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Neural-Network-Based Distributed Generalized
Nash Equilibrium Seeking for Uncertain
Nonlinear Multiagent Systems

Wei Huo %, Lingying Huang

Abstract—This article investigates distributed variational
generalized Nash equilibrium (v-GNE)-seeking problems in
heterogeneous high-order nonlinear multiagent systems
with partially unknown dynamics. To overcome the diffi-
culties brought by high-order uncertain physical dynamics,
we introduce a virtual decision with a primal-dual update
for each player and design reference-tracking schemes to
guide the players’ outputs toward the v-GNE. Besides, we
incorporate a shallow neural-network-based dynamic esti-
mator to handle the unknown nonlinear dynamics. Through
the Lyapunov analysis, we demonstrate that the players’
behaviors converge to the v-GNE with an arbitrarily small
error. Numerical simulations of connectivity control games
and energy consumption games illustrate the effectiveness
of our algorithm.

Index Terms—Adaptive control, generalized Nash equi-
librium (GNE), multiagent systems, neural network (NN).

[. INTRODUCTION

ONCOOPERATIVE games have tremendous applica-
N tions, including spectrum access in cognitive radio net-
works [1], energy consumption coordination in power grids [2],
and path planning in unmanned vehicle systems [3]. A Nash
equilibrium (NE) characterizes desirable and stable solutions
where no player intends to unilaterally change its action. Gen-
eralized NEs (GNEs) additionally consider coupling constraints
among players, such as limited shared resources [4] and safety
distances [5]. Thus, GNE-seeking problems have become a focal
point of research in game theory.
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The rapid development of multiagent networks has increased
interest in the distributed computation of GNEs. Unlike classical
methods that rely on a central node to provide players with
global information about all opponents’ actions, participating
players only access the decisions of their neighbors in distributed
networks, i.e., a partial-decision setting. To search the GNE with
coupled linear equation constraints in such settings, the authors
in [6] and [7] proposed distributed algorithms. However, the
convergence rate is slowed down by the diminishing step size.
Later, the authors in [8] and [9] developed fully distributed varia-
tional GNE (v-GNE)-seeking algorithms with fixed step sizes in
discontinuous-time and continuous-time systems, respectively.

The distributed GNE-seeking algorithms mentioned earlier
are designed for static multiagent systems without inherent play-
ers’ dynamics, which can be regarded as pure information-layer
problems. However, in cyber-physical systems (CPSs), players
typically have physical dynamics such as bicycle dynamics and
Euler-Lagrange dynamics for mobile robot manipulators [10],
[11]. Integrating physical dynamics into distributed GNE seek-
ing significantly increases the difficulty since players’ actions
cannot be controlled freely. Ibrahim and Hayakawa [12] pro-
posed a control law for linear time-invariant dynamic players
by using passivation to asymptotically stabilize the NE of the
game. In quadratic games, Guo and De Persis [13] allowed
the players’ dynamics to be general linear systems subjected to
uncertainties and external disturbances by designing an internal
model. However, these works assumed that the players have
full knowledge of others’ actions, thus becoming unsuitable
for partial-information scenarios. Cai et al. [14] proposed dis-
tributed strategy-updating rules for aggregative games in multi-
agent systems with given general linear dynamics. Considering
the coupling affine constraints, Deng et al. [15] developed a
distributed algorithm for linear second-order players such that
their outputs converge to the v-GNE. For more realistic nonlinear
multiagent systems, Deng and Liang [16] designed a distributed
NE-seeking algorithm for aggregative games of multiple Euler—
Lagrange systems using feedback linearization and tracking
control. Deng [17] further presented distributed NE-seeking
controllers for aggregative games in which players have second-
order nonlinear dynamics with uncertain parameters.

Despite the fruitful outcomes of distributed NE-seeking algo-
rithms for players with dynamics, most literature assumes that
the players have explicit knowledge of their dynamic functions.

2325-5870 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Maynooth University Library. Downloaded on November 27,2025 at 15:22:57 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0003-4700-7915
https://orcid.org/0000-0002-6064-142X
https://orcid.org/0000-0003-0762-5743
https://orcid.org/0000-0002-6771-8258
mailto:whuoaa@connect.ust.hk
mailto:eesling@ust.hk
mailto:lingying.huang@ntu.edu.sg
mailto:subhra.dey@signal.uu.se
mailto:subhra.dey@signal.uu.se

1324

IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 11, NO. 3, SEPTEMBER 2024

However, the nonlinear dynamics in real-world complex engi-
neering systems are often difficult to model explicitly, making it
even harder for players to know them. Ye et al. [18] developed
an extended state observer for first-order players but required
the unknown dynamics to be sufficiently smooth with bounded
first and second derivatives. Tang and Yi [19] only considered
the cases where unknown dynamics could be perfectly linearly
parameterized. With the rise of artificial intelligence, neural
networks (NNs) are demonstrating their strength in system
identification and control [20], [21]. Ye et al. [22] developed aro-
bust NE-seeking strategy for mixed-order nonlinear multiagent
systems using radial basis function (RBF) NNs. However, they
assumed that each player knows the Lipschitz constant of non-
linear dynamics and updated NN weights using the projection
algorithm with a positive constant to bound the NN weight ma-
trix. In addition, most existing works for dynamic players [12],
[13], [14], [16], [17], [19], [22], [23] have not considered cou-
pling constraints, which are crucial for resource-limited and
safety-aware applications. Thus, the main challenges in design-
ing and analyzing distributed v-GNE-seeking algorithms for
uncertain nonlinear multiagent systems can be summarized as
follows.

1) Convergence in CPSs: In reality, players often have inher-
ent physical-layer dynamics that significantly influence
their cyber-layer outputs, making it difficult to ensure that
outputs converge to the v-GNE. Existing controllers for
distributed GNE seeking [6], [7], [8], [9] fail to guaran-
tee convergence in CPSs since they do not account for
players’ physical dynamics.

2) Requirements on unknown dynamics: Most existing
works on noncooperative multiagent systems with dy-
namics assume that players know the exact dynamics
model [12], [14], [15], [16], [17]. Some literature on han-
dling uncertainties has specific requirements for nonlinear
models [18], [19] while others require players to have
partial information about the uncertainties [22]. However,
since this information is usually limited, there is a need to
design a novel adaptive controller that requires the least
about the dynamics and players’ knowledge.

3) Coupling constraints: Due to inherent uncertainties, the
coupling constraints are difficult to satisfy since players’
output decisions cannot be directly determined by their
control input. Existing algorithms for distributed games
with unknown dynamics ignore the constraints [18], [19],
[22], and applying them directly would result in constraint
violation at equilibria.

Motivated by the previous observations, this article aims to
study the problem of seeking the v-GNE in noncooperative
multiagent systems with high-order uncertain dynamics and
a nonlinear shared constraint. We propose a novel adaptive
controller with reference tracking and NN-based nonlinearity
compensation for players. Based on the designed loss function
for NNs, the NN weights are updated through online gradient
descent and error backpropagation. The main contributions of
this work are summarized as follows.

1) v-GNE seeking for uncertain nonlinear systems: We pro-
pose a distributed algorithm to solve the v-GNE-seeking
problem in high-order multiagent systems that have a

coupling constraint and uncertain nonlinear dynamics.
Notably, we do not have any requirement on the con-
tinuous nonlinear dynamics, and the proposed approach
does not rely on any knowledge of the nonlinear model.
To the best of our knowledge, we are the first to address
this problem.

2) Adaptive NN: We propose a novel loss function for the
RBF NN to learn the unknown dynamics and derive a
closed-form weight update rule with gradient descent and
static error backpropagation. In contrast to the existing
literature that achieves the adaptive weight update rule
based on Lyapunov analysis [24], [25], [26], we provide
a more intuitive perspective for designing an adaptation
law.

3) Exponential convergence with arbitrary accuracy: Our
proof shows that the proposed controller can drive play-
ers’ outputs with an exponential convergence rate to an
arbitrarily small neighborhood of the v-GNE, which sat-
isfies the shared constraint (see Theorem 1).

The rest of this article is organized as follows. The problem of
distributed v-GNE seeking in high-order nonlinear multiagent
systems is formulated in Section II. In Section III, a distributed
controller with an NN-based dynamics estimator is proposed.
Then, details on the convergence analysis are provided in Sec-
tion IV, followed by numerical simulations in Section V. Finally,
Section VI concludes this article.

Notations: R? and R”, represent the sets of p-dimensional real
numbers and nonnegative real numbers, respectively. For A =
{1,2,..., N}, col(z;)icn or col(z;)Y | refers to the stacked
vector obtained from vectors x;, and diag(A;);cn denotes the
block diagonal matrix with Ay, Ao, ..., Ay the main diagonal.
For a positive semidefinite matrix A, s,,(A) and sy(A) de-
note its smallest nonzero and largest eigenvalues, respectively.
1, € R7*9 represents an identity matrix, 0,,, € RP*? is a zero
matrix, and 1, € R? denotes a vector with all elements equal to
one. The operator || - || is the induced-2 norm for matrices and
the Euclidean norm for vectors while || - || » means the Frobenius
norm of a matrix. For any two matrices, A € R"*" B € RP*4,
A ® B e R">*™4 ig the Kronecker product of A by B. For a
matrix A and any integer ¢ > 0, we denote Ay = A® I,. [-]T
means max{-,0}.

Let G = (N, ) describe the information exchange among
a set of players indexed by N'={1,2,..., N}, where £ C
N x N denotes the communication links. Player j can re-
ceive messages from player ¢ if and only if (i,5) € £. The
adjacency matrix A = [a;;] € RV*V describes the structure of
G, where a;; =1 if (4,5) € £, and a;; = 0 otherwise. G is
undirected if a;; = a4, Vi,j € N, and connected if there is a
path between any pair of players. Let D = diag(d;);epr, where
d; = Zjvzl a;j. Then, we can write the Laplacian matrix as
L =D — A.If G is undirected and connected, L is a symmetric
matrix with /V real eigenvalues in ascending order, given by
0< SQ(L) << SN(L) < 2maxi{di}.

Il. PROBLEM FORMULATION

Consider a group of players N’ = {1,2,..., N} with the
same order of physical dynamics. The output of playeri € A is
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determined by the following dynamics:

¢i7j:1’i’j+17 j:1,.‘.,n—1
Ty = hi(x;) + u,
Yi = Ti1 (1)

wheren > 1represents the order of the player’s physical system,
x;; € R™andx; = col(xiyj)?zl are states of playeri, u; € R™
and y; € R™ are its control input and output, respectively, and
hi(z;) : R™™ — R™ is a continuous function representing an
unknown nonlinear dynamics.

Remark 1: The dynamic model in (1) is widely applicable to
practical systems, including first-order systems (n = 1), such
as velocity-actuated vehicles [27], and second-order systems
(n = 2), such as Euler-Lagrange systems in mechanical engi-
neering [10], [11], [16] and Van der Pol oscillators in power
grids [28]. The unknown nonlinear dynamics make v-GNE
seeking considerably more challenging in comparison to pre-
vious works that deal with either single or multiple integrators
[91, [29].

Remark 2: 1In the literature on noncooperative multiagent
systems with uncertain nonlinear dynamics, Ye [18] required
the second derivative of the nonlinear dynamics to be bounded.
However, we only assume h;(z;) to be continuous. On the other
hand, Tang and Yi [19] assumed that the unknown dynamics
can be perfectly linearly parameterized by a known continuous
and bounded function vector. Nonetheless, we do not need
such a restriction. Furthermore, players in [22] were required
to know the Lipschitz constant of the unmodeled dynamics.
However, h;(z;) in (1) can be non-Lipschitz, and players have no
knowledge of it. Thus, our assumption regarding the nonlinear
dynamics is weaker and more practical.

The output decision profile of all players is denoted as y =
col(yi)ien = (yi, y—i), where y_; = col(y;) jean (s} Tepresents
the output profile of all player :’s opponents. Selfish player ¢ aims
to minimize its cost function, f;(y;,y_;) : R™Y — R, over a
feasible action set. The feasible decision set of all players is
defined by a nonlinear coupling constraint as follows:

Q= {yGRmNIQ Zgz Yi) <0} 2

where the function g;(y;) : R™ — R is nonlinear for any i €
N For instance, in a power grid, each power generation unit
incurs an operating cost. While units want to minimize their
cost selfishly, they need to consider global constraints such as
power balance and emission constraints, i.e., the total generated
power should satisfy the total demand in the grid, and the total
carbon emission cannot exceed the stipulated limit [30], [31].
These global constraints can be modeled as (2).

The game among N players is formulated as a coupled
optimization problem

Jin, filyi y-i)
N

st.g(y) = _gi(y:) <0 VieN 3)
=1

where f; and g; are private information of player 4. It is assumed
that players communicate with each other via an undirected and
connected graph G.

Definition 1: A GNE of game (3) is an action profile y* =
col(y!)ien satisfying

filyi,ye) < filyi, y2i)

Here are assumptions about players’ cost functions and the
shared constraint.

Assumption 1: f;(y) is convex in y;, continuously differen-
tiable, and gi :(y) is globally /;-Lipschitz for any i € N, ie.,

128 (y) - 2]l < Llly - §1l vy, 7 € R™.
Assumption 2: ¢;(y;) is convex and 1 -Lipschitz continuous

Vi € N. Besides, there exists y € R™¥ such that g(y) < 0.
To deal with the coupling constraint, we obtain the primal—

dual characterization for each player ¢ via a Lagrangian

L; (yuy iy z) fz(yu )+Mg(}’) 4

where A; € R is its Lagrangian multiplier. A variable y* =
(yr,y*,;) is a GNE of (3) if and only if there exists a dual vari-
able A7 € R that satisfies the following Karush—Kuhn—Tucker
(KKT) conditions [32]:

Yy (yi,y",;) € Q1 € N.

Vifilyi,y2) + 2 Vig(y™) = 0 (5a)

9(y") <0 (5b)

rigly") =0 (5¢)

where V; f;(y ) %, and V,g(y) = aay = Vgi(y;). If

M =A==y = )*, the GNE with A* 1s called a v-GNE,
which means that all players are equally penalized for the
constraint violation [33]. A v-GNE of game (3), denoted as y*,
solves the following variational inequality VI(F, ):

(F(y"),y —y") >0 VyeQ

where F' is the pseudogradient (game mapping) of the game
defined as

F(y) = col(Vi fi(yi,y—i))ien (6)

Assumption 3: F(y) of game (3) is u-strongly monotone
on ), ie.,

(v -9)" (F(y)
where m > 0.

Moreover, based on Assumption 1, we can easily derive that
F(y) is v/ Nl-Lipschitz, i.e.,

IF(y) = F(3)l < VNI |y - 5]

where | = max;{l;}.

Remark 3: Assumptions 1-3 are quite standard in the lit-
erature of distributed GNE-seeking problems [6], [7], [8], [9]
and necessary to enable players to learn the unique v-GNE in
a distributed fashion. Specifically, Assumptions 1 and 2 ensure
that there exists a solution to VI(F, ) [34]. Additionally, As-
sumption 2 implies that Slater’s condition holds, ensuring that
the optimal duality gap is zero, and thus, KKT conditions (5)

—F@) = ply -yI* Vy,yeQ

Vy,yeQ ()
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2 == [Vifi(z:) + NiVgi(z:)] Wi =i [®i(wa)el Py Bagmy — Wi

N
=B aij(zi — z.4)
j=1

Control Layer

; S i =—onm " (yi — )
Zi—i = —f Z i (Zi,—i — 2j,—) N

j]:\/'l _ 22 aﬂ_]—n—lxi‘j _ h7(x1)
. o
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=t N e R |
Ai = | Xi +79i(z) — 'yz aij(Ni — A)) Physical Layer

Tij=Tigr, j=1,.m—1
Tipn = hi(zs) + ui,

Yi = Tia

.

Fig. 1. Block diagram of player 7 with the proposed controller.

provide necessary and sufficient optimality conditions. Further-
more, Assumption 3 characterizes the uniqueness of the v-GNE
in (3).

In this article, we will focus on the following problem.

Problem 1: For the high-order multiagent system (1) with
unknown nonlinear dynamics, find a distributed controller u;
for player 7 such that given any e, > 0, the outputs of players
satisty

. w2
m — < .
th ly —y*II” < Ey

Ill. ALGORITHM DESIGN

As the high-order players’ decision outputs cannot be directly
controlled due to inherent unknown nonlinear dynamics, we
introduce an auxiliary variable z; € R™ for each player ¢ as
its virtual decision. We then solve an auxiliary noncooperative
distributed game in the cyber layer for the players to drive z;
to y;. Next, we propose distributed controllers for the players
to track their virtual decisions. To compensate for the effect of
nonlinear dynamics, the controller employs a shallow RBF NN
to approximate the unknown nonlinear dynamics. The weight
of the NN is adaptively updated based on a formulated online
optimization problem.

Fig. 1 illustrates the proposed cyber-physical control system
for player :. In the following, we will provide detailed explana-
tions of the algorithms designed for the information layer, the
control layer, and the adaptive NN.

A. Primal-Dual Update

We define z = col(2;);en = (21, Z—;) as the virtual decision
profile of players, where z_; = col(2;);epnji) is the virtual
decision set of player ¢’s opponents. The v-GNE of the virtual
decisions satisfies the KKT conditions (5), making it a saddle

point of the Lagrangian (4)
Vie N.

(2, 1) = Fel]%}i Z?QJ%&DM Li(zi,27;, 1)
Therefore, the optimal primal variable z* and the optimal dual
variable 1* can be obtained via iterative gradient descent and
gradient ascent of the Lagrangian, respectively. In partial in-
formation settings, player ¢ requires an estimation of all other
players’ virtual decisions to make gradient descent. Hence, we
denote player ¢’s estimate as z; = col(2; ;) jen = (%, Zi,—i)
where z; ; = col(z; j)jenr\(i}» 2i,j 1S player i’s estimate on
player j’s action, and z; ; = z;. Player ¢ communicates z; withits
neighbors to compensate for the lack of the global information
of the virtual action profile z. Besides, player 7 keeps and
communicates an estimate A; € R of the global dual variable
to ensure convergence to the v-GNE.

Inspired by the work in [8] and [9], we design the following
distributed primal—dual algorithm for player ¢ based on the KKT
conditions in (5):

N
4 ==y [Vifi(z:) + 2iVgi(z:)] =8 Y aij(zi — 21.4)
j=1
(8a)
N
Zii =B aij(zi i —2; i) (8b)
j=1
N
pi = —0p; — Zaij()xi —4;) (8c)
i=1
N +
hi = Ki+79i(zi)—Pi—72aij(M—)»j) — A
i=1
(8d)
with  p(0) = col(p;(0));en € Range(L) and 2;(0) € R,

where 3,7, > 0 are step sizes.

The update for z; in algorithm (8) uses gradient descent of the
Lagrangian function, with an additional term of consensus errors
between its virtual primal variables and its neighbors’ estimates.
Similarly, the update for X; employs the projected gradient
ascent of the local Lagrangian, with a term for consensus errors.
Consensus communication schemes in the cyber layer facilitate
players to reach an agreement on the estimates of global virtual
decisions and dual variables. Additionally, an auxiliary variable
p; is employed to promote convergence of the dual estimates.

B. Distributed Controller Design

To regulate the output of high-order player ¢, we design the
following controller:

n
up=—an7 (Y — 2) — ZajTjinilxi,j — hi(z;) 9
j=2

where 0 < 7 <1 is a control gain parameter, o; > 0 Vj €
{1,2,...,n} are the step sizes for tracking the virtual action

z;, and h;(x;) is player ¢’s approximations of h;(z;), which will
be introduced in Section III-C.
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Since y; = x; 1, the tracking error of agent ¢ is defined as
ei = [(win — 2z)" Ty, m2aly, . 7" el 7. Based on (1)
and the controller (9), the dynamics of the tracking error for
player 7 can be written as

¢ =1 " Aimy€i — BimyZi + 7" Bagm) (hi(wi) — hi(x:))

(10)

where A = Om-1x1 In-a ,B1 = 1 1,
—an [—ag, ..., —ap] 0(n—1)x1

and By = 0("11)X1 . We choose constants «;,j €

{1,2,...,n} such that the matrix A is Hurwitz. For instance,

when m =1 and n = 2, we can choose oy = 1 and ag = 2
to make A Hurwitz. Therefore, there exists a positive-definite
matrix P € R™ " such that AT P + PA = —21I,,.

Remark 4: The control gain 7 is chosen to be a very small
positive constant, and the precise relationship between 7 and step
sizes will be specified later. The designed controller (9) utilizes
a high-gain feedback technique [35] and online nonlinearity
compensation to effectively stabilize the high-order uncertain
dynamics of the players and drive their outputs toward the
trajectories of the desired virtual decisions. This results in the
system being stabilized at the constrained optimal solutions.

C. NN-Based Dynamics Estimator

According to the universal approximation theorem [36], the
continuous nonlinear function A(v) : R™" — R™ can be ap-
proximated arbitrarily well on any compact set by an NN

han(v) = Wik ®(v) (1)

where v € R™" is the input vector, Wyn € RP¥™ is
the weight vector, p is the number of neurons, ®(v)=
[¢1(v), P2(v), ..., ¢p(v)]T € RP is the basis function vector,
and ¢;(v) : R™" — R is the RBF given by

¢j(v) = exp [_ (v —pj)T(v— Nj)]

2
20j

in which p; € R™", o0; > 0 are the centers and width of the
basis function, respectively.

Thus, on a compact set containing all possible trajectories of
player ¢, for any given positive constant €;, there exists an ideal
weight matrix W and the number of neurons p; such that

hl(fL'Z) = WZ*T(Pl(.’El) +€; (12)

where W € RP:*™ &, € RP¢, and ¢; € R™ is the approxima-
tion error satisfying ||¢;|| < €;.
Then, its nonlinear dynamics estimator is given by

where W, € RP:*™ is the estimation of W".
We define a loss function for the player i’s NN consisting of
the tracking error and a regularization term as

1 ;
Ji(Wi) = —=—el PAe, + % NzAl3 (14)

2T

where ¢; > 0 is the regularization parameter, usually avoiding
overfitting in machine learning [37], and n is the order of player
1’s physical system mentioned in (1). We then formulate the
following online optimization problem for player ¢ to learn the
optimal weights:

min J;(W;).

7

15)

To solve the online optimization (15), we should obtain g‘/{;".

We get the partial differential of .J;

1
0J; = —Z—neiT(PA + APT)0e; + ;Tr [W] W] .
T

Based on (10), it is derived that
0é; = TilA(m)aei — TnilBg(m)aiLi
= TilA(m)aei — TnilBQ(m) (8WZ)T (1)1(5C1)

In order to minimize J;(W;), the following computationally
and time-efficient static error backpropagation is presented [38],
[39], [40]:

9é; = 0 (16)
whichresultsin A(,,,)0¢; = 7" By (OW;)T ®;(2;). Therefore

1 1
0J; = —7€?PA8€1‘ - 2771(861‘>TATP61‘ + g Tr [WF@WJ
T

2Tm

Based on the matrix derivatives [41], the gradient of J;(W;)
w.r.t. WW; is written as

oJ;(W;

#i) = —®;(xi)e] Pn)Bogm) + Wi
Hence, we obtain the following gradient descent update rule for
player i to learn the optimal weights:

oJ;
"ow; —
where 7; > 0 is the learning rate, also called adaptation gain.

Remark 5: Each player’s NN adjusts online via the adaptive
weight update rule defined in (17), without requiring any offline
learning phase. Although RBF NNs are widely used in nonlinear
multiagent systems for adaptive control, most existing weight
update rules are designed using Lyapunov analysis [24], [25],
[26], which lacks intuitive understanding. We present a novel
closed-form loss function for the NN and formulate an online
optimization problem for optimal weight learning. The weight
update rule can be derived through direct gradient descent and
backpropagation of tracking error, providing an intuitive per-
spective for adaptive control with RBF NNs.

Remark 6: Some studies use the projection algorithm to
update the NN weights. However, this requires a positive con-
stant to limit the weight matrix and ensure convergence of the
error [22], [24], [42]. Unfortunately, we often lack knowledge
of the weights or their upper bounds. To address this, we adopt
a regularization technique commonly used in machine learning.
This helps to reduce the potential for a high-gain control scheme,

W=

ri [®i(x:)e] PonyBaomy — Wi (17)
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particularly in cases where W;(¢) might shift to extremely huge
values.

The proposed controller for solving Problem 1 in-
cludes (8), (9), (13), and (17). Fig. | illustrates the entire closed-
loop CPS for player 7.

IV. PERFORMANCE ANALYSIS

This section analyzes the convergence performance of our
proposed algorithm. First, we prove that the v-GNE of (3) is an
equilibrium point of the auxiliary system (8). Then, we demon-
strate that the entire closed-loop system, under the developed
NN-based adaptive controller, can exponentially converge to the
v-GNE with arbitrary accuracy.

To rewrite the closed-loop CPS in the proposed algorithms
into a compact form, let us define

Ri=[0nioiym In Opuqvim|  (18)
and R = diag(R;);en - Hence, R; selects the ith m-dimensional
component from an m /N -dimensional vector, i.e., R;z; = z;; =
z; and RZ = z where Z = col(2z;)icn-

Recalling that the dynamics of players are governed by (1),
we can obtain the following compact form:

x=(In ® Apm))x — (IN @ Ay Bim))RZ

+ (In © Bam))(H (x) — H(x)) (192)

Z= —9RT (F(2)+ G(RZ)"A) — vBL(nm)Z  (19b)
p= —dp+ LA (19¢)
A=A+18(RZ) —p—~IAT -2 (19d)
where p = col(p;)icn, A = col(A;)ien, H(x) = col(h;

(2i))iens H(x) = col(hi(zi))ien, F(Z) = col(Vi fi(2i))ien,
g(z) = col(g;(2:))ien, and G(z) = diag(Vg;(z;))ien- We call
F(Z2) defined on R *m the extended pseudogradient since it is
the extension of F'in (6) to the augmented space of decisions and
estimations. It should be noted that F(1y ® y) = F(y), Vy €
RN™_ Moreover, the proposed CPS algorithm has an invariance
property, namely that if p(0) € Range(L), then p € Range(L)
along any trajectory of (19), by (19¢).

The following lemma offers the relationship between a class
of equilibria of system (8) and the v-GNE of the game (3).

Lemma 1: Under Assumptions 1-3, any equilibrium point
col(Z, p, L) of (8) with p = 0 satisfies Z =1y @ y* and A =
1y ® A", where the pair (y*, A*) satisfies the KKT conditions
in (5) with A7 = A*. Therefore, y* is the v-GNE of the game (3).

Proof: For any equilibrium col(Z, p, 1) of (8), it holds that

0=R"(F(2)+GRZ)"X) + BL(nm)Z (20a)
0=—-6p+Lr (20b)
0=[+7g(RZ)—p—~yLA" — L. (20c)

With p = 0, we have L :70 by (20b), and therefore, there
exists A* € Ry such that A =1y ® A*. Note that (1% ®

Inm)RY = Inyand (1% ® INm)L(nm) = 0. Then, left mul-
tiplying both sides of (20a) with (1% ® In,,) yields

0=F(2)+GR2)"x. (21)

Substituting (21) into (20a) yields Ly, Z=0. Consequently,
thereis Z = 1y ® y* for some y* € R"™. Putting A = 1y ®
A and Z = 1 ® y* into (21), we retrieve (5a) with Aj = A" for
all i € N since F(Z) = F(y*), RZ =y*, and G(RZ)TA =
Vyg(y*)Ta*. Then, using A =1y ®1* and Z =1y @ y*
into (20c), and premultiplying (20c) by 1%, we retrieve (5b)
and (5c) since 15 g(RZ) = g(y*), 15, Lr = 0. |

Remark 7: Due to the scenario of partial-decision infor-
mation, the operator RTF(Z) is used instead of F(z) in the
noncooperative game. However, RTF is seldom monotone,
causing difficulty in analyzing the convergence of distributed
games. To address this issue, we use the restricted monotonicity
property introduced in the following lemma, as inspired by the
authors in [8] and [9]. This property is significant for our later
convergence analysis.

Lemma 2: Consider Assumptions 1-3 hold and let

» _ VNI
_ N 2VN
V= _I+VNI Bs (L)_i : (22)
2V/N 2
Then, for any 5 > % + SQEL), W > 0 and, for any v €

RN*™ and v/ € Null(L(nm)) = Range(1x ® Inm)
(v = V)T [RT (B(v) ~ F(¥)) + ALyn(v — V)]

> pllv—v|° (23)

where i = $,, (V) > 0.
Proof: The proof is similar to [8, Lemma 3]. | |
Lemma 3 (see [24], [43]): For a continuous function V'(¢t) >
0 with bounded V' (0) V¢ > 0, if it satisfies the following inequal-

1ty:
V(t) < —c1V(0) + co

where ¢; and co are positive constants, then there will be

e_clt) .

We are now ready to provide the convergence analysis for the
CPS in (19).

Theorem 1: The multiagent system with the proposed con-
troller exponentially converges to the v-GNE with an arbitrarily
small error when the following conditions hold:

V() < V(0)e ot + Zﬁ (1-
1

2 2,2
n Yw YNK{K]
1> i 24
mer () e
[+ V/NI)? l
(I+ VNI 25)
Apsa (L) sa(L)
where w = ky(l + Bsn (L) +VNrik2), A < ko, kg =
|PBi||, k5 = |PBa||, k1 and p are mentioned in Assumptions 2

and 3, respectively, /i is defined in Lemma 2, [ is given in (7), N
is the network size, and s2(L) is the second smallest eigenvalue
of the Laplacian matrix L.
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Proof: Let© = +1y51% + LT, and LT is the Moore-Penrose
pseudoinverse of L. We construct a Lyapunov function

V=Vi+Va+Vs+Vi+V; (26)
where
Vi = Lt (In @ Piy) © (27)
Va=(2-2)1(Z2-2) (28)
Vs==(p—p)"O( ) (29)
Vy= %(x -0 =X (30)
Tnfl N = s
Vs= 5 ;Tr [Wi WZ} 31)

where W; = W; — W . Based on the properties of the pseu-
doinverse and Null(L) = Range( 1), we can infer that LT = 0
and Null(L) = Null(L). Since +151% = 0, we have © = 0.
Therefore, V' > 0.

For Vi, we have

Vi=e' (In @ Pun)) &
=71"e" (Iy ® (PA)(m)) e — e (In ® (PB1)(m) RZ
+ 71T (Iy @ (PB2)omy) (H(x) — H(x)) . (32)
For the second term of (32), we have
—e’ (In ® (PB1)(m)) RZ
=e’ (In ® (PB1)(m)) [F(2) + G(RZ)"A + RBLN, 2]
= e’ (In @ (PB1)(m)) (F(Z2) — F(2))
+ve’ (Iy ® (PB1)(m)) [G(RZ)"A — G(RZ)"A]
+vB8e” (In ® (PB1)(m)) RLNmn(Z — Z)

where the first equality follows from RRT = Inpmn, and the
second equality follows from Lemma 1. For the second term
of (33)

vel (In ® )
=ve (Iy® ) [G(R —~G(RZ2)"x
+ GRZ2)'A - G(R2)T ]
<IGRZ)| llel| | PBil| |x — &
+ || llell | PB] [|G(RZ) — G(RZ)||
<YV Nk |le] |2 =&
+9VNrakakale]| |2 - 2| .
Therefore, we have the following for the second term of (32):
" (In ® (PB1)(m)) [F(2) + G(RZ)"A + RBLN, Z]
< s (I+Bsn (L) lle] | 2= 2| +7v/Nrrra [le] |[A-A]]
+ 9V Neikoky |le]| |2 = Z]|.-

(33)

® (PB1)(m)) [G(R —G(RZ)"1]

PBl m)

(34)

(35)

For the third term of (32)

T (In ® (PB2)(m)) (H(X) - ﬁ(x))

I
Mz

e; (PBa)(m) (h,»(xi) - Bi(xi))

@,
Il
—

|
.MZ

N
Il
-

|
.MZ

s
Il
—

(PBQ)(m)Wi(I)i(xi) + el (IN ® (PBQ)(m)) €

where € = col(€;);en-
For V5, we can derive

V,=(2-2)"Z
=1(2-2)" [-R" (F(2) + G(RZ)"A)
= —1(2-2)"RT [F(2) - F(2)]
—(Z2-2)"RT [G(RZ)"\ — G(RZ)"}]
—B(2 = Z2)" Linm)(Z - 2)

— BL(nn)Z]

(36)

where the last equation follows from Lemma 1. For the first and
the third terms of (36), Lemma 2 yields

(2 - Z)'RT [F(2) -

—YB(Z = 2)"Liym)(Z — 2)

F(2)]

< —qil|lz - 2|’ (37)
if the condition (25) is satisfied.
For V3, we have
Vs=(p—p) Op
(p—p)"O(=bp + L1)
= (p— )T@[ 8(p—p) + L(x —1)]
sm@)lp—pII°+(p—p)"(A=1) (39

where the third equation holds from Lemma 1, and the inequality
follows from p € Range(L) and L'L = Iy — & 1x1%.
For V}, we have

= -1
= =0T {A+78(R2) — p— LA —1}
<A =2)"(18(RZ)-p - le)
<A -N)" [18(RZ2)—p—yIr—(1&(RZ)—p—~IL)]
=7 =0)" (g(R2) —g(RZ)) = (A = 1) (p— p)
—y(A =M)TL(A - 1) (39)

where the two inequalities hold from [9, Lemma 1].
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For V5, we have
N
. n- 1
Vs = E
T

i=1

=7"" 1X:Tr{WT

Tr [WTW}

i(@5)e] Pm)Bam) — %‘Wi]}

— 12{ (PBy) ()W ®; () — 5Tr [WTW}
S (W TW; — WIW] }

7 IZeTPBQWT@ ;)

=1

7 lzgl

W*T W*]

—rmsVs (40)

where 7, = min;{r;} and ¢ = min;{g;}.
Therefore, the derivative of the constructed Lyapunov func-
tion has

V=Vi+VatVa+Vi+Vs
< ywle]] HZ — Z_H + T"_leT(IN ®@ (PB2)(m))€
+9VNrasglle] A =& = 77" [le])?
—7i)|2 - 2| = 6sm(®) lIp o
—vs2(L) HX — )_»H2 —rmsVs + Xw
—(Z-2)"R" [G(RZ)"X — G(R2)A]
+y(A =0T (8(R2) - g(R2)) (41)

where Yy = SN STr[W;7W;]. For the last two terms
of (41), we have

(2 -2)"RT [G(RZ)"\ — G(RZ)A]
—7A =17 (g(RZ) —g(R2))

= (z—x")" (Vg(z)"r — Vg(x")"1)
—v(A =07 (g(z) — 8(x"))

=7 Z {7 [Vgi(zi)(

= VT [Vgi(a7) (2 — ) —

(9i(zi) — gi(x}))]

zi — ;) =

(9i(zi) — gi(x}))]} -
Based on the convexity of g;, we have Vg;(z;)(z; —x}) —

(9i(z:) — gi(x})) >0, and  Vgi(z})(zi — x]) — (9i(2:) —
gi(z})) <0. Smce)»( ) € Ry, we have A; € R for ¢ > 0.

Moreover, according to A* € R, we obtain
Y(Z - 2)"RT [G(RZ)"A — G(RZ)A] > 0. (42)

Furthermore, we have the following inequalities for the first three
terms in (41) by applying Young’s inequality:

yw |le]| ||Z — ZH + T"fleT(IN ® (PBQ)(m))e

+ 7V Nk1ka |lef| | — &||

%ﬁmm Wlw
< Z-Z
< (mq o >n|| |z-2|°
N _ n—1
+ 7W2C”1”4 A x|+ 2B, (43)
Using (42) into (41), and letting v = £, vy = %ﬁl; and
V3 = 2, we have
. Sm (O
V< -k — ’YﬂVQ - 732([/)‘/3 -0 m( ) Vi — TmSV%
SM(@)
+ Sy + ﬂmf
< KV S+ T e (44

where k* = min{kl,fyﬁ,’ysQ(L)ﬁ%,rmg}, and ky =
(- é—‘;’; - % — 7" 1k5) /s (P) > 0 under the condi-

tign (24). According to Lemma 3, we conclude

A%y + 7" ks ||e)?

V(t) < V(0)e ™" + T (1—e*1)
B A + &\ ey ASw 4 7" ks €
- <V(0) Ak > ¢ 4k

(45)

Since k1, 7, 9, 7, can be arbitrarily large, k* can be arbitrarily
large so that M is sufficiently small. ]

Remark 8: Due to the unknown nonlinear dynamics, con-
troller design and convergence analysis become more complex.
From (12), we can see that there is an approximation error even
though the NN weight is optimal. Since the NN seldom learns the
exact nonlinear dynamics, it is challenging for players’ outputs
to converge to the exact v-GNE, i.e., to rigorously prove V <0.
The convergence error leads to deviation from the optimality
point and causes constraint violation at the equilibrium, which
can be hazardous in safety-critical scenarios. To deal with the
unavoidable error, we propose a controller and show that the
error can be made arbitrarily small by choosing appropriate step
sizes. Therefore, we cannot directly use the primal-dual update
rule in [9] since it cannot achieve this goal. The equilibrium with
p = 0 and step sizes play key roles in our analysis.

It should be noted that the number of neurons in the one-layer
RBF NN p does not affect the convergence proof or the step size
conditions for stabilization. However, according to (45), the NNs
approximation capacity, as indicated by the approximation error
€, affects the final convergence accuracy, given by the inequality

ly =y I* < llell” + |2 - 2|
< min{2,1/s,,(P)}V
A%y + 7" ks |||
47 k>
where k* depends on the step sizes. Therefore, when choosing

the step sizes to achieve the desired convergence error ey, the
NNs approximation capacity must be taken into account. If the

< min{2,1/s,,(P)}

(46)
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TABLE |
COMPARISON OF SOME EXISTING WORKS WITH OURS

. s . Coupling
Algorithm Players’ dynamics constraint
MIC [9] X v
EOC [18] First-order with uncertainties X
LPC[19] High-order with linearized uncertain %
parameters
Ours High-order with uncertain nonlinearity v
2 4
5 3
Fig. 2. Communication topology for vehicles.

approximation capacity is poor (i.e., € is large), we must choose
small 7 and large step sizes to make £ sufficiently large. This
ensures that (46) is smaller than the given ¢,. Consequently,
our algorithm ensures (y, A) to be arbitrarily closed to the exact
v-GNE (y*,1"). Even if the converged action profile y violates
the coupling constraint g(y) < 0, we can drive it to a point
that satisfies the coupling constraint, with a deviation arbitrarily
small so that it remains within a tiny neighborhood of y*. In
the future, we will study more advanced adaptive control and
analysis methods to achieve exact convergence.

Remark 9: Incorporating the heavy-ball technique [44] or the
second-order Nesterov method [45] may accelerate the primal—
dual update in the information layer, which is an interesting
future research direction. Moreover, heterogeneous step sizes
may also aid convergence acceleration.

V. NUMERICAL SIMULATION

In this section, we evaluate the performance of our proposed
controller through numerical simulations and compare it with
some existing algorithms: the multi-integrator controller (MIC)
for distributed v-GNE seeking developed in [9], the extended
observer-based controller (EOC) designed in [18], and the
linearly parameterized compensation (LPC) method proposed
in [19]. A brief comparison between these works and ours is
summarized in Table I.

A. Connectivity Control Game

Consider a connectivity control game with N = 5 velocity-
actuated vehicles and a communication topology shown in
Fig. 2. Each nonlinear vehicle moves in the 2-D plane, and z;
represents its position information, which is described as the
following dynamics [24]:

.| mal| T2 sin(0i1241)
Ti= |, | =u+ 9
T2 xi1 cos(0i1275,)

Yi = Ty.

5

—player 1

~ —player 2
X0 ——player 3| |

player 4

—player 5

-5 L

-5 0 5

Yi1
Fig. 3. Evolution of vehicles’ positions in the 2-D plane. The hollow

circles represent the initial positions of the vehicles while the filled stars
denote the desired v-GNE y*.

Moreover, the cost function of vehicle 7 is

fi(y) = vi(ys) +ciy)

where ¢;(y; ) defines a local goal and ¢;(y) is an interconnection
term corresponding to a collective goal [27]. The function ¢;(y;)
is defined as ¢;(y;) = yl wiy; + yl w;.

In our simulation, we set 6,7 =10, #;0 =11 for

1 0 2 0
i €N, W11 = Wss = R Woo = Wyq = ,

11 |f) 1 22 44 lo 2]

3 0

w3z = 3], wy = [—6,—10]7, wo = [14, —14]T,
wy = [12,12]7,  w, =[-10,10/7, and w5 =[2,—6]7.
Moreover, ¢1(y) = lly1 — yall*, ca(y) = lly2 — vall®, es(y) =
lys — 1 %, ca(y) = llya —w2ll”. and cs5(y) = [lys — vall®.
Besides, g1(y1) = [[y1l”> — 7, g2(y2) = [lg2lI* — 6, g3(ys) =

lysll? — 1.4, ga(ya) = |lyall® — 1.8, and g5(y5) = [ly5]* — 1.
which restricts a safe region for vehicles.

To implement the proposed algorithm, we can first set /3
according to (25) and +y to facilitate the convergence of virtual
decisions z. Subsequently, we can tune the control gain 7 and
choose large learning rates and regularization parameters to
ensure that the players’ outputs track the trajectories of z. Finally,
we can fine-tune the parameters in the NNs to reduce oscillations
in the vicinity of the steady state. In this example, we choose
a1 =12, 7=0.02,v=09,5=3,0=2,r; =3, =2 for
i€ N, p; =30, p;; is uniformly distributed in [—3, 3], and
o =5V2foralli € N,j € {1,2,...,p}.

Fig. 3 shows the trajectories of vehicles under the proposed
algorithm, where the position decisions of vehicles approach
an extremely small neighborhood of the v-GNE. Figs. 4 and 5
demonstrate the convergence performance and the evolutions of
the coupling constraint under different algorithms, respectively.

The coupling constraint satisfaction only applies to the steady
state and may be violated before the convergence due to the
partial information setting. Players need to communicate with
others and adjust their strategy to gradually get the desired
outcome and satisfy the constraint. Therefore, existing literature
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—Ours

Fig. 4. Convergence performance of the vehicles’ decisions under
MIC, EOC, LPC, and our algorithms.

20 T
—MIC
—EOC
15 LPC |
—Ours
10
> 5
m e — e T e |
0
-5
-10 .
5 10 15 20 25
Fig. 5. Evolutions of the coupling constraint under MIC, EOC, LPC,

and our algorithm. The coupling constraints convergent to or below the
black dashed line indicate asymptotic satisfaction.

all focuses on pursuing asymptotic satisfaction of the coupling
constraints [9], [46], [47], [48], [49], as we do in this work.
From Figs. 4 and 5, we can see that our algorithm achieves
exponential convergence to a small neighborhood of the v-GNE
and asymptotic satisfaction of the coupling constraint. However,
MIC fails to converge to the v-GNE due to ignoring vehicles’
dynamics, and the outputs under EOC and LPC violate the
constraint, and the errors are larger than those in our algorithm.

B. Energy Consumption Game

Consider an energy consumption game with N = 6 Van der
Pol oscillators as the following second-order system [28]:

Ti1 = T2
B0 = —biw; 1 +bi(1— 3612,1)%,2 + u;
Yi =T 47)

where x;; and ;9 are oscillator ¢’s electric current and
voltage, respectively. The consumption function is defined

Fig. 6.  Communication topology for oscillators.

1024,

t

Fig. 7. Convergence performance of the oscillators’ decisions under
MIC, EOC, LPC, and our algorithm.

25

—MIC
LPC
20 ——Ours||

0 5 10 15

Fig. 8.  Evolutions of the coupling constraint under MIC, LPC, and our
algorithm. The coupling constraints convergent to or below the black
dashed line indicate asymptotic satisfaction. We omit the evolution of
the coupling constraint under EOC here since it diverges significantly.

as f;(yi) = mi(y; — 0:) + (pi Y1y ¥ + a3)yi- These oscilla-
tors communicate based on the topology shown in Fig. 6.
In our simulation, we set b; =2, b; =3, m; = 2, p; = 0.1
Vi€ N, o0 =04 =05 =8, 05 =10, 03 =0 =6, q =9.22,
qo = 34.65, g3 = 10.03, q4 = 33, g5 = 41.2, g5 = 35.45, and
9(y) = Zf\[: 1 Yi — 33.5 restricting a safe upper bound of the
total current of oscillators. For the NN-based controller, we
choose oy = =3, 7=0.1,y=5,5=15,0 =5, r; = 60,
G = 5,p; = 10, p;; is uniformly distributed in [—2,2], and
05 = 2.5 Vi EN7j S {1,2,...,])}.
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Fig. 7 illustrates the convergence performance of various
algorithms. It can be observed that the EOC proposed in [18]
is unable to handle the high-order uncertain players. Moreover,
the outputs of the oscillators diverge under MIC and converge
to suboptimal solutions with LPC. In contrast, our algorithm
successfully achieves convergence of players’ decisions to the
v-GNE with an extremely small error. Moreover, Fig. 8 reveals
that the coupling constraint is violated when using LPC since it
does not take this restriction into account while our algorithm
gradually satisfies g(y) < 0.

VI. CONCLUSION

This article develops a novel controller for distributed v-GNE-
seeking problems where players possess inherent unknown non-
linear dynamics. The proposed methodology leverages NNs with
Gaussian radial basis activation functions to learn the nonlinear
dynamics in real time. It is guaranteed that the v-GNE can be
achieved exponentially with an arbitrarily small error. Finally,
simulation results demonstrate the effectiveness of this algo-
rithm in learning the nonlinear dynamics to achieve the v-GNE.

Future directions may involve utilizing more advanced adap-
tive control to ensure convergence to the exact v-GNE, as well
as accounting for time-varying external disturbances.
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