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ARTICLE INFO ABSTRACT

Keywords: Energy-maximising controllers for wave energy converters (WECs) typically exaggerate device motion, which

Control augmentation can shorten device longevity and increase operational expenses (OpEx) by reducing maintenance intervals

Degradation and system reliability. This paper proposes a novel health-aware WEC control structure based on control

geﬁltSflétV;are control augmentation to achieve a suitable trade-off between energy maximisation and power take-off (PTO) lifetime
eliabir

enhancement, ultimately leading to a lower levelised cost of energy (LCoE). The main advantage of imple-
menting health-aware WEC control through control augmentation is that the proposed health-aware control
paradigm exhibits versatility regarding the selection of the nominal (energy-maximising) controller, enabling
the selection from a plethora of existing energy-maximising WEC controllers in the literature. Furthermore,
two distinct health-aware control augmentation strategies, feedforward and feedback, are proposed, along with
analytical derivations of the feasible ranges for their respective augmentation (tuning) parameters. Simulation
results demonstrate the versatility of the proposed health-aware control framework when applied with different
nominal WEC controllers. Furthermore, a comparative analysis is presented, identifying combinations of
augmentation strategies and nominal WEC controllers that yield appealing performance, in terms of lifetime
enhancement.

Wave energy converters

1. Introduction wave energy into existing renewable-dominated systems could signifi-
cantly reduce variability in electricity production, thereby enhancing
supply security and reducing the need for costly storage or backup
generation [5].

Despite its vast resource and potential complementarity benefits,
wave energy has yet to achieve commercial success, primarily due to
its higher levelised cost of energy (LCoE) compared to more established
wind and solar RESs [6]. LCoE is the primary metric for assessing

energy-generating technologies, defined as

1.1. Motivation

Renewable energy sources (RESs) are widely regarded as viable
alternatives to fossil-fuel-based generation in addressing the increasing
impacts of climate change. The global transition towards cleaner energy
systems has so far been primarily driven by wind and solar energy, both
of which have achieved substantial penetration in modern electricity
supply networks. However, the inherent intermittency of these sources Capital Expenditure + Operational Expenditure
means that periods of low wind or solar availability do not always LCoE = Produced energy over the plant lifetime
coincide with low electricity demand, which leads to supply—demand

@

mismatch. To avoid such a mismatch, diversification within the RES
portfolio is essential to ensure a stable and resilient future clean energy
supply system [1].

In this context, wave energy offers a vast and largely untapped
RES, with the global potential estimated between 16 000 and 18 500
TWh/year [2], which compares well with global electricity consump-
tion of 27,000 TWh [3]. Beyond its scale, wave energy has been
shown to exhibit complementary generation patterns relative to wind
and solar resources [4]. This complementarity implies that integrating
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The relatively high LCoE for current wave energy technology stems
largely from technical challenges. High capital costs arise from full-
scale prototyping, testing, and deployment, while high operational
costs are driven by the harsh environments in which wave energy
converters (WECs), devices used to harness wave energy, operate.
Offshore WEC devices, in particular, face additional constraints, as
maintenance and repair activities are restricted to limited weather
windows [7,8], which can further reduce lifetime energy production.
Control technology offers a promising route to minimise LCoE, by
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Nomenclature

Abbreviations

HAC Health-aware control

LiTe — Con Energy-Maximising Linear Time Invariant
Controller

LTI Linear time-invariant

MPC - SP Model predictive control with spectral im-
plementation

MPC - ZOH Model predictive control with zero-order
hold implementation

MPC Model predictive control

MTTF Mean time to failure

PTO Power take-off

WEC Wave energy converter

Symbols

m Mass of the buoy [kg]

Xy(p) State vector of the radiation subsystem

x(1) State vector of the WEC model

n(t) Free-surface elevation [m]

y Peak shape parameter

A1) Failure rate (Failures per unit of time)

T Learning interval of the health-aware con-
troller

E (1) Captured Energy [J]

Sox(® Wave excitation force [N]

frro Power take-off force [N]

f ;"T'"O(t) Nominal control input [N]

f I’foO(t) Reference power take-off force generated by
a hydrodynamic controller (control input)
[N]

Sfre® Restoring force [N]

[ Radiation force [N]

H, Significant wave height [m]

k Discrete-time index

My, Added mass at infinite frequency [kg]

N Prediction steps

n, Dimension of radiation state-space model

N, Spectral expansion order

q Trade-off parameter

R() Reliability index

Sh Hydrostatic restoring coefficient [N/m]

t Time [s]

T, Period of the wave excitation force [s]

Ty Prediction horizon [s]

T, Wave peak period [s]

T, Sampling interval [s]

z(1), 2(1), 2(1) Heave displacement [m], velocity [m/s]
and acceleration [m/s?]

utilising optimal WEC controllers [9] that aim to maximise energy
capture as a surrogate measure for minimising LCoE. However, energy-
maximising WEC control actions may drive the WEC into more severe
operational states, increasing the range of displacements, velocities,
and forces within the system. Such conditions may elevate fault risk
and, ultimately, have a detrimental impact on device lifetime.

In general, the risk of failure resulting from component, system,
or subsystem faults can be addressed through two distinct control
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paradigms: fault-tolerant control (FTC) and health-aware control (HAC)
[10]. The FTC paradigm is activated once the system has entered a
faulty state and typically relies on a fault detection and identifica-
tion (FDI) module to provide the diagnostic information necessary for
fault accommodation or compensation [11,12]. In contrast, the HAC
paradigm is designed for nominal (fault-free) operating conditions and
proactively seeks to prevent or delay fault occurrence by continuously
monitoring the health status of the system, and incorporating health
information into the controller design [13]. Within possible HAC for
WECs, power take-off (PTO) system health is the primary focus, as PTO
contains most of the moving, energy-converting components, and its
degradation is directly influenced by control actions [14]. In contrast,
degradation in other subsystems, such as the wave absorber, mooring
lines, and sensors, is either independent of control inputs or better
addressed using alternative strategies. For example, sensor faults are
typically handled via FTC [11,15], while mooring-related issues, such
as inertia variation due to biofouling [16], are more suited to adaptive
control approaches [17]. Nevertheless, while both FTC and HAC are
vital for ensuring the safe and reliable operation of WECs, HAC strate-
gies have received comparatively limited attention in the wave energy
control literature [18].

1.2. Related work

For the first time, [18] proposed a general HAC framework for
WECs. This framework is motivated by the objective of minimising the
LCoE, in (1), under the assumption of constant capital expenditure,
i.e. the capital costs are independent of control actions. Given the
negative correlation between WEC lifetime and operational expendi-
ture, where an extended lifetime leads to reduced operational costs, a
health-aware control law can be formulated as a specific solution to the
following multi-objective optimisation problem:

max J = [Energy, Health metric|’ (2)

Physical constraints,
WEC model,

where the health metric can be represented by widely-used health indi-
cators, such as reliability, remaining useful life (RUL), or accumulated
fatigue damage (AFD) [19]. The optimisation problem in (2) yields a
Pareto front of non-dominated optimal control laws, necessitating a
decision-making algorithm to select the most appropriate control law,
based on prevailing conditions. For example, electricity market prices
can be used as a criterion to prioritise either extended lifetime or higher
energy capture goals.

A key limitation of the structure in (2) is the design complex-
ity: each health-aware control law must be developed from scratch,
meaning that existing nominal (energy-maximising) WEC controllers
cannot be easily adapted for HAC purposes. To address the complexity
issue of the HAC structure in (2), authors in [20] propose a simple
health-aware control mechanism that modifies the control input of
an existing energy-maximising WEC controller, specifically, a model
predictive controller (MPC), to extend PTO lifetime. The control mech-
anism in [20] is inspired by the control augmentation paradigm, widely
used in various applications [21,22], particularly in spacecraft attitude
tracking control [23-25], where simple control structures are essential,
due to the limited onboard computational resources in spacecraft.
In such applications, control augmentation is typically employed to
compensate for disturbances, model uncertainties, and nonlinearities;
in contrast, [20] uniquely adapts the augmentation concept to the HAC
of WECs, with the specific goal of balancing energy capture and PTO
lifetime. The proposed control structure in [20] is formulated as Eq.
(3) in Box I where the ‘Past control information’ forms the core of the
augmentation mechanism in (3), designed based on the health metric,
and g is a trade-off parameter that determines the position along the
energy-lifetime trade-off curve shown in Fig. 1. A setting of ¢ = 0 in
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Health-aware control law = g - Past control information + Nominal control law, 3)

Box I.

(3) corresponds to a purely energy-maximising control strategy. Both
HAC architectures are summarised in Fig. 2, where the direct approach
corresponds to the health-aware multi-objective control problem in
(2), and the indirect approach corresponds to the health-aware control
augmentation, which is the focus of this paper. It can be seen that the
‘Health metric’ is directly used in the health-aware control law design
in the optimisation-based (direct) approach, while the health metric is
indirectly used (by modifying ‘Past control information’) in the control
augmentation (indirect) approach.

The primary advantage of the health-aware control augmenta-
tion structure is the versatility in the choice of nominal (energy-
maximising) controller, which enables the integration of a broad va-
riety of energy-maximising WEC controllers, from simple frequency-
domain designs [26] to advanced optimisation-based methods, such as
MPC and MPC-like approaches [27]. To this end, complementing [20],
this paper investigates this versatility in greater depth, with the aim
of evaluating the benefits and drawbacks of incorporating different
nominal controllers within the health-aware framework in (3). Further-
more, no analytical results are currently available in [20] to establish
the amount of past control information required to render the ‘Health-
aware control law’ in (3) truly health-aware, nor to quantify how this
requirement influences the feasible range of the trade-off parameter gq.

1.3. Contributions

Therefore, this paper extends the work in [20] with the following
key contributions:

» While [20] uses previous values of the ‘Health-aware control law’
in (3) as the source of past control information (i.e., a feedback
control augmentation structure, see Section 4.2), this paper also
investigates the potential advantages and drawbacks of using
previous values of the ‘Nominal control law’ as the source of
past control information (i.e., a feedforward control augmentation
structure, see Section 4.1).

Derivation of analytical results to determine the required amount
of past control information and the feasible range of the trade-
off parameter ¢, in (3), enabling the systematic design of a
health-aware control law.

Demonstration of the versatility of the general control augmen-
tation structure in (3) by implementing and comparing different
energy-maximising WEC controllers.

The remainder of the paper is organised as follows: Section 2 recalls
the fundamentals of WEC hydrodynamic modelling and develops a
state-space representation for a WEC with a degrading PTO. Section 3
presents the subset of nominal WEC controllers utilised here, while
Section 4 introduces the proposed HAC augmentation structures based
on a PTO reliability (lifetime) metric. Simulation results are presented
in Section 5, and concluding remarks are provided in Section 6.

1.4. Notation and preliminaries

R is the set of real numbers. Re(-) and Im(-) denote the real-part
and imaginary-part operators. Throughout this paper, j denotes the
imaginary unit, i.e., j2 = —1.

I represents the identity matrix:

1 0 - 0
I 0 1 -« 0 e~
0 0 - 1

Representative operating points (different g values)
Energy [J]
@)
e pr
@
(@)
@)
@
o

Sy Lifetime [year]

Fig. 1. Schematic illustration of the trade-off between energy capture and
lifetime (resulted from the health metric).

WEC HAC Structuters
Direct approach:

max J = [Energy, Health metric]”

s {Physmal constraints, » HAC control law

WEC model,

Indirect approach (focus of the paper):

Health metric

q Past control information

+ —» HAC control law

Nominal control law

Fig. 2. HAC structures for WECs.

The symbol € denotes the direct sum of the n square matrices, that is,

Ay 0 0

n

Qa= 0 @
() () A

Definition 1. A square matrix A € R™" is called Hurwitz if all of its
eigenvalues have strictly negative real parts [28]. That is,

Re(u) <0 for all eigenvalues u of A. 5)

This condition guarantees that the continuous-time linear system x(¢) =
Ax(t) is asymptotically stable, meaning that all solutions decay to zero

ast — oo.

2. WEC dynamic modelling

In this section, fundamental concepts of WEC modelling are re-
called. First, assuming that the PTO is ideal (healthy), a WEC state-
space model is developed in Section 2.1, then PTO degradation is
included in the modelling process in Section 2.2. The motion of the
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heaving device, depicted in Fig. 3, is written based on Newton’s second
law:

mZ(0) = fpyaro(2(0), 2(0), £), 1) — fpro®), (6)

where m is the mass of buoy and f},,,,(-) denotes the total hydrody-
namic force acting on the device, expressed as a function of the position
z(t), velocity z(¢), the acceleration %(r) of the body, and free surface
wave elevation #(r). Furthermore, fpro(?) is the control force that the
PTO unit applies to the body.

It is clear, from (6), that the source of nonlinearity in the model
i fhyaro()- Therefore, if assumptions related to linear potential flow
theory [29,30] are considered, such as incompressible, inviscid and ir-
rotational flow, f},,,(-) can be written as sum of radiation f,(2(?), z(?)),
restoring f,.(z(1)), and wave excitation f,,(n(t)) forces, as:

Fiyaro(z@®), 2@0), n(@®) = f.(2(1), 2(1) + [fr.(2(1) + [for (n(D)),
Fr(ZQ@), 2(1)) = —m Z(t) — k,.(t) * 2(1),
Fre(z(D)) = =s,,2(D),
Sex((D) = (1) * k (1).
In (7), k,.(t) and k,(¢) are the radiation and excitation impulse response
functions, respectively. m, is the added mass at infinite frequency, s, is

the hydrostatic restoring coefficient, and * represents the convolution
operator. Now, considering (7), (6) is rewritten as:

ME(t) = —sp,2(1) = k(1) 5 2(0) + for (D) — fpro(®), (8)

where M = m+ m.' Note that the hydrodynamic parameters, such as
k, (1), k,(1),my,, and s, are typically obtained from boundary element
method (BEM) solvers [31] (e.g., NEMOH [32], WAMIT [33]).

)

Assumption 1. Following conventional practices in simulating ocean
wave dynamics (e.g., [34]), the current study models the time-domain
excitation force (f,, (7)) as a zero-mean periodic signal with period T,
represented in an N,-dimensional function space. Therefore, f,,(f) can
be written as:

Ne
fex® = z a; cos (iwgt) + B; sin (iwyt) , 9

i=1
where o, = 2T—” is the fundamental frequency associated with f,, (t).
0

Assumption 1 provides the periodic characteristic necessary for
analytical development of the control augmentation scheme in Sec-
tion 4. Without Assumption 1, the subsequent analysis, particularly
the determination of how much past control information is required
to render the augmentation structure in (3) health-aware, would be
significantly more difficult.

2.1. WEC modelling with an ideal power take-off
An ideal PTO is defined as follows:
Definition 2 (Ideal PTO). A PTO is considered ideal (healthy) if no

degradation is present, in which case its output equals the PTO ref-
erence signal (control input):

Tero® = [0 (10)
Using Definition 2 and taking a state vector as x(t) = [xlg; =
X2
z(t) . L . .
st the motion equation in (7) is rewritten as:

X1 (1) = x,(0), an
. _ —1/_ _ _ gref
53() = M7 =k (1) # %(0) = 5,5, + fun ) = 1L (0.

1 From now on, f,,(¢) is written instead of f, (5(t)) for simplicity.
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Thydro(2(t), 2(2), W(t))T

PTO lfPTO(t)

Fig. 3. Simplified illustration of a wave energy converter, operating in a single
(heave) degree of freedom. SWL represents still water level.

In the literature on wave energy control [9], it is typical to approximate
the convolution term, i.e. k,(f) * x,(r), using a linear time-invariant
(LTD) system for WEC state-space modelling. Henceforth, the convo-
lution term is approximated, utilising the FOAMM toolbox [35], as:

{x,(z) = A,x,(1) + B,z(t), a2

kr(t) * x2(t) & C,.X,.(Z),

where x,(t) € R"*!, with n, representing the radiation subsystem
dimension, is the radiation state vector. In addition, A,, B, and C, are
the radiation state, input and output matrices with suitable dimensions.
Consequently, the complete system state-space model in (11) is rewrit-
ten, considering a new state vector x(t) = [x, (1), x,(1), x,()]T € RO»+2x1]
as:

(1) = Ax(t) + By f1570(0) + By fo (1), a3
Y1) = Cpx(t), y,() = C,x(1),
where
0 1 len,
=| -3 _C (n,+2)x(n,+2)
A w0 leR ,
0n,><1 Br Ar
0
B, =-B,= _LM = R(n,+2)xl’
0n,><l

C:=[1 0 0,].Co=lo 1 0, |erNC).

Assumption 2. In this study, it is assumed that the system in
(13) is observable and controllable. In addition, A is Hurwitz, which
guarantees the stability of the system inner dynamics (i.e., x(r) = Ax(z)).

Assumption 2 is consistent with the widely adopted passivity prop-
erty, valid for all real WEC systems [27].

2.2. WEC modelling with a degrading power take-off

Definition 3 (Degrading PTO). When a PTO is degrading, f;,eTfO(t) #
frro®-

Therefore, a mapping between f;erfo(t) and fpro(t) needs to be
developed, based on a PTO health metric.

In this paper, the health status of the PTO is described using a
reliability index. Generally, the reliability of a component is described
as follows:
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Definition 4. Reliability represents the likelihood that a system (or
component) will successfully perform its required function over a de-
fined duration, which is defined [36,37] as:

R(t)= e Jo 704 Relo1] (14)

where A(r) represents the failure rate [1/(unit of time)].

The failure rate of a component can be modelled based on its
nominal failure rate (4;) and the amount of the load (#(r)) applied to
the component [38] as:

A1) = Aog(p, £ (1)), (15)

where g(-) is the load function, and p is a constant showing the
contribution of the applied load to the component failure rate, which
is unique for each component. Suppose the considered component is
an actuator (i.e., PTO here); in that case, the load parameter will be
the control action (i.e., Z(t) = f;,eTfO(t)), and the load function can be
represented based on the accumulated use of the actuator [39-41] as

follows:

gl ) =1+p /0

f,’f{o(t)( dt. (16)

Based on (16), the reliability function in (14) is rewritten as:

Rty = & 1 o140 1|7 owlar)ar a”n

Now, fpro(t) can be modelled, based on the reliability metric [42], as:

Tpro® = ROf ). (18)
The WEC state-space representation in (13) can now be rewritten as:

X(t) = Ax(?) + By fpro(t) + By fox (D),

y(1) = Cpx(1), y,(1) = C x(1),

B, =-B,, 19
Tpro® = ROl ).

R() = e—/O‘ /10(1+/i/0’ fl’f_rfo(z)|dt)dr.

Remark 1. It is worth mentioning that, when fI'foO(t) = 0, nominal

reliability is obtained, depending solely on the nominal failure rate 4,
as:

= e H0!, (20)

Ry(1) = R(1) o
Fpro®=0

3. Nominal WEC controller design

The overall control block diagram of the proposed HAC augmenta-
tion structures is shown in Fig. 4. As depicted, a nominal control signal,
ie., f ;’,"T’"o(t), is initially generated by a nominal (energy-maximising)
WEC controller. Then, the augmentation unit reconfigures f [S4NON by
utilising either a feedback or feedforward architecture to generate a
PTO reference signal, i.e. f;,erfo(t), with the explicit aim of improving
PTO reliability. In this section, the focus is on the f}77 () design
procedure, while the augmentation unit design process is discussed in

Section 4.

Remark 2. It should be noted that the nominal controllers in Section 3
only consider the WEC model with an ideal PTO. In other words, the
nominal controllers are blind to PTO degradation, and the health-aware
reconfiguration mechanism of f oM, in Section 4, deals with the WEC
model with PTO degradation, as described in Section 2.2.
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3.1. Model predictive controllers

In the control literature, MPC is traditionally used for tracking
purposes, which means that formulation of the MPC cost function
includes the addition of quadratic terms related to tracking error and
control effort [43]. Therefore, under specific considerations, tracking
MPC formulations typically lead to a convex optimisation problem.
However, MPC for WEC application, on the other hand, is primarily
developed to maximise captured energy (or minimise negative energy),
where the optimisation problem is formulated [27] as:

T;
min J(t) = /H— ' —x5(2) 10" (1)dt 21)
nom - 2 PTO ’
Tpro® 4
[x1 ()] < x,

s.t. PTO PTO’

WEC model in (13),

nom(t)‘ < fmax

where T}, is the prediction horizon. Furthermore, x{“* and fp7, are
positive scalars representing the maximum displacement and control
force values, respectively.

The optimisation problem, in (21), has two main issues:

1. The optimisation is posed in continuous time, yielding an
infinite-dimensional problem that is computationally intractable.
Therefore, discretisation of the optimisation problem should be
carried out.

2. The optimisation problem in (21) can potentially result in a
nonconvex optimisation problem.

Although the first problem is common among all MPC formulations,
the second problem is unique to the WEC application, as the primary
control objective function is energy maximisation (a bilinear function)
rather than tracking error minimisation (a quadratic function).

In the following subsections, it is investigated how the problems as-
sociated with (21) can be addressed, either by zero-order hold discreti-
sation and adding an additional term (zero-order hold implementation
in Section 3.1.1), or by mapping the optimisation problem to a new
parametrisation domain (spectral implementation in Section 3.1.2).

3.1.1. Zero-order hold implementation
Using the zero-order hold discretisation method [44], the WEC
state-space model in (13) can be discretised as:

x(k+1) = Agx(k) + Byg 307 (k) + Byg for(k),

PTO
yo(k) = Cpx(k), (k) = C_x(k), (22)
Bld = _BZd’

where A;, By,, and B,,; are discrete versions (zero-order hold equiva-
lent) of A, By, and B,, respectively. Now, the optimisation problem in
(21) can be discretised as:

N
min J = ) —x;(k)f ey (k) (23)
fPTO k=0
|x1 ()] < X,
st 3| ] < 7

the system in (22),

where N = ;—” is the number of prediction horizon steps, with T, the
sampling interval. However, the optimisation problem in (23) is still
non-convex. A common approach in the literature, to convexify the
problem in (23), is to augment the objective function J with additional
terms [27]. For example, if the control effort is taken as an extra
term [45], the optimisation problem in (23) can be rewritten as:

N

min J =
fon
PTO k=0

=3y (k) £ (k) + r f 1o (k)*, 24
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Feedforward: f;foo(t) =[RS (t) + af pyo(t —7)

Feedback: frdo (t) = fAg5(t) + afpedo(t — 1)

Tp76(t) fp7o(t—7) el (t)
Memory q +
+ ref
Tprolt—7)
Memory q +
* fo®)
B (1)
Health-aware controller
Augmentation Unit Foult)
Estimation (Prediction)of fe.(t) nom f;;!o(f) ) frro(t) ¥ 2(t), £(t)
p75(@) Degrading 4 WEC
PTO

Nominal Controller

ref

frro(t) = R(fio ) o)

Fig. 4. Block diagram of the proposed health-aware control augmentation using different augmentation structures.

[x1 ()] < X,

n()M(k)‘ < fmax

s.t. PTO PTO’

the system in (22),

where r is a positive constant.

Remark 3. It is worth noting that, by defining suitable matrices, such
as H and f, the performance function J can be represented in the
quadratic programming (QP) format (for more information, see, e.g.,
[45,46]):

1

J= EF'I',‘;”OTHFPTO +F1F, (25)
where F';,”T"‘O is the predicted vector of f o). Therefore, under the

unconstrained condition, the optimisation problem in (24) admits the
following analytical solution, given that M is symmetric (H = H7):

_ -1
{F =H'F,
Tprot) = Fpro().

where F77 (1) refers to the so-called receding horizon principle of

MPC [47], only the first element of the computed optimal control vector
F70 is applied to the system, after solving the optimisation problem,
in (24), over the prediction horizon.

(26)

3.1.2. Spectral implementation

As explained in Section 3.1.1, even though the zero-order hold
implementation transforms an infinite-dimensional optimisation prob-
lem into a finite-dimensional problem, it does not inherently possess
the ability to convexify the optimisation problem without introducing
additional regularisation terms. However, spectral implantation not
only makes the optimisation problem finite-dimensional, but also con-
vexifies the problem without adding extra terms, which may bias the
optimal energy-maximising solution. The main idea behind spectral
implementation is to discretise the state vector, control input and wave
excitation force by using linear combinations of specific orthogonal

basis functions [48,49] as follows:

Ny
00 =Y 0%, = $0)%,.
-
N0 & X0 = Y 0% = p0%s.
. @7
rpm@ muls@0) =Y ¢ (0u; = p)a,

i=1

NS
[ R f0 =Y i(0)e; = p1)2,

i=1

where ¢(1) = [¢;(1), () - Py (D] € R™Ns is a vector of basis
functions, with N, representing the expansion order. In addition, %, =
[Bi, Ry Xyn T € RV %y = [Ry1. 8  Fon, 1T € RMX, a0 =
[ug,uy - uy I € RN, and & = [e,e;--ey 1T € RN are the
spectral—domain vectors of position, velocity, control input, and wave
excitation force coefficients, respectively. Considering (11), the WEC

spectral domain representation, noting (27), is obtained as:

{xj“(r) =),

28
M @) = k0 5 X0 0) - sy x ™ @ + £ 0 - w0, (28)

The dynamic model in (28) is still infinite-dimensional, due to its
dependency on ¢(t). However, defining the following residuals, based
on (28), as:

Resy(r) =%,"(t)—x)" (1),

Resy(t) = M) (1) + k(1) % x3° (1) (29)

+55%, () = fart @) +uMs (1),

the dynamic model in (28) becomes finite-dimensional (i.e., of di-
mension N,) if the residuals are projected over the orthogonal basis
function vector, ¢(), as follows:

($()7, Res; () = J;" p(1)T Res, (H)d1 = 0,

. (30)
()7, Resy (1)) = [ ¢(1)T Resy(n)d1 = 0.
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In this paper, considering Assumption 1, the zero-mean truncated
Fourier basis functions are considered as:

_ . Ns . Ns
¢() = |cos (a)ot) ,sin (a)ot) ,...,COS <7wot> ,sin <7w0t>] N (31

where N, = N,. After substituting (31) into (28), (30) leads to the
following finite-dimensional model [48,50,51]:

Gxy=é—a, (32)
where
G- [ Re(Gy(jp)) Hm{Go(jpwo>}]
=0 -Im{Gy(jpwy)} Re{Gy(jipwy)}|’ (33)

Go(jpwy) = Cy(jpwyI — A)~' By,

where Gy(jpw,) is the transfer function of (13). Now, the objective
function in (23) is represented in the spectral domain as:

Th T
J = /0 —xy (02 (dit /0 —5%,() p(Diad1

T,
=T la— é‘ﬁTG‘lé. (34

Consequently, the optimisation problem (23) is rewritten in the spectral
domain as:

T, T,
min 247G 'a- L2aTG e, (35)
a 2 2

|$()%,| < X,
o max
st lgmal < fm
G, =2—i.

Remark 4. Similar to the zero-order hold discretisation in Section 3.1.1,
there is an analytical spectral solution in the unconstrained condition,
noting that G is non-symmetric, obtained from [48] as:

i=(G"'+6T) g le (36)

However, the optimisation problem becomes infinite-dimensional due
to time-dependency of ¢(¢) in the constrained condition; therefore, the
optimisation problem should be solved at the specific time instants
{tp};v:”(‘;", known as colocation points, where N, is the number of time
instants.

3.2. LiTe-Con

Unlike the MPC controller in Section 3.1, LiTe-Con is categorised as
a non-optimisation-based WEC controller, relying on the well-known
impedance matching principle [52]. If the Fourier transform () of the
motion equation in (11), for the healthy PTO condition (i.e., f;,eTfo(t) =

f ;’,"T"'O(t)), is obtained, the force to velocity response yields:

1
Xs(w) = Zong@ [Fox(@) = Fp2 ()],

¢ — 2 ;
Z,'mp(a)) _ Shm@ ]Vi-(:ij,_(w)’ (37)

K.(w) = B, 4(®) + joM (),

where F, (o) is the Fourier transform of f, (1), F bro(®) is the Fourier
transform of f pro®: and X, (w) is the Fourier transform of x,(t). Also,
Zimp(@), B, (@) and M, (o) represent the intrinsic impedance of the
system, the radiation damping, and added mass, respectively.
LiTe-Con reformulates the impedance-matching principle by deriv-
ing the feedforward equivalent, H 1/ (@), of the feedback controller

described in [52].
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By writing Gy(w) = Re{Gy(w)} + jIm{Gy(w)} where Gy(w) =
Z;nlp(w), H;;(w) can be obtained with the following non-parametric
representations [52] as:

Re{Gy(®)} + jIm{Gy(w)}

H =

17@ MRe(Go(@)) 38)
Therefore, the feedforward control law is obtained as:
Fiom (@) = H ;1 (0) F (o). (39)

Using frequency-domain identification techniques [53], H /() can be
approximated by a stable and causal LTI system X,:

Hyp(@) ~ %y, (40)

where

5 {xfof”fz) = Appxpp(0)+ Bypfor(D), )
pro=Crpxss®:

Although the controller dynamics, in (40), are causal and stable, phys-
ical constraints are not inherently addressed in this formulation. To
incorporate constraint handling, a tunable gain parameter « € [0, 1] is
introduced [52,54], yielding the constrained LiTe-Con formulation as:

5 {xﬁof”fz) = Appxpp(0)+ Bypfor(D), 42
nom (1) = kC % 1 (1) + (1 = ) foy (0).

When « = 1, the control action follows the unconstrained feedforward
dynamics, effectively disabling the constraint-handling mechanism. In
contrast, setting k = 0 locks the device motion, as the WEC net input
force becomes zero, i.e., f,,(t) — f;’;’(”)(t) = for(D) = forx () = 0, leading to
zero velocity.?

Table 1 summarises all the nominal controllers recalled in the
current section, based on their solutions in the constrained and un-
constrained scenarios. It can be seen that only LiTe-Con leads to an
analytical, although sub-optimal, solution in the constrained case.

4. Health-aware control augmentation

The control augmentation framework is proposed in the following
general structure:

Iito® =4 o + e, (43)
——

Past control information  Nominal control law

where f, (1) is the control history, ¢ is the learning intensity (or trade-
off) parameter, and fppo®) is a nominal (i.e., energy-maximising)
control input. Depending on f,(¢), the structure of control augmen-
tation can be feedforward (Section 4.1) or feedback (Section 4.2), as
depicted in Fig. 4. Regardless of structure, f,(r) specifies how much
past control information is needed to calculate the overall control law
(i.e., f;?o(t)) health-aware, and only ¢ adjusts the intensity of health-
awareness. Therefore, the general framework for health-aware control

augmentation is governed by the following conditions:

g =0 = Energy-maximising WEC control
q#0 = Health-aware WEC control

In Sections 4.1 and 4.2, the design of f,(r) and the tuning range of ¢ are
fully discussed for feedforward and feedback augmentation structures,
respectively.

It is worth mentioning that, regardless of the control augmentation
structure, f,(r) should be designed in a way so that R( f;"TfO) > R(fp70)
to make flrfffo in (43) health-aware. Therefore, considering the relia-
bility formula in (17), the global health-aware condition is as follows:

2 For more information, see [52].
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Table 1
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Comparison of the solution of the nominal control (NC) strategies under unconstrained and
constrained scenarios. ZOH and SP represent zero-order hold and spectral implementations

of MPC, respectively.

PTO

Condition
Unconstrained Constrained
NC
nom — nom nom _ —1 n n
MPC-ZOH oty = Fpae (),  Fpt =H™'F Numerical solution

MPC-SP frm) =i, a= (G“ + G‘T)il G e

Numerical solution

Remark 5. The augmentation structure (43) is independent of the
particular PTO health metric adopted. In the present paper, PTO health
is described by the reliability function R(-), leading to the global HAC
condition in (44). The same structure can be combined with alternative
health indices, such as accumulated fatigue damage or remaining useful
life, which may depend on both the control input and the system
states [19]. Whenever the analogue of the global HAC condition in
(44) is satisfied for the chosen health metric, the resulting augmented
controller is health-aware.

Proposition 1. If the state vector, under nominal and health-aware cases,
is shown with X, om¢) and X g 4c), Tespectively, the global HAC condition
(44) results in:

1 t
/ [xpac®ldt </ [%,0m@ldt. (45)
0 0

Proof. Considering Assumption 2, there is a unique P > 0 to satisfy
the following Lyapunov equation:

ATP+ PA=-0 (46)

where Q > 0. Consider a Lyapunov function V = xTPx and the WEC
model on (19); then, taking the derivative of the Lyapunov function as:

V =xT(ATP + PA)x +2x"PB, fpro + 2x"PB, f,,
=—-xT10x +2x"PB fpro +2xTPB, f,,,

1
<=3 Hnin @RI + 1112 + 21 fprol” + 31 fenl,
1
= =G Hnin(@) = eDlIxI? + &3] fprol” + €51 feul “47)

where ¢, ¢, ¢35 >0, and u,,;,(Q) represents the minimum eigenvalue of
0.

Now, with taking integral in [0, 7]:

V(x(1) = V(x(0))
t t t
< —Co/ ||x(t)||2dt+c2/ |fPTo(I)|2dt+C3/ |fex(t)|2 di, (48)
0 0 0

where ¢ = %ymm(Q) —cy.
Noting that V(1) > 0:

t
< / llx()l|>dt
0

t t
SV xO0) + ¢y /0 |fpro®I*dt + ¢ /0 | £ @] d1. (49)

Considering that V(x(0)) = ||x(0)||*:

t
/ llx(®)lI*dt
0

1 c ! c !
< —lxO? + 2 / |/pro®dr + =2 / |£ex @] . (50)
€o ¢ Jo ¢ Jo

LiTe-Con o (8) = Crp% 1 (0) o (1) = kCp x5, (1) + (1= K)for ()
Finally, considering the HAC condition in (44), and defining health-
Global HAC Condition: " aw}/’;\:};';e_)f ; Tnfm iai(s{ ;;Trfl%)i é;rfoge: Xpac and nominal fpro = R(/p7p)
t t
R(f;foO) > Rpro) = /0 lf;eTfoldt < /0 | proldt - /X [xgac(ldt < /t [%pom(D1d1, (51)
0 0

which completes the proof. []

From a physical standpoint, WEC degradation is closely associ-
ated with exaggerating device motion. Proposition 1 therefore shows
that the objective of the health-aware controller is to compensate for
degradation by actively mitigating motion exaggeration.

4.1. Feedforward control augmentation strategy

For the feedforward structure, considering f,(t) = f pro —1), (43)
is rewritten as:

Il o = From @) + q.fom (t - o), (52)

where 7 € [0,0) is the learning interval from the previous nominal
control information.

Lemma 1. Considering Assumption 1 and the linear model without PTO
degradation in (13), the nominal PTO force, f pro®), as the output of a
linear nominal WEC controller, remains periodic with the same period as

the excitation force, f,.(t) (i.e., Ty).
Proof. Please see Appendix. []

Theorem 1. Considering Lemma 1 and the global HAC condition in (44),

f ;eTfO(t), calculated from (52), is health-aware with = =T}, if g € [-1,0).

Proof. Using the periodicity characteristic in Lemma 1, (52) yields:
Tl o = faom @) + g fpom (t = Ty)

= fpro® +afpio®

=1+ 9fp7o®. (53)
Therefore, considering the global HAC condition in (44), /0’ Lfre \de <

PTO
fO’ |fproldt if ¢ € [-1,0), which completes the proof. []

Corollary 1. Maximum reliability, under the feedforward control augmen-
tation structure in (52), is obtained when q = —1 as:

RIS 0)

max

= Ry(2). 54
Feedforward (52)

Proof. Considering (53), flrfoO becomes zero when ¢ = -1. So,
the maximum reliability (i.e., R,,,) equals nominal reliability in (20)
(i.e., Ry), which completes the proof. []
4.2. Feedback control augmentation strategy

For the feedback structure, consider f,(t) = f ;foO(t —1), (43) can be
rewritten as:

Il o = F1om @) + g f el ot = 7). (55)
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Theorem 2. Considering Lemma 1 and the global HAC condition in (44),
f lrfoO(t), calculated from (55), is health-aware with = =T, if g € (—1,0).

Proof. Using recursive expansion, (55) yields:

Il =q fielo@—o)+ from o)
= Pl = 20) + q [ (= ©) + o (1)

n—1

=q"fplot—n)+ Y d fpm - i), (56)

Therefore, taking the limit as n — oo (that is, steady-state), f;,eTfO(t)
becomes unbounded unless |g| < 1. So, with |¢| < 1, the steady-state
control input can written as:

Frfo = Z q 3 = iv). 7)
Now, Lemma 1 leads to:
Il = Z q'fiom (¢ — iTy)
= Z q'fiom () < —— T, /P (58)
i=0

Therefore, considering the global HAC condition in (44), /0’ Lfr |dt <

PTO
fot | £ |dt if g € (—1,0), completing the proof. []

Corollary 2. Maximum reliability, under the feedback control augmenta-
tion structure in (55), is obtained when q — — 1 as:

RlY (1)

max

= lim R(1) = 0()Ry(1) < Ro(0).
Feedback (55) 4——1 (59)

o) = e—%piojﬂ’(/o’ f;,%m‘m)m_

PTO PTO

. . 1 e
Therefore, substituting | fI’foo(t)| ~ 5| fpro®| into the reliability for-
mula in (17), one can get:

Proof. Considering (58), | "/ (1) < limg_,_; = qlf’"”" )| ~ —|f”‘”" GIR

ref
lim R() = lim e I3 20140 fg | fpolar)ar
g1

o I AO(HEﬂ/O e |f;’,?l’.”0(t)|dt)>dr,

= oot gm 3P0 Jo o | 3@ andr
,

1 tert| gnom
= Ro(e™ 2P BEVEToOL0N gy (60)

completing the proof. []

Remark 6. It is worth noting that the feedforward structure offers
gr;efater flexibility in achieving maximum reliability, since R%x(t) <
R (1) = Ry(1).

Remark 7. It is worth noting that adaptive WEC controllers [17,55],
which update model parameters or device characteristics online, can
also be considered as a nominal controller. The proposed health-aware
augmentation structure can accommodate any nominal control law, so
adaptive WEC control approaches, in addition to the proposed fixed-
model energy-maximising WEC controllers, are compatible with the
proposed health-aware control structure.

5. Simulation results
5.1. Model setup and simulation parameters

This study employs a heaving point absorber WEC, illustrated in Fig.
5, together with its main dimensions. Both irregular and regular wave
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Fig. 5. Schematic illustration of the point absorber WEC device in the current
study [56].

Table 2
Simulation parameters.
WEC

Total mass M 1.4706 x 10° [kg]
Hydrostatic stiffness s, 5.57 x 10° [N/m]
Radiation subsystem dimension n, 6

Physical constraints

Maximum position x’]"“ 2 [m]

Maximum control input /s 1x10° [N]
Nominal control parameters

Sampling interval T, 0.1 [s]

Prediction horizon N (MPC-ZOH) 100 steps
Regularisation parameter r (MPC-ZOH) 4x1078

Basis function expansion order N, (MPC-SP) 66

Optimisation algorithm (MPC-ZOH & MPC-SP) MATLAB-quadprog
Constraint-handling gain x (LiTe-Con) 0.05

Health-aware control parameters

10.5 [s]
{0,-0.1,-0.5,-0.9, -1}

Learning interval =
Learning intensity (or trade-off parameter) ¢

PTO reliability parameters

4o (Direct drive PTO [61]) 0.93 [failures/year]
[ 10-13

conditions are considered. The irregular waves are stochastically gen-
erated from a JONSWAP spectrum [57], characterised by a significant
wave height of H; = 2.5 m, a peak period of T, = 10.5 s, and a peak
enhancement factor of y = 3.3. These parameters approximate the most
frequently occurring sea state at the Atlantic Marine Energy Test Site
(AMETS), Berth A, located off the north-west coast of Ireland [58] (see
Fig. 6).

In addition, regular waves are considered to reveal better the
essence of the health-aware calculations in Section 4. Following [59],
regular waves can be modelled as:

fex(t)=A*~sin<§—”t>,
2r
«(%)

where K, is the Fourier transform of the excitation impulse response
function, k, in (7). The full set of simulation parameters is provided in
Table 2.

Finally, in this paper, to focus on the main contribution, namely
the development of health-aware control augmentation strategies, full
present and future knowledge of f, (1) is assumed for the design of
the nominal controllers, in order to simplify the analysis. In a prac-
tical scheme, an unknown-input estimator would be used to estimate
fex(® [50], with an autoregressive model [60] used to forecast future
values.

(61)
A* =

_5
2’
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Fig. 6. Significant wave height H, and significant period T, occurrences at the
Atlantic Marine Energy Test Site (AMETS) Berth A site, based on 30 min (H,,
Tp) wave buoy data collected by Marine Institute [58].

5.2. Health-aware control performance

This section investigates the performance of the proposed health-
aware control augmentation strategy, in terms of the trade-off between
energy capture and PTO lifetime. Simulation results are calculated
over a one-week period, with results then extrapolated over a six-
year period, considering both regular and irregular wave conditions. By
comparing different nominal controllers, embedded within the augmen-
tation structure, the analysis provides insights into how the choice of
q, the augmentation structure, and the nominal controller affect overall
health-aware control performance.

To quantitatively assess PTO lifetime, the well-known mean time to
failure (MTTF) metric [36] is employed throughout this section. MTTF
is defined as the integral of the reliability function R(¢) over time, i.e.,

MTTF = / - R(t) dt. (62)
0

5.2.1. Results for regular wave excitation

Fig. 7 illustrates the relationship between captured energy and
MTTF for different values of the trade-off parameter g, for the regular
wave condition, when various nominal controllers are embedded within
the proposed feedback augmentation structure detailed in Section 4.
Each data point represents the outcome of a six-year extrapolation of
the one-week simulation data for both reliability and energy, where the
reliability decay of the PTO subsystem is evaluated alongside the total
extracted energy. The inset plots highlight the evolution of reliability
and energy for a representative case (i.e., the green box in Fig. 7),
showing how the MTTF is derived from the reliability function R(?),
while energy is accumulated over the same operational period.

The results confirm that the trade-off parameter ¢ plays a crucial
role in shaping health-aware control performance. For smaller values
of g, the health-aware controller prioritises energy maximisation, as
expected, resulting in higher energy yield but accelerated degradation
and shorter MTTF. As g increases, the augmented control law ( f;foO)
places a greater emphasis on preserving PTO health, which extends
MTTF, albeit at the cost of reduced energy capture. The trade-off across
all controllers reflects the flexibility of the proposed framework in
adjusting operational priorities between aggressive energy production
and conservative, reliability-driven operation.

In terms of controller-specific behaviour, the MPC-SP nominal con-
troller delivers the highest energy yield for aggressive operation (low
MTTF) among the three controllers considered. Compared to the other
controllers, MPC-SP exhibits the largest shift along the energy-lifetime
curve, indicating that its performance can be more effectively tuned

10
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through the trade-off parameter, q. LiTe-Con, in contrast, consistently
favours longer lifetimes with lower energy capture, due to its inherently
more conservative nature. MPC-ZOH provides an intermediate balance
between energy and MTTF; however, due to convexity limitations in
the optimisation problem, MPC-ZOH cannot be employed for certain
trade-off values, such as ¢ = —0.9.

Fig. 8 shows the corresponding energy—-MTTF trade-offs for the
feedforward augmentation structure. As with the feedback case, each
point represents a six-year extrapolation of the one-week simulation
data, evaluating both energy capture and reliability simultaneously.
The same general trend is observed: decreasing ¢ favours energy max-
imisation at the expense of shorter lifetime, while increasing ¢ extends
MTTF at the cost of reduced energy. There are, however, some notable
differences compared to the feedback structure. Firstly, for the feed-
forward case, extreme trade-off values of ¢ = —1 can be employed
for both MPC-SP and LiTe-Con (see Remark 6), whereas MPC-ZOH
continues to suffer from convexity issues and cannot be stably applied
for ¢ = —1. Secondly, all nominal controllers achieve greater lifetime
extension under feedforward augmentation than in the feedback case,
as shown in Fig. 7, highlighting the ability of the feedforward structure
to provide more flexibility in terms of the trade-off between captured
energy and PTO reliability.

5.2.2. Results for irregular wave excitation

Figs. 9 and 10 present the energy—-MTTF trade-offs for the irregular
wave condition, for the feedback and feedforward control augmenta-
tion structures, respectively. Compared to the regular case (Figs. 7-8),
convexity issues become more pronounced for MPC-ZOH, where MPC-
ZOH cannot be calculated for ¢ < —0.1 within the tested simulation
range for ¢, i.e, ¢ € {0,-0.1,-0.5,-0.9,—1}. On the other hand,
health-aware results for LiTe-Con and MPC-SP cannot be achieved for
q = —09 for the feedback structure, and ¢ = —-09 and ¢ = -1
for the feedforward structure. Therefore, Figs. 9 and 10 highlight the
challenges of extending the augmentation scheme to irregular wave
environments for larger ¢ values.

The root cause of less freedom for g selection in the irregular wave
case can be explained by examining the role of the delay parameter
7 in the augmentation structure. For the regular wave case, the de-
lay = = T, = 105 [s] is perfectly aligned with the period of the
excitation force, resulting in a global destructive effect on the control
input (i.e., Vi € R | f;foo(t)l < |fpro®D) that enhances PTO health,
when high g values are selected. However, for the irregular wave case,
the excitation force f,.(f) contains multiple frequency components,
and the fixed delay 7, chosen based on the peak period of the wave
spectrum, cannot align with the multiple frequency components present
in irregular waves. As a result, the intended destructive interference
of the control augmentation scheme cannot be perfectly achieved. For
further clarification, Fig. 11 shows control input evolution for different
q values, using the feedforward structure with MPC-SP as the nominal
controller. It is clear that, for the regular wave case, increasing g
reduces the resulting control input f l’foO(t), ensuring the global HAC
condition in (44). However, in the irregular wave case, increasing
q results in constructive behaviour in the control input calculation
(i.e., the green box in Fig. 11). Also, the constructive effect is relatively
small for smaller ¢ values, and satisfies the global HAC condition in
(44), more negative ¢ values, such ¢ = —-0.9 and ¢ = -1, result
in severe constraint violation; therefore, a health-aware control law
cannot be computed to satisfy the condition in (44). Consequently,
in irregular waves, the current augmentation scheme requires further
investigation to ensure health-aware operation for large negative ¢
values. One possible approach could be to develop an event-triggered
mechanism [25] that selectively deactivates the learning from past
control information (r = 0) when | f;fool > |fprol- While such an
event-triggered mechanism could extend the operational freedom of
health-aware control in irregular waves, its development lies beyond
the scope of this paper, which primarily focuses on introducing the
health-aware control augmentation strategy and highlighting its ad-
vantages and limitations with different nominal WEC controllers and
augmentation structures (i.e., feedback and feedforward).
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Fig. 7. Energy and MTTF values for a six-year period and different ¢ in the regular wave condition. Various controllers, such as the MPC-ZOH (circle), MPC-SP
(square), and LiTE-Con (triangle), are utilised as nominal controllers within the feedback control augmentation structure.
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Fig. 8. Energy and MTTF values for a six-year period and different ¢ in the
regular wave condition. Various controllers, such as the MPC-ZOH (circle),
MPC-SP (square), and LiTE-Con (triangle), are utilised as nominal controllers
within the feedforward control augmentation structure.

6. Conclusion

This paper presents a health-aware control augmentation frame-
work for WECs, designed to balance captured energy against the PTO
lifetime. By embedding various energy-maximising WEC controllers
within both feedback and feedforward augmentation structures, the
proposed approach provides a versatile means to make existing energy-
maximising WEC controllers health-aware, by modulating WEC op-
eration between aggressive energy capture and reliability-driven safe
operation. Simulation results for regular and irregular wave conditions
confirm the effectiveness of the framework in shaping the trade-off
between energy and lifetime through the selection of the augmentation
parameter g. For both (regular and irregular) wave environments,
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Fig. 9. Energy and MTTF values for a six-year period and different ¢ in the
irregular wave condition. Various controllers, such as the MPC-ZOH (circle),
MPC-SP (square), and LiTE-Con (triangle), are utilised as nominal controllers
within the feedback control augmentation structure.

the feedforward augmentation structure consistently delivers greater
lifetime enhancement than its feedback counterpart. Among the nomi-
nal controllers considered, MPC-SP exhibits the strongest health-aware
performance, offering substantial flexibility in adjusting the trade-off
between energy and lifetime, while MPC-ZOH and LiTe-Con are com-
paratively less flexible. Simulation results highlight the generality of
the proposed framework and its ability to adapt to different nominal
WEC controllers. Nevertheless, the simulations also revealed important
limitations for irregular waves. For MPC-ZOH, convexity issues arise
even at moderate trade-off values (e.g., ¢ = —0.5), while both LiTe-Con
and MPC-SP fail to provide health-aware outcomes at extreme values
(e.g., ¢ = =09 or ¢ = —1). The root cause lies in the fixed-delay
mechanism: while the delay ¢ aligns destructively with the excitation
force peak period in regular waves, it cannot consistently achieve
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Fig. 10. Energy and MTTF values for a six-year period and different g in the
irregular wave condition. Various controllers, such as the MPC-ZOH (circle),
MPC-SP (square), and LiTE-Con (triangle), are utilised as nominal controllers
within the feedforward control augmentation structure.

destructive interference in irregular waves, leading to cases where the
augmented control input degrades reliability, rather than improving
it. To overcome this limitation, future work will focus on developing
an event-triggered control augmentation mechanism that selectively
deactivates the augmentation whenever the augmented control input
exceeds the nominal input in magnitude. Such a mechanism would
extend the operational freedom of the proposed framework in irregular
waves. In addition, further research will explore dynamic selection of ¢
based on economic metrics, such as the price of electricity, enabling
real-time decisions tailored to operational priorities, i.e. whether to
favour extended lifetime or maximised energy capture.
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Appendix. Proof of Lemma 1

Consider a nominal linear controller with the following general,
stable, state-space representation:

xc(’) = Acxc(t) + Bcl yU(t) + Bc2fex(t)’
®) (A.1)

z

From (1) = Coxe (1),
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where x,(¢) is the controller state vector. Throughout this appendix, we
assume that the controller system matrix A, is Hurwitz. Therefore, (13)
is obtained as:

x(1) = Ax(1) + By [0 (1) + By [, (1),
Vo) = Cux(d), y.(1) = Cx(0).

(A.2)

x(1)
x. (1)

Define the augmented state vector as x,,,(f) = [ , which evolves

according to:

xaug(t) = Aaugxaug(t) + Baugfex(t)! (A.3)
where
A B,C,
BZ
Aaug - Bcl [gv] Ac s Baug - [Bcz .
z

Now, if the augmented linear system is shifted with the period of f,,(¢)
(assuming regular waves), i.e., T;, in Assumption 1, X qug(t +Tp) yields:
J-caug(t + T()) = xaug(t)~ (A.4)

On the other hand, Xaugs the solution of (A.3), can be obtained [28] as:

t
X gug(t) = eAaus~0x (1) + / Aas=OB f o (O)dC, (A.5)
To
where 1, is the initial time. So, x,,,(f + Tp) is calculated as:
Xaug(t +Tp) = eAaug(HTo*fo)xaug(tO)
+Ty "
+ / e aug(HTo*C)Baugfex(g)dC’
fo
= eAaug(HTO*fo)xaug(tO)
1
+ / eAu,,g(HTofi)Baugfex(g)dc
fo
+Tp
+ / eA,,,,g(t+To—C)Baugfex(g)dé'
1
= eAaugTO xaug(t)
+Ty
+ eAag 0O f o (O)dE (A.6)
t
NOW, X,5(t) = X gy, (1 + Tpy) yields:
_ T
= AaugTo ! o Agy (I+T0_t:) A
Xgug(1) = (I — ePaus efaug B g fox($)dE. (A.7)
t

Therefore, (A.7) results in the periodicity of Xaug(t) = x(1) = [prp @),
if Agyg is Hurwitz.

For the feedforward energy-maximising WEC controllers, such as
LiTe-Con and MPC-SP, A,,, is always Hurwitz, since A,,, yields an
upper triangular matrix as:

A B 1Cf] . (A.8)

Aaug = [0 A

However, for a feedback energy-maximising WEC controller, such as
MPC-ZOH, B, determines whether A,,, is Hurwitz. For example, for
the MPC-ZOH in (24), the undisturbed closed-loop system can be
asymptotically stable (i.e., A,,, remains Hurwitz) through appropriate
tuning of the control penalty parameter r. Specifically, choosing a suffi-
ciently large r leads to moderate control action, preserving closed-loop
asymptotic stability. The proof is complete.

c
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