |q| which proves the claim. Consequently, if
Il > |v|*, then A(q) = 0 since R(q) = 0. Hence only queries with |q| < |v|* need be computed to simulate M4 (v). Such
queries to A are answerable in 2219”” < 22I"I° steps, because A € Dtime(22""). Thus MA(v) can be simulated in 2°(V1*) steps,
which proves A is in Low(E, EXP).

Claim 4. A is log!/ 1+ n-deepp,.

kK , k1
(1+€")2 Tn Zlog“*e) 2
,

Let tePL,n>1,and v e [Ty, Tny1 — 1]. Let 0 <k < m log® T, be such that v € [2/°8 Tn 1]

k+1
zlog““,) 2

(k =0 will be done later). Note that such a k exists because when k = log(f;%,) log® T,, then Tn > T,41 (applying

log on both sides of the equation three times).
We have

CHATV = CHATY) =T CT (44, v)
k
because given A [ v one can find v, and find x;_, (corresponding to the last bit equal to 1 in A [2"’?3(1+€ P Tsp [v)in
v <2Vl steps. Let t; € E be the time bound given by choosing to(n) = 2" in Theorem 2.1. By Theorem 2.1 we have
CHA TV = (W v) = C(KE_ ) + C (v | K_;) — O(log |v]). (6)

Let p be a program testifying C'1 (v | Xi_q1), ie. U(p,x;_;) =v in t1(Jv|) steps. Let p’ =qq'p where q are instructions, q’
encodes k, n, €/, and such that U(p")

recovers k, n, €’

k—1 k
. ) ) ) 14y T . 1+€/)2
finds x}_, i.e. the first string in R with 2log! ) F Ty ind(x;_;) < 2log "
simulates U(p,x}_,)=v
outputs v.

2
For each bit of R [ x;_; + 1, there are less than 2%1! programs to simulate, each for at most 211" steps, i.e. at most

22Weal? < 92V steps. The simulation of U(p.xj_,) = v takes less than t(|v|) steps, thus a total of ty(|v|) =t1(|v]) + 22vP
steps. Since |q’| <t 2logk + 2logn, we have

C2(v) <t (v | x}_,) +2logk +2logn < C" (v | x}_,) + log|v].
Let p’ =qp where and p is a minimal program testifying C'2(v), and q are instructions. U on input p’ simulates U(p) =
v, and outputs A | v. The simulation of U(p) takes at most ty(|v|) steps. The computation of the first v bits on A takes time
v22lsv? — 22108 (v+1) < 9log’ v (hecause A e Dtime(22™)), i.e. a total of less than 218"V 4 t5(|v|) = 2/°2° ¥ 4 5 (log(v + 1)).
Letting t3(n) = 2'°2° " 4+ t5(log(n + 1)) € 2™, we have C2(v) >+ C'3(A | v), hence
CB(ATv) <t C2(v) =CM (v | x_y) + O(log]|v)). (7)
We have,
C{ATV)—CB(ATV) >
Chxp_)+Ch(vIx]_—C(v|xi_;) — O(og|v]) > by Equations (6) and (7)



P. Moser / Information and Computation 271 (2020) 104483 9

Ixp_11 — O(log|v]) > because xj_; € R
1

logT+e v

k+1

2

nit , , 1
because |x!_,|>log""*€) * Ty, thus [x]_,|1+€) > 1og" ™) * T, > logv, thus |x!_,| — O(log|v|) > logT v — O (log|v|) =

1 1
log+< v — 0(log® v) > 1 logT+< v > log ™ v, for large enough v and because € = ¢/2.
The case k=0 is similar: the same proof applies except that x;_; is replaced with the lex-last string x whose index

bit is 1 in A[T;—1, T, — 1]. By construction of A the length of x is |x| =log(T,) — 1. Since k =0, logv < log““/)]/2 Ty, and
similarly to the previous argument, we have

C'(ATv)—CB(ATv)> x| — O(log|v])
> log(Ty) — 0 (log® v)

1
>log 1+ v — 0 (log® v)
1
> logi+e v
1
> logT+ v

Since v € N, t € PL are arbitrary and t3 € 2PL, B is log!/1*€ n-deepp,. O

6. Discussion

The slow growth law (Theorem 3.2) holds when both sets are in EXP. It would be interesting to see whether this is
required.

Although EXP contains a logn-deepp; set, the bounds in the slow growth law (Theorem 3.2) are not tight enough to
prove that every EXP-complete set is logn-deepp;. It would be interesting to show that this holds (or not). Highness and
lowness have also been studied within the polynomial time hierarchy, i.e. for the class NP. Our polylog depth notion can be
adapted to yield a depth measure between P and NP; however, it is not obvious how to translate our highness and lowness
results in that setting. Highness/lowness for E is based on running time functions dominating each other (similarly to the
domination properties of high sets in computability theory). On the other hand, highness for NP is based on nested levels
of nondeterministic computations (similarly to the arithmetical hierarchy in computability theory).

The techniques in Theorem 5.1 fall short of constructing a polylog deep set that is low for E. It would be interesting to
see if such a set exists.
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