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When I consider your heavens,
the work of your fingers,
the moon and the stars,
which you have set in place,
what is mankind that you are mindful of them,

human beings that you care for them?

Lord, our Lord,

how majestic is your name in all the earth!

Psalm 8: 3-4, 9
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Abstract

In this thesis we extend a result of M. Walsh that showed that, under reasonable con-
ditions, positive scalar curvature metrics which are Gromov-Lawson concordant are
in fact isotopic. This thesis generalises this result by proving that Gromov-Lawson
concordance implies isotopy in the space of Riemannian metrics on simply con-
nected, smooth, closed manifolds with positive Ricci-(k,n) curvature for certain k
at least 3 when n > 5. To do this, we use a strengthening of the Gromov-Lawson
surgery technique for extending a positive scalar curvature metric over the trace of
a codimension > 3 surgery to a positive scalar curvature metric which is a product
near the boundary. We extend this to positive Ricci-(k, n) curvature metrics making
use of theorems of Wolfson and Kordass. We also compute the Ricci-(k, n) curvature
on a variety of standard metrics on the sphere and disc including so-called mixed
torpedo metrics. In addition we give the conditions under which these standard
metrics are isotopic in the space of positive Ricci-(k,n) curvature metrics.
Moreover we extend a theorem of Carr to show that the space of positive Ricci-
(k,4n—1) curvature metrics on a (4n—1)-dimensional, smooth, closed, spin manifold,

n > 2, has infinitely many path components.

v
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Chapter 1

Introduction

1.1 Types of curvature

The topology of a manifold places restrictions on the Riemannian metrics admissible
on that manifold and, through the Levi-Civita connection, the curvature.

Classically there are three types of curvature: sectional, scalar and Ricci cur-
vatures. In two dimensions, the sectional curvature, K, is simply the Gaussian
curvature. Where the dimension, n, of the manifold M, is at least 3, the sectional
curvature, K, at a point x € M is a map, which assigns to each 2-dimensional sub-
space, V', of the tangent space T, M, the Gaussian curvature at x of the 2-dimensional
submanifold specified locally by V. To say that a manifold has positive sectional
curvature is to say that for every x € M and every 2-dimensional subspace V' in
T, M, the corresponding sectional curvature K (z, V) > 0. This is a very strong form
of curvature. The Ricci curvature, Ric, is a partial averaging of the sectional curva-
ture and the scalar curvature, scal, is a complete average of the sectional curvature;
see section B.Il This research focuses on a form of curvature intermediate between
Ricci and scalar curvature, defined by Wolfson [53], that of Ricci-(k,n) curvature,
ke {1,---,n}, and in particular, positive Ricci-(k, n) curvature. Ricci-(1,n) curva-
ture is the same as Ricci curvature and Ricci-(n,n) curvature is the same as scalar
curvature.

For 2-dimensional manifolds the three classical types of curvature give the same
amount of information. The Gauss-Bonnet theorem [25] shows the limitations im-
posed on compact, oriented, Riemannian surfaces. It relates the curvature and
topology of a 2-dimensional manifold, via its Euler characteristic, y = 2 — 2g, here

g being the genus of the manifold:

/M KdA = 2my(M).

Therefore the torus, where g = 1, does not admit a metric of positive sectional

curvature.



For general dimensions, n, conditions such as positivity of the curvature place
limits on the topology of the underlying manifold. This is most severe in the case
of positive sectional curvature. For example, Bonnet’s Theorem [25] states that a
complete, connected Riemannian manifold with curvature bounded below by %,
R > 0, is compact, has a finite fundamental group and has a diameter less than or
equal to TR.

The analogue for Ricci curvature to Bonnet’s Theorem for sectional curvature is
Myers’ theorem [25]. If (M, g) is a complete, connected Riemannian n-dimensional
manifold, and the Ricci curvature, Ric(v), is bounded below by “Zt[v|? for any
tangent vector v, then the manifold is compact, has finite fundamental group and
has diameter < 7 R.

However conditions on scalar curvature, being an average, does not limit the
topology of a manifold in the same way. A manifold has a metric with positive
scalar curvature, psc, if the scalar curvature at each point of the manifold is posi-
tive. Many techniques for generating manifolds with positive scalar curvature are
known and some of these are discussed in section [1.3] However many of these tech-
niques, for example Gromov-Lawson surgery, are, in general, not suitable to generate
manifolds with positive sectional curvature or even positive Ricci curvature. This
thesis extends the use of these techniques from positive scalar curvature to positive
Ricci-(k,n) curvature.

In recent years there has been research into notions of curvature other than the
classical ones: those intermediate between sectional and Ricci and those intermediate
between Ricci and scalar curvature. We describe below some of those which have

been the focus of research.

(i) Wu [57], Shen [38] and Wilhelm [52], among others, have researched k!"-
intermediate Ricci curvature, k € {1,--- ,n — 1}, a type of curvature inter-
mediate between sectional and Ricci curvature. A manifold has positive k-
intermediate Ricci curvature provided that for any choice {v, wy, we,- -+, wy}

of an orthonormal (k+1)-frame the sum of sectional curvatures =¥, K (v, w;) >
0 [52].

(ii) Labbi [23] has researched p-curvature. In this work we use the term (I, n)-
intermediate scalar curvature and denote it as s;,(x, P). This is a type of
curvature intermediate between sectional and scalar curvature. It is defined
as follows [7]. Let (M,g) be an n-dimensional Riemannian manifold, with
possibly non-empty boundary, and let [ € {0,1,--- ,n—2}. The (I,n)— inter-
mediate scalar curvature of M is the function s;, : Gr;(M) — R defined for

x € M, P an l-plane in T, M and {eq,--- ,e,_;}, an orthonormal basis of the



(iii)

(iv)

orthogonal complement P+ of P in T, M, by
Sin(x, P) = ZKx(ei,ej)
2%

where K, (e;, e;) is the sectional curvature at x of the subspace of T, M spanned
by the vectors e; and e;. A metric g has positive (I, n)-intermediate scalar

curvature if for all -planes in TM, s;,(x, P) > 0.

A type of curvature intermediate between Ricci and scalar curvature, m-
intermediate curvature, C,(e1, - ,en), was introduced by Brendle, Hirsch
and Johne [4] and they defined it as follows. Let N™ = M"™™™ x T™ be a Rie-
mannian manifold. Then N has positive m-intermediate curvature at € M,

if the inequality

Cnler, - ,em) = Z Rm(e;, ej,e;,e;) >0
i=1 j=i+1
holds for every orthonormal basis {ej,- - ,e,} of T,M. N has positive m-

intermediate curvature, if it has positive m-intermediate curvature for all x €

M.

Bi-Ricci curvature, BRic(v,w), may be calculated as follows:
BRic(v,w) = Ric(v) + Ric(w) — K (v, w),

where v and w are orthonormal vectors. This has been the subject of much
research by, for example, Shen and Ye [37] and Assimos, Savas-Halilaj and

Smoczyk [1].

Wolfson [53] researched Ricci-(k,n) curvature, Ric ), which is defined as the
sum of the k smallest eigenvalues of the Ricci tensor. We say that a metric
has positive Ricci-(k,n) curvature if the Ricci-(k, n) curvature of the metric is

positive for each z € M.

We wish to give a sense of how the sectional curvatures feature in the curvatures

discussed above. To this end we schematically depict these curvatures in figure

, for an ordered orthonormal basis, {ej,- - ,e7}, at an arbitrary point x of a

Riemannian manifold. Each 7 x 7 grid represents the sectional curvature, K ;, of

the plane spanned by the vectors e; and e;, by a small square. The squares shaded

in grey represent the sectional curvatures that feature in the relevant curvature.

We will be interested in metrics of positive Ricci-(k,n) curvature. We note that

positive Ricci-(n, n) curvature is equivalent to positive scalar curvature and positive



Figure 1.1: a) Sectional curvature, K 3; b) Ricci curvature, Ric(es); ¢) Scalar cur-
vature, scal; d) 4'"-intermediate Ricci curvature; e) (3, 7)-intermediate scalar cur-
vature, s37; f) 3-intermediate curvature, Cs(ey,--- ,e;) for M* x T3; g) Bi-Ricci

curvature; and h) Ricci-(2,7) curvature.

Ricci-(1,n) curvature is equivalent to positive Ricci curvature. Moreover bi-Ricci

curvature and Ricci-(2,n) curvature are closely related:
Ricny = BRic(eq, ea) + K.

The figure indicates that there are other relationships between these curvatures

which could be investigated.

1.2 Topological obstructions

Given a topological manifold, we want to know if it is possible to find a metric on the
manifold which satisfies a given curvature condition. As positive scalar curvature is
the least restrictive curvature condition, most success has been found in classifying
which manifolds admit positive scalar curvature metrics and which do not. This is

something we will return to shortly.

1.2.1 Dimension and other obstructions

Many theorems concerning curvature conditions on a manifold have some form of di-
mensional constraint. As is well known, one-dimensional manifolds have no intrinsic
curvature, positive scalar curvature conditions on two dimensional manifolds have
been classified, and higher dimensional manifolds may or may not admit metrics
with specified curvature conditions.

However, there are no obstructions for an n-dimensional manifold, n > 3, to

admit a negative scalar curvature metric [2] or a complete metric with negative Ricci

4



curvature [27]. The negative sectional curvature condition imposes severe topological
restrictions. The Cartan-Hadamard Theorem [25] states that a complete, connected
manifold with non-positive sectional curvature is always aspherical, that is it has a
contractible universal cover. Positive curvature conditions offer more of a challenge
in terms of existence and construction. We thus present some results for positive
curvatures of different types.

For positive scalar curvature, some dimension constraints are

(i) When n = 2, the manifold admits a complete Riemannian metric of psc if and
only if the manifold is diffeomorphic to R?, S? or RP? [25].

(ii) Some positive scalar curvature results on product manifolds are given. For a

compact, enlargeable manifold M [I7] then a complete metric on:

(a) M x R cannot admit a psc metric;
(b) M x R? cannot admit a uniformly psc metric; and

(c) M x R3 can admit a uniformly psc metric.

Naturally if a manifold does not admit a positive scalar curvature metric, it will
not admit a metric with positive sectional or intermediate curvatures. Hence the
dimensional constraints listed above in relation to psc also apply to all the other

types of curvature.

1.2.2 Obstructions to positive scalar curvature on spin man-
ifolds

A simply-connected manifold, n > 5, is a spin manifold if every embedded 2-
dimensional sphere has trivial normal bundle, Theorem 2.10 in [24]. Every compact,
simply-connected n-manifold, n > 5, which is not spin, admits a metric of psc [16].

However when a manifold has spin it may or may not admit a psc-metric. There
are certain index theoretic obstructions. The most well known is the fl—genus, which
depends only on the spin cobordism type of the manifold. In order for a closed, spin
manifold, M, of dimension 4n to admit a psc-metric, it is necessary that A(M )=0
[26]. Note that if a manifold does not admit a psc-metric, then it will not admit a
metric with positive Ricci-(k,n) curvature.

Let {W; Xy, X1} be an (n + 1)-dimensional cobordism; see figure [1.2| and section
for the definition. Then X, and X; are said to be cobordant, and {W : X, X1}
a cobordism. Two closed manifolds are said to be spin cobordant if they are the
disjoint boundary of a spin manifold with consistent spin structures. Gromov and

Lawson [16] showed that any compact simply-connected spin manifold of dimension



Xi

Figure 1.2: Cobordism {W; Xy, X }.

n > 5 which is spin cobordant to a manifold which admits a metric of psc, also
admits a metric of psc.

There is an equivalence relation between the spin cobordant, closed n-dimensional
manifolds forming the disjoint boundary, with the equivalence classes forming a
group. Milnor defined a homomorphism, «, from the group to the real K-homology
of a point [31]. Hitchin showed that if a closed, spin manifold admits a psc metric,
then a([M]) = 0 [19]. Incidentally, when n = 0 mod 4, then a([M]) = A(M).
Hence if A(M ) # 0, then there is an obstruction to the closed, spin manifold M"
having psc; and consequently there is an obstruction to positive Ricci curvature and
to positive sectional curvature.

Hitchin had shown that in order for a closed spin manifold M to have any chance
of admitting a psc-metric, the spin cobordism class [M]| must lie in the kernel of a.
Following the work of Gromov and Lawson in [16], Stolz in [39] completed the

following classification.

Theorem 1.2.1 (Gromov-Lawson, Stolz). Let M be a closed smooth simply con-
nected manifold with dimension n > 5. Then M admits a psc-metric if and only if

M s either not spin, or, M is spin with a([M]) = 0.

Crowley and Wraith [10] proved that all 2-connected manifolds, M7, admit a
metric with positive Ricci curvature. (This is also true for 4-connected manifolds,
M)

Of particular interest to us, is the case of positive Ricci-(k, n) curvature metrics.
Wolfson proved that every compact simply-connected non-spin n-manifold, n > 5,
carries a metric with positive Ricci-(n — 1,n) curvature [53]. This is analogous to
the Gromov-Lawson result [16] for psc curvature, i.e. positive Ricci-(n, n) curvature.
Similarly Wolfson showed that every compact simply-connected spin n-manifold, M,
with a(M) = 0 carries a metric with positive Ricci-(n — 1,n) curvature. This is
analogous to part of the result proved by Stolz [39] for psc metrics.

A similar result for positive (I, n)-intermediate scalar curvature has been proved
by Labbi [23]. A compact, 2-connected manifold, M, (and therefore spin), where

n > 7, admits a metric with positive (I, n)-intermediate scalar curvature if and only



if a([M]) = 0. This is very similar to positive Ricci-(n — 1,n) curvature; see figure
[1.3] which shows a grid representing the sectional curvatures for a 7-dimensional
orthonormal basis. The squares coloured grey are those that are included in a)
(I, n)-intermediate scalar curvature for [ = 1, n = 7 and b) Ricci-(n—1,n) curvature

forn="1.

a) b)

Figure 1.3: a) (1,7)-curvature; and b) Ricci-(6,7) curvature.

1.3 Construction of new metrics

In section [1.2| we have considered some of the topological obstructions to the exis-
tence of a metric with a certain curvature condition. In this section, we consider how
to construct a manifold with a metric satisfying a particular curvature condition,
where no obstructions exist. For strong curvature notions, like the sectional (and
to a lesser extent the Ricci), constructive techniques for positive curvature are few
and far between. In the case of positive scalar curvature, however, the topological
technique of surgery leads to a powerful method for constructing new psc-metrics.

This method plays a central role in the classification results above.

1.3.1 Surgery

We describe a p-surgery on an n-dimensional manifold, where p+q+1 = n, as follows.
A p-surgery removes a disc-sphere product SP x D! embedded in the manifold,
M, and replaces it with a sphere-disc product DP*! x S9 to give the manifold, M.
The manifolds, M and M’, may be topologically very different. For example figure,
shows that 0-surgery on the sphere, S?, gives the torus 72. A 0-surgery can also

be used to connect disjoint n- manifolds, a technique called connected sum.

1.3.1.1 Gromov-Lawson surgery

Separately Gromov-Lawson [16] and Schoen-Yau [35] showed that compact
n-manifolds, with a psc metric may be constructed from existing manifolds with
psc metrics using codimension > 3 surgery. We describe Gromov-Lawson surgery

briefly. A sphere-disc product, S? x D% where p+q+1 = n, ¢+1 > 3, is embedded



a) b)

Figure 1.4: O-surgery on the sphere, S?. a) Embedded sphere-disc product S° x D?;
and b) D! x St attached to S2.

in a compact psc manifold M by a map ¢. The metric on ¢(SP x D?*1) is gradually
adjusted while retaining the original metric on M\ (¢(S? x D4*1)). Figure [1.5/shows
the result of deforming the original metric on the embedded sphere-disc product to
give a smooth, surgery-ready manifold which has a psc metric throughout. The met-
ric near S? x {0} becomes a standard psc metric using the method described below.
Let r denote the radial distance from S? x {0} in ¢(SP x D?™!). Around SP x {0}, as
r tends to zero, the metric on the geodesic spheres S%(r) changes through an isotopy
of psc metrics to one approaching the standard round metric. The geodesic spheres
are “pushed out” to obtain a hypersurface of (¢(S? x D?t1)) x [0,00), where ¢ is
the coordinate orthogonal to the original embedding ¢(S? x D). The pushing
out of the geodesic spheres is done in such a way as to maintain a psc metric. The
curve in the r — ¢ plane made by such a process is called a Gromov-Lawson curve.
A necessary condition to maintain psc in this process is that ¢ > 2. As the radius
of the g-spheres reduces the contribution to psc increases and thus compensates for
the negative contribution of the adjustments required. There is a final isotopy of
the metric near S? x {0} to a standard “surgery-ready” metric.

Figure depicts this process schematically. Figure (a) shows the original
metric on M \ (¢(SP x DI%1)) which is, by assumption, a psc metric. As the geodesic
spheres approach SP x {0} the metric on them becomes more standardised, see figure
1.5(b). Adjustments occurs using a Gromov-Lawson curve which ensures that a psc
metric is maintained throughout; see figure[L.5|c) and (d). The metric is adjusted to
a standard metric near S? x {0}, see figure[L.F[(d), which is a rotationally symmetric
product metric of the standard sphere metric on SP with a torpedo metric on D+,
The manifold is now surgery-ready and we complete this “geometric surgery” by
removing the metrically standard sphere disc product, SP x Dt and attaching a
new standard piece, DPT! x S9.

Hence we can construct a manifold with a metric having psc from an existing
psc manifold by a p-surgery provided that the surgery has codimension ¢ + 1 > 3.

This surgery is described in more detail by Walsh [44] and in [11]. This surgery

may be reversed by performing a complementary g-surgery to give a manifold with



Figure 1.5: Regions of surgery-ready manifold with a) Original psc metric; b) Bound-
ary with radial spheres of S9; ¢) Shrinking S? along part of a Gromov-Lawson curve;

and d) Regions with standard torpedo metric.

the same topology as M. Similarly, the cancellation theorem 6.4 of [30] gives con-
ditions whereby a (p + 1)-surgery on M’ gives M"” which is topologically the same
as M. Despite this, the M” will have a different psc-metric to the original manifold

M, following the Gromov-Lawson construction.

1.3.1.2 Preserving curvature conditions after surgery

As stated above, Gromov-Lawson [16] and Schoen-Yau [35] showed that compact
manifolds with a psc metric may be constructed from manifolds with psc metrics
using codimension > 3 surgery. We say that a metric with a certain curvature
condition which is preserved after codimension c-surgery is called a c-surgery stable
condition. Hence, psc is a c-surgery stable condition, ¢ > 3, on a compact manifold.

Other curvature conditions are surgery stable. Labbi [23] showed that a manifold
obtained by surgery in codimension [ 4+ 3, from a manifold admitting a metric of
positive ([, n)-intermediate scalar curvature, also admits a metric of positive (I, n)-
intermediate scalar curvature.

Of great relevance to us, Wolfson [53] showed that positive Ricci-(k, n) curvature,
2 < k < n, is a surgery stable condition on a compact n-dimensional manifold, M,
provided that the codimension of the surgery, ¢ + 1 > max{n + 2 — k, 3}.

Hence psc, positive (I, n)-intermediate scalar curvature and positive Ricci-(k, n)
curvature are called surgery stable curvature conditions. Hoelzel [20] showed that
surgery stable curvature conditions are open, convex O(n)-invariant cones in the
space of algebraic curvature operators stable under surgeries of codimension > ¢
provided that the cone contains the operator corresponding to S¢~! x R*=¢t! ¢ > 3.
Therefore, curvature conditions that are not surgery stable include positive sectional

and positive Ricci curvatures.



1.3.1.3 The trace of a surgery

Gajer [I5] and Walsh [44] extended the theorem of Gromov and Lawson [16] and
Schoen and Yau [35] to the (n + 1)-dimensional trace, W, of a surgery {W; M, M'}.
The disjoint n-dimensional boundaries of W are M, the manifold to be operated on
and M, the result of p-surgery on M. Gajer [15] and Walsh [44] showed the trace
of a p-surgery, on a closed manifold M with a metric of psc, where ¢ > 2, admits
a metric which has psc and is a product near the boundary extending the original
metric on M.

Unfortunately Gromov-Lawson surgery may not be used on manifolds with pos-
itive sectional curvature or positive Ricci curvature to give traces with positive
sectional curvature or positive Ricci curvature, respectively, as these curvature con-
ditions are too restrictive. However Burkemper, Searle and Walsh [7] showed that
an (I,m) > 0 metric on M could be extended over the trace of a p surgery on M to
an (I,n 4+ 1) > 0 metric which restricts to a product of (I,n) > 0 metrics near the
boundary, provided [ € 0,1,...,q+1 — 3 where p+q¢+ 1 = n.

We will extend these results to the trace of a p-surgery on a compact manifold

with another intermediate curvature, Ricci-(k,n) curvature; see Theorem

1.3.1.4 Connected sum

The connected sum joins two manifolds together and is p-surgery where p = 0. Let
M7} and M3 be two n-dimensional manifolds and ¢; : R® — M i € {1,2} be
two embeddings with ¢; and ¢, orientation preserving or reversing, respectively.
Let a be an orientation reversing map. Then, the connected sum M;#M; =
Mi# Ms(¢1, ¢2, ) is the manifold obtained by the disjoint union of M; — ¢;1(0)
and My — ¢2(0) by identifying hy(v) with ho(a(v)) [22).

Gromov and Lawson [16] showed that the connected sum of two compact, n-
dimensional manifolds with psc, where n > 3, has a metric with psc.

In general the connected sums between Ricci positive manifolds will not in general
support a metric of positive Ricci curvature [55].

However the following connected sums of manifolds with positive Ricci curvature

results in a manifold with positive Ricci curvature:

(i) The connected sum #_,S™ x S™ of r-copies of S™ x S™ for n,m > 2, where

S? is the standard p-dimensional sphere [36].

(ii) This is generalised in [55] to factor spheres with different dimensions in Theo-
rem A of [55]. The manifold (S™ x S™)##(S™ x S™2)# .- #(S™ x S")
admits a metric of positive Ricci curvature for any n;,m; > 3 such that

n; +m; =n; +m; forall 1 <i,7 <r.
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Figure 1.6: Connected sum M#N.

This has been extended in [5] by Burdick. He defines a product of spheres

as S* = [] S% where v is a multi-index o = (v, -+, @jq)). Then for any
1>i>|a

sequence =l

(k=16)

M € {S* x 8%, CP? x S*, HPT x S*,0P 5 x S%:
k+ ol =n,k> 2, and oy > 3},
the connected sum, #M", admits a metric of positive Ricci curvature.

(iii) Crowley and Wraith proved that where a manifold, M*~! j > 2 is highly
connected and, where 7 = 1 mod 4 is also (2j — 1)-parallelisable, then there
is a homotopy sphere Z4j ~! such that M# >~ admits a Ricci positive metric
[10]. They proved this by showing that these manifolds may be described as

the boundaries of explicit plumbings.

However the intermediate curvature, Ricci-(k, n), is less restrictive. Wolfson [53]
has shown that where M; and M, are compact n-manifolds with metrics of positive
Ricci-(k,n) curvature, 2 > k > n, then their connected sum M;# M, also carries a
metric with positive Ricci-(k,n) curvature.

An example of the difficulty of extending manifolds with positive sectional or
Riccei curvature metrics to connected sums is given in the introduction to [43]. Real
projective space, RP™ n > 2, being locally isometric to the round metric on S™,
has a metric with positive Ricci curvature and positive sectional curvature. By Van
Kampen, the connected sum, RP"#RP", n > 3, has fundamental group the free
product, Zs % Zs, an infinite fundamental group. By Bonnet’s Theorem, Theorem
11.7 of [25], positive sectional curvature on a complete, connected manifold forces the
fundamental group to be finite. Similarly by Myers’s Theorem, Theorem 11.8 of [25],
positive Ricci curvature on a complete, connected manifold forces the fundamental
group to be finite. Hence, RP"#RP™ does not admit a metric with positive sectional
or positive Ricci curvature. However by the surgery theorem, it does admit a metric

with psc.
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1.4 The space of Riemannian metrics

We now consider the space of metrics on a smooth, closed manifold, X", n > 2,
with a particular curvature condition. The space of Riemannian metrics on X with
C> topology, Riem(X), is an infinite-dimensional Fréchet space which is convex,
see chapter 1 of [42]. However once a curvature condition, C', is specified far less
is known about the subspace of Riemannian metrics which have that curvature
condition, Riem®(X) C Riem(X). In particular we are interested in the subspace
of Riemannian metrics which have positive Ricci-(k, n) curvature, RiemFict.n (X) C
Riem(X). Assuming that the space is not empty, we would like to know more
about the different topological properties such as homotopy type or even just path

connectedness of the space of such metrics.

1.4.1 Homotopy

The homotopy class of the space of psc metrics may not change after certain types
of surgery. Chernysh in [9] and Walsh in [45] prove that where a manifold N is
obtained from a smooth, compact manifold M™, n > 5, by p-surgery, 2 < p < n —3,
then the spaces Riem™ (M) and Riem™(N) are homotopy equivalent. Indeed where
M is a simply connected spin manifold, n > 5, then the homotopy type of the space
of psc-metrics is a spin-cobordism invariant [45].

Kordass in [2I] generalised this result to surgery on a sphere, S?, with trivial
normal bundle, embedded in a manifold with a “q+ 1-surgery-stable curvature con-
dition”, C' [20]. Let N be obtained from the closed n-dimensional manifold M from
such a p-surgery, where p > "T_l Then, the spaces of Riemannian metrics with
that curvature condition, C', Riem¢s (M) and Riemg(N), are homotopy equivalent.

Kordass gives examples of surgery stable curvature conditions:

(i) Gromov and Lawson in [I6] and Schoen and Yau in [35] showed that psc is a

surgery stable curvature condition provided ¢ > 2.

(ii) Wolfson in [53] showed that positive Ricci-(k, n) curvature is a surgery stable
curvature condition where k > 2, ¢ > max{n + 1 — k,2}, i.e. p < min{k —
2,n — 3}.

(iii) Labbi in [23] showed that positive (I, n)-intermediate scalar curvature is a

surgery stable curvature condition provided ¢ > [ + 2.

Kordass’s Theorem above largely follows from an initial Theorem he proved in [21].
For the manifolds above with a compact p-dimensional submanifold, N?, then the
inclusion of metrics standard near N?, Riem{?(M) C Riemc(M) is a weak homo-

topy equivalence. A similar result was proved in [9] in the case where p < n — 3.
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Incidentally, a corollary of this is Chernysh’s Surgery Theorem. We note that sec-
tional curvature is not a stable curvature condition, nor is Ricci curvature which is
equivalent to Ricci-(1,n) curvature.

Naturally, to give more information, the manifold must be specified. Walsh
in [46], proved that Riem™(S™), n > 3 is homotopy equivalent to an H-space,
with a homotopy commutative and homotopy associative product operation; and
provided n # 4 it is weakly homotopy equivalent to an n-fold loop space. Ebert
and Randal-Williams [I2] prove that many spaces of psc metrics have the homotopy
type of infinite loop spaces, in particular the path component of the round metric
in Riem™(S™), n > 6.

Similarly, Walsh and Wraith in [49] proved that the space of positive Ricci-(k, n)
curvature metrics on the n-sphere, RiemRicﬁm(Sn), n > 3, k > 2, has the structure
of an H-space with a homotopy commutative, homotopy associative product oper-
ation. Moreover the path component of this space containing the round metric is

weakly homotopy equivalent to an n-fold loop space.

1.4.2 Path-Connectedness

Two metrics on an n-manifold, X, that lie in the same path component of

L
Ricten) (X) are said to be isotopic. Two positive Ricci-(k,n) curvature met-

Riem
rics, go and ¢, are said to be concordant if there is an (n + 1)-dimensional cylinder,
X x I, equipped with a positive Ricci-(k 4+ 1,n + 1) curvature metric, g with a
product metric at the boundary and gy = g|xx0} and g, = §|XX{1}. We show that
isotopic metrics are concordant in section [3.3] However whether concordance implies
isotopy is a difficult open question. Walsh [44] showed that in the case of positive
scalar curvature metrics on closed simply connected manifolds of dimension n > 5
concordance implies isotopy in the case of certain types of concordances. We extend
this result to the case of positive Ricci-(k,n) curvature metrics.

In [41], Tuschmann gave a survey of path-connectedness of the spaces and moduli
spaces of Riemannian metrics with certain curvature conditions. Manifolds may
admit metrics with a certain type of curvature which are not isotopic in the space

of metrics with that curvature. For positive scalar curvature metrics on certain

manifolds, classified by dimension, the following is known:

(i) Tt has long been known that the space, Riem™(S?), is path connected [51];
indeed Rosenberg and Stolz proved that it is contractible in Theorem 3.4 of
[33]. In this theory they also proved that Riem™ (RP?) is path-connected and

contractible.

(ii) Codd Marques in [28] proved that the space, Riem™(S?), is path-connected.

13



(iii) For dimensions of 8n and 8n + 1, Hitchin in [I9] showed that Riem™ (M) for
a closed spin manifold, M, admitting a psc metric has more than one path

component and has nontrivial fundamental group.

(iv) As noted earlier, the A genus is an obstruction for Riem™ (M*") # (), where
M is a closed spin manifold. Carr [8] used the A genus of certain manifolds
diffeomorphic to $*"~! to show that Riem™ (S*"~1) n > 2, has infinitely many
path components. Ebert and Wiemeler in [I3] showed that where Riem™ (M™)
is not empty for M™ a simply-connected, closed spin manifold, where n > 5
then Riem™ (M™) is homotopic to Riem™(S™), where S™ is the n-dimensional
sphere with standard smooth structure. Hence Riem™ (M%) n > 2, has
infinitely many path components. Further, Tuschmann and Wraith deduce in
Theorem 4.2.2.2 that Riem™(M*"~!), n > 2 has infinitely many path com-
ponents, where M is any closed spin manifold admitting a single psc metric
[42].

We note that when a manifold, M, admits a psc metric, then Riem/ (M) C

sec
Riem}, (M) C Riem™* (M) and, hence, if Riem}, (M) = &, then Riem! (M) = @.

There are analogous results for other curvature conditions. Wraith in [54] showed
that homotopy spheres bounding parallelizable manifolds admit a metric of positive
Ricci curvature. The space of positive Ricci curvature metrics for such homotopy
spheres in dimension 4n — 1, Riem%, (S*~1), n > 2, has infinitely many path
components [56]. Burdick in [6] showed that this result could be extended from
Riemp, (S*"1) to Riemp, (M*"1), n > 2, where M is a spin manifold admitting
a particular type of positive Ricci curvature metric.

Burkemper, Searle and Walsh in [7] proved an analogous result for positive
(I,4n — 1) intermediate scalar curvature metrics, n > 2 on smooth, closed, spin

manifolds to show that the space Riem®-4n-1>0(M) has infinitely many path com-

ponents.

1.5 Main Results

Gajer [15], and Walsh [43] used a construction to build psc metrics on a compact
cobordism {W; Xy, X7} which is the trace of a surgery in codimension of at least 3,
giving a product metric near the boundary. This construction was used by Burkem-
per, Searle and Walsh [7] to build positive (I, n)-intermediate scalar curvature met-
rics on the trace. In chapter |§], we use this construction to build positive Ricci-(k,n)

curvature metrics on the trace of the surgery and prove the following Theorem.

Theorem A. Let X be a smooth n-dimensional closed manifold with n > 3,
@ SP x DIt — X an embedding where p+q+1=mn and let W, := {W,; X, X}
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denote the trace of a p-surgery on p. Suppose g is a Riemannian metric on X which
has positive Ricci-(k,n) curvature when 2 < k <n andp # 1, or 3 < k < n when
p = 1. Then provided ¢ > max{n + 1 — k,2}, there is a metric g, on W, so that

a’) gcplX =9
b) J, 1s a product near the boundary OW,; and
¢) g, has positive Ricci-(k + 1,n + 1) curvature.

In order to prove this theorem we first prove Lemma that a smooth path
of metrics in Riem (X) gives rise to a positive Ricci-(k + 1,7 + 1) metric on
the cylinder X x I. Thus isotopic positive Ricci-(k,n) metrics are concordant.

In chapter [6| we use Theorem proved by Wolfson [53] to give the conditions
for the co-dimension of the surgery on a manifold admitting a positive Ricci-(k,n)
metric so that the post-surgery manifold also admits a positive Ricci-(k,n) metric.
We also use Theorem [6.0.2] proved by Kordass [21] which shows that under certain
conditions the inclusion of the space of metrics with positive Ricci-(k,n) curvature

Ric},

which are standard near compact submanifolds in the space of Riem ™ “*m» (X)) is a
weak homotopy equivalence.

In chapter 4] we calculate the curvature of certain standard metrics on the disc,
D™, and sphere, S™, and determine for which k, the metrics have positive Ricci-(k, n)
curvature. Hence, given an initial manifold admitting a positive Ricci-(k, n) metric
we can determine for which k' the trace of the surgery on this manifold admits a
metric with positive Ricci-(k',n+1) curvature and the post-surgery manifold admits
a metric with positive Ricci-(k,n) curvature.

Corollary is used to study the path-connectedness of the space of positive
Ricci-(k,n) curvature metrics on some manifolds. In chapter m we use this Theorem
to prove one application extending a theorem of Carr [§] in relation to psc metrics

on S4=1 n > 2. We use the method of connected sums used by Burkemper, Searle
and Walsh [7] for Riem®-»>"(M).

Theorem B. Let M be a (4n — 1)-dimensional, smooth, closed, spin manifold,
n > 2, which admits a positive Ricci-(k,4n-1) curvature metric, for k > 2n + 1.
Then the space of Riemannian metrics of M, with positive Ricci-(k,4n-1) curvature,

Rict

Riem " “tin=1) (M) has infinitely many path components.

Remark. This theorem also follows from the results of Frenck and Kordass in [T7)].
Howewver, the construction we use is quite different and far more geometrically ex-

plicit.

In chapter |8 we consider the space of metrics with positive Ricci-(k, n) curvature

s
on X, Riem™ @ (X), and we show that under reasonable conditions, the metrics
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on the boundary of a Gromov-Lawson concordance are isotopic in Riemlen (X).
To do so we use the well-known Cancellation Theorems from Morse-Smale theory
in sections 5 and 6 of [30] which gives conditions where a (p + 1)-surgery cancels a
p-surgery. In this we equip a union of the traces of the two surgeries with a Morse
triple, f = (f,m, V) where f is the Morse function, m is the background metric and
V' the gradient-like vector field; see section for more details.

We prove the following theorem in chapter [§| An admissible Morse function
with respect to Ricci-(k,n) curvature is one in which all the critical points of the
function have index A < min{k — 1,n — 2}. This ensures the surgeries associated to

the critical points satisfy the codimension conditions of Wolfson.

Theorem C. Let X be simply connected, smooth, closed manifold of dimension
n>>5. Let f = (f,m,V) be a k-admissible Morse triple, k > 3, on X X I, satisfying:

1. The conditions of Morse-Smale’s Cancellation Theorems|2.5.1|;

2. n— N > mazx{n+1— k,2} where \;, i € {1,2} are the indices of the two

Morse critical points; and
3. If \; =2, k> 4. In all other cases k > 3.

Then for any positive Ricci-(k,n) curvature metric, go on X and corresponding
Gromov-Lawson concordance, § = G(go, f), the metrics go and g|xxqy are isotopic

in Riem" (X).

We note in chapter [6] that the surgery construction of Gromov and Lawson
[16], Schoen and Yau [35], Gajer [15], and Walsh [43] uses standard metrics on the
neighbourhood of the surgery sphere embedded in the manifold. We show that each
of the spaces of these standard metrics with Ricci-(k, n) positive curvature are path-
connected subspaces of RiemRiC&7n>(S”). These standard metrics include so-called
mixed torpedo metrics, defined in section [£.6] In section [5.3] using a particular
isotopy we give the conditions that the standard mixed torpedo metrics are isotopic
in Riemln (S™).

We then consider the union of the traces of two cancelling surgeries, a p-surgery
and a (p+ 1)-surgery, {W; X, X1}, where the p-surgery takes place on the embedded
sphere-disc product in (X, go).

A Morse function f: W — [ is used to decompose the cobordism in to a union
of traces of surgeries. The metric § = §G(go, f) on W with respect to go and f,
extends gp and has a product structure near the boundary. The resulting metric,
7 =9(g0, [), is called a Gromov-Lawson cobordism. In the case where the cobordism

is the cylinder, X x I then g is called a Gromov-Lawson concordance between g

and g1 = §|X><{1}-
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Walsh in [44] proved that in the case of psc metrics and X having dimension > 5,
then for a Gromov-Lawson concordance the metrics gy and g|x,x 1} are isotopic. He
proved this in the case of two cancelling critical points. We prove the analogous
theorem |C| in the case of metrics of positive Ricci-(k,n) curvature metrics, where
k >3 when p # 1, and k > 4 when p = 1.

To get a sense of this cancellation, consider the example where X is diffeomorphic
to S™ and equip the trace W with a k-admissible Morse function with two critical
points with Morse indices p+1 and p+2. The index p+1 critical point gives rise to a
p-surgery resulting in a manifold diffeomorphic to SP™! x S9. The subsequent index
p + 2 critical point “cancels” out the previous surgery and results in a manifold
diffeomorphic to S™. In figure we show two methods to achieve the metric

STL

(p + 2)-index

Figure 1.7: Morse function, f, on trace with critical points of index p+ 1 and p + 2.

schematically depicted in figure [1.8(d)(iii). Path (d) uses p-surgery on an embedded
p-sphere followed by a (p + 1)-surgery on the embedded (p + 1)-sphere; and Path
(c) is an isotopy which uses positive Ricci-(k,n) standard metrics. This involves a
detailed analysis of the metrics used during the isotopy and the proof of Theorem
[Clis given in Chapter [§]

This may be extended to the case where the Gromov-Lawson concordance,

9(go0, f), is the result of more than one pair of cancelling surgeries:

Theorem D. Let X be a simply connected, smooth, closed manifold of dimension
n > 5, equipped with a metric of positive Ricci-(k,n) curvature, go. Let f be a
k-admissible Morse function f: X x I — I, giving a Gromov-Lawson concordance,
G(g0, f) on the cylinder X x I. Then the metrics go and g1 = G|xxq1y are isotopic
in Rz’emRiC&m(X) if 4 < k <mn or for k satisfying 3 < k < n if f has no critical

points of Morse index 2.
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Figure 1.8: a) Original manifold; b) p-surgery ready manifold; ¢(i) and c(ii) Isotopy
of metric; d(i) Manifold after p- surgery; d(ii) (p + 1)-surgery ready manifold; and
d(iii) Manifold after (p + 1)-surgery.

18



Chapter 2

Smooth Topological Preliminaries

2.1 Surgery and Cobordism

Let X be an n-dimensional, smooth, closed manifold. Let ¢ be an embedding;:
0 SP x DI X

where n = p+ ¢+ 1. As usual the sphere SP(p) := {z € RP!; |z| = p}, SP := SP(1)
and the disc D (p) := {x € R™; |z| < p}, DI := DT1(1); figure 2.1f(a).

a) b) c)

« ©
¢

sr* piQ 510

Figure 2.1: a) Embedding, ¢ : S? x D7 — X: b) X \ ¢(S? x Dt1); and ¢) X,,.

We denote as X, the result of surgery on the embedding ¢.

X, = (X\p(SP x Dat1)) U, (D' x S9).

Thus X, is obtained by first removing the embedded sphere-disc product,
©(SP x DIt leaving the closed manifold X \ ¢(SP x D) with boundary diffeo-
morphic to S? x 59 figure (b) We then use the embedding, ¢, to glue in a second
sphere-disc product DP™! x S9, which has boundary S? x S? and use the embedding

map ¢ restricted to the boundary, to give the appropriate gluing instructions as an
attaching map so that the boundaries of X\(S? x Dt1) and DP! x S7 are iden-
tified; figure [2.1)(c). This is a smooth manifold after standard smoothing of corners
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at the attachment. This process is an example of a p-surgery (or a co-dimension
(q+1)-surgery) on the manifold X.

Given X, the result of surgery on ¢, we can construct a smooth (n + 1)-
dimensional manifold, W, with boundary, 0W,, equal to the disjoint union of X
and X, known as the trace of the surgery on ¢. It is formed by taking X x I, where
I is the interval [0, 1] and gluing the disc product DP™ x D™ to X x {1} using the
embedding map ¢ : SP x DI < X figure (a). We schematically depict X, in
figure (b) as the right hand boundary of W.,.

Two closed smooth n-dimensional manifolds Xy and X; are said to be cobordant
if there exists a compact smooth (n + 1)-dimensional manifold W with disjoint
boundary OW = X, Ll X;. The triple {W; Xy, X1} is called a cobordism. Tt is
well known that cobordism provides an equivalence relation on closed smooth n-
manifolds. It is clear from the above construction that the trace, W, of surgery
on the embedding ¢ forms a cobordism {W,; X, X,}. Such a cobordism, arising
as the trace of a single surgery, is known as an elementary cobordism. By taking
appropriate unions of cobordisms, and smoothing where required, new cobordisms
may be formed. For example, {W; Xy, X1} U{Z; X1, X0} = {(WUZ : Xo, Xo}.
Moreover, any compact cobordism {IW; Xy, X1} may be decomposed as a union of
finitely many elementary cobordisms. This fact can be proved using Morse Theory,

a subject we now turn our attention to.

Figure 2.2: a) The trace of a surgery; and b) The right hand boundary, X, of the

trace of a surgery.

2.2 Morse Triples

Let 9y and 1, denote disjoint collar neighbourhood embeddings on a cobordism
{W, Xo, Xl }Z

o : Xo x [0,6) =W where 9y(z,0) =z € Xo C OW,
P Xy x (=g, 1] > W where ¢y (z,1) =z € X; C OW.
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Let F = F(W) denote the space of smooth functions f : W — I on the
smooth, compact, (n + 1)-dimensional cobordism {WW; Xy, X;}. We assume that
fow(z,t)=t,ie{0,1}, for all f € F(W). Thus there are no critical points near
OW. The space F(W) is a subspace of the space of smooth functions on W with
the usual C'* topology [18].

A critical point, w, of a smooth function f € F(W) is called degenerate
if the determinant of the Hessian, det(D?*(f)(w)) = 0 and non-degenerate if
det(D?*(f)(w)) # 0. A non-degenerate critical point is also known as a Morse critical
point. A Morse function is one in which all of the critical points are non-degenerate

critical points. The Morse Lemma [29] states that a critical point, w, is a Morse

critical point if and only if there exists a coordinate system (z1,xg, - ,Z,41) about
w such that
A n+1
flz1, . Xpg1) = c— Za:f + Z 7
i=1 i=A+1

where ¢ = f(w). The term A in this formula, known as the Morse index of the Morse
critical point w, is the dimension of the negative eigenspace of the Hessian D?(f)(w)
and is invariant of the choice of coordinates. Suppose W is equipped with a Morse
function, f : W — I, with only one critical point at w € W, which has index A\. Then
W is diffeomorphic to the trace of a surgery on an embedding S*~! x D"1=4 < X,,.
In particular, for ¢ > 0, level sets f~!(c — €) are diffeomorphic to X while level
sets f~'(c + ) are diffeomorphic to X;. For more details see Chapter 3 of [29].
As a consequence of the Morse Lemma, the critical points of a Morse function are
isolated.

The space of Morse functions, M (W), is an open, dense subspace of F(WV); see
Theorem 2.7 of [30]. Figure [2.3|shows a Morse function f on W.

X1 ) srernenanaenn 1= f(x), z€ X,
............. 1—¢
f
—
............. c= f(w)
B | 0+€
T « 0:f<x)7$€X0

Xo
Figure 2.3: Morse function, f, on W showing the collar neighbourhoods.

We denote the set of Morse critical points of the Morse function, f, as > f, which
is a finite set as W is compact. The Morse number, u, of a general cobordism, W,

is defined to be the minimum number of critical points over all Morse functions on
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wW.
We equip W with an arbitrary “background” Riemannian metric m and define

a gradient-like vector field V on W with respect to f and m such that:

1. The directional derivative of f at x in the direction V;, V,(f) is positive for
allz e W\ (X f); and

2. Given any critical point w of f, there is a neighbourhood U of w such that for
all z € U, V,, = grad, f(z).

A Morse triple, { f,m,V'}, on the (n + 1)-dimensional manifold, W, is a triple such
that f is a Morse function, m, the background metric, and V' the related gradient-like
vector field.

We abbreviate the Morse triple {f,m,V} to f as the choice of metric and corre-
sponding gradient-like vector field will make no difference to our work.

For simplicity we will consider the case where f is a Morse function on the trace
of the embedding ¢ : SP x D! — X, W, := {W,; X, X}, with only one critical
point w of index p+ 1. Associated with this critical point is an incoming trajectory
disc, D"*'(w), bounded by the incoming sphere, S” (w), where S” (w) = ¢(S? x {0})
is embedded in X C OW,,. Exiting from the critical point there is an outgoing
trajectory disc, Dfl(w), bounded by the outgoing sphere ST (w) which is embed-
ded in X, C W, with trivial normal bundle. The disc D*™"(w) consists of in-
tegral curves of the gradient like vector field beginning at S” (w) and ending at
w. Similarly, the disc DI (w) consists of integral curves of the gradient like vec-
tor field beginning at w and ending at S%(w); figure - . Figure (b) shows
N = @(S? x D?) C X C W, the embedding of SP with trivial normal bundle in
X. It also shows the neighbourhood U being the union of the trajectories emanating
from N. Note that figure shows the trace of a p-surgery and a Morse critical
point of index p + 1, w.

We now introduce some notation and definitions which we will use throughout

the rest of this section. We denote

p+1

_(w) to be the incoming trajectory disc D" (w) restricted to the level set

0 (
fHE), SE-(w) = FHH) N D (w), € [0, f(w);
e S/, (w) to be the outgoing trajectory disc D (w) restricted to the level set

J

(), Sy (w) = fH () N DI (w), ¢ € (f(w), 1

These definitions can be extended in the obvious way where there are more critical

points.
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Figure 2.4: a) Trajectory discs and b) Neighbourhoods N and U.

2.3 Cancellation Theorems

An important special case for us concerns a cobordism formed by taking the union
of a particular pair of elementary cobordisms. Let W = W, UW,, be the union
of two elementary cobordisms, the trace of a p-surgery, W, := {W,,; X, X,,, }, and
the trace of a (p + 1)-surgery, W,,, = {W,,; X,,, Xy, }, glued along the common
boundary, X,,. Here X,, is the result of X after a p-surgery on ¢; : SP x DIt — X
followed by a (p 4+ 1)-surgery on ¢y : SP™ x D7 < X,,. Let f be a Morse triple
with f: W — I, with 0 < f(w;) < f(we) < 1, where w; are the critical points
corresponding to the surgeries on ;, i € {1,2}. We assume transversal intersection
of the outgoing sphere, S{ (w;), from the index p + 1 critical point, w;, and the
incoming sphere, S J_rl(wQ), going to the index p + 2 critical point ws, in each level
set, f71(t), t € (f(w1), f(w2)). Note that p+ g+ 1 = n, the dimension of the level
set, f7'(t). Thus for each t, the intersection, S7, (w;) N Sffl(wg), must consist of
a finite collection of points, n;. We assume that the normal bundle to Sf, + (wy) is
oriented. We choose a positively oriented frame of ¢ linearly independent vectors
that span the tangent space of SZ +(w1) at each n;. In each case this also spans the
normal space of Spil (wz) at n;. The intersection number of S{ | (w:) and Sfil (ws)
at n; is 41 if the frame represents a positively oriented basis for the normal space
of SPT!(ws) at n; and —1 otherwise. The intersection number (S (w:)).(SP (w2))
is the sum of the intersection numbers over all the intersection points, n;, in f~1(¢).
Under certain conditions, given below in Theorem the gradient like vector
field may be perturbed to give a transverse intersection of S , (w;) and S T (wsy) so
that there is one intersection point in each level set, f=1(t), t € (f(w1), f(wy)).
Assuming this perturbation has been made, figure 2.5(a) shows the outward

trajectory disc, Dfl(wl), an arc of which emerges from critical point, w;, and goes
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P
Figure 2.5: a) Trajectory discs on W; and b) Manifold where W is diffeomorphic to
X x 1.

to critical point, w,. There is also an incoming trajectory disc, D" (w,) converging
towards critical point w,. The transverse intersection of D% (w;) and D (wy,), the
union of the single intersection point in each level set, describes a one-dimensional
curve, P, from w; to wy. Note that the sum of the dimensions of the discs less the
dimension of the trace is one, i.e. (¢4 1)+ (p+2) — (n+ 1) = 1. Figure 2.6{a)
shows a vector field with two critical points, with a small neighbourhood, B, shown
in grey, around the one-dimensional curve. In figure 2.6b), the vector field in B
around the two critical points is shown in more detail. Figure (C) shows the way
that the vector field in B may be adjusted to give a nowhere zero vector field. The
vector field on the rest of the trace, W'\ B, remains unchanged.

It is important that the manifolds are simply connected so that a slight per-
turbation may reduce the number of points of intersection as indicated in figure
2.7 Figure 2.7(a) shows three intersection points but a small perturbation to the
curve may be performed to leave only one intersection point as in figure (b)
Figure 2.7(c) schematically shows the potential obstruction that not being simply
connected can be to reducing the number of points of intersection.

In figures and we have shown the two critical points as corresponding to
a p-surgery followed by a (p + 1)-surgery. When the (n + 1)-dimensional manifold
resulting from the union of the traces of these surgeries is diffeomorphic to X x I we
call the two surgeries cancelling surgeries; figure (b). We note that it is possible
for two surgeries to cancel in other ways. For example following a p-surgery by an
(n — p — 1)-surgery can have the effect of reversing the original surgery.

The following Theorem, proved in chapter 6 of [30], gives sufficient conditions in

which the two surgeries are cancelling surgeries.
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Sj_) (wl)
Figure 2.6: a) Manifold with two critical points; b) Vector field of B with two critical

points; and c) Vector field of B without critical points and a nowhere zero vector
field.

a) b) c)
S’Z“(wg) / Sﬁ“(wg) / Sﬁ“(wz) =N /
Si(wl) ; { (wr) Si(wl)

Figure 2.7: a) Three points of intersection; b) One point of intersection; and c)

Obstruction to reducing number of points of intersection.

Theorem 2.3.1 ((Morse) Strong Cancellation Theorem). Let {W; Xy, X1} be a
simply connected, smooth, compact cobordism. Let f = (f,m, V) be a Morse triple,
where f: W — I, satisfies the following:

(a) The function [ has exactly two critical points wy and wy and
0< flwy) <e< fwe) < 1.

(b) The critical points wy and wy have Morse index p+ 1 and p + 2, respectively,
where 1 < p <n—4.

(c) For each t € (f(wy), f(wz)), the trajectory sphere S{, (w1) emerging from the
critical point wy and the trajectory sphere Sf’irl(wg) converging towards the

critical point wy have intersection number +1.
Then

(1) W is diffeomorphic to Xy x I.
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(i)

(iii)

(iv)

The gradient-like vector field V' may be altered near f~'(c) so that SZ, (wy)
and Sgtl(wg) intersect transversely at a single point in f~*(c). The union of

these intersection points forms a trajectory arc from wy to ws.

The gradient-like vector field V- may be further perturbed in a small neighbour-
hood of the trajectory arc from critical point wy to we giving a nowhere zero

vector field, V'. All the trajectories now commence at Xy and end at X;.

The gradient-like vector field V' is now the gradient of a function f' without
critical points which agrees with f outside a neighbourhood of the aforemen-

tioned trajectory arc between the critical points.
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Chapter 3

Geometric Preliminaries

3.1 Curvature

Let (M,g) be an n-dimensional smooth Riemannian manifold with metric g and
Levi-Civita connection V. We recall that the Riemann curvature endomorphism,

R, is the (3,1) tensor field defined by the mapping
(X, Y, Z) — R(X, Y)Z = VXVYZ — VYVXZ — V[X’y]Z,

where X, Y and Z are vector fields. In turn the Riemann Curvature Tensor, Rm,
is the (4, 0)-tensor field defined

Rm(X,Y,Z, W) = g(R(X,Y)Z,W),

where W is also a vector field on M. The sectional curvature of (M, g) is defined
as follows. Let ¢ C T,M, p € M, be a two-dimensional linear subspace of the
tangent space, T,M, at p. Then the sectional curvature of the two-dimensional
linear subspace, o, at p, K(p,0), is

Rm(v, w,w,v)
9(v,v)g(w, w) — g(v,w)g(w,v)’

K(p,0) = Kyw(p) =

where v and w span 0. We suppress, in our notation, the fact that v and w must be
extended as vector fields near p. The sectional curvature is independent of the choice
of v, w and any vector field extensions of v and w; see section 2.2.3 of [32]. For each
p € M, let Gry(T,M) be the Grassmann manifold of 2-dimensional subspaces of the
tangent space T,M and Gry(M) be the corresponding Grassmann bundle over M.
To say that a manifold has positive sectional curvature, means that the function,

K:

K : Gro(M) > R

(p,0) = K(p,0)
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is positive for all points p in the manifold and 2-planes o in T,,M.
For any orthonormal basis of T, M, {e;}, we define the Ricci tensor, Ric, by the

formula:

Ric,(v,w) E g(R(ei,v)w, e;),

for v,w € T,M. This is a bilinear form and is the contraction of the Riemannian
curvature tensor. Using the same notation we will often interpret it as a quadratic

form given by
Ricy(v Zg (e, V)V, €;).

The Ricci tensor is independent of the choice of orthonormal basis.
To say that a manifold has positive Ricci curvature means that Ric,(v) > 0 for
all v € T, M at every point p € M.

The scalar curvature at a point p in M, scal(p), is the trace of the Ricci tensor

and defined .
scal(p) = Z eie; (P Zchp e,
ij=1,i#j
where {ey,--- ,e,} is an orthonormal basis for 7,M. As in the case of Ricci curva-

ture, the scalar curvature is independent of the choice of orthonormal basis. To say
that a manifold has positive scalar curvature, psc, means that scal(p) > 0, for all
p € M. Where a manifold has positive sectional curvature, then the manifold also
has positive Ricci curvature and consequently positive scalar curvature.

Hereafter we suppress the notation for the point p.

The Ricci-(k,n) curvature, Ric(y), is defined as follows. As the Ricci ten-
sor is symmetric, its eigenvalues, \;, ¢ € {1,---,n} are real. The Ricci-(k,n)
curvature is the sum of the k smallest eigenvalues. We say that a metric has
positive Ricci-(k,n) curvature if the Ricci-(k,n) curvature of the metric is positive
for each p € M. Note that positive Ricci-(n,n) curvature is equivalent to positive
scalar curvature and positive Ricci-(1,7n) curvature is equivalent to positive Ricci
curvature.

Hence, for a manifold
K > 0= Ric> 0= Ricgyy) >0,V k= scal > 0.

In particular

RiC(kyn) > 0= Ric(k+1,n) > 0.
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3.2 Spaces of Riemannian metrics, isotopy, cobor-

dism and concordance

Let Riem(X) be the space of all Riemannian metrics on X, an n-dimensional,
smooth, closed Riemannian manifold, with its standard C'*° topology; see Chap-
ter 1 of [42] for a detailed description. The space Riem(X) is convex. This follows
from the fact that the set of n x n positive-definite symmetric matrices forms a
convex cone in the space of all n X n matrices. Let

Rict

Riem ™ (m (X)) := {g € Riem(X) : Ricj; > 0},

be the open subset of Riem(X) consisting of metrics which have positive Ricci-
(k,n) curvature on the n-dimensional manifold X. Here Ric?,C ) - X — R denotes

the Ricci-(k,n) curvature of the metric g on X. Note that
Riem™0m (X) € Riem™@m (X) C --- C Riem™¢m (X).

.+
For a given k, the space Riem ™ n) (X) may or may not be empty. Assuming
Rich,

Riem ) (X) to be non-empty, we may ask about its topology. The most basic
question in this regard concerns path-connectivity. For example, Carr [§] has shown
that the space of psc-metrics on the sphere, S%*~1 n > 2 has infinitely many path-
components. Similarly, Wraith [56] has shown that the space of positive Ricci-
metrics on the sphere, S4"~! n > 2 has infinitely many path-components. This
problem and more general topological questions necessitate the notions of isotopy
and concordance. Other results concerning the topology of the spaces of Riemannian
metrics have been referred to in section [L.4l

Versions of isotopy and concordance exist in many areas of mathematics and
in many of the papers cited herein they refer to psc metrics. Here we define
these notions with respect to metrics of positive Ricci-(k,n) curvature. A pair
of metrics, gy and gy, which lie in the same path component of RiemHn (X)
are said to be Ricy,) > 0 isotopic. That is, there exists a path, called a

positive Ricci-(k,n) isotopy, which connects the metrics:
_
I — Riem™tm (X))
L Gt

where I is the interval [0, 1].

Let W be a manifold with boundary 0W, a smooth, closed manifold, equipped
with a collar, ¥ : OW x [0,e) < W. We denote the space of Riemannian metrics on
W such that the pull back of a metric on W restricted to the collar takes the form

of a product,
Riem(W,0W) := {g € Riem(W) : *g = glow + dt*},
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where g|aw is the restriction of § to the boundary dW. We are interested in
the case where W is a cobordism between two closed manifolds, X, and Xj, i.e.
W :={W; X, X;}. The boundary may be equipped with collars using the embed-
dings 1y and 11, ¥; : X; X [0,&) < W, such that ¢;(z,0) = x,z € X;, i € {0,1}. In

this case the space of Riemannian metrics

Riem(W, OW) = Riem(W, XoLX,) := {7 € Riem(W) : 17 = glx,+dt?,i € {0,1}}.

Let us temporarily consider metrics which have positive scalar curvature. The
subspace of Riem (W, 0W) consisting of metrics which have positive scalar curvature
is denoted Riem™(W,0W). A special case of the cobordism {W; Xy, X} occurs
when Xy = X; = X. Here OW = 1hg(X x {0}) L)y (X x {1}) and, for simplicity, we
denote the manifold W as {W; X, X'}. The pullback of the metrics on the boundary
are Y5 gye(xx{0)) = go and ¥igy, (xxf13) = g1, which are both metrics on X. The
metrics gy and g; in Riem™ (X), are psc-cobordant if there exists W a cobordism
{W;0W}, where OW = (X x {0}) U (X x {1}), and § € Riem™ (W, W) so
that g|x, = go and g|x, = ¢ for some psc-metric g € Riem™ (W, dW).

Let us further restrict to the case when W is the (n + 1)-dimensional cylinder
X x I, where I = [0,1]. Two metrics gy and g; in the space of psc-metrics on
X, Riem*(X), are psc-concordant if there exists W diffeomorphic to X x I and
g € Riem™ (W,0W) so that g|xx; = go and G|xxq3 = ¢1 for some metric g €
Riem™ (W, 0W). We say that (W,g) is a psc-concordance.

(X x 1,9)

(X x {0}, g0) ‘ (X x {1}, 91)

H/_) H/_)
go + dt? g1 + dt?

Figure 3.1: Concordant metrics gy and ¢,

Clearly, if a pair of psc-metrics are psc-concordant they are also psc-cobordant.
Moreover isotopic psc-metrics are psc-concordant [15], [16]. However psc-cobordant
metrics may not be psc-concordant as Carr [§] showed in his work on psc-metrics on
the spheres, S%~1, n > 2. He used this to show that there are infinitely many path-
components in the space Riem™ (S%"~1), as metrics which are not psc-concordant
are not psc-isotopic. Moreover, psc-concordant metrics may not be psc-isotopic,
as Rubermann [34] showed in the case of certain dimension 4 manifolds, by using
the Seiberg-Witten invariant to detect the difference between psc-isotopy and psc-

concordance. However, it is a difficult open question as to whether psc-concordance
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implies psc-isotopy [33] in the case of n-manifolds, n > 5. It is conjectured in the
case of simply-connected, closed manifolds of dimension n > 5 that psc-concordance
implies psc-isotopy but this remains a difficult open problem. The notion of Gromov-
Lawson concordance, described below, was introduced to make the problem more
tractable.

We wish to generalise the definition of concordance to positive Ricci-(k,n) cur-
vature metrics. In the case when k = n, recall this is psc-concordance. We define
two positive Ricci-(k,n) curvature metrics, go and g1, on X, to be Ric(ny > 0 con-
cordant if there is a positive Ricci-(k 4+ 1,n + 1) metric, g, on the cylinder X x I,
so that § = go + dt* and g = g; + dt? near X x {0} and X x {1}, respectively.
The metric, g, is called a positive Ricci-(k,n) concordance and the metrics gy and
g1 are positive Ricci-(k,n) concordant. Assuming positive Ricci-(k,n) curvature is
understood, then we will use the terms isotopic and concordant to mean positive
Ricci-(k, n) isotopic and positive Ricci-(k, n) concordant, respectively. Where k = n,
we refer to psc-isotopic and psc-concordant metrics.

Let ¢ : SP x D% <+ X be an embedding into a closed n-dimensional manifold,
X, where p+ ¢+ 1 = n. Let X, be the manifold resulting from surgery on ¢; see
chapter 2| In Theorem A of [16] and Corollary 6 of Theorem 4 [35], Gromov and
Lawson, and Schoen and Yau describe a “geometric” surgery which allows under
appropriate circumstances for the preservation of the psc condition under surgery.
More precisely, if X admits a psc-metric and ¢ > 2, then X, also admits a psc-
metric. The theorem is constructive, in the sense that, given a psc-metric g on X, it
produces a new psc-metric g, on X,,. This is described in further detail in chapter
6l

Furthermore, and again assuming ¢ > 2, the psc-metric g on X can be extended
to a psc-metric g over the trace {W,; X, X,} which takes a product structure near
the boundary and restricts as g, at X,; see Walsh in Theorem 2.2 of [44] and
Gajer in [I5]. This trace equipped with the resulting metric § we call a Gromouv-
Lawson trace. Burkemper, Searle and Walsh generalized this construction to work
for (I, n)-intermediate scalar curvature, where [ refers to the dimension of a plane in
the tangent space, for 0 < [ < n — 2 for surgeries in codimension at least | + 3 [7].
This curvature interpolates between sectional curvature when [ = n — 2 and scalar
curvature when [ = 0 and is due to Labbi [23]. In this work we extend this result
to positive Ricci-(k, n) metrics.

As each Gromov-Lawson trace has a product metric on the boundary we may
combine such traces of surgeries metrically to give a manifold which is a union of
finitely many traces. It is possible that the union of traces may be topologically a
cylinder, X x I, admitting a psc metric with product psc metrics on the disjoint

boundaries. This is an example of a psc concordance. Such a psc concordance is
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called a Gromov-Lawson concordance.

In the case of Gromov-Lawson concordances, Walsh [44] has shown that psc
concordance implies psc isotopy for closed simply connected manifolds of dimension
n > 5. It is an open question as to whether all concordances, where n > 5, adjusted
via an isotopy, are a union of Gromov-Lawson concordances. We consider in this
work concordances of positive Ricci-(k,n) metrics constructed using the Gromov-
Lawson Surgery technique and, using a simplified proof, we will extend the Gromov-

Lawson concordance implies isotopy result to positive Ricci-(k, n) metrics.

3.3 Isotopy implies concordance for positive
Ricci-(k,n) metrics

It is well known that isotopic psc-metrics are psc-concordant [16], [44], [I5]. This
fact plays an essential role in the various surgery based metric constructions, for
example in [44]. In this, Walsh shows the transition of the original psc metric on a
manifold to an isotopic surgery ready psc metric. Moreover Carr in [8] proved that
there were countably many path components of Riem™(S4*~1), n > 2, by showing
that certain metrics are not psc-concordant and therefore not psc-isotopic. We show
that this result generalises to hold for isotopic positive Ricci-(k,n) metrics in the
proof of Lemma [3.3.1 We adapt the proof of Walsh [43] for the case of psc metrics

to the positive Ricci-(k,n) case.

Lemma 3.3.1. Let g.,r € I, be a smooth path in Riem e (X), where X s
compact. Then there exists a constant 0 < A < 1 so that for every smooth function
f R = [0,1] with |f|,|f| < A, the metric G = grw) + dt* on X x R has positive
Ricci-(k+1, n+1) curvature.

Proof. Choose a point (zg,%9) € X x R. Denote by (g, -- a8, 2" = t), coordi-
nates around (zg, ), where x}, -, 20 are normal coordinates on X with respect
to the metric gy,). Without loss of generality, let 0, - -, 0,, be eigenvectors of the
Ricci tensor of gfq, with eigenvalues, A; < -+ < A,,.

In these coordinates, the Ricci tensor at (zo,to) takes the form of a diagonal
n x n matrix. We denote this matrix D,(Ric). By assumption, the sum of the k
smallest eigenvalues of the Ricci curvature of the metric gy, is positive, and by
compactness we can assume that the sum of the k smallest eigenvalues of g« are
bounded below by a constant ¢ > 0 for all £ € I.

Let V denote the Levi-Civita connection with respect to the metric G on the
(n + 1)-dimensional cylinder X x R and let V denote the Levi-Civita connection of
the metric gy, on the n-dimensional hypersurface X x {to}. All of the calculations

take place at the point (zg, o).
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We now calculate the Ricci curvature of G of the orthonormal vector fields
01, ,0n, Ong1y Ong1r = O, of Tiyy40)(X x R). The Christoffel symbols Fi - of the

7j
connection V are calculated using the formula

_ 1
Fé,j = §Glm(8jGim + azG]m - amGij)7

to give

i ] 1 Fi,j
< < <n L
<n < n+1 —%argr(ij)(x(h f(to))f(to)
<n |n+1|n+1 0
<n |n+1| <n | 3G"™8,g:im) (o, F(t0))-f(to)
n+l|n+1] <n 0
n+l|n+1|n+1 0

s .=l .
Recollect that for a Levi-Civita connection I'; ; = I'; ;. From the table above it can
=n+1 =l .
be seen that I'; ;~ and I, ,; are both O(]f]).
Let K;; and K;; denote the respective sectional curvatures for the metrics G
and gy(,). The Gauss curvature equation gives Fi,j in terms of K;; when ¢,7 <n

as follows:

Kij = Kij — G(I1(9;, 0;),11(0;, 0;)) + G(11(0;, 95), 11(9;, 05)),

where II denotes the second fundamental form on X x {ty}. Asi,j < n, the second

fundamental form may be expressed as

II(aza aj) = G(v&;aj? an-&-l)an-i-l

=n+1
= Fz‘,j Opt1,
as Gi; = 0;; at the point(zo, to).

Therefore

- =n+1l=n+1 =n+1l=n+1
Kij=Ki;j+T; Ty, —T; T

= Ki,j + i((argr(ij) (ZEO, f(to)))Q — OrGr(ii) (an f(to))argr(jj)($0> f(%))) (f(to))Q

= Kij + O(f ).
Where © < n, j =n + 1, the expression for Fmﬂ is as follows:

_ (V0 Vs

o n+1
in+1l —

an+1 - VB Vaian—l-lu az)
GiiGn+1,n+1 - Gi,n+1Gi,n+l

n+1
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As Gy = §;; at the point(xo, tp), the denominator is 1. Therefore

=G(Vo,Vo10ns1 — Vo, Vo,0n41,0;)
= =l l
= G(Va ( n+1, n—l—lal) V8n+1( 7 n+lal) 8 )
=l =m =l = =m
- G(az( n+1 n+1>al (Fn+1 n+1rz,l)am - 8nJrl(Fz',nJrl)al - Fi,n+1rn+1,lam7 ai)
7, = = =l =
= 81( n+1, n+1) + Fn—i—l n+1le anJrl (Fi,n—i-l) - Fi,n—&-an—s—l,l'
AS Ons1 = 0y

Rinir =040 = 50,(G ™0, (0, £(10)).f 1)
B i(Glmargr(im)(wOa f(to))‘f(tO)GipaTgr(lp) (IO’ f(to))f(t())) :
As
szargr(zm) (-1'07 f(t(]))f(to)

szargr(zm) (:L‘(b f(to))f<t0)’

L 0L 0,0 £ 10)-F (0)) =S
1
3

then
Fi,n+1 = O(‘fm + O(|f’)
Let the Ricci curvature of the normal vector fields be denoted Ric(d;) and Ric(d;) for

the metrics G and gy(,). The Ricci curvature may be calculated from the sectional

curvature as follows:

Ric(0;) (g, t9) = me(xo, to), where i is fixed.
i#]

Therefore, where ¢ < n the Ricci curvature is:

m(&) = Kmﬁ_l + Zfi’j’ where ¢ is ﬁxed,
i#]

O(If1>) + O(If]) +Z i +O(f1),
i#]

= Ric(9;) + O(| ) + O(| f])-

Hence Ric(d;) and Ric(d;) differ by terms of O(|f]) and O(|f[?).

Where i = n + 1 the Ricei curvature is:

RZC n+1 E K'Ln+17

Z (1£1%) +O(1 1)
= O(If*) + O(If])-
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Therefore Ric(d,,1) is an expression which has only terms involving O(|f|?) and
o).

Having calculated the quadratic form of the Ricci curvature of the coordinate
vector fields, Ric(9;), we can now calculate the bilinear terms, Ric(d;,d;), of the
Ricci tensor as follows:

Ric(9;,0;) = 0T, , — ;T + Ty, T — T, T

2%
We calculate the bilinear terms where 7,5 < n

_ 1 .
ch(@i, 83) = (9[ <Fé7]— — éargr(ij) (l‘o, f(to))f(to)) — @F;l

4 (T 3G 0, (w0, £00)-700)) (T = 500 (0, £(80))-F00))

1 .

(T = 500 (w0, £ 00))-F00) + 3G Drm (0, £0)-F (1)

(F{Z. - %&"gr(il)(x()v f(to))-f(to) + %Gmsargr(is) (o, f(%))-f(%))-

The off diagonal elements of the Ricci tensor D, (Ric) are equal to zero and hence

Ric(8;,0;) = oI, ; — ;T + T}, T — T4 T = 0.

2 lvm 1,3

Therefore, by inspection it can be seen that
Ric(8;,0;) = O(|f) + O(If ),

when i, 7 < n.

We calculate the bilinear terms when ¢ < n and j = n + 1.

RIE(0: 00e) = 01 (560, (50, £ 10)) S (1)) — 0T,
4 (T + 3G 0,02000 0, £10))-£00)) (560 o, F(10))-f (1)
— (56" 0ugnin 0, [(10).F10))
(772 = 30w o, 1 (10))-F(10) + 567Dy (50, 1 10))-10)).

By inspection it can be seen that
Rie(83, 0ni1) = O(f1) + O 7).

when ¢ < n and j = n + 1. Therefore the symmetric (n + 1) x (n + 1) matrix,
consisting of the components of the Ricci tensor, Ric; ;, Mat(Ric(n+ 1)) is the sum

of two matrices:
Mat(Ric(n + 1)) = D, 41(Ric) + A
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where D, 1(Ric) is a diagonal matrix with diagonal elements, which are the eigen-
values of the Ricci tensor, D, (Ric), and all other entries are zero and A is an
(n + 1) x (n + 1) matrix whose non-zero entries consist solely of terms of O(|f]),
O(|f[?) and O(|f|) evaluated at (o, to).

The matrix Mat(Ric(n+1)) is a real, symmetric matrix and it may therefore be
diagonalised to give real eigenvalues. This diagonal matrix we denote as D, (Ric)
with eigenvalues, \;, which are the values of the principal Ricci curvatures of the

orthonormal eigenvectors given by the columns of P.

Dyi1(Ric) = P Mat(Ric(n+1)) P
P ' Dyu(Ric)P+P ' AP,

We order the eigenvalues, \;, of D, (Ric) in increasing size. We order the diagonal
entries, \; and zero, of D, 1(Ric), in increasing size and denote these values \;.

Note that it is now possible that

d X <o.

=1

However

k+1

> X0
=1

The eigenvalues ); and )\, are related by the following inequality [40]:
A = N < (1 Allop

where || A||op is the operator norm of A, being the square root of the maximum value

of the eigenvalues of A?. We use the relation [50]:
[Allop < [l [} Al o

where
n+1 n+1

Al = max { D14l } Al = max{ 37 14,1}
i=1 j=1
As A is symmetric ||A|l; = [|A]lw- Let ||A|l1 = [|A]lcc = b where b > 0. Then
A — X < 8% and (n+ )|\ — X < (n+ 1)b%

Hence if each A;; < nLH‘/nLJrU the sum of the first (kK + 1) eigenvalues of
Mat(Ric(n + 1)) will be positive. This can be ensured by adjusting A as required.
Hence the metric G = gy + dt* on X x R has positive Ricci-(k + 1,n + 1)

curvature. O

36



The case where k = n has previously been proved [43].
The corollary of this lemma for psc metrics is that isotopic metrics are concordant

as proved in [43]. The corollary for Ricci-(k, n) metrics is given below.

Corollary 3.3.1.1. Ricci-(k,n) metrics which are isotopic for some arbitrary com-

pact n-dimensional manifold, X, are concordant.
We follow the proof of [43], sometimes verbatim.

Proof. Let gy and g; be two Ricci-(k,n) metrics in the same path component of
[ (X) connected by the path g, C Riem™“km (X). This may be approxi-
Rict,

() (X') on the interval [0, 1]. Let f be a smoothly

Riem
mated by a smooth path in Riem

increasing function such that

1 when s> 1y
fs) =

0 when s <.
The restriction of the derivatives |f| and | f] to less than A as in Lemma above
can be obtained by increasing the difference between [; and I, as required. Choose
A and Ay so that 0 < A; <[} <y < Ay < 1 so that from Lemma [3.3.1] the metric
Gr(s) +ds* on X x [Af, As] has positive Ricci-(k + 1,n + 1) curvature. This metric
can be pulled back to give the desired concordance on X x [, thus showing that

isotopic positive Ricci-(k, n) metrics are concordant.
]
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Chapter 4

Standard metrics on the sphere

and the disc

In this chapter we review some standard metric constructions on the sphere and
disc. It is important for our later work to understand for which k these metrics
satisfy the Ric ) > 0 curvature condition and when this positive curvature can be
made arbitrarily large.

We will need to describe metrics on various parts of the standard sphere and

disc and hence define the regions as follows. The sphere, S™ = {z € R"*! : |z| = 1},

where T = (21, -+ ,%,41), maybe decomposed into two regions, the upper
half sphere, S? ={z € R"*!':|z|=1,2,41 >0} and the lower half sphere,
St ={z e R :|Z| = 1,241 <0}. The equator, S, = S"' < 5" is

St =A{r € 8" : w41 = 0}. Note that S, = ST NS”.

The disc, D" = {z € R" : || < 1} may be decomposed into two re-
gions, the upper half disc, D} = {# € R" : |z] < 1,z, > 0} and the lower
half disc, D" = {z € R": |Z| < 1,2, <0}. The equator, D}, = D" — D" is
D, ={r € D":x, =0}.

4.1 Round metric on the sphere

The standard round metric on the sphere, S™ C R™, is denoted ds? and takes the

form of a warped producct
ds? = dt* +sin*(t)ds?_,,
as the pullback of the Euclidean metric via the embedding
¢:(0,7) x S"1 - R

(t,0) — (cos(t),sin(t).0).
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In these coordinates, the corresponding round metric of radius r is

dt? 4+ r?sin®(L)ds2_,, the curvatures of which are as follows:

1
K:r—2,
) -1
Ric = o
kin—1
R’L'C(km)— (n2 ), 1 <k<n,
r
-1
scal:n<n2 )
’

4.2 Torpedo metrics on the disc

We specify a family of functions n = 75 : [0,65 + A] — [0,1], > 0,A > 0. To aid

the reader we suppress the o, A notation. The function 7 has the following properties:
(i) n(r) = ésin 5 when 7 is near 0.
(ii) n(r) = 0 when r > 47.
(i) ii(r) <0,
(iv) The m" derivative at 6%, n(r)™ =0 for all m > 1,

Such functions are easy to construct and are called torpedo functions (or more
precisely 0 — A\ torpedo functions). Such a function is illustrated in figure (a).
Using a torpedo function, 7, an important standard metric on the disc,

D"(65 + A), arises from the embedding:
torp : (O,5g +A)x ST 5 R xR"
(r,0) = (a(r),n(r).9),
where a = o5, and has the following properties:
L a(r)=ay — IT V1 —1(u)2du, where ag = ‘fog V1 —1(u)%du and
2. &% +i? = 1.

The metric arising from this embedding we call the § — A torpedo metric, gy,.,(0)x,
on the disc D"(65 + A):

Giorp(O)x = dr® +msp(r)?dss,_,.

The torpedo metric consists of a round hemispherical cap of radius ¢ joined smoothly
to a cylindrical tube of length \; figure (b).
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5z 0T+ A

%/_J — _
cap tube

Figure 4.1: a) A § — X torpedo function, 7;,; and b) Resulting torpedo metric,
gp..(0) on the disc

The torpedo metric is an example of a warped product metric on the disc with
the torpedo function being an example of a warping function. It is easy to show
that the torpedo metric has positive scalar curvature when n > 3; see section 3 of
chapter 1 in [44]. We show for which £ the torpedo metric has positive Ricci-(k, n)

curvature.

Lemma 4.2.1. Let D" be equipped with a 6 — X torpedo metric, gy,.,, where n > 3.
Then for k > 2, and any X\ > 0, the Ricci-(k,n) curvature can be made arbitrarily
large by choosing 6 > 0 sufficiently small.

Proof. Let (r,01,---,0,1) be standard polar coordinates on D" so that
(0,001, ,00,_1) denote the corresponding coordinate vector fields. Let
9 = Gippp = dr* + n?d6*, where df? is the standard round metric on S"~' and

n = ns.A(r). Some properties of 7 are summarised in the table below:

function r 01 (0,63) | [03,05+A
Ui 0 >0 R
1 >0 >0 0
] 0 <0 0
n <0| <0 0

From this the Christoffel symbols associated to the Levi-Civita connection arising

from this metric connection are:

T . T . 102 2
Lo 6, =—1M 0,0, = M sin Oir1---sin“ 60, 4
0 0 1 0; 0; cost .
U4 iy /rl 3.9 7,05 sin 9]
Fz:;} = —Sin 91'4_1 COS 92‘_,_1 FGZ,—EZ = —Sin 97;+j COS 0i+j S1H2(Qi+1> cee Sln2<8i+j_1).
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All other T'} ; are zero.

Thus sectional curvature, Kj ;, is

1] 1— 7
Ky, ; Ko, = .

From this we obtain the Ricci curvature of the torpedo metric, Ric(v), of the coor-

dinate vector fields:

_ —(n—1)1 when v = 0,
Ric(v) = 72 )
(n—2)1—;;L—f7z when v =00;,1 <i<n-—1.

The functions involved in the Ricci curvatures, may be summarised:

Yo ] 0,62) | (02,0 + 07

function

= >0| >0 >0

1 >0 >0 0
n

* Here the assumption is made that 0 <7 < 1, for r € (0,47).
Hence when r € [05, A + 03], Ric(9,) = 0.
Provided n > 3 all other Ric(e;) > 0.

Hence the torpedo metric has positive Ricci-(2,n) curvature, provided n > 3. [

4.3 Double torpedo metric on the sphere
A double torpedo function, 1, is a smooth function on [0, b] such that:

n(r) when r € [0,

Do

]

n(b—r) whenr € [2,0],

where 7 is a torpedo function with the properties given in section and g > g;
figure (a). We can obtain a double torpedo metric, gp,,,,(6), on S™, defined
Ihiorp(0) = dr® + 7(r)*ds}_,, by using a double torpedo function on the domain
[0, 0], as shown in figure [4.2] (b).

Corollary 4.3.0.1. Let S™ be equipped with a 6 — A double torpedo metric, iy,
where p+q+1=n and n > 3. Then for k > 2, and any A > 0, the Ricci-(k,n)

curvature can be made arbitrarily large by choosing 6 > 0 sufficiently small.
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@/ 5\ b)(a

Figure 4.2: a) Double torpedo function, 7; and b) Corresponding double torpedo

metric, gy, (9), on S™.

This is an example of a warped product metric inducing a metric on the
sphere. More generally, consider dt* + f(t)*ds?_, as the warped product metric
on (0,b) x S"~! with warping function f : (0,b) — R. This extends uniquely to
a smooth metric on S™, provided that the properties of the function, f, are those

determined by Petersen [32] and are as follows:

Lemma 4.3.1. (Chapter 1, Section 1.4.1, [32]). If f : (0,b) — (0,00) is smooth
and f(0) = f(b) = 0, then the warped product metric dt* + f(t)?ds?_, extends
uniquely to a smooth metric on S™ if and only if f€e(0) = fEven)(b) =0, £(0) =1
and f(b) = —1.

4.4 Boot metric

Extensive use is made of the torpedo metric in defining the so-called boot metric,
Gboot, [48]. This metric is defined on the manifold (D" x I) U (S"~! x Q) U (D),
where Q is a piece of 2-dimensional Euclidean space. This is essentially a disc with
corners. To aid the reader we give a schematic diagram of the boot metric in figure
[.3] where Ry, - -, Rs are regions of the manifold satisfying (D" x I) = R;UR,URj,
Sn=lx @ = Ry and D' = RP. These regions will be specified more precisely in
due course. For now we will give a summary description before establishing that
this metric satisfies relevant Ricy, > 0 curvature conditions. Further details may
be found in [4§]. Consider the embedding, cyl:

eyl - (0,b) x S" ' x [0,L+2] = RxR" xR
(r,0,t) — (af(r), B(r).0,t).

This induces a cylinder metric g}y, +dt* = dr®+3(r)*ds;,_, +dt* on S" x [0, L+2],
where « : [0,b] — [0,00) and (3 : [0,b] — [0,00) are smooth functions that satisfy
the conditions given as follows:

(i) B(r) > 0, for all r € (0, b);

(i) A0)=0, B(0)=1, BEm(0)=0;
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R, — |
3 A

“SOle”

A1

A2 A3
Figure 4.3: The boot metric.

) B(b)=0. B(b) = _17 Bleeen) (b) = 0
(iv) 6<0and 5(0) <
(v) When r is near but not at 0, (r) <
(vi) B (b) >0, while 3(r) < 0 when r is near but not at b.

Moreover

(iii

1 =a0— [ 1= iwrdu. where a0 = | L B

The functions e and 3 behave like cosine and sine functions respectively near r = 0.
Moreover, « is determined completely by 3 so as to satisfy a2+ 32 = 1.

In the case where 3 is the torpedo function, 7, ,, this embedding, cyl, by restric-
tion to (0, 2) x S"~x [0, L+2], induces a cylinder metric, gjt,. +dt*, on D" x [0, L+2].
Effectively the image of this restricted embedding is the cylinder depicted in figure
4.4

We specify collars, D™ x [0,1] and D" x [L + 1, L+ 2]. Near the boundary of the
collars the metric is a product metric, gy, + dt?, and no adjustment is made to the
metric on the collars. We wish to adjust the metric on the region D™ x [1, L + 1]
by bending it around an angle of 7 in the (z¢p — Zp41)-plane while maintaining a
positive Ricci-(k, n+ 1) curvature for some k. In order to do so we will need to bend

round a wide circular arc. We consider a family of embeddings parameterised by ~,
v €[0,3]:
cylga i (0,0) x S™71 % [0,9] = R x R™ x [0, o0
(r,6,t) = (A4 a(r), 5(r).0,1),
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1 Jx i > Tpt1

—~ —
D™ [0,1) D' x[1,L+1]  D'x(L+1,L+72

(wla"' 7xn)

Figure 4.4: Cylinder of torpedo metrics on D" x [0, L + 2]

where A > |a(b)] is a (potentially large) constant. The map, cyls, s, ensures that
the image of the embedding lies inside (0, 00) x R™ x [0, 00).

In order to bend it we compose this embedding with a map:
bend : (0,00) x R" x [0,00) = R x R" x R
(mOa (.7/'1, e 7xn)7 I’n+1) — (170 COS($n+1), ('rlu T 7‘/En)7 T Sin($n+1>>,

This bends the image of cyly . , in the (29 — ,41)-plane by an angle of ; see figure
with 7 = 7. Provided A is large enough, we show in the proof of Lemma [£.4.1]

that this maintains a positive Ricci-(k,n + 1) curvature for some k.

- (0,00) x R™ x {0}
a) b)

Zo

0 - Tpt1 Tn+1

(xla"'axn) (xla"'axn)

Figure 4.5: a) The image of the map cylg ., »; and b) The image of the composition

map bend o cylg .z, v = 7.

Figure [4.6)shows the image of the composition map, bend o cyls , 1, Where v = 7,
where the domain is restricted to (0,b) x D"~ x [0, Z].
Let g4ty := (bend o cyly, \)*giis be the pull back of the Euclidean metric on
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(0,00) x R™ x {0}

) )
a) b)
Atald) \\/ UU
0 % Tni1 Tni1

/

(ﬁla"'axn) (xl,...7xn)
Figure 4.6: a) The image of the map cylg,a on D" x I; and b) The image of the

composition map bend o cylg, o on D" x I.

R™2. A straightforward calculation (in [48]) yields
gitly = dr® + B(r)’ds;_, + (A+ a(r)) d*.
In Lemma 5.3 of [48] the scalar curvature of this metric, s, ., is calculated to be

SByA = (n — 1)(n _ 2) [1 ;252] B Q(n B 1)% B 2(715— 1)

i
Ao

a3
A+«

The first and second terms of sz a are positive while the third and fourth terms
have as denominator A + «(r). Provided A is large enough, the contributions of
the third and fourth terms can be made arbitrarily small and hence this metric can
be shown to have positive scalar curvature. Moreover in [4§] it was shown that the
map vy — gg;}A, where v € [0, 7], is an isotopy through metrics of positive scalar
curvature. We will shortly calculate the Ricci curvature of the metric gg;}/\ in order
to find the conditions for which the metric has positive Ricci-(k,n) curvature; see
section 4.2

Using this metric and other standard metrics, Walsh [48] constructed the boot

metric as a union of the following components; figure .7}

(i) (R1 = D™ x [0, As], g14,,(0)x, 4 dt?): The product of an n-dimensional disc
with an interval of length Ay together with a metric gp,. (), + dt*, where
t € [0, A2]. As before ¢ refers to the radius of the torpedo with § + A; being
the length of the torpedo.

(ii) (R2 = D™ x [0, 5 As], 92;,1/\)3 The product of an n-dimensional disc with an
interval with the metric gg;}A obtained by “bending” the cylinder metric

gg)rp((;))\l + dt? around 5
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(i) (i) (iif) (iv) (v)

D" D D7
5(_) Dt
A3
A
1{20 = - S — 25
X5 A3 A A3 A1

Figure 4.7: Regions of the boot metric: (i) (R, gp,.,(0), +dt?); (ii) (Rz, gg;}A); (iii)
(R37 g?o’r‘p((s))\l + d?”2>; (iV) <R47 52d331—1 + dr? + dt2); and (V) (R5a gz;; (6)>\1)

(iii) (Rs = D™ x [0, A4], gpbp(6)r, + dr?): The product of an n-dimensional disc
with an interval with the metric g, (8)x, + dr?, r € [0, \4]. This is glued to

the (n + 1)-dimensional hemidisc described in (v) below.

(iv) (Ry = S™ ! x Q(N3),0%ds?_, + dr® + dt?): This is the product of S"~! with
a piece of 2 dimensional Euclidean space, Q()3), which gives the “heel” of
the boot metric. More precisely, the 2-dimensional piece of Euclidean space,

Q(A3), is a square of side A3, without a quarter 2-dimensional disc with radius

As.

(v) (Rs = DY gt (6)y,): D™ which is defined as an (n + 1)-dimensional

hemidisc together with a metric gf)(8),, restricted to D}

The metrics given in (i) to (v) may be glued together smoothly and the resulting
boot metric is shown in figure [4.3]

We denote the choice of parameters for a boot metric as the vector
A= (A,---, A1) and denote the boot metric on D" as g;it(6), 5. Note that
the boot metric provides a collar neighbourhood with a product metric of width A\;
on the “sole” of the boot, shown on the right hand side of figure [4.3]

Lemma 4.4.1. Let (D" x I) U (S""! x Q)U (D) be equipped with a boot metric,
gg;gtl(é)/\j, where p+q+2=n+1, ¢ > 2 and A is large. Then for p # 1, the metric
has positive Ricci-(k,n + 1) curvature for k > 3. For p = 1, the metric has positive
Ricci-(k,n + 1) curvature when k > 4.

Proof. We calculate in the next five sections for which k, the metrics on the five

regions of the boot have positive Ricci-(k,n + 1) curvature.
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4.4.1 Curvature of the metric g, (d), + dt* on Region 1 of
the boot.

We here calculate for which £, the metric on R; of the boot, has positive

Ricci-(k + 1,n 4+ 1) curvature. The metric on Ry is
Groep(O)r, + dt? = msp, (r)ds)_y + dr® + dt*.

The relevant properties of the torpedo function, 7s,, may be summarised as

follows:
T
01](0,0%) | [65, A+ 3]
function
Mo (1) 0 >0 )
N5.x (1) 1| >0 0
Tis n, (1) 0 <0 <0

It should be noted that the function, s »,, behaves like a sine function near 0. In this
subsection let g := gi* .(0)x, +dt? and n := ns, (r). Let the region, Ry = D™ x [0, \g]
have coordinates (r, 6, -+ ,0,_1,t), where (r, 60, - ,0,_1) are polar coordinates on
D™ Let (0,001 ,00,_1,0;) denote the corresponding coordinate vector fields.
Then the metric on R; is

g= dt® + dr? + T]2d82.

Where i,j € {1,--- ,n — 1}, i # j, Christoffel symbols are calculated as:

Ty o, =—1m Ty, =—nnsin®(fi)---sin’(0,_1)

—0; —=0; 77 —=0; =0; COS 0] . .
o bor oy 6i:6; 959 7 gin 0;’
T — _sinf 0 0% — _sinf 0, sin2(0 n(6
0;,0;, — — SMUiy1 COSVitq 6,0, = — SN0y jcosbyysin®(0iq1) - - - sin”(0ipj-1)-

All other féjj are zero.

Relevant sectional curvatures, Kj; ;, are calculated as:

—  9(Va, V05 — V5, V,0;,0,)

J — 2
9ii95,5 — Yi

I

giving
. L 1— -9 o o
Kyp, = —; Ko 9, = 277 ;o Ky =K, =0.
n n
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Hence the Ricci curvature, Ric(v), of the coordinate vector fields are as follows:

0 when v = 0,
R_ZC(U) =494 —(n— 1)% when v = 0,
(n—2)1;§2—% when v =00;,1 <i<n-—1

The functions involved in the Ricci curvatures, may be summarised:

t
0 | (0,63) | [65, M\ +63]
function
1—;;73 >0 | >0 >0
—g >0| >0 >0

* Here the assumption is made that 0 < 7% < 1.
Both Ric(d,) and Ric(9;) are always non-negative (though not necessarily posi-
tive) through the interval (0, \;+6Z]. All Ric(d6;) are positive for all t € [0, A\;+05],

provided n > 3. Given these restrictions, Ricci-(3,n + 1) curvature is computed as

RZ.C(ngrl) = RZC(@T) + ch(@t) + R'LC(@Q»
i 1= i
=—n—-1)-4+0+n—-2 - =
(=17 (n=2)—5— -1

L= il

n? n

=(n—2)

Assuming n > 2 and since 7? < 1, the first summand is positive. The right hand
summand is non-negative since 7 is non-positive. Hence on (0, Ay], the metric,

9iorp(0)a, + dt? has positive Ricci-(3,n + 1) curvature, provided n > 3.

4.4.2 Curvature of the metric, ggﬁ&, on Region 2 of the boot.

We calculate below the Ricci-(k,n + 1) curvature of the metric on Ry,
gty = (A4 a(r)?dt® + dr® + 3(r)?ds;, .

Let A +a(r) = §(r). Let Ry = D™ x [0, 5 )3, have coordinates (7,6, -- ,0,_1,1),
where (r,0y,--- ,60,_1) are polar coordinates on D". Let (0,001 -+ ,00,_1,0;) de-

note the corresponding coordinate vector fields. Then the metric on R is

gitly = (6(r)?dt* + dr® + 5(r)*d6”.

48



In the case [ = m = r, the Christoffel symbols are calculated as:

F;n—l,en—l = _ﬂﬂ Fg—;,ei = _Bﬁ Sinz 9’5+1 T Sin2 9(1 f:,t = _55
All other F:] equal zero.
Let I =m = 6,.
—0; —0; ﬂ —0; —0; cosb;
r, =r, == ry,=I,, =—2
0, 0;,r 3 0,0 0.9 = i 0,
Fz:j—elz = —sin 91‘4_1 COS 9i+1 Fg:;]l = —sin 0i+j COS Hi—i-j Sin2(0i+1) s sin2(0i+j_1).
Let l=m =1t. ]
—t —t )
.=, =-.
r,t t,r 5
All other Fi’j equal zero.
Relevant sectional curvatures are calculated as:
_ ;i — 0
K’I‘ . = ——’ KT’ = ——,
791 /B 7t 5
1 T
Koo = ——; Ko, — =22
0:,0, 3 0, 33

Recalling 6(r) = A + a(r), the Ricci curvature, Ric(v), of the coordinate vector

fields are as follows:

—(n—l)g—/\‘% when v = 0,
Ric(v) = ¢ (n — 2)1;262 — g — B(X‘fia) whenv=00;, 1 <i<n-—1
—(n — 1)5(Xﬁa) o v when v = 0,

Provided A is positive and large enough, this may be summarised as follows:

function o (0,¢] | (e,b—¢) | [b—¢€b) | b
B 0 >0 >0 >0 0

p 1| >0 820 | <0 | -1

B 0 <0 <0 <0 0

A« >0 >0 >0 <0 50

@ 0 <0 <0 <0 0

a ~1] <0 | la>0 | >0 |1

49



Hence the functions involved in the Ricci curvatures, may be summarised:

Lo (06| (ep—ey |-y b
function
1;—52 >0 >0 >0 >0 >0
-5 >0| >0 >0 >0 |>0
—i= >0 >0 | [—55]>0 <0 | <0
_ B >0 >0 | |- >0 <0 <0
B(A+a) B(A+a)l =

Therefore the Ricci curvatures, apart from Ric(1);), are as follows:

Ric(e) o (0,e] | (e,0—=¢") |[b—=¢€,b)| b
Ric(0,) >0| >0 * * *
Ric(06;) >0| >0 * * *
Ric(0;) >0 >0 ||Ric(d;)] >0 <0 <0

*Can be made positive provided A is large enough.

We do not have positive Ricci-(1,n + 1) curvature as Ric(d;) is not positive on
all of the interval r € [0,b]. Provided p > 1 then Ric(d;) is positive and provided
A is big enough, Ric(d,) is positive. Given these restrictions, Ricci-(2,n + 1) is
computed as the lower of Ric(9;) + Ric(9,) and Ric(0;) + Ric(9;), both of which
are positive. Hence the metric gg;}/\ has positive Ricci-(2,n + 1) curvature when
n+1 > 3. When n+ 1 = 3, the metric has positive Ricci — (3,3) curvature, i.e.

positive scalar curvature.

4.4.3 Curvature of the metric, g}, (9),, +dr?, on Region 3 of
the boot.

We refer back to subsection where we showed that the metric g, (9)x, + dt?

on Region 1 has Ricci-(3,n 4 1) positive curvature, provided n > 3.
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4.4.4 Curvature of the metric, dt* + dr® + 6%ds?>_|, on Region
4 of the boot.
Let Ry, which recall is homeomorphic to Q(A3) x S™ ! have coordinates

(t,r, 61, ,0,_1) such that (0;,0,,0, -+ ,0,_,) are the corresponding coordinate

vector fields. The metric with these coordinates is

g = dt* + dr® + §*ds?

n—1

where § > 0.
From this the Christoffel symbols are:

w=0i+1 . i+ . -2 2
Ly o, = —sinfig cos iy Ly 5 = —sinb;yjcos by jsin(0iy1) - - - sin”(0545-1)
—0; —0; cos(6;)

oo, =To0, = sin(d,) < J.

All other féjj are zero.
Thus the sectional curvature, Ko, 9, = 35. All other K;; are zero. Hence the
Ricci curvature, Ric(v) is as follows:

_ ”6—_22 whenv=00;,1<i<n-—1
Ric(v) =

0 when v = 0, or when v = 9,.

From this we can see that provided n > 3, then the metric §2ds?_; + dr? + dt?* is
Ricci-(3,n + 1) positive.

4.4.5 Curvature of the metric, g/'1(d),,, on Region 5 of the

torp
boot.

For completeness we calculate the conditions for positive Ricci-(k,n + 1) curvature
of the metric on Rj
gt (8)a, = dt® + msp, (1) ?ds?.
The properties of the torpedo function are given in section [4.2]
Let Rs = D' have polar coordinates (¢,60y,- - - ,6,), such that (9;, 90y, - , Oy
denote the corresponding coordinate vector fields. The metric on R5, may be stated
as

g = dt* +n*do*.

Christoffel symbols are calculated as:

—t . —t . ) ) —=0; —=0; 77
Ly, 0, = =1 Ly, 0, = —1msin® iy - - -sin” Oy, Lig, =To = —
n
o+ in @ 0. feiﬂ‘ — iné.. . 0., -<in2(0: in2(0..
0.9, = — SN0y cos O 0.9, = —sinb;;jcos Oy ;sin(0ig1) - - - sin” (0ip5-1),
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s —0, cos 8;
oo =Tp, =—2i<]
0.0 0:.0; " gin 6;

All other Fi’j are zero.

Sectional curvature, K, ; is calculated to give:

1— 72
o

Kt,ei = _5) Kei,ej =
Hence the Ricci curvature, Ric(v), of the coordinate vector fields are as follows:

—n% when v = 0,

Ric(v) =

(n— 1)1;;72 —% when v =00;, 1 <i <n.
The functions involved in the Ricci curvatures were summarised in section (4.2
Ric(9;) is not positive for all ¢ € [0, A\; +0Z], and hence the torpedo metric is not

Ricci-(1,n + 1) positive. However Ric(06;) has positive curvature, provided n > 2.

n+1

Hence the metric, gio.,

(0)a,, has positive Ricci-(2,n+ 1) curvature, provided n > 2.

4.4.6 Summary of the positive Ricci-(k,n+1) curvature con-

ditions of the boot metric.

We give in the table below the value of k required for the metric on the regions of

the boot to have positive Ricci-(k,n + 1) curvature.

Region Metric k| n

Region 1 | gpt.(0)n, +dt*> | 3| >3
Region 2 gg;}A 3|1>3
Region 3 | gp,,(0)x, +dr’ 31>3
Region 4 | 6%ds2_, +dr? +dt* | 3| >3

Region 5 g (0)x, 20 >2

Therefore the boot metric has positive Ricci-(3,n + 1) curvature when n > 3 and A

is large enough. O]
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4.5 p,g-decomposition of S”

Consider the embedding
o (O,g) x SP x §1 — RPFL x R+
(t,¥,0) — (cost.V,sint.O)

where p+¢+1 = n. The image of ¢ is (almost all of ) the standard sphere S™ C R™"*1.

Uy

, 5) we can decompose S™ into various

By restricting ¢ to different subintervals of (0

subsets.

Ra+!
PN Sq X DP+1

I x SP x S¢

Sp X Dq+1

+1
>RP

O OSP «— RPHL @ @57 — Ret!

Figure 4.8: p, ¢ decomposition of S™.

The decomposition gives three regions:

Ry = Image oic0,0,) = SP % Dt
Ry = Image oicjp, 0,40, = 1 x SP x S?

— +1
R3 = Image U|te(91+92,§) = DPTox 51

where 0y + 62 + 03 = 7 and 0y, 0,603 > 0. Thus the embedding, o, gives a decompo-

sition of S™ as:
S™ e (8P x DY) U (I x SP x S9) U (S? x DPFY),
Letting 65 = 0 the decomposition becomes:
S™ 22 (SP x DY) Ugpyga (S x DPF).
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The embedding, o, induces the standard round metric, dt?+ cos?(t)dW? +sin?(t)d©2.
Recall the regions of the sphere and disc defined at the start of chapter [d We
now define the upper half of the n-sphere, with p, g-decomposition, with respect to

the g-sphere, which we denote as Sg@.
Si = Image o((0, g) x SP x S1) = (S x DIM)Y U (DP™ x S%).

Similarly, the lower half of the sphere, with p, g-decomposition, with respect to the

g-sphere, which we denote as S;l decomposes as:
Sr 2 (8P x DT U (D x S7).

The equator of the sphere, with p, g-decomposition, with respect to the ¢-sphere,

which we denote as S7, decomposes as:

peq = Sgr N Sg- = (87 x DY) U (D x SE,).

Note that Sg@, S;L and S, are diffeomorphic to S, S and S, respectively.
In the p, g-decomposition, the embedding ¢ used the sine and cosine functions.
These functions may be generalised to two warping functions u, v : (0,b) — (0, 00)

to give the metric dt* +u(t)*ds} +v(t)*ds.. We give more details in the next section.

4.6 Mixed torpedo metrics

The double torpedo metric is an example of a warped product metric on the sphere.
In this section we consider using more than one type of warping function on the
sphere using the p, g-decomposition as described in section [£.5] Let u and v be two
warping functions: u,v : (0,0) — (0,00). Let o be the embedding:

o (0,b) x S” x §1 s RPFFL x RI*! = R+
(t,U,0) — (u(t).¥,v(t).0).
The metric arising from this embedding is a doubly warped product metric dt*> +
u(t)*ds; +v(t)*ds?. This extends uniquely to a smooth metric on S™ provided that

the properties of the functions, v and v, are those determined by Petersen [32] in

Lemmas 4.1 and 4.2 of section 1.4.1 which are given below:

Theorem 4.6.1. (Section 1.4, [32]) Let u and v be smooth functions u,v : (0,b) —
(0,00) where u(b) = 0 and v(0) = 0. Then we get a smooth doubly warped product
metric at t =0 and at t = b if and only if

w(0) >0,  w0)=0,  wMOB)=0,  wb)=-1. (4.1)
v(b) >0, WDp)y=0, wEM0)=0  9(0)=1. (4.2)

o4



In addition to the conditions listed in and of theorem , we have
additional conditions, as required by Walsh [44], so that the metric has positive
scalar curvature:

For the function u : (0,b) — (0, 00):

i <0, ii(t) <0 when t € (b—¢,b), u(b) > 0. (4.3)
For the function v : (0,b) — (0, 00)
¥ <0, ¥(t) < 0 when t € (0,¢), v'(0) < 0. (4.4)

A particular case of a doubly warped product metric is one in which the warping
functions u and v are torpedo functions. Let v(t) = n(t) and u(t) = n(b—t) where 7 is
a torpedo function with the properties given in section[f.2] Using p, g-decomposition,

we can form the mived torpedo metric, g3}, on S™ where:
Iitrorp = At* 4 u(t)?ds] + v(t)*ds?.
The mixed torpedo metric combines

SQdSZ + gt — 52d312) + dt* + v(t)2ds§ on SP x D!

torp

and
0%ds] + ghoy, = 0%ds, + dt* + u(t)*ds, on D' x 59,

torp

We give a schematic illustration of the metrics, gy, and g%ﬁfp "on S" in figure
4.9
Sptl Ga-1
~.

_J A _J

" " —~
52ds +gf£§( ) eds?+ gi o (6) 52d8q L+ G (€) €2ds? ) + gl (6)

A

Figure 4.9: a) The mixed torpedo metric thorp7 and b) The mixed torpedo metric

p+1,g—1
thorp

We calculate for which k, the mixed torpedo metric has positive Ricci-(k,n)

curvature.

Lemma 4.6.2. Let S™ be equipped with the mized torpedo metric, thom, where

p+q+ 1 =n. Where both p and q € {0,1}, the metric does not have positive
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scalar curvature. Forp # 1 and ¢ > 2 orp > 2 and q # 1, the metric has positive
Ricci-(k,n) curvature for k > 2. Whenp =1 and ¢ > 2 orp > 2 and ¢ = 1, the

metric has positive Ricci-(k,n) curvature for k > 3.

Proof. Petersen [32] gives the Ricci curvatures, Ric(e;), with respect to the coordi-

nate vector fields (O, e1, -+, €p, €pi1,- -+, €piq), tangent to S™ = I x SP x S, where
t is tangent to the interval I, (e, -- ,e,) are tangent to S? and (ep+1,- - ,€ptq) are
tangent to S7:
—p% —q: when i =t
Ric(e;) = -2+ (p— 1)L —¢22 1<i<p

pt+l1<i<p+q

For completeness we give the scalar curvature of the metric gy}, 5(9ifiorp):
S(p:q )__ 2_ E‘i‘ (_g‘i‘( _1)1—7),2_ EE)
Intor) = pu qv p U p u? quv
v 1— o2 uv
_ 2 1 e
+a(= -+ lg=D)—5——p-—)
_ gl 2ﬁ+( 1>1_u2+( 1)_2 opg Y
= pu qv p\p 02 a\q B P W
The functions v and v vary with ¢ as follows:
t
. 0 | (0,e) |[e,b—¢€] | (b—g,b) | b
function
u >0 >0 >0 >0 0
U 0 <0 <0 <0 —1
i <0 <0 | <o <0 0
n >0
v 0 >0 >0 >0 > 0
v >0 >0 >0 0
v 0 <0 <0 <0 <0
v <0
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Hence the functions involved in the Ricci curvatures, may be summarised as:

t
0 | (0,e) |[e,b—¢€] | (b—e,b) | b
function
— >0 >0 >0 >0 | >0
-2 >0 >0 >0 >0 |>0
1= >0 >0 | >0 >0 |>0
1;;')2 >0| >0 >0 >0 >0
—ey >0 >0 | >0 >0 | >0
Therefore the Ricci curvatures are as follows:
t
0 | (0,e) | [e,b—¢] | (b—eb) | b
Ric(e;)
Ric(ey) >01] >0 >0 >0 >0
Ric(e;) >0 >0 >0 >0 >0

Note that Ric(e;), i € (1,---,p+ q) is positive provided p > 2 and ¢ > 2.

We can see that all Ricci curvatures are non-negative but that Ric(d;) may be

zero. Hence it can be seen that, provided p # 1 and ¢

metric gy, has positive Ricci-(k,n) curvature when &

>
>

p = 1, Ric(e;) may be zero and hence g]lvﬁwp has positive

when k£ > 3 and n > 4.

o7

2, the mixed torpedo
2 and n > 5. When
Ricci-(k,n) curvature
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Chapter 5

Isotopy of metrics

5.1 Isotopy of warped product metrics on the

sphere

Recall from section that a warped product metric on (0,b) x S™"! is a metric
of the form dt* + f(t)*ds?_, with warping function f : (0,b) — R. This extends
uniquely to a smooth metric on S™, provided that the function, f, satisfies the
properties determined by Petersen [32] as given in Lemma [4.3.1]

Given a local orthonormal frame, (0;, €1, ,€,-1), on (0,b) x S"~! where 0, is
tangent to the interval (0,b) and e; is tangent to the sphere S™~! then the Ricci

curvatures of the metric, dt? + f(t)?ds?_,, are given in [32] section 3.2.3 as:

Ric(0) = —(n — 1);,
Ric(e;) = (n — 2)1 ;2f2 — %,Where ie{l,---,n—1}

We denote by F(0,b) the space of smooth functions, (0,b) — R, which have the
properties listed in Lemma together with the conditions f(t) < 0,t € [0,0],

F(0) <0and f(b)> 0. Examples of elements of F(0,b) are shown in figure .

Figure 5.1: Examples of elements of F(0,b).

The associated smooth metrics, dt? + f(t)*ds?_,, form a space, W(0,b), defined

as W(0,b) := {dt* + f(t)*ds?_, : f € F(0,b)}. It has been shown that this space
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is a path-connected subspace of Riem™(S™); see Proposition 1.6 of [44]. We prove

below the corresponding result for positive Ricci-(k, n) curvature:

Lemma 5.1.1. The space W(0,b) is a path-connected subspace of Riem ten (S™)
where k > 2 and n > 3.

Proof. By using the conditions given in Lemma [4.3.1] we ensure that each metric
g € W(0,b) uniquely determines a smooth metric on S™.

In the table below we analyse the functions involved in the Ricci curvatures,
noting that f(t) € (—1,1) when ¢ € (0,b).

t
0 | @b b

function

>0 >0 | >0

—% >0 >0 | >0

Hence the Ricci curvatures satisfy

t
0 | (0,b) | b | Note
Ric
Ric(0y) >0 >0 | >0 1
Ric(e;) >0 >0 [>0]| 2

Notes
1. Ricci curvature provided dimension, n > 2.
2. Ricci curvature provided dimension, n > 3.

Any metric dt* + f(t)*ds?_;, where f € F(0,b), has at least Ricci-(2,n) positive
curvature, provided n > 3. Hence the space W(0, b) C RiemCm (S™), when n > 3.
Of course, for some f, the metric will also have Ricci-(1,n) positive curvature, i.e.
positive Ricci curvature, for example the standard round metric.

Path-connectivity of W(0,b) follows immediately from the fact that F(0,b) is

convex. Proving this latter fact is an easy exercise. ]

Note that as the round metric dt*+ (2)%sin®(2t)ds?_, of radius (2) is an element

™

of W(0,b), then all the metrics in W(0, b) are isotopic to this round metric.
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We now let b vary and consider the space F := (Jyc( o) F (0, ) and the corre-
sponding space of metrics W := UbE(O,oo) W(0,b), where b > 0. It has been shown
that the space W is a path-connected subspace of Riem™(S"); see Proposition 1.7
[44]. Similarly,

Lemma 5.1.2. The space W 1is a path-connected subspace ofRz'emRiCTka") (S™), where
k>2andn > 3.

Proof. We consider elements g; = dt* + f1(t)*ds%_, and g, = dt* + fo(t)*ds?_; of
W, where f; € F(0,by) and fo € F(0,by), by > 0, by > 0, by # by. The metrics,
g1 and g¢o, are isotopic to the standard round metric and thus g; is isotopic to

go. Therefore, the space W is a path-connected subspace of RiemRic(ﬁv’") (S™) where
k > 2. and n > 3, the conditions required by theorem [5.1.1] O

We note that

e Any two torpedo metrics, g, (61)x, and g7, (d2)x,, are isotopic by obvious

rescaling.

e The double torpedo metric, gp,,,,(8) = dt* + 75(t)ds,

n—1

on S™, has double
torpedo function, i € F(0,b), for some b, and thus gp,,,,(9) is isotopic to the

round metric ds;,. Therefore g3, (0) € W.

5.2 Isotopy of doubly warped products and mixed

torpedo metrics

Let the mixed torpedo metric, dt* + u(t)’ds; + v(t)’ds?, be the metric on
(0,b) x SP? x S? with warping functions v and v defined on an interval (0,0). The
warping functions, u and v, have the properties listed in (4.1)) to (4.4)) of section
. The space of all such functions, u, is denoted U(0,b) and the space of all such
functions, v is denoted V(0,b). The space of metrics, g = dt* + u(t)*ds;, + v(t)*ds?,
where u € U(0,b) and v € V(0,b) is denoted WP4(0,b). It has been shown that
Wp’q((), b) is a path-connected subspace of Riem™(S™), n > 3; see Lemma 1.9 of

[44]. Below we generalise this theorem for positive Ricci-(k, n) curvature.

Lemma 5.2.1. Letn>5,p>1andq>2 (orp>2andq>1) withp+q+1=n.
Then the space Wp’q(O, b) is a path-connected subspace ofRz'emRiczrkm (S™), fork > 2.

Proof. We note that an element g € Wp’q(O, b) uniquely determines a smooth met-
ric on S™ as the functions u and v satisfy the conditions in Theorem We
have calculated that, provided p > 2 and ¢ > 2, the generalised mixed tor-

pedo metric has positive Ricci-(k,n) curvature when & > 2 and n > 5. Hence
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Wp’q((), b) C RiemRica’")(S”), where p > 2, ¢>2,n>5and k > 2. When p =1,
the generalised mixed torpedo metric has positive Ricci-(k, n) curvature when k > 3
and n > 4. Hence leq(O, b) C RiemRic&»n)(Sn), where ¢ > 2, n >4 and k > 3.

It can easily be shown that the spaces (0,b) and V(0,b) are convex and hence
that the space U(0,b) x V(0,b) is convex. Hence WP4(0,b) is path-connected. [

Note that

e When p = 0, an element of Wp’q(O, b) is a warped product metric on S™ as

discussed in section [5.11

e Whenn >4, p=1and ¢ > 2 (or p > 2 and ¢ = 1), the space WP1(0,b) is a
path-connected subspace of RiemRic&m(S”), for k > 3.

e When p = 1, ¢ = 1 and, therefore n = 3, the metric need not have positive
scalar curvature and therefore may not have positive Ricci-(k, n) curvature for
any 1 < k < 3.

We now consider the spaces U x V = UypoU(0,0) x V(0,b),
VAV 1= Use(0.00) WP(0,b) and W o= Upigrizn Wri,. Walsh proved that W
is a path-connected subspace of Riem™(S™) when n > 3; see Proposition 1.10 of
[44].

Theorem 5.2.2. The space W is a path-connected subspace of Rz’emRiCa”) (S™), for
n >4 and k > 3.

Proof. We note that £cos (3t) € ¢(0,b) and £sin (’;f) € V(0,b) and hence the
round metric, (%)sti =dt* + (%)2 cos? (2L)ds? + (;) sin” (5£)ds? is an element of
WP4(0,b). By Theorem [5.2.1] any element g € WP4(0,b) is isotopic to (%)stz In

turn, the metrlc( ) ds? is isotopic to the round metric, ds? = dt*+ cos? tds +sin? ¢t

dsq € qu, where p + ¢+ 1 = n, by a rescaling. As the round metric ds? is an
element of each space Wp’q, then the space W is path-connected.

As elements of W are elements of Riemmc@n) (S™), for n > 4 and k > 3, then the
space W is a path-connected subspace of Riem (S™), forn >4 and k> 3. O

Recalling the mixed torpedo metrics defined earlier in section 4.6 we obtain the

following corollary.

Corollary 5.2.2.1. Let the metrics gy, and ngp have positive Ricci-(k,n) cur-
vature where p + g+1=9p"+¢ +1=mn, wheren >4 and k > 3. Then the metrics

X ' P o Rich
Gattorp ANd thOTp are isotopic in Riem  *m).
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p+1,g-1
5.3 Relative isotopy of metrics ¢! Mtorp and )0

Recall from section [4.5 that S™ may be decomposed as (S? x D) U (DPF! x S7).
Moreover, the mixed torpedo metric on this decomposition is dt*+u(t)*ds,+v(t)*ds?,
denoted thOTp, where u and v have the properties given in section . The mixed
torpedo metric is schematically illustrated in the left hand side figure of 5.2/ for p = 0

and ¢ = 1. The equator of the sphere with respect to the g-sphere, S”_ ., decomposes

g.eq)
as (S x DIy U (DPH! x S4.) which is diffeomorphic to (S x D) U (DP*! x Sq_l).
The equator has a mixed torpedo metric, gy}, .., Which is the restriction of g3,
to the equator and is dt* + u(t)*ds? + v(t)*ds>_,. This is shown emboldened in the
left hand side figure of figure [5.2]

The analogously defined mixed torpedo  metric, g%lo’fp ' on
(SPHL x D7) U (DPT2 x S771) is schematically illustrated in the right hand
side figure of figure when p = 1 and ¢ = 0. The equator of the sphere

: n 1 2 -1
with respect to the p-sphere, S7 ., decomposes as (SES' x D) U (DLF? x S971)

which is diffeomorphic to (SP x D) U (DP*! x S771). The equator has a mixed

p+1,q—1 p+1,q—1
Mtorpeq> Mtorp

dt* + u(t)*ds? + v(t)*ds2_,. This is shown emboldened in the right hand side figure
of .21

torpedo metric, g which is the restriction of g to the equator and is

p+1,g—1

Thus both gy, and gh, o0 have the same equator metric,
dt* 4+ u(t)?ds) + v(t)*ds;_;.  Note also that g}7,,., and g%ﬁfp;; is isometric

to gﬁ’ﬁ;}p. While in Corollary [5.2.2.1) we show that gy, and ngp are isotopic in

ot
Riem"™ ¢ where n > 4 and k > 3, we will be interested in a particular isotopy

between thOTp and g%lofp_l, a relative isotopy which fixes the equator metric

thorpeq .

* S S H
Smes\ssswsEEEEnEEnn

L9

p,q—1
Mtorp>

(p+1,q—1)

Figure 5.2: The equator g denoted gy} peqs Of @) g§mmp and b) gyrior

Note that asu € U(0,b) and v € V(0,b), as defined in Theorem by Theorem
5.2.2| the metric dt* 4 u(t)*ds;, + v(t)*ds? is isotopic to the standard round metric.
Henceforward we denote 7.(b — t) as u(t) and ns(t) as v(t).

We intend to prove in Theorem 1| that there is an isotopy between g%’ Mtorp and

p+1,g—1

Moy » Which keeps the equator metric g/, fixed.
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Theorem 5.3.1. For any non-negative integers, p and q, with p+q+1 = n and
n > 5, let gifi,,, and g%lo;q;l be mized torpedo metrics on the sphere S™ both
of which have the same equator metric, gy e, Then there exists an isotopy in
Riem . m (S™) between thOTp and gﬂtofp Y which keeps the common equator met-

ric, thOTpeq, fized for k >3 whenp#1 orq#2. Whenp=1orq=2, k> 4.

Proof. In Lemma it was shown that where p = 0 or p > 2 and ¢ > 2, the
metric gy, has positive Ricci-(k,n) curvature metric for & > 2. When p = 1 and
q > 2, or when p > 2 and ¢ = 1, gj},,,, has positive Ricci-(k,n) curvature metric
for £ > 3. In Appendix A we give a table with the values of k£ for which both the
metrics thorp and g%ﬁfp_l have positive Ricci-(k,n) curvature.

We will construct an isotopy through Riem it (S”) from the metric g3, to

p+1,q—1

the metric gy

which keeps the equator metric g37,,,., fixed.
We start with the mixed torpedo metric gy, ., defined on S", with
p, ¢-decomposition as described in section [£.5] arising from the embedding, denoted

0p,q to emphasise the decomposition, as follows:
S™ 2 (SP x DY) U (DP x §9)
_ ((sp x DT U (DPH x 51)) U ((sp x DTy U (DPFY x sz))

where S{ and S? denote the upper and lower halves of the sphere, S?, respectively.
Recall that the embedding o), , is defined

G (0,5) x SP x 1 — RPH x Re+1 = R+
(t,¥,0) — (u(t).¥,v(t).0).
The mixed torpedo metric on the wupper half of the sphere,
St (8P x Dfl) U (DPtt x S1), is denoted g](\’/)[t(fﬂp and on the lower half of
the sphere, S” 2 (S x D) U (DP*! x §7), is denoted as gj(morp The equator of
the sphere, S™, is S*~!, where
Sl (8P x DY) U (DPT x S, where
SINS? =871 CRIC R,

The mixed torpedo metric on the equator is denoted gﬁﬂo:p = Giltorpeqs SC€ figure

p.0[(a).
The metric gy, on S™ is
Iotrory = dt* + u(t)?ds’ + v(t)*ds,
= dt* + u(t)stf) +o(t)*(dr* + sing(r)dsg_l).
In order to smoothly transition to the metric, g’](jtifgl, we will make use of an

alternative description of the torpedo metric as described in the following section.
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5.3.1 Alternative description of the torpedo

In order to describe the deformation required we will use an alternate description of
the coordinates for a torpedo metric, gz,.,, on D", described in [47] as follows. The
coordinates are shown in figure which also shows the upper half disc, D, the
lower half disc, D", and the equator, D"

Di prn—1

*)

- .
'llllllIIIIIIIIIllllllllllllllllIIIIIIIII llll‘---‘

t=0b+4 e

Dr

Figure 5.3: Alternative description of the torpedo metric.

An (n — 1)-dimensional hemisphere is traced up one side of a cylinder, from
t = —btot =0, see figure p.4[(a), then bent round an angle of 7 to form an
n-dimensional hemisphere, see figure (b), and then traced down the other side of
the cylinder, see figure [5.4(c).

b) c)

= —H Db

Figure 5.4: Tracing out the hemisphere a) t € [—b,0]; b) t € [—b,7]; and ¢) t €
[—b,b+ 7.

Let r € (0,%),t € (=b,b+7) and o : (0, ) x (—=b,b+7) — [0,1]. We use a bump
function p : (=b,m + b) — [0, 1] that is zero outside t € [—7, 7 + 7], 7 arbitrarily

small and 7 > 0, to give a smooth function a:

a(r,t) =1 — pu(t) + p(t) sin(r),
where «(r, t) is defined as
(i) a(r,t) =1 when t € (=b,—7),

(i) a(r,t) =sinr when t € (1,7 — 1),
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(ii) a(r,t) =1 whent € (7 + 71,0+ 7).

The function is depicted in figure |5.5|
Recall from section 4.6 that the mixed torpedo metric dr? +v(r)?ds] + u(r)?ds;

arises from the embedding:

o:(0,b) x S? x §9 — RPH! x RIH!
(r,¥,0) — (u(r).¥,v(r).0)

where u and v are warped product metrics.

Analogously, let the embedding p be

p:(0,b) x St x S 5 R*x R"!
(r,t,0) — (a(r,t).t,cos(r).0),

where « is the warping function described above. This embedding gives the torpedo

metric

Grorp = dr® + a1, 1)*dt? + cos?(r)ds; _,.

t=-b t=—7 t=mw+71 t=b+m7

Figure 5.5: The function a : (0,%) x (=b,b+7) — [0, 1]

Below we describe how to decompose the mixed torpedo metric gf\”ftow on S™ into

three regions, two of which have sphere-disc products. We use these alternative
coordinates on the relevant discs and show the deformation required in order to
smoothly transition from gy}, to g%lofp_l, while keeping the equator metric, gif\’ﬁ;:p,

fixed.

5.3.2 Initial adjustment to the mixed torpedo metric, g}y,

Assuming S™ is equipped with the metric gﬁ/’[‘iorp, let us consider a small tubular
neighbourhood, N-(5"7) of the equator, S*~*, where the metric gy}, restricts on

Sl as gﬁﬁ;}p, on this neighbourhood, and assume that the metric is the product
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metric ghft " + dr? on N.(S"7). We describe in sections [5.3.2.1] to [5.3.2.3 how

we stretch the 7 neighbourhood in the direction orthogonal to the equator (with

coordinate r) to give the metric gl + dr?, r € [—c,d] as in figure ﬁ This

requires changing the metric in the r direction from a standard round metric to a

D,q
Mtorp,stretch*

In section we construct an isotopy from the metric, gy, to the product

double torpedo metric. The resulting metric on S™ we denote g

: Dp,q : : : p,q—1
Metric, gyriom sirercn: While keeping the equator metric, gy, fixed.

,q)+
a’) b) gj(\z/;go)rp gbtorp

R

e

D,q—1
thorp

g

Figure 5.6: a) g}},,, showing round metric on tube of torpedo; and b) gy, sreten

showing double torpedo metric on tube of torpedo.

Recall from section that using (p, ¢)-decomposition and the embedding o, ,,
S™ can be decomposed into three regions where R; & DIt! x §P R? = GP x S x |
and R® = DP*! x S9. Hence the mixed torpedo metric on S™ can also be considered

as the metric on the union of three regions:

(DT % SP dt? + ns(t)*ds? 4 dsi) U (SP x S x I, dt* + ds. + ds?)
U (DP*! x S dt* + n.(t)*ds? + ds?),

see figure We consider below the adjustments required.
Rs R, Ry

' D
D

Figure 5.7: Analysis of the mixed torpedo metric Ry = (D' x SP dt* + ds) +
ns(t)?ds?); Ry = SP x 8% I,dt* +ds; +ds;); and Rg = (DP*' x S9, dt* +1.(t)*ds) +
ds?).
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5.3.2.1 Effect of stretching the mixed torpedo metric, g3, on R;.

Recall that the mixed torpedo metric, g37,,,, restricted to R in figure may be
described as (DT x SP dt* 4+ v(t)*ds? + ds3), where v is a torpedo metric. The
equator restricted to Ry is isometric to (D9 x SP, dt*+u(t)*ds?_, +ds;) and therefore
the tubular neighbourhood of the equator restricted to Ry, N,(S™ )|z, C S™ is
isometric to (I x D x SP,dr? + dt* + v*ds;_, + ds.). We change the coordinates of
D7 factor of Ry as described in section for D™ where the metric now restricts
as dr? + a(r,t)*dt* + cos®(r)ds;_, + ds;,.

We consider the deformation required of the metric on Ry, which keeps the

equator metric fixed, in the neighbourhood, N,(S™"™1) N Ry, where
NA(S" Mg, =1 xS xS x 1.

We essentially wish to “flatten” the cos(r) function near r = 0 by replacing it with

a homotopy of functions defined
fs(r) = (1 —s)cos(r) + sw(r)
where s € [0,1] and w : (=3, %) — [0,1] is a smooth function such that

cos(r) when r € (=3, —¢],
w(r)=1<1 when r € (—7,7),

cos(r) whenr € [{, %)

where 0 < 7 < & and &(r) < 0.
Moreover we will wish to “flatten” the function a by using a transition function

Bs(r,t) = (1 = s)a(r,t) + svy(r,t)

where s € [0, 1] and the smooth function y(r,t) on (0, 5) x (—b, b+ 7) satisfies:

(

1 when t € (—b,0)

sin(r) whente (1,5 —17)
Y(rt) =141 whente (53— 7,5 +7)

sin(r) whente (5 +7,7m—7)

\1 when t € (m,b+ 7).

Smoothness of v in ¢ is obtained by way of a suitable cut off function,

v(t): (=b,m+b) — [0, 1] where ~ is defined by:

y(r,t) =1 —w(t) + v(t)sin(r).
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P,q

Mtorps Testricted to

Henceforward we suppress the subscript s. The metric, g¢
N, (S™1)|g, is adjusted to

g = dr® + B*(r,t)dt* + fQ(’r‘)dSS_l + ds;,

The metric, restricted to the D! factor of Ry, dr? 4 52(r, t)dt* + f*(r)ds2_,, is

shown in figure [5.8] Note that the equator metric is fixed.

t=—b
r=3
r=e¢
r=20
\ freennennen et s
t=b+n
Figure 5.8: The metric, dr® + 5(r, t)dt* + f?(r)ds}_,.
Christoffel symbols are calculated for the metric,

dr? + ﬁQ(’F, t)dtQ + f2(7’)d3271 + dsfﬁ as:

Iy, =—6p Lho=—1f sin® @1 - - -sin® 6, 4

Ft o & Ft _ & Fei _ &
it Lt 00
r B /B r f
Oitj . . : 0, cos b, o
Loy, = —sinbyyj cos Oy sin® (1) - - sin® (045-1) Lo = @ja i<
S1n j
i+ : . . ’ cos; ..
intj) = —sin i1 cos Py Sin®(ig) - - - sin®(Piy1) %,wi - sin—w]-’ v
j

All other T'} ; are zero.

From these the sectional curvatures, K; ;, are:

/87“1” f’FT fT/BT
7 Kr,ei = -7 Kr, P Oa Kﬁi = - ;
3 f v ! 78

1— 2
Ky, = 0; K9¢,9j = —QT;K@,% = 0; K%‘ﬂ/’j =1

f

We evaluate the functions involved in the sectional curvatures. Note that all the

K’/‘,t = -

derivatives are with respect to r and not with respect to ¢ or s.

(i) We evaluate the function

B (L= S)awr + 8%y

B (1-s)a+sy
(1 — s)u(t) sin(r) + svsin(r)
(1 —s)(1 — p(t) + p(t) sin(r)) + s(1 — v(t) + v(t) sin(r))

The table below shows the values of the function —Bg with respect to s, u

and v.
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u=0|pu=1vr=0|rvr=1
s=0 0 1 N/A | N/A

Hence —% > 0.

(ii) We evaluate the function

S _ (1 —s)cos(r) — swyr
! (1 —s)cos(r) + sw

The table below shows the values of the function —% with respect to s and
w.
re(=5,-7l|re(-n7)|renj)
s=0 1 1 1
s=1 1 0 1

Hence —% > 0.

(iii) We evaluate the function

LB (s = Dsinr) + sw,) (1= s + 57,)

B ((1 — s)cos(r) + sw) ((1 — S)a + 37))
_ ((1 = s)sin(r) — sw, ) ((1 — s)(pcos(r) + svcos(r)))
(1= s)cos(r) + sw) ((1 — s)(1 — p+ psin(r) + s(1 — v+ vsin(r)))

IrBr
fB

The table below shows the values of the function — with respect to s, u

and v.

p=0pu=1|r=0|rv=
s=0 0 1 N/A | N/A

_ feBr
Hence 75 > 0.

(iv) The function

1— f? _ 1— ((s—1)sin(r) + swr)Q
f? ((1 = s)cos(r) + sw)2

for all values of s € [0,1] and r € (=5, F).

Thus all of the terms for evaluating the sectional curvatures are non-negative.

The Ricci curvature, Ric(v), of the coordinate vector fields are as follows:

)
_%_(q_l)% when v = 0,
Rier) — 4 7 @V when v =0
L LB (g —2) L when v =96;,1<i<q—1
r s T\ 7 pr=t=d
lp—1 when v = O, 1 < i < p.
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As both of the terms for Ric(d,) are not strictly positive, the best we can say is
that Ric(d,) > 0. Similarly both of the terms for Ric(d;) are not strictly positive,
Ric(0;) > 0. The first two terms for Ric(06;) are not strictly positive. Provided
g > 2, the third term is positive, hence Ric(06;) > 0. As Ric(0vy;) = p — 1,
Ric(0;) > 0, provided p # 1. Where p = 1, Ric(0¢;) = 0.

Hence the metric g = dr®+(%(r, t)*dt>+ f(r)*ds}_, +ds, has positive Ricci-(k,n)
curvature, provided ¢ > 2, when k > 3 and p # 1, and k > 4 when p = 1.

5.3.2.2 Effect of stretching the mixed torpedo metric, g}7,,,, on Rs.

Recall that the mixed torpedo metric, gy, restricted to Ry in figure may
be described as (S? x S9 x [I,dt* + dsg + dsg). We change the metric on Ry
from ds? + ds2 + dt* = ds + dr? + cos*(r)ds2_, + dt* to ds’ + dr? + f,(r)*dsi_, +
dt?, which is a continuation of the metric on the tube of R; torpedo metric,
t € ([=b,0] U [m, b+ m)), see figure 5.8 It thus has positive Ricci-(k,n) curvature,
provided ¢ > 2, when k£ > 3 and p # 1 and k > 4 when p = 1.

P,q

5.3.2.3 Effect of stretching the mixed torpedo metric, g,7,,,

on Rs.

The initial adjustment required to the metric on R3 of the mixed torpedo metric
is analogous to that required for R;. Recall R3 is diffeomorphic to DPl x S9,
which is shown schematically in figure . Let (O, OYn, - -+, 00y, 0p, 001 - - - ,00,_1)
denote the corresponding coordinate vector fields on the tangent space of DPT! x
S9. The original metric on Ry is ghr, + ds? = dt* + n-(t)*ds] + ds?, where 7. is a
torpedo function as described in We consider the neighbourhood of the equator,
N.(S"1)|r,, where we wish to “flatten” the metric using a method similar to that
used in R;. The metric is adjusted to obtain dt* +n.(t)*ds; +dr* 4 h2(r)ds;_,. Here
hs(r) = (1 — s)sin(r) + s7(r), where 7] is a double torpedo function as described in
with 7 < 0,7 < 1 and s € [0,1]. When s = 1, the metric on Rj is gf;ll, + Ditorp-
Note that the metric on the disc factor DP*! is not changed.

We note that hs € F (see Subsection and therefore dr? 4 h2(r)ds;_, € W for
all s € [0,1], where here W is a path-connected subspace of Riem ™k (S9) where
k>2andqg> 3.

Using the calculations in sections and [£.3] the Ricci curvatures of the metric
dt? + e (t)%ds? + dr? + hy(r)*ds?_y = ghory + Gbiorp are given below. We denote 7. (t)

as 1 and hy(r) as h.
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—p% when v = 0,

) - o ,
pioy - | AP DS when =001 <0<
—(g—1)k when v = 0,

b (=)= when v =00;,1<i<q—1.

The Ricci curvatures Ric(0;) and Ric(0,) are both non-negative and Ric(0v;) and

Ric(06;) are both strictly positive provided p > 2 and ¢ > 3 respectively. Hence

p+1

it can be seen that the metric gy,

+ Gbtorp has positive Ricci-(k,n) curvature for
values of k as follows:

when p =0 and ¢ > 3

when p > 2 and ¢ > 3

3
3
4 when p>2and g=2
4

when p =1 and ¢ > 3.

We then stretch the 7-neighbourhood region orthogonally to the equator, while
keeping the equator fixed, to r = ¢ and to r = —c respectively, where r = 0 is at

the equator. The resulting metric is denoted g3y, sreren; Se€ figure (b)

D4 p+1,q-1
5.3.3 ISOtOpy from thorp,stretch to thorp,stretch

At this stage we have constructed isotopies from gy, 10 G\ iorp streren @0d from

pt1,g—1 pt1,g—1
Irttorp 80 Gnttorp streten- 11 the following sections, we complete our proof of Theorem

1,4-1 :
1| by constructing an isotopy between gy} . ..., and gﬂwfp sireten, Which fixes

1
the equator metric gy, -

Recall from Corollary to Theorem that the mixed torpedo met-
rics Gifior, and thm,p, where p+q¢ = p' +¢ = n—1, n > 4, are isotopic in
RiemRich,")(Sn) for k > 3. This is because both of the mixed torpedo metrics are
isotopic in RiemRica m (S™) to the standard round metric on S™. Hence there are
paths in Riem™ . m(S™) from ghy,., to ds’. Recall also that the mixed torpedo

pt+1,g—1 .
metrics gy, and gi,o0 " have the same equator metric gy}, ..; see figure .

Moreover g/ ,.,., 15 itself a mixed torpedo metric gﬁ’ﬁo:p which is isotopic to the
o+

standard round metric on S""! and hence there are paths in Riem ™ m (S
from gﬁﬂo:p to ds?_,. In the proof of Theorem we will use a specific isotopy of
metrics in meRw(k " (S™) between thorp and ds?, which restricts to the equator
as an isotopy of metrics in Riem 16(16»“—1)(5” 1) between gﬁ/ﬁt;p and ds?_

In section we described the p, g-decomposition of S™ = (SP x Dq“) Uspx sa
(DP+! x S7) and ST = (SP x DY) U (DM x ST). Recall that ghft, = dt* +
u(t)?ds; +v(t)*ds; where u and v are torpedo functions with the properties given in

Theorem [4.6.1] Hence near ¢t = 0, u behaves like cosine and v like sine. As described
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in the proof of Theorem the straight line homotopies between the functions
w and cos in U(0,b) and v and sin in V(0,b) induce an isotopy between the mixed
torpedo metric gh7,,., and the round metric ds?, in the space of positive Ricci-(k, n)

metrics when
e p>2,qg>2 n>05, then k> 2;

ep=1,g>2o0rq=1p>2thenn>4and k > 3; and

P,q

Mtorp d0€S N0t have positive scalar curvature.

e p =g =1, then the metric g

In particular, under the usual coordinates on (0,b) x SP x S9, this isotopy is given

by the formula:
gf = di* + [(1 = Dyu(t) + Leos(t)] “ds2 + [(1 — D)v(t) + Isin(t)] ds2.

Importantly, this isotopy has nice restrictions to the upper hemisphere S and equa-
tor 5™~ by replacing ds? with ds?, and ds?_; in the above equation. More precisely

we obtain, as restrictions, an isotopy

g = dt? + [(1 = Du(t) + Leos(t)]*ds? + [(1 — D)v(t) + Lsin(t)] ds? (5.1)

a+

between goy = gﬁ/’f‘iorp L and g1 = ds?., the round hemisphere, and an isotopy of

the boundary metric on S" !,

gt =dt® + [(1 = Du(t) + Leos(t)]*ds? + [(1 = Dv(t) + Lsin(t)]*ds?

q—1

(5.2)

pg—1 2 2 2 ;
between gy, and ds;_;, where ds;. and ds;_; are the upper-hemisphere and

equator metrics on the round S9.

P.q

n : :
Mtorp.streten, OB S". Recall this metric decomposes

We now consider the metric ¢

as

(Sn? g;;\)ﬁorp,stretch) = (S—T-’ gﬁftorp+) U (Sn_l X [_67 C]a gﬁft;}p + d?,.Z) U (Sﬁ7 g;;\)/,[qtorp—)'

We wish to construct an isotopy of this metric, turning it into (5", g’j}t})fp_l) in a

way which fixes the equator metric. We will focus on the upper-hemisphere

) ) - 5 —1
(S-TlLﬂ gij\?/[qtorp,stretch—&—) = (53—7 gﬂ%oerr) U (Sn ! X [07 C]’ gﬁﬂtorp)

given that the isotopy we constructed here will be mirrored in the obvious way on
the lower hemisphere.
We make an important observation. The isotopies given in and de-
termines an isotopy between gﬁftommetch . and the torpedo gy,,; see figure .
Precisely it is given by the formula:
9y on 5%

G, =
gt +dr? on S™L % [0,q].
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Figure 5.9: Some metrics in isotopy Gi; a) gifiom stretenti P) Gi, 1 € (0,1); and c)

n
gtorp :

where Go = Giiorp,streten+ A4 G1 = Gioy-

This isotopy is not sufficient for our purposes as it does not fix the metric on
the boundary. However with some careful modification, it can be made to work.
We will now make some adjustments to this isotopy, working only on the cylinder
(S"=1 % [0,c], g/ " + dr?). For brevity we let g, = g/ ".

We define a 2-parameter family of metrics gs; (schematically described in figure

5.10]) as follows:

g when0<[<s<1
gs1 =
gs when 0 <s<[<1.

For each s € [0, 1], there is an isotopy gs; over [ € [0, 1]. By Corollary [3.3.1.1| (of
Lemma [3.3.1]) each such isotopy determines a concordance (on S"~* x [0, ¢|), which

we denote g, between gg = gﬁﬁ;,lp and g, on S™ . The construction in Corollary

3.3.1.1}is easily seen to depend continuously on all parameters and so we can assume
that we have a continuous family of concordances, g,, s € [0, 1].

In particular for some ¢ > 0.

— _ . pq—1 2
gS|Sn71X[0,E] - thorp + d,r 9

which keeps the equator metric, gﬁft;:p, fixed, while

§S|S”*1X[c—€,0} = g;t—l +dr?
where recall,
gt = dr” + [(1 = s)u(t) + s cos(t)] “ds; + [(1 = s)o(t) + ssin(t)] "ds]_,.

This is schematically illustrated in figure [5.11} This isotopy can now be smoothly
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................................................................ G
)
Ll "gl. ..............
0 go 70 go
O S ;1

Figure 5.10: Graph of 2- parameter family of metrics, gs.

a) 5 b ,

n—1

Figure 5.11: Isotopy of concordances a) g¢y' ; b) g¢7'; and ¢) gg7 '

n—1 .

combined, in the obvious way, with the isotopy g;, on S7 to obtain the modified

version of the earlier isotopy G, which we denote G, defined

G/ . g?+ on Si
’ g, onS"1x0,c.

This is schematically illustrated in figure [5.12(a), (b). At this stage we have
constructed an isotopy through the space of positive Ricci-(k,n) metrics from
G = Gftorpstretens O STU(S" X0, ¢]) to a metric, G, which on STU(S™ ' x[0, ])
is a torpedo gj,,,. Moreover, at every stage s € [0, 1]

Gl sn-1x10e] = Ghtrory + A1’
Recall that the round metric ds? is isotopic through the space of positive Ricci-(k, n)

metrics to gi7,,, When
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(p+1,g—1)+

(p9)+ Mtorp
/

thm"p

L equator \

_ 1,g—1
Flgure 5.12: a) g](w,go);; stretch b) Gllv and C) g]\?jor}g stT)eJtrch

e p>2g>2 n>5, then k> 2;
ep=1,¢g>20orq=1,p>2thenn >4 and k > 3; and
e p =q =1, then the metric gMWp does not have positive scalar curvature.

Thus we may construct an isotopy between ds?> and 9%10,;1;17 in a completely

analogous way to the one we constructed between ds? and ¢ Mtorp when
ep>1,qg>3,n>5, then k > 2;
e p=0,g>3orq=2,p>1thenn>4and k > 3; and
e p=0, ¢ =2, then the metric gy}, does not have positive scalar curvature.

Applying an almost identical construction to the above (with p + 1 replac-

ing p and ¢ — 1 replacing ¢q) we can construct an analogous isotopy between G

above and 91(\%0?2;;);}1 (depicted schematically in figure|5.12(c)) which, as before, is

gﬁﬂoﬁp + dr? near the boundary. Combining these isotopies in the obvious way gives

rise to an isotopy between g%o)rp streten 1O gj(@jolrg s;)etch on S" U S™ ! x [0, c] which

fixes the metric as ghyl. " + dr? near the boundary.

p+1,q—1 p+1,g—1

5.3.4 Isotopy of metric IMttorp.stretch YO Initorp

; ; ; s pHlg—1 p+1,q—1 ;
We now describe the required isotopy of metric ¢y o, sireten 10 Inrrorp,  Which keeps

the equator metric, ghl " fixed.

In section [5.3.2] we described the isotopy required on three regions of a 7-

neighbourhood of the equator, S*~' x [—7,7] of gi/},. to give gﬁ/’[gjp + dr®. This
region is then stretched to give (S"! x [—c, ], gk, + dr?).
p+1,g—1 p+1,g—1

We 1S0tODY Giriorpstreten VO nttorp DY Teversing this process as follows. We

contract the region around the equator, S"™! x [—¢, ] to S"™! X [—7,7] on which
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there is the metric g’j’ﬁ;:p + dr?. We now reverse the isotopy described in section

while replacing p in section by p+1and g by ¢ — 1.

The calculations for positive Ricci-(k, n) curvature given in section may be
used for this process.

Hence g}, and g%lofp_l are isotopic in Riem™km, n > 5, with an isotopy
that keeps the equator metric fixed for £ > 3 when p # 1 or ¢ # 2. Otherwise k > 4.

This completes the proof of Theorem [5.3.1] O]
In Appendix A we give the value of k for which gifl, = and ghl " are isotopic

for dimensions n > 4.
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Chapter 6

Positive Ricci-(k,n) curvature on
the trace of a Gromov-Lawson

p-surgery

Let (X, g) be a smooth, Riemannian, n-dimensional manifold in which we embed

the sphere-disc product, S? x DI! where p+ ¢+ 1 = n and ¢ is the embedding:
©:SPx DT X

We may perform a p-surgery on the embedding by removing the interior of the
embedded sphere-disc product, ¢(SP x D71)° and gluing the sphere-disc product
DPFT1 % S9 to the boundary, ¢(SP x S7), using as gluing instructions the embedding,
¢, to create the manifold X:

Xy 1= X\ (5P x DTHL) Upsnxsay (DPH x S9).

In Gromov-Lawson surgery, we consider the case when ¢ > 2, and g is a metric of
positive scalar curvature. The goal is to adjust the metric, g, to one which can be
modified in the surgery to a positive scalar curvature metric, g,, on X,. The central
result here is that it is possible to change the metric smoothly on a neighbourhood
of the embedded sphere so that near the embedded sphere, the metric takes the form

dsz + gf;;; and yet maintains positive scalar curvature throughout. Thus the metric

is now a surgery-ready metric. It is now easy to replace (SP X Dq“,dsf, + gf;;)
with (DPF x S9, gfotll, + ds?) to complete the surgery and obtain a positive scalar
curvature metric; see figure [6.1]

This technique has been strengthened and extended in various ways. For
our purposes the following generalisation to positive Ricci-(k,n) metrics pro-

vides an important starting point. Before starting it, let N be the image of
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D R

SP % Dq+1 gf;;—f—ds ds +gp+1

torp

Figure 6.1: Manifold showing a) embedded sphere-disc product; b) standardised
metric ds + gto,,p, ¢) preparation of manifold for surgery by removing a neighbour-
hood of ¢(ds?); and d) attachment of handle with metric ds; + gt

torp

¢, that is N := p(SP x D). We denote by 1 the restriction of this embed-
ding to the sphere-disc product, S? x D7!(1), p1 8P x D7 (1) — X where
Ny = goé(Sp x D7T(1)). As stated above the Gromov-Lawson surgery construc-
tion requires that the metric around the neighbourhood of the embedded sphere

become a surgery-ready positive Ricci-(k,n) curvature metric.

Theorem 6.0.1. (Gromov-Lawson (1980) [16], Schoen-Yau (1979) [35], Wolfson
(2009) [53])

Let X™ be a smooth manifold and o : SP x DI — X be an embedding with
p+q+1=mnand g > ma{n + 1 — k,2}. Then for any positive Ricci-(k,n)
curvature metric, g, where 2 < k < n, there is a positive Ricci-(k,n) curvature

metric, gsiq, so that:

(1) In the neighbourhood N% = 1 (SP x DIY) . gq pulls back to the metric:

1
2

* _ 2 qg+1
Qpégstd - dsp + Ytorp-

(1) Outside N = p(SP x DI*Y), g4 = g.

Gromov and Lawson (1980) [16] and Schoen and Yau (1979) [35]) proved this
theorem in the case of positive scalar curvature, that is when k& = n. This result
was extended by Wolfson [53] to positive Ricci-(k,n) curvature when 2 < k < n.
There is another extension of the original positive scalar curvature version due to
Labbi [23] to positive (I, n)-intermediate scalar curvature (normally referred to as
p-curvature but in this work we have reserved the use of p for p-surgeries) where
q>2+1.

Recall the trace of a p-surgery, W, is an (n + 1)-dimensional, compact manifold
with boundary the disjoint union X and X,, W,, := {W,; X, X,}. Recall the trace
is composed of a cylinder X x I with a solid disc product, DP*! x D! attached to
it using as gluing instructions the embedding ¢ : S x D! — X x {1}. Walsh in
Theorem 0.2 of [44] and Gajer [15] showed that the trace of a p-surgery on a closed

manifold with a positive scalar curvature metric, when ¢ > 2, admits a positive
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scalar curvature metric with product structure on the boundary. This result was
extended by Burkemper, Searle and Walsh [7] to positive (/,n)-intermediate scalar
curvature metrics where 0 <[ < g — 2 and ¢ > 2. In this chapter we extend this

result to certain positive Ricci-(k,n) curvature metrics.

Theorem A. Let X be a smooth n-dimensional closed manifold with n > 3,
@ SP x DI — X an embedding where p+q+ 1 =n and let W, := {W,; X, X}
denote the trace of a p-surgery on p. Suppose g is a Riemannian metric on X which
has positive Ricci-(k,n) curvature when 2 < k <n andp # 1, or 3 < k < n when
p = 1. Then provided ¢ > max{n + 1 — k,2}, there is a metric g, on W, so that

a) gap'X =g;
b) g, is a product near the boundary OW,; and
¢) g, has positive Ricci-(k + 1,n + 1) curvature.

Proof. In the proof of Theorem [A] we will require a theorem of Kordass [21] that
proves that certain spaces of positive Ricci-(k, n) metrics, which are standard near
a compact submanifold in X, are weakly homotopy equivalent to the space of all
positive Ricci-(k, n) metrics of X, the latter space denoted by Riem™0km (X). Be-
fore stating the version of this theorem we require, we define by Riemi:a’") (X) the

space of metrics with positive Ricci-(k,n) curvature which are standard near S? on
X as

ot
Ric Ri0+

Riem,,, """ (X) = {g € Riem "“*=m (X) : ¢ig = dsfy + gf;;; .
2

Theorem 6.0.2. (Kordass) Let X be a smooth, closed, n-dimensional manifold

with a p-sphere embedded in X with trivial normal bundle. Let p+q+ 1 =n and
Ric, ;

q > max{n + 1 —k,2}. Then the inclusion Riem ;" (X) — Rz‘eme&’")(X) is a

weak homotopy equivalence.

Ricf,
Recall that the metric ggq € Riem,,, "™ (X) is defined in [6.0.1}
Rict ;o
As the map Riem_,, "™ (X) < Riem™ () (X) is a weak homotopy equivalence,
.. . . . Rich . Ricf, .
it induces isomorphisms 7;(Riem ;"™ (X)) — m;(Riem “*=m (X)), i € {0,--- ,n}.

Ricf, .
As Wo(Riemsti;(k’") (X)) — Wo(Rieme&M (X)) is an isomorphism, there is a bi-

Ric},
jective correspondence between the path components of Riernstilc(k’"> (X) and

. ) +
Riem™Gm (X)),
Rict . . . Rica n) .
() (X') there is a metric, ggaq € Riem, ™ (X), which

-+
is in the same path component of Riem ™ “Gm (X).

Hence for any g € Riem

As a consequence we have the following corollary.
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Corollary 6.0.2.1. There is an isotopy between g and ggq, as defined in Theorem

6.0.1), in Rz’emRiCav") (X) provided that the codimension of the compact submanifold,
SP s g+ 1> maz{n + 2 — k, 3}.

We denote the isotopy in Corollary [6.0.2.1as g4, t € [0, 1]. By Corollary [3.3.1.1],

as g and ggq are isotopic they are also concordant. Thus there is a concordance

between g and ggq, which we call g on X x I’. For our purposes I’ = [0, J + 2] for
some J > 0 so that g = g+dt? on X x[0,1] and § = ggq+dt?> on X x [J+1,J +2].
Figure schematically depicts the embedding, N, in X and shows the metric g,
changing on N x{t}, ¢t € [1, J+1] to obtain gs4. The metric restricted to X \ N x{t}

remains unchanged, i.e. gsa|x\nx{} = 9/x\n-

Figure 6.2: The cylinder of X x [0,J + 2] with transition to torpedo metric on
Ny x (J+1,J +2].

Recall that W, consists of a union of X x I and DP*! x D?"!. Roughly, we wish
to equip X x [0, L], for some L > 0, with a metric which is a product g + dt* near
X x {0} and which near the other end of the cylinder takes a “standard” form so
that (DP*1x DI+ gl + ¢! ) can be smoothly attached. Moreover this attachment
should produce a positive Ricci-(k+ 1,7+ 1) metric on W, which is a product near
the boundary.

Recall the “boot” metric, g{f“ described in section To make the metric, g,

oot ?

“surgery-ready” we attach at (N 1% {J+2}, dsi—l—gf;;) a product of the “boot” metric

with the standard round metric, (((Dqul xI)U(S1x Q)U (Di”)) x SP, gite 4 ds}%).
Figure depicts this schematically as attaching a “pair of boots”. The boundary
of Region 1 of the “boots”, (D", gf;;,(é),\l +ds?), section , is attached smoothly
to the boundary (N% x {J 42}, gt (6)5, + ds?). This gives the cylinder a length of

torp
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L = J+2+ )X+ 3. The metric on X\N% x{J+2}, gsta| x\n, , continues unchanged for
2

(XA\N1)x{t}, ¢ € (J+2, J+2+A2+As]. The cylinder X x [0, J+2+Ar+As] is depicted

schematically in figure[6.3|showing the attachment of a “pair of boots”. Note that we

have shown in sectionthat the metric gggj has positive Ricci-(3, ¢ + 2) curvature,

provided ¢ > 2. Hence when p # 1, the metric gg;fj —l—dsf, has positive Ricci-(3,n+1)

curvature. When p = 1, the metric gg;ﬁ —l—dsf, has positive Ricci-(4, n+ 1) curvature.

Figure 6.3: The cylinder with boots.

The surgery is performed by removing Region 5, section 4.4.5] of the “boots”,
(DI x S, gi2(6), + ds?), leaving the boundary, (D! x SP, gif (6)y, + ds2), of
Region 3, section , exposed. To this is attached a solid handle DP*! x D9t with
a mixed torpedo metric, gh+ g (8)5,, as shown in figure H The solid handle has
positive Ricci-(3,n+ 1) curvature when p # 1 and positive Ricci-(4,n+ 1) curvature
when p = 1. This solid handle is attached along part of its boundary, SP x D"t
also with metric gfj;;(é) x + ds;. Hence this may be glued smoothly to Region 3 as
shown in figure to give the trace of the p-surgery, W,. Note that this gives a
collar neighbourhood of X, of width A; which has a product metric, g|x, + dt?.

Provided ¢ > max{n+1—k, 2}, the metric on the trace has positive Ricci-(3, n+1)

curvature when p # 1 and positive Ricci-(4,n + 1) curvature when p = 1. ]

Appendix B gives a summary of the Ricci-(k,n + 1) curvatures of the trace.

Note that X and X, are cobordant. As the metric g, takes a product structure
in the collar neighbourhood of X and X, we may then join the trace {W; X, X}
to the trace of another surgery {W'; X, (X,),} using the embedding .
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Dp+1

Figure 6.4: The metric g, + gfor, on D™+

Given an arbitrary cobordism we may equip it with a Morse function with all
the critical points assumed to be in the interior. Should the Morse function have
a single critical point of index, A = p + 1, then the cobordism is the trace of a
p-surgery. Where the number of critical points of the Morse function is more, the
cobordism may be constructed as the union of traces of surgeries.

The following definition will be used heavily throughout our main results. A
k-admissible Morse function f: W — I is one in which all the critical points of the
function have index A < min{k — 1,n — 2}. This ensures the surgeries associated to

the critical points satisfy the codimension conditions of Wolfson.

Theorem 6.0.3. Let {W; Xy, Xy} be a compact cobordism where Xq is a smooth
n-dimensional manifold with n > 3 and f: W — I be a k—admissible Morse func-
tion on W. Suppose go is a Riemannian metric on Xy which has positive Ricci-(k,n)
curvature. Suppose also that either f has no critical points of index 2 and 3 < k < n,

or f has a critical point of index 2 and 4 < k <n. Then

1. There is a metric g = G(go, f) on W so that

a) glx, = 9go;
b) G is a product near the boundary OW ; and

¢) g has positive Ricci-(k+ 1,n+ 1) curvature.
2. G =79(g0, f) depends continuously on gy and f.

Proof. Lemma 2.8 [30] states that the Morse function f may be approximated by
a Morse function F such that F(w;) # F(w;) for all i,j € {1,---,N}. Hence it
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Figure 6.5: Metric, g,,, on the trace of a p-surgery, W,.

83



is possible to ensure that the Morse function does not have more than one crit-
ical point lying in the same level set, F~'(w), for w € W. By Corollary 2.10
[30] any cobordism may be expressed as a composition of elementary cobordisms,
W ={Wy; Xo, X0} U{Wa; X1, X0} U--- U{Wy; Xy_1, Xn}; that is each W; being
the trace of a p;-surgery.

Let the elementary cobordism, {W7; Xo, X1}, be the trace of a p;-surgery. Recall
X has a metric, go, with positive Ricci-(k,n) curvature. From Theorem [6.0.1] the
metric, go, may be extended to a metric, gy on Wy, which restricts as g; on X;
and has positive Ricci-(k,n) curvature provided that n — p; > max{n + 2 — k, 3}.
Moreover, by Theorem [A|the elementary cobordism, {W;; Xo, X1}, has a metric, g,

with positive Ricci-(k + 1,n + 1) curvature, where

a) Gi]x, = go; and
b) g, is a product near the boundary oW}.

The elementary cobordism {Ws; X1, Xy} is the trace of a ps—surgery with disjoint
boundary 0Wy = X7 U X5. We extend the positive Ricci-(k,n) curvature metric g;
on X; over W5 in accordance with Theorem , provided n—py > max{n+2—k, 3}.
This process may be repeated for each W; provided n — p; > max{n + 2 — k, 3}, for
alli € {1,---, N}, to give a metric of positive Ricci-(k + 1,n + 1) curvature on W;
with a product near the boundary X; ; U X;. Thus W is a manifold which has a
metric with positive Ricci-(k 4+ 1,n 4+ 1) curvature. Moreover, by Theorem |A the
metrics in the neighbourhood of the disjoint boundary, OW = X,U Xy, are product
metrics. This proves part (1).

Part (2) follows exactly as in the positive scalar curvature case proved in Theorem
0.5 of [44]. O

We call the metric § = G(go, f) on W a Gromov-Lawson cobordism with respect
to go and f. Where W is the cylinder Xy x I, we call the metric § = g(go, f) a

Gromov-Lawson concordance.
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Chapter 7

The space of positive Ricci-(k,n)

curvature metrics

In chapter [f] we constructed a geometric trace of a p-surgery, W, on a manifold,
X, extending a positive Ricci-(k,n) curvature metric on X to a Ricci-(k+ 1,n + 1)
curvature metric on W, with a product metric on the boundary; see Theorem [A]
In Theorem [6.0.3] we showed that this construction could extend over the union of
traces of surgeries. It is possible that the union of traces can result in a cobordism,
W, with disjoint boundary, X x {0} L X x {1}. Here the positive Ricci-(k,n)
curvature metric on X x {1} is cobordant with the original metric g. This does
not mean that the metrics are isotopic, that is they are not necessarily in the same
path component in the space of ’RiemRic;n(X ). Indeed, Carr in [§] has proved that
the space of Riemannian metrics of S#"~!, n > 2, with positive scalar curvature has
infinitely many path components, using an index obstruction method. This result
was extended to positive ([,n)-intermediate scalar curvature, a type of curvature
defined by Labbi [23]. Burkemper, Searle and Walsh in [7] showed that the space of
metrics on closed, spin (4n — 1)-manifolds admitting positive (I, 4n — 1)-intermediate
scalar curvature metrics, where 0 <[ < 2n — 3 and n > 2, has infinitely many path
components. We use the manifolds described in [§] and the method used in [§] as

adapted by [7] to extend this result to positive Ricci-(k,4n — 1) curvature.

Theorem B. Let M be a (4n — 1)-dimensional, smooth, closed, spin manifold,
n > 2, which admits a positive Ricci-(k,4n-1) curvature metric, for k > 2n + 1.
Then the space of Riemannian metrics of M, with positive Ricci-(k,4n-1) curvature,

Rict

Riem " “win=1) (M) has infinitely many path components.

Proof. Carr in [§] describes how to construct a family of 4n-dimensional manifolds

with boundary, X*" which for all n > 2 and r; > 1, have the following properties

i )

e Each Xﬁ‘i” is a compact, simply connected, smooth, spin manifold;
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e The boundary, 0X!" is diffeomorphic to S*"~;
e The homology groups of such a manifold are as follows:

Z  when i€ {0,4n}
Hi(X") = ®Z wheni=2n
0  when i & {0,2n,4n}.

e The closed manifold, W, ,, = X,, U (S*' x I) U X,,, has A genus:

A

A<WT0,T1) = C<T0 - T1)7
where ¢ is some constant not equal to zero.

As A(Wro’rl) # 0, when ry # ry, W, does not admit a positive scalar curvature
metric, and hence does not admit a positive Ricci-(k, 4n) curvature metric for any
k.

Let W,, = X,, \ D' be the manifold X,, with an interior disc, D", removed.
Thus the disjoint boundary of W,,, W,, = dD*" L1 X,.,, has two components both
diffeomorphic to $%~!. The homology of W,, is concentrated in degree 2n, which
corresponds to index 2n critical points, \;, of a Morse function on the cobordism,
W,,. In [53] the conditions for positive Ricci-(k,n) curvature to be a surgery stable
condition were given as ¢ > max{4n — k,2}, where p + ¢+ 1 = 4n — 1. Note
that \; = p+ 1. Thus a k—admissible Morse function is one in which k satisfies
2n+1 < k < 4n — 1. Using the Morse function we may decompose W,, into a finite

union of elementary cobordisms:
(W3 0D™,0X,} = {¥is S S YU S S YU+ U S1L S,

where S;"~! = dD* and S*"~! = 9X,,. Each of the elementary cobordisms, Y;,
is a trace of a (2n — 1)-surgery. The initial surgery takes place on 9D = S4n=1
which we equip with a round metric, ds?, ;. Using Theorem we may extend the
positive Ricci-(k, 4n—1) curvature metric, where k > 2n+1, through the elementary
cobordisms to obtain a positive Ricci-(k+1,4n) curvature metric, g, , on W,,. From
Theoremm W, has a product structure on its boundary and g,. |o X,, 18 a positive
Ricci-(k,4n — 1) curvature metric on S**~1 where 2n +1 < k < 4n — 1.

Using the construction above we equip two manifolds, W,, and W, , ro # 71, with
positive Ricci-(k+1,4n) curvature metrics, g,, and g,, respectively, where k > 2n+1.
As W,, have product metrics on the boundary we can smoothly cap the boundary
OD* where the boundary metric is the standard round one, with a disc equipped
with a standard torpedo metric, g/ . The two manifolds, W,, U D" each have a

torp*
product boundary, Si"~!, with metric g; = Gy, |gtn-1. If these metrics are isotopic
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then by Corollary [3.3.1.1| they are also concordant. Therefore a concordance, hy ,
on S4~1 x I would exist where 5071 is a positive Ricci-(k + 1,4n) curvature metric,
such that the metric on the boundaries are g;, i € {0,1}. Hence it would be possible
to connect the two manifolds, W,, U D** and W,, U D** using the concordance 5071
to give a closed manifold W, ,,, equipped with a positive Ricci-(k+1,4n) curvature
metric where k > 2n+1. As W, ,, has A genus not equal to zero it does not admit
a positive scalar curvature metric and therefore does not admit a positive Ricci-
(k + 1,4n) curvature metric. Hence the concordance does not exist and, therefore,
by Lemma there does not exist an isotopy between gy and ¢y, that is, gy and
g1 lie in different path components of Riem it an—1 (S4n=1). This is the case for any
g; and g;, where i # j and therefore RiemRic@n—l(S‘m_l), has infinitely many path
components.

We now wish to show that this result can be extended from Riem=*tn-v (SAn=1)
Ric(s an-1) (M). We use
the method of connected sums which is given in more detail by Burkemper, Searle

and Walsh in [7]. From Theorem of [53], Wolfson has shown that the connected

sum of two manifolds, (M, g1), (Ms, g2), where g; and g, are positive Ricci-(k,n)

to the space of positive Ricci-(k,4n — 1) metrics on M, Riem

curvature metrics, also admits a positive Ricci-(k,n) curvature metric, g;#gs, for
2 <k <nandn > 3. The proof uses the method of Gromov and Lawson in [16]. We
note that the connected sum of two such manifolds may be achieved by connecting
them using a 1-handle and a 1-handle is the result of 0-surgery.

We note that the connected sum S~ 14 M is diffeomorphic to M. We equip
both S%~1 and M with positive Ricci-(k,4n — 1) curvature metrics, g; and gy
respectively, where 2n +1 < k < 4n — 1. We show below that where r; # r;, each
gu#g; lie in different path components of Riem ¥ a1 (M).

Let W,,, i € {0,1}, be the manifolds previously constructed as the unions of
traces of (2n — 1) surgeries with disjoint boundaries, D" 11dX,,. Theorem |Al shows
that there are disjoint collar embeddings 7;; : S*~! x [0,¢] < W,.,, i, € {0,1}
on which there are product metrics. The boundaries, D" and dX,, have positive
Ricci-(k, 4n—1) curvature metrics, ds?, _; and g;, respectively. Let v;(t), t € [0,1] be
an embedded path in W, such that v;(0) € dD™ C OW,, and (1) € 8X,, C OW,...
Moreover 7'501 o 7;(t) = t, when ¢ is near 0, and 7'511 o7;(t) =1—t, when ¢ is near 1.

Let (1), t € [0,1], be a path embedded in the cylinder M x I such that v(0) =
(xo,t) € M x0,1] where zg is a fixed point. We now remove tubular neighbourhoods
around the paths 7; and . We then perform a slicewise connected sum Z,, =
W, #(M x I) where OD}" is identified with M x {0} and 0X,, = S;" ! is identified
with M x {1}; see figure[7.1] Thus 0Z,, = OD"#MUOX,,#M, with both dD"#M
and 0X,,#M being diffeomorphic to M.

The metric on Z,,, gz is a positive Ricci-(k + 1,4n) curvature metric where
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K3 Zrl

Figure 7.1: a) Union of traces of surgery W, ; and b) Cylinder M x I; and c)

Connected sum Z,,.

k > 2n+1 with a product structure on the boundary. The positive Ricci-(k,4n —1)
curvature metric on the boundary dD/"#M and 0X,,#M being ds3, ,#gy and
gi# g, respectively.

Let Zyyry = Zpy U Z,,, be the manifold formed by gluing (0Dg"#M) x {0} and
(OD{"#M) x {0} together. Hence 0Z,,, = 0X,#M U 0X,,#M with metrics
Jonm = Yo#tgm and g1y = G199, respectively.

We now continue the proof by contradiction. We assume that the metrics gos
and g¢ips are isotopic and that therefore there exists a positive Ricci-(k + 1,4n)
concordance between the two metrics, EOMJM, on the cylinder diffeomorphic to
M x I. We make the closed manifold Z,,

of the concordance to the boundaries of Z,, ,,. We now have a closed positive Ricci-

by attaching each of the boundaries

0,71,hon, 1M

(k + 1,4n) curvature metric manifold,

Z"'Ov"'lthA{,U\l - Z"'Ov"'l U hOM,le

with Z, diffeomorphic to Wy, ., #(M x S'). The A genus of M x S is zero

as M x S' admits a positive Ricci-(k+1,4n) curvature metric, kK > 2n+1 and hence

0,71,hon, 10

a positive scalar curvature metric. From the additive property of the A-genus on
connected sums
A(ZT ) = A(Wrom) + A(M X Sl) = A(Wro,m)’

0,71,hoM, 1M

As 19 # 71, then A(ZT

metric of positive scalar curvature and therefore not a metric of positive Ricci-(k +

orvhonanr) 7 0. Therefore Z,. . oy 1,y does not have a
1,4n) curvature for any k. We therefore have a contradiction and the concordance
EinjM between the metrics, ¢g; and g;, ¢ # j, does not exist. Thus the metrics, g;,
i € Z, lie in different path components of RiemRic?;fAn—l)(Sf"_l#M ). As SIEM
is diffeomorphic to M, there are countably infinite number of path components of
Riem an-—1 (). O
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Chapter 8

Gromov-Lawson Concordance and

Isotopy

In this chapter we will prove the main theorem, Theorem [C] This is a generalisation
to positive Ricci-(k, n) curvature metrics of Walsh’s Theorem 5.1 in [44]. He proved
that for some positive scalar curvature metric Gromov-Lawson concordances, the
positive scalar curvature metrics on the disjoint boundaries are isotopic. The proof

makes use of “cancelling surgeries” and so we begin with a brief reveiw.

8.1 Cancelling surgeries

We will use Theorems 5.4 and 6.4 for cancelling surgeries in [30].

Theorem 2.3.1 ((Morse) Strong Cancellation Theorem). Let {W; Xy, X1} be a
simply connected, smooth, compact cobordism. Let f = (f,m, V) be a Morse triple,
where f: W — I, satisfies the following:

(a) The function [ has exactly two critical points wy and wy and

0< f(w) <c< flwy) < 1.

(b) The critical points wy and wy have Morse index p+ 1 and p + 2, respectively,
where 1 <p<n—4.

(c) For each t € (f(wy), f(ws)), the trajectory sphere S, (w:) emerging from the
critical point wy and the trajectory sphere Sf:l(wg) converging towards the

critical point wo have intersection number +1.
Then

(1) W is diffeomorphic to Xy x 1.
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(i) The gradient-like vector field V' may be altered near f~'(c) so that S{, (wy)
and Sgtl(wg) intersect transversely at a single point in f~*(c). The union of

these intersection points forms a trajectory arc from wy to ws.

(111) The gradient-like vector field V may be further perturbed in a small neighbour-
hood of the trajectory arc from critical point wy to we giving a nowhere zero

vector field, V'. All the trajectories now commence at Xy and end at X;.

(iv) The gradient-like vector field V' is now the gradient of a function f’ without
critical points which agrees with f outside a neighbourhood of the aforemen-

tioned trajectory arc between the critical points.

Let Xy be a closed, smooth, simply-connected n-dimensional manifold with em-
bedding
@ SP x DI — X,

where p+¢+1 = n. Let N be the image of ¢, that is N := ¢(S? x D7), We denote
by ¢ 1 the restriction of this embedding to the sphere-disc product, SP x Dq“(%),
p1:SPx D7 (1) < X where Ny =i (5P x DTT(1)). Let f: W — I be a Morse
function satisfying the conditions of Theorem with critical points w; and w»
with Morse index p + 1 and p + 2 respectively, where 0 < f(w;) < f(ws) < 1. Level
sets f~1(t) inside the Morse coordinate chart for the critical point w; are diffeo-
morphic to S? x D! when ¢ € [0, f(w;)) and DP™! x S? when t € (f(wy), f(w2)).
Similarly inside the Morse coordinate chart for the critical point ws, level sets are
diffeomorphic to SP*' x D? when t € (f(w), f(wz)) and to DP™ x S?7! when
t € (f(wq),1]. Hence W is diffeomorphic to the union of two traces, the first being
the trace of a p-surgery on X to give X,, followed by the trace of a (p + 1)-surgery
on X,. Let U and U 1 denote the union of the trajectory flows emanating from N
and N, respectively. Figures (a) and (b) show graphs of the neighbourhood U
of the trajectory discs of the p-surgery (see figure (b)) restricted to the level sets
fHO0+¢), fH(f(wi) —e), f7H(f(wr)) and fH(f(wr) +¢).

We denote the incoming sphere, S?, to the p-surgery as S” (w;) and the outgoing
sphere S? as S%(w;). Similarly the incoming sphere, SP*! of the (p + 1)-surgery
is denoted S*™(w,). From Theorem we know that the vector field, V, may
be altered near f=(c), ¢ € (f(wy), f(w,)), so that S*™ (wy) and S? (w;) intersect
transversely at a single point, say «, in f~!(c). This gives rise to a single trajectory
arc from w; to we and the vector field may be perturbed on a small neighbourhood
of this arc to give a nowhere zero gradient-like vector field, V', of a Morse function
f'. The vector fields, V' and V' differ only on the small neighbourhood and f’ has

no critical points. Thus W is now diffeomorphic to Xy x I.
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Rq—l—l
2) . S

v —>— DP! trajectory disc
S gradient flowlines
& = U restricted to level set f~(f(w;) —¢€)
""""" U restricted to level set f~1(0 + ¢)
Rp+1
b) Rat+! NSt

—» D! trajectory disc
. gradient flowlines

— U restricted to level set f~1(f(w1) + €)
--------- U restricted to level set f~1(f(w;))

Figure 8.1: a) Graph of neighbourhood U restricted to level sets f~1(0 + ) and
S7Y(f(w;y)—¢); and b)) Graph of neighbourhood U restricted to level sets f~1(f(w;))

and f~1(f(w1) + <).

8.2 Gromov-Lawson concordance

Let X be a smooth, closed n-dimensional manifold, where p + ¢ + 1 = n, and
W = X x I. Then let f : W — I be a k-admissible Morse function satisfying
the conditions of Theorem [2.3.1 We decompose W as W = W), U W11 where
W, is the trace of the p-surgery associated with the critical point w; and W,y is
the trace of the (p + 1)-surgery associated with the critical point wy. Let X x {0}
be equipped with a metric of positive Ricci-(k,n) curvature, go. We showed in
Theorem that this metric can be extended over the traces of the surgeries
to give a metric with positive Ricci-(k + 1,n + 1) curvature, § = g(go, f), with a
product structure near the boundary, provided ¢ > max{n + 2 — k,3}. Note that
Wolfson’s condition for (p 4 1)-surgery is ¢ — 1 > max{n + 1 — k,2}. We denote

the positive Ricci-(k,n) curvature metric on X x {1}, g1 := g|xxq}. Hence g is a
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Gromov-Lawson concordance between gy and g;. Walsh in [47] showed that gy and
g1 are isotopic in the space of positive scalar curvature metrics, Riem™ (X). We wish
to extend this result and show that these metrics are isotopic in the space of positive
Ricci-(k,n) curvature metrics on X, RiemRic;"(X ), where k£ > 3, when p # 1 and
k >4 when p = 1.

We schematically illustrate the Gromov-Lawson p-surgery associated with the
critical point w;. The sphere-disc product is embedded in the manifold, X, via some
embedding ¢ : S? x DI < X see figure (a). Note that here S? is the incoming
trajectory sphere, S” (w;) on the level set f~1(0). The metric, gy, on X is adjusted
on N = ¢(SP x DT*1) to a surgery-ready torpedo metric on N1 = 1 (S” x DT(3))
to give the metric we denote ggq; see figure[8.2] In this setting, the embedded sphere
S? bounds an embedded (p + 1)-dimensional disc in X, which when the boundary
collapses to w; at the first critical point, emerges as S” +1(w2), the trajectory sphere

associated to the second critical point. We denote this disc D”'.

Figure 8.2: Surgery ready metric, gsq-

The p-surgery takes place by attaching the handle S x DP*! via ¢. The disc
factor of the handle we denote Dﬂ“ as shown in figure . We now have the disc
D! in figure joined to the disc D' in the handle (D7 x S9, g0t + ds?) to
give SPH1 = DPT U D see figure . We denote the resulting manifold (X, g,,).

St (wr)

Figure 8.3: Gromov-Lawson p-surgery on the sphere to give (X, g,).

We now consider the second (p + 1)— surgery corresponding to wy. This can be
characterised with an embedding 1 : SP™' x DI — f~l(c), ¢ € (f(wy), f(wy)).
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In figure we show the sphere, SP™!. Recall that on the level sets f~!(c),
¢ € (f(wy), f(ws)), the incoming sphere to the critical point w, is denoted S (w;)
and the outgoing sphere from the critical point w; is denoted S¢(w;). In sec-
tion we noted that the vector field V' may be adjusted so that near f~!(c),
c € (flwy), f(wy)), SP™(wy) and S%(w,) intersect transversely at a single point,
o. We show in figure B.4f(a) the effect of such an adjustment to give a transverse

intersection of S*™(wy) and S? at a single point a. We wish to adjust the Morse

p+1

torp ON the incoming

function f so that near a there is a standard torpedo metric g
sphere, S?*!(w,). For this we require that near o part of S?*'(w,) in f~*(¢) has the

torpedo metric git) on DY as shown in figure (b)

torp

a) ST (ws)

'WfJﬁr_J
transition metric gf;;p + ds?

Figure 8.4: a) Single transversal intersection S*™ (wy) N D% (w;) = a; and b) Stan-

dard torpedo metric on S”™ (w,) near o

Using the fact that now S*™ (ws) intersects S% (w,) transversely at a single point
a, Walsh in Lemma 4.7 of chapter 4 of [44], constructs an isotopy through admissible
Morse functions adjusting f near a so that locally S¥ +1(w2), in f~1(c), coincides
with the disc factor DP*! of the attached handle DP*!x S9, as shown in figure[8.4|(b).
From there f can be further isotoped so that the trajectory sphere Sf“(wz) consists
of D" U DTI. Recall that DP*! is the part of the trajectory sphere arising from
the disc bounded by the embedded sphere ¢(S?) associated with the first critical
point, wy; and DY is the disc factor of the attached handle DP*' x S¢.

Note that this is a continuous adjustment of the Morse function and goes through
in the positive Ricci-(k, n) curvature case exactly as in the positive scalar curvature
case that Walsh is considering in [44], following Theorem [6.0.3] part 2. Hence on
SP (wy) = DPH U DPF we have DX with a standard torpedo metric and D?*!
with a non-standard metric.

All metric adjustments take place on the neighbourhood of D +1(w1). We call
this neighbourhood D and note that D = D". Using the Gromov-Lawson con-
struction we obtain a standard metric, a torpedo metric, on DP'!; see figure (a).
We denote the resulting metric on X, as g, sta- The metric g, sq consists of three

regions:

e A region diffeomorphic to X \ D, where the restricted metric g, qa|x\p is
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unchanged from the original metric, go|x\p;

e A region diffeomorphic to S"~! x I, the connecting cylinder, which we denote
as T' on which g, qq|r is a transition metric which has positive Ricci-(k,n)
curvature by Theorem One of the boundaries of T" is D™ and the other
is a boundary with corners. 7' is shown in dark grey in figure 8.5(a); and

e A region diffeomorphic to (SP™! x S9)\ D", denoted V, where the restricted
metric g, sq|v has positive Ricci-(k, n) curvature by Theorem As shown
in figure (a) the region V' may be decomposed into two further regions,
V = RU B,. The region B, is a cobordism between S"~! and SP™ x S71.
The region R, shown in light grey in figure is diffeomorphic to SP*! x D?

with a standard metric g’ggolrp + Giorp-

Note that X, = (X \D)UT UV.

a)

p+1

q p+1
thorp + Gtorp

g Dtorp

X\ D

N\

q
thorp

Figure 8.5: a) The manifold (X, g, sa); and b) Decomposition of metric at top of

manifold.

The manifold (X, gy sa) is now prepared for (p + 1)-surgery. We
use the Gromov-Lawson construction for the (p + 1)-surgery and re-
move R (Sl x D1 ghtl 4 gl). We attach the hollow handle
(DP+2 x §171 gh*2 + ds?_)), denoted By, and glue on the common bound-
ary SPHL x Sa-1,

Note that the manifold after the two surgeries is diffeomorphic to X. We denote
the metric on X after the two cancelling surgeries g, ,+1. We have given in figure
the schematic diagram of the metric on a manifold after cancelling surgeries, which

we denote (X, g,,+1). We analyse the metric g, 11 as follows:
e The metric g,p41 restricted to X \ D is go|x\p;

e There is a positive Ricci-(k,n) curvature transition metric, g, 41|17 = g, stalr
on T provided ¢ — 1 > max{n + 1 — k, 2}, in accordance with Theorem [6.0.1]
in [53]. T is shown in dark grey in figure
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By V)

2
gf(j;p + dsg—j

Figure 8.6: a) Manifold after p+ 1-surgery to give (X, g, +1) ; and b) Decomposition

of metric, g, ,+1, at top of manifold.

e The metric g, restricted to B, is the same as g, s|p,; and

e The metric g, ,41 restricted to By is gf;;f, + dsg_l. This metric has positive

Ricci-(k,n) curvature for £ > 2 when ¢ # 2 and k > 3 when ¢ = 2.

Walsh proved that in the case of positive scalar curvature metrics, the metrics go
on X and g,,+1 on X are isotopic. We will extend this result to positive Ricci-(k, n)

curvature metrics.

8.3 Isotopy of positive Ricci-(k,n) curvature met-

rics in some Gromov-Lawson concordances

Theorem C. Let X be simply connected, smooth, closed manifold of dimension
n>5. Let f = (f,m,V) be a k-admissible Morse triple, k > 3, on X X I, satisfying:

1. The conditions of Morse-Smale’s Cancellation Theorems|2.3.1|;

2. n— N > max{n+1—Fk,2} where \;, i € {1,2} are the indices of the two

Morse critical points; and
3. If \; =2, k> 4. In all other cases k > 3.

Then for any positive Ricci-(k,n) curvature metric, go on X and corresponding

Gromov-Lawson concordance, § = G(go, f), the metrics go and g|xxqy are isotopic

in Riem™n (X).
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Proof. In section we described the positive Ricci-(k, n) curvature metric, g, 41,
obtained after cancelling surgeries on a positive Ricci-(k,n) curvature metric mani-
fold, X, where ¢ > max{n+2—k,3}. We will now show how to achieve the metric,
Gp.p+1, Using an isotopy from gy to g, 41 in Riem ™ % (X).

We start with the simply connected manifold, X, equipped with a positive Ricci-
(k,n) curvature metric, go, and the embedded sphere-disc product, o(S? x DIt1)
associated with the critical point, w;, where ¢ > max{n + 2 — k,3}. We use the
Gromov-Lawson-Wolfson construction for p-surgery and Kordass’ Theorem to
isotopy go to gsa, a surgery-ready metric, where ggq|n, = gf;;; + dsf), a standard
torpedo metric product. There is a transition region on ]\2f \N 1 which from Theorems
6.0.2) [21] and [53] has positive Ricci-(k,n) curvature, k > 2, provided ¢ >
max{n + 1 — k, 2}; see figure . The metric, gf:;; + ds?), has positive Ricci-(k,n)
curvature provided £ > 2 and p # 1 and k£ > 3 when p = 1.

The Gromov-Lawson p-surgery is not performed. Recall that to make the metric,
g, on X, ready for Gromov-Lawson (p + 1)-surgery, we adjust the metric on the
embedded sphere-disc product SP* x D? smoothly to g, s as in figure (a). We
do the same adjustment but only on D”™' x D4 and obtain a metric, which we denote
Jyp,std,—, schematically depicted in figure . The metric g, stq,— may be decomposed

as
e The metric restricted to X \ D remains unchanged, g, stq,—|x\p = go|x\p;

e The region D = D" may be decomposed into three regions, D = TUB, _UR_
as shown in figure [8.7

— The connecting cylinder, 7', shown in dark grey in figure 8.7} is the same
(p + 1)-surgery ready metric restricted to T', gy sta,— |7 = gsta|T, shown in
figure . The metric, gy s,—, restricted to 7' has positive Ricci-(k, n)

curvature provided g—1 > max{n—+1—k, 2}, in accordance with Theorem
in [53);

— B,_ = 5" 1 x I on which there are standard metrics which have positive
Ricci-(k,n) curvature provided ¢ > max{n + 2 — k, 3}; and

— Shown in light grey in figure there is a mixed torpedo metric, g](\’fffo)g

restricted to R_ which is diffeomorphic to the upper hemisphere S,

decomposed as in section 4.5

p,g—1

e On B, NR_ = 5" the metric restricts as the mixed torpedo metric Inrtorp

(see section [5.3).

All of the standard metrics have positive Ricci-(k, n) curvature for £ > 3 when p # 1
and k£ > 4 when p = 1.
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,q)+
(R*7 gg\?t@rp)

— ,q—1
(Sn 1? gﬁﬂforp)

b,

Figure 8.7: (X, g, a)-

Recall that in section we proved in Theorem m that the metrics gy},

and g%ﬁfpfl are isotopic using a method which keeps the equator metric gr9—*

fixed. Thus there is an isotopy between 95\%2:; and g](@:;lr’;_lH on R~ which keeps the
equator metric g?9! fixed. We use this isotopy and the result is shown schematically
in figure . We denote the resulting metric on X as g]; +1- This may be compared

to the isotopy schematically depicted in figure [5.12]

p,q—1
thorp

(p+1,q-1)+ }
Mtorp .
R-
- (pa)+
“““““ [ . thorp
BP

Figure 8.8: (X, g,,,) with metric g](\’/};rolr’g_l)Jr on R™.

Note that shown in the spotted region in figure 8.8 part of the metric on R~ and

: : (p.a)+ . n—1 -
By, — 1s, again, gy, The equator metric gy, on 5™ " now spans R~ and B, as

shown in figure . We may repeat the isotopy given in Theorem |5.3.1| from g](\’}’tqo);

to g%&g*”* while keeping the equator metric, gﬁft;,lp, fixed to obtain the manifold

(X, gp41) schematically depicted in figure [8.9]
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p+2 2
gtorp + ds -1

pt1 q
thorp + gtorp

Figure 8.9: (X, g,,1)-

Note that the metric on the manifold after cancelling surgeries, g, ,+1, is isotopic
to g,y via a minor isotopy on the gzggolrp factor away from T'; see figure We
have achieved this metric without performing any surgeries by an isotopy from the

original metric gy to g, ;. In order for this isotopy to occur we require:

1. The critical points have Morse index p + 1 and p + 2 where 1 < p < n — 4,
from Theorem 2.3.11

2. ¢ > max{n + 2 — k, 3} from Theorems [6.0.2| and [6.0.1]

3. From metric calculations Lemmas [4.2.1] and 4.6.2] and Theorem [(5.3.1] where
p=1, k> 4. In all other cases k > 3.

ot
Given these conditions, the metric g is isotopic to g, ; in Riem ™ 0m (X)) O

Remark. Note that when the Morse function f is such that on f=1(c), the trajectory
sphere S%.(wy) emerging from the critical point wy and S’frl(wg) converging towards

the critical point wo intersect transversely at a single point then

o W s not required to be simply-connected nor n > 5 as there is no need to

contract loops of intersection points of the trajectory spheres; and
o The critical points may have index 1 as simple-connectivity is not required.

Let W = X x I be a smooth compact cobordism where W and X are simply
connected and X has dimension n > 5. Then as in chapter 6] we may equip W
with many possible Morse functions, f, with many critical points. Recall that such
Morse functions can be well-indexed, that is on the same level set f~1(c), critical
points have the same index, A;. Moreover for critical points, w; and w;, with indices

Ai and \; respectively, such that f(w;) < f(w;), then the indices, A\; < A;. Using
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such a Morse function, the cobordism W may be decomposed into cobordisms, C,
which contain only one level set of critical points. By pairing critical points on
different levels with index A; and \;;; we obtain pairs of cancelling critical points
as in Theorem ; and all the critical points can be so paired. Walsh in [44] proved
that where go is a positive scalar curvature metric on X x {0}, the metrics gy and gy
on X x {1} are isotopic in Riem™(X). We extend this proof to the case of positive

Ricci-(k, n) curvature metrics.

Theorem D. Let X be a simply connected, smooth, closed manifold of dimension
n > 5, equipped with a metric of positive Ricci-(k,n) curvature, go. Let f be a
k-admissible Morse function f: X x I — I, giving a Gromov-Lawson concordance,
G(g0, f) on the cylinder X x I. Then the metrics go and g1 = §|xxq1}y are isotopic
Ric},

wn) (X)) if 4 < k < mn or for k satisfying 3 < k < n if f has no critical

points of Morse index 2.

m Riem

Proof. This proof follows that of Walsh in [47] who makes use of [30].

Recall that a well-indexed Morse function, f

¢, has only critical points of index
A; and all the critical points of f|¢, are on the same level set, f~(c;). By Theorem
4.8 of [30] and Theorem [6.0.3(2) f can be isotopied to a k-admissible well-indexed
Morse function through a path in the space of Morse functions. By Theorem [6.0.3|
the metric remains a positive Ricci-(k 4+ 1,7 + 1) curvature metric throughout the
isotopy as the isotopy is effectively a rearrangement of critical points with index,
Ai <min{k — 1,n —2}. We use this well-indexed Morse function on W = X x I to

obtain a decomposition of Cj:
W:COU01U"'UCn+1.

We denote the critical points of C; as w; ;, where 7 is the index of the critical point
and j € {1,---,N;}, where N; is the number of critical points in C;. The value
f(w; ;) = ¢; is called the critical value. The critical values of W are thus ordered as
follows: 0 < c¢og < c¢1---¢y < cpy1 < 1; see figure M(a).

We note that it is possible at this stage that the critical points of the well-
indexed Morse function on adjacent level sets may not have indices which differ by
1. Therefore some adjustment to the Morse function may be required in order to
create critical points on adjacent level sets which do differ by 1. As the cobordism
is topologically a cylinder it is possible to create cancelling pairs of critical points.
This is described later in the proof.

Consider the case where the number of critical points in the level set f~!(cq)
equal the number of critical points in the level set f~'(¢;). Then each critical point,
wp,; can be connected by arcs which are the unions of trajectory spheres to w; ;, as
X is simply-connected. Recall that figure schematically depicts the problems of
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contracting a loop if the manifold is not simply connected. It is possible to isotopy
the Morse function so that the arcs are disjoint. Then we can apply the construction
in Theorem [C] to each pair of critical points to obtain j pairs of cancelling surgeries.
Then the metric go on X and g|x x ¢, +<} are isotopic in RiemRic(E’") (X), where p =1,
k > 4. In all other cases k > 3.

This process may be repeated if the critical points on the level set f~!(cy) equal
the number of critical points in the level set f~'(c3) and so on until all the critical
points are in cancelling pairs. Repeating the process in Theorem [C] for each can-
celling pair, the metric g is extended to g|xxq13. Then the metrics gy and g|x 1

Ric}

are isotopic in Riem = (X)), where p = 1 or ¢ = 2, k > 4. In all other cases
k> 3.

We now consider the case where the numbers of critical points on each level set
differ to the numbers on the next level set. Let the number of critical points of
index ¢ be more than that of index ¢ + 1. After cancelling we have surplus index ¢
critical points. By an isotopy of the Morse function, f to f’ it is possible to create
more critical points in pairs with index ¢ + 1 and ¢ + 2. Enough of these new pairs
are created to pair all the remaining index ¢ critical points with index ¢ + 1 critical
points to form cancelling surgeries. This process is now continued on the index 7 + 2
critical points until all of the critical points of f’ are paired into cancelling surgeries.

Figure [8.10] illustrates this process. Then, as before, we can apply the construction

a) b) c)
T G e S —
¢ . . M * e o ¢ P Witk ¢ ® o e o°* °

Ciz1+e -

Oi—i—ff

Figure 8.10: a) Two pairs of critical points with indices i — 1 and i; b) Creating
three pairs of critical points with indices ¢ and i+ 1; and ¢) pairing all of the critical

points with indices i — 1 and 7.

in Theorem [C] to each pair of critical points to obtain pairs of cancelling surgeries.

4
Then the metric gy and glxx 1y are isotopic in Riem ™t (X). O
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Chapter 9

Conclusion

In this thesis we have applied the Gromov-Lawson Surgery Theorem, originally used
in psc metrics to positive Ricci-(k,n) curvature metrics. We use Theorems proved
by Wolfson [53] and Kordass [21] and a “boot” metric construction developed by
Walsh [4§], to construct a positive scalar curvature metric on the trace of a p-surgery
on a manifold. If the manifold X is equipped with a positive Ricci-(k,n) curvature
metric and the co-dimension of the surgery, ¢+ 1 > max{n+2— k, 3}, the trace has
a positive Ricci-(k + 1,n + 1) curvature metric extending the metric on X with a
product near the boundary. This applies to values of k as follows: when p # 1 then
k> 2 and when p =1, k > 3.

We have applied this to give information on the topology of the space of positive
Ricci-(k,4n — 1) metrics on certain manifolds in dimension 4n — 1, n > 2. Carr
[8] originally showed that the space of psc metrics on S~ has infinitely many
path components. Burkemper, Searle and Walsh [7] also showed that the space of
positive (I, n)-intermediate curvature metrics on M*"~1 where M are closed, spin,
manifolds, has infinitely many path components. We show this to be the case for
the space of positive Ricci-(k,n) curvature metrics, RiemRiCa‘*n—U(M 4n=1) " where
k > 2n + 1, by using a connected sum method.

The above results have been proved in the case of psc metrics [44], positive
intermediate ([, n)-curvature [7] and now positive Ricci-(k,n) curvature. It would
be interesting to see if this could be further extended to other metrics such as those
listed in section 1.1l

In Theorem [D| we showed that for certain Gromov-Lawson concordances of can-
celling surgeries the metrics on the boundary, X x {0} and X x {1} are isotopic in
the space of positive Ricci-(k,n) curvature metrics on X, where the dimension of
X is n > 5. Walsh [44] has shown this in the case of positive scalar curvature met-
rics. However the analogous result for positive intermediate scalar (I, n)-curvature

as defined by Labbi [23], has not yet been proved, so this could be an area of further
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research.
Other questions of interest that could prove fruitful to investigate include the

following:

e A comparison of the topology of the spaces of positive Ricci-(k,n) metrics
for a manifold for different £ € {1,---,n}. For example it is possible to
imagine spaces which are disconnected for some value of k£ with the different
components eventually becoming path-connected for higher values of k, see
ﬁgure (a). Do more path components come into existence the less restrictive
the metric, that is as k increases, figure 9.1] (b). Why?

L] ] ] ]

Riem(X) Riem™(X) Riem 1. (X) Riem™len (X)

Figure 9.1: Spaces of Riemannian metrics with a) Riem™ (X) path-connected; and
b) Riem™ (X)) disconnected.

e A comparison of the topology of spaces of positive Ricci-(k,n) curvature and

positive intermediate scalar (I, n) curvature on a manifold.

e Similarly, a comparison of the topology of spaces of positive Ricci-(k,n) cur-

vature and other intermediate curvatures.

e There is a relationship between Ricci-(k,n) curvature, m-intermediate curva-
ture, C,, and intermediate (I,n) curvature. It would be interesting to see how
this is reflected in the topologies of the three curvatures when they are all

positive.

We have only considered the topological characteristic of path-connectedness in our
discussion, but, of course, we have also yet to explore other topological character-
istics (for example, higher homotopy groups), of the space of positive Ricci-(k,n)
curvature metrics for a manifold and the comparison with those for the spaces of
other curvatures. Some work has been done on this. For example in [I4], the authors
extend results of [3] to demonstrate that, for many manifolds there is much non-
triviality in the homotopy groups of the corresponding spaces of positive Ricci-(k, n)

metrics for many k.
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Appendix A

Summary of isotopic mixed

torpedo metrics

Theorem A.0.1. For any non-negative integers, p and q, with p+q+ 1 = n, let

Irtorp AN g%ifpfl be mized torpedo metrics on the sphere S™ both of which have the

. . . . . Rict
same equator metric, g%rorpeq. Then there exists an isotopy in Riem  (n) between

D,q p+1,qg—1 ; Dyq
Gattorp AN Goprom,  Which keeps gipyope, fized.

We give in the table below the value of k for which ghfl,, and ghlod™ are positive

p,q

Mtorpeq: AN are isotopic

Ricci-(k,n) curvature metrics with fized equator metric, g
m RiemRic:r’fv“>.

Note 1: The metric, gtl(;ip, does not have psc and does therefore not have positive
Ricci-(k,n) curvature for any k € {1,2,3}. Therefore gfo’fp and gtlo’ip can not be
isotopic in RiemZS for any k.

Note 2: We cannot show whether the metrics, gtltﬁp and gi;ip, are isotopic or not

mn Rz’emz4 for any k using this method.
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Appendix B

Summary of the Ricci-(k,n)
curvature properties of the metric,
do, on the various subspaces of the

trace, W,

In section [6] we proved the following Theorem.

Theorem A. Let X be a smooth n-dimensional closed manifold with n > 3,
@ :SP x DT — X an embedding where p+q+1=n and let W, := {W,; X, X}
denote the trace of a p-surgery on p. Suppose g is a Riemannian metric on X which
has positive Ricci-(k,n) curvature when 2 < k <mn and p # 1, or 3 < k < n when
p = 1. Then provided ¢ > max{n + 1 — k,2}, there is a metric g, on W, so that

a’) gcplX =9
b) g, is a product near the boundary OW,; and
¢) g, has positive Ricci-(k + 1,n + 1) curvature.

Below we provide a summary of the Ricci-(k,n) curvature properties of the met-

ric, g,, on the various subspaces of the trace, W,; see figure

(i) We have a collar neighbourhood of X in the cylinder,
Y: X x[0,1) = X x[0,J+2] (see figure with ¢ an embedding
and ¢(z,0) = =z, € X, part of the boundary of X x {0}. The collar
neighbourhood of X is equipped with a product metric, such that the
pullback of g|xx[,1) by the embedding 1 is g + dt?>. By assumption, X is

equipped with a metric of positive Ricci-(k,n) curvature.
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Figure B.1: Metric, g,,, on the trace of a p-surgery, W,.
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(i)

(iii)

Let {01, -+, On, Opy1 = O;} be the local coordinate vector fields for the tangent
space of the collar neighbourhood of X. The Ricci curvatures of this region of
the trace, X x[0, 1), Ric(9;), equal the Ricci curvatures, Ric(9;), on the original
manifold, X. However Ric(d;) = 0 and so the Ricci-(k + 1,n + 1) curvature
on X x [0,1) is equal to Ric(d,) + S, Ric(d;) = Y&, Ric(d;). Therefore
when X has a metric with positive Ricci-(k,n) curvature then X x [0,1) has

a metric with positive Ricci-(k + 1,7 + 1) curvature.

We now consider the metric on the region X \ N x [0, L]. In Theorem [6.0.1]
adjustments to the metric take place on N, to make the manifold “surgery-
ready”. Following this construction, we make no adjustment to the metric on
X \ N x [0,L]. Thus the metric on X \ N x [0, L], is the product metric,
glx\w) + dt?. We follow a similar argument to |(i)| above. As the metric, g,
by assumption, has positive Ricci-(k,n) curvature, the metric on the trace
restricted to (X \ N) x [0, L], g|(x\n)x[o,0], has positive Ricci-(k 4+ 1,n + 1)

curvature.

We denote the metric g, restricted to the region N x [1,J + 1] as the
transition metric, G;.4,.- In order to perform surgery on the embedding
@ 1 SP x DI < X we need to transition the metric to a surgery-ready metric,
dsf,—l—gf;;, on N%, as shown in figure . The metric on N x {t}, t € [1, J+1],
transitions from the original arbitrary positive Ricci-(k, n) metric restricted to
N, g|n, to an appropriate standard form metric, gf;; + dsf), on N% x {J+1}
with a transition metric on (IV \ N%) x [1,J +1].

From Lemma |3.3.1] given the conditions stated therein, there exists a smooth
path, g.,r € I, I = [0,1], in Riemmc(tw(X) with a smooth function
h: R — [0,1] such that the metric G = gj) +dt* on X X R has positive Ricci-
(k+1,n+ 1) curvature. We need to show that there is a path that goes from
go = g t0 g1 = G|xx{s41} = gsta- We use Kordass’ Theorem which states
that, provided ¢ > max {n + 1 — k, 2}, Riemi‘;a’")(){) < Riem™ m (X).
Then g € Riemm (X) is connected by a path in RiemRiC?’w)(X ) to an
element of Riem:;;ca’")(X), where g|x\nx{t} = 9lx\n)x{o}, for all ¢ € [0, L].
Thus there is an isotopy g; from go = g on X x {0} to g1 = g|xx{s+1}. There-
fore by Corollary there exists a metric G = gy +dt* on X x [0, J +2],
with J sufficiently large, which has positive Ricci-(k+1,n+1) curvature, when

k > 2 and n > 3, which has product structure near the boundary.

In particular near X x {0} and X x {J + 1}, there are product metrics,
g+ dt* and G| xxqs413 + dt*, respectively; figure , satisfying the following

properties:
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(a)

The metric, g|(x\n) + dt?, on (X \ N) x (J +1,J + 2]. This is a contin-
uation of the product metric, g|(x\n) + dt?, on the collar neighbourhood
(X' \ V) x [0,1). By assumption, the metric, g, has positive Ricci-(k,n)
curvature. From above, therefore the product metric has positive

Ricci-(k + 1,n + 1) curvature.

Using Kordass’ Theorem [6.0.2 the metric, Gpqnsl(NM\N1)xfs+1}, OR
2

(NANy) xA{t}, ¢ € (J+1,J + 2|, has positive Ricci-(k,n) curvature,

provided ¢ > max {n + 1 — k,2}. Using the argument from [(i)} the

MEtTIC Gypans| (NN )x {J+1} + dt? has positive Ricci-(k+1,n+1) curvature.
2

There is a product torpedo metric, gtq;;(é) n + odsy + dt*, on
N% x (J+1,J+2]. From section the torpedo metric has positive
Ricci-(k,n) curvature when k£ > 2 and n > 3. Hence, using the argument
in gl (8)a, + ds? + dt? has positive Ricci-(k + 1,n + 1) curvature,
when ¢ > 2, k > 2 and p # 1. When p = 1, the metric has positive
Ricci-(k, n) curvature when ¢ > 2 and k > 3.

(v) The product metric in is continued for the regions of the trace:

(a)

(b)

The region, (X \ N) x (J + 2, L] has metric g|x\n) + dt*. As discussed
in (iv)(a) this metric has positive Ricci-(k 4+ 1,n + 1) curvature.
The region (N \ N1) x (J + 1, J + 2] has metric Gy qns| (Vv )x {41} + dt2.
2
As discussed in (iv)(b) the metric Gyqns|(N\ Ny )x{s+1} + dt* has positive
2

Ricci-(k + 1,n + 1) curvature.

(vi) We continue to adjust the cylinder to make it “surgery-ready”. We initially
change the region of the cylinder, N 1% (J+2, L], to the boot metric described
in [48]; see figure 4.3l In Lemma we show that the boot metric has
positive Ricci-(k,n) curvature for £ > 3 when p # 1 and k > 4 when p = 1

provided ¢ > 2 and A is large enough.

We list the Regions of the boot metric on an (n + 1)-dimensional manifold:

(Ri = D" x [0, Ao, gy (0), + dt?);

(Ro = D" x [0, 53], 951 1);

(R3 = D" x [0, \d], g1t,p(0)a, + dr?);

(Ry = S™"1 x Q(\3),0%ds?_| + dr* + dt?); and
(

5 =D gl (6)y,). In surgery this region is removed.

oy

On the cylinder N% X [J 4+ 2,J + 2+ Xy + A3], the metric is a prod-

uct metric, Gpoor + ds]%, where gpor 18 the metric on the submanifold
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(vii)

(viii)

(DI x T) U (S9 x Q(A3)) U DI, The boot metric commences with the re-

q+1
torp

that on N% X (J+1,J 4 2]. The variables of the boot metric, 6 and A, agree

gion, Ry with the product metric g/, . + dsf, + dt? which is the same metric as

on the two regions to give a smooth metric on the cylinder X x [0, L].

Note also that the length of the cylinder is L := J + 2+ Ay + A3 and that there
is a collar neighbourhood near X x {L} of width A; on (L — Ay, L] on which

there is a standard product metric.

As stated before the surgery is performed by removing R; of the boot
metric and attaching a solid handle (DP*! x Dq“,gf;; + gf;;). Let
{01, ,0p,0pt1 = O, Opya, - - - Opigs1, Ony1 = O, } be the local coordinate vec-
tor fields for the tangent space of DP*! x D! From section 4.2 the tor-
pedo metric has positive Ricci-(2,n+ 1) curvature. However both Ric(9;) and
Ric(0,) are not strictly positive. Hence the metric on the solid handle has
positive Ricci-(3,n) curvature when p # 1 and ¢ # 1 and positive Ricci-(4, n)

curvature when either p or ¢ equals 1.

Using Wolfson’s Theorem |6.0.1} X, the manifold resulting from X after p-
surgery, has a metric with positive Ricci-(k,n) curvature provided 2 < k <n

and ¢ > max {n+1—k,2}.

In the table below we give the conditions required for the metrics on the trace to

have positive Ricci-(k 4+ 1,7 + 1) curvature provided p # 1. These were calculated

in subsection [l

Region Metric kE+1 q
N x[1,J+1) Gr) + dt? k>2|>mar{n+1—k2}
R g (S) +ds2+d? | >3 > 9
Ry i+ ds; > 2 > 2
Rs 52d82 + dsf, +dr?+dt* | >3 >2
Ry gE (), + dsg + dr? >3 > 2
R; g (8)x, + ds? > 2 > 2
Surgery handle gort + gt >3 > 2
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We note that Riemanﬂ) C Riemanﬂ). Hence, provided ¢ > maz{n+1—k,2},
the metric on the trace has positive Ricci-(3, n+1) curvature when p # 1 and positive

Ricci-(4,n + 1) curvature when p = 1.
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