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Abstract Spontaneous oscillations in the mid-brain
dopaminergic neurons are an important feature of motor
control. The degeneration of these neurons is involved
in movement disorders, particularly Parkinson’s Disease.
Modelling of this activity is an important part of developing
an understanding of the pathogenic process. We develop
a mathematical paradigm to describe this activity with a
single compartment approach and a CellML version is
made publicly available. The model explicitly describes the
dynamics of the transmembrane potential with changes in
the levels of important cations and is consistent with two
major observations in the literature regarding its behaviour
in the presence of channel blockers. Stability of the model
behaviour is determined from the properties of its Mon-
odromy matrix. We also discuss from the perspective of
energy, a pharmacological intervention suggested in the
treatment of Parkinson’s Disease.
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1 Introduction

Oscillatory activities in and among neurons are signifi-
cant for information processing in the brain. Dopaminergic
neurons in the basal ganglia circuit, substantia nigra pars
compacta (SNc), are one of the prominent groups of neurons
known for their spontaneous oscillations. These neurons
are important for a range of functions including move-
ment related information processing. In Parkinson’s Disease
(PD), neurons of this group degenerate extensively with
consequent pathological motor behaviour.

The autonomous tonic pacemaking of SNc neurons is
a unique feature that enables motor control. These SNc
oscillations ensure a continuous supply of dopamine to the
striatum, significant for its normal functioning. Also, regu-
lar oscillations in SNc neurons switch to a bursting mode
in response to a stimulus, a behaviour that is associated
with spatial learning and temporal processing (Da Cunha
et al. 2003; Matell and Meck 2000). Further, these neurons
are extensively arborised to provide uniform percolation of
dopamine in the striatum (Matsuda et al. 2009).

However, this arrangement comes at a cost. The elabo-
rate arborisation and continuous pacemaking imposes a high
energy demand within these neurons. This structural and
functional association makes SNc one of the most stressed
neurons of the brain (Wellstead and Cloutier 2012). Further-
more, these neurons employ calcium ions to establish and
maintain their tonic activity (Surmeier 2007). This reliance
is conjectured to accelerate normal ageing of these neu-
rons, when subjected to genetic or environmental pressures
that supplement the inherent metabolic stress (Wellstead and
Cloutier 2011).

It is difficult to comprehend the pathogenic mechanism
in idiopathic PD since it is a multi-factorial condition. Con-
trary to a scenario of single cause and effect, the complexity
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presented by the molecular system of SNc calls for an inte-
grated framework to model various subsystems contributing
to the pathogenesis. For a condition of systemic failure like
PD, energy metabolism can be employed as a unifying basis
to relate various models depicting events that lead to the dis-
ease (Cloutier and Wellstead 2010; Wellstead and Cloutier
2011). In this paper, we attempt to model a subcomponent
of the SNc machinery, the membrane events contributing to
the basal pacemaking activity of these neurons and discuss
its energy implications.

All pathways or processes of a living cell are directly
or indirectly dependent on its energy metabolism. For an
excitatory cell, many of its activities at the membrane are
governed by the levels of intracellular ATP and cyclic AMP
(cAMP). For instance, ATP has a direct influence on mem-
brane functions via membrane cation pumps. These pumps
are ‘ATP-ases’ and their functioning is critical in estab-
lishing electrochemical gradients and resting membrane
potential. Transport through ion channels can continue as
long as the electrochemical gradient persists. Also, there
are certain ion-channels that are ATP sensitive and modula-
tion of these channels, by changes in the level of cytosolic
ATP, are reflected in the properties of action potentials pro-
duced along the length of the membrane. Thus ATP has
an indirect influence on the excitatory properties of these
cells and consequently their energy metabolism. On these
grounds, ion transport has been argued to be one of the most
energy demanding processes in excitatory cells (Attwell and
Laughlin 2001).

Neurons are one of the most active cells of an organ-
ism and to assure its robustness, the complex architecture
of its cellular activities has various components that work
towards maintaining system properties. Among the various
mechanisms that lend robustness to its signal processing
capabilities, are a set of feedbacks between membrane exci-
tation and energy metabolism. As well as energy levels
influencing ionic-fluxes, cytosolic ion levels influence ATP
production. This interplay is particularly relevant in the case
of Ca2+ ions. This cation is also taken up by the mitochon-
dria, influencing its membrane potential and modulating the
ATP processing capacity (Duchen et al. 2008).

Mathematical models have been extensively used to
describe the electrophysiology of SNc neurons (Amini
et al. 1999; Canavier 1999; Wilson and Callaway 2000;
Komendantov et al. 2004; Canavier and Landry 2006;
Kuznetsova et al. 2010; Drion et al. 2011). These models
have been instrumental in elucidating various components
on the SNc membrane that work towards establishing its
characteristic electrophysiology. An important aspect of the
SNc pacemaker that these models discuss is how Ca2+ ions
are significant in establishing this electrophysiology.

L-type calcium channels have a central role in initiat-
ing membrane depolarisation that sets the pacemaking cycle

(Takada et al. 2001; Chan et al. 2007). Also, the subthresh-
old oscillations that drive the firing in these neurons are
formed from a calcium-potassium mechanism established
by a low voltage activation threshold of some of the calcium
channels in these neurons (Nedergaard et al. 1993; Surmeier
et al. 2005). This calcium driven mechanism of membrane
oscillations has been reported to be present in all parts of
this neuron (Wilson and Callaway 2000), strongly coupled
with membrane voltage.

Chan et al. (2007) demonstrates how neurons of SNc
are capable of re-establishing pacemaking when their cal-
cium channels are blocked, with the help of Na+ ions. This
is based on an observation that juvenile neurons starts off
their characteristic pacemaking driven by Na+ currents. As
they age, with higher expression of L-type calcium chan-
nels, this dependence is replaced by an efficient Ca2+ driven
mode. When L-type calcium channels are blocked, with a
little increase in cytosolic cAMP concentrations, Chan et al.
(2007) were able to shift the voltage dependence of HCN
channels to initiate and resume pacemaking. Later, it was
demonstrated that the L-type calcium channels are not really
essential for these neurons to function and this has been a
point of controversy with a suggested use of L-type channel
blockers as a preventive therapy in PD (Surmeier 2007).

For a cell that relies heavily on Ca2+, the disposition of
these ions become decisive. One of the major findings with
respect to PD pathogenesis, is related to the calcium han-
dling aspects of SNc neuron. It was reported that neurons
that express higher levels of calbindin, a calcium binding
protein, are relatively spared from degeneration (Damier
et al. 1999). This study strongly suggests a pivotal role of
calcium stress in the neurodegenerative process and for this
reason, mechanisms involved in Ca2+ disposal needs to be
considered in models that aim to relate pathways leading to
the degeneration of these neurons.

Although, some of the mathematical models previously
presented do incorporate mechanisms for Ca2+ buffering
(Wilson and Callaway 2000) or removal by a calcium pump
(Amini et al. 1999), most often these steps are abstract,
or at best simplified models are used with little attention
to the dynamics of the Ca2+ pumps and/or buffers. These
limitations are potentially serious in any study of Ca2+

mechanisms in the electrophysiology and functioning of
these neurons.

SNc neurons have been observed to be capable of
spontaneous oscillation even when they are acutely disso-
ciated (Puopolo et al. 2007). This suggests that the SNc
perikaryon contains the basic machinery required for its
spontaneous firing and that dendritic inputs are not really
essential in initiating pacemaking. This observation sug-
gests the possibility of understanding and analysing the
underlying mechanism of oscillation, without considering
the network of dendrites that constitute this neuron. Such an
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approach can also help in identifying some of the attributes
of its membrane electrophysiology that makes them vulner-
able to degeneration in PD, without the need for a complex
coupled model. Based on this concept we have designed our
model based on a geometry that we would be referred to as
‘the pacemaking unit’ (PMU).

In this paper we propose an approach to mathematically
modelling the electrophysiology of SNc neurons that is a
little different from the usual ones. To begin with, we explic-
itly describe the dynamics for the transmembrane potential
in terms of ionic concentrations. Next, owing to significant
differences in the ion dynamics inside the cell, we prefer
to use an electrodiffusion model for channel conduction
compared to the commonly used linear conductance rela-
tionship. This is particularly important in the case of Ca2+

ions due to the large driving force of transport that exist for
these ions across the membrane. Also, we use Markov mod-
els for the ionic pumps to incorporate the nuances of the
limiting steps that control the dynamics of these proteins.
Although, these changes have been attempted previously
(Francis et al. 2012a, b), some key geometric features were
idealised, and not representative of a real SNc neuron.

Global optimisation strategies were used to identify
important parameters of the model. The resulting model
was validated for expected behaviours for a set of perturba-
tions. The model was also mathematically inspected for the
presence of stable limit cycles by numerically computing
the Monodromy matrix of the linearisation about the limit
cycle. Finally, the model is used to investigate the cost of
pacemaking in terms of energy expenditure as a function of
ATP usage.

The model presented in this article may be later incorpo-
rated into a larger framework of energy metabolism in SNc
neurons. Towards this end, our pacemaking model has been
translated into CellML, and the model is freely available
for download from http://models.cellml.org/e/12b. CellML
is an open standard XML-based markup language used for
developing and sharing mathematical models of biological
processes (Lloyd et al. 2004, 2008).

2 Model description

To both understand pacemaking of SNc neurons and esti-
mate energy requirements for this process, in both normal
conditions and under L-type channel blockers, we develop
a model of ordinary differential equations including mem-
brane voltage, relevant ionic concentrations, ion channel
gatings and calcium buffers. In the following subsections we
describe the main components for SNc pacemaking and the
considered cell morphology. First, we focus on the mem-
brane dynamics, intracellular buffering and the estimation
of energy required.

2.1 Selection of components for SNc pacemaking

One of the biggest challenges in the development of electro-
physiological models is the identification of important types
of channel proteins that contribute to the typical response
of the neuron. Traditionally this is understood from studies
involving channel blockers, but the resolving power of these
experiments is not always good. The analysis can some-
times be limited for a variety of reasons, including problems
with experimental design and set up, non-specificity of the
blocker molecule towards a range of channel proteins, vari-
ability in the expression levels of target proteins in the
region of interest etc.

In order to have a reasonable understanding of key
elements at the membrane, involved in the characteristic sig-
nalling of these neurons, we examined data on the protein
expression profiles for cation channels from the datasets of
Moran et al. (2006) and Lesnick et al. (2007). Table 1 gives
a comprehensive list of different cation channels expressed
by these neurons.

Although it is possible to model and connect all the dif-
ferent channels that are apparently expressed in a neuron,
there are problems with this approach. The first difficulty is
that this would result in a complex model with large num-
ber of components, which in turn would make the model
less comprehensible and appropriate for analysis. Secondly,
a large number of parameters would likely result in iden-
tifiability problems. In such cases, despite being able to
reproduce the experiments used for calibration, there are
whole families of parameter values that also reproduce
the data, and therefore have no physical meaning and in
turn make the model limited in its predictive capabilities
(Balsa-Canto et al. 2010).

A further important limitation of overly complex mod-
els is the difficulty in determining the electrophysiolog-
ical characteristics of the large number of ion-channels
involved. Frequently, such characteristics are adapted from
experiments that are not necessarily conducted with the
same organism for which the larger model is developed
(for example see Amini et al. (1999)). Even though these
proteins are functionally conserved among species, there
are species to species differences in their post transla-
tional processing and variations in the choice of sub-units
for their quaternary structure. Such differences, though
subtle, are reflected in the dynamic response of these
channels. Further, experiments on ion-channels are fre-
quently conducted in conditions that are different from
their native physiological environment. Parameters iden-
tified from such experiments when used in larger mod-
els, may lead to skewed interpretations of the phe-
nomenon. On these grounds, mathematical models of
neurons are necessarily simplifications that may repre-
sent some observable aspects of neuronal behaviour, but

http://models.cellml.org/e/12b
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Table 1 SNc cation channels

Channel Type Gene symbol

Voltage-gated Ca2+ channel L-type CACNA1C (Cav1.2), CACNA1D (Cav1.3)

T-type CACNA1G (Cav3.1), CACNA1I (Cav3.3)

P/Q - type CACNA1A (Cav2.1)

N - type CACNA1B (Cav2.2)

Voltage-gated Na+ channel SCN1A (Nav1.1), SCN2A (Nav1.2), SCN3A (Nav1.3),

SCN9A (Nav1.7), SCN11A (Nav1.9)

Voltage-gated K+ channel Delayed rectifier KCNA1 (Kv1.1), KCNA6 (Kv1.6),

KCNB1 (Kv2.1), KCNC1 (Kv3.1)

A-type KCNC4 (Kv3.4), KCND2 (Kv4.2), KCND3 (Kv4.3)

Inward-rectifying KCNH2 (Kv11.1), KCNH7 (Kv11.3)

Slowly - activating KCNH8 (Kv12.1)

Inward-rectifying K+ channel Voltage gated KCNJ2(Kir2.1), KCNJ10 (Kir4.1), KCNJ14 (Kir2.4)

G protein-coupled KCNJ6 (Kir3.2), KCNJ9 (Kir3.3)

Calcium-activated K+ channel BK KCNMA1 (KCa1.1)

SK KCNN2 (KCa2.2), KCNN3 (KCa2.3), KCNT2 (KCa4.2)

Leak channel NALCN (mostly responsible for sodium leak)

Tandem pore domain K+ channel KCNK1 (K2p1.1), KCNK10 (K2p10.1),

KCNK12 (K2p12.1), KCNK17 (K2p17.1)

Hyperpolarization-activated HCN HCN1, HCN2, HCN4

cyclic nucleotide gated channel

Two pore segment channel TPCN1, TPCN2

A list of cation channel α sub-units expressed in Human substantia nigra based on the datasets of Moran et al. (2006) and Lesnick et al. (2007).
Channels that are underlined are later used in the model

where many lower level details are treated in a simplified
manner.

For these reasons, we focus on ion-channels that have
been reported to contribute to pacemaking (Amini et al.
1999; Wilson and Callaway 2000; Puopolo et al. 2007;
Kuznetsova et al. 2010). L-type calcium channels and
sodium channels are both significant in driving the pace-
maker activity of these neurons (Putzier et al. 2009; Drion
et al. 2011) and the fast sodium along with delayed recti-
fier potassium currents function towards generating spikes
(Amini et al. 1999). Small conductance (SK)—calcium
gated potassium channels are understood to be crucial
in establishing underlying slow wave oscillations and the
stability of spontaneous pacemaker activity (Wolfart and
Roeper 2002; Ibanez-Sandoval et al. 2007). The characteris-
tic of inward rectification is realized by a representation for
an internally rectifying potassium channel and a leak current
based on sodium is also included.

The balancing act of the ion-transport is assigned to
the activities of the sodium-calcium exchanger (NaCax),
plasma membrane calcium ATP-ase (PMCA) and the
sodium-potassium ATP-ase (NaK). Because of its important
as a signalling molecule, Ca2+ levels in cells have to be kept
strictly regulated. To a large extent buffering mechanisms

in the cell account for the restraint in Ca2+. The machinery
involved in this activity involves mobile Ca2+ sequestering
proteins as well as organelles that store Ca2+, like the endo-
plasmic reticulum and mitochondria. A detailed description
of intracellular calcium dynamics is out of the scope of
this article, as we aim to focus at events in the vicinity of
the plasma membrane contributing to the pacemaking in
these neurons. For this reason, we incorporate the dynam-
ics of only two mobile Ca2+ buffers, that are fast and often
found localized at calcium hotspots adjacent to the plasma
membrane. Further, these proteins, calbindin and calmod-
ulin have been implied in PD pathogenesis (Yamada et al.
1990; Zhou et al. 2010; Iwatsubo et al. 1991).

2.2 Cell morphology

The electrical characteristic of a neuron is essentially a
membrane phenomena and for this reason, morphological
features that define the neuron have a significant role in
the realization of its electrophysiology. For a neuron like
SNc that is highly arborized, defining a model geometry
that is anatomically realistic is a challenge. Additionally, it
is difficult to translate an exact spatial distribution of ion-
channels across the membrane landscape. However, SNc
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neurons exhibits regular pacemaking even when acutely
dissociated (Hainsworth et al. 1991; Puopolo et al. 2007)
and this feature offers a way of establishing a geometry
for modelling these neurons without including its extensive
dendritic efferents.

We define a pacemaking unit (PMU), that models the SNc
soma and immediate dendritic regions that radiate from the
soma. This is modelled in a way that includes a region like
the axon hillock, that has a high density of ion-channels
responsible for the characteristic electrophysiology of this
neuron. Based on various micrographs observed in literature
(Matsuda et al. 2009; Puopolo et al. 2007; Tepper 2010),
the unit is assumed to be best represented by a hyperbolic
tetrahedron (see Fig. 1), with a large surface-to-volume ratio
than regular geometries that are usually used such as spheres
and cylinders. This unit is a part of an acutely dissoci-
ated SNc neuron, capable of spontaneous pacemaking. For
the model, we consider constant ionic concentrations in the
extracellular space and assume the PMU to be in an osmotic
equilibrium with its environment, so that cell dimensions are
preserved in the course of the process. The parameters for
this geometry are provided in Table 2.

2.3 Membrane dynamics using the conservation principle

Most efforts to model neuronal pacemaking use the mod-
elling paradigm established by Hodgkin and Huxley (1952)
to calculate the membrane potential. In its original form
which we would address here as the ‘differential form’, the

Fig. 1 Morphology considered: a pacemaking unit (PMU), which
mostly comprised of the SNc soma and immediate dendritic regions
that radiate out from the soma including axon hillock. The neuronal
soma is considered to be a tetrahedron with a dimension not more than
30 μ as observed in anatomical studies (Grace and Bunney 1983). The
soma extends to form the major dendrites such that the entire PMU
assumes the shape of a hyperbolic tetrahedron

transmembrane potential (V) is determined from a differ-
ential equation defined by the net current flowing through
ion-channels on the membrane, based on Kirchoff’s law.

d(V )

dt
= 1

Cm

∑

x∈Xs

Ix (1)

Here Cm is the membrane capacitance and s ∈ S =
{Na, Ca, K, A} represents sodium, calcium, potassium and
anions respectively, that are crucial in establishing the mem-
brane potential. Such models do not necessarily satisfy the
conservation principle of ionic species and are the only
alternative when the dynamics of cytosolic concentrations
of contributing ions are not included in the model. Later
models of excitable cells include the dynamic changes asso-
ciated with intracellular cations (for example, DiFrancesco
and Noble (1985)), often in an implicit manner. However,
such models are often criticized for their behaviour under
prolonged simulations, including drifts of ion concentra-
tions, membrane potential as well as existence of multiple
steady states (Hund et al. 2001).

As an alternative, “algebraic” models have been sug-
gested to account for such problems (Endresen et al. 2000;
Poignard et al. 2011), to give a paradigm that is stable with
respect to the drift in computed variables. The algebraic
equation is typically an integrated version of the differen-
tial form of the voltage expression and formulated using
ionic charge conservation principles (Varghese and Boland
2002). For cells whose shapes are retained by an osmotic
equilibrium (Poignard et al. 2011), we can represent this as

V = F —V cyt

Cm

∑

s∈S

zs [si − se]. (2)

Here F represents the Faraday constant, —V cyt the cytosolic
volume, and zs the valency of ionic species s with si and se
denoting the intracellular and extracellular concentrations,
respectively. Considering the fact that ionic concentrations
in the extracellular space and intracellular anions do not
present significant variations (Endresen et al. 2000), the
membrane potential is essentially a function of changes in
intracellular cation concentrations.

Hund et al. (2001) suggests that if charges are conserved,
the choice of method (differential or algebraic) does not
influence the behaviour of the system. In the case of using
the algebraic form, we need to be cautious with the choice
of initial conditions and the integration constant, as the
model tends to be sensitive to this choice particularly during
numerical simulation. Although the differential form has an
additional state variable, we adopt this norm for our model
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Table 2 Model parameters: geometry

Item Symbol Value (Units) Reference

Characteristic dimension, soma ds 30 (µm) Matsuda et al. (2009)

Characteristic dimension, PMU dpmu 50 (µm) Tepper (2010)

Volume, PMU —V pmu 5 (pl) approximated

Surface area-to-volume ratio, PMU
( Apmu

—V pmu

)
Spmu 16.667(µm−1) fitted

Volume fraction, Cytosol φcyt 0.5 Alberts et al. (2002)

and formulate it by explicitly relating the transmembrane
potential to the dynamics of intracellular concentrations, as

d(V )

dt
= F —V cyt

Cm

∑

s∈S

zs
d(si)

dt
(3)

Within the neuron, various cellular mechanisms work
towards establishing a dynamic equilibrium for the different
ionic species. The most pronounced of them is the concerted
engagement of various membrane proteins including ion-
channels, exchangers and pumps. Whereas these activities
are enough to represent the main dynamics for sodium and
potassium, the case with calcium is different. Calcium is
an important second messenger implied in downstream sig-
nalling and intracellular sequestering mechanisms that help
establish its basal levels become relevant.

The dynamics of intracellular ionic concentration depend
therefore on membrane currents across the membrane and
sequestering mechanisms for calcium, collected in Xs

and Yca2+ respectively. Considering mass conservation, the
accumulation of intracellular ions for a species “s” can be
formulated as Ermentrout and Terman (2010):

d(s)

dt
= 1

zsF —V cyt

∑

x∈Xs

Ix +
∑

y∈Y
ca2+

Jy (4)

where Ix represents the ionic current through membrane
proteins, both channels and transporters and Jy the buffering
reactions.

2.3.1 Transport through ion-channels

The transport of ions across the membrane through ion-
channels may generalized as

Is,c = Oc(V, si , se)fs,c(V, si , se) (5)

where the sub index c states for the different ion channels
to be considered. Here, fs is a function that defines the
transport influenced by the given electrochemical field and
Oc represents the channel gating or probability of channel
c being open. This gating depends always on the mem-
brane potential and, in some cases, also on some ionic
concentrations.

We will described here the generalities and the reader is
referred to Appendix A 1-4 and Table 4 for more details
about the different ion channel models.

Electrochemical transport In the model, we will use two
different functions for this transport. On the one hand, using
Ohm’s law we obtain the usual expression used by Hodgkin
and Huxley (1952), linear with respect to voltage:

fs,c = Gs,c(V − V̄s) (6)

with G being the maximal channel conductance according
to the linear relationship. V̄s represents the Nernst potential,
the equilibrium condition at which the net transport of the
species across the membrane is zero:

V̄s = Vτ

zs

ln
se

si
, s ∈ S. (7)

Here, Vτ = RT
F

is a temperature defined thermodynamic
entity, R is the gas constant and T the physiological temper-
ature.

On the other hand, the electrodiffusion model for chan-
nel conduction developed by Hodgkin and Katz (1949),
may be expressed using hyperbolic functions to obtain the
modified form of Goldman-Hodgkin-Katz (GHK) equation
(Endresen et al. 2000)

fs,c = gs,c

√
sesi

sinh
(
zs

V −V̄s
2Vτ

)

sinhc
(
zs

V
2Vτ

) . (8)

Here, the cardinal hyperbolic function sinhc, is given by
sinhc(x) = sinh(x)/(x).

Many mathematical models in the literature use the lin-
ear conductance model of ion-channels and the differential
form of the voltage equation with constant intracellular
ionic species. The electrodiffusion model (Eq. 8) is mostly
used in situations when there are significant differences in
the ion dynamics inside the cell, typically with calcium ions.
The elaborate description of intracellular ion dynamics and
charge conservation, calls for the calculation of such vari-
ations. Our model employs the modified form of the GHK
(Eq. 8) in most cases. The exception to this is for channels
where we have not been able to find suitable clamp data
reported in the literature, and therefore for a small number
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of channels, we have adopted gating characteristics directly
from the literature.

Channel gating We have used three different ways of
describing the opening of ion-channels. In the first group,
we have channels whose voltage dependent gating are
described with the popular Hodgkin-Huxley formalism
(Hodgkin and Huxley 1952). According to this formulation,
the channel opening probability (O), is a function of chan-
nel gates that may activate the channels or inactivate them.
Thus,

Oc(V ) = [mc(V )]ac [hc(V )]bc (9)

where for channel c, ac and bc are respectively the numbers
and mc and hc the fraction of activation and inactivation
components in the conductive state. A first-order differen-
tial equation is used to describe the dynamics of each of the
gating variables

d(y)

dt
= y∞ − y

τy

, y ∈ {mc, hc}. (10)

A Boltzmann-type equation best describes the steady state
values of these variables (y∞) and the time constant (τy ) is
mostly described by an empirical expression which is often
a Gaussian function (Izhikevich 2007).

In the second group, we have the channel gating
expressed as a simple Markov transition between two states
of each individual gates. Here we have,

Oc = O1(V )O2(V ), ...,Onc(V ) (11)

d(Oj )

dt
= αj (1 − Oj ) − βjOj , j = 1, . . . nc

where each Markov chain has two states, closed and open,
and the open probability is represented by Oj . α and β are
voltage dependent transition rates given by Varghese and
Boland (2002) as

α = α0 exp

(
zaV

Vτ

)
β = β0 exp

(
−zbV

Vτ

)
. (12)

Here za and zb are the charges associated with the transition
energy barrier located asymmetrically in the electric field
of the membrane. For activation gates, za,m, zb,m > 0 and
for inactivation gates, za,h, zb,h < 0. Usually we observe
that some of these Markov chains have similar dynamics
(αi = αj , and βi = βj for some i, j ), and as a consequence,
we end up with a model comparable with Hodkin-Huxley
models, with the two types of ion-channel gates, activation
and inactivation gates respectively.

In fact, in whole-cell recordings several ion channels
are measured together and what we observe is an aver-
age behaviour of these channels. For this reason, there is
no need to consider stochasticity in such models. There-
fore, using τy = 1/(α + β) as time constant function in

the Hodgkin-Huxley equation, both formalisms become
equivalent, although with different interpretations (one in
terms of gating activation and Markov chains in terms of
open probability). Wilson and Callaway (2000) give further
details on this approach.

The third kind of expression used are for calcium gated
channels that have a significant role in the control of
pacemaking activity. Via the coupling of intracellular cal-
cium ion concentration with membrane potential, these
group of channels regulates the firing frequency of the
spike train (Xia et al. 1998; Drion et al. 2011). Cal-
cium gating of ion-channels is best represented by a Hill
expression,

O(Cai) = Can
i

Can
i + Kn

0.5
(13)

with Hill-coefficient n and dissociation constant K0.5.

2.3.2 Pumps and exchangers

Membrane ATP-ases and cation exchangers function
towards balancing the ionic concentrations that are altered
by the function of ion-channels. At the membrane of SNc
pacemaking neurons, plasma membrane calcium ATP-ases
(PMCA) and sodium-calcium exchangers (NaCax) move
Ca2+ ions out from the neuron. Together with this, sodium-
potassium ATP-ases (NaK) work towards establishing a
steady concentration of Na+ and K+ ions.

NaCax form a low affinity - high capacity system
(Sedova and Blatter 1999) and their fast response to increase
intracellular Ca2+ makes them significant in the early
stages of Ca2+ accumulation. Considering a fast process of
exchange, the quantitative description of DiFrancesco and
Noble (1985) was used to describe the ionic flux through
NaCax (see Appendix A.5).

On the contrary, PMCA is a high affinity - low capac-
ity system and is important in regulating small deviations
of Ca2+ concentration from its control levels. Additionally,
this protein is functionally coupled to the calcium signalling
protein calmodulin (CaM) which reversibly binds and acti-
vates PMCA in a calcium dependent manner (Osbornm
et al. 2004). The Kyoto model (Matsuoka et al. 2007)
which describes PMCA activity in cardiac myocytes, with
reasonable mechanistic details was adopted assuming the
pump characteristics to be conserved between cell types.
Figure 2 shows the different mechanistic steps and equa-
tions of the model can be seen in Appendix A.6. The
description for ion fluxes through NaK is also adopted
from the Kyoto model (Matsuoka et al. 2007; Francis et al.
2012a), which describes the dynamics of the different func-
tional states of the protein in a cardiac pacemaker. Once
again, conservation of functional characteristics across
cell types is assumed. This model assigns the voltage
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Fig. 2 PMCA transport scheme based on the Kyoto model (Matsuoka
et al. 2007): this is a four-state illustration of the transport mechanism
of PMCA, which is further reduced to a two-state model by assuming
fast binding of calcium ions States E1 and E2 correspond to the two
different conformation of the protein. Ca2+ binds to E1 in a calmodulin
dependent manner to form the intermediate state E∗

1 . The conforma-
tional change of E∗

1 to E∗
2 is coupled with an ATP hydrolysis. The

protein reverts to its original conformation with the release of Ca2+ in
the extra-cellular side following the release of the inorganic phosphate

dependence of the pump to the step at which the first
sodium ion is released to the outside (see Fig. 3), accord-
ing to observations made by Rakowski et al. (1997) and
the ATP dependence to the step in which protein changes
conformation (see model in Appendix A.7).

2.4 Intracellular Ca2+ buffering

Intracellular Ca2+ levels are critical for the functional state
of SNc neurons. Apart from its role in the neuron’s elec-
trophysiology, Ca2+ also have a major part in coordinating
various metabolic pathways as a signalling entity. This
assignment makes it essential for any cell to keep their lev-
els regulated and calcium buffering mechanisms undertakes
this crucial metabolic activity. Calcium binding proteins,
including calbindin and calmodulin, are considered to be
mobile buffers of calcium and are often clustered near Ca2+

hotspots, enabling rapid buffering. On the other hand fixed
Ca2+ buffers are organelles that sequester Ca2+ including
the endoplasmic reticulum and mitochondria or proteins
anchored to the cytoskeleton and membrane (Verkhratsky
and Toescu 1998, Ch. 1).

A precise description of Ca2+ dynamics including the
transport of Ca2+ across ER and mitochondria is not
included in this work. Our model does include buffering
activity based on the mobile buffers and we have used two
of the Ca2+ binding proteins that are significant in SNc
neurons. Calmodulin as a secondary messenger have a reg-
ulatory role in membrane excitation. Calbindin, a fast Ca2+

buffer, is observed to have significant preventive role in PD
pathogenesis (Yamada et al. 1990).

The dynamics of binding of calcium to calbindin is mod-
elled using mass action kinetics based on the high affinity
binding kinetics adopted from Nagerl et al. (2000). The

Fig. 3 NaK transport scheme based on the Kyoto model (Matsuoka
et al. 2007): the sodium pump exists in two conformational states char-
acterized by differences in their interactions with the ions and ATP.
Sodium and ATP bind with very high affinity to the E1 conformation.
Equilibrium binding of two sodium ions facilitates the electrogenic
binding of the third sodium ion. The phosphorylation of the enzyme
in this bound state leads to a conformational change, which renders

the sodium ions open to the external space. Unbinding and release of
sodium ions leads to the binding of potassium ions on to the E2 con-
formation. This then leads to the dephosphorylation of the enzyme
and a conformational change. The equilibrium binding of the ATP
molecule to this structure promotes the release of the potassium ions
and completes the cycle
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dynamics of calmodulin - calcium binding are described
using a four state Markov scheme (Francis et al. 2012a)
based on Tadross et al. (2008). Models of calbindin and
calmodulin dynamics can be seen in Appendices A.8 and
A.9, respectively.

2.5 Energy estimation

As discussed before, the distribution of ions across the
membrane, to maintain a functional state involves proteins
that use energy to transport ions against their gradient. The
ATP-ase activity is directly coupled to ATP hydrolysis. The
exchangers on the other hand employ the gradient of one
ion to transport another ion against their gradient. This
activity has an indirect use of energy as ATP, for example
with the transport of one Ca2+ by NaCax, three Na+ ions
get transported into the cell, which later is pumped back
by NaK.

The energy-transduction associated with membrane exci-
tation may be quantified according to the concepts laid
down by Attwell and Laughlin (2001). Within the frame-
work of the model, we can represent the energy expenditure
as the amount of ATP required to generate the pump currents
(Francis et al. 2012a), as

d(AT Puse)

dt
= [Inak + Ipmca]

F —V cyt

(14)

3 Model simulations and calibration

The pacemaking neuron model was developed as a sys-
tem of ordinary differential equations (ODEs), simulated
in CellML (Miller et al. 2010) and calibrated in MAT-
LAB (2010). The state variables of the system describes
the concentrations of different molecular species engaged
with the activity across the neuronal membrane, as well as
probabilities of different participating protein transporters
to be in a conductive state. The design parameters involved
in the model may be broadly classified into two groups:
(a) the parameters defining the model geometry and (b)
coefficients and physical constants from the literature and
estimated from experiments for SNc in Puopolo et al.
(2007). Design parameters corresponding to the adopted
geometry of the PMU are provided in Table 2. Table 3 pro-
vides other parameters and physical constants obtained from
literature implied in the model.

As previously noted, we wanted to gather as much infor-
mation as possible from the literature, to keep the number
of parameters to be estimated to the minimum and there-
fore, avoid identifiability problems. In addition, we wanted
to estimate only those parameters that change substantially
from cell to cell, using experimental data from the same

neuron. While conductivities of ion channels, pumps and
exchangers, as well as buffer concentration (which are all
a function of the level of expression of the corresponding
proteins), vary from cell to cell, we expect these proteins
to have similar functional dynamics in the different cells
they are expressed. Therefore, we searched in literature for
parameters related to buffer dynamics (Table 3) and pump
and exchanger dynamics (see Appendix A.5–A.7). Regard-
ing the ion channels gating dynamics, we fitted those ion
channels specially relevant in SNc neurons and for which
there was experimental data in Puopolo et al. (2007), i.e.
cobalt sensitive Ca2+ channel and TTX-sensitive Na+ chan-
nel, and we took the rest from the literature. A collection of
all ion channel dynamics can be seen in Table 4.

In the work of Puopolo et al. (2007), experimental cur-
rents of Ca2+ and Na+ were measured from acutely dissoci-
ated dopaminergic neurons of SNc , capable of spontaneous
pacemaking. These currents are the difference currents
determined by a voltage clamp protocol in the presence and
absence of the respective channel blockers. Note that these
measured currents (see Fig. 5 of Puopolo et al. (2007)) are
always negative, which implies a persistent inward flow
of Ca2+ and Na+ respectively. From the perspective of
dynamical systems, a biochemical arrangement exhibiting
spontaneous oscillations involve stable limit cycles. For this
to be realized, the sum of net current in a cycle should be
zero. Since the data has only negative currents, we may well
assume that data do not include the contribution of pumps
and exchangers.

In the final fitting, model tuning parameters were
estimated from the data for command voltage, that was
previously used for generating the current characteristics
(Table 5). These parameters include conductance param-
eters for channels and transporters on the membrane and
concentrations of buffer proteins in the cytosol. They are
a reflection of the density of different transport proteins
and are bound to change according to the choice of design
parameters, to match the expected behaviour of the system.
Finally, the model was validated by blocking different
ion channels and confirming that the model resembles the
expected behaviour in a SNc neuron.

To optimise the parameters of the model that best fits
the data, a global optimization algorithm, SSm GO Egea
et al. (2009) was put to use. This algorithm combines
a population based meta-heuristic method with a local
optimization. As cost functions, we used a sum of com-
mon least square functionals with proper weight coeffi-
cients to force better solution in those experiments with
less uncertainty (Walter and Pronzato 1997). Parameter
bounds were based on physiological grounds. Design of the
cost function was a complex procedure as the modeling
study was limited in available data and the weight coef-
ficients often evolved with the selected objectives. Often
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Table 3 Physical and
chemical constants and
parameters from the literature

Item Symbol Value (Units) Reference

Physical and chemical constants

Faraday’s Constant F 96485.31 (C/mol)

Gas Constant R 8314.472 (J/Kmol.K)

Calcium valency zCa 2

Sodium valency zNa 1

Potassium valency zK 1

Common constants in literature

Extracellular calcium Cae 1.8 (mM) Puopolo et al. (2007)

Extracellular sodium Nae 137 (mM) Puopolo et al. (2007)

Extracellular potassium Ke 5.4 (mM) Puopolo et al. (2007)

Specific membrane capacitance Csp 0.9 (μF/cm2) Gentet et al. (2000)

Cytosolic calcium diffusivity DCa 5.3 × 10−6 (cm2/s) Donahue and Abercrombie (1987)

NaCax

Energy barrier parameter δxm 0.35 DiFrancesco and Noble (1985)

Denominator factor Dxm 0.001 DiFrancesco and Noble (1985)

NaK

Reaction rates k2,nk 0.04 (ms−1) Matsuoka et al. (2007)

k3,nk 0.01 (ms−1) Matsuoka et al. (2007)

k4,nk 0.165 (ms−1) Matsuoka et al. (2007)

Dissociation constants Knk,nai 4.05 (mM) Matsuoka et al. (2007)

Knk,nae 69.8 (mM) Matsuoka et al. (2007)

Knk,ki 32.88 (mM) Matsuoka et al. (2007)

Knk,ke 0.258 (mM) Matsuoka et al. (2007)

PMCA

Reaction rates k2,pc 0.001 (ms−1) Matsuoka et al. (2007)

k3,pc 0.001 (ms−1) Matsuoka et al. (2007)

k4,pc 1 (ms−1) Matsuoka et al. (2007)

Dissociation constants Kpc,e 2 (mM) Matsuoka et al. (2007)

Buffer Dynamics

Calbindin reaction rates kcalb,b 10000 (1/mM.s) Nagerl et al. (2000)

kcalb,d 2 (1/s) Nagerl et al. (2000)

Calmodulin reaction rates kcb
cam 1.2 × 107 (1/mM2.s) Tadross et al. (2008)

kcd
cam 3 (1/s) Tadross et al. (2008)

knb
cam 3.7 × 109 (1/mM2.s) Tadross et al. (2008)

knd
cam 3000 (1/s) Tadross et al. (2008)

Other design parameters

Body temperature T 37 (◦C)

Cytosolic ATP [AT P ] 2 (mM)

the parameter search space had to be modified to have
a balance between selected criteria and speed of opti-
mization, however in most instances they were kept in a
range that was physiologically justified. As an exception,
we had to particularly extend the allowed range of varia-
tion in the intra-cellular calcium concentration, such that
the model reproduced the electrical activity with enough
detail. For instance, restricting the allowed variations of
intra-cellular calcium in a range observed experimentally by

Wilson and Callaway (2000) (50-250 nM) kept us from a
good solution. It was required to raise the upper bound of
calcium concentration to 1000 nM for an acceptable solu-
tion. The physiological interpretation of this is discussed
with the results.

As discussed previously, for the remaining channels, the
parameters for their dynamic gating were adapted from lit-
erature (Table 4). Although this is not the optimum routine
for identifying various channel parameters for the model, for
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Table 4 Gating dynamics of the different channel used in the model

Channel Oc Source

Ca2+ channel, L type Oca,l = mca,lhca,l fitted, based on Amini et al. (1999)

d(mca,l)

dt
=

1/

(
1 + exp

(
V + 15

−7

))
− mca,l

7.68 · exp

(
−

[
V + 65

17.33

]2
)

+ 0.723

hca,l = 0.00045

0.00045 + Cai

Na+ channel Ona = m3
nahna fitted from Puopolo et al. (2007)

d(mna)

dt
= 1.965 exp

(
1.7127V

Vτ

)
(1 − mna)

−0.0424 exp

(−1.5581V

Vτ

)
mna

d(hna)

dt
= 0.0001 exp

(−2.4317V

Vτ

)
(1 − hna)

−0.5296 exp

(
1.1868V

Vτ

)
hna

K+ channel, SK-type Ok,sk = Ca4.2
i

Ca4.2
i + 0.000354.2

Xia et al. (1998)

K+ delayed rectifier Ok,dr = m3
k,dr Amini et al. (1999)

d(mk,dr)

dt
=

1/

(
1 + exp

(
V + 25

−12

))
− mk,dr

18(
1 + exp

(
V + 39

8

)) + 1

K+ channel, internal rectifier Ok,ir = 1/

(
1 + exp

(
V + 85

12

))
Chan et al. (2007)

HCN channel
d(Ohcn)

dt
= kf,hcnOhcn − kr,hcn(1 − Ohcn) Francis et al. (2012a)

kf,hcn = kf,freeP(C) + kf,bnd (1 − P(C))

kr,hcn = kr,freeP(O) + kr,bnd (1 − P(O))

P(C) = 1/

[
1 + cAMP

0.001163

]
P(O) = 1/

[
1 + cAMP

0.00145

]

kf,free = 0.006

1 + exp

(
V + 87.7

6.45

) kr,free = 0.08

1 + exp

(
−V + 51.7

7

)

kf,bnd = 0.0268

1 + exp

(
V + 94.2

13.3

) kr,bnd = 0.08

1 + exp

(
−V + 35.5

7

)
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Table 5 Estimated parameters

Item Symbol Value (Units)

Conductances

L-type Ca2+ channel gca,l 2101.2 (nS)

Na+ channel gna 907.68 (nS)

SK-type K+ channel gk,sk 2.2515 (nS)

K+ delayed rectifier Gk,dr 31.237 (n�)

K+ inward rectifier Gk,ir 13.816 (n�)

HCN channel gnahcn 51.1 (nS)

Na+ leak gna,leak 0.0053 (nS)

NaCax kxm 0.0166 (pA.ms)

NaK knak 1085.7 (pA.ms)

PMCA kpmca 2.233 (pA.ms)

Buffering

Total cytosolic calmodulin Camtotal 0.0235 (mM)

Total cytosolic calbindin Calbtotal 0.005 (mM)

the reason discussed before, limitation in the data selected
to develop the model forces this measure to avoid identifia-
bility issues.

4 Results

A model for SNc pacemaking was developed based on
the recordings of Puopolo et al. (2007) on acutely dissoci-
ated neurons. The model includes a representative sodium
channel that is sensitive to TTX. Ca2+ ions enter through
L-type calcium channel and expelled by means of a sodium-
calcium exchanger (NaCax) and a calcium pump (PMCA).
T-type calcium channels were not included in the final
model as the contribution from them to the calcium cur-
rent with our data fits, using a gating dynamics from Amini
et al. (1999), was found to be insignificant. The dynamics
of K+ transport are controlled by three potassium chan-
nels, the delayed rectifier and internal rectifier being voltage
controlled and the SK-type being calcium concentration
controlled. The levels of Na+ and K+ are kept in check
by the action of the sodium-potassium pump (NaK). We
have considered only transport of Na+ through the cAMP-
dependent HCN channels as their range of activity is closer
to the Nernst potential of K+ ions and we do not expect
significant flow of K+ ions through this channel.

4.1 Dynamic behaviour

The model was calibrated for obtaining normal pacemaking
exhibit by SNc neurons. In order to assess the validity of the
model, it was calibrated for obtaining behaviour expected of
these neurons with respect to two different channel blockers.

The presence of Tetradotoxin (TTX), a sodium channel
blocker have been reported to block the spiking currents
and the neuron is expected to demonstrate slow oscillations
driven by calcium currents (Amini et al. 1999; Ibanez-
Sandoval et al. 2007). Also, the presence of L-type calcium
channel blockers like dihydropyridines is reported to abol-
ish the pacemaking activity, but may be reinstated with an
increase in cytosolic cAMP levels (Chan et al. 2007). These
observations are experimented in the mathematical model
by setting the corresponding channel conductance to zero.

Figure 4 shows the model simulation profiles generated
using the estimated parameters and the experimental data
used for the calibration: (a) using pacemaking voltage that
was later used as command voltage in the experiment of
Puopolo et al. (2007) for analysing the Na+ and Ca2+ cur-
rents, (b) TTX sensitive Na+ ion channel currents and (c)
cobalt sensitive Ca2+ ion channel currents. These figures
show the performance of the different estimations, where
we note the correct match of the spiking frequency, as well
as the main features of the spiking save for voltage, Na+

channel current and Ca2+ channel current.
In the model, as we are using the differential form of the

voltage expression, and as discussed before, we can elim-
inate problems with respect to drift in computed variables
if charge is conserved in the system (Hund et al. 2001).
For a condition of stable oscillations, the system should
exhibit stable limit cycle in the corresponding variables. In
our model, we see that intracellular cationic species (Ca2+,
Na+ and K+) exhibit such limit cycles (Figs. 4d, e and f).

One apparent discrepancy that our model has with exper-
imental observation (Wilson and Callaway 2000) is with
respect to maximal calcium concentration. One limitation
of our model is that it only captures the dynamics of events
occurring in the vicinity of the membrane and is not reflec-
tive of the average behaviour in the cytosol. The experi-
ments, on the other hand, are an optical recording of fluores-
cence that gives an average behaviour over the cross-section.
Closer to the membrane, various cellular components work
together to form a region that allows high concentration
of calcium but limits its diffusion into the bulk of the
cytoplasm (Parekh 2008). Such calcium hotspots, gener-
ally referred to as the micro-domain exists between the cell
membrane and endoplasmic reticulum as well as between
mitochondria and endoplasmic reticulum, farther from the
membrane. The higher calcium concentration observed with
our model is rather reflective of calcium concentrations
that can exist in such a micro-domain and optical measure-
ments gives the average concentrations across the neuronal
cross-section. A detailed picture of variations in calcium
concentrations along the cross-section would necessitate the
extension of this model into multiple compartments.

What we have in our model is only sodium conduc-
tances that are sensitive to TTX. The deactivation of sodium
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Fig. 4 The response of the model with the estimated parameters. The
tuning parameters of the model was fit from data on pacemaking in dis-
sociated neurons by Puopolo et al. (2007) including the spontaneous

spikes in its membrane potential (a), TTX sensitive sodium currents
(b) and cobalt sensitive calcium currents. The model shows stable limit
cycles in the concentration of the cations involved (d, e, f)

channels by TTX need not necessarily be equally effec-
tive on all subtypes of sodium channels (Goldin 1999; Du
et al. 2009). There are reports on neuron to neuron vari-
ability for the extent of block in SNc neurons (Puopolo
et al. 2007). Studies involving blocking sodium conductance
with TTX have shown a cessation of the spontaneous activ-
ity (Choi et al. 2003) and in many other cases a very slow
oscillatory behaviour was observed. This rhythm set by a
pacemaker-like slow depolarisation has been termed as the
slow oscillatory potential (SOP) (Amini et al. 1999). On
these grounds, sodium channels that are not blocked by TTX
are in all probability contributing to SOPs.

Repetitive slow depolarizations were observed when
the TTX block study was carried out in an NMDA bath
(Ibanez-Sandoval et al. 2007). Since NMDA is applied to
mimic glutamate input, for the neuronal soma this would
be equivalent of receiving dendritic inputs as Na+ ions. For
this reason, a partial revival of sodium channel conductance
from the blocked condition should lead to slow depo-
larizations. To analyse this our model was simulated by
initially completely blocking the TTX sensitive Na+ current
and later partially enhancing this particular conductance.
Figures 5, 6 and 7 shows the model behaviour when the
sodium channels are inhibited in the presence of TTX. By

blocking sodium channels with TTX, regular spikes are
replaced by SOPs with oscillations of similar frequency.
However, the SOPs are not sustained for long. Later with a
partial revival of sodium channels, slow and repetitive oscil-
lations of membrane potential is observed. The time course
of this slow wave is comparable to the slow depolariza-
tions observed in the experiments of Ibanez-Sandoval et al.
(2007). This slow depolarization is calcium dependent and
may be abolished by blocking the calcium currents (results
not shown) and should not be confused with the SOP.

These profiles supports the observations made from some
of the previous modelling studies on these neurons (Amini
et al. 1999; Wilson and Callaway 2000; Kuznetsova et al.
2010; Drion et al. 2011) and justifies the selection of ion-
channels. Although the currents through the sodium chan-
nels (Ina) and potassium delayed rectifier (Ik,dr) contribute
to visible spikes, the underlying rhythm for both SOPs and
slow depolarization, seem to be set by the concerted effort
of currents through calcium channels (Ica,l) with the potas-
sium SK-type channel (Ik,sk) and internal rectifier (Ik,ir),
with ample support from membrane pumps and exchangers.

Of particular interest is the dynamics of cation pumps
during the TTX block (Fig. 6) which was not clearly evi-
dent in earlier models (Amini et al. 1999) which employed
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Fig. 5 Blocking fast sodium channels by TTX brings forth the system
that underlies the spontaneous pacemaking activity of SNc neurons (a)
The TTX block was simulated by reducing the sodium channel con-
ductance to zero at 10 s, the sodium currents were partially recovered
from 60 s to simulate a partial block by TTX. The spiking wave is
replaced by SOPs with the application of TTX which eventually dies

down. Slow depolarizing waves are generated when sodium channels
are partially replaced. b, e The currents responsible for spiking activity,
the fast sodium and delayed rectifier potassium currents are silenced
with the TTX block (c) The calcium channels have an important role
in sustaining the oscillations. These channels are ably supported by the
potassium channels d, f

a simple Michaelis-Menten type expression for the pump’s
action or models that did not use them at all (Wilson
and Callaway 2000; Kuznetsova et al. 2010). This exper-
iment testifies to the role of calcium ions in initiation of
pacemaking and the significance of membrane pumps and
exchangers in establishing the background oscillations that
underlie pacemaking.

The blockade of L-type calcium channel currents (Ica,l)
by dihydropyridines (DHP) is achieved by setting the chan-
nel conductance (gca,l) to zero, in the model. DHP block
keeps the system from spontaneous oscillations, and the
pacemaking reappears with an increase in the levels of
cyclic adenosine monophosphate (cAMP) in the cytosol
(Fig. 8). This is in accordance with the observation made
by Chan et al. (2007) on mouse neurons. According to
their theory, the blockade of L-type calcium channels brings

about a drop in cytosolic Ca2+ levels, which in turn lifts
the restriction imposed on the calcium-inhibited isoforms
of the enzymes adenylyl cyclase. These enzymes catalyse
the production of cAMP from ATP molecules at the mem-
brane under the influence of G proteins as a part of the G
protein signalling cascade. With reduced concentration of
Ca2+ in the cytosol, an increase in cAMP would shift the
voltage dependence of HCN channels that are allosterically
regulated by these signalling molecules. This shift in volt-
age dependence re-establishes pacemaking, however with
the help of Na+ ions.

The proposed model effectively links the energy allo-
cation for ion concentration maintenance of SNc neurons
with its pacemaker firing by means of the activity of ion-
exchange proteins at the neuronal membrane. As discussed
above, the switch from a calcium driven pacemaking
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Fig. 6 Contribution of membrane transporters observed with the
block of fast sodium channels by TTX. The TTX block was simu-
lated as described in Fig. 5. The sodium-calcium exchanger have a

significant role in initiation of the oscillations, and the two pumps
seems to be contributing towards maintaining the ionic levels

mode to a sodium driven mode should effectively reduce
the energy load on these neurons owing to the prevail-
ing concentration gradients of these ions. Also, neuronal
excitability is strongly dependent on cytosolic calcium
levels with higher cytosolic calcium leading to lower
excitability. This dependence is mostly due to calcium
dependent steps in the membrane electrophysiology that
have larger response time. When the mode of pacemaking
switches to the sodium-driven mode, there is a significant
reduction in the intracellular Ca2+ levels (Fig. 8f). This
in turn makes the cell excitable and we see an increased
spiking rate. Despite the increased firing rates, we see that
the ATP use at the membrane per spike is considerably
less (Figs. 8e, 9). The ATP use per second observed by
this study is however higher and may be a limit of such
modelling studies. This aspect is discussed later.

4.2 Energy implications of calcium channel block

In the analysis, we consider scenarios that have been exper-
imentally observed Chan et al. (2007). We look at the

difference in energy use by SNc neurons in two distinct
conditions. In the first scenario, we consider the normal
operating mode of this neuron in which they undergo spon-
taneous oscillations driven by Ca2+ ions. In the second case,
the Ca2+ ions are blocked by means of a L-type calcium
channel blocker and with the help of an enhanced level of
the signalling molecule cAMP, oscillations are recovered,
but driven by Na+ ions.

Figure 9 brings shows noticeable differences in the
energy use by these neurons in the given experimental situa-
tions. There is an apparent reduction in energy consumption
by these neurons and the use of energy appears to decrease
with the extend of channel blocking achieved. Even with
a higher frequency of oscillation, the use of energy is sig-
nificantly less with the calcium block (About 60 % less
per spike).

One of the leading thoughts in the field of therapeutic
intervention of PD pathogenesis is to target mechanisms
that impart stress on the dopaminergic neurons. Some of
the observations made on calcium channels suggest a poten-
tial for subjecting these neurons to L-type calcium channel
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Fig. 7 Oscillations in intracellular cation concentrations with the
block of fast sodium channels by TTX. The TTX block was simu-
lated as described in Fig. 5. Simulations suggests the oscillations to be

driven by a concerted action of calcium and potassium ions. The SOPs
are mostly driven by oscillations in calcium where as potassium ions
have an equally important role during the slow depolarizing wave

blockers and thereby reduce the overall stress. In this work,
we have attempted to build a mathematical framework that
explicitly incorporates the dynamics of the ionic species
involved. The significance of this approach is in its ability
to predict energy utilization by the system. This framework
can be readily extended to a larger model which includes
detailed energy metabolism.

4.3 Stability of the limit cycle

One of the defining aspect of SNc pacemaking is its spon-
taneous spiking and such self-sustained oscillations imply
the existence of a stable limit cycle. Any perturbation on
the model from the equilibrium must then, make the system
return to this limit cycle. For a complex model that we have
at hand, a visual depiction of this process is not an easy task.
Instead, we numerically find the ‘monodromy matrix’ of
the local linearisation of a cycle and the eigenvalues of this
matrix are employed to predict the stability and convergence
of the limit cycle Viswanath (2001).

A brief description of the monodromy matrix method
is given in Appendix B. The spectral properties of the
monodromy matrix can also provide information regarding
the components of the system. For a periodic system close
to a stable limit cycle (such as a simple periodic orbit), the
trajectories in state space should converge to the limit
cycle. This analysis is only guaranteed to be valid for small
deviations from the limit cycle, but is a useful numerical
technique for studying local stability. In addition, for a sta-
ble limit cycle, the largest eigenvalue is generically unity,
and the magnitude of the second largest eigenvalue gives an
estimate of the rate of convergence to the cycle.

From this numerical analysis we observe that for our
proposed model with the estimated parameters, the oscil-
lations converge to a stable limit cycle (see Fig. 6a). In
our model, the largest eigenvalue is indeed at 1. However,
the second largest eigenvalues is very close to one, which
suggests that the rate of convergence to the limit cycle
would be very slow. The normalised magnitude of the
eigenvector corresponding to the second largest eigenvalue
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Fig. 8 Regular spiking experienced without L-type calcium channel
at higher cAMP concentrations. a The spontaneous pacemaking at the
SNc membrane ceases with the introduction of L-type calcium chan-
nel blocker at 1000 ms. In the simulations this is achieved by setting
the L-type calcium channel conductance to zero. The pacemaking is
re-established by an increase in cAMP concentration from 2000 ms. b
The L type calcium currents completely ceases with the block, how-
ever T type calcium channels are more active owing to a membrane

that is more hyperpolarized. c There is higher sodium influx through
sodium channels and the HCN channels (d). The HCN channels are
activated by both hyperpolarization and increased cAMP levels. e The
cell consumes less energy as ATP per spike however, at an increased
spiking rate. f There is stable limit cycles in calcium levels in both
cases, with the L-type channel blocked calcium levels are reduced by
an order of magnitude

(see Fig. 6b) suggests the variables contributing to the slow
dynamics involve components that correspond to the cal-
cium dynamics, including the buffers, and the HCN channel
(Table 6).
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cAMP = 2e−5
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Fig. 9 ATP use with respect to the two modes of pacemaking

4.4 Energy implications

All biochemical events of a living system involve energy.
Having a central role in determining the dynamical
behaviour of the system, energy flow and storage often seals
the fate of the system. Ion transport is an integral part of this
feature and for an excitatory cells like neurons, this becomes
a defining feature. Regular spiking, extensive arborisation
together with bursting on stimulation makes the SNc neu-
ron very tight on its energy budget and any constraint on its
energy pathways can have long term consequences on the
neurons’ existence.

Our model also aims to understand the energy use by SNc
neurons, based on its varied mechanisms of ion conduction
that results in its characteristic pacemaking activity. Energy
is used up by the cellular machinery, primarily to main-
tain the levels of cations across the membrane. Among the
various factors that influence ATP consumption, the most
important is the difference in cation concentrations from
their control levels. Also, the density of cation pumps on the
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Table 6 Limit Cycle stability

(a) Leading eigenvalues of monodromy MATRIX

(estimated via numerical simulation)

i |λi |
1 1

2 0.9868

3 0.9377

4 0.9258

5 0.4273

6 0.1101

(b) Properties from the second largest eigenvalue

State Normalised eigenvector corresponding

to the second largest eigenvalue

V 8.7e-7

Cai −255.56

Nai −0.0005

Ki −1.93e − 6

Cam 42.608

Calb 88.4

mna 0.0005

hna 0.0072

Ohcn 3.183

mcal 0.0034

mkdr −0.0004

Onk −0.0004

Opc −1.153e − 5

membrane is significant, being the site of action. Changes
in the level of Ca2+ ions would have significant impact
on energy use, as the concentration difference is orders of
magnitude higher compared to other cations.

To understand the impact of Ca2+ ions on energy uti-
lization during membrane oscillation, ATP consumption
patterns were compared with the case when pacemaking
was driven by Na+ ions. According to the observations of
Chan et al. (2007), juvenile SNc neurons in an animal model
oscillate in a Na+ dependent manner with the help of HCN
channels. The half-activation voltage of these channels in
this model progressively hyperpolarize owing to reduction
in cAMP levels and an increase in the expression of L-type
calcium channels. Based on this observation we simulate
a L-type calcium channel block and substitute its electro-
physiological role with HCN channels, by means of altering
their voltage dependence with an increase in cAMP con-
centration. An increase in cAMP revives the pacemaking
in SNc neurons, however the spikes are less hyperpolar-
ized and faster (Fig. 8). Corresponding observations on the
energy consumption pattern are depicted in Fig. 9. With the
given model, a change of pacemaking from a Ca2+ driven
mode to a Na+ driven mode, has an impact on the energy use
at the membrane. Although the apparent energy use seem

to be higher, ATP required per spike of the oscillation is
less compared to the control. If the cells adapts its conduc-
tances to reach the optimum firing rate, the energy use at the
membrane should hence be lower than the control case.

5 Discussion

A characteristic of life is its innate ability of self-regulation.
Life forms take immediate control of what happens within
them with the help of molecules that help communicate
between the various sub-components that make up their
cells. Calcium with its unique chemistry found a specific
role in the evolution of life (Jaiswal 2001). Ca2+ ions serve
as a diffusible second messenger and find themselves at
the crux of diverse physiological activities including ion-
transport, signal transduction, transcription control, energy
metabolism etc. Neurons remarkably use Ca2+ to modulate
its electrical activity at fast time scales using calcium depen-
dent ion channels and at slow time scales with the help of
buffers and other intracellular signal cascades.

Calcium has an intricate relationship with the other
important secondary messenger involved in energy metabo-
lism, cAMP. In addition to the activation of enzyme adenylyl
cyclase that would increase cAMP, increased levels of Ca2+

can also enhance the activity of enzyme phosphodiesterase,
which breaks down cAMP, by means of calcium-calmodulin
complexes. Conversely, an increase in cAMP level can
increase Ca2+ influx through L-type calcium channels via
protein kinase A activation (Nicholls et al. 2001). Since in
the specific experiments we are looking at, as these channels
are blocked, this feedback element of cAMP-Ca2+ crosstalk
is removed. This ensures an increase in cytosolic cAMP
to levels that would shift the activation voltage of HCN
channels to a range that would restore pacemaking.

We see that the increase in cAMP concentration to revive
pacemaking increases with the extent of the blockade on
the L-type calcium channels. Further, the use of energy as
ATP per spike is reduced with the increasing blockade of
L-type channels. This correlates with the reduction in Ca2+

ion influx, as the cells now do not require to pump as much
ions of Ca2+ as before, per cycle of pacemaking. However,
the ATP use per second of pacemaking activity is higher
compared to the control because of an increase in the pace-
making rate. This is one limitation with the modelling as
it does not completely reflect experimental data that shows
a return to pacemaking at a frequency only slightly higher
than that without blockade.

It is important to note that in the experiments on L-
type channel blocks, the restoration of pacemaking happens
after around an hour. Also the firing rate of these neu-
rons after the restored activity is reasonably near to the
control firing rates. A lower influx of Ca2+ would imply
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lower levels of calcium-calmodulin complex which in turn
would have consequences on protein expression levels. As
proteins on the membranes are also constantly recycled as
a part of cell maintenance, a change in expression levels
would be reflected in the conductance values of at least
a few of the membrane ion-transporters. These differences
would be reflected in the firing rate of these neurons. Future
developments of the model presented here would include
adaptation of the channel conductances as a result changes
in calcium-calmodulin.

Not withstanding these limitations, in its current form,
our model suggests the follow possible effects of L-type
channel blockers. (i) The energy usage per spike is expected
to decrease. Therefore, unless there is a significant increase
in spike rate, we expect lower energy consumption; (ii) The
average and peak Ca2+ load in the cytosol is reduced. Both
of these effects are consistent with reduced neuronal stress
and thereby improved longevity.
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Appendix A: Model equations

A.1 Ion dynamics

d(Cai)

dt
= Jm,Ca − (Jcalb + 4Jcam) (15)

d(Nai)

dt
= Jm,Na (16)

d(Ki)

dt
= Jm,K (17)

A.2 Membrane ion fluxes

Jm,Ca = 1

zCaF —V cyt

(ICa + 2Ipmca − 2Inacax) (18)

Jm,Na = 1

zNaF —V cyt

(3Inak + 3Inacax + INa) (19)

Jm,K = 1

zKF —V cyt

(IK − 2Inak) (20)

A.3 Membrane potential

d(V )

dt
= F —V cyt

CspApmu
[d(Nai)

dt
+ 2

d(Cai)

dt
+ d(Ki)

dt
] (21)

A.4 Membrane ion-channel currents

ICa =
(

∑

x

gca,xOca,x

)
√

CaeCai

sinh
(

V −V̄Ca
Vτ

)

sinhc
(

V
Vτ

) (22)

IK =
(

∑

x

gk,xOk,x

)
√

KeKi

sinh
(

V −V̄K
2Vτ

)

sinhc
(

V
2Vτ

)

+
(

∑

y

gk,yOk,y

)
(V − V̄K) (23)

INa =
(

∑

x

gna,xOna,x

)
√

NaeNai

sinh
(

V −V̄Na
2Vτ

)

sinhc
(

V
2Vτ

) (24)

Here, x includes all channels modelled by the GHK equa-
tion and y the set of all channels modelled by the linear
conductance relationship.

A.5 Plasma membrane sodium calcium exchanger (NaCax)

Inacax = kxm
Na3

i Cae · e
(

δxmV
Vτ

)

− Na3
eCai · e

(
(δxm−1)V

Vτ

)

(1 + Dxm[Na3
i Cae + Na3

eCai ])
(

1 + Cai

0.0069

)

(25)

A.6 Plasma membrane calcium ATPase (PMCA)

Ipmca = Kpc[k1,pcP(E∗
1,pc)ypc − k2,pcP(E∗

2,pc)(1 − ypc)]
(26)

d(ypc)

dt
= βpc(1 − ypc) − αpcypc

βpc = k2,pcP(E∗
2,pc) + k4,pcP(E2,pc)

αpc = k1,pcP(E∗
1,pc) + k3,pcP(E1,pc)

P(E∗
1,pc) =

[
1 + Kpc,i

Cai

]−1

P(E1,pc) = 1 − P(E∗
1,pc)

P(E∗
2,pc) =

[
1 + Kpc,e

Cae

]−1

P(E2,pc) = 1 − P(E∗
2,pc)

k1,pc = 1

1 + 0.1/[AT P ]

Kpc,i =
[

180 − 6.4

1 + CaCam
0.000,05

+ 6.4

]
× 10−5

Kpc = κpmca

[
10.56 × CaCam

CaCam + 0.000, 05
+ 1.2

]
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A.7 Plasma membrane sodium-potassium ATPase (NaK)

Ink = Knk[k1,nkP(E∗
1,nk)ynk −k2,nkP(E∗

2,nk)(1−ynk)] (27)

d(ynk)

dt
= βnk(1 − ynk) − αnkynk

βnk = k2,nkP(E∗
2,nk) + k4,nkP(E

†
2,nk)

αnk = k1,nkP(E∗
1,nk) + k3,nkP(E

†
1,nk)

P(E∗
1,nk) =

[
1 + Knk,nai

Nai

(
1 + Ki

Knk,ki

)]−1

P(E
†
1,nk) =

[
1 + Knk,ki

Ki

(
1 + Nai

Knk,nai

)]−1

P(E∗
2,nk) =

[
1 + Knk,nae

Naeff

(
1 + Ke

Knk,ke

)]−1

P(E
†
2,nk) =

[
1 + Knk,ke

Ke

(
1 + Naeff

Knk,nae

)]−1

Naeff = Naee
−0.82V/Vτ

k1,nk = 0.37

1 + 0.094/[AT P ]

A.8 Ca2+ Buffering by calbindin

Jcalb = kcalb,b · Cai · Calb − kcalb,d · CaCalb (28)

Calbtotal = Calb + CaCalb

d(Calb)

dt
= −Jcalb

A.9 Ca2+ Buffering by calmodulin

Jcam = αcam · Cam − βcam · CaCam (29)

Camtotal = Cam + CaCam

d(Cam)

dt
= −Jcam

αcam = Kcb
camKnb

cam

[
1

Kcb
cam + knd

cam
+ 1

kcd
cam + Knb

cam

]

βcam = kcd
camknd

cam

[
1

Kcb
cam + knd

cam
+ 1

kcd
cam + Knb

cam

]

Kcb
cam = kcb

camCa2
i

Knb
cam = knb

camCa2
i

Appendix B: Monodromy matrix method

A system of one dimensional equations given by

ẋ = f (x, ϕ), x ∈ Rn, ϕ ∈ Rp. (30)

where x and ϕ are the respective vectors for the variables
and parameters, is considered to have a periodic solution if
the solution is a closed trajectory, i.e., x(t + T ) = x(t) for
all real t . The smallest value of T (T > 0), for which this
holds is called the ‘period’. If φt (x0) denote the solution of
Eq. (30) at time t starting from x0 at time t = 0, then the
Monodromy matrix is defined as,

M = ∂φT (x)

∂x

∣∣∣∣
x=x0

(31)

and may be obtained as the solution of the variation equation
at time T. The variation equation is obtained by perturb-
ing the system in the neighbourhood of a point φ∗ on the
periodic solution φ(t) of the system. Upon linearisation we
have, ẏ(t) = A(t) · y, where A(t) is the Jacobian of f

around x(t). If Y(t) is the fundamental solution of this linear
equation with Y(0) = I ,

d(Y (t))

dt
= ∂f (x)

∂x

∣∣∣∣
x(t)

· Y(t), Y (0) = I, (32)

then M = Y(T ).
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