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Abstract

The principal aim of this thesis is to establish a generalization of a classical result in positive
scalar curvature due to Carr. This result asserts that given any smooth subcomplex of a Rie-
mannian manifold with codimension at least three, there is a tubular neighbourhood whose
boundary has an induced metric with positive scalar curvature. The aim is to generalize this
to a range of stronger curvature conditions, namely k-positive Ricci curvature for k at least
2, Sck. The proposed theorem claims that for a dimension d subcomplex, there is a tubular
neighbourhood boundary with (d+1)-positive Ricci curvature. This implies the Carr result
when d is at most n − 3, where n is the dimension of the manifold. (While Carr’s result is
not in doubt, his argument is problematic for various reasons, and offering a clear re-proof
is of independent interest.)

We illustrate the above theorem in two different ways. Firstly, we study the boundaries
of plumbed manifolds, leading to a k-positive Ricci curvature generalization of a result of
Crowley-Wraith for positive Ricci curvature. Secondly, we generalize a positive scalar curva-
ture result of Carr concerning the fundamental group. Carr’s result claims that any finitely
presented group is the fundamental group of a closed n-manifold with positive scalar cur-
vature, for n ≥ 4. We show that the same statement holds if positive scalar curvature is
replaced by Sc3 > 0. This result is also of interest in relation to a conjecture of Wolfson.

The final chapter contains a separate project. A theorem of H. H. Wang shows that for a
compact Riemannian manifold with boundary having Ric > 0 globally and non-negative sec-
tional curvature at the boundary, if the boundary convexity is sufficiently high, the manifold
must be contractible. We develop an alternative approach which allows an explicit estimate
of the required boundary convexity to guarantee contractibility.
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Chapter 1

Introduction

Riemannian geometry provides a framework for studying the shape and structure of smooth
manifolds using tools from differential geometry. By introducing a Riemannian metric on
a manifold, that is, a smoothly varying inner product on each tangent space, we provide a
means of measuring distances and angles. In other words, a Riemannian metric gives the
manifold geometric structure. The key geometric feature that we will be concerned with in
this thesis is curvature.

Every smooth manifold can be equipped with many different Riemannian metrics, and
hence many different geometric structures. Among these, those that satisfy specific curvature
conditions are especially interesting, not only for their geometric meaning but also because
they often reflect deep topological features of the manifold.

In two dimensions, the link between curvature and topology is particularly clear. The
Uniformisation Theorem for surfaces states that every closed compact surface admits a metric
with constant Gaussian curvature. This together with the Gauss–Bonnet Theorem (applied
to the oriented double cover if the surface is not orientable), shows that closed compact
surfaces can be classified by the sign of their constant curvature metric. For example, only
the 2-sphere and the real projective plane support metrics with strictly positive Gaussian
curvature, while the torus and Klein bottle admit a metric of identically zero Gaussian cur-
vature. All other closed compact surfaces carry metrics with negative Gaussian curvature.
This clear relationship is one of the most important results in low-dimensional geometry and
it does not carry over to higher dimensions.

In higher dimensions the picture becomes more complicated. Curvature takes on several
forms, each capturing different types of geometric behavior. These forms include the classical
notions of sectional curvature, Ricci curvature, and scalar curvature.

This thesis focuses on the role of these curvature notions, especially in how they interact
with the topology of manifolds. While the connection between curvature and topology is
well understood in low dimensions, the higher-dimensional setting is complicated and only
partially understood. It is exactly this complexity, and the many details that come with it,
that motivates the results presented here.
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Curvature, intuitively, measures how a Riemannian manifold differs from the flat geome-
try of Euclidean space. As noted above, there are several ways to measure the curvature of a
Riemannian manifold, each encoding a different level of geometric detail. Among these, the
scalar curvature is considered the weakest notion of curvature in terms of the information it
provides. It is defined as a smooth real-valued function on the manifold,

scal :M → R.

Intuitively, scalar curvature gives an average measure of how the manifold bends at a
point, but without reference to specific directions within the tangent space. Despite its lim-
ited precision, scalar curvature remains an important global invariant and plays a role in
both geometric analysis and differential topology.

To understand curvature in more detail, one can consider how it behaves in specific tan-
gent directions. This leads to the notion of Ricci curvature. Given a vector v ∈ TpM , the
Ricci curvature in the direction of v, denoted Ric(v), quantifies how the manifold curves in
that direction. Algebraically, the Ricci curvature is a quadratic form on the tangent space,
meaning it depends quadratically on the chosen vector. As the Ricci curvature is direction-
specific, it retains more geometric information than scalar curvature.

Associated to the Ricci curvature is a symmetric bilinear form called the Ricci tensor,
denoted Ric(v, w). The Ricci tensor and the Ricci curvature are related by the identity
Ric(v) = Ric(v, v), where the left-hand side represents the Ricci curvature of v, and the
right-hand side evaluates the Ricci tensor on the pair (v, v). The scalar curvature at a point
is then simply the sum of Ricci curvatures over an orthonormal basis for the tangent space.

The sign of curvature has long been of interest in geometry. A result of Lohkamp [21]
shows that any manifold of dimension at least 3 admits a (complete) Riemannian metric
with negative Ricci curvature (and hence negative scalar curvature). On the other hand,
the existence of positive scalar curvature and positive Ricci curvature is subject to certain
obstructions. For instance, a famous result due to Stolz [30] asserts that a closed, simply-
connected spin manifold of dimension greater than or equal to 5 admits a positive scalar
curvature metric if and only if its so-called α-invariant, (a topological invariant), vanishes.
A different obstruction arises in the case of positive Ricci curvature. According to S. B.
Myers’ classical theorem [23], a compact manifold with positive Ricci curvature must have
a finite fundamental group. This is not true for positive scalar curvature: for example the
standard product metric on S1×S2 has positive scalar curvature but the fundamental group
is isomorphic to the integers.

In this thesis we focus on so-called intermediate curvature conditions, specifically k-
positive Ricci curvature. We now define what is meant by k-positive Ricci curvature.

Definition 1.0.1. A manifold M has k-positive Ricci curvature (Sck > 0) if at each point
p ∈M , the sum of the k smallest eigenvalues of the Ricci tensor at p is positive.
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It is useful to note how the concept of k-positive Ricci curvature relates to more familiar
curvature conditions. When k = 1, k-positive Ricci curvature requires that the Ricci tensor
is positive in every direction at each point of the manifold. This corresponds to the classical
notion of positive Ricci curvature, expressed as Ric > 0. On the other hand, when k = n,
where n is the dimension of the manifold, k-positive Ricci curvature implies that the scalar
curvature is strictly positive. This follows from the fact that the scalar curvature is equal to
the sum of the eigenvalues of the Ricci tensor. Hence, k-positive Ricci curvature provides a
framework that interpolates between pointwise positivity of the Ricci tensor and positivity
of the scalar curvature.

Not much is currently known about the existence of manifolds with Sck > 0, where k < n.
There are limited existence results due to Wolfson [33] and Crowley-Wraith [9].

Wolfson presents a surgery theorem, which creates new k-positive Ricci curvature mani-
folds from old. Surgery involves removing a copy of Sn−c ×Dc ⊂ Mn, and smoothly gluing
in Dn−c+1 × Sc−1 in its place. This has a calculable effect on the topology. Here, c is said
to be the codimension of the surgery, and n− c the dimension. The relevance of surgery to
curvature problems was first identified by Gromov and Lawson, who proved a surgery result
for positive scalar curvature [16]. This states that performing surgery of codimension at
least three on a positive scalar curvature manifold produces a new positive scalar curvature
manifold. This result turned out to be a vital ingredient in much of the work which came
afterwards in which the topological implications of positive scalar curvature were studied.
Notably, this includes the classification of simply-connected manifolds with positive scalar
curvature in dimensions at least 5, (see [30]). In the light of this, it makes sense to ask if
surgery results exist for other curvature conditions. Adapting Gromov and Lawson’s method,
Wolfson went on to show that on an n-manifold with k-positive Ricci curvature, (2 ≤ k ≤ n),
performing surgery with codimension c ≥ max{n+2−k, 3}, produces a new manifold which
also admits k-positive Ricci curavture. For example, this means that for 2-positive Ricci
curvature, connected sums (i.e. 0-surgeries) are possible. This should be contrasted with
the case of positive Ricci curvature, in which connected sums are not in general possible as
a consequence of Myers’ Theorem, ([23]). So far, the tighter codimension requirement in
Wolfson’s theorem has meant that topological results like those for positive scalar curvature
have not been forthcoming.

The Crowley-Wraith result ([10]) studies highly-connected manifolds in dimensions 4n−1,
(n ≥ 1). In this context, a manifold is said to be highly-connected if it is (2n−1)-connected,
i.e. the homotopy groups π0(M) = π1(M) = · · · = π2n−1(M) = 0. A previous result, [10],
had shown that for highly-connected manifolds M in dimensions 4n− 1, (meaning (2n− 2)-
connected), assuming further that M is (2n − 1)-parallelisable if n ≡ 0 modulo 4, there is
a homotopy sphere Σ such that M♯Σ admits a Ricci positive metric. (For a more precise
statement, see Theorem 1.0.3 below.) Note that a manifold is said to be p-parallelisable if
the tangent bundle restricted to some p-skeleton is trivial. The key to this result is showing
that such manifolds can be constructed via the plumbing of disc bundles (see below, and
Chapter 4).
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Unfortunately the plumbing technique does not produce any interesting examples in di-
mensions 4n+1, so a different approach is required in these dimensions. The key topological
result in [9] is to show that any such manifold can be expressed as a connected sum of certain
building blocks. As noted above, connected sums are always possible in 2-positive Ricci cur-
vature, but not in general in positive Ricci curvature. Thus 2-positive Ricci curvature is the
best one could hope to establish. The building blocks themselves are formed by performing
surgery on a pair of linked 2n-spheres within S4n+1. Establishing positive Ricci curvature on
these objects is out of reach of current techniques, but it was possible to establish 2-positive
Ricci curvature. The main theorem of [9] is as follows: for every closed highly-connected
2n-parallelisable manifoldM4n+1, there exists a homotopy sphere Σ such that the connected
sum M♯Σ admits a metric with 2-positive Ricci curvature. This implies for example that all
simply-connected 5-manifolds admit such metrics.

Aside from existence questions, there are also some results concerning the topological
complexity of the space of k-positive Ricci curvature metrics on certain manifolds. For ex-
ample, see the papers of Walsh-Wraith [31], which studies H-space structures, and Frenck-
Kordass [13] which shows non-triviality in certain homotopy groups. In a slightly different
direction, spaces of concordances of such metrics are studied by Botivinnik-Wraith in [3],
with certain moduli spaces of concordances shown to have non-trivial rational homotopy.

The following theorem about the existence of positive scalar curvature metrics provides
the motivation for the central result in this thesis.

Theorem 1.0.1 (Carr, [6]). Let M be an n-dimensional Riemannian manifold with a fixed
smooth cell decomposition and K a dimension q ⩾ 3 subcomplex of M with codimension
n − q ⩾ 3 . Then there is a regular neighborhood U of K in M so that the induced metric
on the boundary ∂U has positive scalar curvature.

In this thesis, we generalize Carr’s result to a broader setting. The following result is our
main theorem.

Theorem A. Let (Mn, ḡ) be a Riemannian manifold, n ⩾ 4, and let K be a smoothly
embedded q-complex with codimension n − q ⩾ 3. Then K has a regular neighbourhood
U ⊂M with smooth boundary ∂U , such that the restriction of ḡ to ∂U has Scq+1 > 0.

Remark 1.0.2. In the case n − q = 3, the theorem asserts that ∂U admits a metric with
Scn−2 > 0. But note that Scn−2 > 0 implies Scn−1 > 0, which in turn implies that Scn > 0,
i.e. the scalar curvature is positive. Thus we recover Carr’s result. However observe that
the theorem above is strictly stronger than Carr’s theorem even in the weakest case where
n− q = 3.

Let us comment on the proof of both of the above theorems. The basic idea behind
the Carr result is to proceed by induction on the various skeleta of the complex. Beginning
with the 0-skeleton, one constructs small spheres around each 0-simplex. If the radii are
sufficiently small, these will all have positive sectional curvature. Collectively, these form
a (generally disconnected) hypersurface H0. Then consider each 1-cell in turn. The idea is
to ‘pull-out’ the part of hypersurface H0 surrounding the 1-cell’s endpoints to form a tube
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surrounding the 1-cell. Doing this for each 1-cell then creates a new hypersurface H1. Con-
tinuing in this way over all higher skeleta results in a hypersurface H enclosing the entrire
complex K. The problem is to do this in such a way that the scalar curvature of H, induced
by the ambient metric, is positive. The idea is that if H is sufficiently close in distance to
the complex, then this can be achieved. Away from the boundaries of cells, H takes the
form of a (normal) sphere bundle over the cells. If the spheres have sufficiently small radius,
the scalar curvature will be positive. The difficulty is to control what happens near the cell
junctions. It turns out that an argument closely modelled on part of the Gromov-Lawson
surgery construction ([16]) can be utilised to achieve positive scalar curvature here.

Theorem A follows this strategy closely. The main problem now is to create a construc-
tion framework in which the intermediate curvatures can be computed and controlled. This
turns out to be quite delicate.

We must also comment that the Carr result presents the reader with certain difficulties.
In many places, the argument is merely a sketch, and offers the reader little clue as to how to
proceed. This paper arose from Carr’s PhD thesis, but the relevant part of the thesis agrees
with the paper word for word, and provides no further details. A side benefit of the proof
of Theorem A presented in this thesis is that it implies Carr’s theorem, and hence places
Carr’s result on a firm and explicit footing.

We now turn our attention to the consequences of Theorem A. Firstly, we consider families
of manifolds which arise from the plumbing construction. Plumbing is a method for gluing
together disc bundles, in an arrangement determined by a graph. See Chapter 4 for details.
Combining Theorems A and C in [10] we obtain the following statement:

Theorem 1.0.3. Let M4n−1 (for n ≥ 2) be a (2n− 2)-connected manifold. If n ≡ 1 mod 4,
then further assume that M is (2n− 1)-parallelisable. Then there exists a homotopy sphere
Σ4n−1 such that M♯Σ is the boundary of a manifold obtained from plumbing D2n-bundles
over S2n according to a simply-connected graph. Moreover, M♯Σ admits a metric of positive
Ricci curvature.

Theorem A now allows us to broaden the scope of the above positive Ricci curvature result
to the situation where we have arbitrary base manifolds, where the graph is not necessarily
simply-connected, and dimension of the base and discs is not necessarily even. This comes at
the expense of weakening the curvature condition satisfied by the resulting manifolds. The
precise statement is:

Theorem B. Given a graph G with m nodes (labelled 1, . . . ,m), and Dn-bundles E1, . . . , Em

with base spaces Mn
1 , . . . ,M

n
m respectively, for n ⩾ 2. Let P 2n be the manifold obtained by

placing Ei on node i and plumbing according to the graph G. Then ∂P admits a metric with
Scn+1 > 0.

It is well known that the curvature conditions on a manifold M can impose significant
restrictions on its topology, for instance on the structure of its fundamental group, π1(M).
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For example Myers’ Theorem (mentioned earlier) asserts that a closed manifold with posi-
tive Ricci curvature has a finite fundamental group. More generally, we have the following
consequence of the Splitting Theorem [8]:

Theorem 1.0.4. If M has Ric ⩾ 0, then π1(M) is virtually abelian, i.e. π1(M) has an
abelian subgroup of finite index.

Further weakening the curvature condition to 2-positive Ricci curvature, we have the
following conjecture due to Wolfson [33]:

Conjecture 1.0.5. If M is a closed n-manifold that admits a metric with 2-positive Ricci
curvature then its fundamental group, π1(M), is virtually free, i.e. π1(M) contains a free
subgroup of finite index.

Wolfson also remarks that the condition Sc3 > 0 appears to impose significantly weaker
restrictions on the fundamental group π1(M) compared to Sc2 > 0 [33].

On the other hand, Carr [6] established a complementary result regarding positive scalar
curvature and fundamental groups, which is a corollary of his Theorem 1.0.1.

Corollary 1.0.5.1. Let π be a finitely presented group. Then, there exists a compact 4-
manifold M of positive scalar curvature with π1(M) = π.

Building on Carr’s result, and using the main theorem presented earlier, we can extend
this to a more general setting:

Theorem C. Let π be a finitely presented group. Then, there exists a closed manifold M of
any given dimension ⩾ 4, which admits a metric with 3-positive Ricci curvature (Sc3 > 0),
such that π1(M) = π.

We immediately obtain:

Corollary 1.0.5.2. Sc3 imposes no restrictions on π1(M).

In conclusion, we should remark that k-positive Ricci curvature is not the only notion of
intermediate curvature. We mention two further types of intermediate curvature which have
been much studied in recent years.

Firstly, there is the notion of the kth-intermediate Ricci curvature. As k ranges from 1
to dim(M) − 1, these interpolate between the sectional curvature and the Ricci curvature.
Given a tangent vector u ∈ TpM and a k-dimensional subspace V of u⊥ ⊂ TpM , we define

Rick(u, V ) =
k∑

i=1

sec(u, zi)

where sec denotes the sectional curvature and {z1, . . . , zk} is an orthonormal basis for V .
We say that M has positive kth intermediate Ricci curvature if the above quantity is posi-
tive for all u, V at all points p ∈ M . Taken together with the k-positive Ricci curvatures,
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these form an interpolating family of positive curvature conditions from positive scalar cur-
vature, through positive Ricci curvature, to positive sectional curvature. For some recent
developments concerning these curvatures, see for example [27], [29], [26], [28], and for a
comprehensive list of references see the website [22].

The other notion of intermediate curvature that we should mention is that of p-curvature.
These were originally conceived by Gromov, and initially championed in the work of Labbi.
The idea is to take a p-dimensional subspace W ⊂ TM , and consider W⊥. Let {e1, . . . , en−p}
be a basis for W⊥. Then we define the p-curvature

sp(W ) =

n−p∑
i,j=1

sec(ei, ej).

Like the k-positive Ricci curvatures, positive p-curvatures have been shown to satisfy a
surgery theorem, see [19]. This has led to topological consequences, see [2], but with weaker
conclusions than for positive scalar curvature. It is worth noting that the paper Positive
(p, n)-intermediate scalar curvature and Cobordism by Burkemper, Searle and Walsh [5] es-
tablishes an analogue of Theorem C for positive p-curvature. Moreover, an analogue of
Theorem B can be derived from the main result in [5].

This thesis is laid out as follows. The main theorem, Theorem A, is proved over the
next two sections. The argument is broken into a “basic case” (presented in the next chap-
ter), which establishes the theorem in the situation where the embedded complex K is
1-dimensional, and a “general case” in the subsequent chapter in which K has dimension
at least two. The general case is much more complicated than the basic case, but the basic
case sets out the strategy and presents many of the arguments that the general case uses.
Theorem B and Theorem C are established in Chapter 4.

In addition to the main body of the thesis, a fifth chapter is included (Chapter 5),
presenting work that is independent of the rest of the thesis. This chapter documents a
preliminary project undertaken prior to commencing the main thesis topic. This project
explored the relationship between contractibility and boundary convexity for manifolds with
boundary and positive Ricci curvature.
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Chapter 2

The Basic Case Of An Embedded
1-Complex

In this chapter, we establish the following special case of Theorem A.

Theorem 2.0.1. Let (Mn, ḡ) be a Riemannian manifold, and K be a smoothly embedded
1-complex. Then, K has a regular neighbourhood U ⊂ M with smooth boundary ∂U , such
that the restriction of ḡ to ∂U has Sc2 > 0.

The proof of Theorem 2.0.1 occupies the rest of this chapter. We start by considering
the 0-skeleton of K, then we extend our construction over the 1-cells.

2.1 The set-up

In this section we outline the basic construction needed to establish Theorem 2.0.1. In
particular, we set up coordinate systems and describe various metrics with respect to these
systems. We will primarily focus on the case when K consists of a single 1-cell. We begin,
however, by examining a 0-complex.

Note that a 0-complex is just a finite collection of points. About each of them, consider
an ε-sphere for some small ε > 0, as highlighted in Figure 2.1.

14



Figure 2.1: Some ε-balls around a 0-skeleton.

If ε is sufficiently small, the induced metric on these spheres has positive sectional curva-
ture since the metric induced from the embedding j : Sn−1 →M is C2-close to the canonical
metric on Sn(ε), which has positive sectional curvature.

Now, consider a 1-complex, consisting of two 0-cells and one 1-cell; this complex is vi-
sualised in Figure 2.2. Also, two ε-spheres surrounding the 0-cells are shown, along with a
tube joining these spheres, which we will construct.

Figure 2.2: A composition of two 0-cells and a 1-cell.

We want to show that we can “pull out” this tube surrounding the 1-complex keeping
Sc2 > 0, i.e. so that the sum of the lowest two eigenvalues of the Ricci tensor is positive. By
the symmetry in the above set-up, it suffices to construct half the tube.

We construct a coordinate system about the central 1-cell inMn, whereM is our ambient
manifold.

Let D be a small disc embedded in one of the ε-spheres, as illustrated in Figure 2.3.
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Figure 2.3: Disc D in the ambient manifold M .

On the disc D, we can choose an orthonormal frame of vectors e1, . . . , en−1 at the point p,
the centre of D. Restricting the metric ḡ onM to D, ḡ|D, we can give D a normal coordinate
system determined by {ei}.

Notice that we are using the exponential map of ḡ|D to push coordinates determined by
{ei} in TpD onto D.

We want to extend this to a coordinate system in a solid tube S ∼= D × [0, 1] ⊂ M
illustrated on the right on Figure 2.3. Pushing D out along normal geodesics a length t gives
the equidistant hypersurface at distance t from D, Dt.

Doing this for all t ∈ [0, δ], some δ > 0, we get a decomposition of the solid tube S into
discs (Figure 2.4).

Figure 2.4: Descomposition of S.

Now, we take our orthonormal frame {ei} at p ∈ D and extend it to an orthonormal
frame at all other points along the central geodesic in a smooth way by parallel translation.
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So, we have an orthonormal frame tangent to each Dt at each point of the normal geodesic
through p.

Restricting ḡ to each Dt, construct a normal coordinate system on (Dt, ḡ|Dt
) determined

by the frame at pt, where pt is the central point of Dt. Therefore, now we have a coordinate
system on the solid tube (x1, . . . , xn−1, t). With respect of this coordinate system ḡ|Dt

has
the form (

ḡ|Dt

)
ij
= δij +

∑
k,l

aklij (t)xkxl +H.O.T..

At every point in the solid tube, ∂/∂t is orthogonal to Dt. Therefore, with respect to
this coordinate system, the metric takes the form

ḡ =


1 0

0 δij +
∑

k,l a
kl
ij (t)xkxl +H.O.T.

 .

Following the Gromov-Lawson andWolfson constructions, consider the curve γ illustrated
in Figure 2.5, where γ(s) = (t(s), r(s)) and r is the distance from the centre of Dt.

Figure 2.5: Curve γ.

Using γ we are going to construct a (hollow) tube N inside the solid tube (Figure 2.6),
where

N :=
⋃
s

{points in Dt(s) a distance r(s) from centre}.
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Figure 2.6: Tube N inside the solid tube.

In order to write down the metric on N and compute curvatures, we will pull the metric
back to a fixed tube T defined as follows.

Let (x1, . . . , xn) be standard coordinates in Rn and define

T = {(x1, . . . , xn)|
n−1∑
i=1

x2i = 1, xn ∈ [0, s0]},

for some s0 (Figure 2.7).

Figure 2.7: Fixed tube T .

Our strategy is to construct a map from a domain in Rn to the solid tube S, such that T
maps diffeomorphically onto N . We then pull back the metric on S to our domain contained
in Rn, and restrict the pull-back to T . Using standard coordinates on T will allow us to
express the metric on N in a straightforward way.
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We have a coordinate system (x1, . . . , xn−1, t) on S, and we can introduce standard Eu-
clidean coordinates (x1, . . . , xn−1, t) on Rn = Rn−1 × R. By identifying coordinates in the
obvious way, we obtain a smooth injective map ι : S → Rn. We now scale ι on the slices
Dt ⊂ S as follows: define f : S → Rn by

f(x1, . . . , xn−1, t) =

(
1

r
x1, . . . ,

1

r
xn−1, t

)
,

where r = r(s(t)).

Figure 2.8: Pull back set-up.

Notice that, by construction, f(N) = T , as required. Clearly, f is a diffeomorphism if we
restrict its target space to Imf . Let f̄ denote this restricted map, i.e. f̄ : S → Imf ⊂ Rn.
The inverse f̄−1 : Imf → S exists and we want to pull-back the metric ḡ via this map. We
have

19



(f̄−1)∗ḡ

(
∂

∂xi
,
∂

∂xj

)
= ḡ

(
r
∂

∂xi
, r

∂

∂xj

)
(rx1,...,rxn−1,t)

= r2ḡ

(
∂

∂xi
,
∂

∂xj

)
(rx1,...,rxn−1,t)

= r2

(
δij +

∑
k,l

aklij (rxk)(rxl) + H.O.T.

)

= r2δij + r4
∑
k,l

aijxkxl +O(r5).

Now, we are going to restrict (f̄−1)∗ḡ to T . To study this, consider Sn−2 × {s} ⊂ T , for
some s ∈ [0, s0]. For convenience, we will suppress the second factor in Sn−2 × {s} in the
argument below.

We introduce normal coordinates (y1, . . . , yn−2) on Sn−2. Restricted to Sn−2, the stan-
dard metric on Rn−1 (with respect to standard coordinates), r20δij, restricts to give r20ds

2
n−2

on Sn−2. Also, notice that the δij are precisely the metric components in a normal coordinate
system when we are evaluating at the central point.

Then, we have

(f̄−1)∗ḡ
∣∣
Sn−2

(
∂

∂yi
,
∂

∂yj

)
= r2ds2n−2

(
∂

∂yi
,
∂

∂yj

)
+ r4Fij,

for some Fij = Fij(y1, . . . , yn−2).

The function Fij arises from the higher order terms in the normal coordinate metric ex-
pression. Consider

∑
k,l a

kl
ijxkxl restricted to Sn−2. Each xk is a function Sn−2 → R, and

hence we can write xk = ϕk(y1, . . . , yn−2) for some function ϕk. In this way, we can re-write∑
k,l a

kl
ijxkxl in terms of the coordinates (y1, . . . , yn−2), and taking the other higher order

terms into consideration in a similar way, we thus obtain the function Fij. Notice that Fij

is independent of r.

Now, pull back metric on N to T ∼= Sn−2 × I via the map f̄−1, i.e. by pulling back each
individual (n − 2)-sphere. Doing this for each s ∈ [0, s0], we obtain a metric g on T with
matrix given by
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gij(y1, . . . , yn−2, s) =


r2(s)(ds2n−2)ij + r4(s)Fij 0

0 1

 . (2.1)

2.2 Computation of Christoffel symbols

In order to compute the Christoffel symbols of g with respect to coordinates (y1, . . . , yn−2, s)
we need to invert the above metric matrix (Equation 2.1). In other words, we want to know(
r2(ds2n−2)ij + r4Fij

)−1
.

We can rewrite this as 1/r2
(
(ds2n−2)ij + r2Fij

)−1
and consider it as

1

r2
(B + r2C)−1,

where C = Fij and B
−1 exists since B = (ds2n−2)ij.

Also, (B + r2C) = BB−1(B + r2C) = B(I + r2B−1C). Therefore,

(B + r2C)−1 = [B(I + r2B−1C)]−1 = (I + r2B−1C)−1B−1

= (I − r2B−1C + r4(B−1C)2 + . . .)B−1

= B−1 − r2B−1CB−1 + r4(B−1C)2B−1 − r6(B−1C)3B−1 + . . . .

We can see from before that after the term B−1, all other terms are O(r2). So, the desired
inverse is

(gij)
−1(y1, . . . , yn−2, s) =


1

r2
(
(ds2n−2)

−1 +O(r2)
)

0

0 1



=


1

r2
(ds2n−2)

−1 +O(1) 0

0 1

 .

21



Now, we calculate the Christoffel symbols. We have, in summary,

gij = r2(ds2n−2)ij +O(r4);

gij =
1

r2
(ds2n−2)

ij +O(1);

gss = 1;

gsj = 0;

gss = 1;

gsj = 0.

We need to consider Γs
si, Γ

i
ss, Γ

k
si, Γ

s
ss, Γ

s
ij and Γk

ij for i, j, k ∈ {1, ..., n− 2}.

So,

Γs
si =

1

2
gss
(
∂gss
∂yi

+
∂gsi
∂s

− ∂gsi
∂s

)
+

1

2

n−2∑
l=1

gsl
(
∂gsl
∂yi

+
∂gil
∂s

− ∂gsi
∂yl

)

= 0 +
1

2

n−2∑
l=1

δsl

(
∂gil
∂s

)
=

1

2

(
∂gis
∂s

)
= 0.

Γi
ss =

1

2
gis
(
∂gss
∂s

+
∂gss
∂s

− ∂gss
∂s

)
+

1

2

n−2∑
l=1

gil
(
∂gsl
∂s

+
∂gsl
∂s

− ∂gss
∂yl

)

= 0 +
1

2

n−2∑
l=1

gil
(
∂gsl
∂s

+
∂gsl
∂s

− ∂gss
∂yl

)
= 0.

Γk
si =

1

2
gks
(
∂gss
∂yi

+
∂gsi
∂s

− ∂gsi
∂s

)
+

1

2

n−2∑
l=1

gkl
(
∂gsl
∂yi

+
∂gil
∂s

− ∂gsi
∂yl

)

=
1

2

n−2∑
l=1

gkl
(
∂gil
∂s

)
=

1

2

n−2∑
l=1

gkl
(
∂(r2(ds2n−2)il +O(r4))

∂s

)

=
1

2

n−2∑
l=1

gkl
(
2rr′(ds2n−2)il +O(4r3r′) +O(r4)

)

=
1

2

n−2∑
l=1

(
1

r2
(ds2n−2)

kl +O(1)

)(
2rr′(ds2n−2)il + r′O(r3) +O(r4)

)
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=
1

2

n−2∑
l=1

(
2r′

r
(ds2n−2)

kl(ds2n−2)il + r′O(r) + r′O(r) + r′O(r3) +O(r2) +O(r4)

)

=
1

2

n−2∑
l=1

(
2r′

r
(ds2n−2)

kl(ds2n−2)li + r′O(r) +O(r2)

)
, as (ds2n−2)ij is symmetric;

=
1

2

(
2r′

r
δki + r′O(r) +O(r2)

)
=
r′

r
δki +

r′O(r)

2
+O(r2)

= r′
(
δki
r

+O(r)

)
+O(r2).

Γs
ss =

1

2
gss
(
∂gss
∂s

+
∂gss
∂s

− ∂gss
∂s

)
+

1

2

n−2∑
l=1

gsl
(
∂gsl
∂s

+
∂gsl
∂s

− ∂gss
∂s

)
= 0.

Γs
ij =

1

2
gss
(
∂gsi
∂yj

+
∂gsj
∂yi

− ∂gij
∂s

)
+

1

2

n−2∑
l=1

gsl
(
∂gil
∂yj

+
∂gjl
∂yi

− ∂gij
∂yl

)

=
1

2
gss
(
∂gsi
∂yj

+
∂gsj
∂yi

− ∂gij
∂s

)
+

1

2

n−2∑
l=1

δsl

(
∂gil
∂yj

+
∂gjl
∂yi

− ∂gij
∂yl

)

=
1

2

(
∂gis
∂yj

+
∂gjs
∂yi

− ∂gij
∂s

)
=

1

2

(
−∂gij
∂s

)

=
1

2

(
−
∂(r2(ds2n−2)ij +O(r4))

∂s

)

=
1

2

(
−2rr′(ds2n−2)ij + r′O(r3) +O(r4)

)
= r′

(
−r(ds2n−2)ij +O(r3)

)
+O(r4).
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Now, recall that

Γk
ij(S

n−2(1)) =
1

2

n−2∑
l=1

(ds2n−2)
kl

(
∂(ds2n−2)il

∂yj
+
∂(ds2n−2)jl

∂yi
−
∂(ds2n−2)ij

∂yl

)
.

Therefore,

Γk
ij =

1

2
gks
(
∂gsi
∂yj

+
∂gsj
∂yi

− ∂gij
∂s

)
+

1

2

n−2∑
l=1

gkl
(
∂gil
∂yj

+
∂gjl
∂yi

− ∂gij
∂yl

)

=
1

2

n−2∑
l=1

gkl
(
∂(r2(ds2n−2)il)

∂yj
+
∂O(r4)

∂yj
+
∂(r2(ds2n−2)jl)

∂yi
+
∂O(r4)

∂yi

−
∂(r2(ds2n−2)ij)

∂yl
− ∂O(r4)

∂yl

)

=
1

2

n−2∑
l=1

(
1

r2
(ds2n−2)

kl +O(1)

)(
r2∂(ds2n−2)il

∂yj
+
∂O(r4)

∂yj

+
r2∂(ds2n−2)jl

∂yi
+
∂O(r4)

∂yi
−
r2∂(ds2n−2)ij

∂yl
− ∂O(r4)

∂yl

)

= Γk
ij(S

n−2(1)) +
1

2

n−2∑
l=1

(
1

r2
(ds2n−2)

kl +O(1)

)(
∂O(r4)

∂yj
+
∂O(r4)

∂yi

− ∂O(r4)

∂yl

)

= Γk
ij(S

n−2(1)) +
1

2

n−2∑
l=1

(
1

r2
(ds2n−2)

kl +O(1)

)(
O(r4)

)

= Γk
ij(S

n−2(1)) +
1

2

n−2∑
l=1

(
(ds2n−2)

klO(r2) +O(r4)
)

= Γk
ij(S

n−2(1)) +O(r2).
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Notice that we are expressing the terms of the Christoffel symbols to show their depen-
dence on r. So, even if O(r4) has some dependence on yz (z ∈ {i, j, l}) and s, this dependence
is bounded and its derivative will still depend on r.

In summary, we have proved:

Lemma 2.2.1. The Christoffel symbols of g with respect to the local coordinates (y1, . . . , yn−2, s)
are given by

• Γs
si = Γs

ss = Γi
ss = 0;

• Γk
si = r′( δki

r
+O(r)) +O(r2);

• Γk
ij = Γk

ij(S
n−2) +O(r2);

• Γs
ij = r′(−r(ds2n−2)ij +O(r3)) +O(r4).

2.3 Curvature computations

In this section we work through the computation of the curvature tensor components for
the metric g = (gij), and ultimately compute the matrix for the Ricci tensor.

Using the curvature tensor convention

R(∂i, ∂j)∂k = ∇∂j∇∂i∂k −∇∂i∇∂j∂k +∇[∂i,∂j ]∂k

and setting

R(∂i, ∂j)∂k =
n∑

l=1

Rl
ijk∂l

we have

Rl
ijk = ∂j(Γ

l
ik)− ∂i(Γ

l
jk) +

n∑
m=1

(Γm
ikΓ

l
jm − Γm

jkΓ
l
im).

The components of the Ricci tensor, Ricij = Ric(∂i, ∂j), in terms of the Rl
ijk above, are

given by

Ricij =
n∑

k=1

Rk
ikj.

We are going to abbreviate ∂/∂yi by ∂i and ∂/∂s by ∂s. We intend to compute the terms
Ricij by first computing the Rl

ijk. In our case, we have

Ricik = Rs
isk +

n−2∑
l=1

Rl
ilk,
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where

Rl
ilk = ∂l(Γ

l
ik)− ∂i(Γ

l
lk) +

n∑
m=1

(Γm
ikΓ

l
lm − Γm

lkΓ
l
im)

= ∂l(Γ
l
ik)− ∂i(Γ

l
lk) +

n−2∑
m=1

(Γm
ikΓ

l
lm − Γm

lkΓ
l
im) + Γs

ikΓ
l
ls − Γs

lkΓ
l
is.

We need to consider Ricss, Ricsk and Ricik, i, j, k ∈ {1, ..., n− 2}. Recall that,

• Γs
si = Γs

ss = Γi
ss = 0;

• Γk
si = r′( δki

r
+O(r)) +O(r2);

• Γk
ij = Γk

ij(S
n−2) +O(r2);

• Γs
ij = r′(−r(ds2n−2)ij +O(r3)) +O(r4).

We have Ricss = Rs
sss +

∑n−2
l=1 R

l
sls.

Rs
sss = ∂s(Γ

s
ss)− ∂s(Γ

s
ss) +

n−2∑
m=1

(Γm
ssΓ

s
sm − Γm

ssΓ
s
sm) + Γs

ssΓ
s
ss − Γs

ssΓ
s
ss = 0.

Rl
sls = ∂l(Γ

l
ss)− ∂s(Γ

l
ls) +

n−2∑
m=1

(Γm
ssΓ

l
lm − Γm

lsΓ
l
sm) + Γs

ssΓ
l
ls − Γs

lsΓ
l
ss

= 0− ∂s

(
r′
(
δll
r

+O(r)

)
+O(r2)

)
−

n−2∑
m=1

(
r′
(
δml

r
+O(r)

)
+O(r2)

)(
r′
(
δlm
r

+O(r)

)
+O(r2)

)

= −∂s
(
r′
(
1

r
+O(r)

)
+O(r2)

)
− (r′)2

(
1

r
+O(r)

)2

+ r′O(r)

+O(r4)−
n−2∑
m=1
m̸=l

((r′)2O(r2) +O(r4))
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= −
(
r′′r − r′r′

r2
+ r′′O(r) + (r′)2O(1) + r′O(r) + r′O(r) +O(r2)

)

− (r′)2

r2
− 2(r′)2O(r)

r
− (r′)2O(r2) + r′O(r) +O(r4)

− (n− 1)((r′)2O(r2) +O(r4))

= −r
′′

r
+

(r′)2

r2
+ r′′O(r) + (r′)2O(1) + r′O(r) +O(r2)− (r′)2

r2

− 2(r′)2O(1)− (r′)2O(r2) + (r′)2O(r2) +O(r4)

= −r
′′

r
+ r′′O(r)− (r′)2O(1) + r′O(r) +O(r2).

Therefore,

Ricss = 0 +
n−2∑
l=1

(
−r

′′

r
+ r′′O(r)− (r′)2O(1) + r′O(r) +O(r2)

)

= −(n− 2)
r′′

r
+ r′′O(r)− (r′)2O(1) + r′O(r) +O(r2)

= −(n− 2)
r′′

r
+ r′′O(r) +O(1) +O(r) +O(r2)

= −(n− 2)
r′′

r
+ r′′O(r) +O(1).

Notice that |r′| ∈ [0, 1], since γ(s) = (t(s), r(s)) is unit speed. So, we can approximate
terms like r′O(r), since it is at worst, O(r).

Now, we have Ricsk = Rs
ssk +

∑n−2
l=1 R

l
slk. We compute:

Rs
ssk = ∂s(Γ

s
sk)− ∂s(Γ

s
sk) +

n−2∑
m=1

(Γm
skΓ

s
sm − Γm

skΓ
s
sm) + Γs

skΓ
s
ss − Γs

skΓ
s
ss = 0.
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Rl
slk = ∂l(Γ

l
sk)− ∂s(Γ

l
lk) +

n−2∑
m=1

(Γm
skΓ

l
lm − Γm

lkΓ
l
sm) + Γs

skΓ
l
ls − Γs

lkΓ
l
ss

= ∂l

(
r′
(
δlk
r

+O(r)

)
+O(r2)

)
− ∂s(Γ

l
lk(S

n−2))− ∂s(O(r
2))

+
n−2∑
m=1

[(
r′
(
δmk

r
+O(r)

)
+O(r2)

)(
Γl
lm(S

n−2) +O(r2)
)

− (Γm
lk(S

n−2) +O(r2))

(
r′
(
δml

r
+O(r)

)
+O(r2)

)]

= 0 + r′O(r) +O(r2)− ∂s(Γ
l
lk(S

n−2)) + r′O(r) +O(r2)

+
n−2∑
m=1
m ̸=k

(r′O(r) +O(r2))
(
Γl
lm(S

n−2) +O(r2)
)

−
n−2∑
m=1
m̸=l

(r′O(r) +O(r2))
(
Γm
lk(S

n−2) +O(r2)
)

+

((
r′

r
+ r′O(r)

)
+O(r2)

)(
Γl
lk(S

n−2) +O(r2)
)
, when m = k;

− (Γl
lk(S

n−2) +O(r2))

((
r′

r
+ r′O(r)

)
+O(r2)

)
, when m = l;

= r′O(r)− ∂s(Γ
l
lk(S

n−2)) +O(r2)

+
n−2∑
m=1
m ̸=k

(r′O(r) +O(r2))−
n−2∑
m=1
m̸=l

(r′O(r) +O(r2))

= r′O(r) +O(r2).

Notice that ∂s(Γ
l
lk(S

n−2)) vanishes since it does not depend on s.
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Therefore,

Ricsk = 0 +
n−2∑
l=1

(r′O(r) +O(r2)) = r′O(r) +O(r2)

= O(r) +O(r2) = O(r).

Finally, we have Ricik = Rs
isk +

∑n−2
l=1 R

l
ilk. We compute:

Rs
isk = ∂s(Γ

s
ik)− ∂i(Γ

s
sk) +

n−2∑
m=1

(Γm
ikΓ

s
sm − Γm

skΓ
s
im) + Γs

ikΓ
s
ss − Γs

skΓ
s
is

= ∂s(r
′(−r(ds2n−2)ik +O(r3)) +O(r4)) + 0

−
n−2∑
m=1

(
r′
(
δmk

r
+O(r)

)
+O(r2)

)
(r′(−r(ds2n−2)im +O(r3)) +O(r4))

= −((r′)2 + rr′′)(ds2n−2)ik + r′′O(r3) + (r′)2O(r2) + r′O(r3) +O(r4)

−
(
r′

r
+ r′O(r) +O(r2)

)
(r′(−r(ds2n−2)ik +O(r3)) +O(r4)), when m = k

−
n−2∑
m=1
m ̸=k

(r′O(r) +O(r2))(r′(−r(ds2n−2)im +O(r3)) +O(r4))

=
(
−(r′)2(ds2n−2)ik − rr′′(ds2n−2)ik + r′′O(r3) + (r′)2O(r2) + r′O(r3)

+O(r4)
)
+
(
(r′)2(ds2n−2)ik + (r′)2O(r2) + r′O(r3) + (r′)2O(r2)

+(r′)2O(r4) + r′O(r5) + r′O(r3) + r′O(r5) +O(r6)
)

−
(
(r′)2O(r2) + (r′)2O(r4) + r′O(r5) + r′O(r3) + r′O(r5) +O(r6)

)
= −rr′′(ds2n−2)ik + (r′)2O(r2) + r′′O(r3) + r′O(r3) +O(r4)
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= −rr′′(ds2n−2)ik +O(r2) + r′′O(r3),

where we have combined (r′)2O(r2), r′O(r3) and O(r4) terms into a single O(r2) term, using
the boundedness of r′. We also have:

Rl
ilk = ∂l(Γ

l
ik)− ∂i(Γ

l
lk) +

n−2∑
m=1

(Γm
ikΓ

l
lm − Γm

lkΓ
l
im) + Γs

ikΓ
l
ls − Γs

lkΓ
l
is

= ∂l(Γ
l
ik(S

n−2) +O(r2))− ∂i(Γ
l
lk(S

n−2) +O(r2))

+
n−2∑
m=1

[
(Γm

ik(S
n−2) +O(r2))(Γl

lm(S
n−2) +O(r2))

− (Γm
lk(S

n−2) +O(r2))(Γl
im(S

n−2) +O(r2))
]

+ (r′(−r(ds2n−2)ik +O(r3)) +O(r4))

(
r′
(
δll
r

+O(r)

)
+O(r2)

)

− (r′(−r(ds2n−2)lk +O(r3)) +O(r4))

(
r′
(
δli
r

+O(r)

)
+O(r2)

)

= ∂l(Γ
l
ik(S

n−2))− ∂i(Γ
l
lk(S

n−2)) +O(r2)−O(r2)

+
n−2∑
m=1

[
(Γm

ik(S
n−2))(Γl

lm(S
n−2))− (Γm

lk(S
n−2))(Γl

im(S
n−2))

+O(r2)
(
Γm
ik(S

n−2) + Γl
lm(S

n−2)− Γm
lk(S

n−2)− Γl
im(S

n−2)
)

+ O(r4)−O(r4)
]
+
(
−(r′)2(ds2n−2)ik + (r′)2O(r2)

+r′O(r3) +O(r6) + (r′)2δli(ds
2
n−2)lk

)
.

To simplify this expression further, let us assume that we wish to evaluate it at the central
point of the normal coordinate system on Sn−2. At this point we have (r′)2(ds2n−2)ik =
−(r′)2δik and (r′)2δli(ds

2
n−2)lk = (r′)2δliδlk. So at this point, we have
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Rl
ilk = ∂l(Γ

l
ik(S

n−2))− ∂i(Γ
l
lk(S

n−2))

+
n−2∑
m=1

[
(Γm

ik(S
n−2))(Γl

lm(S
n−2))− (Γm

lk(S
n−2))(Γl

im(S
n−2))

+ O(r2)
(
Γm
ik(S

n−2) + Γl
lm(S

n−2)− Γm
lk(S

n−2)− Γl
im(S

n−2)
)]

+
(
−(r′)2δik + (r′)2O(r2) + r′O(r3) +O(r6) + (r′)2δliδlk

)
= ∂l(Γ

l
ik(S

n−2))− ∂i(Γ
l
lk(S

n−2))

+
n−2∑
m=1

[
(Γm

ik(S
n−2))(Γl

lm(S
n−2))− (Γm

lk(S
n−2))(Γl

im(S
n−2))

+ O(r2)
(
Γm
ik(S

n−2) + Γl
lm(S

n−2)− Γm
lk(S

n−2)− Γl
im(S

n−2)
)]

+
(
−(r′)2δik + (r′)2O(r2) + r′O(r3) +O(r6) + (r′)2δliδlk

)
= Rl

ilk(S
n−2) +O(r2) + (r′)2O(r2) + r′O(r3)− (r′)2(δik − δlkδli).

Therefore, at the central point of the normal coordinate system on Sn−2,

Ricik = −rr′′(ds2n−2)ik +O(r2) + r′′O(r3) +
n−2∑
l=1

[
Rl

ilk(S
n−2)

+O(r2) + (r′)2O(r2) + r′O(r3) −(r′)2(δik − δlkδli)
]

= −rr′′(ds2n−2)ik + (r′)2O(r2) + r′′O(r3) + r′O(r3) +O(r2)

+ Ricik(S
n−2)− (n− 3)(r′)2δik.

Notice that

n−2∑
l=1

(δik − δlkδli) = (n− 2)δik −

{
0 if i ̸= k

1 if i = k(= l)
=

{
0 if i ̸= k;

n− 3 if i = k(= l).
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So, since Ricik(S
n−2) = (n− 3)δik, we have that when i ̸= k,

Ricii = −rr′′ + (n− 3)(1− (r′)2) + (r′)2O(r2) + r′′O(r3) +O(r2) + r′O(r3)

= −rr′′ + (n− 3)(1− (r′)2) +O(r2) + r′′O(r3) +O(r2) +O(r3)

= −rr′′ + (n− 3)(1− (r′)2) + r′′O(r3) +O(r2).

Ricik = (r′)2O(r2) + r′′O(r3) +O(r2) + r′O(r3)

= O(r2) + r′′O(r3) +O(r2) +O(r3)

= r′′O(r3) +O(r2).

The computations above have now established:

Lemma 2.3.1. The matrix Ricik for i, k ∈ {1, . . . , n− 2, s} is

(Ricik) =


A

O(r)
...

O(r)

O(r) · · · O(r) −(n− 2) r
′′

r
+ r′′O(r) +O(1)


,

where A is a matrix such that

Aii = −rr′′ + (n− 3)(1− (r′)2) + r′′O(r3) +O(r2);

Aik = r′′O(r3) +O(r2).

This is the Ricci tensor matrix with respect to {∂/∂y1, . . . , ∂/∂yn−2, ∂/∂s}, but we are go-
ing to re-express it with respect to an approximately orthonormal basis {1/r ·∂/∂y1, . . . , 1/r ·
∂/∂yn−2, ∂/∂s}. Notice that this is orthonormal at y1 = . . . = yn−2 = 0, and more generally
the deviation from orthonormality is O(|y|2).

Since Ric(µei, µej) = µ2Ric(ei, ej), we have, for i, j ∈ {1, . . . n− 2},

• Ric(1/r · ∂/∂yi, 1/r · ∂/∂yj) =
(

1

r2

)
Ric(∂/∂yi, ∂/∂yj);
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• Ric(1/r · ∂/∂yi, ∂/∂s) =
(
1

r

)
Ric(∂/∂yi, ∂/∂s).

So, if i ̸= j,

Ric(1/r · ∂/∂yi, 1/r · ∂/∂yj) =
1

r2
(
r′′O(r3) +O(r2)

)
= r′′O(r) +O(1).

Ric(1/r · ∂/∂yi, 1/r · ∂/∂yi) =
1

r2
(
−rr′′ + (n− 3)(1− (r′)2) + r′′O(r3) +O(r2)

)

= −r
′′

r
+ (n− 3)

(
1− (r′)2

r2

)
+ r′′O(r) +O(1).

Ric(1/r · ∂/∂yi, ∂/∂s) =
(
1

r

)
O(r) = O(1).

Let R̃icik denote the matrix of the Ricci tensor with respect to this rescaled basis.

Corollary 2.3.1.1. The new matrix R̃icik for i, k ∈ {1, . . . , n− 2, s} is

(R̃icik) =


Ã

O(1)
...

O(1)

O(1) · · · O(1) −(n− 2) r
′′

r
+ r′′O(r) +O(1)


,

where Ã is a matrix such that

Ãii = −r
′′

r
+ (n− 3)

(
1− (r′)2

r2

)
+ r′′O(r) +O(1);

Ãik = r′′O(r) +O(1).

2.4 Explicit tube construction
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We will now show how to construct the tube. This reduces to constructing the curve γ,
since the tube will be formed by rotating γ around the t-axis.

It is easy to see that for our desired tube, we initially (i.e. for small s) need γ to run
down the r-axis, and for s large we want γ to be parallel to the t-axis. (See Figure 2.9). Of
course our aim is to define γ in such a way that the resulting curvature of the tube satisfies
Sc2 > 0.

Figure 2.9: Curve γ.

We assume γ(s) is unit speed (Figure 2.9). Then,

γ′(s) = (t′(s), r′(s)), so |γ′(s)| =
√

(t′)2 + (r′)2 = 1.

So, (r′)2 + (t′)2 = 1.

2.4.1 First bending

We start with γ running down the r-axis. Then, “peel” γ away from the axis, turning it
through some very small angle θ0.
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Figure 2.10: Curve γ “peeling” away from the axis (first bend).

Since initially, when γ is running down the r-axis, the tube has Sc2 > 0 by assumption,
by the openness of positivity there exists Θ > 0 such that for all 0 < θ0 ⩽ Θ, we can bend
γ over a small interval through an angle of θ0 away from the r-axis, and continue γ as a
straight line as far as (but not meeting) the t-axis, retaining Sc2 > 0.

Having chosen θ0, we can extend γ as a straight line as far as some very small height r0
(to be determined).

2.4.2 Second bending

Our next aim is to make a further bend to γ starting at height r0. The choice of θ0 allows
us to choose r0 arbitrarily small.

Let s0 be the value of s corresponding to r0, and therefore t(s0) is the corresponding
point on the t-axis.
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Figure 2.11: Curve γ after first bending.

By our choice of θ0, we have |r′| bounded above strictly less than 1 for the rest of the
construction.

Consider the curvature κ(s) of γ(s). This is given by κ = t′r′′−t′′r′, and since (r′)2+(t′)2 =
1, we can replace t above (provided γ is not vertical) to get

κ =
r′′√

1− (r′)2
.

This comes from the fact that (r′)2 + (t′)2 = 1, so t′ =
√
1− (r′)2. Thus,

t′′ =
(√

1− (r′)2
)′

=
(0− 2r′r′′)

2
√
1− (r′)2

=
−r′r′′√
1− (r′)2

.

Since κ = t′r′′ − t′′r′,

κ = (
√
1− (r′)2)r′′ +

(r′)2r′′√
1− (r′)2

=
(1− (r′)2)r′′ + (r′)2r′′√

1− (r′)2

=
r′′ − (r′)2r′′ + (r′)2r′′√

1− (r′)2
=

r′′√
1− (r′)2

.

Now, we have that cos θ =
|r′|
|γ′|

=
|r′|
1

= −r′, since r′ ⩽ 0.
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Figure 2.12: Velocity vector triangle.

Then,
√

1− (r′)2 =
√
1− cos2 θ =

√
sin2 θ = sin θ. So, κ = r′′/ sin θ, i.e. r′′ = κ. sin θ.

In the following construction we will determine γ by fixing the function κ. Let κ(s) be
the function illustrated in Figure 2.13.

Figure 2.13: Function κ(s) for first bend.

Let us consider the effect of defining γ in this way. First notice that the bend takes place
over an s-interval of length (1/2)r0. Since the height of γ above the t-axis at the start of this
bend is r0, and |r′| < 1, it follows that γ does not meet the t-axis during this bend. Indeed,
the end height of γ, r1, satisfies r1 > r0/2.

Next, consider the angle θ(s) between (the tangent to) γ and the r-axis, during this bend.
Since κ measures the rate of change of this angle, we see that the change in angle is

37



△θ ≈
(
1

2
r0

)
(κmax) =

r0
2

(
sin θ0
2r0

)
=

1

4
sin θ0.

Finally, we consider the curvature implications of this bend.

Recall that we have two types of diagonal entries in our matrix R̃ic:

R̃icii = −
(
r′′

r

)
+ (n− 3)

(
1− (r′)2

r2

)
+ r′′O(r) + (r′)2O(1) +O(1),

for i ∈ {1, . . . , n− 2};

R̃icss = −(n− 2)

(
r′′

r

)
+ r′′O(r)− (r′)2O(1).

We want to check the positivity of the sum of the lowest two diagonal entries when
r −→ 0.

Since r′′ = κ sin θ, having chosen γ such that κmax =
sin θ0
4r0

, we have

r′′ ⩽
sin θ0
4r0

sin θ,

where θ = θ(s).

But θ ⩾ θ0 during the bend, as θ is increasing. In the first bend θ ⩾ θ0, so sin θ ⩾ sin θ0,
and

κmax =
sin θ0
4r0

⩽
sin θ

4r0
.

Therefore,

r′′ ⩽
sin θ

4r0
sin θ =

sin2 θ

4r0
.

Recall that we have sin2 θ = 1 − (r′)2 and cos2 θ = (r′)2; and we are also considering
θ ∈ [θ0, θ0 +△θ], where △θ represents the change in θ over the curvature bend.

At worst, the curvature is

R̃icii = −
(
sin2 θ

4r0r

)
+ (n− 3)

(
sin2 θ

r2

)
+

(
1

r0

)
O(r) +O(1)
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=

(
sin2 θ

r

)[(
n− 3

r

)
−
(

1

4r0

)]
+O(1).

We know r ⩽ r0, so the term between brackets will be non-negative if(
n− 3

r

)
>

(
1

4r0

)
⇐⇒ n− 3 >

1

4
,

i.e. n > 3 + 1/4; so n ⩾ 4.

Then, provided r0 is sufficiently small we can ignore the other terms in the expression
for R̃icii. We conclude R̃icii > 0 throughout the bend.

Moreover, since

[(
n− 3

r

)
−
(

1

4r0

)]
is bounded below by a positive constant(

n− 3

r0
− 1

4r0

)
=

1

r0

(
n− 13

4

)
,

then by choosing r0 smaller, we can make this curvature term arbitrarily large during the
bend.

Now, for the sum of the lowest two diagonal entries to be positive, provided r0 sufficiently

small, it suffices to consider R̃icii + R̃icss and check that(
−
(
r′′

r

)
+ (n− 3)

(1− (r′)2)

r2

)
+

(
−(n− 2)

(
r′′

r

))
can be made arbitrarily large, i.e.

−(n− 1)

(
r′′

r

)
+ (n− 3)

(1− (r′)2)

r2
≫ 0.

In other words, we need to check that(
sin2 θ

r

)[
n− 3

r
− n− 1

4r0

]
> 0,

since if this is positive, we can clearly make it arbitrarily positive by choosing r0 (and there-
fore r) smaller.

We have

(
sin2 θ

r

)[
n− 3

r
− n− 1

4r0

]
> 0 ⇐⇒

(
n− 3

r0

)
>

(
n− 1

4r0

)
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⇐⇒ n− 3 >

(
n− 1

4

)

⇐⇒ 4n− 12 > n− 1

⇐⇒ 3n > 11

⇐⇒ n >
11

3
⇐⇒ n ⩾ 4.

We have now established:

Lemma 2.4.1. By choosing θ0 and r0 sufficiently small, we can ensure that the sum of the
smallest two diagonal entries of R̃ic for the tube created by the initial and second bendings
of γ can be made arbitrarily large, provided n ⩾ 4.

Corollary 2.4.1.1. Sc2 > 0 for r0 sufficiently small.

Proof. This will follow provided the eigenvalues of R̃ic are sufficiently close to the diagonal
entries. By the above calculations, along the bend we have that the off-diagonal entries
of the matrix are all O(1). Thus for the scaled matrix εR̃ic the off-diagonal terms are all
O(ε). We also saw above that by choosing r0 sufficiently small, we can make the sum of the

smallest two diagonal entries in R̃ic, and therefore (for given ε) in εR̃ic, arbitrarily large.

So, for ε sufficiently small, the scaled matrix is very close to being diagonal and the sum
of the lowest two diagonal entries is bigger than 1 say. Since the eigenvalues of any matrix
vary continuously with the entries, we see that provided our scaled matrix is sufficiently close
to being diagonal, the sum of the lowest two eigenvalues will be bigger than 1. So, for ε
sufficiently small, εR̃ic is 2-positive, and therefore R̃ic is also 2-positive , i.e. Sc2 > 0 (for r0
sufficiently small).

Currently, the curve γ has the form illustrated in Figure 2.14 with the new angle labelled
θ1 and new height r1.
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Figure 2.14: Curve γ with angle θ1 and height r1.

2.4.3 Further bends

We now wish to make a further bend which we again achieve by specifying the curvature
function. This is given in the diagram below.

Figure 2.15: Function κ(s) for second bend.

For the second bend,

△θ ≈
(
sin θ1
2r1

)(
1

2
r1

)
=

sin θ1
4

.
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Notice that θ1 > θ0, so sin θ1 > sin θ0. So, △θ for the second bend is bigger than △θ for
first bend. The height of γ at the end of this bend is > r1/2 > 0.

For the curvature, we need to check that the positivity of the previous formulas involv-
ing r0 remain positive when r0 is replaced by r1, (and also for θ ∈ [θ1, θ1 + △θ] with △θ
as above). But this is immediate since r1 < r0. (We are also free to choose a smaller r1,
if desired, by extending γ downwards as a straight line as in the previous step, since this
clearly preserves Sc2 > 0). Thus, exactly the same argument as for the first bend shows that
Sc2 > 0 throughout the second bend, and indeed throughout each subsequent bend which
follows the same procedure.

Continuing in this way, we can bend γ to the horizontal in a finite number of steps.

The number of bends required is less than⌈
π/2

sin θ0/4

⌉
=

⌈
2π

sin θ0

⌉
<∞.

Lemma 2.4.2. The total s-length and t-length of the bend tends to 0 as r0 → 0.

Proof. First, we can see that the total s-length of the first bend is r0/2 and for the second
bend is r1/2. Following this we have that the s-length of the nth bend is rn−1/2. Also, since
r0 > r1 > . . . > rm, where m = number of bends, we have

1

2
r0 +

1

2
r1 + . . .

1

2
rm <

mr0
2
.

So, our total s-length is
∑m

i=0 ri <
mr0
2

−−−→
r0→0

0.

Now, γ under projection has length less than or equal to the length of γ, i.e. its s-length.

Therefore, the t-length is <
mr0
2

.

Having chosen θ0 first, we can then choose r0 such that this length can be as small as
needed.
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Figure 2.16: Joining the half-tubes from two different 1-cells.

2.5 Proof of Theorem 2.0.1

Proof. Let us consider a collection of 0-complexes with an ε-sphere around each of them for
some small ε > 0. By choosing ε sufficiently small, we can not only ensure that the ε-spheres
around each 0-cell have positive sectional curvature (K > 0), but also that each ε-sphere
intersects each 1-cell in at most one point.

Now, consider a 1-complex formed by two 0-cells and one 1-cell (Figure 2.2). We start
with a hypersurface consisting of ε-spheres around each of the 0-cells. Recall that we want
to show that we can “pull out” a tube from these two ε-spheres as illustrated, to create a
new connected hypersurface keeping Sc2 > 0.

Observe that, during the tube construction in Section 2.4, we can make the first bend
for each tube in such a way that the radius at the wide end is so small that all tubes leaving
a given ε-sphere are disjoint. Also, by Corollary 2.4.1.1, we are able to preserve Sc2 > 0
during the first bend, as well as each subsequent bend.

Our aim is to construct a tube from each ε-sphere for each 1-cell which intersects the
sphere. By Lemma 2.4.2, this tube can be made as short as we like or need, by choosing r0
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sufficiently small.

By controlling r0 at each end, we can arrange for each pair of half-tubes for a given 1-cell
to have same radius, so they can be joined, as in Figure 2.16, to create the desired Sc2 > 0
hypersurface within M .

Repeating this procedure for every 1-cell completes the construction.
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Chapter 3

The Proof Of The Main Theorem

Recall the statement of the Main Theorem.

Theorem 3.0.1. Let (Mn, ḡ) be a Riemannian manifold, and let K be a smoothly embedded
q-complex with codimension n − q ⩾ 3. Then, K has a regular neighbourhood U ⊂ M with
smooth boundary ∂U , such that the restriction of ḡ to ∂U has Scq+1 > 0.

The rest of this chapter is occupied by the proof of Theorem 3.0.1. We will follow Carr’s
general idea in the sense that we can perform induction on the dimension of the cells in the
complex.

The “basic case” covered in the previous chapter is the base case, so for the inductive
step assume we have constructed an hypersurface, H, with Scd > 0 bounding a regular
neighborhood of the (d − 1)-skeleton of the complex K. We therefore need to focus on the
problem of extending the hypersurface across the d-cells in K, preserving Scd+1 > 0. We
address this problem one d-cell, σd, at a time.

3.1 The set up

We are going to follow Carr’s set up:
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Figure 3.1: σd meeting H transversally in Sd−1.

Assume, by making a very small adjustment to the d-cell (σd) if necessary, that σd meets
H transversally in a sphere Sd−1 (Figure 3.1), where H is the hypersurface. By making a
further small adjustment if required, we can assume that the normal geodesics issuing from
σd ∩H lie in σd for small time t ∈ (−δ, δ), some δ > 0.

Consider a local neighborhood U ⊂ Sd−1 (⊂ H). We pick a point z̄0 ∈ U and choose a
normal coordinate system centered on z̄0 for U with respect to the restricted metric ḡ|U .

Locally, H has structure of a disc bundle over U , in a tubular neighborhood V of U in
H.

Figure 3.2: Disc bundle structure of H over U .

We then extend our coordinate system on U to a coordinate system on V by choosing
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a smoothly varying orthonormal frame tangent to each disc fibre for every z ∈ U , as high-
lighted in Figure 3.2. Using these frames, we can generate a smoothly varying family of
normal coordinate systems with respect to the induced metric on each disc.

Next, we are going to push V out along normal (unit speed) geodesics to H parametrized
by t, in the direction of the centre of σd. Let us call the normal geodesic flow ϕt and set
Vt = ϕt(V ) (Figure 3.3). So, t = distance from V , and Vt is the equidistant surface to V at
distance t. We can use the flow ϕt to “push” the disc bundle structure from V to each Vt.
Setting Ut = ϕt(U), we have that Vt is a disc bundle over Ut.

Figure 3.3: Pushing V out along normal geodesics to H.

Collectively,
⋃

t∈[0,ϵ] Vt gives a local neighborhood in M (a “solid tube”), as shown in
Figure 3.4.

Figure 3.4: Solid tube
⋃

t∈[0,ϵ] Vt.
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Now, our aim is to introduce coordinates into each Vt. Of course, we already have coor-
dinates in V = V0.

Let Dz,0 be the disc fibre over z ∈ U ⊂ Sd−1. For t > 0, consider the normal disc bundle
to Ut in Vt, and use the normal exponential map to Ut in (Vt, ḡ|Vt

) to project each normal
disc to a disc Dz,t ⊂ Vt. Then, for fixed t, the Dz,t are the fibres of a bundle over Ut, meeting
Ut orthogonally, with total space Vt. This can be visualised in Figure 3.5.

Figure 3.5: Dz,0 and Dz,t.

We have a “central” point z̄0 in U . Notice that this point is central in the normal coor-
dinate system set previously on U .

Denote the normal geodesic to V at z by µz(t).

Figure 3.6: Construction of Ut.

At each point of µz̄0(t), we choose an orthonormal frame v1, . . . , vd−1 for TUt in a way
that varies smoothly with t. By restricting the ambient metric to each Ut, we can then use
{v1, . . . , vd−1} to construct a normal coordinate system in each Ut, centred on µz̄0(t).

Similarly, for each z ∈ U and µz(t), pick an orthonormal frame of vectors w1, . . . , wn−d,
which are tangent to each Dz,t at µz(t), and therefore perpendicular to Ut, in a way that
varies smoothly with t and z.
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Restricting the ambient metric to each Dz,t, we will use the frame {w1, . . . , wn−d} to
generate a normal coordinate system on each disc.

Overall, we obtain coordinates (t, x1, . . . , xn−d, z1, . . . , zd−1) in our solid tube, where
(z1, . . . , zd−1) ∈ Ut, (x1, . . . , xn−d) ∈ Dz,t and t is the normal parameter.

Let us investigate the form taken by the ambient metric in M with respect to this coor-
dinate system.

Along Ut we have the following:

• ḡ(∂/∂t, ∂/∂xi) = 0 = ḡ(∂/∂t, ∂/∂zi), by construction;

• ḡ(∂/∂zi, ∂/∂xi) = 0, by construction;

• ḡ(∂/∂xi, ∂/∂xj) = δij;

• ḡ(∂/∂zi, ∂/∂zj) = δij +
∑

k,l b
kl
ijzkzl+ H.O.T. .

So, the matrix which describes the metric at points of Ut takes the form

ḡ|Ut
=


1 0 0

0 δij 0

0 0 δij +
∑

k,l b
kl
ijzkzl + H.O.T.

 .

Now, we want to examine the metric’s form away from Ut. Consider moving from µz(t)
through the disc fibre Dz,t. There is no guarantee that the inner product of some ∂/∂xi and
∂/∂zj will always be 0, as it is at the centre. In the following, assume that t is fixed.

Expanding ḡ(∂/∂xi, ∂/∂zj) about µz(t) in a Taylor series gives cij +
∑

k c
k
i xk +

∑
l d

l
jzl+

H.O.T., where

• cij = 0 as ḡ(∂/∂xi, ∂/∂zj) = 0 at µz(t);

•
∑

l d
l
jzl = 0 as ḡ(∂/∂xi, ∂/∂zj) = 0 all along Ut (Figure 3.7).

49



Figure 3.7: ∂/∂xi and ∂/∂zi along Ut.

Therefore, ḡ(∂/∂xi, ∂/∂zj) = O(|x|), close to Ut as it holds in each fibre disc individually.
In particular, we cannot get pure z terms (z2, z3, etc.) in the Taylor expansion, since the
inner product vanishes on µz(t), (i.e. when x1 = . . . = xn−d = 0).

Note that by O(|x|) we mean a function for which the absolute value is bounded by
C(
∑n−d

i=1 |xi|), where C > 0 depends only on (M, ḡ) and the choice of coordinate system.
Similar remarks apply to O(|z|), O(|z|2), etc., below.

Similarly, we have

ḡ(∂/∂zi, ∂/∂zj) = bij +
∑
k

bkijzk +
∑
l

alijxl +
∑
k,l

bklijzkzl + . . .

= bij +
∑
k,l

bklijzkzl + H.O.T. (pure z terms)

+
∑
l

alijxl + H.O.T. (pure x and mixed x− z terms)

= δij +O(|z|2) +O(|x|),

since bij = δij and
∑

k b
k
ijzk = 0 in a normal coordinate system.

Finally, we have that in each Dz,t, ḡ(∂/∂xi, ∂/∂xj) = δij +
∑

k,l a
kl
ijxkxl +H.O.T..

Therefore, the form of the metric ḡ on M with respect to the coordinates
(t, x1, . . . , xn−d, z1, . . . , zd−1) is
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ḡ =


1 0 0

0 1+O(|x|2) O(|x|)

0 O(|x|) 1+O(|x|) +O(|z|2)

 .

We also introduce an r-coordinate (as in the basic case), with r measuring distance from
the centre of each disc Dz,t (from the point µ(t)) within the disc, i.e. with respect to the
metric ḡ on M restricted to Dz,t.

With a view to “pulling out” the hypersurface H so as to enclose σd, we wish to define a
curve γ in r−t plane as in the basic case (see Section 2.4). We will use this to define a bundle
of “tubes” coming out of H, which will allow us to extend H over σd in an appropriate way.

Consider the local hypersurface Hz which is defined by fixing a point z = (z1, . . . , zd−1) ∈
U and allowing the other coordinates in our local coordinate system to vary.

As in the basic case, we will construct a tube Nz ⊂ Hz via a curve γ(s) = (t(s), r(s)).
Doing this for all z ∈ U using the same curve γ, we obtain a bundle of tubes Nz parametrized
by z ∈ U . Let N denote the totality of this bundle of tubes. Restrict ḡ to N to obtain a
metric g, and then pull-back to U ×T , where U ⊂ Sd−1 and T = Sn−d−1×R is the standard
tube, along the map f : U × T → N given by f(z, x, s) = (t(s), r(s)x, z). Here x on
the left can be viewed as an (n − d)-tuple of the standard Rn−d coordinates of the point
x ∈ Sn−d−1 ∈ Rn−d, and on the right as the same (n− d)-tuple viewed as coordinates within
our local coordinate system on M .

Figure 3.8: Pull back set-up.
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We are going to consider some metric components of f ∗g. As in the basic case, we will
introduce normal coordinates around a fixed choice of point in each copy of Sn−d−1 within
the tube T . Call these {y1, . . . , yn−d−1}. We obtain:

• f ∗g(∂/∂yi, ∂/∂yj) = r2ds2n−d−1(∂/∂yi, ∂/∂yj) + r4Fij. This term is analogous to the
basic case.

• f ∗g(∂/∂yi, ∂/∂zk). In the previous diagram, ∂/∂yi =
∑

j λij(∂/∂xj), where λij are
functions of yi. We can push forward via f , obtaining ∂/∂xi 7→ r(∂/∂xi). Similarly,
∂/∂yi 7→ r

∑
j λij(∂/∂xj). So,

f ∗g

(
∂

∂yi
,
∂

∂zk

)
= g

(
r
∑
j

λij
∂

∂xj
,
∂

∂zk

)

= rḡ

(∑
j

λij
∂

∂xj
,
∂

∂zk

)

= rO(|x|) = O(r2).

Notice that O(|x|) = O(r), since r = |x| by construction, and O(|x|) describes the
metric behaviour since ḡ(∂/∂xj, ∂/∂zk) = 0 when |x| = r = 0.

• f ∗g(∂/∂yi, ∂/∂s). In M , we have that f∗(∂/∂s) = − cos θ(∂/∂r) + sin θ(∂/∂t).

Figure 3.9: ∂/∂s in γ.

Therefore,

f ∗g

(
∂

∂yi
,
∂

∂s

)
= g

(
f∗

(
∂

∂yi

)
, f∗

(
∂

∂s

))
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= − cos θ.g

(
f∗

(
∂

∂yi

)
,
∂

∂r

)

+ sin θ.g

(
f∗

(
∂

∂yi

)
,
∂

∂t

)
= 0,

since ∂/∂r and ∂/∂t are both perpendicular to the sphere directions in N .

• f ∗g(∂/∂zk, ∂/∂s). Similarly, as before

f ∗g

(
∂

∂zk
,
∂

∂s

)
= g

(
f∗

(
∂

∂zk

)
, f∗

(
∂

∂s

))

= − cos θ.ḡ

(
∂

∂zk
,
∂

∂r

)

+ sin θ.ḡ

(
∂

∂zk
,
∂

∂t

)

= − cos θ.ḡ

(
∂

∂zk
,
∂

∂r

)
.

At any point, ∂/∂r =
∑

j µj(∂/∂xj), for some functions µj. We know that
ḡ(∂/∂xj, ∂/∂zk) = O(|x|) = O(r). Therefore,

f ∗g

(
∂

∂zk
,
∂

∂s

)
= − cos θ(O(r)) = O(r) cos θ.

Recall that cos θ = −r′, with θ depending on s. If we write everything together, we have
a matrix g with respect to coordinates (s, y1, . . . , yn−d−1, z1, . . . , zd−1), given by

g =


1 0 r′O(r)

0 r2(ds2n−d−1)ij +O(r4) O(r2)

r′O(r) O(r2) 1+O(r) +O(|z|2)

 . (3.1)
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3.2 Computation of Christoffel symbols

In order to compute the Christoffel symbols of g, we need to invert the matrix metric in
Equation 3.1.

Lemma 3.2.1. The matrix g−1 is

g−1 =


1 + (r′)2O(r2) r′O(r) r′O(r)

r′O(r)
1

r2
(ds2n−d−1)

−1
ij +O(1) + (r′)2O(r2) O(1) + (r′)2O(r2) +O(|z|2)

r′O(r) O(1) + (r′)2O(r2) +O(|z|2) 1+O(r) +O(|z|2) + (r′)2O(r2)

 .

Proof. We are going to compute g−1 using the Block Inversion Formula. First, we want to
calculate the inverse of the matrix:

X =

 r2(ds2n−d−1)ij +O(r4) O(r2)

O(r2) 1+O(r) +O(|z|2)

 =

 A B

C D

 .

Using the Block Inversion Formula, our new matrix X−1 will take the form:

X−1 =

 (A−BD−1C)−1 −(A−BD−1C)−1BD−1

−(A−BD−1C)−1BD−1 D−1 +D−1C(A−BD−1C)−1BD−1

 .

We have:

D−1 = 1+O(r) +O(|z|2);

D−1C = (1+O(r) +O(|z|2))O(r2) = O(r2);

BD−1C = O(r4);

A−BD−1C = r2(ds2n−d−1)ij +O(r4);
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(A−BD−1C)−1 =
1

r2
(
(ds2n−d−1)ij +O(r2)

)−1

=
1

r2
(
((ds2n−d−1)ij)(1+O(r2))

)−1

=
1

r2
(
1+O(r2)

)
((ds2n−d−1)ij)

−1

=
1

r2
((ds2n−d−1)ij)

−1 +O(1),

since (ds2n−d−1)ij is independent of r;

−(A−BD−1C)−1BD−1 =

(
1

r2
((ds2n−d−1)ij)

−1 +O(1)

)
O(r2) (1

+O(r) +O(|z|2)
)

= (((ds2n−d−1)ij)
−1 +O(r2))(1+O(r)

+O(|z|2))

= ((ds2n−d−1)ij)
−1 +O(r) +O(|z|2)

= O(1) +O(|z|2),

as (ds2n−d−1)ij is O(1);

D−1 +D−1C(A−BD−1C)−1BD−1 = 1+O(r) +O(|z|2)

+O(r2)(O(1) +O(|z|2))

= 1+O(r) +O(|z|2).

Therefore,
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X−1 =


1

r2
((ds2n−d−1)ij)

−1 +O(1) O(1) +O(|z|2)

O(1) +O(|z|2) 1+O(r) +O(|z|2)

 .

We are going to use the Block Inversion Formula again to calculate g−1. We have:

g =


1 0 r′O(r)

0 r2(ds2n−d−1)ij +O(r4) O(r2)

r′O(r) O(r2) 1+O(r) +O(|z|2)

 .

We will define: A = 1, B = C = (0 r′O(r)) and D = X. So, as before,

D−1C =

 r′O(r)

r′O(r)

 and so BD−1C = (r′)2O(r2);

A−BD−1C = 1− (r′)2O(r2);

(A−BD−1C)−1 = 1 + (r′)2O(r2);

−(A−BD−1C)−1BD−1 = (1 + (r′)2O(r2))(r′O(r) r′O(r))

= (r′O(r) r′O(r));

D−1 +D−1C(A−BD−1C)−1BD−1 = X−1 +

 r′O(r)

r′O(r)

 (r′O(r) r′O(r))

= X−1 +

 (r′)2O(r2) (r′)2O(r2)

(r′)2O(r2) (r′)2O(r2)

 ,

which is equal to
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
1

r2
(ds2n−d−1)

−1
ij +O(1) + (r′)2O(r2) O(1) + (r′)2O(r2) +O(|z|2)

O(1) + (r′)2O(r2) +O(|z|2) 1+O(r) +O(|z|2) + (r′)2O(r2)

 .

Therefore,

g−1 =


1 + (r′)2O(r2) r′O(r) r′O(r)

r′O(r)
1

r2
(ds2n−d−1)

−1
ij +O(1) + (r′)2O(r2) O(1) + (r′)2O(r2) +O(|z|2)

r′O(r) O(1) + (r′)2O(r2) +O(|z|2) 1+O(r) +O(|z|2) + (r′)2O(r2)

 .

In summary, we have with respect to coordinates (s, y1, . . . , yn−d−1, z1, . . . , zd−1),

g =


1 0 r′O(r)

0 r2(ds2n−d−1)ij +O(r4) O(r2)

r′O(r) O(r2) 1+O(r) +O(|z|2)

 ,

g−1 =


1 + (r′)2O(r2) r′O(r) r′O(r)

r′O(r)
1

r2
(ds2n−d−1)

−1
ij +O(1) + (r′)2O(r2) O(1) + (r′)2O(r2) +O(|z|2)

r′O(r) O(1) + (r′)2O(r2) +O(|z|2) 1+O(r) +O(|z|2) + (r′)2O(r2)

 .

For our notation, we are using i, j, k ∈ {1, . . . , n − d − 1} for the fibre-sphere directions
with l as a generic index and x, v, w ∈ {1, . . . , d − 1} for the sphere Sd−1 directions with p
as their index.

Thus, we have

gss = 1;

gss = 1 + (r′)2O(r2);

gsi = 0;

gsi = r′O(r);

gsx = r′O(r);

gsx = r′O(r);
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gij = r2(ds2n−d−1)ij +O(r4);

gij =
1

r2
(ds2n−d−1)

ij +O(1) + (r′)2O(r2);

gix = O(r2);

gix = O(1) + (r′)2O(r2) +O(|z|2);

gxv = δxv +O(r) +O(|z|2);

gxv = δxv +O(r) +O(|z|2) + (r′)2O(r2).

We are going to calculate Γs
ss, Γ

i
ss, Γ

x
ss, Γ

s
si, Γ

s
sx, Γ

j
si, Γ

x
si, Γ

i
sx, Γ

v
sx, Γ

s
ij, Γ

s
xv, Γ

s
ix, Γ

k
ij, Γ

x
ij,

Γj
ix, Γ

v
ix, Γ

i
xv and Γw

xv; where

Γc
ab =

1

2
gcs
(
∂gas
∂b

+
∂gbs
∂a

− ∂gab
∂s

)
+

1

2

n−d−1∑
l=1

gcl
(
∂gal
∂b

+
∂gbl
∂a

− ∂gab
∂yl

)

+
1

2

d−1∑
p=1

gcp
(
∂gap
∂b

+
∂gbp
∂a

− ∂gab
∂zp

)
.

Here we have adopted the convention that

• if a = s, then ∂a = ∂s;

• if a ∈ {1, . . . , n− d− 1} (fibre-sphere direction), then ∂a = ∂ya;

• if a ∈ {1, . . . , d− 1} (Sd−1 direction), then ∂a = ∂za.

Recall that even if an O(r) term, say, has some dependence on s, yl and zp, this de-
pendence is bounded, and any derivatives with respect to s, yl or zp will still depend on r.
In particular, we will assume (as the worst case scenario) that differentiating an O(1) term
leaves an O(1) term.

Also, as well as in the basic case, r′ is bounded, since |r′| ∈ [0, 1]. Therefore, by approx-
imation, we can combine (r′)2O(r2), r′O(r3) and O(r4) terms into a single O(r2) term, for
example.

Notice that differentiating O(|z|2) with respect to anything other than a z-direction will
yield O(|z|2) again. Although the z-coordinates themselves are independent of s and yl, the
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coefficients of terms involving some zp may depend on s and yl. After differentiating with
respect to s or yl, the overall expression is still O(|z|2). On the other hand, differentiating
O(|z|2) with respect to any term zp will give O(|z|).

So,

Γs
ss =

1

2
gss
(
∂gss
∂s

+
∂gss
∂s

− ∂gss
∂s

)
+

1

2

n−d−1∑
l=1

gsl
(
∂gsl
∂s

+
∂gsl
∂s

− ∂gss
∂yl

)

+
1

2

d−1∑
p=1

gsp
(
∂gsp
∂s

+
∂gsp
∂s

− ∂gss
∂zp

)

= 0 + 0 +
1

2

d−1∑
p=1

(r′O(r))

(
2∂(r′O(r)

∂s

)

=
1

2

d−1∑
p=1

(r′O(r))(r′′O(r) + (r′)2O(1) + r′O(r))

= r′′r′O(r2) + (r′)3O(r) + (r′)2O(r2)

= r′O(r)(r′′O(r) + (r′)2 + r′O(r))

= r′′O(r2) +O(r).

Γi
ss =

1

2
gis
(
∂gss
∂s

+
∂gss
∂s

− ∂gss
∂s

)
+

1

2

n−d−1∑
l=1

gil
(
∂gsl
∂s

+
∂gsl
∂s

− ∂gss
∂yl

)

+
1

2

d−1∑
p=1

gip
(
∂gsp
∂s

+
∂gsp
∂s

− ∂gss
∂zp

)

=
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
2∂(r′O(r))

∂s

)
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=
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))(r′′O(r) + (r′)2O(1) + r′O(r))

= r′′O(r) + (r′)2O(1) + r′O(r) + r′′(r′)2O(r3) + (r′)4O(r2)

+ (r′)3O(r3) + r′′O(r)O(|z|2) + (r′)2O(|z|2) + r′O(r)O(|z|2)

= r′′O(r) + (r′)2O(1) + r′O(r) + r′′(r′)2O(r3) + (r′)2O(|z|2)

= r′′O(r) + (r′)2O(1) + r′O(r) + r′′O(r3) +O(|z|2)

= r′′O(r) + (r′)2O(1) + r′O(r) +O(|z|2)

= r′′O(r) +O(1) +O(|z|2).

Γx
ss =

1

2
gxs
(
∂gss
∂s

+
∂gss
∂s

− ∂gss
∂s

)
+

1

2

n−d−1∑
l=1

gxl
(
∂gsl
∂s

+
∂gsl
∂s

− ∂gss
∂yl

)

+
1

2

d−1∑
p=1

gxp
(
∂gsp
∂s

+
∂gsp
∂s

− ∂gss
∂zp

)

=
1

2

d−1∑
p=1

(
δxp +O(r) +O(|z|2) + (r′)2O(r2)

)(2∂(r′O(r))

∂s

)

=
1

2

d−1∑
p=1

(
δxp +O(r) +O(|z|2) + (r′)2O(r2)

)
(r′′O(r)

+(r′)2O(1) + r′O(r)
)

= r′′O(r) + (r′)2O(1) + r′O(r) + r′′O(r2) + (r′)2O(r) + r′O(r2)

+ r′′O(r)O(|z|2) + (r′)2O(|z|2) + r′O(r)O(|z|2) + r′′(r′)2O(r3)

+ (r′)4O(r2) + (r′)3O(r3)
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= (r′′O(r) + (r′)2O(1) + r′O(r))(O(1) +O(|z|2)) + r′′(r′)2O(r3)

= r′′O(r) + (r′)2O(1) + r′O(r) + r′′(r′)2O(r3)

= r′′O(r) + (r′)2O(1) + r′O(r) + r′′O(r3)

= r′′O(r) + (r′)2O(1) + r′O(r)

= r′′O(r) +O(1).

Γs
si =

1

2
gss
(
∂gss
∂yi

+
∂gis
∂s

− ∂gis
∂s

)
+

1

2

n−d−1∑
l=1

gsl
(
∂gsl
∂yi

+
∂gil
∂s

− ∂gis
∂yl

)

+
1

2

d−1∑
p=1

gsp
(
∂gsp
∂yi

+
∂gip
∂s

− ∂gis
∂zp

)

=
1

2

n−d−1∑
l=1

(r′O(r))

(
∂(r2(ds2n−d−1)il +O(r4))

∂s

)

+
1

2

d−1∑
p=1

(r′O(r))

(
∂(r′O(r))

∂yi
+
O(r2)

∂s

)

=
1

2

n−d−1∑
l=1

(r′O(r))(2r′r(ds2n−d−1)il + r′O(r3) +O(r4))

+
1

2

d−1∑
p=1

(r′O(r))(r′O(r) + r′O(r) +O(r2))

= (r′)2O(r2) + (r′)2O(r4) + r′O(r5) + (r′)2O(r2)

+ (r′)2O(r2) + r′O(r3) = (r′)2O(r2) + r′O(r3)

= O(r2).
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Γs
sx =

1

2
gss
(
∂gss
∂zx

+
∂gxs
∂s

− ∂gsx
∂s

)
+

1

2

n−d−1∑
l=1

gsl
(
∂gsl
∂zx

+
∂gxl
∂s

− ∂gsx
∂yl

)

+
1

2

d−1∑
p=1

gsp
(
∂gsp
∂zx

+
∂gxp
∂s

− ∂gsx
∂zp

)

=
1

2

n−d−1∑
l=1

(r′O(r))

(
∂(O(r2))

∂s
− ∂(r′O(r))

∂yl

)

+
1

2

d−1∑
p=1

(r′O(r))

(
∂(r′O(r))

∂zx
+
∂(δxp +O(r) +O(|z|2))

∂s

− ∂(r′O(r))

∂zp

)

=
1

2

n−d−1∑
l=1

(r′O(r))(r′O(r) +O(r2) + r′O(r))

+
1

2

d−1∑
p=1

(r′O(r))
(
r′O(r) + r′O(1) +O(r) +O(|z|2) + r′O(r)

)

= (r′)2O(r2) + r′O(r3) + (r′)2O(r) + (r′)2O(1) + r′O(r2)

+ r′O(r)O(|z|2) = (r′)2O(1) + r′O(r2) + r′O(r)O(|z|2)

= O(1) +O(r)O(|z|2).

Γj
si =

1

2
gjs
(
∂gss
∂yi

+
∂gis
∂s

− ∂gsi
∂s

)
+

1

2

n−d−1∑
l=1

gjl
(
∂gsl
∂yi

+
∂gil
∂s

− ∂gsi
∂yl

)

+
1

2

d−1∑
p=1

gjp
(
∂gsp
∂yi

+
∂gip
∂s

− ∂gsi
∂zp

)
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=
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

jl +O(1) + (r′)2O(r2))

)(
∂(r2(ds2n−d−1)il +O(r4))

∂s

)

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(r′O(r))

∂yi
+
∂(O(r2))

∂s

)

=
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

jl +O(1)) + (r′)2O(r2)

)(
2r′r(ds2n−d−1)il + r′O(r3)

+O(r4)
)
+

1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))(r′O(r) + r′O(r) +O(r2))

=
1

2

(
2r′

r
δij + r′O(r) +O(r2) + r′O(r) + r′O(r3) +O(r4)

+ (r′)3O(r3) + (r′)3O(r5) + (r′)2O(r6)
)
+
(
r′O(r) +O(r2)

+(r′)3O(r3) + (r′)2O(r2) + r′O(r)O(|z|2) +O(r2)O(|z|2)
)

=
r′

r
δij + r′O(r) +O(r2)

=
r′

r
δij +O(r).

Similarly to our basic case, we have that (ds2n−d−1)
jl(ds2n−d−1)il = δij, since (ds2n−d−1) is

symmetric.

Γx
si =

1

2
gxs
(
∂gss
∂yi

+
∂gis
∂s

− ∂gsi
∂s

)
+

1

2

n−d−1∑
l=1

gxl
(
∂gsl
∂yi

+
∂gil
∂s

− ∂gsi
∂yl

)

+
1

2

d−1∑
p=1

gxp
(
∂gsp
∂yi

+
∂gip
∂s

− ∂gsi
∂zp

)
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=
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(r2(ds2n−d−1)il +O(r4))

∂s

)

+
1

2

d−1∑
p=1

(
δxp +O(r) +O(|z|2 + (r′)2O(r2))

)(∂(r′O(r))
∂yi

+
∂(O(r2))

∂s

)

=
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))(2r′r(ds2n−d−1)il + r′O(r3) +O(r4))

+
1

2

d−1∑
p=1

(
δxp +O(r) +O(|z|2) + (r′)2O(r2)

)
(r′O(r) +O(r2))

= r′O(r) + r′O(r3) +O(r4) + (r′)3O(r3) + (r′)3O(r5) + (r′)2O(r6)

+ r′rO(|z|2) + r′O(r3)O(|z|2) +O(r4)O(|z|2) + r′O(r) +O(r2)

+ r′O(r2) +O(r3) + r′O(r)O(|z|2) +O(r2)O(|z|2) + (r′)3O(r3)

+ (r′)2O(r2)

= r′O(r) +O(r2) + r′rO(|z|2)

= O(r) + rO(|z|2)

= O(r).

Γi
sx =

1

2
gis
(
∂gss
∂zx

+
∂gxs
∂s

− ∂gsx
∂s

)
+

1

2

n−d−1∑
l=1

gil
(
∂gsl
∂zx

+
∂gxl
∂s

− ∂gsx
∂yl

)

+
1

2

d−1∑
p=1

gip
(
∂gsp
∂zx

+
∂gxp
∂s

− ∂gsx
∂zp

)
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=
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

il +O(1) + (r′)2O(r2)

)(
∂(O(r2))

∂s
− ∂(r′O(r))

∂yl

)

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(r′O(r))

∂zx

+
∂(δxp +O(r) +O(|z2|))

∂s
− ∂(r′O(r))

∂zp

)

=
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

il +O(1) + (r′)2O(r2)

)
(r′O(r) +O(r2))

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))(r′O(r) + r′O(1) +O(r) +O(|z|2))

= r′O

(
1

r

)
+O(1) + r′O(r) +O(r2) + (r′)3O(r3) + (r′)2O(r4)

+ r′O(r) + r′O(1) +O(r) +O(|z|2) + (r′)3O(r3) + (r′)2O(r2)

+ (r′)2O(r3) + (r′)2O(r2)O(|z|2) + r′O(r)O(|z|2) + r′O(|z|2)

+O(r)O(|z|2) +O(|z|4)

= r′O

(
1

r

)
+O(1) +O(|z|2)

= O

(
1

r

)
+O(|z|2).

Γv
sx =

1

2
gvs
(
∂gss
∂zx

+
∂gxs
∂s

− ∂gsx
∂s

)
+

1

2

n−d−1∑
l=1

gvl
(
∂gsl
∂zx

+
∂gxl
∂s

− ∂gsx
∂yl

)
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+
1

2

d−1∑
p=1

gvp
(
∂gsp
∂zx

+
∂gxp
∂s

− ∂gsx
∂zp

)

=
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(O(r2))

∂s
− ∂(r′O(r))

∂yl

)

+
1

2

d−1∑
p=1

(δvp +O(r) +O(|z|2) + (r′)2O(r2))

(
∂(r′O(r))

∂zx

+
∂(δxp +O(r) +O(|z|2))

∂s
− ∂(r′O(r))

∂zp

)

=
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))(r′O(r) +O(r2))

+
1

2

d−1∑
p=1

(δvp +O(r) +O(|z|2) + (r′)2O(r2)) (r′O(r) + r′O(1)

+O(r) +O(|z|2)
)

= r′O(r) +O(r2) + (r′)3O(r3) + (r′)2O(r4) + r′O(r)O(|z|2)

+O(r2)O(|z|2) + r′O(r) + r′O(1) +O(r) +O(|z|2) + r′O(r2) + r′O(r)

+O(r2) +O(r)O(|z|2) + r′O(r)O(|z|2) + r′O(|z|2) +O(r)O(|z|2)

+ (O(|z|2))2 + (r′)3O(r3) + (r′)3O(r2) + (r′)2O(r3) + (r′)2O(r2)O(|z|2)

= r′O(1) +O(r) +O(|z|2)

= O(1) +O(|z|2).

Γs
ij =

1

2
gss
(
∂gis
∂yj

+
∂gjs
∂yi

− ∂gij
∂s

)
+

1

2

n−d−1∑
l=1

gsl
(
∂gil
∂yj

+
∂gjl
∂yi

− ∂gij
∂yl

)
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+
1

2

d−1∑
p=1

gsp
(
∂gip
∂yj

+
∂gjp
∂yi

− ∂gij
∂zp

)

=
1

2
(1 + (r′)2O(r2))

(
−
∂(r2(ds2n−d−1)ij +O(r4))

∂s

)

+
1

2

n−d−1∑
l=1

r′O(r)

(
∂(r2(ds2n−d−1)il +O(r4))

∂yj
+
∂(r2(ds2n−d−1)jl +O(r4))

∂yi

−
∂(r2(ds2n−d−1)ij +O(r4))

∂yl

)

+
1

2

d−1∑
p=1

r′O(r)

(
∂(O(r2))

∂yj
+
∂(O(r2))

∂yi
−
∂(r2(ds2n−d−1)ij +O(r4))

∂zp

)

=
1

2
(1 + (r′)2O(r2))(−2r′r(ds2n−d−1)ij + r′O(r3) +O(r4))

+
1

2

n−d−1∑
l=1

r′O(r)

(
r2
(
∂(ds2n−d−1)il

∂yj
+
∂(ds2n−d−1)jl

∂yi
−
∂(r2(ds2n−d−1)ij

∂yl

)

+O(r4)

)
+
1

2

d−1∑
p=1

r′O(r)

(
O(r2)−

r2∂(ds2n−d−1)ij

∂zp
+O(r4)

)

= −r′r(ds2n−d−1)ij + r′O(r3) +O(r4) + (r′)3O(r3) + (r′)3O(r5)

+ (r′)2O(r6) +
1

2

n−d−1∑
l=1

(
r′O(r3) + r′O(r5)

)

+
1

2

d−1∑
p=1

(r′O(r3) + r′O(r3) + r′O(r5))

= −r′r(ds2n−d−1)ij + r′O(r3) +O(r4)
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= −r′r(ds2n−d−1)ij +O(r3).

Γs
xv =

1

2
gss
(
∂gxs
∂zv

+
∂gvs
∂zx

− ∂gxv
∂s

)
+

1

2

n−d−1∑
l=1

gsl
(
∂gxl
∂zv

+
∂gvl
∂zx

− ∂gxv
∂yl

)

+
1

2

d−1∑
p=1

gsp
(
∂gxp
∂zv

+
∂gvp
∂zx

− ∂gxv
∂zp

)

=
1

2
(1 + (r′)2O(r2))

(
∂(r′O(r))

∂zv
+
∂(r′O(r))

∂zx

− ∂(δxv +O(r) +O(|z|2))
∂s

)

+
1

2

n−d−1∑
l=1

r′O(r)

(
∂(O(r2))

∂zv
+
∂(O(r2))

∂zx

− ∂(δxv +O(r) +O(|z|2))
∂yl

)

+
1

2

d−1∑
p=1

r′O(r)

(
∂(δxp +O(r) +O(|z|2))

∂zv

+
∂(δvp +O(r) +O(|z|2))

∂zx
− ∂(δxv +O(r) +O(|z|2))

∂zp

)

=
1

2
(1 + (r′)2O(r2))(r′O(r) + r′O(r) + r′O(1) +O(r) +O(|z|2))

+
1

2

n−d−1∑
l=1

r′O(r)

(
O(r2)− ∂(δxv)

∂yl
+O(r) +O(|z|2)

)

+
1

2

d−1∑
p=1

r′O(r)

(
∂(δxp)

∂zv
+
∂(δvp)

∂zx
− ∂(δxv)

∂zp
+O(r) +O(|z|)

)
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=
1

2

(
r′O(1) +O(r) +O(|z|2) + (r′)3O(r2) + (r′)2O(r3)

+ (r′)2O(r2)O(|z|2)
)

+
1

2

n−d−1∑
l=1

(r′O(r3) + r′O(r2) + r′O(r)O(|z|2))

+
1

2

d−1∑
p=1

(r′O(r2) + r′O(r)O(|z|)) = r′O(1) +O(r) +O(|z|2)

= O(1) +O(|z|2).

Γs
ix =

1

2
gss
(
∂gis
∂zx

+
∂gxs
∂yi

− ∂gix
∂s

)
+

1

2

n−d−1∑
l=1

gsl
(
∂gil
∂zx

+
∂gxl
∂yi

− ∂gix
∂yl

)

+
1

2

d−1∑
p=1

gsp
(
∂gip
∂zx

+
∂gxp
∂yi

− ∂gix
∂zp

)

=
1

2
(1 + (r′)2O(r2))

(
∂(r′O(r))

∂yi
− ∂(O(r2))

∂s

)

+
1

2

n−d−1∑
l=1

r′O(r)

(
∂(r2(ds2n−d−1)il +O(r4))

∂zx
+
∂(O(r2))

∂yi

− ∂(O(r2))

∂yl

)
+

1

2

d−1∑
p=1

r′O(r)

(
∂(O(r2))

∂zx

+
∂(δxp +O(r) +O(|z|2)))

∂yi
− ∂(O(r2))

∂zp

)

=
1

2
(1 + (r′)2O(r2))(r′O(r) + r′O(r) +O(r2))
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+
1

2

n−d−1∑
l=1

r′O(r)

(
r2
∂(ds2n−d−1)il

∂zx
+O(r4) +O(r2)

)

+
1

2

d−1∑
p=1

r′O(r)

(
O(r2) +

∂(δxp)

∂yi
+O(r) +O(|z|2)

)

= r′O(r) +O(r2) + (r′)3O(r3) + (r′)2O(r4)

+
1

2

n−d−1∑
l=1

(r′O(r3) + r′O(r5) + r′O(r3))

+
1

2

d−1∑
p=1

(r′O(r3) + r′O(r2) + r′O(r)O(|z|2))

= r′O(r) +O(r2) = O(r).

Γk
ij =

1

2
gks
(
∂gis
∂yj

+
∂gjs
∂yi

− ∂gij
∂s

)
+

1

2

n−d−1∑
l=1

gkl
(
∂gil
∂yj

+
∂gjl
∂yi

− ∂gij
∂yl

)

+
1

2

d−1∑
p=1

gkp
(
∂gip
∂yj

+
∂gjp
∂yi

− ∂gij
∂zp

)

=
1

2
r′O(r)

(
−
∂(r2(ds2n−d−1)ij +O(r4))

∂s

)
+

1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

kl

+ O(1) + (r′)2O(r2)
)(∂(r2(ds2n−d−1)il +O(r4)))

∂yj

+
∂(r2(ds2n−d−1)jl +O(r4)))

∂yi
−
∂(r2(ds2n−d−1)ij +O(r4)))

∂yl

)

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(O(r2))

∂yj
+
∂(O(r2))

∂yi
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−
∂(r2(ds2n−d−1)ij +O(r4))

∂zp

)

=
1

2
r′O(r)

(
−2r′r

∂(ds2n−d−1)ij

∂s
+ r′O(r3) +O(r4)

)

+
1

2

n−d−1∑
l=1

(ds2n−d−1)
kl

(
∂(ds2n−d−1)il

∂yj
+
∂(ds2n−d−1)jl

∂yi
−
∂(ds2n−d−1)ij

∂yl

)

+
1

2

n−d−1∑
l=1

O(1)

(
r2
(
∂(ds2n−d−1)il

∂yj
+
∂(ds2n−d−1)jl

∂yi
−
∂(ds2n−d−1)ij

∂yl

))

+
1

2

n−d−1∑
l=1

(r′)2O(r2)

(
r2
(
∂(ds2n−d−1)il

∂yj
+
∂(ds2n−d−1)jl

∂yi
−
∂(ds2n−d−1)ij

∂yl

))

+
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

kl +O(1) + (r′)2O(r2)

)
(O(r4))

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
O(r2)− r2

∂(ds2n−d−1)ij

∂zp

+O(r4)

)

= ((r′)2O(r2) + (r′)2O(r4) + r′O(r5)) + Γk
ij(S

n−d−1(1)) +O(r2)

+ (r′)2O(r4) +
1

2

n−d−1∑
l=1

(
O(r2) +O(r4) + (r′)2O(r6)

)

+
1

2

d−1∑
p=1

(O(r2) +O(r4) + (r′)2O(r4) + (r′)2O(r6) +O(r2)O(|z|2)

+ r2O(|z|2) +O(r4)O(|z|2))
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= (r′)2O(r2) + r′O(r5) +O(r2) + Γk
ij(S

n−d−1(1)) + r2O(|z|2)

= O(r2) +O(r5) +O(r2) + r2O(|z|2) + Γk
ij(S

n−d−1(1))

= O(r2) + r2O(|z|2) + Γk
ij(S

n−d−1(1))

= O(r2) + Γk
ij(S

n−d−1(1)).

Γx
ij =

1

2
gxs
(
∂gis
∂yj

+
∂gjs
∂yi

− ∂gij
∂s

)
+

1

2

n−d−1∑
l=1

gxl
(
∂gil
∂yj

+
∂gjl
∂yi

− ∂gij
∂yl

)

+
1

2

d−1∑
p=1

gxp
(
∂gip
∂yj

+
∂gjp
∂yi

− ∂gij
∂zp

)

=
1

2
(r′O(r))

(
−
∂(r2(ds2n−d−1)ij +O(r4))

∂s

)

+
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(r2(ds2n−d−1)il +O(r4))

∂yj

+
∂(r2(ds2n−d−1)jl +O(r4))

∂yi
−
∂(r2(ds2n−d−1)ij +O(r4))

∂yl

)

+
1

2

d−1∑
p=1

(δxp +O(r) +O(|z|2) + (r′)2O(r2))

(
∂(O(r2))

∂yj
+
∂O(r2)

∂yi

−
∂(r2(ds2n−d−1)ij +O(r4))

∂zp

)

=
1

2
(r′O(r))

(
−2r′r

∂(ds2n−d−1)ij

∂s
+ r′O(r3) +O(r4)

)

+
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
r2
(
∂(ds2n−d−1)il

∂yj
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+
∂(ds2n−d−1)jl

∂yi
−

∂(ds2n−d−1)ij

∂yl

)
+O(r4)

)

+
1

2

d−1∑
p=1

(δxp +O(r) +O(|z|2) + (r′)2O(r2))
(
O(r2)

)

= (r′)2O(r2) + (r′)2O(r4) + r′O(r5) +
1

2

n−d−1∑
l=1

(
O(r2) +O(r4)

+ (r′)2O(r4) + (r′)2O(r6) + r2O(|z|2) +O(r4)O(|z|2)
)

+
1

2

d−1∑
p=1

(
O(r2) +O(r3) +O(r2)O(|z|2) + (r′)2O(r4)

)

= (r′)2O(r2) + r′O(r5) +O(r2) +O(r2)O(|z|2)

= (r′)2O(r2) +O(r2) + r′O(r5) = O(r2) +O(r2) +O(r5)

= O(r2).

Γj
ix =

1

2
gjs
(
∂gis
∂zx

+
∂gxs
∂yi

− ∂gix
∂s

)
+

1

2

n−d−1∑
l=1

gjl
(
∂gil
∂zx

+
∂gxl
∂yi

− ∂gix
∂yl

)

+
1

2

d−1∑
p=1

gjp
(
∂gip
∂zx

+
∂gxp
∂yi

− ∂gix
∂zp

)

=
1

2
(r′O(r))

(
∂(r′O(r))

∂yi
− ∂(O(r2))

∂s

)

+
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

jl +O(1) + (r′)2O(r2)

)(
∂(O(r2))

∂yi

+
∂(r2(ds2n−d−1)il +O(r4))

∂zx
− ∂(O(r2))

∂yl

)
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+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(O(r2))

∂zx

+
∂(δxp +O(r) +O(|z|2)))

∂yi
− ∂(O(r2))

∂zp

)

=
1

2
(r′O(r))(r′O(r) + r′O(r) +O(r2))

+
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

jl +O(1) + (r′)2O(r2)

)
O(r2)

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
O(r) +O(|z|2)

)

= (r′)2O(r2) + r′O(r3) + (O(1) +O(r2) + (r′)2O(r4)))

+
1

2

d−1∑
p=1

(
O(r) +O(|z|2) + (r′)2O(r3) + (r′)2O(r2)O(|z|2)

+O(r)O(|z|2) +O(|z|4)
)

= O(1) + (r′)2O(r2) + r′O(r3) +O(|z|2))

= O(1) +O(r2) +O(r3) +O(|z|2))

= O(1) +O(|z|2)).

Γv
ix =

1

2
gvs
(
∂gis
∂zx

+
∂gxs
∂yi

− ∂gix
∂s

)
+

1

2

n−d−1∑
l=1

gvl
(
∂gil
∂zx

+
∂gxl
∂yi

− ∂gix
∂yl

)

+
1

2

d−1∑
p=1

gvp
(
∂gip
∂zx

+
∂gxp
∂yi

− ∂gix
∂zp

)

74



=
1

2
(r′O(r))

(
∂(r′O(r))

∂yi
− ∂(O(r2))

∂s

)

+
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(r2(ds2n−d−1)il +O(r4))

∂zx

+
∂(O(r2))

∂yi
− ∂(O(r2))

∂yl

)

+
1

2

d−1∑
p=1

(δvp +O(r) +O(|z|2) + (r′)2O(r2))

(
∂(O(r2))

∂zx

+
∂(δxp +O(r) +O(|z|2)))

∂yi
− ∂(O(r2))

∂zp

)

=
1

2
(r′O(r))(r′O(r) + r′O(r) +O(r2))

+
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))O(r2)

+
1

2

d−1∑
p=1

(δvp +O(r) +O(|z|2) + (r′)2O(r2))
(
O(r) +O(|z|2)

)

= (r′)2O(r2) + r′O(r3) + (O(r2) + (r′)2O(r4) +O(r2)O(|z|2))

+
1

2

d−1∑
p=1

(
O(r) +O(|z|2) +O(r2) +O(r)O(|z|2) + (r′)2O(r3)

+ (r′)2O(r2)O(|z|2)
)

= O(r) + (r′)2O(r2) + r′O(r3) +O(|z|2)

= O(r) +O(r2) +O(r3) +O(|z|2)
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= O(r) +O(|z|2).

Γi
xv =

1

2
gis
(
∂gxs
∂zv

+
∂gvs
∂zx

− ∂gxv
∂s

)
+

1

2

n−d−1∑
l=1

gil
(
∂gxl
∂zv

+
∂gvl
∂zx

− ∂gxv
∂yl

)

+
1

2

d−1∑
p=1

gip
(
∂gxp
∂zv

+
∂gvp
∂zx

− ∂gxv
∂zp

)

=
1

2
(r′O(r))

(
∂(r′O(r))

∂zv
+
∂(r′O(r))

∂zx
− ∂(δxv +O(r) +O(|z|2))

∂s

)

+
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

il +O(1) + (r′)2O(r2)

)(
∂(O(r2))

∂zv
+
∂(O(r2))

∂zx

− ∂(δxv +O(r) +O(|z|2))
∂yl

)

+
1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(δxp +O(r) +O(|z|2))

∂zv

+
∂(δvp +O(r) +O(|z|2))

∂zx
− (δxv +O(r) +O(|z|2))

∂zp

)

=
1

2
(r′O(r))

(
r′O(r) +O(r) +O(|z|2)

)

+
1

2

n−d−1∑
l=1

(
1

r2
(ds2n−d−1)

il +O(1) + (r′)2O(r2)

)(
O(r2) +O(r)

+ O(|z|2)
)
+

1

2

d−1∑
p=1

(O(1) + (r′)2O(r2) +O(|z|2)) (O(r) +O(|z|))

= (r′)2O(r2) + r′O(r2) + r′O(r)O(|z|2)
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+
1

2

n−d−1∑
l=1

(
O(1) +O

(
1

r

)
+

1

r2
O(|z|2) +O(r2) +O(r) +O(|z|2)

+ (r′)2O(r4) + (r′)2O(r3) + (r′)2O(r2)O(|z|)

)

+
1

2

d−1∑
p=1

(O(r) +O(|z|) + (r′)2O(r3) + (r′)2O(r2)O(|z|)

+O(r)O(|z|2) +O(|z|3))

= O

(
1

r

)
+ r′O(r) +O(|z|)

= O

(
1

r

)
+O(|z|).

Γw
xv =

1

2
gws

(
∂gxs
∂zv

+
∂gvs
∂zx

− ∂gxv
∂s

)
+

1

2

n−d−1∑
l=1

gwl

(
∂gxl
∂zv

+
∂gvl
∂zx

− ∂gxv
∂yl

)

+
1

2

d−1∑
p=1

gwp

(
∂gxp
∂zv

+
∂gvp
∂zx

− ∂gxv
∂zp

)

=
1

2
(r′O(r))

(
∂(r′O(r))

∂zv
+
∂(r′O(r))

∂zx
− ∂(δxv +O(r) +O(|z|2))

∂s

)

+
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
∂(O(r2))

∂zv
+
∂(O(r2))

∂zx

−∂(δxv +O(r) +O(|z|2))
∂yl

)
+ Γw

xv(S
d−1(1))

=
1

2
(r′O(r))

(
r′O(r) + r′O(1) +O(r) +O(|z|2)

)
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+
1

2

n−d−1∑
l=1

(O(1) + (r′)2O(r2) +O(|z|2))
(
O(r2) +O(r) +O(|z|2)

)

+ Γw
xv(S

d−1(1))

= ((r′)2O(r2) + (r′)2O(r) + r′O(r2) + r′O(r)O(|z|2)) +O(r2) +O(r)

+O(|z|2) + (r′)2O(r4) + (r′)2O(r3) + (r′)2O(r2)O(|z|2) +O(r2)O(|z|2)

+O(r)O(|z|2) +O(|z|4) + Γw
xv(S

d−1(1))

= r′O(r) + (r′)2O(r) +O(r) +O(|z|2) + Γw
xv(S

d−1(1))

= O(r) +O(r) +O(r) +O(|z|2) + Γw
xv(S

d−1(1))

= O(r) +O(|z|2) + Γw
xv(S

d−1(1)).

In summary, we have proved:

Lemma 3.2.2. The Christoffel symbols of g with respect to the coordinates
(s, y1, . . . , yn−d−1, z1, . . . , zd−1) are given by

• Γs
ss = r′′O(r2) +O(r);

• Γi
ss = r′′O(r) +O(1)

+O(|z|2);

• Γx
ss = r′′O(r) +O(1);

• Γs
si = O(r2);

• Γs
sx = O(1) +O(r)O(|z|2);

• Γj
si =

(
r′

r

)
δij +O(r);

• Γx
si = O(r);

• Γi
sx = O

(
1

r

)
+O(|z|2);

• Γv
sx = O(1) +O(|z|2);

• Γs
ij = −r′r(ds2n−d−1)ij

+O(r3);

• Γs
xv = O(1) +O(|z|2);

• Γs
ix = O(r);

• Γk
ij = O(r2) + Γk

ij(S
n−d−1);

• Γx
ij = O(r2);
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• Γj
ix = O(1) +O(|z|2);

• Γv
ix = O(r) +O(|z|2);

• Γi
xv = O

(
1

r

)
+O(|z|);

• Γw
xv = O(r) +O(|z|2)

+ Γw
xv(S

d−1).

3.3 Curvature computations

In this section, we are going to calculate the Ricci tensor components for the metric g
and, at the end, compute the matrix for the Ricci tensor (Ricab).

Recall that we have

Rl
ilk = ∂l(Γ

l
ik)− ∂i(Γ

l
lk) +

n−2∑
m=1

(Γm
ikΓ

l
lm − Γm

lkΓ
l
im) + Γs

ikΓ
l
ls − Γs

lkΓ
l
is

Ricik = Rs
isk +

n−2∑
l=1

Rl
ilk.

Therefore, in the general case, we would have

Rb
abc = ∂b(Γ

b
ac)− ∂a(Γ

b
bc) + Γs

acΓ
b
bs − Γs

bcΓ
b
as

+
n−d−1∑
l=1

(Γl
acΓ

b
bl − Γl

bcΓ
b
al) +

d−1∑
p=1

(Γp
acΓ

b
bp − Γp

bcΓ
b
ap);

Ricab = Rs
asb +

n−d−1∑
ξ=1

Rξ
aξb +

d−1∑
ϱ=1

Rϱ
aϱb;

where ξ ∈ {1, . . . , n− d− 1} (fibre-sphere direction) and ϱ ∈ {1, . . . , d− 1} (Sd−1 direction).

So, we need to compute Ricss, Ricsi, Ricsx, Ricij, Ricix and Ricxv.

We have Ricss = Rs
sss +

∑n−d−1
ξ=1 Rξ

sξs +
∑d−1

ϱ=1R
ϱ
sϱs.

Rs
sss = ∂s(Γ

s
ss)− ∂s(Γ

s
ss) + Γs

ssΓ
s
ss − Γs

ssΓ
s
ss
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+
n−d−1∑
l=1

(Γl
ssΓ

s
sl − Γl

ssΓ
s
sl) +

d−1∑
p=1

(Γp
ssΓ

s
sp − Γp

ssΓ
s
sp) = 0.

Rξ
sξs = ∂ξ(Γ

ξ
ss)− ∂s(Γ

ξ
ξs) + Γs

ssΓ
ξ
ξs − Γs

ξsΓ
ξ
ss

+
n−d−1∑
l=1

(Γl
ssΓ

ξ
ξl − Γl

ξsΓ
ξ
sl) +

d−1∑
p=1

(Γp
ssΓ

ξ
ξp − Γp

ξsΓ
ξ
sp)

= ∂ξ(r
′′O(r) +O(1) +O(|z|2))− ∂s

(
r′

r
1 +O(r)

)

+ (r′′O(r2) +O(r))

(
r′

r
+O(r)

)
−O(r2)

(
r′′O(r) +O(1) +O(|z|2)

)

+
n−d−1∑
l=1

[
(r′′O(r) +O(1) +O(|z|2))(O(r2) + Γξ

ξl(S
n−d−1))

−
(
r′

r
δξl +O(r)

)(
r′

r
δξl +O(r)

)]

+
d−1∑
p=1

[
(r′′O(r) +O(1))(O(1) +O(|z|2))

−O(r)
(
O

(
1

r

)
+O(|z|2)

)]

= r′′O(r) +O(1) +O(|z|2)−
(
r′′r − r′r′

r2
+ r′O(1) +O(r)

)

+ r′′r′O(r) + r′′O(r3) + r′O(1) +O(r2) + r′′O(r3) +O(r2)

+O(r2)O(|z|2) +
n−d−1∑
l=1

[
r′′O(r3) + r′′O(r) +O(r2) +O(1)
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+O(r2)O(|z|2) +O(|z|2)−
(
r′

r

)2

δξl + r′O(1) + r′O(1) +O(r2)

]

+
d−1∑
p=1

[
r′′O(r) + r′′O(r)O(|z|2) +O(1) +O(|z|2) +O(1)

+O(r)O(|z|2)
]

= r′′O(r) +O(1)−
(
r′′r − r′r′

r2

)
+ r′O(1) + r′′r′O(r)

−
(
r′

r

)2

δξξ +O(|z|2)

= r′′O(r) +O(1)−
(
r′′

r

)
+

(
r′

r

)2

+O(1) + r′′O(r)

−
(
r′

r

)2

+O(|z|2)

= O(1) + r′′O(r) +O(|z|2)−
(
r′′

r

)
.

Rϱ
sϱs = ∂ϱ(Γ

ϱ
ss)− ∂s(Γ

ϱ
ϱs) + Γs

ssΓ
ϱ
ϱs − Γs

ϱsΓ
ϱ
ss

+
n−d−1∑
l=1

(Γl
ssΓ

ϱ
ϱl − Γl

ϱsΓ
ϱ
sl) +

d−1∑
p=1

(Γp
ssΓ

ϱ
ϱp − Γp

ϱsΓ
ϱ
sp)

= ∂ϱ(r
′′O(r) +O(1))− ∂s(O(1) +O(|z|2))

+ (r′′O(r2) +O(r))(O(1) +O(|z|2))

− (O(1) +O(r)O(|z|2))(r′′O(r) +O(1))
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+
n−d−1∑
l=1

[
(r′′O(r) +O(1) +O(|z|2))(O(r) +O(|z|2))

−
(
O

(
1

r

)
+O(|z|2)

)
O(r)

]

+
d−1∑
p=1

[
(r′′O(r) +O(1))(O(r) +O(|z|2) + Γϱ

ϱp(S
d−1))

−(O(1) +O(|z|2))(O(1) +O(|z|2))
]

= r′′O(r) +O(1)− (O(1) +O(|z|2)) +
(
r′′O(r2)

+r′′O(r2)O(|z|2) +O(r) +O(r)O(|z|2)
)

− (r′′O(r) +O(1) + r′′O(r2)O(|z|2) +O(r)O(|z|2))

+
n−d−1∑
l=1

[
r′′O(r2) + r′′O(r)O(|z|2) +O(r) +O(|z|2)

+O(r)O(|z|2) +O(|z|4)− (O(1) +O(r)O(|z|2))
]

+
d−1∑
p=1

[
r′′O(r2) + r′′O(r)O(|z|2) + r′′O(r) +O(r)

+O(|z|2) +O(1)− (O(1) +O(|z|2) +O(|z|2) +O(|z|4))
]

= O(1) + r′′O(r) +O(|z|2).

Therefore,

Ricss = 0 +
n−d−1∑
ξ=1

(
O(1) + r′′O(r) +O(|z|2)−

(
r′′

r

))
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+
d−1∑
ϱ=1

(O(1) + r′′O(r) +O(|z|2))

= O(1) + r′′O(r) +O(|z|2)− (n− d− 1)

(
r′′

r

)

= O(1) +O(|z|2)− (n− d− 1)

(
r′′

r

)
,

since

∣∣∣∣r′′r
∣∣∣∣≫ r′′O(r) for r sufficiently small.

Now, Ricsi = Rs
ssi +

∑n−d−1
ξ=1 Rξ

sξi +
∑d−1

ϱ=1R
ϱ
sϱi.

Rs
ssi = ∂s(Γ

s
si)− ∂s(Γ

s
si) + Γs

siΓ
s
ss − Γs

siΓ
s
ss

+
n−d−1∑
l=1

(Γl
siΓ

s
sl − Γl

siΓ
s
sl) +

d−1∑
p=1

(Γp
siΓ

s
sp − Γp

siΓ
s
sp) = 0.

Rξ
sξi = ∂ξ(Γ

ξ
si)− ∂s(Γ

ξ
ξi) + Γs

siΓ
ξ
ξs − Γs

ξiΓ
ξ
ss

+
n−d−1∑
l=1

(Γl
siΓ

ξ
ξl − Γl

ξiΓ
ξ
sl) +

d−1∑
p=1

(Γp
siΓ

ξ
ξp − Γp

ξiΓ
ξ
sp)

= ∂ξ

(
r′

r
δiξ +O(r)

)
− ∂s(O(r

2) + Γξ
ξi(S

n−d−1))

+O(r2)

(
r′

r
δξξ +O(r)

)

− (−r′r(ds2n−d−1)ξi +O(r3))(r′′O(r) +O(1) +O(|z|2))

+
n−d−1∑
l=1

[(
r′

r
δil +O(r)

)
(O(r2) + Γξ

ξl(S
n−d−1))
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− (O(r2) + Γl
ξi(S

n−d−1))

(
r′

r
δξl +O(r)

)]

+
d−1∑
p=1

[
O(r)(O(1) +O(|z|2)) −O(r2)

(
O

(
1

r

)
+O(|z|2)

)]

= 0 +O(r)− (r′O(r) +O(r2) + 0) + r′O(r)

+O(r3) +
(
r′r′′O(r2) + r′O(r) + r′′O(r4) +O(r3)

+r′rO(|z|2) +O(r3)O(|z|2)
)

+
n−d−1∑
l=1

[
r′O(r)δil +

(
r′

r

)
δilΓ

ξ
ξl(S

n−d−1) +O(r3) +O(r)

−
(
r′O(r)δil +O(r3) +

(
r′

r

)
δξlΓ

l
ξi(S

n−d−1) +O(r)

)]

+
d−1∑
p=1

[
O(r) +O(r)O(|z|2)− (O(r) +O(r2)O(|z|2))

]

= O(r) + r′O(r) + r′′O(r2) +

(
r′

r

)
Γξ
ξi(S

n−d−1)

−
(
r′

r

)
Γξ
ξi(S

n−d−1) +O(r)O(|z|2) + r′rO(|z|2)

= O(r) + r′′O(r2) +O(r) +O(r)O(|z|2) + rO(|z|2)

= O(r) + r′′O(r2).

Rϱ
sϱi = ∂ϱ(Γ

ϱ
si)− ∂s(Γ

ϱ
ϱi) + Γs

siΓ
ϱ
ϱs − Γs

ϱiΓ
ϱ
ss

+
n−d−1∑
l=1

(Γl
siΓ

ϱ
ϱl − Γl

ϱiΓ
ϱ
sl) +

d−1∑
p=1

(Γp
siΓ

ϱ
ϱp − Γp

ϱiΓ
ϱ
sp)
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= ∂ϱ(O(r))− ∂s(O(r) +O(|z|2))

+O(r2)(O(1) +O(|z|2))−O(r)(r′′O(r) +O(1))

+
n−d−1∑
l=1

[((
r′

r

)
δil +O(r)

)
(O(r) +O(|z|2))

− (O(1) +O(|z|2))O(r)
]

+
d−1∑
p=1

[
O(r)(O(r) +O(|z|2) + Γϱ

ϱp(S
d−1))

− (O(r) +O(|z|2))(O(1) +O(|z|2))
]

= O(r)− (r′O(1) +O(r) +O(|z|2)) +O(r2) +O(r2)O(|z|2)

− (r′′O(r2) +O(r)) +
n−d−1∑
l=1

[
r′O(1)δil +

(
r′

r

)
δilO(|z|2)

+O(r2) +O(r)O(|z|2)− (O(r) +O(r)O(|z|2))
]

+
d−1∑
p=1

[
O(r2) +O(r)O(|z|2) +O(r)−

(
O(r) +O(r)O(|z|2)

+O(|z|2) +O(|z|4)
)]

= O(r) + r′O(1) +O(|z|2) + r′′O(r2) +

(
r′

r

)
O(|z|2)

= O(1) + r′′O(r2) +

(
1 +

(
r′

r

))
O(|z|2).

So,
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Ricsi = 0 +
n−d−1∑
ξ=1

(
O(r) + r′′O(r2)

)

+
d−1∑
ϱ=1

(
O(1) + r′′O(r2) +

(
1 +

(
r′

r

))
O(|z|2)

)

= O(1) + r′′O(r2) +O(|z|2) +
(
r′

r

)
O(|z|2).

We have Ricsx = Rs
ssx +

∑n−d−1
ξ=1 Rξ

sξx +
∑d−1

ϱ=1R
ϱ
sϱx.

Rs
ssx = ∂s(Γ

s
sx)− ∂s(Γ

s
sx) + Γs

sxΓ
s
ss − Γs

sxΓ
s
ss

+
n−d−1∑
l=1

(Γl
sxΓ

s
sl − Γl

sxΓ
s
sl) +

d−1∑
p=1

(Γp
sxΓ

s
sp − Γp

sxΓ
s
sp) = 0.

Rξ
sξx = ∂ξ(Γ

ξ
sx)− ∂s(Γ

ξ
ξx) + Γs

sxΓ
ξ
ξs − Γs

ξxΓ
ξ
ss

+
n−d−1∑
l=1

(Γl
sxΓ

ξ
ξl − Γl

ξxΓ
ξ
sl) +

d−1∑
p=1

(Γp
sxΓ

ξ
ξp − Γp

ξxΓ
ξ
sp)

= ∂ξ

(
O

(
1

r

)
+O(|z|2)

)
− ∂s(O(1) +O(|z|2))

+ (O(1) +O(r)O(|z|2))
((

r′

r

)
δξξ +O(r)

)

−O(r)(r′′O(r) +O(1) +O(|z|2))

+
n−d−1∑
l=1

[(
O

(
1

r

)
+O(|z|2)

)
(O(r2) + Γξ

ξl(S
n−d−1))

−(O(1) +O(|z|2))
((

r′

r

)
δξl +O(r)

)]
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+
d−1∑
p=1

[
(O(1) +O(|z|2))(O(1) +O(|z|2))

−(O(r) +O(|z|2))
(
O

(
1

r

)
+O(|z|2)

)]

= O

(
1

r

)
+O(|z|2)− (O(1) +O(|z|2)) + r′O

(
1

r

)
+O(r)

+ r′O(|z|2) +O(r2)O(|z|2)− (r′′O(r2) +O(r) +O(r)O(|z|2))

+
n−d−1∑
l=1

[
O(r) +O

(
1

r

)
+O(r2)O(|z|2) +O(|z|2)

−
(
r′O

(
1

r

)
δξl +O(r) +

(
r′

r

)
O(|z|2)δξl +O(r)O(|z|2)

)]

+
d−1∑
p=1

[
O(1) +O(|z|2) +O(|z|2) +O(|z|4)−

(
O(1)

+O(r)O(|z|2) +O

(
1

r

)
O(|z|2) +O(|z|4)

)]

= O

(
1

r

)
+O(|z|2) + r′O

(
1

r

)
+ r′O(|z|2) + r′′O(r2)

+

(
r′

r

)
O(|z|2)

= O

(
1

r

)
+O(|z|2) + r′′O(r2) +

(
r′

r

)
O(|z|2)

= O

(
1

r

)
+O(|z|2) + r′′O(r2).
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Rϱ
sϱx = ∂ϱ(Γ

ϱ
sx)− ∂s(Γ

ϱ
ϱx) + Γs

sxΓ
ϱ
ϱs − Γs

ϱxΓ
ϱ
ss

+
n−d−1∑
l=1

(Γl
sxΓ

ϱ
ϱl − Γl

ϱxΓ
ϱ
sl) +

d−1∑
p=1

(Γp
sxΓ

ϱ
ϱp − Γp

ϱxΓ
ϱ
sp)

= ∂ϱ(O(1) +O(|z|2))− ∂s
(
O(r) +O(|z|2) + Γϱ

ϱx(S
d−1)

)
+ (O(1) +O(r)O(|z|2))(O(1) +O(|z|2))

− (O(1) +O(|z|2))(r′′O(r) +O(1))

+
n−d−1∑
l=1

[(
O

(
1

r

)
+O(|z|2)

)
(O(r) +O(|z|2))

−
(
O

(
1

r

)
+O(|z|)

)
O(r)

]

+
d−1∑
p=1

[
(O(1) +O(|z|2))

(
O(r) +O(|z|2) + Γϱ

ϱp(S
d−1)

)

−
(
O(r) +O(|z|2) + Γp

ϱx(S
d−1)

)
(O(1) +O(|z|2))

]
= O(1) +O(|z|)− (r′O(1) +O(|z|2)) +O(1) +O(|z|2)

+O(r)O(|z|2) +O(r)O(|z|4)− (r′′O(r) +O(1)

+ r′′O(r)O(|z|2) +O(|z|2)
)
+

n−d−1∑
l=1

[
O(1) +O

(
1

r

)
O(|z|2)

+O(r)O(|z|2) +O(|z|4)− (O(1) +O(r)O(|z|))
]

+
d−1∑
p=1

[
O(r) +O(|z|2) +O(1) +O(r)O(|z|2) +O(|z|4)
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+O(|z|2)−
(
O(r) +O(r)O(|z|2) +O(|z|2) +O(|z|4)

+O(1) +O(|z|2)
)]

= O(1) +O(|z|) + r′O(1) + r′′O(r) + r′′O(r)O(|z|2)

+O

(
1

r

)
O(|z|2)

= O(1) +O(|z|) + r′′O(r)(1 +O(|z|2)) +O

(
1

r

)
O(|z|2)

= O(1) +O(|z|) + r′′O(r) +O

(
1

r

)
O(|z|2).

Then,

Ricsx = 0 +
n−d−1∑
ξ=1

(
O

(
1

r

)
+O(|z|2) + r′′O(r2) +

(
r′

r

)
O(|z|2)

)

+
d−1∑
ϱ=1

(
O(1) +O(|z|) + r′′O(r) +O

(
1

r

)
O(|z|2)

)

= O

(
1

r

)
+O(|z|) + r′′O(r) +

(
r′

r

)
O(|z|2) +O

(
1

r

)
O(|z|2)

= O

(
1

r

)
(1 +O(|z|2)) +O(|z|) + r′′O(r)

= O

(
1

r

)
+O(|z|) + r′′O(r).

We have Ricij = Rs
isj +

∑n−d−1
ξ=1 Rξ

iξj +
∑d−1

ϱ=1R
ϱ
iϱj.

Rs
isj = ∂s(Γ

s
ij)− ∂i(Γ

s
sj) + Γs

ijΓ
s
ss − Γs

sjΓ
s
is
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+
n−d−1∑
l=1

(Γl
ijΓ

s
sl − Γl

sjΓ
s
il) +

d−1∑
p=1

(Γp
ijΓ

s
sp − Γp

sjΓ
s
ip)

= ∂s(−r′r(ds2n−d−1)ij +O(r3))− ∂i(O(r
2))

+ (−r′r(ds2n−d−1)ij +O(r3))(r′′O(r2) +O(r))−O(r2)O(r2)

+
n−d−1∑
l=1

[
(O(r2) + Γl

ij(S
n−d−1))O(r2)

−
((

r′

r

)
δjl +O(r)

)
(−r′r(ds2n−d−1)il +O(r3))

]

+
d−1∑
p=1

[
O(r2)(O(1) +O(r)O(|z|2))−O(r)O(r)

]

= −r′′r(ds2n−d−1)ij − (r′)2(ds2n−d−1)ij + r′O(r2) +O(r3)

−O(r2) + r′′r′O(r3) + r′O(r2) + r′′O(r5) +O(r4)−O(r4)

+
n−d−1∑
l=1

[
O(r4) +O(r2) + (r′)2δjl(ds

2
n−d−1)il + r′O(r2)δjl

+r′O(r2) +O(r4)
]
+

d−1∑
p=1

[
O(r2) +O(r3)O(|z|2) +O(r2)

]

= −r′′r(ds2n−d−1)ij − (r′)2(ds2n−d−1)ij + r′O(r2) +O(r2)

+ r′′r′O(r3) + r′′O(r5) + (r′)2(ds2n−d−1)ijδjj +O(r3)O(|z|2)

= −r′′r(ds2n−d−1)ij +O(r2) + r′′O(r3).

Rξ
iξj = ∂ξ(Γ

ξ
ij)− ∂i(Γ

ξ
ξj) + Γs

ijΓ
ξ
ξs − Γs

ξjΓ
ξ
is
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+
n−d−1∑
l=1

(Γl
ijΓ

ξ
ξl − Γl

ξjΓ
ξ
il) +

d−1∑
p=1

(Γp
ijΓ

ξ
ξp − Γp

ξjΓ
ξ
ip)

= ∂ξ(O(r
2) + Γξ

ij(S
n−d−1))− ∂i(O(r

2) + Γξ
ξj(S

n−d−1))

+ (−r′r(ds2n−d−1)ij +O(r3))

((
r′

r

)
δξξ +O(r)

)

− (−r′r(ds2n−d−1)ξj +O(r3))

((
r′

r

)
δiξ +O(r)

)

+
n−d−1∑
l=1

[
(O(r2) + Γl

ij(S
n−d−1))(O(r2) + Γξ

ξl(S
n−d−1))

−(O(r2) + Γl
ξj(S

n−d−1))(O(r2) + Γξ
il(S

n−d−1))
]

+
d−1∑
p=1

[
O(r2)(O(1) +O(|z|2))−O(r2)(O(1) +O(|z|2))

]

= O(r2) + ∂ξ(Γ
ξ
ij(S

n−d−1)) +O(r2)− ∂i(Γ
ξ
ξj(S

n−d−1))

− (r′)2(ds2n−d−1)ij + r′O(r2) + r′O(r2) +O(r4)

+ (r′)2(ds2n−d−1)ξjδiξ + r′O(r2) + r′O(r2δiξ) +O(r4)

+
n−d−1∑
l=1

[
O(r4) +O(r2) +O(r2) + Γl

ij(S
n−d−1)Γξ

ξl(S
n−d−1)

−(O(r4) +O(r2) +O(r2) + Γl
ξj(S

n−d−1)Γξ
il(S

n−d−1))
]

+
d−1∑
p=1

[
O(r2) +O(r2)O(|z|2) +O(r2) +O(r2)O(|z|2)

]
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= O(r2) + ∂ξ(Γ
ξ
ij(S

n−d−1))− ∂i(Γ
ξ
ξj(S

n−d−1))− (r′)2(ds2n−d−1)ij

+ (r′)2(ds2n−d−1)ξjδiξ +
n−d−1∑
l=1

[
Γl
ij(S

n−d−1)Γξ
ξl(S

n−d−1)

−Γl
ξj(S

n−d−1)Γξ
il(S

n−d−1)
]

= O(r2) + (r′)2((ds2n−d−1)ξjδiξ − (ds2n−d−1)ij) +Rξ
iξj(S

n−d−1).

Rϱ
iϱj = ∂ϱ(Γ

ϱ
ij)− ∂i(Γ

ϱ
ϱj) + Γs

ijΓ
ϱ
ϱs − Γs

ϱjΓ
ϱ
is

+
n−d−1∑
l=1

(Γl
ijΓ

ϱ
ϱl − Γl

ϱjΓ
ϱ
il) +

d−1∑
p=1

(Γp
ijΓ

ϱ
ϱp − Γp

ϱjΓ
ϱ
ip)

= ∂ϱ(O(r
2))− ∂i(O(r) +O(|z|2))

+ (−r′r(ds2n−d−1)ij +O(r3))(O(1) +O(|z|2))−O(r)O(r)

+
n−d−1∑
l=1

[
(O(r2) + Γl

ij(S
n−d−1))(O(r) +O(|z|2))

−(O(1) +O(|z|2))O(r2)
]

+
d−1∑
p=1

[
O(r2)(O(r) +O(|z|2) + Γϱ

ϱp(S
d−1))

−(O(r) +O(|z|2))(O(r) +O(|z|2))
]

= O(r2)− (O(r) +O(|z|2)) + r′O(r) + r′rO(|z|2) +O(r3)

+O(r3)O(|z|2) +O(r2) +
n−d−1∑
l=1

[
O(r3) +O(r2)O(|z|2) +O(r)
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+O(|z|2)− (O(r2) +O(r2)O(|z|2))
]
+

d−1∑
p=1

[
O(r3) +O(r2)O(|z|2)

+O(r2)− (O(r2) +O(r)O(|z|2) +O(r)O(|z|2) +O(|z|4))
]

= O(r) + r′O(r) +O(|z|2) + rO(|z|2)

= O(r) +O(|z|2).

So,

Ricij = (−r′′r(ds2n−d−1)ij +O(r2) + r′′O(r3))

+
n−d−1∑
ξ=1

[
O(r2) + (r′)2((ds2n−d−1)ξjδiξ − (ds2n−d−1)ij) +Rξ

iξj(S
n−d−1)

]

+
d−1∑
ϱ=1

[
O(r) +O(|z|2)

]

= O(r) +O(|z|2) + r′′O(r3)− r′′r(ds2n−d−1)ij +Ricij(S
n−d−1)

− (r′)2(n− d− 2)(ds2n−d−1)ij

= O(r) +O(|z|2) + r′′O(r3) + Ricij(S
n−d−1)

− (r′)2(n− d− 2)(ds2n−d−1)ij − r′′r(ds2n−d−1)ij.

We have Ricix = Rs
isx +

∑n−d−1
ξ=1 Rξ

iξx +
∑d−1

ϱ=1R
ϱ
iϱx.

Rs
isx = ∂s(Γ

s
ix)− ∂i(Γ

s
sx) + Γs

ixΓ
s
ss − Γs

sxΓ
s
is

+
n−d−1∑
l=1

(Γl
ixΓ

s
sl − Γl

sxΓ
s
il) +

d−1∑
p=1

(Γp
ixΓ

s
sp − Γp

sxΓ
s
ip)
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= ∂s(O(r))− ∂i(O(1) +O(r)O(|z|2)) +O(r)(r′′O(r2) +O(r))

− (O(1) +O(r)O(|z|2))O(r2) +
n−d−1∑
l=1

[
(O(1) +O(|z|2))O(r2)

−
(
O

(
1

r

)
+O(|z|2)

)
(−r′r(ds2n−d−1)il +O(r3))

]

+
d−1∑
p=1

[
(O(r) +O(|z|2))(O(1) +O(r)O(|z|2))

−(O(1) +O(|z|2))O(r)
]

= r′O(1) +O(r) +O(1) +O(r)O(|z|2) + r′′O(r3) +O(r2)

+O(r2) +O(r3)O(|z|2) +
n−d−1∑
l=1

[
O(r2) +O(r2)O(|z|2) + r′O(1)

+O(r2) + r′rO(|z|2) +O(r3)O(|z|2)
]

+
d−1∑
p=1

[
O(r) +O(r2)O(|z|2) +O(|z|2) +O(r)O(|z|4) +O(r)

+O(r)O(|z|2)
]

= r′O(1) +O(1) +O(r)O(|z|2) +O(|z|2) + r′′O(r3)

= O(1) +O(|z|2) + r′′O(r3).

Rξ
iξx = ∂ξ(Γ

ξ
ix)− ∂i(Γ

ξ
ξx) + Γs

ixΓ
ξ
ξs − Γs

ξxΓ
ξ
is

+
n−d−1∑
l=1

(Γl
ixΓ

ξ
ξl − Γl

ξxΓ
ξ
il) +

d−1∑
p=1

(Γp
ixΓ

ξ
ξp − Γp

ξxΓ
ξ
ip)
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= ∂ξ(O(1) +O(|z|2))− ∂i(O(1) +O(|z|2))

+O(r)

((
r′

r

)
δξξ +O(r)

)
−O(r)

((
r′

r

)
δξi+O(r)

)

+
n−d−1∑
l=1

[
(O(1) +O(|z|2))(O(r2) + Γξ

ξl(S
n−d−1))

−(O(1) +O(|z|2))(O(r2) + Γξ
il(S

n−d−1))
]

+
d−1∑
p=1

[
(O(r) +O(|z|2))(O(1) +O(|z|2))

−(O(1) +O(|z|2))(O(1) +O(|z|2))
]

= O(1) +O(|z|2) +O(1) +O(|z|2) + r′O(1) +O(r2)

+ r′O(1)δξi +O(r2) +
n−d−1∑
l=1

[
O(r2) +O(1) +O(r2)O(|z|2)

+ O(|z|2) +O(r2) +O(1) +O(r2)O(|z|2) +O(|z|2)
]

+
d−1∑
p=1

[
O(r) +O(r)O(|z|2) +O(|z|2) +O(|z|4) +O(1)

+ O(|z|2) +O(|z|2) +O(|z|4)
]

= O(1) +O(|z|2).

Rϱ
iϱx = ∂ϱ(Γ

ϱ
ix)− ∂i(Γ

ϱ
ϱx) + Γs

ixΓ
ϱ
ϱs − Γs

ϱxΓ
ϱ
is

+
n−d−1∑
l=1

(Γl
ixΓ

ϱ
ϱl − Γl

ϱxΓ
ϱ
il) +

d−1∑
p=1

(Γp
ixΓ

ϱ
ϱp − Γp

ϱxΓ
ϱ
ip)
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= ∂ϱ(O(r) +O(|z|2))− ∂i(O(r) +O(|z|2) + Γϱ
ϱx(S

d−1))

+O(r)(O(1) +O(|z|2))− (O(1) +O(|z|2))O(r)

+
n−d−1∑
l=1

[
(O(1) +O(|z|2))(O(r) +O(|z|2))

−
(
O

(
1

r

)
+O(|z|)

)
O(r2)

]

+
d−1∑
p=1

[
(O(r) +O(|z|2))(O(r) +O(|z|2) + Γϱ

ϱp(S
d−1))

− (O(r) +O(|z|2) + Γp
ϱx(S

d−1))(O(r) +O(|z|2))
]

= O(r) +O(|z|) +O(r) +O(|z|2) + 0 +O(r)

+O(r)O(|z|2) +O(r) +O(r)O(|z|2)

+
n−d−1∑
l=1

[
O(r) +O(|z|2) +O(r)O(|z|2) +O(|z|4)

+O(r) +O(r2)O(|z|)
]
+

d−1∑
p=1

[
O(r2) +O(r)O(|z|2)

+O(r) +O(r)O(|z|2) +O(|z|4) +O(|z|2) +O(r2)

+O(r)O(|z|2) +O(r)O(|z|2) +O(|z|4) +O(r) +O(|z|2)
]

= O(r) +O(|z|).

Then,

Ricix = (O(1) +O(|z|2) + r′′O(r3)) +
n−d−1∑
ξ=1

[
O(1) +O(|z|2)

]
96



+
d−1∑
ϱ=1

[O(r) +O(|z|)]

= O(1) +O(|z|) + r′′O(r3).

Finally, Ricxv = Rs
xsv +

∑n−d−1
ξ=1 Rξ

xξv +
∑d−1

ϱ=1R
ϱ
xϱv.

Rs
xsv = ∂s(Γ

s
xv)− ∂x(Γ

s
sv) + Γs

xvΓ
s
ss − Γs

svΓ
s
xs

+
n−d−1∑
l=1

(Γl
xvΓ

s
sl − Γl

svΓ
s
xl) +

d−1∑
p=1

(Γp
xvΓ

s
sp − Γp

svΓ
s
xp)

= ∂s(O(1) +O(|z|2))− ∂x(O(1) +O(r)O(|z|))

+ (O(1) +O(|z|2))(r′′O(r2) +O(r))

− (O(1) +O(r)O(|z|))(O(1) +O(r)O(|z|))

+
n−d−1∑
l=1

[(
O

(
1

r

)
+O(|z|)

)
O(r2)−

(
O

(
1

r

)
+O(|z|2)

)
O(r)

]

+
d−1∑
p=1

[
(O(r) +O(|z|2) + Γp

xv(S
d−1))(O(1) +O(r)O(|z|2))

−(O(1) +O(|z|2))(O(1) +O(|z|2))
]

= O(1) +O(|z|2) +O(1) +O(r)O(|z|) +O(r) + r′′O(r2) +O(r)

+ r′′O(r2)O(|z|2) +O(r)O(|z|2) +O(1) +O(r)O(|z|) +O(r)O(|z|)

+O(r2)O(|z|2) +
n−d−1∑
l=1

[
O(r) +O(r2)O(|z|) +O(1) +O(r)O(|z|2)

]
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+
d−1∑
p=1

[
O(r) +O(r2)O(|z|2) +O(|z|2) +O(r)O(|z|4) +O(1)

+O(r)O(|z|2) +O(1) +O(|z|2) +O(|z|2) +O(|z|4)
]

= O(1) + r′′O(r2) +O(|z|2) +O(r)O(|z|).

Rξ
xξv = ∂ξ(Γ

ξ
xv)− ∂x(Γ

ξ
ξv) + Γs

xvΓ
ξ
ξs − Γs

ξvΓ
ξ
xs

+
n−d−1∑
l=1

(Γl
xvΓ

ξ
ξl − Γl

ξvΓ
ξ
xl) +

d−1∑
p=1

(Γp
xvΓ

ξ
ξp − Γp

ξvΓ
ξ
xp)

= ∂ξ

(
O

(
1

r

)
+O(|z|)

)
− ∂x(O(1) +O(|z|2))

+ (O(1) +O(|z|2))
((

r′

r

)
δξξ +O(r)

)

−O(r)

(
O

(
1

r

)
+O(|z|2)

)

+
n−d−1∑
l=1

[(
O

(
1

r

)
+O(|z|)

)
(O(r2) + Γξ

ξl(S
n−d−1))

− (O(1) +O(|z|2))(O(1) +O(|z|2))
]

+
d−1∑
p=1

[
(O(r) +O(|z|2) + Γp

xv(S
d−1))(O(1) +O(|z|2))

−(O(r) +O(|z|2))
(
O

(
1

r

)
+O(|z|)

)]

= O

(
1

r

)
+O(|z|) +O(1) +O(|z|) + r′O

(
1

r

)
+O(r)
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+

(
r′

r

)
O(|z|2) +O(r)O(|z|2) +O(1) +O(r)O(|z|2)

+
n−d−1∑
l=1

[
O(r) +O

(
1

r

)
+O(r2)O(|z|) +O(|z|) +O(1) +O(|z|2)

+O(|z|2) +O(|z|4)
]
+

d−1∑
p=1

[
O(r) +O(r)O(|z|2) +O(|z|2)

+O(|z|4) +O(1) +O(|z|2) +O(1) +O(r)O(|z|) +O

(
1

r

)
O(|z|2)

+O(|z|3)
]

= O

(
1

r

)
+O(|z|).

Rϱ
xϱv = ∂ϱ(Γ

ϱ
xv)− ∂x(Γ

ϱ
ϱv) + Γs

xvΓ
ϱ
ϱs − Γs

ϱvΓ
ϱ
xs

+
n−d−1∑
l=1

(Γl
xvΓ

ϱ
ϱl − Γl

ϱvΓ
ϱ
xl) +

d−1∑
p=1

(Γp
xvΓ

ϱ
ϱp − Γp

ϱvΓ
ϱ
xp)

= ∂ϱ(O(r) +O(|z|2) + Γϱ
xv(S

d−1))

− ∂x(O(r) +O(|z|2) + Γϱ
ϱv(S

d−1))

+ (O(1) +O(|z|2))(O(1) +O(|z|2))

− (O(1) +O(|z|2))(O(1) +O(|z|2))

+
n−d−1∑
l=1

[(
O

(
1

r

)
+O(|z|)

)
(O(r) +O(|z|2))
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−
(
O

(
1

r

)
+O(|z|)

)
(O(r) +O(|z|2))

]

+
d−1∑
p=1

[
(O(r) +O(|z|2) + Γp

xv(S
d−1))(O(r) +O(|z|2) + Γϱ

ϱp(S
d−1))

− (O(r) +O(|z|2) + Γp
ϱv(S

d−1))(O(r) +O(|z|2) + Γϱ
xp(S

d−1))
]

= O(r) +O(|z|) + ∂ϱ(Γ
ϱ
xv(S

d−1)) +O(r) +O(|z|)− ∂x(Γ
ϱ
ϱv(S

d−1))

+O(1) +O(|z|2) +O(|z|2) +O(|z|4) +O(1) +O(|z|2) +O(|z|2)

+O(|z|4) +
n−d−1∑
l=1

[
O(1) +O

(
1

r

)
O(|z|2) +O(r)O(|z|) +O(|z|3)

+O(1) +O

(
1

r

)
O(|z|2) +O(r)O(|z|) +O(|z|3)

]

+
d−1∑
p=1

[
O(r2) +O(r)O(|z|2) +O(r) +O(r)O(|z|2) +O(|z|2)

+O(r) +O(|z|2) + Γp
xv(S

d−1)Γϱ
ϱp(S

d−1) +O(r2) +O(r)O(|z|2)

+O(r) +O(r)O(|z|2) +O(|z|2) +O(r) +O(|z|2)

−Γp
ϱv(S

d−1)Γϱ
xp(S

d−1)
]

= O(1) +O(|z|) +O

(
1

r

)
O(|z|2) + ∂ϱ(Γ

ϱ
xv(S

d−1))− ∂x(Γ
ϱ
ϱv(S

d−1))

+
d−1∑
p=1

[
Γp
xv(S

d−1)Γϱ
ϱp(S

d−1)
]
− Γp

ϱv(S
d−1)Γϱ

xp(S
d−1)

= O(1) +O(|z|) +O

(
1

r

)
O(|z|2) +Rϱ

xϱv(S
d−1).
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Therefore,

Ricxv = (O(1) + r′′O(r2) +O(|z|2) +O(r)O(|z|))

+
n−d−1∑
ξ=1

[
O

(
1

r

)
+O(|z|)

]

+
d−1∑
ϱ=1

[
O(1) +O(|z|) +O

(
1

r

)
O(|z|2) +Rϱ

xϱv(S
d−1)

]

= O

(
1

r

)
+O(|z|) + r′′O(r2) + Ricxv(S

d−1).

Altogether, we have:

Lemma 3.3.1. The matrix Ricab is

(Ricab) =


Ricss Ricsi Ricsx

Ricsi Ricij Ricix

Ricsx Ricix Ricxv

 ,

where

• Ricss = O(1) +O(|z|2) + r′′O(r)− (n− d− 1)

(
r′′

r

)
;

• Ricsi = O(1) + r′′O(r2) +O(|z|2) +
(
r′

r

)
O(|z|2);

• Ricsx = O

(
1

r

)
+O(|z|) + r′′O(r);

• Ricij = O(r) +O(|z|2) + r′′O(r3) + Ricij(S
n−d−1)

−(r′)2(n− d− 2)(ds2n−d−1)ij − r′′r(ds2n−d−1)ij;
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• Ricix = O(1) +O(|z|) + r′′O(r3);

• Ricxv = O

(
1

r

)
+O(|z|) + r′′O(r2) + Ricxv(S

d−1).

This is our Ricci tensor matrix with respect to {∂/∂s, ∂/∂y1, . . . , ∂/∂yn−d−1, ∂/∂z1, . . . , ∂/∂zd−1}.
Similarly, as in the basic case, we are going to redefine it with respect to an approximately
orthonormal basis {∂/∂s, 1/r · ∂/∂y1, . . . , 1/r · ∂/∂yn−d−1, ∂/∂z1, . . . , ∂/∂zd−1}. We will de-

note the new matrix by R̃ic.

Let i, j ∈ {1, . . . , n− d− 1}.

Ric

(
1

r
·
(
∂

∂yi

)
,
1

r
·
(
∂

∂yj

))
=

(
1

r2

)(
O(r) + r′′O(r3) + Ricij(S

n−d−1)

+O(|z|2)− (r′)2(n− d− 2)(ds2n−d−1)ij

−r′′r(ds2n−d−1)ij
)

= O

(
1

r

)
+ r′′O(r) +

(
Ricij(S

n−d−1)

r2

)

+

(
O(|z|2)
r2

)
− (r′)2

(
n− d− 2

r2

)
(ds2n−d−1)ij

−
(
r′′r

r2

)
(ds2n−d−1)ij.

Ric

(
1

r
·
(
∂

∂yi
,
∂

∂s

))
=

(
1

r

)(
O(1) + r′′O(r2) +O(|z|2)

+

(
r′

r

)
O(|z|2)

)

= O

(
1

r

)
+ r′′O(r) +

(
1

r

)
O(|z|2)

+

(
r′

r2

)
O(|z|2).
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Corollary 3.3.1.1. The matrix (R̃icab) with respect to our approximately orthonormal basis
at the center point of the coordinate system (z = 0) is



O(1) + r′′O(r)

O

(
1

r

)
+ r′′O(r) O

(
1

r

)
+ r′′O(r)

−(n− d− 1)

(
r′′

r

)

O

(
1

r

)
+ r′′O(r)

O

(
1

r

)
+ r′′O(r) +(n− d− 2)

(
1− (r′)2

r2

)
δij O(1) + r′′O(r3)

−
(
r′′

r

)
δij

O

(
1

r

)
+ r′′O(r2)

O

(
1

r

)
+ r′′O(r) O(1) + r′′O(r3)

+Ricxv(S
d−1)



.

In the basic case we had, for r ≈ 0, a Ricci tensor matrix where the eigenvalues are ap-
proximately the diagonal entries, and we had one “bad” diagonal entry and (n− 1) “good”
ones. We argued that the sum of any good diagonal entry and the bad one is strictly positive.
We concluded that we had 2-positive Ricci curvature.

In the general case, we wish to claim (d+1)-positive Ricci curvature, i.e. the sum of the
lowest (d + 1) eigenvalues should be strictly positive. The above Ricci tensor matrix from
the general case has blocks with the following dimensions:

1× 1 1× (n− d− 1) 1× (d− 1)

(n− d− 1)× 1 (n− d− 1)× (n− d− 1) (n− d− 1)× (d− 1)

(d− 1)× 1 (d− 1)× (n− d− 1) (d− 1)× (d− 1)

 .

Altogether, we have (potentially at worst) 1+(d−1) = d “bad terms”. Provided that the
diagonal terms dominate the off-diagonal terms for r small, and any term on the diagonal in
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the centre block dominates the sum of “bad terms” for r small, we will have (d+1)-positive
Ricci curvature.

3.4 Proof of Theorem 3.0.1

Proof. In order to prove the main theorem, we need to show that the hypersurface H can
be extended to enclose the cell σd in such a way that Scd+1 > 0.

In a similar manner to the basic case, we want to check the positivity of the sum of the
lowest d+1 diagonal entries of the matrix R̃ic for the extension we construct, while ensuring
that the diagonal entries dominate the off-diagonal entries. In this way, we can conclude
that the sum of the d+ 1 lowest eigenvalues of R̃ic is positive, as required.

Notice that summing d+1 diagonal entries guarantees that we have taken at least a term
from the central block of R̃ic. So, at worst the sum of d+ 1 diagonal entries is

−(n− d)

(
r′′

r

)
+ (n− d− 2)

(
1− (r′)2

r2

)
+ (d− 1)(d− 2) +O

(
1

r

)
+ r′′O(r).

We are going to scale the whole matrix R̃ic by r to deal with the off-diagonal O(1/r)

terms. So, rR̃ic is

O(r) + r′′O(r2)
O(1) + r′′O(r2) O(1) + r′′O(r2)

−(n− d− 1)r′′

O(1) + r′′O(r2)

O(1) + r′′O(r2) +(n− d− 2)

(
1− (r′)2

r

)
δij O(r) + r′′O(r4)

−r′′δij

O(1) + r′′O(r3)
O(1) + r′′O(r2) O(r) + r′′O(r4)

+rRicxv(S
d−1)



.

Now, the new worst case sum of d+ 1 diagonal entries is
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−(n− d)r′′ + (n− d− 2)

(
1− (r′)2

r

)
+ (d− 1)(d− 2)r +O(1) + r′′O(r2).

Following the basic case format for constructing γ, we have r′′ ⩽ sin2 θ/4r0 for the initial
bend, where r0 is a very small height. As r ⩽ r0 for this bend, so r′′O(r2) = O(r), the last
three terms of the new diagonal sum are O(1)+r′′O(r2)+(d−1)(d−2)r = O(1). Therefore,
it suffices to show that

−(n− d)

(
sin2 θ

4r0

)
+ (n− d− 2)

(
1− (r′)2

r

)
≫ 0. (3.2)

As in the basic case, 1− (r′)2 = sin2 θ, so this gives

sin2 θ

((
n− d− 2

r

)
−
(
n− d

4r0

))
> 0 (3.3)

⇐⇒
(
n− d− 2

r

)
>

(
n− d

4r0

)

⇐⇒
(
4r0
r

)
>

(
n− d

n− d− 2

)

⇐⇒
(
4r0
r

)
> 1 +

(
2

n− d− 2

)
.

Notice that sin2 θ is bounded below away from 0. Now, clearly the right hand side is less
or equal to 3. But since r0 ⩾ r, then the left hand side is bigger or equal to 4. Therefore,
the inequality holds. Moreover, we can make the left hand side of Equation 3.3 as large as
we like by choosing r0 sufficiently small.

As observed above, the off-diagonal blocks of rR̃ic are all O(1) terms, in contrast with

the O(1/r) terms from the unscaled matrix R̃ic. Therefore, because we can control the size
of the left-hand side of Equation 3.3, the same argument as used in the basic case can now
show that the sum of the lowest d + 1 eigenvalues of rR̃ic, and consequently also of R̃ic, is
positive if r0 is sufficiently small.

For subsequent bends, the equivalent calculation involves replacing r0 by r1 (or ri for
i > 1), and also a higher value of θ ∈ [θ0, π/2]. But this is equivalent of lowering the value
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of r0 in the above calculation, which clearly only improves the sum of the lowest d+1 eigen-
values. We conclude that we can bend γ to the horizontal keeping Scd+1 > 0.

Finally, we need to make an uniform choice of γ for each z ∈ Sd−1. By compactness, we
can make an uniform choice for r0, which works for all z. This allows us to create the desired
curve γ.

We define r∞ to be the final height of γ (when horizontal). Then, the same argument
as in the basic case shows that the t-length of γ can be made arbitrarily small, and in par-
ticular, we are free to assume that the length of each tube is shorter than δ, the parameter
describing the time for which normal geodesics from σd ∩ H ⊂ Sd−1 lie in σd. (Thus, the
cross-sections of our tubes are always centered on points in σd).

Assuming δ is sufficiently small, the union of tubes over all z ∈ Sd−1 will not “cover” all
of σd (in the sense that the normal projection to σd is not surjective). Therefore, we can
complete the construction by joining the union of tubes with the radius r∞ sphere bundle
over the “non-covered” points of σd. Notice that this is a Sn−d−1-bundle joining with tubes
which are themselves Sn−d−1-bundles over an interval. This is reasonable since we have in
effect been viewing a neighborhood of the boundary in σd as being decomposed into normal
geodesic line segments from the boundary.

Figure 3.10: Final construction.

The new, modified hypersurface Hn−1, now agrees with the union of tubes/sphere bundle
over the interior of σd, and with the previous hypersurface on the complement.

Repeating this procedure for each d-cell in the complex K and continuing the hypersur-
face extension inductively over higher dimensional cells completes the construction of ∂U
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with Scd+1 > 0.

As argued in the basic case, by controlling the initial bend of γ we can ensure that the
hypersurface extensions constructed for each d-cell are mutually disjoint.
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Chapter 4

Applications

The principal aim in this chapter is to establish Theorem B and Theorem C from the Intro-
duction.

4.1 Plumbings and k-positive Ricci curvature

Plumbing is a procedure for joining disc bundles. The basic idea is as follows. Consider
smooth disc bundles Dn → Ei → Bn

i with i = 1, 2. Given any points xi ∈ Bi, we consider
closed neighbourhoods Ci ⊂ Bi containing xi, with Ci

∼= Dn. Then the preimage of Ci under
the bundle projection map πi : Ei → Bi is diffeomorphic to Dn×Ci. The idea is now to glue
the bundles E1 and E2 by identifying the neighbourhoods π−1

1 (C1) ⊂ E1 with π
−1
2 (C2) ⊂ E2

via a product diffeomorphism between Dn × C1 and Dn × C2 which switches the factors.
(Precisely: given diffeomorphisms ϕi : Ci → Dn, we consider the product diffeomorphism
(ϕ−1

2 , ϕ1) : D
n × C1 → C2 ×Dn.) We can clearly iterate this process to glue several bundles

together. (We could also use this technique to glue a bundle to itself, by choosing x1, x2
in the same base space. Moreover we could also glue bundles with different base and fibre
dimensions, provided these dimensions match accordingly).

The result of plumbing disc bundles is clearly a new manifold with boundary. Let us
consider the structure of such a manifold. The act of performing a single plumbing between
E1 and E2 (as above) identifies the bases B1 and B2 at a single point. In the same way that a
disc bundle retracts onto its base, the plumbed manifold clearly retracts onto this one-point
union B1 ∨ B2. More generally, a plumbed manifold retracts onto (and therefore has the
same homotopy type as) a certain arrangement of the base spaces where each plumbing has
resulted in a one-point gluing between the respective bases.

We can model such an arrangement of base spaces by a graph. Represent each base space
by a node, and for each plumbing join the appropriate vertices by an arc. More generally, we
can encode the construction of the entire plumbed manifold by such a graph, simply by let-
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ting each node represent the whole bundle. Notice that in the case where the base manifolds
are all simply-connected, the fundamental group of the plumbed manifold is isomorphic to
that of the graph.

The boundaries of plumbed manifolds are of particular interest. In many cases the topol-
ogy of the boundary can be deduced from the gluing data and the bundles involved. For
example, it is a classical result that if one plumbs together eight copies of the tangent disc
bundle of S2n according to the E8 graph, the resulting boundary is an exotic sphere Σ4n−1.
(See for example [4, V.2].) In [34] it was shown that in fact every homotopy sphere which
bounds a parallelisable manifold in dimensions 4n − 1 (with n ⩾ 2) can be obtained as
the boundary of a certain explicit plumbing arrangement involving D2n-bundles over S2n

plumbed according to a simply-connected graph.

This result about homotopy spheres raised the question of which manifolds in dimension
4n − 1 can be obtained as the boundary of a plumbing in the classical sense of plumbing
disc bundles over S2n according to a simply-connected graph. This question was resolved in
[10], where it was shown that up to forming a connected sum with a homotopy sphere, the
set of classical plumbing boundaries essentially coincides with the set of highly-connected
manifolds. (Note that a manifold M4n−1 is said to be highly-connected if π0(M) = π1(M) =
. . . = π2n−2(M) = 0). The precise statement is:

Theorem 4.1.1. [10, Theorem C.] Let M4n−1 (for n ≥ 2) be a (2n−2)-connected manifold.
If n ≡ 1 mod 4, then further assume that M is (2n − 1)-parallelisable. Then there exists a
homotopy sphere Σ4n−1 such that M♯Σ is the boundary of a plumbed manifold in the classical
sense.

As pointed out in [10], it follows for example that all highly connected manifolds arise as
classical plumbing boundaries in dimensions 7 and 11.

From a geometric point of view, the above topological result is of geometric significance
since by the main result in [35], all classical plumbing boundaries carry metrics of positive
Ricci curvature. Hence the above theorem implies that essentially all highly connected
manifolds (modulo forming a connected sum with a homotopy sphere) admit positive Ricci
curvature metrics:

Theorem 4.1.2. [10, Theorem A.] Let M4n−1 (for n ≥ 2) be a (2n−2)-connected manifold.
If n ≡ 1 mod 4, then further assume that M is (2n − 1)-parallelisable. Then there exists a
homotopy sphere Σ4n−1 such that M♯Σ admits a metric of positive Ricci curvature.

With this in mind the following questions seems natural: what can we say about the
curvature properties of plumbing boundaries away from the classical situation?

Let us put some more detail into this question. In the classical situation, the bundles
used in the plumbing all have even-dimensional spheres as base. What if we removed the
even dimension restriction, and also removed the requirements that the bases be spheres and
the graphs simply-connected? We then arrive at the following more refined question:
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Question 4.1.3. Given a graph G withm nodes (labelled 1, . . . ,m), and Dn-bundles E1, . . . , Em

with base spaces Mn
1 , . . . ,M

n
m respectively, let P 2n be the manifold obtained by placing Ei on

node i and plumbing according to the graph G. Then does ∂P satisfy any kind of positive
curvature condition?

Let us recall that Theorem B stated in the Introduction provides an answer to this ques-
tion, namely that the boundary ∂P admits a metric with Scn+1 > 0. Of course this leaves
open the possibility that one might be able to do better. However given the degree of gen-
erality involved, this would seem to be a difficult task without a much better understanding
of intermediate curvature conditions.

Proof of Theorem B. Consider the arrangement of base manifolds within P . As noted pre-
viously, this is the result of forming a one-point union between the relevant pair of base
manifolds for each arc of the graph G. The key point here is that this arrangement is an
embedded n-complex within P . Let us denote this complex by K. As in the Main Theorem,
we can consider a regular neighbourhood U of K within P . The following observation is
trivial, but crucial: ∂P ∼= ∂U. Theorem B is now an immediate corollary of this observation
together with Theorem A.

4.2 The fundamental group and 3-positive Ricci cur-

vature

Recall from the Introduction the following Theorem of Carr:

Theorem 4.2.1. [6, Corollary 2] Let π be a finitely presented group. Then, there exists a
compact 4-manifold M of positive scalar curvature with π1(M) = π.

It is well known that the curvature of a manifoldM can restrict the possible fundamental
groups, π1(M). As noted in the Introduction, for M is closed we have:

• If M has Ric > 0, then π1M is finite;

• If M has Ric ⩾ 0, then π1M is virtually abelian, i.e. π1(M) has an abelian subgroup
of finite index.

In the case of Sc2 > 0 we have the following conjecture due to Wolfson:

Conjecture 4.2.2. [33] If M is a closed n-manifold that admits a metric with 2-positive
Ricci curvature then its fundamental group, π1(M), is virtually free.

Wolfson [33] also comments that “3-positive Ricci curvature imposes much weaker re-
strictions on π1(M) than 2-positive Ricci curvature”.

Following Carr’s strategy, Theorem A leads us to the following generalization of Carr’s
theorem:
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Theorem 4.2.3. Let π be a finitely presented group. Then, there exists a closed manifold
M of any given dimension bigger or equal to 4 and 3-positive Ricci curvature (Sc3 > 0) such
that π1(M) = π.

We immediately obtain:

Corollary 4.2.3.1. Sc3 imposes no restrictions on π1(M).

In particular this implies

Corollary 4.2.3.2. The Wolfson Conjecture is false if 2-positive Ricci curvature is replaced
by 3-positive Ricci curvature.

Proof of Theorem C. Given a finitely presented group π, we begin by realizing π as the fun-
damental group of a CW-complex as follows. Firstly, fix a finite presentation of π. Consider
a one-point union of circles, with one circle for each generator. This has an obvious CW com-
plex structure. Next, for each relation, glue a 2-cell in the obvious way along its boundary
to the circles (with appropriate direction) corresponding to the ordered list of generators in
that relation. This clearly creates a finite 2-dimensional CW complex C with fundamental
group π. (Note that in general, C will not be a regular CW complex).

By [18, Theorem 2C.5], every CW complex is homotopy equivalent to a simplicial com-
plex of the same dimension. Thus there is a simplicial complex (or rather its realization) K
such that C ≃ K. Moreover K can be chosen to be finite, given that C is finite. Clearly we
have π1(K) ∼= π.

By [14, Theorem A], every countable and locally finite CW complex of dimension m
can be embedded into R2m+1. In particular, this applies to the simplicial complex K. Let
ϕ : K → R5 be such an an embedding. The finiteness of K means that whatever the em-
bedding ϕ, we can assume that ϕ(K) is smoothly embedded, that is, that ϕ restricted to the
interior of each simplex is a smooth embedding. (This follows from the classical Whitney
Approximation Theorem, see for example [20, Theorem 6.21]: given a continuous embedding
ϕ, fix the image of the 0-skeleton of K in R5, then apply the approximation Theorem one
simplex at a time to the 1-skeleton, and to the 2-skeleton in turn to show that we can render
ϕ smooth by arbitrarily small pertubations).

We can now apply Theorem A to the image ϕ(K), to deduce the existence of a regu-
lar neighbourhood U of ϕ(K) such that ∂U has Sc3 > 0. Moreover, the construction of
U shows that we can choose U so small that the nearest point map pr : ∂U → ϕ(K) is
well-defined. It is clear that U itself is precisely the mapping cylinder of pr. In particular,
we have π1(U) ∼= π1(K) ∼= π.

The Corollary will follow if we can show that π1(∂U) ∼= π. In order to do this, we study
the homotopy long exact sequence of the pair (U, ∂U):

. . .→ π2(U, ∂U) → π1(∂U) → π1(U) → π1(U, ∂U) → . . . .

111



Since U and K have the same homotopy type, by exactness, then π1(U) ∼= π1(K) ∼= π.
Therefore, it suffices to show that π2(U, ∂U) ∼= π1(U, ∂U) ∼= 0.

Consider π2(U, ∂U). (The argument for π1(U, ∂U) is exactly the same, so will be omitted.)
The elements of π2((U, ∂U) are homotopy classes of maps of pairs (D2, ∂D2) → (U, ∂U). By
the Whitney Approximation Theorem we can assume that the map representing any given
element of σ ∈ π2(U, ∂U) is smooth. For any such map f , by transversality, we can make
an arbitrarily small deformation to f away from the boundary so that the image f(D2) and
ϕ(K) are disjoint. (This follows, for example by applying the Transverse Homotopy Theorem
in [17, page 70] to the interior of each simplex of ϕ(K) in turn).

Figure 4.1: Representation of π2(U, ∂U) in R5.

In other words, we are free to assume that f(D2) ⊂ U \ϕ(K). But since U is the mapping
cylinder of pr, we have U \ϕ(K) ∼= ∂U× [0, 1), and in particular, ∂U is a deformation retract
of U \ ϕ(K). Applying this retraction to f shows that f is homotopic as a map of pairs to a
map f̃ with f̃(S2) ⊂ ∂U . Hence σ = 0. As σ is an arbitrary element of π2(U, ∂U), it follows
that π2(U, ∂U) = 0, as desired.

In the context of the above proof, notice that any free group π is the fundamental group
of a 1-complex. In this case the proof shows that there exists a manifold M with 2-positive
Ricci curvature and π1(M) = π. This supports the Wolfson Conjecture.
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Chapter 5

Contractibility and boundary
convexity in positive Ricci curvature

Throughout this chapter, we will assume thatM denotes a Riemannian manifold with bound-
ary.

In [32], H.-H. Wang explores the connection between curvature, boundary convexity and
topology. Theorem 1 of that paper proves that if M has Ric > 0, the boundary is suffi-
ciently highly convex and the sectional curvature at the boundary is non-negative, then M
is contractible. In other words, if we want to have positive Ricci curvature (or some stronger
curvature condition) and non-trivial topology, then the boundary cannot be too highly con-
vex.

In order to state to state this theorem, we need some notation. Let

Λ(Mn) = λ

(
Vol(∂M)

Vol(Sn−1)

) 1
n−1

,

where λ is the infimun of the eigenvalues of the boundary shape operator with respect to
the outward normal.

Theorem 5.0.1 ([32, Theorem 1]). For any integer n ⩾ 4, there exists 1 > δn > 0 with the
following property. If Mn satisfies:

1. RicM > 0;

2. Λ(Mn) > 1− δn;

3. KM ⩾ 0 at ∂M ,

then Mn is contractible.

Note that this is an existence result for δn only, and does not provide a means for esti-
mating its value. The aim of this chapter is to establish an analogous contractibility result
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that gives an explicit estimate for the level of boundary convexity that will guarantee con-
tractibility.

The proof of Wang’s result hinges on a theorem about volume growth in Ric ⩾ 0 due to
Perelman [24]. In this chapter we want to explore a different approach to study the connec-
tion between curvature, topology and boundary convexity by replacing the Perelman volume
growth result [24] with ideas introduced by M. do Carmo and C. Xia in [12].

Let (M, g) be an n-dimensional compact Riemannian manifold with boundary and posi-
tive Ricci curvature. To this we add a collar C = ∂M × [0,∞) along the boundary, to yield
a non-compact manifold M , i.e. M := M ∪ C. Assume we can smoothly extend the metric
g to a complete metric on M , which on the collar takes the form dr2 + f 2(r)g∂M for r ≥ r0,
some r0 > 0.

Figure 5.1: Riemannian manifold M with collar C.

A cross-section of the collar corresponds to any fixed value of r, which we will refer to as
a “slice” of the collar. The volume of a slice is given by

Vol(Slice(r)) = Vol(∂M, g∂M)fn−1(r).

So, the volume of the collar over r ∈ [r0, R] is

Vol(Collar) = Vol(∂M)

∫ R

r0

fn−1(r)dr.
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In [12], M. do Carmo and Xia define the asymptotic volume αN of a non-compact Rie-
mannian manifold N by

αN = lim
r→∞

Vol[B(p, r)]

ωnrn
,

where B(p, r) denotes the open geodesic ball around p ∈ N with radius r, and ωn denotes
the volume of the unit ball in Euclidean space Rn. Since αN is independent of p ∈ N , it is
a global geometric invariant which measures the volume growth. We say that N has large
volume growth if αN > 0.

Similarly to αN , we can define the volume growth in the collar. Let C(R) be the part of
the collar corresponding to r ∈ [r0, R]. Then we set

α = lim
R→∞

Vol C(R) = lim
R→∞

Vol(∂M) lim
R→∞

∫ R

r0
fn−1(r)dr

ωnRn
.

With the help of this quantity, we will prove a variant of Wang’s Theorem [32] that will
provide a more explicit estimate for a lower bound on Λ, which guarantees contractibility.

Lemma 5.0.2. Let f(r) = cr − be−dr for r ⩾ r0 > 0, and some b, c, d > 0. Then,

α = Vol(∂M)
cn−1

nωn

.

Proof. ∫ R

r0

(cr − be−dr)n−1dr =

∫ R

r0

(
cn−1rn−1 − (n− 1)cn−2rn−2be−dr

+
(n− 1)(n− 2)

2
cn−3rn−3b2e−2dr + . . .

+(−1)n−1bn−1e−(n−1)dr
)
dr

=
cn−1Rn

n
+

n−1∑
i=1

O(Ri).

We can focus on the first term in this sum since the rest of terms will tend to zero when
we take the relative volume limit. Therefore,

α = Vol(∂M) lim
R→∞

cn−1Rn

nωnRn
= Vol(∂M)

cn−1

nωn

.
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Lemma 5.0.3. α = αM̄ .

Proof. Let p ∈M . For R large, M ∪ C(R− diam(M)) ⊆ B(p,R− r0) ⊆M ∪ C(R).

In order to see that M ∪ C(R − diam(M)) ⊆ B(p,R − r0), consider any point y ∈
C(R− diam(M)), and let x ∈M and z ∈ ∂M .

Since d(x, z) and d(z, y) are at most diam(M) and R− diam(M)− r0 respectively, then,

d(x, y) ⩽ d(x, z) + d(z, y) = diam(M) +R− diam(M)− r0 = R− r0,

as we wanted.

Now, we claim

lim
R→∞

Vol(M ∪ C(R− diam(M)))

ωnRn
= lim

R→∞

Vol(M ∪ C(R))
ωnRn

.

We can see that

lim
R→∞

Vol(M ∪ C(R− diam(M)))

ωnRn
= lim

R→∞

Vol(M)

ωnRn
+

+Vol(∂M) lim
R→∞

(∫ R−diam(M)

r0
fn−1(r)dr

ωnRn

)

= Vol(∂M)
cn−1

nωn

= α.

Similarly,

lim
R→∞

Vol(M ∪ C(R))
ωnRn

= lim
R→∞

Vol(M)

ωnRn
+Vol(∂M) lim

R→∞

(∫ R

r0
fn−1(r)dr

ωnRn

)

= Vol(∂M)
cn−1

nωn
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= α.

Therefore,

lim
R→∞

Vol(M ∪ C(R− diam(M)))

ωnRn
= lim

R→∞

Vol(M ∪ C(R))
ωnRn

.

Equally,

αM̄ = lim
R→∞

VolB(p,R− r0)

ωn(R− r0)n

= lim
R→∞

[VolB(p,R− r0)

ωnRn
× Rn

(R− r0)n

]

= lim
R→∞

VolB(p,R− r0)

ωnRn
.

It now follows inmediately from the Sandwich Theorem that α = αM̄ as claimed.

We now turn our attention to the curvature of M̄.

Lemma 5.0.4. Suppose that KM ⩾ 0 at all points in ∂M , and that the principal curvatures
at the boundary are all ⩾ λ > 0. Then assuming n = dimM ⩾ 3, we have that ν := minK∂M

is strictly positive.

Remark 5.0.5. Notice that for K∂M to be positive, we need dim ∂M ⩾ 2, and hence we need
n ⩾ 3 in the above Lemma.

Proof. Let X, Y, Z, T be smooth vector fields tangent to ∂M . Then by [11, Proposition
3.1(a)],

⟨RM(X, Y )Z, T ⟩ = ⟨R∂M(X, Y ), Z, T ⟩ − II(Y, T )II(X,Z) + II(X,T )II(Y, Z),

where II is the second fundamental form of ∂M with respect to the outward normal.

If X and Y are unit fields, X ⊥ Y , then

⟨RM(X, Y )X, Y ⟩ = KM(X, Y ) = K∂M(X, Y )− II(X,X)II(Y, Y ) + II(X, Y )2. (5.1)

Since KM ⩾ 0 at ∂M , we have that

K∂M(X, Y ) ⩾ II(X,X)II(Y, Y )− II(X, Y )2.
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Now II is bilinear and symmetric, and the boundary convexity condition means that
it is also positive definite. In other words, II in our situation is an inner product on
each tangent space to the boundary. Thus, the Cauchy-Schwarz inequality applies, giv-
ing II(X,X)II(Y, Y ) ⩾ II(X, Y )2. Moreover we would have equality here if and only if X
and Y were colinear, but since these vectors are orthogonal, we deduce that in our case we
have II(X,X)II(Y, Y ) > II(X, Y )2. Thus K∂M > 0, and therefore by compactness there
exists ν > 0 such that ν = minK∂M .

The next result is a corollary of the proof above.

Lemma 5.0.6. Under the hypotheses of the above Lemma, we have λ ⩾
√
ν.

Proof. This is immediate from equation (5.1), since the right-hand side of that expression
takes a minimum value λ1λ2 where λ = λ1 ⩽ λ2 are the two lowest eigenvalues. The
justification of this algebraic fact is presented in the next lemma.

Lemma 5.0.7. The minimum value of the expression II(X,X)II(Y, Y )− II(X, Y )2, where
X and Y range over all pairs of orthonormal tangent vectors to ∂M , is λ1λ2 where λ = λ1 ⩽
λ2 are the two lowest eigenvalues of II.

Proof. Let {v1, . . . , vn−1} be an orthonormal set of eigenvectors for II with eigenvalues λ1 ⩽
λ2 ⩽ · · ·λn−1. First note that the value λ1λ2 is achieved by setting X = v1 and Y = v2.
More generally, let us write X =

∑
i kivi and Y =

∑
j ℓjvj. Then II(X,X) =

∑
i λik

2
i ,

II(Y, Y ) =
∑

j λjℓ
2
j , II(X, Y ) =

∑
i λikiℓi and therefore II(X, Y )2 =

∑
ij λiλjkiℓikjℓj. Thus

we obtain

II(X,X)II(Y, Y )− II(X, Y )2 = (
∑
i

λik
2
i )(
∑
j

λjℓ
2
j)−

∑
ij

λiλjkiℓikjℓj

=
∑
ij

λiλjk
2
i ℓ

2
j −

∑
ij

λiλjkiℓikjℓj

=
∑
ij

λiλj
(
k2i ℓ

2
j − kiℓikjℓj

)

=
∑
i

λ2i (k
2
i ℓ

2
i − k2i ℓ

2
i ) + 2

∑
i<j

λiλj
(
k2i ℓ

2
j + k2j ℓ

2
i − 2kiℓikjℓj

)

= 2
∑
i<j

λiλj(kiℓj − kjℓi)
2

⩾ 2λ1λ2
∑
i<j

(kiℓj − kjℓi)
2,
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where the last line follows from the fact that all terms on the previous line are non-negative.
Thus replacing all coefficients on the third line of the calculation above by λ1λ2 we obtain

II(X,X)II(Y, Y )− II(X, Y )2 ⩾ λ1λ2
∑
ij

(
k2i ℓ

2
j − kiℓikjℓj

)
. (∗)

The orthonormality of X and Y imply that
∑

i k
2
i =

∑
j ℓ

2
j = 1 and

∑
i kiℓi = 0. We can

use these facts to analyze the right-hand side of (∗) as follows.
∑

ij k
2
i ℓ

2
j = (

∑
i k

2
i )(
∑

j ℓ
2
j) =

1× 1 = 1. Similarly
∑

ij kiℓikjℓj = (
∑

i kiℓi)
2 = 0. Therefore (∗) reduces to

II(X,X)II(Y, Y )− II(X, Y )2 ≥ λ1λ2(1− 0)

= λ1λ2,

as required.

The next result allows us to control the curvature in the collar.

Proposition 5.0.8. Assume that the Ricci curvature of (M, g) is positive, and the sectional
curvature satisfies KM > −κ for some κ > 0, and also satisfies KM ⩾ 0 at all points of ∂M .
Assume further that the principal curvatures of ∂M are all ⩾ λ > 0, and set ν = minK∂M .
Then for any function f : [r0,∞) → (0,∞) satisfying f(r0) = 1, f ′′(r) < 0 for all r ⩾ r0,
and 0 < f ′(r0)/f(r0) < min{λ,

√
ν}, the collar metric dr2 + f 2(r)g∂M has positive sectional

curvature, and the metrics on M̄ =M ∪C can be smoothed in a neighbourhood of ∂M = ∂C
(where ∂C corresponds to r = r0) in such a way that RicM̄ > 0 and KM̄ > −κ.

Proof. Recall that the metric on the collar takes the form dr2 + f 2(r)g∂M , for some positive
function f . In order to investigate the sectional curvature of this metric, we begin by con-
sidering the curvature operator R.

Given an orthonormal basis {ei} for any tangent space, if ei ∧ ej diagonalize R with cor-
responding eigenvalues λij, then according to [25, chapter 3, Proposition 1.1], the sectional
curvatures at that point all lie in the interval [minλij,maxλij]. If {ei} is in fact an orthonor-
mal basis for Tp∂M , then {∂/∂r} ∪ {f−1(r)ei} forms an orthonormal basis for Tr,p(I × ∂M)
in the collar. Then adapting [25, chapter 3, Proposition 1.4] to our situation, we see easily
that

R(f−1ei ∧ ∂/∂r) = −f
′′

f
(f−1ei ∧ ∂/∂r);

R(f−1ei ∧ f−1ej) =
1

f 2

(
K∂M(ei, ej)− f ′2)(f−1ei ∧ f−1ej).
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We now observe that the vectors {f−1ei ∧ ∂/∂r} together with {f−1ei ∧ f−1ej} form a
complete set of eigenvectors for R, and hence by the result quoted above, we see that the
sectional curvatures in the collar all lie in the range

[
min{−f ′′/f, (K∂M(ei, ej)− f ′2)/f 2},max{−f ′′/f, (K∂M(ei, ej)− f ′2)/f 2}

]
. (5.2)

Suppose we choose f : [r0,∞) → (0,∞) so that f(r0) = 1, 0 < f ′(r0) < min{λ,
√
ν}

and f ′′(r) < 0 for all r ⩾ r0. Then f ′ is a decreasing function, and so the minimum in
the expression (5.2) is positive for all r ⩾ r0, i.e. the sectional curvature of the collar is
everywhere strictly positive.

On the other hand, this collar metric will not in general give a smooth metric when glued
to (M, g), and therefore we must smooth over the join. (Notice that the join is automatically
C0, but not in general C1.) We claim that we can do this in such a way that the sectional
curvature of M̄ =M ∪ C is globally > −κ.

In order to smooth the join, we employ a classic technique due to Perelman ([24]). Perel-
man only deals with the case of gluing manifolds of positive Ricci curvature with isometric
boundaries ∂N1, ∂N2 which satisfy the boundary convexity condition II∂N1+II∂N2 > 0. How-
ever the result also holds under stronger curvature conditions (subject to the same boundary
requirements), and in particular gluing is possible preserving any given lower bound on the
sectional curvature. See [26, Corollary B] (in the case k = 1). The claim now follows from
the fact that II∂M ≥ λ and II∂C = −f ′(r0)/f(r0) > −min{λ,

√
ν}, and thus by Lemma

5.0.6 we see that II∂M + II∂C > 0.

Finally, we note that bothM and the collar have positive Ricci curvature, and the original
Perelman result shows that this smoothing will preserve positive Ricci curvature.

Recall that for some b, c, d > 0 we want f to take the form f(r) = cr − be−dr, with
r ⩾ r0 > 0. We will now make explicit choices for these constants, and demonstrate that the
resulting function satisfies the requirements of Proposition 5.0.8.

Definition 5.0.1. For any integer m ⩾ 2 (to be determined later), set

f(r) := λ
(m− 1

m

)
r − 1

2m
e−r/r0 ,

where

r0 :=
m

λ(m− 1)

(2me+ 1

2me

)
.

Lemma 5.0.9. The function f defined above satisfies the requirements of Proposition 5.0.8.
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Proof. It is easily checked that f(r0) = 1, as required. Equally, it is clear that f ′′(r) < 0 for
all r ⩾ r0. Consider then the first derivative requirement. We have

f ′(r) = λ
(m− 1

m

)
+

1

2mr0
e−r/r0 ,

and so

f ′(r0) = λ
(m− 1

m

)
+ λ
(m− 1

m

)( 2me

2me+ 1

) 1

2me

= λ
(m− 1

m

)(
1 +

1

2me+ 1

)
.

To satisfy the convexity condition in Proposition 5.0.8 we need to check that the last expres-
sion above is < λ, which amounts to checking that

1 +
1

2me+ 1
<

m

m− 1
,

or equivalently that 2me > m− 2, which is true since 2e > 4 and m > m− 2.

Now consider the distance function dp(x) = d(p, x). This is smooth on M \ {p ∪ Cp},
where Cp is the cut locus of p.

Definition 5.0.2. The point q ∈Mn (q ̸= p) is a critical point of dp if for all v in the tangent
space TqM , there is a minimal geodesic, γ, from q to p, making an angle, ∡(v, γ′(0)) ⩽ π/2,
with γ′(0).

From now on we just say that q is critical for p.

Suppose there exists q ∈M which is critical for p. Then, observe that the point q is still
critical for p in M .

Lemma 5.0.10. Adding a collar does not introduce any new critical points for p.

Proof. Recall that in the collar C = ∂M × [0,∞], the metric is dr2 + f 2(r)g∂M . This is a
warped product manifold where r represents the distance along the collar direction.

We define ∂r to be the unit vector field pointing outward along the collar, specifically, it
points away from M .

Let x ∈ C and γ : [0, L] → M̄ be a minimizing geodesic from x = γ(0) ∈ C to
p = γ(L) ∈M . We want to prove that x is not critical for p.

Since p ∈M and x ∈ C, every geodesic from x to p must enterM in order to end at p, so
in the collar, γ′(t) must always have a component in the −∂r direction, i.e. ⟨−∂r, γ′(0)⟩ > 0.
Therefore
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cosσ = ⟨−∂r, γ′(0)⟩ > 0, i.e. σ ∈
(
0,
π

2

)
,

where σ = ∡(−∂r, γ′(0)).

Setting v = ∂r in Definition 5.0.2, we see that for every minimal geodesic γ from x to p
we have ∡(v, γ′(0)) > π/2, and hence q cannot be critical for p.

Using ideas from the proof of [12, Theorem 2], we show that the existence of a critical
point means that Vol(B(p, r)) is restricted for large r. This restricts the size of α forM . But,
on the other hand, the higher the boundary convexity Λ is for M , the larger α is. Therefore,
if boundary convexity is too high, there cannot be a critical point.

Assuming the existence of a critical point q for p, our aim is to find an upper bound
for α on M̄ in terms of dp(q) and lower bound for the sectional curvature −κ < 0 on M .
We will also need to assume that Ric > 0 on M , and that the sectional curvature KM is
non-negative at ∂M . This will lead to a maximum possible boundary convexity for M , be-
yond which critical points cannot exist. The absence of critical points then means that the
manifold is contractible.

Lemma 5.0.11. [15] Let q1 be critical with respect to p and let q2 satisfy d(p, q2) ⩾ ζd(p, q1),
for some ν > 1. Let γ1, γ2 be minimal geodesics from p to q1, q2 respectively and put
ϕ = ∡(γ′1(0), γ

′
2(0)). If KM ⩾ −κ2, (κ > 0) and d(p, q2) ⩽ δ, then

ϕ ⩾ cos−1

(
tanh(κδ/ζ)

tanh(κδ)

)
. (5.3)

Figure 5.2: Minimal geodesics from p to q1 and q2.

Let δ1 = d(p, q1) and δ2 = d(p, q2). We can rewrite (5.3) as
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ϕ ⩾ cos−1

(
tanh(κδ1)

tanh(κδ2)

)
.

Assuming κ > 0, as δ2 increases, so does the lower bound for ϕ.

The following result about the non-existence of critical points will be crucial later.

Lemma 5.0.12. [7] If there are no critical points for p ∈M , then M is contractible.

Let p ∈ Mn and suppose there exists q ∈ M which is critical for p. Let SpM be the set
of unit vectors in TpM .

As in the proof of [12, Theorem 2], let Γpq be the set of unit vectors in TpM corresponding
to the set of normal minimal geodesics from p to q.

For any θ ∈ [0, π
2
], let Γpq(θ) = {u ∈ SpM |∡(u,Γpq) ⩽ θ}.

Note that Γqp is π
2
-dense in SqM , since q is critical for p.

Therefore, Γpq contains at least two distinct vectors and so there exists a constant c > 0
such that Vol(Γpq(θ0)) ⩾ v(θ0) + c = (1 − µ)cn−1 + c, where v(θ0) denotes the volume of a
geodesic ball of radius θ0 in an (n−1)-unit sphere, cm is the volume of Sm(1) and µ ∈ (1/2, 1).

Notice that

1− µ =
v(θ0)

cn−1

=
cn−2

∫ θ0
0

sinn−2 tdt

cn−2

∫ π

0
sinn−2 tdt

.

We define r1 to be the distance between p and q (r1 = d(p, q)) along the minimal geodesic
γ1. For u ∈ SpM define the geodesic γ2 = expp(tu) ∈ M̄ .
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Figure 5.3: Diagram of the point p and geodesics γ1 and γ2.

For a geodesic γ2 to “escape” to infinity in M , and therefore to contribute to αM , the
angle of separation θ between γ1 and γ2 must satisfy

θ ⩾ cos−1

(
lim
t→∞

tanh(κr1)

tanh(κd(p, γ2(t)))

)
= cos−1(tanh(κr1)). (5.4)

(Note that tanh(r) is increasing with limit 1.) Here we are using the fact that KM̄ > −κ,
as guaranteed by Proposition 5.0.8.

Short geodesics exist from p in all directions. If we are looking for minimal geodesics of
length r1 then

θ ⩾ cos−1

(
tanh(κr1)

tanh(κr1)

)
= cos−1(1) = 0.

So, θ is unrestricted. But, if we look for longer minimal geodesics than γ1, then we obtain
positive lower bound on θ.

We now show that if there exists q ∈ M critical for p, then we can compute an upper
bound for volume growth in terms of κ and r1, i.e. there exists α′ = α′(κ, r1) such that
αM̄ ⩽ α′.

Lemma 5.0.13. If there exists q ∈ M critical for p, then there exists an upper bound
α′ = α′(κ, diam(M)) for the asymptotic volume growth αM̄ given by
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α′ = 1−
∫ cos−1(tanh(κdiam(M)))

0
sinn−2 tdt∫ π

0
sinn−2 tdt

.

Proof. Recall that the Bishop-Gromov volume comparison Theorem [1] says that for Ric ⩾ 0,
Vol[B(p, r)] ⩽ ωnr

n. Then,

αM̄ = lim
r→∞

Vol[B(p, r)]

ωnrn
⩽ 1,

i.e. in Ric ⩾ 0, αM̄ ⩽ 1.

Figure 5.4: Cut locus.

We subdivide B(p, r) as characterised in Figure 5.5, where the wavy line indicates the
cut locus. Then,

Vol[B(p, r)] = Vol(Reg1) + Vol(Reg2),

where Vol(Reg1) is independent of r for r sufficiently large and Vol(Reg2) depends on r.
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Figure 5.5: Division of B(p, r) by Reg1 and Reg2.

Therefore, the largest possible asymptotic volume growth is

α′ = lim
r→∞

Vol(Reg1) + Vol(Reg2)

ωnrn
= lim

r→∞

Vol(Reg2)

ωnrn
.

Notice that the volume of B(p, r) is at most ωnr
n by Bishop-Gromov.

Figure 5.6: “Cone” region of SpM .

Given a minimal geodesic from p to q with initial velocity vector u ∈ SpM , consider the
disc in SpM consisting of the end points of those vectors based at p which make an angle
of < θmin with u, where θmin is given by the right-hand side of Equation (5.4). This disc
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has volume v(θmin). We can see that every geodesic whose initial vector lies in this “cone”
region must hit cut locus and so does not contribute to α′ (See Figure 5.6). Clearly,

Vol(Reg2(r)) ⩽
(cn−1 − v(θmin))ωnr

n

cn−1

.

Therefore,

αM̄ ⩽ lim
r→∞

cn−1 − v(θmin)

cn−1

ωnr
n

ωnrn
= 1− v(θmin)

cn−1

.

Explicitly, using Equation (5.4), we have

v(θmin)

cn−1

=

∫ cos−1(tanh(κr1))

0
sinn−2 tdt∫ π

0
sinn−2 tdt

.

Instead of r1 = dp(q), we will consider diam(M) = maxx,y∈M d(x, y). As r1 ⩽ diam(M)
combining the above expressions we obtain

αM̄ ⩽ 1−
∫ cos−1(tanh(κ diam(M)))

0
sinn−2 tdt∫ π

0
sinn−2 tdt

= α′.

Corollary 5.0.13.1. If αM̄ > α′, then M is contractible.

Proof. If αM̄ > α′, then by Lemma (5.0.13), there do not exist any critical points for p.
Hence, by Lemma (5.0.12), M is contractible.

Recall from Lemmas 5.0.2 and 5.0.3 that αM̄ = Vol(∂M)
cn−1

nωn

, and that by Lemma 5.0.13

the upper bound for the volume growth on M̄ in the prescence of critical points is given by

α′ = 1−
∫ cos−1(tanh(κdiam(M)))

0
sinn−2tdt∫ π

0
sinn−2tdt

.

By Corollary (5.0.13.1), our original manifold with boundary is contractible if αM > α′.
By Definition 5.0.1, we see that this inequality amounts to

Vol(∂M)λn−1
(
m−1
m

)n−1

nωn

> 1−
∫ cos−1(tanh(κdiam(M)))

0
sinn−2tdt∫ π

0
sinn−2tdt

. (5.5)
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We are now in a position to state and prove our main theorem. Recall that Wang’s
convexity invariant Λ is defined by

Λ(Mn) = λ

(
Vol(∂M)

Vol(Sn−1)

) 1
n−1

= λ

(
Vol(∂M)

nωn

) 1
n−1

.

Also recall that n = dimM ⩾ 3, see Remark 5.0.5.

Theorem 5.0.14. Let n ⩾ 3 and ψ =

∫ cos−1(tanh(κ diam(M)))

0
sinn−2tdt∫ π

0
sinn−2tdt

. If Mn satisfies:

1. Ric ⩾ 0;

2. KM ⩾ 0 at ∂M ;

3. Λ > (1− ψ)
1

n−1 ;

then Mn is contractible.

Proof. With ψ as in the statement of the Theorem, we can rewrite (5.5) as

Λn−1

(
m− 1

m

)n−1

> 1− ψ.

But, we can make m−1
m

as close to 1 as we want by choosing m sufficiently large. There-

fore, if Λn−1 > 1−ψ or equivalently Λ > (1−ψ)
1

n−1 , then we can choose m sufficiently large

so that Λn−1
(
m−1
m

)n−1
> 1− ψ is also true.

We conclude that if Λ > (1− ψ)
1

n−1 , then the manifold is contractible.
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