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Abstract— The development of effective closed-loop control
algorithms is one of the main challenges in Additive Man-
ufacturing (AM). Many parameters of AM processes need
continuous monitoring and regulation, with temperature being
one of the most important. We investigate the design of an
output-feedback controller of the temperature process within
the extruder of a Fused Deposition Modelling (FDM) AM
system. Based on a state space approach, and using input-
output measurements, we first design a model-based linear
quadratic tracking controller, followed by an equivalent model-
free, data-driven version. We demonstrate these approaches
using a simulator of the temperature evolution in the extruder
of the AM system, based on a model validated and identified
in recent literature. Our findings show that a comparable
performance to the model-based case is possible using only
measured data, generated through probing control explorations
during the simulations.

I. INTRODUCTION

The need for designing closed-loop controllers for Addi-
tive Manufacturing (AM) is becoming increasingly evident
with the wider adoption of AM in many aspects of science,
technology and daily life [1]. Classic control theory [2], [3]
offers a variety of reliable methods to optimise the system’s
behaviour under different criteria, mainly when a model
of the system’s dynamics is available. In the sub-field of
Dynamic Programming [4], [5], a family of controllers is
framed as decision-making problems. Reinforcement Learn-
ing (RL) [6] is the equivalent area of machine learning that
deals with decision-making problems, often with insufficient
model knowledge. These approaches are initially grounded
in information obtained from a model of the system but are
adapted to become model-free with the use of process data
to learn and approximate the optimal policies [7]. Due to
its ability to learn efficient controllers without the need of a
process model, RL is a promising candidate for the design
of closed-loop control for AM, considering that many AM
processes are too complicated to derive exact models.

In this work we design tracking controllers for the tem-
perature within the extruder head of a Big Area Addi-
tive Manufacturing (BAAM) system [8]. The manufacturing
method used by the system is Fused Deposition Modelling
(FDM), also known as Material Extrusion (MEX). We base
our control approach on the output feedback reinforcement

*Corresponding author: eleni.zavrakli@mu.ie

'Department of Mathematics and Statistics, Maynooth University, Co.
Kildare, Ireland

21-Form Advanced Manufacturing Research Centre, Ireland

3Hamilton Institute, Maynooth University, Co. Kildare, Irealand

4Division of Signals and Systems, Department of Electrical Engineering,
Uppsala University, Sweden

979-8-3503-1140-2/23/$31.00 ©2023 IEEE

learning algorithm introduced in [9]. Similar methods have
been proposed in works such as [10], [11]. We establish the
controller design using the system model and later explore
the case where no model is available, instead the control
design needs to be determined through data. We assume
access to a record of past input and output measurements but
not the internal state of the system. This record is generated
during simulations by using persistently exciting inputs.

In Section II we introduce the problem as the Linear
Quadratic Tracking (LQT) problem for a state space system.
In Section III we study the solution to the LQT problem us-
ing Reinforcement Learning. Section IV focuses on solving
the LQT problem using past input and output data and in
Section V this problem is approached in a model-free data-
driven fashion, assuming no knowledge of a system model.
Finally, in Section VI we present the setup and results of our
simulation experiments and compare the performance of the
model-based and data-driven controllers.

II. LINEAR QUADRATIC TRACKING CONTROL FOR AN
MATERIAL EXTRUSION STATE SPACE MODEL

Uncontrolled temperature variation is one of the main
causes of defects in AM. It affects many different aspects of
the process such as the melting of the material, the binding
between layers, the solidification of the printed object and
how well the object is attached to the build plate during the
printing. We specifically focus on the temperatures within
the extruder of FDM systems. We adopt a discrete-time
linear state space model introduced in [8] to design a model-
based LQT controller. We also use the model to simulate
data to train the data-driven controller. This model was
validated through system identification methods using input
and response data from a BAAM system in [8]. The extruder
is made up of five main parts: the hopper, the screw, the
barrel, the hose and the nozzle. There are six heaters in total
providing thermal energy to the system and an AC motor
which rotates the screw. Four of the heaters are located in
the barrel, one in the hose and one in the nozzle. Each heater
can also be considered a thermal cell, whose temperature
is influenced by the neighbouring cells and the motor. The
system can be expressed as a linear model in state space
form

x(t+1)=Ax(¢)+Bu(t), t > 1o ()

where x(r) € R” is the system state vector at discrete time
point 7 and u(z) € R™ is the system input at 7. A € R"*" and
B € R™™ are the state and input matrices respectively. In the
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Fig. 1. Heating zones in the BAAM extruder. Four of the zones are located
in the barrel, heating the material as it gets pushed by the screw towards the
hose. The heating continues in the hose and finally in the nozzle, through
which the melted material gets distributed.

case of our system, x(¢) € R® is the set of the temperatures
in each thermal cell and u(t) € R is the input provided by
the heaters and the motor, for each time point 7.

Additionally, we assume that x(¢) is not directly available.
Instead, a set of measurements is obtained through

(1) =Cx(t), t > 19 2

where y(r) € R? is the system output at time ¢ and C €
RP*" is the measurement matrix. We assume that (A,B) is
controllable and (A,C) is observable. Figure 1 provides a
visual representation of the heating system in the extruder
of the BAAM system.

The optimal tracking problem is defined as the search for
a control function u#* such that the system output accurately
tracks the reference signal r generated by

r(t+1)=Fr(t) 3)

where F is the reference system matrix. The optimisation ob-
jective can be mathematically expressed as the minimisation
of the performance index

Vienu) - iv—k{u<r>—r<r>1fg[y<r>—r(r)]
+u” (t)Ru(r) }
- i%" {[Cx(t) - ()] Q[Cx(r) — r(0)]
+u” (1)Ru(t) } )

where Q € RP*? is the tracking error weighting matrix and
R € R™™M jg the input weighting matrix. 0 <y <1 is a
discount factor, whose role is to weigh short-term costs more
heavily than costs in the distant future. In the RL literature,
V is also referred to as the value function.

III. MODEL-BASED REINFORCEMENT LEARNING
SOLUTION TO THE OPTIMAL TRACKING PROBLEM

We create the augmented state by attaching the reference
to the system state,

X(1) = [x(’)} 5)

and construct the augmented system state equation

R R [ A G
= TX(t)+Bu(t). ©)

X(+1)

where T and B, are defined to be the augmented system state
and input matrices respectively.

The value function 4 can be written in terms of the
augmented state as

V(X,u) = i YRXT ()01 X (1) +u” (H)Ru(t)} (7
t=k

where

®)

T T
Q1:|:C ocC CQ}

-oc Q0

The solution to the optimal tracking problem is a policy of
the form
u(r) = —KX(1). 9)

Lemma 1: [7] For the optimal tracking problem with
value function of the form 4 and reference of the form 3 then
for any stabilising policy of the form 9, the value function
can be written in quadratic form as

Vix,rnu)=V(X)= lXT(t)PX(t)

> (10)

for some matrix P = P > 0.
It was shown in [7] that the optimal control policy K in 9
can be obtained through

K = (R+yB{PB))”'yB| PT (11)

where P is the solution to the augmented Algebraic Riccati
Equation (ARE)

Q1 —P+yI'"PT —y*TTPB;(R+yBPB,)"'BT PT = 0.
(12)
Solving an ARE directly can be a computationally complex
task. Instead, consider the quadratic form of the value
function in terms of the augmented state X (7) 10 and the
corresponding form of the performance index 7. We can
obtain the LQT Bellman equation

XT(Px(t) = XT(1)Qi1X(t)+u’ (1)Ru(t)

+yXT(t + 1)PX (£ 4 1). (13)

Assuming a specific stabilizing policy K in 13, yields the
Lyapunov equation

P=Q;+K'RK+y(T +BK)"P(T 4+ BiK). (14)

Iteratively alternating between solving the Lyapunov equa-
tion and determining the control policy through 9 results in
the optimal solution to the LQT problem.

However, not having access to the system state x presents
an important limitation. When the model is available and the
system is fully observable, this limitation can be overcome
with the design of a state observer [12]. When designing a
model-free controller a different approach needs to be taken.
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IV. OUTPUT FEEDBACK USING INPUT-OUTPUT DATA

Following the approach introduced in [9], we assume
access to past input and output sequences and past reference
signals for a time horizon N and can write the state as
follows:

x(t) = ANx(t—N)
u(t—1)
u(t—2)
+[B AB A’B AN-1B] .
u(t —N)
= ANx(t —N)+Uyi(t — 1,6 —N) (15)

Then the system output can be written as

y(t) = Cx(1)

Using the above, the sequence of outputs for the time horizon
[f—N,t— 1] can be expressed as

= CANx(t —N) +CUyii(t —1,t =N) ~ (16)

y(t—1) CAN-!
y(t—2) CAN—2
y@E—1,t—N)= y(t=3) : x(t—N)
: CA
y(t—N) C
0 CB CAB CAN-2pB
0 0 CB cav-spg| [4=1)
N (t—2)
0 0 0 .. CB :
o0 0 .. 0 u(t —N)

:=Wyx(t —N)+Dyii(t — 1,6 —N) (17)

Since the pair (A,C) is observable, the matrix Wy has full
rank for any choice of N > K where K is the observability
index. Using the generalised inverse W, = (W WN)_IW,J ,
the augmented state 5 can be expressed as

AN 0] {W*( $(t—1,t—N)

X(1) = [o S — Dyii(t — 1,t —N))

r(t=N)

+[UN] i(t—1,t—N)

0

i(t—1,t—N)

Uy—AMWiDy AMwy o |21
r(t—N)
or in a more compact form:
i(t—1,t—N)
x(t -

X(t) = Lgt;] =M |j(t—1,t —N) (18)

r(t—N)

Uy —A"WyDy AW} 0
0 0 FN |
With the use of the augmented system dynamics 6, the
Bellman equation 13 can be written as

where M =

1ZT(t)Hz(r)

v(z)=3

19)

Technical Co-Sponsors: IEEE CSS, IEEE SMC, IEEE RAS & IFAC.

. _[x(@) _[o1+yrTPT  yTTPB
with Z(t) = L”(I)} and H = { IYB{PT R—H/BITPIBl :
Using 18 in 19 we obtain

LIxo1",, [X(0)

Ve = 2ﬁm]HL@}
i(t—1,6—N) r i(t—1,t—N)
_ LM |y(t—1,t—=N) I M |3(t—1,—N)

2 r(t—N) r(t—N)
ut) uft)
ia(t—1,t—N)
Defining  Z(r) = y(t’ztli’t];)N) and H =
u(t)

T
‘[1\(;[ 1m?<m:| H Fg 11(3<n‘l:|’ we can rewrite the value

unction in the form

| | fa(r—1,t—N+1)]"
PNERY AN T y(t,t—N+1)
V(Z):= EZ ()HZ(t) = 3 Hi—N+1)
i u(r)
Hz; Hg}-v H; Hpy, -IZ(I —1,t—N+ 1)
Hy; I—I,V}_’ H)_’r H)_’“ )_)(t7t —N+ 1) (20)
Hrg Hrg Hrr Hru r(t—N—I—l)
Huu Huﬁ Hur Huu M([)
which gives rise to the Bellman equation
Z0OTAZ() = (1) = ()" Q((r) = r(t)) +u” (1)Ruf1)
+yZ(t+ V)T HZ(t +1). (21)

Applying the optimality condition ‘3—‘; =0 and solving for
u(r) yields

u(t) = —Hy'(Hai(t—1,6t—N)

+H,55(t =N,t —N)+H,r(t—N)). (22)
If the system model is available, 22 can be used to directly
determine the optimal LQT controller using input-output
information. The kernel matrix H can be obtained using its
definition and 19, where P is obtained by solving 14for the
standard LQT problem.

V. MODEL-FREE OUTPUT FEEDBACK

When a reliable model of the system is not available,
namely matrices A,B and C are unknown, the kernel matrix
H needs to be estimated using measured data. This can be
achieved using the Value Iteration (VI) algorithm. It involves
solving the Bellman equation 21 for kernel matrix H. To that
end, H needs to be isolated from the quadratic form. This

can be achieved by firstly vectorising the Bellman equation
21

vec (ZI()HZ(1)) = (y(t) —r(t))" QO(1) —

+Yyvec (

r(1)) +u” (t)Ru(t)
T+ 1DAZ(t+1))
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and then applying the "vector trick" associated with the
Kronecker product

(Z" (1)@ Z" (1)) vec(H) = (y(1) = r(1))T Q(y(1) = r(1))
+ul (ORu(t) +y(ZT (¢ +1)@Z" (14 1)) vec(H). (23)

For the implementation of the VI algorithm, we design an
initial kernel matrix A° that obtains an initial admissible
policy uo(t), using measured data [13]. We then iterate
between the following two steps:

1) Policy Evaluation

(Z" (1) @ ZT (1)) vec(HTY) = (y(t) — r(1))T Q(y(r) — (1))
+()T (1)Ru' (1) + Y(ZT(I +1)@Z (1 + 1)) vec(H')

2) Policy Improvement

uiJrl(t) _ —(Hi+l)7l(Hu,;IZi+l(t _ 1,[ —N)

uu

+H St — 1,6 = N) +Hi ' r(r — N))

uy

The Policy evaluation step can be solved through the Least
Squares (LS) algorithm using measured data Z(r),Z(t + 1)
and calculating the cost term (y(t) — r(t))T Q(y(t) — r(t)) +
(u')T (t)Ru'(t) for each data point using the current control
function estimate u’. Matrix H is an (N +1)m+ (N +1)p) x
((N+1)m+ (N+1)p) symmetric matrix which means that
its determination is a problem with ((N+1)m+ (N+1)p) X
((N+1)m+(N+1)p)/2 degrees of freedom. This is also the
minimum number of data points needed for the VI algorithm,
but in practice many more data points are usually needed,
especially when dealing with more complicated systems with
larger state and action spaces. When the data are highly
correlated, which is often the case with sequential data, the
inversion step in the LS algorithm becomes challenging. This
can be rectified with a regularized LS approach, with an
appropriate regularisation parameter L.

VI. SIMULATION SETUP AND RESULTS

The model we use for our simulations and the design of
the data-driven controller is the state space model obtained
in [8] using system identification methods. We use the state
and input matrices A and B as determined in [8]

0.992 0.0018 0 0 0 0
0.0023  0.9919  0.0043 0 0 0
A= 0 —0.0042 1.0009 0.0024 0 0
- 0 0 0.0013  0.9979 0 0
0 0 0 0 0.9972 0
0 0 0 0 0 0.9953
1.0033 0 0 0 0 0 —0.2175
0 1.0460 0 0 0 0 —0.0788
B— 0 0 1.0326 0 0 0 —0.0020
- 0 0 0 0.4798 0 0 —0.0669
0 0 0 0 0.8882 0 0.1273
0 0 0 0 0 1.1699  —0.1792
and we design an output matrix
0.992  0.00018 0 0 —0.0001 0
0.0023 1.3 0.0043 0 0 0
C= 0 —0.0042 1.0109 0.0024 0 0.201
0 0 0.0013  0.989  0.00031  0.64
0 0 0 0 0.923 0.3

Technical Co-Sponsors: IEEE CSS, IEEE SMC, IEEE RAS & IFAC.

where we assume we obtain 5 measurements out of the 6
states. As needed, we verified that (A, B) is controllable and
(A,C) is observable.

We chose the goal of our optimisation to be bringing and
maintaining all system states at some predefined value. We
chose that value to be 180 °C, which is within the melting
temperature range for the material used in the AM system,
meaning that the reference trajectory is defined as r(r) =
{180,...,180} € R’ for all time points ¢ and the reference
generator matrix is F = Is. For the weighting matrices we
chose identity matrices of appropriate dimensions Q = I and
R = I;. The initial state is chosen arbitrarily to be x(zp) =
{50,...,50} € R® and the discount factor y = 0.99. The time
horizon for the input and output sequences is chosen to be
equal to the observability index of the system which is N = 6.

Figure 2 shows the trajectories of the measured
temperatures within 100 time steps, after applying
the model-based controller designed using input-output
data 22. The output converges to the vector y* =
(179.98,180,180,179.99,179.99) rounded up in two decimal
places, and arrives within 0.1 degrees or 0.06% of the
reference in 17 steps. This performance is expected and
justified, given that a model that perfectly describes the
system dynamics is available and can be utilised for the
controller design.

500 1

variable
400 4
heater 1

300 heater 2

= heater 3
200
= heater4

L B | heater 5

heater temperature evolution

0 25 50 75 100
layer

Fig. 2. Optimal trajectories. When the system dynamics are known, the
controller successfully brings and maintains the temperatures within a very
small margin of the optimal of 180 degrees after 11 time steps.

For the data-driven controller, we chose the same values
for the shared parameters as in the previous case so we can
make reasonable comparisons. We generate data by applying
persistently exciting inputs to the model introduced above.
To design such inputs we include a noise term formulated as
the sum of sinusoidal functions of varying frequencies and
amplitudes. A large amount of data needs to be generated
to efficiently train the algorithm. Specifically we produce
13,000 data points. The data produced are appropriately nor-
malized for numerical stability. The regularisation parameter
for the LS algorithm is chosen to be u = 0.01 and we
iterate for 1000 iterations at a time, or until two consecutive
estimates of H are within 0.001 of each other. We obtain
a controller that makes the system outputs converge to
the vector y* = (189.99,186.94,185.3,183.78,187.12). The
trajectories converge to final values that are within 6% of
the optimal value of 180. The values reach and remain
within that error window in 11 steps. Figure 3 shows the
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trajectories of the outputs when applying the model-free
controller obtained through the VI algorithm.
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4007 heater 1

heater 2
= heater3
200 4
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[ | heaters

heater temperature evolution

0 25 50 75 100
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Fig. 3. Trajectories obtained when the data-driven controller is applied to
the system.

VII. CONCLUSION

We have studied the problem of designing controllers for
the temperature in a BAAM system using input-output data.
Using Reinforcement Learning, an effective Linear Quadratic
Tracker can be designed from the model of the system by
augmenting the feedback term to use a record of past inputs,
outputs and references. We then focused on solving the same
problem in a data-driven way, based on input and output
measurements only, with no knowledge of a model. We found
that we can achieve a performance that is close to the optimal
through using persistently exciting inputs for data generation,
normalising the data and using a regularisation parameter.

Future research efforts will focus on obtaining a perfor-
mance closer to the model-based results by optimising the
choice of parameters in the simulation setup and specifically
the weighting matrices Q and R. While there seems to be
few systematic approaches to optimise the choice of these
matrices, some learning algorithms such as Bayesian Opti-
misation or Evolutionary Algorithms may be used. Another
result that needs to be improved is the overshoot in the final
trajectories, even in the case of the model-based controller.
This issue can be addressed with the use of constrains in the
performance index, which would result in a non-quadratic
form. In this case, Deep Neural Networks can be used to
approximate the value function and generate new optimal
policies, also known as the actor-critic framework.
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