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Abstract

This thesis generalises a result of M. Walsh by proving that Gromov-Lawson concordance
implies isotopy in the space of Riemannian metrics with positive (p, n)-intermediate scalar
curvature. We work in the setting of closed, simply-connected manifolds of dimension n > 5,
equipped with Morse functions that satisfy suitable admissibility and cancellation conditions.
Building on the surgery stability results of Gromov-Lawson and Labbi, we construct a relative
isotopy between specific metrics and use it to prove that any Gromov-Lawson (s,, > 0)-
concordant metrics are isotopic through positive (p, n)-intermediate scalar curvature metrics.
The main result shows that for a closed, simply-connected manifold M of dimension at
least 5, Gromov-Lawson concordance implies isotopy in Ré»»>9(M), thereby extending the
known relationship between isotopy and concordance from the scalar curvature case to the

intermediate curvature setting.
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Chapter 1
Introduction

AUSS, in his 1828 work General Remarks on Curved Surfaces [10], studied the differential
geometry of surfaces embedded in Euclidean space, notably distinguishing between the
notions of intrinsic curvature and extrinsic curvature, where the latter is contingent on the
nature of the embedding. The intrinsic notion, known as Gaussian curvature, is independent
of any embedding in higher dimensional space. Given that this quantity pertains to surfaces,
manifolds of dimension 2, it therefore naturally permits a generalisation to manifolds of
dimension n. This generalisation was formalised by Bernhard Riemann*, a student of Gauss,
in his 1854 work On the Hypotheses which Lie at the Foundations of Geometry [39]'. In this
text, Riemann studied the intrinsic geometry of manifolds of some arbitrary dimension n.
This more general curvature quantity, now referred to as sectional curvature, assigns to
each 2-dimensional subspace of the tangent space at a point the Gaussian curvature of an
associated locally specified 2-dimensional submanifold. Given therefore that each point on a
manifold admits a multitude of sectional curvatures, it is natural to seek a derived quantity
which assigns a single curvature value to a point. This quantity is known as scalar curvature,
which is essentially an average of the collection of sectional curvatures at a point and can be

realised as a scalar function
s: M — R.

In the case where n = 2, and the manifold is a surface, the sectional and scalar curvatures
are essentially the samef. However, as n grows, a large gap opens up, between the relatively

weak scalar curvature and the much stronger sectional curvature, in the amount of geometric

*Felix Klein on page 231 of [18] notes that “After a quiet preparation Riemann came forward like a bright
meteor, only to be extinguished soon afterwards.”

tIn the original German, Uber die Hypothesen, welche der Geometrie zu Grunde liegen. We cite the
English version, translated by William Kingdon Clifford.

In this case, the scalar is precisely twice the sectional.



information carried. There is another curvature notion lying between the two, the Ricci
curvature, which we will discuss in the next chapter.

A central problem in this subject concerns the topological implications of placing certain
constraints on the curvature of a Riemannian manifold. This is well understood in the
classical n = 2 case. Here we have the famous Theorem of Gauss-Bonnet which states that
for a compact oriented 2-dimensional Riemannian manifold M, we can express the Fuler

characteristic, x(M) as

Ay (M) = / 5.

M
This implies that a closed orientable surface with an Euler characteristic of 0 does not admit
a metric of positive, or negative, scalar curvature; the torus 72 for example. Moreover,
the sphere, S?, which we know in its round form admits positive curvature, will not admit
metrics of zero or non-positive curvature. Combining the Gauss-Bonnet Theorem with the
Uniformisation Theorem, which guarantees that every closed surface admits a metric of
constant curvature, a complete geometric classification of closed surfaces is known. That is,
a closed surface admits positive curvature if and only if it is a sphere or a projective plane,
zero curvature if and only if it is a torus or a Klein bottle and negative curvature if and only
if it has genus greater than or equal to 2.

In higher dimensions, where these various curvature notions (sectional, Ricci and scalar)
diverge in their relative geometric strengths, these classification problems become much more
complicated. We will focus in this thesis on certain questions relating to positive curvature.
In particular, we will study positivity for a collection of curvature notions, defined by Labbi
in [22] which interpolate between the sectional and scalar curvatures. These are known as
intermediate scalar curvatures and we will define them carefully in the next section. The
motivation for studying these notions is the gap in geometric information captured by the
scalar and sectional curvatures. This has meant that the kinds of techniques used in finding
examples of metrics with positive curvature are radically different. Put simply, there are
powerful techniques for constructing examples of positive scalar curvature metrics which do
not work for the construction of positive sectional curvature metrics. One motivation for
working with intermediary notions, is to help find the limit of applicability of these techniques
and get a better sense of the difference in these curvatures.

Returning to sectional curvature for a moment, the problem of whether or not a given
smooth closed manifold admits a Riemannian metric of positive sectional curvature is a very
complicated and difficult one; see [14] and [57]. We will discuss this in more detail in the
next chapter but it is important to understand that this condition places severe topological

restrictions on the underlying manifold, for example forcing its fundamental group to be



finite. In the case when the manifold does not display obvious topological obstructions to
positive sectional curvature, finding examples of such metrics is an extremely challenging
problem.

The condition of positive scalar curvature is much weaker. For example, any closed
manifold of the form M x S?, where M is a compact manifold, admits a metric of positive
scalar curvature, regardless of the topological complexity of M. Famously, the following
theorem due to Gromov and Lawson and, independently, Schoen and Yau provides a powerful

technique for the construction of positive scalar curvature metrics.

Theorem 1.0.1 (Gromov-Lawson [12]; Schoen-Yau [43]). Let M be a compact manifold,
and M’ a manifold obtained from M by surgery in codimension at least 3. Then if M admits

a metric of positive scalar curvature so too does M'.

This theorem, and its various extensions which we will discuss in detail, massively in-
creased the number of known examples of metrics of positive scalar curvature and lead, as
we will discuss shortly, to an impressive classification result. There is no analogue of this
theorem in the positive sectional curvature case.

Now we consider obstructions to positive scalar curvature. For example, the n-torus,
T = St x St x -+ x 8! admits no metric of positive scalar curvature; see [13]. A more
subtle, and surprising, obstruction can be found among certain closed spin manifolds. The
following result due to Schrodinger and Lichnerowicz shows that a particular topological
index defined for closed manifolds with dimension a multiple of four, A (known as the A-hat
genus)® acts as an obstruction to the existence of metrics of positive scalar curvature in the

spin case.

Theorem 1.0.2 (Schrodinger; Lichnerowicz [28]). Let M** be a closed, spin manifold which

admits a metric of positive scalar curvature. Then A(M) =0,

Remark 1.0.3. A smooth orientable manifold is said to be spin if and only if its second
Stiefel- Whitney classY vanishes, which, for simply-connected manifolds of dimension at least
5, ensures that every embedded S? admits a trivial normal bundle. This fact has important
implications regarding surgery on manifolds, a subject we will discuss later. We will not make
any direct use of the notion of spin manifolds in this thesis; for further and more technical
discussion regarding spin structures on manifolds we direct the reader to Chapter 2 of [25]
and to the article [32].

$Consult Chapter 2, Section 6, Example 6.3 of [25] for a formal definition.
ISee Section 4 of [34] for a definition.



The above theorem was furthered by Hitchin in [16], in which it was shown that if a
manifold admits a metric of positive scalar curvature then its spin cobordism class lies in
the kernel of an invariant denoted «, which roughly agrees with A in dimensions divisible
by 4. The a-invariant, introduced by Atiyah and Singer, is a homomorphism from the
spin cobordism ring to the real K-theory of a point, o : QP — KO,. For a closed spin
Riemannian manifold M, this invariant can be understood as the index of the Dirac operator,
a self-adjoint elliptic operator on the space of sections of the spinor bundle associated to
M. The index, in its most basic form, is defined as the difference between the dimensions
of the kernel and cokernel of this operator!, which is independent not just of the choice
of Riemannian metric, but of the spin-bordism class of the manifold M. Following this
result, a complete classification of simply-connected manifolds of dimension at least five
admitting positive scalar curvature metrics was completed by Stolz (following significant
work by Gromov and Lawson in [12]), in which it was shown that every spin cobordism class

in the kernel of o has positive scalar curvature representatives.

Theorem 1.0.4 (Stolz [45]). Let M be a compact simply connected manifold of dimension
n > 5. Then M admits a metric of positive scalar curvature if and only if M 1is either not
spin or M is spin with a([M]) = 0.

Thus, a non-vanishing a-invariant obstructs the existence of positive scalar curvature
metrics on spin manifolds. For analogues of this question in the non simply-connected case,
we direct the reader to [42], and to Chapter 3 of [56] for further study of obstruction theory

in the context of positive scalar curvature.

1.1 Intermediate scalar curvatures

The intermediate scalar curvatures, defined by Labbi in [22]**, will be discussed in detail
in the next chapter. It is worth giving a short description here however. Given that scalar
curvature is an average of sectional curvatures, we may define partial averages. The (p,n)-
intermediate scalar curvature of a Riemannian n-manifold denotes one of a collection of
curvatures, s,,, p € {0,1,---,n — 2} which interpolate between sectional curvature (p =
n — 2) and scalar curvature (p = 0). Each is defined as a real-valued function on the
p-Grassmann bundle:
Spn @ Grp(M) — R,

IBoth of which are always finite dimensional.
**In [22], Labbi ascribes this definition to Gromov.



and, at each point in z € M, maps a p-plane V, C T, M to the scalar curvature at = of
the locally specified submanifold of M determined by applying the exponential map to the
orthogonal complement of V,.. Thus, when p = 0 and V,, = 0, V> = T, M and s,,,,(V,) = s(z),
the scalar curvature at . When V,, is an (n — 2)-dimensional subspace of T, M, we obtain
the sectional curvature at x of the corresponding 2-dimensional orthogonal subspace.

In this spirit, we state a generalisation of the Gromov-Lawson-Schoen-Yau surgery result
due to Labbi.

Theorem 1.1.1 (Labbi [22]). Let M be a compact manifold of dimension n, and M’ a
manifold obtained from M by surgery in codimension at least 3 + p. Then if M admits a

metric of positive (p,n)-intermediate scalar curvature so too does M'.

In this context of (p,n)-intermediate scalar curvature, there is an analogue of the classi-
fication due to Gromov-Lawson and Stolz articulated in Theorem 1.0.4. This theorem, due

to B. Botvinnik and M. Labbi, concerns manifolds which are spin but not string':

Theorem 1.1.2 (Theorem A, [4]). Let M be a compact, spin, 3-connected non-string man-
ifold of dimension n > 9. Then M admits a Riemannian metric g with positive (2,m)-

intermediate scalar curvature if and only if a([M]) = 0.

Although the focus of this work is on Labbi’s intermediate scalar curvature, other notions
of intermediate curvature are studied, and there exists a growing body of literature on the
subject. Of particular relevance here is k-Ricci curvature defined by Wolfson in [53] and
interpolating between the Ricci curvature (when k& = 1) and the scalar curvature (when
k = n). The techniques and results we will employ in this thesis have their analogues in
the k-Ricci curvature context. It is important to point out that there is no simple direct
correspondence between the two curvature notions in the sense of positivity of one implying
positivity of the othert*. Moreover, given the relative weakness, and therefore flexibility, of
the Ricci curvature over the sectional, and the fact that the Ricci curvature is tensorial,

there are extra challenges in working with the intermediate scalar curvature.

1.2 Spaces of metrics, isotopy and concordance

Beyond the existence question for manifolds of positive scalar (or s,,) curvature, attention

has shifted in recent years to a related question. Let R(M) denote the space of Riemannian

A closed manifold is said to be string if it is spin and its fourth Stiefel-Whitney class vanishes.
HExcept in the obvious situations when these curvatures coincide with the scalar, Ricci and sectional
curvatures.



metrics on a smooth n-manifold, M. This space has a natural C"° topology, defined care-
fully in chapter one of [56], and discussed in the next chapter. We consider the subspace®®
RY(M) C R(M), of Riemannian metrics of positive scalar curvature on M.

Over the last few decades, a great deal of progress has been made in better understanding
the topology of this space. Early results, like that of Carr in [6] for example, have shown that
for many manifolds M, this space has multiple, even infinitely many, path components. We
know that this space often has a great deal of non-trivial topology. For example, Botvinnik,
Ebert and Randal-Williams show in [3], that when M is a closed spin manifold of dimension
at least 5 admitting positive scalar curvature metrics, this space has infinitely many non-
trivial higher homotopy groups.

In studying the topology of R*(M), two notions of equivalence on this space are of
particular importance. These are isotopy and concordance. Two metrics g, g1 € RT (M) are
said to be isotopic if there is a path in R (M) connecting them, and concordant if there is
a positive scalar curvature metric g on the cylinder M x I (I = [0,1]) such that for some
€ > 0. glaxp,e = go+dt* and glarx—e1) = 91+ dt*. As we will discuss, it is well known that
isotopic metrics in this space are concordant; see for example [12]. This is an enormously
important fact when it comes to exhibiting distinct path components in Rt (M) and used
extensively in the literature.

We now turn to the converse question: are concordant metrics isotopic? In the case of

dimension 4, D. Ruberman has shown that concordance does not imply isotopy:

Theorem 1.2.1 (Theorem 5.3, [41]). There are concordant, but not isotopic, metrics of

positive scalar curvature on simply-connected 4—manifolds.

More generally however, when n > 5, this question has been wide open for decades. It is
considered formidably hard; see [40] for a discussion by Rosenberg and Stolz of this problem.
An affirmative answer to this question would be hugely significant.

Under certain conditions, a partial affirmative result to the concordance-isotopy problem
for positive scalar curvature exists. There is a particular type of concordance, which relates
to the surgery techniques of Gromov and Lawson pioneered in [12], and known as Gromov-
Lawson concordance. Essentially, it takes in a positive scalar curvature metric, gg, on M
and a certain kind of Morse function, f : M x I — I, deemed admissible, and returns a
positive scalar curvature concordance on the cylinder M x I, denoted g = g(go, f). This
admissibility condition on f essentially means that critical points of the Morse function
correspond to surgeries which satisfy the codimension restriction of the Gromov-Lawson

surgery technique. The following has been proven by Walsh.

$8This generalises to analogous subspaces of positive 5p,n > 0 metrics, which we will come to later.



Theorem 1.2.2 (Walsh [48]). Let M be a closed simply-connected manifold of dimension
n > 5 and let gy be a positive scalar curvature metric on M Suppose g = g(go, f) is a Gromov-
Lawson concordance with respect to go and an admissible Morse function f : M x I — 1.

Then the metrics go and g1 = glmxq1} are isotopic.

The extent to which the set of Gromov-Lawson concordances “fills” the set of all concor-
dances on a given smooth manifold M is unclear. In one sense, because of their relationship
with surgery, the most powerful known technique for constructing new metrics of positive
scalar curvature, Gromov-Lawson concordances are very important. It has been speculated
that perhaps, in some sense, a general concordance might be approximated by Gromov-
Lawson concordances, or that perhaps that Gromov-Lawson concordances are in some sense
generic. However, this is not at all obvious, and may well be false. Indeed, as we will discuss

later, an arbitrary concordance could be very complicated indeed.

1.3 Organisation and main results of the thesis

In this thesis we consider the collection of spaces R*»»>9(M), of positive (p, n)-intermediate
scalar curvature metrics on M, a smooth closed n-dimensional manifold. Provided p is not
too close to n — 2 (the case of sectional curvature), much of the topological non-triviality
detected for RT(M) = R*»>%(M) has been found in these spaces. See in particular, a
recent paper due to Kordass and Frenck, [19]. However, nothing had been done, to the best
of our knowledge, on the concordance-isotopy problem in this more general context. This is
the subject of the thesis.

After defining analogous notions of concordance and isotopy for s,, > 0 curvature met-
rics, our main goal is to generalise, as best we can, Theorem 1.2.2 to this setting. This
is Main Theorem B below. Its proof involves demonstrating an explicit isotopy between
two concordant metrics. Our main construction differs from that of Theorem 1.2.2 in two
important respects. The first is that we must ensure that a stricter curvature condition,
spn > 0 curvature, is adhered to. This involves much more delicate and challenging calcula-
tions. Secondly, we make use of a notion of relative isotopy (see below) to provide a simpler
construction (and hence proof) which subsumes that done in [48].

In Chapter 2, we carefully introduce various curvature notions and review relevant theory
from differential topology and especially, surgery, cobordism and Morse Theory. In Chapters
3 and 4, we review a number of important metric examples, including so-called torpedo
and mixed torpedo metrics, on the disc and sphere, and perform curvature calculations to

determine under what conditions these metrics have s,, > 0 curvature.



These mixed torpedo metrics arise naturally in the surgery constructions we study. They
are based on a well-known decomposition of the sphere S™ into a union of sphere-disc sum-
mands,

S" = Sk X DZ+1 US’“XSZ Dk+1 X SE,

where k£ 4+ ¢ + 1 = n and involve equipping these summands with certain standard product
metrics which glue back smoothly together to obtain interesting metrics on S™. A variation
of these metrics on the disc D", and denoted gf/ifotl, will be particularly important.
Chapter 5 makes use of these mixed torpedo metrics on the disc. In it we study a
generalisation of the notion of isotopy for metrics on compact manifolds with boundary,
namely a relative isotopy introduced in [52], translated to the context of (p, n)-intermediate
scalar curvature. A relative isotopy is a path of metrics on a manifold with boundary, which
fixes the metric on the boundary. The following technical result involving mixed torpedo

metrics on the disc is, in a sense, the technical heart of the thesis.

Main Theorem A. Let n > 3 and suppose k and ¢ satisfyn =k +{+ 1 with £ > 2. Then
for all p satisfying 0 < p < € — 2, the metrics Gyt' and gy’ are (spn1 > 0) isotopic,

relative to the metric gt on S™, in the space R¥»n+>0(Dmt1 gn).

Main Theorem A, which is proven in Chapter 5 allows us to prove a restricted case of the
main theorem in Chapter 7. We call this Lemma 7.1.1, and it concerns a “building block”
case of a Gromov-Lawson concordance equipped with a Morse function which has exactly
two “cancelling” critical points.

To prove our main theorem, Main Theorem B below, we make use of Morse-Smale the-
ory, and certain deformations of a Morse function f, to move a general Gromov-Lawson

concordance into one which is a union of simpler concordances of the “building block” case.

Main Theorem B. Let M™ be a closed, simply-connected manifold of dimension n > 5.
Let gy denote an (s,, > 0)-metric on M, f: M x I — I, a p-admissible Morse function
and g = g(go, f), the corresponding Gromov-Lawson concordance metric on M x I. Then

the metrics gy and g = glmxq1y are (spn > 0)-isotopic.



Chapter 2
Background

In this chapter we review a number of important results as well as some relevant background
information in Riemannian Geometry and Differential Topology. We begin by establishing
some notation concerning spheres and discs which we will make use of throughout this work.

As usual 8" = {z € R"™! : |z| = 1} and D" = {z € R" : |z| < 1} denote the standard
Euclidean n-dimensional sphere and disc. We will make use of various subspaces of these
objects. Let R} = {z = (1, -+ ,2,) € R" : 2, > 0} and R” := {z = (21, - ,2,) € R":
x, < 0}, we denote by S7 and S”, the upper and lower hemispheres defined:

Sti= ST NRYET
These are canonically identified with the standard disc D™ via the maps
ST — D" (21, Ty, Tpy1) = (X1, -, Tp).
We will occasionally make use of upper and lower half-discs, D, defined by:

" .= D"NRY.

2.1 Curvature

With a view to providing a definition for (p, n)-intermediate scalar curvature, we begin with
a survey of preliminary curvature notions in Riemannian geometry. Let (M, g) be a Rie-
mannian manifold and let V denote the covariant derivative of the associated Levi-Civita
connection. For preliminary information on the theory of smooth manifolds in general, we

direct the reader to [26]. For discourse related to the Levi-Civita connection in particular,



we direct the reader to Chapter 2 of [8] and Chapter 5 of [27]. Recall the Riemann cur-
vature endomorphism, which measures the extent to which a manifold deviates from being

Euclidean, measuring the non-commutativity of the covariant derivative.

Definition 2.1.1 (page 89, [8]). The Riemann curvature endomorphism R of a Riemannian
manifold M is a correspondence which associates to every pair X,Y € I'I'M a mapping
R(X,Y):TTM — I'TM given by

R(X, Y)Z =VyVxZ —-VxVyZ + V[X,y}Z, (2.1)

where I'T'M denotes the space of all vector fields on M, Z € I'T'M.

The Riemann curvature endomorphism R satisfies the following identity, known as the
First Bianchi identity:

R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y = 0.
This endomorphism in turn gives rise to the following definition:
Definition 2.1.2. The Riemann curvature tensor is defined as the inner product
R(X,)Y, Z, W) =g(R(X,Y)Z,W),
where XY, Z W € I'T'M.

It is well known that the Riemann curvature tensor satisfies the following symmetries:

RX,)Y,Z W)+ R(Z X, Y, W)+ R(Y,Z, X, W) =0; (2.2)
R(X.Y.Z,W) = —R(Y. X, Z,W); (2.3)
R(X,Y,Z,W)=R(Z,W,X,Y). (2.5)
In local coordinates (z1,--- ,x,), the covariant derivative is given by the expression
Vo, 0y = Y Thok,
k
where 0; := % are co-ordinate vector fields and where each Ffj is a smooth scalar function,
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referred to as the ijk-Christoffel symbol, defined as
1
Z =3 ;gkl (9594 + 0igji — Ougij) , (2.6)

where g;; = g(0;, 0;) are the local co-ordinate functions of the metric g. The matrix of these
gij, denoted (g;;), admits an inverse, the elements of which are denoted g”/. We express the

Riemann curvature endomorphism in terms of local coordinates as
R (0;,0;) E Rl] X0/}

where RY, ;x are the components of R in the local coordinate system, computed as
¢ ¢
Tk = Z Il 50 — Z U5kl + 0515 — 0T,
¢ ¢

We express the components of the Riemann curvature tensor in local coordinates as
Z Rijges = 9(R(0:,0;)0k, 0,), (2.7)

where again we can express the right-hand side notationally as
g(R(aw aj)alm as) = R<a’u aj? akv as)

Definition 2.1.3. Let (M,g) be a Riemannian manifold and let x € M. The exponential
map at x, denoted
exp, : TpoM — M,

1s defined by
exp,(v) = (1),

where 7y, : [0,€) — M is the unique geodesic with initial conditions 7,(0) = x and ~,(0) =
veT, M.

The point exp,(v) is the point on the manifold M reached by following the uniquely
specified geodesic starting at x in the direction v for unit time. The exponential map is
smooth and, for a sufficiently small ball around the origin in T, M, it is a diffeomorphism
onto a neighbourhood of z in M.

We now introduce the commonly studied curvature notions derived from the Riemann

Curvature tensor: the sectional, Ricci and scalar curvatures. The sectional curvature on
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a Riemannian manifold (M, g) associates to each pair (z, P), where x € M and P is a
2-dimensional subspace of the tangent space T, M, the classical Gaussian curvature of the
locally specified 2-dimensional submanifold in M obtained by applying the exponential map

exp, to P near the origin. A more computationally useful definition is given below.

Definition 2.1.4. Let (M, g) be a Riemannian manifold of dimension at least 2, x € M and
P C T, M a2-dimensional subspace containing linearly independent vectors uw and v. Then

the sectional curvature of M at x for the plane P is

R(u,v,v,u)

lu A v|?

K(P) = , (2.8)

where |u A v|? = |ul?|v|* — g(u,v)?.

In local coordinates, we write K (0;, 0;) = K;;. Then, in the case when |0;A0;| = 1 we have
that K;; = R;;ji, a quantity defined in equation (2.7). Importantly, the sectional curvature

does not depend on the choice of vectors u and v, as shown in [8] page 94, Proposition 3.1.

Remark 2.1.5. Strictly speaking, the vectors u and v need to be extended as vector fields

locally, although the choice of extension makes no difference.

We say that (M, g) has positive sectional curvature if for every point x € M and every
two dimensional subspace P C T, M, the sectional curvature K(P) > 0. Other curvature
constraints such as negative or everywhere zero sectional curvature are defined analogously.
Roughly speaking, the sectional curvature measures the extent to which geodesics emanating
from a point converge or diverge. Positive sectional curvature, such as on a round sphere,
causes geodesics to converge while negative sectional curvature causes divergence. In par-
ticular, as in the example of the round sphere, positive sectional curvature seems to limit
topological complexity. The theorem of Bonnet-Myers for example implies that if the sec-
tional curvature of (M, g) (assumed to be connected and complete) is bounded below by a
positive constant, then M is compact and has finite fundamental group. Indeed, the number
of manifolds known to admit metrics with positive sectional curvature is very small and the
task of finding new examples is especially challenging; see [14] and [57].

The Ricci and scalar curvatures are progressively weaker curvature notions than the sec-
tional in that they involve a partial and then complete averaging out of sectional curvatures.

They are defined as follows.

Definition 2.1.6. Let (M, g) be a Riemannian manifold. The Ricci curvature tensor is the

(0,2)-tensor defined as the trace of the Riemann curvature tensor:
Ric(X,Y) =tr(Z— R(Z,X)Y),
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where R is the Riemann curvature tensor and X, Y, Z are vector fields on M. Let (x1,--- ,xy)
be local coordinates near a point x € M, with coordinate vector fields (0y,- -+ ,0,) chosen to
be an orthonormal basis for T, M. Interpreting the Ricci tensor as a quadratic form, the

Ricci curvature at  in the direction 0, is given by the formula

Ric,(9;) = Y g(R(0:,0;,)0;,0;) = > Ryjji= > _ Ky,

i) i#] 1#]
Definition 2.1.7. The scalar curvature of a Riemannian manifold (M, g) is the real-valued

function s : M — R obtained as the trace of the Ricci tensor. In the above local coordinates

around x € M, it satisfies
ij ij

Though weaker than the sectional curvature, the Ricci curvature and to a lesser extent the
scalar curvature, still contain important geometric information especially relating to volume
in (M,g). This is something we will return to shortly. Positivity of the Ricci and scalar
curvatures are defined analogously to that of the sectional curvature with a Riemannian
manifold (M, g) having positive Ricci curvature if and only if at every point x € M, the
form Ric, is positive definite and positive scalar curvature if and only if the scalar function
s(x) > 0 for all x € M. Although a weaker notion than positive sectional curvature, positive
Ricci curvature is still quite restrictive with respect to the topology on M. In particular,
the Bonnet-Myers theorem holds here as well and, as in the case of sectional curvature, the
existence of a positive Ricci curvature metric on M forces its fundamental group to be finite.

The scalar curvature is substantially weaker and, provided the manifold M has dimension
at least four, positivity of the scalar curvature places no restrictions on the size of the
fundamental group; see [6]. Moreover, the scalar curvature of a product metric is particularly
well-behaved. In the case when (X, gx) and (Y, gy) are Riemannian manifolds, the scalar

curvature sxyy of the Riemannian product manifold (X x Y, gx + gy) satisfies:

Sxxy = Sx + Sy,

where sy and sy are the respective scalar curvatures of (X, gx) and (Y, gy). Since the round
2 dimensional sphere of radius r has scalar curvature equal to T%, it follows that, provided M
is compact, any manifold of the form M x S? admits a metric of positive scalar curvature.
Simply let g be any metric on M and equip M x S? with the product g + r?ds2, where ds3
is the standard round metric on S? and r is chosen sufficiently small. As discussed in the
introduction, despite its relative weakness, it is a surprising fact that there are manifolds for

which no positive scalar curvature metric exists. Recall in particular that any closed spin
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manifold M, for which the a-invariant «(M) is non-zero, admits no metric of positive scalar
curvature.

One of the motivations of this thesis is to better understand the differences between the
sorts of topological constraints placed on a Riemannian manifold by strong conditions such
as positive sectional curvature and weaker ones like positive scalar curvature. It is with this
in mind that we proceed to define the (p, n)-intermediate scalar curvatures, defined by Labbi
in [22]* and denoted s, ,,. This can be regarded as a collection of curvatures which interpolate
between sectional curvature and scalar curvature. We denote by Grg(V") the Grassmann
manifold of all k-dimensional subspaces of an n-dimensional vector space V. Let M™ be a
smooth manifold. We denote the k-Grassmann bundle by Gry(M), obtained by taking the
union of Gry (7, M) over all z € M. We formally define the quantity s,, as follows:

Definition 2.1.8. Let (M", g) be a Riemannian manifold, x € M and P C T,M a p-
plane, 0 < p < n —2. Let (Ops1, -+ ,0n) denote any orthonormal basis for P+. Then the

(p, n)-intermediate scalar curvature of M at x with respect to P is given by

Spn(z, P) Z K, (0;,05). (2.10)

t,j=p+1

Considering all x € M and all p-planes P C T, M, the (p,n)-intermediate scalar cur-
vatures collectively give a map s,, : Gr,(M) — R. Note that s,, is well-defined for any
choice of orthonormal basis for P+. It follows that the quantity s, (x, P) is in fact the scalar
curvature at x of the metric induced on the locally specified (n —p) dimensional submanifold
determined by applying the exponential map of g at x to P+ near the origin.

For the purpose of this text, we are interested in imposing the condition of positivity
on s,,; we say that a Riemannian metric g on a smooth manifold M has positive (p,n)-
intermediate scalar curvature if for any x € M and P C T, M, the (p, n)-intermediate scalar
curvature s, ,(x, P) is positive.

The intermediate scalar curvature, s, ,,, is a generalisation of scalar curvature in that it is a
collection of curvatures interpolating between scalar and sectional curvature for 0 < p < n—2.

We provide three examples of s, ,, for particular values of p to highlight this.

Example 2.1.9. Letting p = 0, we have that P is a 0-plane. Thus P+ = T, M, and the

(p, n)-intermediate scalar curvature is

son({0}) = ZK (8:,9,), (2.11)

1,5=1

*In which it is referred to as p-curvature.
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which 1s the scalar curvature of M at x.

Example 2.1.10. Letting p = n — 2, Pt is a 2-dimensional subspace with basis {v,w}, and
Sn_on(P) = Ky(v,w) + K (w,v) = 2K,(P*),

which 1s precisely twice the sectional curvature.
Example 2.1.11. Letting p = 1 we have that P = (0k), and therefore
$10(P) =Y Ku(0,0;) = Y Ku(0:,0;) = Y Ko(0:,0k) — Y Ku(0h, 0)) (2.12)
j=1

ij=1 ij=1 i=1
i,5#k

= scal(x) — 2Ric,(0y), (2.13)

which coincides with the Einstein curvature!.

Example 2.1.12. If the sectional curvature is some constant c, then for all0 < p <n — 2,

we have that

Spn(P) = Z c= Z Zc

i,j=p+1 i=p+1 j=p+1
i#£]
=) (n—ple=mn-p—1)(n—-pe
1=p+1
i#j

Importantly, we have the following relationship between intermediate scalar curvatures.

Proposition 2.1.13 ([22]). If a Riemannian manifold (M, g) has positive (p, n)-intermediate

scalar curvature, then it has positive (q, n)-intermediate scalar curvature for all non-negative

q<p.

Remark 2.1.14. This notion of (p, n)-intermediate scalar curvature has been generalised to

a quantity known as (p, q)-curvature, defined by M. Labbi in [24].

According to Gray in [11] it is known that the scalar curvature can be related to the
volume growth of geodesic balls in a Riemannian manifold M. In particular, at any point

e (Bas(, ) (@)
Vol(By(x, € s(x 9 4
VolBer(d) ' Gmrz’ TOU)

See [23] for a detailed discussion on the definition and properties of this quantity.
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where Vol(By(z, €)) denotes the volume of a ball of radius €, centered at z, and Vol(Bgn (€)
denotes the volume of a ball of radius € in n-dimensional Euclidean space. Furthermore, s(z)
denotes the scalar curvature, and the remaining O(r*) term includes higher order curvature
terms. For sufficiently small € > 0, if the scalar curvature is positive, then the coefficient
of €? is negative, meaning that geodesic balls in manifolds of positive scalar curvature have
less volume than their Euclidean counterparts. This can be interpreted as the volume-
compression effect of positive scalar curvature, with such positively curved space contracting
in comparison to Euclidean space.

Since the (p, n)-intermediate scalar curvature at « € M is the scalar curvature of the Rie-
mannian submanifold exp,(V'), we can obtain the following similar volume growth expression
for geodesic spheres, due to Labbi in [22].

Vol(S" 771 (x,€)) Spn (T, P) &

Vol(Sﬁ,?p_l(e)) =1- 6(n — p) et

which, with some rearrangement, allows us to express the (p, n)-intermediate scalar curvature

in terms of the volume-ratio:

Spn(z, P) = ll_r%

6 —p) ( Vol(S™"(2,0)
€2 (1 Vol(Sp P~ (e)) )’

where S" P71 = {exp,,(z);x € Pt ||z|| = €}, and € > 0 sufficiently small. From this
expression we can see directly that the (p, n)-intermediate scalar curvature of a Riemannian

manifold M is positive at € M if and only if
Vol(S™ P (x,€)) < Vol(Sg.” ' (e)),
and negative if and only if
Vol(S™P~1(e)) > Vol(Sg. "~ (e)).

As we mentioned in the introduction, as well as Labbi’s intermediate scalar curvature,
other notions of intermediate curvature are studied. One important example is the k-Ricci
curvature defined by Wolfson in [53]. This is a smooth function on an n-dimensional Rie-
mannian manifold (M, g), denoted Ric, with k € {1,--- ,n}, defined at each point x € M as
the sum of the k-smallest eigenvalues of the Ricci tensor at that point. Thus, it interpolates
between the Ricci curvature (when & = 1) and the scalar curvature (when k = n). As we
said, there is no simple direct correspondence between the two curvature notions. However,

the task of trying to extend techniques which apply in the positive scalar curvature context,
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but not the positive Ricci one, up this ladder of curvatures, applies here too.

2.2 Surgery and cobordism

Let X, Y be compact n-dimensional smooth manifolds. We say that X and Y are cobordant
if there exists some n + 1-dimensional manifold Z such that the boundary of Z is the disjoint
union of X and Y, where Z is referred to as a cobordism between X and Y. Cobordism is
an equivalence relation on compact manifolds of dimension n. This notion of equivalence is
significantly coarser than homeomorphism or diffeomorphism. For example, consider remov-
ing a ball from the interior of a solid torus S! x D? in R3. This results in a 3-dimensional
manifold whose boundary is a disjoint union of the sphere S? and the torus T?; see Figure
2.1. As a non-example in the context of surfaces, the sphere S? and the real-projective space
RP? are not cobordant as their Stiefel-Whitney numbers (which are a cobordism invariant)
differ; see Chapter 4 of [34].

Definition 2.2.1. An (n+1)-dimensional cobordism {W; Wy, W1} is an (n+1)-dimensional
compact manifold, W, with boundary OW = Wy U Wy, the disjoint union of closed n-

dimensional manifolds Wy and W.

Figure 2.1: A cobordism between 72 and S2.

Related to cobordism is a technique for topologically modifying manifolds called surgery?*.
Let M be a smooth oriented manifold of dimension n = k + ¢ 4+ 1 and consider a smooth,

orientation preserving embedding ¢ : S* x D' — M. A surgery with respect to ¢ is the

*In the past, this notion was sometimes referred to as y-equivalence ([30]), and spherical-modification

([47)).
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procedure of forming a new manifold by removing the interior of ¢(S* x D*') from M
and attaching D**! x S¢ along the common boundary S* x S¢ using ¢|gryge as a “gluing
map” (followed by some elementary smoothing at the attachment). In particular, this is
an example of a dimension k-surgery or alternatively a surgery of codimension ¢ + 1. This

produces the new manifold:
My = (M —int(S* x D*)) Uy, (DM x 57,

The manifold My, and any manifold diffeomorphic to it, are said to be surgery equivalent
to M. The notion of surgery equivalence plays a central role in classifying manifolds and
studying their topological and geometric properties by systematically altering their structure
through controlled modifications. We direct the reader to the paper [30] for discourse on
surgery as a means to simplifying the homotopy groups of a manifold, and to the book
[46] for discourse on surgery as a method by which one can study the homotopy types of

manifolds.

Figure 2.2: A surgery on S™.

The following notion, called the trace of a surgery helps establish the link with cobordism.

Definition 2.2.2. Let M"™ be a smooth manifold of dimension n = k+ ¢+ 1 and ¢ :
Sk x D1 < M a smooth, orientation preserving embedding. The trace of the surgery on
¢, denoted My is the (n + 1)-dimensional manifold

My = (M x I) Ugyay (D" x DY),
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where the map ¢ x {1} : S¥ x D! — M x {1} attaches the boundary component
(ODF*1) x D1 of the “handle” D**! x D! to the cylinder M x I (followed by elementary
smoothing). The trace of ¢ is a cobordism, {My; M, My}, between M and My, known as
an elementary cobordism. A theorem due to Milnor and Wallace, known as the Handle
Presentation Theorem (Chapter 7, [20]), states that any cobordism can be realised as a
union of elementary cobordisms. This is achieved using Morse Theory, a subject we will
discuss shortly.

At this stage, we should reintroduce some geometry. The technique of surgery offers a
powerful method for constructing new manifolds with specific geometric properties, includ-
ing those with positive scalar curvature under appropriate circumstances. In particular, it
was utilised in a construction for positive scalar curvature metrics by Gromov-Lawson and,
independently, Schoen-Yau by way of the following result regarding the stability of positive

scalar curvature under surgery:

Theorem 2.2.3 ([12], [43]). Let M be a compact manifold and M’ a manifold obtained from
M by surgeries in codimension at least 3. Then if M carries a Riemannian metric of positive

scalar curvature, so does M'.

This theorem asserts that if a manifold M possesses a Riemannian metric with posi-
tive scalar curvature, performing a surgery on M in codimension at least 3 results in a
new manifold M’ which also admits a Riemannian metric with positive scalar curvature,
therefore showing that the condition of positive scalar curvature is “stable” under surgeries
in codimension > 3. Importantly, in proving this result, the authors provide an explicit
construction, i.e. given a psc-metric g on M, the authors construct a psc-metric ¢’ on the

manifold M’ obtained from the codimension > 3 surgery.

Remark 2.2.4. The codimension condition in this theorem is essential: consider the surgery
in codimension 2 on S% which produces the torus T?. The sphere admits a metric of positive

scalar curvature, while T?, as a consequence of the Gauss-Bonnet Theorem, does not.

This result was later strengthened in [9] and [48] to show that a positive scalar curvature
metric can be extended over the trace of a surgery to obtain a metric of positive scalar

curvature which is a product metric near the boundary.

Theorem 2.2.5 ([9],[48]). Let M be a Riemannian manifold equipped with a metric g of
positive scalar curvature, and W the trace of a surgery on M in codimension at least 3. Then
we can extend the metric g on M to a metric g on W which has positive scalar curvature

and is a product near the boundary.
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The surgery theorem due to Gromov-Lawson, Schoen-Yau was generalised to the case
of positive (p, n)-intermediate scalar curvature metrics by Labbi in [22], in which he shows
that (p, n)-intermediate scalar curvature experiences similar surgery stability, albeit with an

altered codimension condition which is a function of the index p.

Theorem 2.2.6 ([22]). Let M be a compact n-dimensional manifold and M' a manifold
obtained from M by surgeries in codimension at least 3 + p, where 0 < p < n — 2. Then if

M admits a Riemannian metric of positive (p,n)-intermediate scalar curvature, so does M’.

Regarding other intermediate curvatures, alongside Labbi’s theorem in 2.2.6, we also have
a result due to Wolfson in [53] which proves an analogous stability result for k-positive Ricci
curvature. A more general result subsuming those of Labbi and Wolfson was later proved
by Hoelzel in Theorem A of [17].

The geometric trace construction, Theorem 2.2.5, was extended to the (p, n)-intermediate
scalar curvature case by M. Walsh, M. Burkemper and C. Searle in Theorem A of [5], which
allows for the extension of (s,, > 0)-metrics over the trace of a codimension > 3+ p surgery

to (spn > 0)-metrics with a product structure near the boundary.

Theorem 2.2.7 (Theorem 6.3, [5]). Let (M,g) be a smooth n-dimensional manifold, ¢ :
Sk x DY — M a smooth embedding, and {My; M, My} the trace of the surgery ¢. Suppose
furthermore that n = k+/{+1 and n — k > 3+ p. Then, if g € R»">°(M), there exist
metrics g, on My and g, on My such that

(Z) gé € Rsp’">0(M¢), o € RSP'"+1>O(M¢), and
(ii) near the boundary manifolds M and My, gs = g+ dt* and gs = g, + dt* respectively.

There is no full analogue of the Gromov-Lawson surgery theorem for metrics of positive
Ricci curvature, due to the fact that the positive Ricci curvature condition is more rigid and
less stable under surgery than the positive scalar curvature condition. A restricted analogue
of the Gromov-Lawson surgery theorem for positive Ricci curvature has been proven by Sha
and Yang in [44], and strengthened by Wraith in [54]. The Ricci positive surgery theorem was
furthered strengthened by Reiser in [38]. See Section 3 [55] for discourse on the circumstances

under which surgery preserves Ricci positivity.

2.3 Isotopy and concordance

Let M be an n-dimensional smooth compact manifold and let R(M) denote the space of all

Riemannian metrics on M. There is a natural topology, the smooth topology, on the space
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R(M), induced by a family of seminorms and giving it the structure of a Fréchet manifold.
Thus, locally R(M) looks like an infinite dimensional Banach space; see Chapter 1 of [56]
for details. While the topology of R(M) is not so interesting (it is convex), there are various
subspaces of metrics satisfying some or other curvature constraint which are topologically
non-trivial. The most well-studied of these is the space of metrics of positive scalar curvature
on M, R*>%(M) and a good deal of progress has been made over the last twenty years in
better understanding the topology of this space. We know from results of Botvinnik, Ebert
and Randal-Williams in [3] for example, that in the case when M is a closed spin manifold
of dimension at least five and admitting metrics of positive scalar curvature, this space has
infinitely many non-trivial higher homotopy groups

In this work, we will mostly be interested in notions that relate to path-connectivity in
this space and so it is worth recalling one of the earliest results in this regard due to Carr.

This concerns the case when M is the standard sphere S™.

Theorem 2.3.1 (Theorem 4, [6]). The space of positive scalar curvature metrics on S*~1,

for k > 2, has infinitely many path components.

Very roughly, Carr constructs a certain infinite family of closed spin manifolds of dimen-
sion 4k (for each k > 2) with non-vanishing A-genus, thus not admitting metrics of positive
scalar curvature. He then shows that, if one removes a disc from one of these manifolds
one can, using Gromov-Lawson surgery style methods, produce metrics of positive scalar
curvature on the resulting manifolds with boundary (though not on the entire manifold).
The boundary in each case is a (4k — 1)-dimensional standard sphere and the metric Carr
constructs has a product structure near the boundary. It follows that the boundary metric
itself has positive scalar curvature and, moreover, cannot be in the same path component
as the standard round metric. This is because such a metric could be shown to extend over
the removed disc producing a psc-metric on a manifold which admits no such metrics, a
contradiction. Similar arguments are used to show that all of the boundary sphere metrics
produced in Carr’s (countable) infinite family lie in distinct path components of the space
R>0(S4 1) In principle, such index obstruction methods are at the heart of all of these
results on non-triviality in the topology of these spaces of psc-metrics.

Of course, the space of positive scalar curvature metrics, R*>%(M), forms the largest of
the collection of spaces of positive (p, n)-intermediate scalar curvature metrics on M, where

p€{0,1,--- 'n—2} defined more generally by
Rr=O(M) ={g € R : spa(g) > 0}.

Carr’s result above generalises to these spaces in the following way.
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Theorem 2.3.2 (Theorem 7.1, [5]). Let n > 2 and M be a smooth, closed, spin manifold
of dimension 4n — 1 which admits an (span—1 > 0) for p € {0,1,2,--- ,2n — 3}. Then
Revan=1>0( N[ has infinitely many path-components.

For further general discussion on this topic we direct the reader to the articles [50] and
[51], and to [7]. We introduce two notions which determine important equivalence relations on
the space of positive (p,n)-intermediate scalar curvature metrics on M. These notions were
implicitly used in our rough explanation of Carr’s theorem that R*>°(S*~!) has infinitely
many path components and are vital in proving both this theorem and its generalisation
above, Theorem 2.3.2.

Definition 2.3.3. Let go, g1 be two (sp, > 0)-Riemannian metrics on an n-dimensional
manifold M. We say that go and g1 are (S, > 0)-isotopic if there exists a path v : t — gy,
t € [0,1] in R¥»»>%(M) such that v(0) = go and ¥(1) = g,. The path v is referred to as a
(Sp.n > 0)-isotopy.

gt

Figure 2.3: Visualising an isotopy, ¢;, between round, gy and “egg” shaped, g;, metrics on
the sphere.

Definition 2.3.4. Let gy, g1 be two (sp, > 0)-Riemannian metrics on an n-dimensional
manifold M. The metrics go and g1 are said to be (sp, > 0)-concordant if, for some € > 0,

there is a (spn+1 > 0)-metric g on the cylinder M x I, such that

§|MX[076] = go + dt* and

- _ 2
glMx[lfe,l] = g1 +adt’,
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where g is referred to as a s,, > 0-concordance.

Remark 2.3.5. The reader should note that, though called an s,, > 0 concordance, as it
1s between metrics on an n-dimensional manifold, the concordance itself is a metric on an
n + 1-dimensional cylinder and one with s, ,41 > 0 curvature. This coincides precisely with

the definition of concordance for metrics of positive scalar curvature (the case when p =0).

An isotopy can be visualised (at least in low dimensions) as a sort of animation of the
metric over time, as suggested in Figure 2.3 where the round sphere changes into an egg
shape. A concordance is somewhat difficult to visualise, and we provide a simple schematic
in Figure 2.4. A natural question one may ask then given two such equivalence relations: to
what extent, if any, do they determine each other? Let g, be an (s,, > 0)-isotopy between
two metrics gg, g1 € R¥»>%(M). The following lemma is a generalisation of a well-known

fact about positive scalar curvature metrics proved originally by Gromov and Lawson in [12].

go + dt?

0 € 1—c¢ 1

Figure 2.4: A schematic of a concordance between metrics gy and g;.

Lemma 2.3.6 (Lemma 3.2, [5]). Let M be a compact n-dimensional manifold and g, with
r € [0,1] a smooth path of (sp, > 0)-metrics on M. Then there exists a positive constant
C < 1 so that for every smooth function f : R — [0,1] with |f'|,|f"| < C the metric
9= 9w +dt* on M xR has positive (p,n+ 1)-intermediate scalar curvature, 0 < p < n— 2.

It follows immediately that (s,, > 0)-isotopic metrics are (s,, > 0)-concordant in
RSp,n>0(M)‘
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Corollary 2.3.7 (Proposition 3.3, [5]). Let M be a smooth compact manifold of dimension
n. Then, for any p € {0,---,n — 2}, metrics which are (s,, > 0)-isotopic on M are

(8pn > 0)-concordant.

As we mentioned in the introduction, the converse problem of whether concordance im-
plies isotopy (for any p) is much more difficult. Consider a pair of (s,, > 0) concordant
metrics, gop and ¢;, on a manifold M. For simplicity, consider the case when M is the stan-
dard sphere S™. How could one tell if these metrics are isotopic? We may be lucky in that
the concordance may be very simple. For example, suppose the metrics gy and g; were con-
nected by an isotopy, ¢:,t € I, in the space of s,, > 0 metrics on S™ giving rise by way of

Corollary 2.3.7 to an (s,, > 0)-concordance of gy and ¢;
g =g +dt?,

on S™ x I. Recall, this means that the metric g actually has s,,+1 > 0 curvature. (Strictly
speaking the isotopy g; may have to be rescaled, as in Lemma 2.3.6, but this is beside the
point.) Importantly, such a concordance is “slicewise” in that the restriction of the metric,
g, to each slice S™ x {t} is an s, > 0 metric and so an isotopy between gy and g¢; can easily
be recovered. However, even such a nice concordance can be easily made into one which is
in a sense “unrecognisable” and from which restoring or producing an isotopy between gq
and ¢; seems extremely difficult. Consider the following modification.

Keeping the concordance g above, suppose we let m denote an arbitrary (s,,+1 > 0)-
metric on the sphere S"*!. Using the method of Gromov-Lawson as enhanced by Labbi in

Theorem 2.2.6, we can obtain the connected sum metric, taken on the interior of S™ x I,
h = g#m € R»m+79(8™ x 1),

itself a (p,n + 1)-curvature-positive metric. Since taking the connected sum only alters the
concordance § away from the boundary, the connected sum metric & is also an (Spn > 0)-
concordance between gy and ¢;.

The (spn+1 > 0)-metric m may be chosen arbitrarily, and so may be (especially if n—p is
large) an extremely complicated metric. Moreover, this connected sum adjustment to g may
be carried out as many times as one likes with an arbitrary number of distinct arbitrarily
chosen (s,n41 > 0) metrics my,mg, -+ ,my on S™! for any positive integer N. Thus,
the resulting concordance (still between the original metrics go and g;) can be made very

complicated indeed. It is very difficult to see how such a concordance as

h = g#mi#ms - #my,
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could be resolved into an isotopy between gy and g;, or how any isotopy could be produced.

2.4 Morse theory

In this section we review some elementary notions from Morse theory, which we will make
considerable use of later on. Morse Theory explains the relationship between the topology
of a smooth manifold and the critical points of certain smooth real-valued functions defined
on it, called Morse functions. This theory was developed by Marston Morse in the early
20th century, and restated in modern language by Milnor in his text [31]. Morse functions,
have critical points which are all of the “simplest type” and can be used to decompose a
manifold into a collection of elementary pieces called handlebodies®. As we will discuss, a
Morse function can be used to decompose a cobordism of manifolds into a union of elemen-
tary cobordisms (each the trace of a single surgery). Via the various surgery based metric
constructions we have just discussed, Morse functions can be used to produce interesting

examples of Riemannian metrics, satisfying some or other curvature condition.

2.4.1 Morse functions

Let n = k+ ¢+ 1 and consider the space of smooth functions, denoted F (W), from the
smooth cobordism {W"™1; Wy, W1}, to the unit inveral I such that

(1) f71(0> =Wy, fﬁl(]_) =W, and
(ii) All critical points of f are away from OW.
Recall that a point w € W is a critical point if df (w) = 0.

Definition 2.4.1. Let f € F(W). A critical point w of f is said to be non-degenerate if
det (H f(w)) # 0, where H f denotes the Hessian of f.

Definition 2.4.2. The Morse index A of a non-degenerate critical point w of a Morse func-

tion f is the number of negative eigenvalues of the Hessian of f at w.

Definition 2.4.3. A Morse function is a function f € F(W), the critical points of which

are all non-degenerate.

An important lemma due to Marston MorseY gives that at any of its critical points,

a Morse function is locally equivalent to a quadratic polynomial. In particular, if w is a

$See Chapter 1.5 of [29].
TA statement of this lemma can be found in Lemma 2.2 of [31] and further details can be found in Section
1.3 of [1]. For an exposition of Morse’s ideas in his own words, we direct the reader to [35].

25



critical point of f, we can find a local coordinate system (z1,--- ,2,41) near w in which w

is identified with the origin and f is a quadratical polynomial
f=c—ai— o —altaly ot ang

where ¢ = f(w). The value X is equal to the Morse index of w. Obviously this value is
independent of the choice of coordinates (xy,- - ,z,41). We refer to the coordinate chart
defined in the Morse lemma as a Morse coordinate chart, a schematic description (involving

level sets) of which can be found in Figure 2.5. If, for some € > 0, f~![c — €, ¢+ €] contains a

Rk—i—l

R€+1

Figure 2.5: A Morse coordinate chart around a critical point w.

single critical point w, the this is said to be an elementary cobordism, between the level sets
S Hc—¢€) and f~!(c+e€). Setting A = k+ 1, where k + £+ 1 = n, the level sets below f = ¢
are diffeomorphic to S*¥ x D!, and those above it are diffeomorphic to D¥*! x S¢. Thus,
f7Yc—¢€,c+ ¢ is the trace of a k-surgery (codimension (-surgery) on f~!(c—¢), since f has
a single critical point w of Morse index A = k + 1.

As a consequence of the Morse lemma, the critical points of a Morse function are neces-
sarily isolated. Therefore, a Morse function f : W — [0, 1] on a compact cobordism W has

finitely many critical points, which we denote w; with index p; + 1, where 0 < ¢ < k. Letting
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¢; = f(w;), we assume that 0 < ¢y < ¢y <--- < ¢ < 1.

Definition 2.4.4. A Morse function f is said to be well-indexed if critical points on the

same level set have the same index, and the indices are ordered such that p; < p;+1 for all v.

For some ¢ > 0 small, denote C; = f~'[¢c;_1 + €, ¢; + €], a cobordism between the level
sets f~1(c;_ 1 +€) and f~!(c; +¢€) and the trace of a pi-surgery on f~!(c;_1 +¢€). In particular
Co = f7Y[0,c0 + ¢€]) and Cr = f~([cx_1 + €, 1]). If, for all i, ¢;_1 < ¢;, then each C; is an

elementary cobordism containing the critical point w; and W decomposes into the union
W:COU01UUCk

If the level sets of f have more than one critical point, the cobordisms in this composition
will not necessarily be elementary. However, it is possible to adjust f through an arbitrarily
small perturbation to a function such that the inequalities on the critical values are strict.

By specifying a Riemannian metric m on M, we can define the gradient vector field for
the Morse function f, denoted grad,,f. We generalise this notion by defining gradient-like
vector fields on M with respect to f and m.

Definition 2.4.5. A gradient-like vector field with respect to f and m is a vector field V on
M such that

(1) dfx(V,) > 0 VYo € M, and

(17) around each critical point of f there is a neighbourhood on which V, = grad,, f(z).

As discussed earlier the surgery based metric constructions by Gromov-Lawson and others
have important codimension conditions on the surgeries they permit. In the language of
Morse theory these conditions translate to conditions on the Morse indices of the critical
points of the Morse function. In our case, the codimension condition required by Labbi’s
Theorem 2.2.6 in the context of surgery on an s,, > 0-Riemannian manifold motivates the

following definition.

Definition 2.4.6. Let {W": Wy, W1} be a smooth, compact cobordism. A p-admissible
Morse function is a triple (f,m,V) where f : M — I is a Morse function with critical
points of index less than or equal to n — 2 — p, m is the background metric on W and V 1is

a gradient-like vector field with respect to f and the Riemannian metric m.

This generalises the notion of admissibility used in [48] which dealt only with the p =0
(positive scalar curvature) case. The index condition in this case follows from the fact that
A =k + 1 and Labbi’s Theorem, Theorem 2.2.6, requires that £ +1 > 3 + p.
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2.4.2 'Trajectory discs and spheres of a Morse function

We will now provide a brief review of so-called trajectory discs and spheres associated to a
Morse critical point. Roughly speaking, these are embedded discs and spheres associated to
each critical point of a Morse function and arising from the gradient flow of f (with respect
to some arbitrarily chosen background Riemannian metric). To keep the discussion simple,
we begin by considering the case when f : W — [ is a Morse function on the cobordism
{W; Xy, X} with exactly one critical point, w, in the interior of W, of Morse index A = k+1.
As usual, we assume that k+/¢+1 = n. Most of this generalises easily to the case of multiple
critical points. However, there are some interesting issues concerning the ways certain of
these trajectory discs (associated to distinct critical points) may intersect. For full details,
the reader should consult Milnor’s classic texts [31] and [33].

We will assume that the cobordism W is equipped with an arbitrary “background” Rie-
mannian metric for the purpose of defining the gradient of f. We impose no conditions on
the metric and everything which follows in this section goes through regardless of the choice.

The critical point w has associated “trajectory discs”, D¥*!(w, —) and D*!(w, +) em-
bedded into W, where A = k + 1 is the Morse index of w, which correspond respectively
to the negative and positive eigenspaces of the Hessian of f at w. These are formed as the
unions of integral curves arising from the gradient flow of f and can be thought of as “flowing
into” and “out of” w. They can be most easily seen (locally) as the respective images under
the Morse coordinate map, of the subspaces R¥*! and R shown in Figure 2.5.

The trajectory disc D*+1(w, —) lies entirely below the critical level f=!(c) (where ¢ =
f(w)) and D1 (w, +) lies entirely above. Importantly, the intersections of these trajectory
discs with level sets below or above the critical level are transversal and result in embedded
“trajectory”
denote by S*(w, —);, the embedded sphere which is the intersection of f~1(¢) with D¥(w, —)
while for any ¢t € (¢, 1], SY(w,+); = f71(t) N D (w,+). It is common to denote the

“beginning” and “end” spheres as

spheres of dimension k and ¢ respectively. More precisely, for any t € [0, ¢), we

SF(w, —) = S*(w, —)o C Xo and S*(w, +) = S*(w, +); C X;.

As t approaches ¢ from the left, S*(w, —); flows toward f~1(c), collapsing to the point w
at t = c. The trajectory sphere S*(w, +); is best thought of as “emerging” out of w as t moves
past ¢ from left to right. Alternatively, we can rewind the flow and see the sphere S*(w, +);
collapsing into w as t goes to ¢ from the right. This is all schematically illustrated in Figure
2.6. Essentially, the embedded sphere, S*(w,—) C Xj, is the sphere which is subject to
(removed by) the surgery on X, while the outgoing trajectory sphere, S*(w, +) C X1, is the
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sphere attached (as part of a handle) to produce Xj.

Sw +)

S*(w.-)

Figure 2.6: The critical point w and the outgoing trajectory sphere S*(w,+) and incoming
trajectory sphere S*(w, —).

2.4.3 The weak and strong cancellation theorems

Having developed the necessary language of Morse theory, we proceed to discuss the weak
and strong cancellation theorems from chapters 5 and 6 of [33], which provide criteria for
eliminating certain “cancelling pairs” of critical points and therefore simplifying a Morse
function. These cancelling critical points have consecutive Morse indices A\, A41 and roughly,
correspond to a certain pair of surgeries, one undoing the effects of the other. More than
this however, the underlying union of the corresponding traces turns out to be a cylinder.
The cancellation procedure can be understood as an “editing” of gradient-like vector
fields, seen in Figure 2.8. Let C' be an elementary cobordism of index A and C” an elementary
cobordism of index A + 1. We begin, by way of motivation, with the following question,
discussed at length in [33]: when is the composition CC" a cylinder? Consider the very basic
schematic described in Figure 2.7. In general this question is answered in Theorem 2.4.7

below.

Theorem 2.4.7 (The Weak Cancellation Theorem, Theorem 5.4 of [33]). Let {W"*; Wy, W}
be a smooth compact cobordism, n =k+ ¢+ 1 and f: W — I be a Morse function on W

which satisfies the following conditions.
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C

C’"

Figure 2.7: The concatenated cobordism C'C".

(i) The Morse function f has exactly 2 critical points w andw’, and 0 < f(w) < f(w') < 1;
(i1) the Morse index of w =k + 1 and the Morse index of w' = k + 2;

(iii) for each t € (f(w), f(w')), the intersection of the trajectory spheres S(w,+); and

SkHL(w!, =)y, in the level set f~1(t), is transversal and consists of a single point.
Then the critical points w and w’ of f cancel, meaning there is a diffeomorphism W = Wy x 1.

The third condition above means that there is a single trajectory arc T from w to w’

obtained as the image of a smooth injective path

[F(w), f()] = Wit > alt) = §'(w, +); 1 S5 (W', =), € f(0). (2.14)

connecting w to w’. Let Ur denote an arbitrarily small neighbourhood of 7" with a gradient-
like vector field V. The vector field V' can be altered on this neighbourhood giving a nowhere
zero gradient-like vector field V' which agrees with V' outside of Up. This alteration provides
a corresponding Morse function f’ with gradient-like vector field V' which has no critical
points and agrees with f outside of Ur. A diagram visualising this alteration can be found
in Figure 2.8. The full proof of this theorem can be found in [33].

This theorem finds a strenghtening in the case where W, W, and W are simply connected.
First, let us review a prerequisite notion from [33] known as the intersection number. Let Xo
and X7 be smooth submanifolds of dimensions dy and d; respectively in a smooth manifold
Y of dimension dy 4 d; that intersect along points {z;} transversally. Suppose that X, is

oriented and the normal bundle of X; in Y is oriented. At x; we choose a positively-oriented
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Figure 2.8: A diagram of the alteration on V.

do-frame {&;,- -+ , &4, } of linearly independent vectors spanning 7, X. Since the intersection
at x; is transverse, these vectors represent a basis for the fibre at x; of the normal bundle of
X;.

Definition 2.4.8. The intersection number of Xo and X, at x; is 1 if the basis {&1, -+ , €4y}
15 positively or negatively oriented respectively. The intersection number of Xy and Xy,

denoted X - Xy, is the sum of the intersection numbers at each x;.

Theorem 2.4.9 (The Strong Cancellation Theorem, Theorem 6.4 of [33]). Let {W"': Wy, Wy}
be a smooth compact cobordism, n = k+{+1 and f: W — I a Morse function on W.
Suppose [ has exactly two critical points w,w’ with respective indices k + 1,k + 2 and sat-
isfying 0 < f(w) < f(w') < 1. In addition, suppose W, Wy and Wy are simply connected,
and 1 <k <n—4. If, for any t € (f(w), f(w')), SE(w', =), - SY(w,+); = &1, then W is
diffeomorphic to Wy x 1.

Remark 2.4.10. The proof of Theorem 2.4.9 involves showing that f can be altered near
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f7Y(t) so that the trajectory spheres in f~1(t) intersect in a single point, transversely; and

the conclusions of Theorem 2.4.7 apply.

2.4.4 The space of p-admissible Morse functions

Recall we will be interested in Morse functions whose critical points satisfy certain index
conditions. Letting W™™! denote a smooth compact cobordism {W; Wy, W1}, we let F(W)
denote the space of smooth functions W — I = [0, 1] under the standard C*° topology; see
[15] for a detailed description. As usual, we will require such functions to only have critical
points on the interior of W. Contained in this is the subspace, denoted M(W), consisting
of Morse functions. It is a well known fact, see [Theorem 2.7, [33]] for example, that M (W)
is an open, dense subspace of F(W).

As before, let V' denote a gradient-like vector field with respect to some background
metric m and some function f € F(W). This forms a triple (f,m, V). We consider the
space of such triples denoted F (W). This contains, as a subspace, the space of such triples
in which f is a Morse function, denoted M(W). Recalling that a p-admissible Morse function
is one for which every critical point has index some \ satisfying A < n — 2 — p, we denote
the subspace of triples containing such functions, which we call p-admissible Morse triples,
as My aam(W).

The spaces M (W) and M,_aqm(W) are not path connected. In fact, two triples in the
space M(W) can lie in the same path component only if they have the same number of
index-\ critical points for each possible Morse index A; see chapter four of [48] for discussion
of these matters. Thus, the subspace Mp_adm(W) is actually a union of path components
of the space M(W).

We say then that a Morse triple is well-indexed if its Morse function is well-indezed (recall
Definition 2.4.4). It is a well-known fact, which we state below, that every cobordism admits

well-indexed Morse functions.

Theorem 2.4.11 (Theorem 4.8, [33]). Any cobordism W™t = {W; Wy, W1} may be equipped

with a Morse function f: W — I so that W may be expressed as a union of cobordisms
W=CyUuCyU---UC,

where each on each Cy, the Morse function f restricts to a Morse function with one critical

level and having all critical points of index k.

In fact, given an arbitrary Morse function, f, on W, a continuous adjustment, through

Morse functions, can be made to obtain such a well-indexed one of the type described above.
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Lemma 2.4.12 (Theorem 4.2, [48]). Every Morse triple f € M(W) lies in the same path

component as a well-indexed one f.

As Morse triples in the same path component have the same number of critical points of

the same index we obtain the following corollary.

Corollary 2.4.13. For anyp € {0,1,--- ,n — 2}, any p-admissible Morse triple on W can
be connected by a path through p-admissible Morse triples to a well-indexed one.
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Chapter 3

Warped Product Metrics

In this chapter we compute expressions for the (p,n)-intermediate scalar curvature of cer-
tain warped product metrics. Roughly, these are Riemannian metrics defined on product
manifolds, where one factor is “warped” by a smooth scalar function along the direction of
another. Warped product metrics and their “multiply-warped” generalisation are examples
of Riemannian submersions, which we will discuss shortly. There are well known curvature
formulae due to Gray and O’Neill for dealing with Riemannian submersion metrics* and we
will make extensive use of them in our calculations.

We begin with the most basic case. Given a product manifold M = B x F', and a smooth

function 8 : B — (0,00), we consider the metric

g9=gs+ Bgr,

where gp and gp are metrics on B and F respectively. Such a metric is called a warped product
metric and the function (8 is referred to as a warping function. For example, consider the
case where the fibre F' is the standard sphere, S"!, and the base B is the interval (0, ).

We can realise the round metric ds? on the sphere S™ as a warped product metric:

ds? = dt* + sin® tds?

n—1-*

on (0,7) x S~ This can be seen equivalently as the metric induced on (0,7) x S*~1 by
the embedding

(0,7) x S" ' - R x R"
(t,0) — (cost,fsint).

*See [36] as well as Chapter 9 of [2] for details.
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Furthermore, the round metric of radius € can be expressed as dt? + €*sin? (E) ds®> | on

(0,em) x S™L.

Figure 3.1: ds? realised as a singly-warped product.

Strictly speaking such metrics have been defined on the cylinder S®~! x I, however the
behaviour of the warping function in this case causes the cylinder to close up near the end
points in such a way as to guarantee the metric uniquely extends to the round metric on S™.
Thus, it is reasonable and convenient to describe dt? + sin®tds?_; as a metric on S". We
will be particularly interested in warping functions which cause the cylinder to “close up”

as a sphere in this way and so we consider the following lemma due to Petersen.
Lemma 3.0.1 (Chapter 1, Section 3.4 of [37]). Let f : (0,b) — (0,00) be a smooth function
with f(0) =0 = f(b). Then the metric g = dt* + f*(t)ds>_, is a smooth metric on S™ if and
only if

feer(0) =0, f(0) =1, fb) =0, and fi(b) = —1.

The notion of a warped product easily generalises on products of multiple manifolds. For

example, we can equip a product manifold B x F} x F, with a metric of the form:

g=9gp+ 04291«1 + 5291?2,

where ¢gp, gr, and gg, are metrics on B, F} and F» respectively, and «, 5 : B — (0,00) are
smooth functions. Such a metric is called double warped product metric. Triply and N-tuply

warped product metrics can be analogously defined although we need only double warped
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products here. The round metric ds? can also be realised as a doubly-warped product metric;

the embedding (or collection of embeddings)

By (O, g) x SF x St — RFFL x REH (3.1)

(t,0,0) — (¢cost,fsint),
induces the round unit radius sphere metric as a doubly-warped product metric
ds? = dt? + cos® tds; + sin” tds3, (3.2)

on (O, g) x S* x S where the fibre-sphere dimensions are such that n = k + ¢+ 1. We can
generalise this to a large class of metrics on S™ by replacing cos and sin with appropriate

warping functions. Consider the embedding

(0,b) x S* x S <5 RF+L x REF!
(t,0,0) = (a(t), (1)0),

where b > 0, and «, 3 : (0,b) — (0, 00) are smooth warping functions such that o>+ 32 = 1.

From this embedding, we define a doubly-warped product metric g as

k+1 £+1
g=">_(d(a(t)on) +_ (d(5(1)6;))
k+1 £+1
=2 (@t + a(t)dgn)’ + > (8/()0;dt + B(t)ddy)°
= (@001t + a(t)’dgf + o (t)a(t) didendt)
£+1

+ ) (B()°05dt” + B(t)*d6; + B(£)B(1)0;d0;d) .
j=1

By restricting (¢, -+, ¢py1) and (01, - -+, 0p41) to S* respectively S*, we obtain the following
identities:

k1 041

Z ¢F = Z 9]2 =1 and, therefore

i=1 j=1

k41 0+1

> idgi =Y 0;d6; = 0.
i=1 j=1
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Invoking these, we obtain the following expression for g:

g = (/(t)* + B'(t)?) dt* + o*(t)ds; + f*(t)ds]
= dt* + o*(t)dsi + B*(t)ds?.

In order to guarantee that the resulting metric (defined on (0,b) x S* x S*) extends
uniquely to a metric on S™, we must impose the following conditions on « and 3, following
Lemma 4.1 and 4.2 of [37].

Lemma 3.0.2 (Lemma 4.1 and 4.2, [37]). Let o, : (0,b) — (0,00) be smooth functions
with a(b) = 0 and 3(0) = 0. Then the metric g = dt*+a?(t)ds? + 3%(t)ds? on (0,b) x S* x S

uniquely extends to a smooth metric on S™ if and only if

a(0) >0, aC(0)=0, o) =—-1, a®(b)=0
B(b) >0, BCW(b) =0, B(0)=1, B (0)=0.

In Chapter 4 we will consider several important metrics on the sphere and disc which
take the form of warped and doubly warped products. Before that, we begin this chapter
with a brief review of the theory of Riemannian submersions. In particular we will review
the curvature formulae of O’Neill which will allow us to compute the intermediate scalar
curvature of the relevant metrics in Chapter 4. The curvature expressions developed in this
chapter will be used in Chapter 4 to show path-connectedness of particular subspaces of the

space of metrics of positive (p,n)-intermediate scalar curvature.

3.1 Riemannian submersions

The goal of this introduction is to summarise the relevant sections of [2], Chapter 9 and [36]
on the theory of Riemannian submersions, with a view to introducing a crucial expression for
the Riemann curvature of a certain type of doubly-warped product metric derived in [5]. This
will be foundational to the (p,n)-intermediate scalar curvature calculations in this chapter.
For further information on Riemannian submersions in the context of (p,n)-intermediate
scalar curvature, we direct the reader to Chapter 2 of [21].

In order to define a Riemannian submersion we need a good deal of notation. Let (M, g)
and (B, g) be two Riemannian manifolds, and 7 : M — B a smooth submersion, with its
derivative map at any x € M denoted 7, : T,M — Ty B. For each x € M and b = 7(x),
we let [, = 7~ 1(b), ¥, := kerm, C T, M, the kernel of the derivative map , at x, and let
¢, denote the orthogonal complement of 7.
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We say that 7 is a Riemannian submersion if the derivative 7, : T, M — T, B induces
an isometry from the horizontal subspace at z, J%,, to T, B for each x € M. A schematic of

this setup can be seen in Figure 3.2.

.M

— IR
v, | B

M

T,B

B

Figure 3.2: A schematic of a Riemannian submersion.

The warped and doubly warped product metrics we recently discussed can be viewed as
Riemannian submersions. Recall the example of a product manifold, M = B x F', (where B
and F will often be referred to as the base and fibre respectively), equipped with a warped

product metric

g=49gp+ 5291?7

where gp is a metric on B, gr a metric on F, and 8 : B — (0, 00) is a smooth function. We

denote the canonical projections of M onto its base and fibre as
g M — B, mp: M — F,

and it will be notationally convenient shortly to denote the image points & = mg(z) and
& = mp(z) respectively. The map 7p : (M, g) — (B, gp) is a Riemannian submersion. (The

map 7 also induces one if § is constantly 1, i.e. the metric is a standard Riemannian
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product.) Consider now the derivative maps of these projections.
()« : TuM — TzB, (np).: T, M — T3 F.
Let b = mp(z) € B for some x € M, and define the vertical and horizontal subspaces at x as

¥,, the subspace tangent to 75" (b) in T,,M, and

J,, its orthogonal complement.

At each x € M, the tangent space T, M splits as T,M = ¥, + 7,. This gives rise to a
splitting of the tangent bundle T'M into corresponding subbundles ¥ and ¢, the vertical
and horizontal distributions respectively. Letting u € T, M, we denote the projections of

this vector onto the vertical and horizontal distributions as

urp € ¥, and
UBE%,

and the images of u under the tangent space maps as

In Section 4 of [5], the authors use the theory of Riemannian submersions, and in particu-
lar the Gray-O’Neill formulae ([36]) to derive an expression for the Riemann curvature of an
arbitrary warped product metric. Making use of the notation above we state two important

and relevant results from this paper:

Lemma 3.1.1 (Proposition 4.5, [5]). Let M = B®x F™ be equipped with the metric g+ 32gr.
Let 0y, ...,0p1n denote local coordinate vector fields on M, with 0y, ...,0, tangent to B and
Opi1y---,0pin tangent to F. Let P C T, M be a 2-dimensional subspace for some x € M.

Let v,w € P be an arbitrary pair of linearly independent vectors, written in components as
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b b
v = Z;? v,0s and w = Z;Tf ws0s. Then

R(v,w,w,v) =Rp(Vp,wp,wp, U5) + B> Re(ip, W, 0p, OF)

- Z (viw; — iji)252ﬂ>2\gf,\

i<iA
- Z(wfva + viwyw,, — 2v;w;vAw,,) (55@ + Z BB, (0 (g% ) + g%”ff\‘l,)gfu> :
ivAJ"/ v

(3.3)

This lemma provides a general expression for the Riemann curvature tensor of a warped
product. Furthermore, for a particular warped product metric the authors in [5] obtain the

following sectional curvatures:

Lemma 3.1.2 (Lemma 4.6, [5]). Let M = B x F, B =(0,b1) X (0,by) and F = S™, where
n > 2. This manifold M is equipped with the metric

g =dr’+ w(r, t)th2 + B(T)sti,

where 5 : (0,b1) — (0,00) and w : (0,b1) x (0,by) — (0,00) are smooth warping functions.

The sectional curvatures of this manifold are given by

Wrr rr Wy Pr 1— 2
K’r‘t =~ Kri = _6_7 Kti == __57 ij = —Qﬁ
w 5 wp 5

3.2 Intermediate scalar curvature of a singly-warped

product metric

In this section, we compute the (p, n)-intermediate scalar curvature of a singly-warped product

metric. Specifically, we focus on a metric of the form

g =dt* + az(t)dsz_l,

n

on the product manifold B x F = (0,b) x S®! where a : (0,b) — (0,00) is a smooth

warping function. The sectional curvatures of this metric, which can be found on page 121
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of [37] and follow from Lemma 3.1.2, are given as

«Q
K, = —i, and
«
1—a?
Kii/ = O[2 9
where 7,4 € {1,--- . n — 1}. These sectional curvatures will be used in the computation of
b b ) p

the (p, n)-intermediate scalar curvature of g, which is given in the following theorem.

Lemma 3.2.1. Let M = (0,b) x S™!, equipped with the metric

g=dt* + ag(t)dSQ_l,

n

where a : (0,b) — (0,00) is a smooth warping function. Let x € M and P C T, M such
that dim P =p € {0,--- ,n — 2}. Then the (p,n)-intermediate scalar curvature of M at x

18 given by

1—a?
Spn(P) = (n—=1-p)(n—2—p) a2 L A1 - af) - Blay,

where A = A(P,«), B = B(P,«a) are smooth, bounded, real-valued functions.

Proof. Let {0;,01,- -+ ,0,_1} denote local coordinate vector fields. Then at = we may assume
that these form an orthonormal basis for T, M. Let P C T,,M be a p-plane forp € {0,--- ,n—
2}. Then P+ is an (n — p)-plane. Since the dimension of P+ + T,.S* can be at most the

dimension of T, M,

dim(P* N T,5%) > dim(P*) + dim(7,S*) — dim(P+ + T,.5")
2 (n—p)+(n-1)—(n)
=n—1-p.

Therefore there are at least n—1—p linearly independent vectors in P+ which are tangent
to S"~1. Without loss of generality, we assume that {0y, ,0,_1_,} are in P+ and tangent
to S"1. As dimP* = n — p, it can be seen that there could be a unit length vector v in P+
not tangent to S™~'. We therefore have two cases to consider, depending on the dimension
of the subspace spanned by the projection of v onto 7,S5™ 1.

Case 1. The projection of v into 7,S" ! spans a 0-dimensional subspace. Thus, v has

no fibre component and v = §;. In particular, P+ has orthogonal basis {0;, 01, -+ ,0n_1_p}-
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Therefore

n—1—p n—1—p

Spn(P) =2 Z Ky + Z Kiy
=1 1,1’ =1
i#

= (n=1=p)n—2-p) =5 —2(n—1-p)"

Case 2. The projection of v into T, 5" ! spans a 1-dimensional subspace, orthogonal to

{01, ,0n—1-p} so without loss of generality we can assume it is spanned by 0,,_,. Thus
v = Utat + vn,pﬁn,p.

Using equation (3.3) from Lemma 3.1.1 for 1 < a < n — 1 — p, we obtain the following

expression for the Riemann curvature tensor
R(Uv aaa 8(17 U) = U?R(atv aay 8(1’ at) + UZ_pR(gn—p; aaa aaa an—p)'
The curvature tensor subterms of which we compute as

R(at, aay 8a, at) = Ry = —aay

R(@n,p, 8(1, 8a, &L,p) = Rii’i’i = 042(1 — CY?)
Therefore, substituting these back into the original expression, we obtain

R(v, 84, 0a,v) = =V ey +v_a” (1 —af).
Following the formula for the sectional curvature given in equation (2.8), we compute the

following sectional curvature term

1 2 2 2 2
K(U, 8&) = W (-Ut (6787 + Un_pa (1 - Oét))

1 Qg
= HUH2 <_Ut23 + ’Ui—p(l - Oétz)) )

42



since ||0,[)? = ?||0.||% = a?. Now, averaging the sectional curvature over P+, we obtain

n—1—p n—1—p
spn(P)= D Kig+2 ) K(v,0,)
i#i a=1

i4'=1

1 —o? 1 Q
=n—-1—-p)(n—2-p) o L +2(n—1—p)HUH2 <—v?§+vi_p(1—af)>.

We express these two cases generally to obtain the formula for the (p, n)-intermediate scalar

curvature as given in the theorem. O]

3.3 Intermediate scalar curvature of a doubly-warped

product metric

We now consider the manifold (0,b) x S* x S* equipped with the doubly warped product
metric
dt* + a(t)?ds: + B(t)*ds;,

where a, 5 : (0,b) — (0,00) are smooth warping functions. Making use of calculations

in the previous section for a warped product metric gg + 3%gr on M = B x F, we take

B =(0,b) x S* and F = S*. From Chapter 4, Section 4.2.4 of [37], the sectional curvatures
of this metric are given by

1—a? Bt oy 1 - 52

K== K==t Ky =2 Ky= =220 Ky = —

¢ o o2 t 6] af 7 52
We use these sectional curvatures to compute the (p, n)-intermediate scalar curvature of this

doubly-warped product metric.

Lemma 3.3.1. Let M = (0,b) x S* x S, equipped with the metric
g = dt* + o*(t)dsi + B*(t)ds;,

where a, B : (0,0) — (0,00) are smooth warping functions. Let x € M and P C T, M such
that dim P =p € {0,--- ,n — 2}. Then the (p,n)-intermediate scalar curvature of M at x

15 given by

1- 5

Spn(P) =2(( —p)({ —p—1) 7

+ A%(1 = B})+ B*(1 — &) — C*By — D>y — E*au 3y,
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where A = A(P,B), B = B(P,a), C = C(P,8), D = D(P,a), E = E(P,«, ) are real-

valued functions.

Proof. Let x = (t,$,0) € (0,b) x S* x S. By way of notation, let {9, 01, , 0, 01, , 0}
be an orthonormal basis for T,,M, where J; points in the ¢-direction, and {0y, -, 0} and
{0y,--+,0,} are tangent to S* and S¢ respectively. Let 0 < p < k+ /¢ —1 and let P be a
p-plane in T, M. Then P+ is a (1 + k + ¢ — p)-plane. Since the dimension of P+ + T,S5* can

be at most the dimension of T, M,

dim(P*+ N T,S%) > dim(P*) + dim(7,.S*) — dim(P* + T,.S°)
>1+k+l—p)+l—(1+Ek+Y)
=/{—p.

We can conclude then that, since the dimension of this intersection is at least £ — p, there are
at least ¢ — p linearly independent vectors in P+ which are tangent to S¢. Let {Jy,--- , 0}
denote the coordinate vector fields on S¢, where {0y, - ,0,_,} are in P+. By considering
the dimension of P+ we can see that we have at most k& + 1 unit length orthogonal vectors

{vg,v1, -+, v} in P+ not tangent to S*.

Case 1. The projections of {vg, vy, -+, v} into T,S* span a O-dimensional subspace.
Thus {vg, vy, - , v} have no fibre component and span{vg, vy, -+, vx} = span{d;, 1, - , O}
In particular, P+ has orthogonal basis {9;, 1, -+ , 0k, 01, -+ ,0r_p}. Therefore

{—p l—p k
P)=2> K J/+QZKtJ+2ZZK”+22Kn+QZKu
7j=1

7,3'=1 i=1 1,i'=1
J#3’ 17&/

=2(—p)(l—-p-1) _ﬁt+2(£—p)( %t>+2k(£ )<_O‘t5t>

B2 of
1—a?
2k (=5 + 2k(k - :
+ o)t (k—1) o
Case 2. The projections of {vg,v1,- -, v} into 7,5 span a g-dimensional subspace,

1 < ¢ < min{/{,k + 1}. This subspace is orthogonal to {9y, -+ ,0,_,} so without loss of
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generality we can assume it is spanned by {5g_p+1, e ,5g_p+q}. Thus

k {—p+q _
vs = (Vs)0s + Z(U5>iai + Z (vs);0;-
i=1 Jj=t—p+1

Using the curvature tensor expression for 1 < a < ¢ — p, we obtain

k

k
R(Vg, 0, 0ay v5) = R ((0):0s, Dy Dy (v5):0s) + R (Z Z (vs)s )

=1

Given that this expression is a sum of Riemann curvature tensor subterms, it is necessary

to isolate these subterms and compute them separately. This gives

(8 5 5 ): —BBu
(6 5 5 ): —ﬁﬂtaat

R (05,00, 00, 05) = B*(1 = 7).

Therefore, substituting these subterms back into the original expression, we obtain the fol-

lowing expression for the Riemann curvature tensor:

k L—p+q
R<U57 5(17 éaa Us) == _<Us)?ﬁﬁtt - Z(Usﬁﬁﬁtaat + Z ('Us>j262(1 - ﬁ?)a
i=1 j=l—p+1

45



which allows us to compute the following sectional curvature term:

k L—p+q
K(U57 561) ; <_(vs)?ﬂﬁtt - Z(Usﬁﬁﬂtaat + Z (Us)]QBQ(l - B?))

sl [2110a] 2 P j=tpt

1 B k B L—p+q
= HU H2 (_(’US)?g_Z(US)?EtOéat—F Z (US)?<1_ tQ)) )
s i=1 j=l—p+1

since ||04||? = 8%]|0a]|% = B%. Also

R(vs, vy, Vg, V) = Z ((vs)i(vsr )i — (US)i’(US’)i)Q 042(1 - O‘?) - Z((US’>Z'(US>t - (US)i(US’)t)QO‘O‘tt

1<d/ )

Y (W) (ve)yr = (0)5 () ) B (L = B7) = D ((v9)5(vs)e = (0)5(00)e)* BB

a Z((US/)j(US)i - @5)]’(”8’)1‘)25@0%0%

for j, 7/ € {l—p+1,--- £ —p-+q}. Using this expression for the Riemann curvature tensor,

we compute the associated sectional curvature, obtaining

K(U&US’) = ; <Z ((US)i(US’)i’ - (US)i’(US’)i)2 042(1 - a?)

[lvs | Plfos 12 \ =

- Z((vsf)i(vs)t = (vo)i(ve))Pacu + Y (05);(vs)jr — (v5)y(ve);) 6% (1 = )

J<y’

- Z((US’)j(US)t - (US)j(US’)t)Qﬁ/Btt - Z((US’)j(Us)i - (Us)j(vs’)i)QﬁﬁtQta> .

)

This concludes our calculation of the sectional curvatures of this metric. Averaging these

sectional curvatures over P1, we obtain the following expression for the (p,n)-intermediate
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scalar curvature:

{—p {—p
SP,N(P) = 2 Z ij/ + 222[((1}5’5(1) + QZK(U87US/)
=1

e c >
_ 1- 5 1 2B o=, 2B
L—p+q 9
D DR COHEE ﬁf)) +> TorlEloe T2 (Z ((09)i(ver)r = (ve)ir(ver)i)? (1 = o)
j=t—p+1 5,8 178 o i<i

- Z((vsf)i(vs)t — (@)i(vs))?aan + Y ((05);(0s)y = (v5)5(00);)*B3(1 = B7)

J<J’

=D (0e)5(0)e = (v);(v5))*BBe = Y ()3 (05)s = (v5); (US’>i>2ﬁBtat@> :
J 1,3
Summarising these cases, we arrive at the formula for the (p, n)-intermediate scalar cur-

vature given in the theorem, where the coefficients of the functions are collected into the
smooth functions A to E. m

Remark 3.3.2. By letting p = 0, it can be seen that these formulae reduce to the expected

scalar curvature expressions for a singly and doubly-warped product metric of spheres.

Having computed expressions for the intermediate scalar curvature of a singly and doubly-
warped product of spheres of dimension k and ¢ such that n = k + ¢ 4+ 1, we will, in the
following chapter, apply these to construct isotopies of particular warped product metrics

on S™ which have positive (p, n)-intermediate scalar curvature.
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Chapter 4
Torpedo Metrics

In this chapter, we introduce torpedo metrics, which are a specific type of warped product
metric of particular importance to the notion of surgery defined in Section 2.2. We begin
by introducing particular spaces of warped product metrics in which torpedo metrics are
contained, and demonstrating path-connectedness, to obtain results about the existence of
isotopies between torpedo metrics in R*»»>%(M). This chapter concludes with an intro-
duction to mized torpedo metrics, created by combining torpedo metrics on complementary

subspheres, which will be of particular importance in the proof of the main theorem.

4.1 Singly-warped product spaces

Let F(0,b) denote the space of smooth functions f : (0,b) — (0,00) which satisfy the

conditions of Lemma 3.0.1:
f0) =0, fi(0) =1, f"() =0, and fi(b) = —1,
in addition to

fue <0,

fur(0) <0,

fue(b) > 0, and

fu(t) < 0 when ¢ is near but not at 0 and b,

equipped with the C*°-topology; the details of which are discussed in Chapter 2 of [15].

Proposition 4.1.1. The space F(0,b) is conver.
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Proof. A sequence of elementary checks shows that the convex combination (1 —t)f + tg for

f,9 € F(0,b), t € [0, 1] satisfies the conditions which define F(0,b). O
Now we define the following space of metrics on S™:
W(0,b) = {dt* + f*(t)ds®_, : f € F(0,b)}.

Lemma 4.1.2. Let n > 3. The space W(0,b) is a path-connected subspace of R¥»>0(S"),
forp <n—3.

Proof. We begin by invoking Lemma 3.2.1, which states that the (p, n)-intermediate scalar

curvature of an arbitrary metric g € W(0, b):

1— f?
Spn(P) = (n =1 =p)(n -2 —p) 7 S+ AP, )L = f7) = BX(Pf) fa
where P C T,S5™ is a p-dimensional subspace, and A(P, f) and B(P, f) are bounded real-
valued functions. By definition f;(0) = 1 and f;(b) = —1, and f is concave downward.

When 0 < ¢ < b, it follows that |fi(t)] <1 and 1 — f2 > 0. As p < n — 3, each of the three
summands in the above expression is positive when 0 < ¢ < b, and s,,, > 0 in this case. At
t = 0 and t = b, some elementary applications of I'Hopital’s rule, as used in the proof of
Poposition 1.6 of [48], show that s,, > 0. Therefore W(0,b) C R*»»>0(S™). As F(0,b) is

convex from Lemma 4.1.1, we deduce that W(0,b) is path-connected. O

We now define the space W = UbE(O,oo) W(0,b), and proceed to show that it is also a

path-connected subspace.

Lemma 4.1.3. Let n > 3. The space W is a path-connected subspace of R¥»>°(S™), for
p<n-—3.

Proof. Let g € W(0,b) C W. By Lemma 4.1.2, W(0,b) is path-connected, and therefore g

is isotopic to the round metric of radius (£) in W(0,b), given as

b\> t
dt> + <—> sin® (%) ds?_,.
N

All round metrics are isotopic via rescaling, thus we can rescale the prior round metric to one
of radius (b;,) in W(0,0'). Now having constructed an isotopy from W(0,b) to W(0,V'), we
can invoke path-connectedness of W(0, b) to isotopy an arbitrary g € W(0,b) to an arbitrary
g € W(0,b). Therefore W is path-connected. O
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4.2 Single and double torpedo metrics

We proceed to define a particularly useful metric on the disc D™, known as a d-torpedo met-
ric, an O(n)-symmetric metric which near the boundary of D™ is a product of the interval
with the (n — 1)-sphere of radius J, and near the centre of D™ is the n-sphere of radius
0. Elementary calculations® show that these metrics have positive scalar curvature. Fur-
thermore, Proposition 5.3 of [5] shows that torpedo metrics have positive (p, n)-intermediate
scalar curvature. Such metrics are best thought of as warped product metrics; consider the

following collection of warping functions:

Definition 4.2.1. A 0-torpedo function, denoted fs, is a smooth real-valued function on

(0, 00) which satisfies the following conditions:
. t
fs(t) = dsin <5> , fort mear 0,
fs(t) =96, fort> 5%, and

fs(t) <o0.

As a consequence of Lemma 3.0.1, the metric dr? + f3(r)ds?_; on (0,00) x S™~! extends
smoothly to a metric on R"™, where r coincides with the radial parameter in R”. By restricting
the interval from (0, c0) to (0, b) for some b > 07, we obtain a metric on the disc D", defined

formally below.

Definition 4.2.2. We denote by g}, (0) the 0-torpedo metric, a metric on the disc D" given
by
gZJr(é) = dtQ + f52 (t)dsi—h

where f5 is a torpedo function on (0,b), b > 7.

From the torpedo metric on the disc D™ we can derive a metric on the sphere S™, by

considering the following element of F(0,b), defined as a “double” of torpedo functions.

Definition 4.2.3. A §-double torpedo function is a smooth function fs : (0,b) — (0, 00)
satisfying

fs(t) = fs(t) : t e (0%) and

Jitt) = fso-0): ve (5.0).

*Section 1.3 [48].
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fs(t)

Figure 4.1: A schematic of a torpedo metric and function.

b T
where 5> 55.

Using f5 as a warping function allows us to construct a metric on the n-sphere, defined

as follows.

Definition 4.2.4. We denote by g},,,.(0) the §-double torpedo metric
g%tor(é) = dtz + f.62 (t)dsifla

where f5 is a torpedo function on (0,b), b > 7.

This metric has positive (p, n)-intermediate scalar curvature for p < n—3 as a consequence
of Lemma 4.1.3, and therefore is an element of the space VW. Furthermore, as a consequence

of the same result, this metric is isotopic to the round metric ds?2.

Figure 4.2: A schematic of a double torpedo function & metric.
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Corollary 4.2.5. The metric gh,,, is isotopic to ds> in R*»»>9(S™), forn > 3 and p < n—3.

Proof. This follows from Lemma 4.1.3. ]

4.3 Doubly-warped product spaces

Let k,¢ be non-negative integers such that k +¢+1 =n, «, 5 : (0,b) — (0,00) smooth
functions, and let g = dt* + o?(t)ds; + B2(t)ds?, t € (0,b) be the resulting doubly-warped
product metric on the product manifold (0, ) x S* x S¢, defined in Section 3.3. Let F,(0,b)
denote the space of all smooth functions o which satisfy the conditions of Lemma 3.0.2, in
addition to

ay <0,
ay(t) < 0 when ¢ is close to b, and
Olttt<b) > 0.

Let F3(0, b) denote the space of all smooth functions  which satisfy the conditions of Lemma
3.0.2:

a(0) >0, a(0)=0, ab)=—-1, V() =0
B(d) >0, BBy =0, B(0)=1, B™(0)=0,

in addition to

Btt S Oa
Biu(t) < 0 when t is close to 0, and

ﬁttt(o) < 0.

From Lemma 3.0.2, each pair (o, 8) € Fu(0,b) x Fz(0,b) gives a smooth doubly warped

product metric on S™. We define the space of such metrics as
WHRE0,b) = {dt* + 2 (t)dst + B2(t)ds? = (a, B) € Fa(0,b) x Fs(0,b)}.

Remark 4.3.1. These conditions give us functions o, B which, near b and 0, behave like
cosine near 5 and sine near 0 respectively. Moreover, this space contains the round metric
ds? on S™ realised as the doubly warped product metric dt? + cos®(t)ds? + sin®(t)ds?.
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Lemma 4.3.2. Let n > 3 and let k,{ be non-negative integers such that k+ ¢+ 1 =n and
¢>2. Then, forp</{—2, WW(O, b) is a path-connected subspace of R*rn>0(Sm).

Proof. In Lemma 3.3.1, we compute the expression for the (p, n)-intermediate scalar curva-

ture of a doubly warped product metric:

1—
ﬁQ

S;n,n(P) = 2@ - p)(ﬁ —P— 1) + A2(1 - @2) + 32(1 - Oé?) - CQBtt - D2Oétt - E2Oét5t-

By definition, o and ( are concave downward, that is to say au, B < 0. We begin by
establishing the following:

a¢(0) =0 and oy (b) = —1 = —1 < ay < 0 by downward concavity

=0<a; <1,
and

B:(0) =1 and B,(b) = 0= 0 < f; < 1 by downward concavity

=0< Bl <1.

Therefore 1 — a?, 1 — 82 > 0, and, invoking the precondition on p, we conclude that the
first term of s,,(P) is non-negative, and the second and third terms are positive. By the
prior statements, ay < 0, By < 0, ayf; < 0, and we conclude that the fourth and fifth
terms in this sum are positive, and the sixth term is non-negative. Recall that «, § vanish
at b, 0 respectively; in these limits positivity follows from an elementary application of
IHopital’s rule. Thus W*(0,b) € R*»»>%(S"). Path-connectivity follows from the fact
that F,(0,0) x Fz(0,b) is convex: let (ay, 51), (g, f2) € Fa(0,b) x Fz(0,b). Since this set
is convex, (1 — ¢)(aq, 1) + c(az, f2) € Fo(0,b) x Fz(0,b). Thus two arbitrary metrics in
WHRE(0, b)

g = dt* + Oz%(t)dsi + 5 (t)gds?
go = dt* + a3 (t)ds; + Pa(t)*ds?,

are connected by a path

dt? 4+ (1 — e)ou () 4 caa(t))? ds? + (1 — ¢)Bu(t) + ¢fa(t))” ds?.
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By way of notation, let

FaxFs= |J Fal0,b) x Fs(0,b),

be(0,00)
Wht = U WF(0,b), and
be(0,00)
W U W
k+l+1=n

Then we have the following result:
Lemma 4.3.3. W is a path-connected subspace of Revn>0(S™) forp < £ — 2.

Proof. First, we will show that W** is path-connected. Let ¢g € WW(O, b) and ¢ €
W’“’Z(O,b’ ). Since each of these spaces is path-connected, we can isotopy g and ¢', by a

linear homotopy of warping functions, to the round metrics

2 2
dt* + (é) cos? (%) ds; + <9> sin? (%) ds;, and
T T
v\ t A t
> + (;) cos? (Z-) ds? + (;> sin® (Z-) ds?,

respectively. These round metrics are isotopic by rescaling, therefore ¢, ¢ € WHEL are

isotopic. ]

4.4 Mixed torpedo metrics

We introduce the concept of a mixed torpedo metric on S™, a particular type of doubly-
warped product metric where the warping functions are torpedo functions. We will show
this metric is isotopic to the standard round metric in the space of positive (p, n)-intermediate

scalar curvature metrics on S™.

Definition 4.4.1. Let f., f5 : (0,b) — (0, 00) be torpedo functions where b > maz{em,on}. A

mized torpedo metric, denoted gy, is the smooth metric on S™ determined by the following

ETPTESSION.
Gitor = dt* + f2(b — t)dst + f5(t)ds7.

This metric is smooth and has positive (p,n)-intermediate scalar curvature as a conse-

quence of Lemma 4.3.2, for p < ¢ — 2. It follows from Lemma 3.0.2 that g%or is a metric
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on S™. To better understand this metric, consider decomposing the sphere S™ as a union of
sphere-disc products as follows: recall the embedding of the sphere E from equation (3.1),
which gives the round unit radius sphere metric as a doubly-warped product metric seen in

equation (3.2). By restricting this embedding as

o ((0 %) X S x S’Z) ~ Gk 5 DitT

By ((g, g) x Sk x SZ) ~ Dk SF

which, via the embedding F, we identify with the following standard decomposition of the

sphere:

Sn — 8(Dn+1)
~ 8(Dk+1 > Derl)
= (Sk X DZ+1> US’“XSE (DkJrl X SZ>

For a schematic of such a decomposition of S™ equipped with the round metric ds?, see
Figure 4.3.

(D*+1 % §)

(S* x D)
Figure 4.3: A decomposition of the sphere S™ equipped with the round metric ds?.

Equipping S*¥ x D! with the metric 2ds? + gii'(6), and D**! x S¢ with the metric

tor
gt (e) + 62ds?, these metrics glue together smoothly along S* x S forming the mired
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torpedo metric g{f&for on S™ as defined in Definition 4.4.1; see Figure 4.4.

Lemma 4.4.2. Let n > 3, and k,{ be non-negative integers such thatn =k+ /041, { > 2,
andp < €—2. Let f., fs: (0,b) — (0,00) be torpedo functions where b > max{er,on}. Then
the mized torpedo metric g, = dt* + f2(b—t)ds? + f2(t)ds? is isotopic to the round metric
ds? in R»n>0(S™),

Proof. We begin by noting that the torpedo functions f. and fs5 lie in the function spaces
Fo(0,0) and F3(0,b) respectively. Therefore the mixed torpedo metric is an element of
WHE(0,b). The standard round metric ds2 = dt? 4 cos?(t)ds? + sin?(t)ds? is an element of
VAV"”’K(O, b), and therefore isotopy follows as a consequence of path-connectedness established

in Lemma 4.3.3. Explicitly, such an isotopy takes the form
gr = dt* + hi (t)ds; + h3,.(t)ds;, r € [0,1],

where hy,.(t), ha(t) : [0,1] X (0,b) — R? are homotopies of curves in F, and Fj respectively
such that

hi,(t) = (1 —7)f(b—1t)+rcos(t), and
hor(t) = (1 —7)fs(t) + rsin(t).
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k+1,/—1
thor

Figure 4.4: Schematics of the mixed torpedo metrics gy, and ghgi o
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Chapter 5

A Relative Isotopy of Mixed Torpedo
Metrics with Boundary

In the study of manifolds with metrics of positive (p,n)-intermediate scalar curvature, it is
natural to consider the existence of such metrics on manifolds with boundary that behave
well near the boundary. In this spirit, let M™ be a smooth, compact manifold with boundary
OM, a closed (n — 1)-dimensional manifold. Consider the space of metrics of positive (p, n)-
intermediate scalar curvature on M which exhibit a product structure near the boundary.
The consideration of this space will allow us to introduce a notion of relative isotopy * in the
context of positive (p, n)-intermediate scalar curvature. The majority of this chapter will be
devoted to the construction of a particular relative isotopy and the proof of its curvature-
positivity. This relative isotopy will be a crucial tool in the proof of the main theorem of
this thesis.

5.1 Relative isotopy

Let M™ be a smooth, closed manifold with boundary. We denote by R(M,0M) C R(M)
the space of Riemannian metrics on M which take on a product structure in proximity of
the boundary OM. Specifying a collar embedding ¢ : [0,€) x OM — M we formally define

this space as
R(M,0M) =1{g € R(M): c*g= g+ dt* for some g € R(OM)}.

We will consider the subspace R»»>%(M,dM) of such metrics which have positive (p,n)-

intermediate scalar curvature. We consider a stronger notion of isotopy in this space, referred

*This concept is described in Section 2.1 of [49] in the context of positive scalar curvature.
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to as relative isotopy and described in [49]. First, fix g € R(OM) and consider the subspace
of R(M,0M) consisting of metrics which restrict to g on the boundary, which we denote
R(M,(0M, g)). Furthermore, we denote by R*>Y(M, (OM, g)) the space of such metrics

with positive (p, n)-intermediate scalar curvature.

Definition 5.1.1. Let h,h' € R¥*»»>9(M,(0M,g)). These metrics are said to be isotopic

relative to g if they lie in the same path component of this space of metrics.

Consider the sphere S™*! equipped with the mixed torpedo metric gllf/iij;l, which, on

the equator S™ restricts to the metric giit. . Let ghii'(+) denote the metric on the upper
hemisphere, 77 2 Dntl,

Notably, this metric does not have a product structure near the boundary. Ideally, we
wish to construct a metric which is, roughly, obtained by gluing along the boundary the
hemisphere (57, it (1)) to a cylinder of the boundary (S™ x I, git  + dr?); see Figure
5.2. While this almost works, the resulting “metric” on the slice S™ x {1} (which is identified
with 957! = S™) is not C2%-smooth.

Our goal in this section is to construct appropriate analogues of the mixed torpedo
metrics (previously defined on the sphere) for a disc which, crucially, satisfy a product
structure near the boundary. In particular, these mized torpedo metrics with boundary will
be defined on the disc D"*! to satisfy the following conditions. On an annular region near
the boundary of D™, diffeomorphic to S™ x I such a metric is a product (S™ x I, gt +dr?).
It then transitions to the metric g{f/ﬁ(;l(—i—) on a smaller disc in the centre of the orginal D".
Ultimately we will want this metric to satisfy certain s, , > 0 curvature properties, however
we will defer this for now. This metric (or rather collection of metrics as k, £ and n vary) will

be denoted g{f/}f;rrl and we will provide an explicit geometric description in the next section.

k41,0

k+2 ¢ k+2 .2
(D xS » Jtor +d5() thor

k441
thor

(D*+1 x S""l,gé‘;l + ds?+1)

(S x D**2 ds? + gi3?)

(Sk+1 XD£+1, d513+1+!]t£ot1)

Figure 5.1: Schematics of g{fd’fjrl and gy -

k+1,6
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_k,0+1 —k+1,6
thor thor

[y
(D™, gytior (1))

(D", gt (+) /\\

(5™ X I, gytyor + dt?) : :

1

Figure 5.2: Rough sketch of mixed torpedo metrics with boundary, gy.' and gy,

5.2 An analysis of the metric g’gﬁﬁ on D"t

In order to construct the metric g{f/ﬁ;rrl, as suggested in Figure 5.3, on D"™!, we begin by

decomposing the disc into three pieces.

A. an annular closed neighbourhood of the boundary diffeomorphic to S™ x I,
B. a region diffeomorphic to D+ x D1

. . . 0+2
C. a region diffeomorphic to S* x D"

Recall that D" is the closed upper half disc in D2, In the decomposition of S"*! as
(0,b) x S¥ x S choose an equator S* C S, and consider the warped product metric
restricted to (0,b) x S* x S*. This gives a unit round S™ C S"™' which is necessarily

an equator. Thus we can split S"! into S7™' along this equator. The resulting pieces

correspond to the splitting of S within the product into S{™' along the chosen equator
Sell. Regions B and C' then correspond to the products over (O b), (b b) respectively

D) 2
restricted to STt

n+1 k 042 k+1 (+1
S+ =9 ><l)Jr UstSeJrlD ><SJr

= Sk X Dﬁ+2 Ugk y gt+1 .DkJrl X D€+1.
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Note that, though not explicitly shown in Figure 5.3, this same embedding, restricted on the
boundary sphere S™ extends in the obvious slice-wise way to the following decomposition of

the annular boundary region, A:

A= S x T2 (S x D Ugiyge DM x S9) x 1.

k A
(Dk+1 X De+1’gwt1 + gtg;l)

(S x D{F2,dsi + Giot”)
DZ+2

DZ+2

042
‘D+

(S™ x I, gt + db?)

Figure 5.3: Schematics of a decomposition of D**? into two manifolds with corners, and a

. k042
decomposition of gyj.-.

To define g{f&f;l, we now equip these regions with metrics which will smoothly glue to-
gether. These are already suggested in Figure 5.3, although at least one factor metric, g2
on the half-disc ijQ, has yet to be defined. We will come back to this shortly. We begin
with the annular region, A, diffeomorphic to S™ x I. The metric here will be the standard
product of mixed torpedo metrics on S™, gf/ifor +dr? where r is the coordinate on the interval
I. Note that this restricts on the sub-regions of A specified in the decomposition above as

(S* x D" x I,ds? + gttt + dr?),

tor

and
(DM x 8P x I, ghtt + ds? + dr?).

tor
Next we equip Region B, diffeomorphic to D**! x D! with the product of torpedo

Erl 4 gttt Note that this region (a manifold with corners) intersects Region A

along an embedded D*1 x St C S™ x {1}. Letting r denote the radial coordinate for the

metrics g
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disc factor D' and so writing the torpedo metric ¢/ = dr? + f8 (r)%ds? where 8 = 1 near
the boundary of D! (where the metric is cylindrical) it is clear that Region B and Region
A equipped with their respective metrics smoothly attach. It remains to extend this metric
on Region C.

Region C is diffeomorphic to the product of discs S¥ x D{™?, where D{"? denotes the
closed upper “half’ of D**2 seen in Figure 5.3. Its boundary intersection with Region A is an
embedded S* x D!, Tts boundary intersection with Region B is also an embedded S* x D!
although these appear orthogonal to each other in Figure 5.3. Near these boundaries, the
metrics on A and B respectively take the forms ds? 4 giit + dr? and dsj + gl + dt?. Thus,
near the boundaries the coordinate r should be thought, according to the layout in Figure
5.3 to run vertically, while the ¢ coordinate runs horizontally.

Thus, to ensure smoothness, the metric we define on Region C' will be defined to extend
these product forms in a neighbourhood of the boundary of C. The S*-factor is common
across this region, and on the neighbouring parts of A and C the metrics defined there
restrict on it as the standard metric ds?. In order to extend smoothly, we do the same on
Region C' and simply equip the S* factor with ds?. Ultimately, we will form a product metric
on C' and it remains to specify the metric on the half-disc factor, Dﬂ“. This metric will be
denoted g'-? and is schematically illustrated in Figure 5.4.

Metrics of this sort were described in Section 5.1 of [5] as being formed by carefully gluing
a torpedo-metric hemisphere gf;rf , to the cylinder of torpedo metrics gfj,;l + dt?. For our
purposes, we provide an alternative description; see the left hand side of Figure 5.4.

We begin by identifying the half disc Dﬁ” with the half-hemisphere (quarter sphere)
Sff = {z = (21, - ,me3) € S”? : 2y, 20,3 > 0)}. This is done by restricting the
projection map Sff — Dﬁ“ which simply drops the last coordinate.

Recall once again, the family of sphere embeddings described in equation (3.1). In the

case when n = £ + 2, the embedding E;» decomposes S*™ as
S22 g6 x D? U D! x St

Restricting to the quarter sphere Sff, we obtain

DY? =SR2 =8 x DA, UD™ x (S, = 1).

Here, D7, is simply the closed quarter disc of the unit disc. Consider again the de-
scription of Si“ on page 60. Now choose a second equator S¢ C S, perpendicular to
the original choice. This gives an alternative S_’ﬁ“. Writing down the intersection of these

two hemispheres leads to a decomposition of the quarter-sphere Sﬁf. We obtain the above
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=042
tor

(DZ—H % I,gz+2 )

bendtor

dt? + do* + B(t)?ds; ‘ >

A2 + w(t)2d0? + B(t)%dss

i

{\k dt? + do® + B(t)%ds;
J

(S* x D2...,ds? + gge) '

(D2..., 9r2)

B+1

B B+1

Figure 5.4: Schematics of the metrics gi'2, gre and gﬁjfdtor.

decomposition of Sff from this model by replacing n + 1 with ¢ + 2 on the left-hand side,
and k by ¢, ¢ by 0 on the right-hand side.

~

Remark 5.2.1. It would be more precise to say S}r+ = [0, 5] than S}r+ = |. However, as

we will have need to stretch and rescale this interval, it makes sense to only emphasise its

topology.

We will need a slightly adjusted version of D%, one where the circular part of the
boundaries is straightened near the corners. We will denote this region, Déuarter, obtained
from the square I x I smoothly rounding off the corner at (1,1) as shown in lower image in
Figure 5.4.

At this stage we have decomposed Region C' into two subregions. The one diffeomorphic
to S* x D! x I we call Region 1 and the other, diffeomorphic to S* x S+ D, .iers We

refer to as Region 2; see Figure 5.8 for details.
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On Region 2, diffeomorphic to S* x S* x Dg arters We define g% to be the product
dsi + ds? + gge where gge is the standard Euclidean metric on R? restricted to this region of
the plane. We will now extend this metric over Region 1, diffeomorphic to S¥ x D1 x I. On
the sphere factor, we have already decided the metric will the standard one ds;. Thus, we
focus exclusively on the cylinder D! x I. Essentially, we want to construct a “product” of
D" 'torpedo metrics which bends around a corner, as suggested by Figure 5.4. This metric
will be called gﬁiﬁdmr and we construct it below.

Let b € (0,1), B > 0, and let Q : (0,b) x [0,2B + 5] — [0,1] be a smooth function,
defined as

Q(t,0) = 1= p(0) + p(0)w(t),

where @ [0,2B + 7] — [0,1] is a family of smooth bump functions of the type shown in
Figure 5.5, and w : (0,b) — (0, 1) is a smooth function such that

W'(t) <0 for all ¢,
w(t) = cos(t) near 0,
)

=1 — ¢ near b.

a

| | |
0 B € Bte B+ 3¢ B+3 2B+ 7%

Figure 5.5: Schematics of the functions p and w.

The function €2, seen in Figure 5.6, by means of the smooth family of cut-off functions
1, smoothly interpolates between the constant function 1 and the smooth function w on the
interval [0,2B + 7] for some positive constant B > 0.

The metric gﬁ:fdtor is therefore given as the warped product metric of the form

Toendtor = A8 + Q(t,0)*d0° + B(t)*dse,

where 3 : (0,b) — (0,00) is a torpedo function such that (w')? + (8)> = 1. See the right
hand side of Figure 5.4. Recall we referred to the region in C' diffeomorphic to S* x D x T
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:(0,0) — (0,1)

Wl

Figure 5.6: A schematic of the function (¢, 0).

2B+

Wl

as Region 1. On it, we specify the metric

dsi + git2. = dsi + dt* + Q(t,0)2d0* + B(t)*ds,

2B + %

d? + d6? + B(t)*ds, O\ €S
PN
dt? 4 w(t)2d6? + B(t)ds, . "‘—/;/

dt? + do* + B(t)%ds,

042
bendtor*

Figure 5.7: A schematic of the metric g

Recombining, regions 1 and 2 of C' with the respective metrics ds? + g

ds? + gge determines the desired metric g

042
bendtor

G+ on D", To help the reader see how all of this

and ds? +

fits together, we provide Figure 5.8. Here, we show the subdivision of Region C' into regions

1 and 2, and provide an analogous subdivision of Region B into regions 3 and 4 indicating
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the metric restrictions here. Region A, the annular product S™ x [ is relabelled as Region 5.
In the next theorem, we will establish conditions for which the metrics g2 have positive
spn-curvature and show certain isotopy relations among them. Importantly, these concern

relative isotopies which fix metrics on the boundary.

Main Theorem A. Let n > 3 and suppose k and ¢ satisfyn =k +{(+ 1 with £ > 2. Then
for all p satisfying 0 < p < £ — 2, the metrics Ghwt' and Giptt are (spni1 > 0) isotopic,

relative to the metric gt on S™, in the space R¥»n+1>0(DmH1 gn).

While this theorem is an existence result, its proof will be entirely constructive. We
will explicitly describe an isotopy G,,7 € [0, 1] which connects the metrics gfﬁ;l to gfﬂ;f
showing that both the curvature constraint and the requirement that the boundary metric
is fixed are satisfied throughout.

This theorem will be of particular importance to the proof of the main result of this
thesis, and therefore the remainder of this chapter is devoted to its proof. Before stating
it, it is worth emphasising that, once it is established that the metrics g‘]{f/iijrl and gﬁ;ﬁ;f
satisfy the s,, > 0, showing these metrics are isotopic in the space Rrn+1>0(Dn 1 S") ig
quite straightforward. In this case, the only constraint (aside from the curvature one) is to
maintain a product structure near the boundary. However, the boundary metric itself may
vary. Insisting that the boundary metric stay fixed adds a considerable challenge. In any
case, we state the following proposition and corollaries concerning this easier case with the

weaker boundary condition.

+

Proposition 5.2.2. Let n > 3. The metric g%o ' has positive (p, n+ 1)-intermediate scalar

T

curvature, forp <€ —2 andn =k +{+ 1. In particular, g%j} € Repmt1>0(prtl gny,

The proof of this proposition is subsumed into that of Main Theorem A in the next

section; it is the case when the isotopy constructed in that proof, G, is at 7 = 0.

Corollary 5.2.3. Letn >3, n=Fk+(+1 and p < { —2. Then gyt is isotopic to g%

tor
n Rsp)n+1>O(Dn+1’ Sn)
Proof. The isotopy between these metrics is given explicitly as
di* + hids; + hids}|s: ,

where hy is a straight line homotopy between cos(t) and «(t), and hy = 1 — u(r) 4 u(r)hs,
with hy(t, r) a straight line homotopy between sin and 3. Curvature-positivity of the metrics
in this isotopy follows from the convexity of the function spaces in which the homotopies are

contained, in a fashion analogous to Lemma 4.4.2. O
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Corollary 5.2.4. Let n = k+/{(+1 and p < ¢ — 2. g%jf and QIXZ;;Z are isotopic in

RSp,n+1 >O(Dn+1 7 Sn) .

Proof. This follows immediately from Corollary 5.2.3. [
Region 3:
(DF+1 x D& ghtl 4 glily Region 1:

vl

(SF x DY x I,dt? + Q(t,0)2d0? + B(t)%dse + ds?)

Region 4: e I —

(DM x §€x I,dt? + d? + ds? + B(t)%ds?) , Region 2:
\ (S* x 8% X D2y ds? + ds? + gg2)
Region 5: -
(S™ x I, gt + df?)

Figure 5.8: A decomposition of the metric giit_ .
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5.3 The path of metrics G, and its components

To prove Main Theorem A, we construct an explicit relative isotopy between the Riemannian

metrics gyt and gapo in the space Repnt1>0(DH1 (87 g+t ) (which will implicitly show
kel

both metrics are elements of this space), which at each stage in the isotopy restricts to gy,

on the boundary S™ and retains positive (p, n+ 1)-intermediate scalar curvature throughout.
This isotopy is denoted G, where 7 € [0, g], such that Gy = gfﬂ’fjf, Gz = gfj;if, and on

the boundary G, |gn = g%or for all 7.

Region 2:

(DR x S¢ x I,
dt? + Q(t,0)%d6? + ds? + B(t)*ds?)

Region 2: “ |

(DF+ x St x 1T, ‘ :
dt? + d6? + ds? + B(t)%ds?) ! 1

Region 3: -
. 3 Region 1: !
(DR x DL gl gigty RO

— (8F x Dt x I, g{t2  +ds?)

e

Region 1:
(SF x D1 x I,
dt? + df* + B(t)%ds, + ds3)

Region 4:
(S* x St x D2, ds? + ds? + gre)

Region 5:
(8™ % 1 g\jror + 6?)

k041

Figure 5.9: A detailed schematic of the metrics ghiit' and gitle.

Utilising our decomposition of the metric gj{f/if;l, it is useful to consider how this iso-

topy transforms the restricted metrics on each region. The metric gR°#°" ! transforms from
a “bent” state to an “unbent” state across the isotopy. Conversely, the metric ghesion?2
transforms from an “unbent” state to a “bent” state throughout the isotopy. The metric
gheeion 4 transforms in such a fashion that the curvature of the metric on this region remains
unchanged, and gR¢&°" 3 and gRe8°"  remain fixed throughout the isotopy.

What can be said then immediately regarding the curvature of the metric at each stage
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in this isotopy? The only variation in curvature which can occur will occur on the metrics
on Region 1 and Region 2. Therefore curvature positivity of this isotopy follows from the
curvature positivity of its restrictions to Region 1 and Region 2, given that, as we will show,
the remaining regions begin with positive intermediate scalar curvature.

The proof of Main Theorem A will therefore proceed as follows: we will construct the

Region 1

p and

restrictions of G, to Region 1 and Region 2, which for simplicity we denote g
gle8on 2 and compute expressions for the intermediate scalar curvature. The proof therefore
is a direct proof of positivity given these expressions.

The isotopy of metrics is induced by the one-parameter family of functions Q. (¢,0), in
the parameter 7 € [0, %} . This one-parameter family continuously deforms Qy(t,0) = Q(t, 6)
into the constant function 1, thereby “unbending” the region. That is to say, at 7 = 0 we
have the metric g"°®°" ! and at 7 = Z we have the metric

dt* + d6® + B2(t)ds? + ds? = d6? + git! + ds?.

We therefore alter €(t, ) appropriately to obtain this one-parameter family of metrics.

Let b € (0,1), B >0, and let Q. : (0,b) x [0,2B+ 5 — 7] — [0, 1] be a smooth one-parameter

family of functions, defined as

Qr(t,0) = 1 = e (60) + pr (O)r (1),

where 5 5
) =27+ (1= 27 ) w(t),
w(t) 7T7'+( 7T7’>w()

and 5 5
) =274 (1 20) uto),

T T

are straight-line homotopies between the constant function 1 and w, p respectively. The

behaviour of €.(t,0) as 7 — 7 is displayed in Figure 5.10. When 7 = 7, the function
Q. (t,0) becomes identically 1 for all 6, yielding a cylindrical product metric. This continuous
deformation captures the “unbending” process, whose effect is visualised in Figure 5.11. We

define the metric g¥¢°n 1 in the obvious fashion
giesion b — gt 1 Q) (t,0)2d6? + B*(t)ds? + ds;.

In an analogous fashion, the isotopy of Region 2 is given as:

gReson 2 — qt? + Q= (t,0)%d6* + dsj + B(t)*ds;.
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|

Figure 5.10: A schematic characterising the behaviour of Q,(¢,0), as 7 varies.

Opposite to the transformation on Region 1, Qz_. is the constant function 1 at 7 =0
5; consider the suggested deformation in
Region 2

and a warping function with smooth ends at 7 =

Region 2

Figure 5.10 reversed. Therefore the metric g at 7 = 0 is the metric g , and at

7
7'—218

dt® + Q(t,0)%d6* + ds? + [(t)?ds2.
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Region 1
97

[NIEN

Region 4
9-®

3

[\v)

Figure 5.11: The intermediate and final stages of the bending.

5.4 The curvature of the components

We will now compute an expression for the (p,n + 1)-intermediate scalar curvature of the
metric e 1 on the product manifold M = S* x D1 x I, where 7 € [0, %] We begin by
computing the relevant sectional curvatures and then take appropriate sums to obtain the
intermediate scalar curvature. The curvature calculation techniques used in the following
proof were developed in the proof of Proposition 4.7 from [5] and therefore we draw heavily
from the work of M. Burkemper, C. Searle and M. Walsh in the statement of this lemma

and its proof.

Lemma 5.4.1. Let M = B x F with B = S* and F = D' x I, equipped with the metric
glesiont — dt2 4+ Q. (t,0)*d6* + B*(t)ds} + dsi where 7 € [0,%3]. If x € M and P is a p-plane
in T, M forp e {0,--- ,k+/L}, then the (p, k + ¢+ 2)-intermediate scalar curvature of P has
the form

1 — 2
Sphter2(P) = (L —p)(l —p— 1)7@ + A%(1 = B7) = B*(Q)u — C*Bu — D*Bi(Q,) + E?
for some real-valued functions A = A(P,f3), B = B(P,Q,), C = C(P,5), D= D(P,5,%,)
and E = E(P).

Proof. We regard the metric gi®8°n 1 as being composed of a base metric and a fibre metric.
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In particular,

Region 1

9- =gB + gr,

such that

gp = ds; and,

gr = dt* + Q. (t,0)%d6* + 5*(t)ds?.
Let v,w € T, M. Then the Riemann curvature tensor of M can be expressed as
R(v,w,w,v) = Rp(0p,Wp,Wp,Up) + Rp(0p, Wp, Wp, OF).

Let {01, ,0k, 0;,09,01--+,0,} be an orthonormal basis for T,M and i,7 € {1,---,k},

J,7 € {1,--- ,£}. We compute the Riemann curvature tensor of the base:

Rp = Rgr = |Ogr A gk | K g

- ‘TA}Sk A ﬁ}sk’Q

= Z(ini/ — ’UJZ'UZ'/)Q.

1<’

Invoking equation (4.10) of the proof of Lemma 4.6 in [5] we obtain the following expression

for the Riemann curvature tensor of the fibre:

Rp = — Q0 () (vowy — vewg)” + Y (vjwy — vyw;)*6°(1 — B7)

J<y’

- Z(ijt - wjvt)zﬁﬁtt - Z(ijo - wer€>2ﬁBtQT(QT>t'

J

Combining these expressions for the curvature tensor of the base and fibre, Rg and Ry, we

obtain the following overall expression for the curvature tensor:

R(v,w,w,v) = Z(viwi/ —w;vp)? — Qe () (vewy — vewg)® + Z(vjwj/ — vj/w]-)QﬁQ(l — 3?)

i< Jj<j’

= (W, — wiv)* BBy — Y (05w — wivg)* BB ().

J

We will use the Riemann curvature tensor to compute various sectional curvatures for use

in the computation of the intermediate scalar curvature. The following sectional curvatures
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of gRegiont on M are given as
(QT>tt
Koo — —
t0 QT )
Ktj - _%7
(Q’r)tﬁt
R =="q 5"
1— 32
K]j, — #7
Kz‘i’ = 1, and

Ky = Ko = K;; = 0.

Now we will compute the (p, k + ¢+ 2)-intermediate scalar curvature of (M, giesion 1), Let,

P be a p-plane in T, M, where 0 < p < k+¢. Then dimP+ = (k+/¢+2—p). The dimension
of P+ + T, F can be at most the dimension of T, M, therefore

dim(P*+ N T,F) > dim(P+) + dim(T,.F) — dim(P+ + T, F)
>(k+0+2—p)+(l+2)—(E+(+2)

from which we conclude that there are at least £ + 2 — p linearly independent vectors in P+
tangent to F, which we denote {9y, 0,1, -+ ,0r_,}. Completing a basis for P+, there are
at most k vectors not in T, F', which we denote {vy,vq,-- ,vp}. We split our computation

of the intermediate scalar curvature into two separate cases, determined by the dimension

of the subspace spanned by the projections of {v1, v, -+ , v} onto the tangent space of the
fibre.

Case 1. The projections of {vy, v, - -+ ,vx} into T, F span a 0-dimensional subspace, and
therefore have no fibre component: span{vy,--- v} = span{dy,--- ,d}. Furthermore, P+

has orthogonal basis {9 - -+ , Ok, O;, Jg, 01, -+ ,0g_p}. Therefore
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{—p {—p l—p k
Sprrer2(P) =2 Ky +2) Ky +2> Koj+2Kip+2) K

Jj<y’ Jj=1 Jj=1 i

=2(f—p)(€—p—1)1_ﬁt2 +2({—p) (—@>

B2 5
(Qr)tﬁt (Qr>tt
20— p) [ =) oM ok (K — 1),
+2(¢ p)( 05 o T2k —1)
Case 2: The projections of {vy,vq, -+, v} into T, F span a g-dimensional subspace,
1 < ¢ < min{/ + 2, k}. This subspace is orthogonal to {9;,y, 01, - ,0p_,} so without loss
of generality we can assume it is spanned by {Jy_pi1,"+ , Or_psq}- Thus
k {—p+q ~
Vg = Z(Us)laz + Z (Us)jaj.
i=1 j=l—p+1
k l—p+q - -
R(v, 01, 00,v5) = Y () R(0:,01,00,0) + > (v,)2R(9;,0,,0,,0;)
i=1 j=l—p+1

1 L—p+q , Btt
K 0) = om0 (7) '

Jj=l—p+1

74



k L—p+q

R(Usa 897 897 Us) = Z(Us)lzR(ala 897 897 al) + Z (’Us)iR(éja 697 897 5])

i=1 j=t—p+1
t—ptq

2 _(QT)t/Bt>
];H( o) ( Q.3

1 & (Q‘r)tﬂt
K = e, 2, O (-5

j=t—p+1

Let 0 < j < /¢ —p, then

k L—p+q
R(Usa 8]: 837 Us) = Z(US)iR(ai 8j 8]7 81) + Z (US)fR(ajv a]? aj7 ])
i=1 j=f—p+1
L—p+q 02
- Z (Us>32' (1 52ﬁt )
j=t—p+1

- 1 {—p+q ) 1 — 53
K3 = o, &, ()

j=t—p+1

5



Furthermore

R(Usa Vg, Vgl vs) = - QT(QT)tt((Us>0(US/)t - (Us>t(vs’)0)2

+ Z((US)j(US’)j’ — (vs)y (US’)j)QBQ(l —B7)

1

K(US7US/) = W (_QT(QT)tt<<vs)9(US’>t - (Us)t<vs/)9)
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Therefore

l—p {—p {—p {—p
sphatr2(P) =2 Kjp 42> Y K(03,0;) +2)  K(va,ve) +2Y Kg +2) Ky + 2Ky

j<g’ s j=1 8,8’ j=1 j=1
I35
JJ'=1

=2(0=p)(t—p— DK +2(0 —p) Y K(vs, )

+2)  K(vs,vy) + 20 — p)Kg; + 2(0 — p) Kyj + 2Ky

s,s’

_5 L—p+q 1_52
_ o o t 2 -t
=2({—-p)(l—p—1) 7 +2(0—p Z TN H@ IE > (vs)J( 7 )

Jj=l—p+1

+ 22 [[vs |2 HU e ( Q- (2 ((vs)g(ve ) — (vs)e(vsr)a)

s,s’

) (W) (vs)y = (0)5(v5);) B (L = B7) = D ((0)5(vs)e = (07)5(v5)2)* BB

J<y’ J

- Z Us Us US) ( ) ) ﬁﬁtQ t+z Us i US i/ US) (vs)’i/)Z)

1<’

+2(0—p) (—mQT—T)tBﬁt>+2(e—p)< %)m( %)

Collecting these cases into a single expression in terms of the smooth, bounded, real-valued
functions given in the statement of the theorem, we obtain the posited expression for the

(p, k + £ + 2)-intermediate scalar curvature of giesion !, O

Following the computation of the curvature expression for the metric on Region 1, we
arrive at an expression for the (p,n + 1)-intermediate scalar curvature of the metric gReg‘On 2

on the product manifold M = DF! x I x S*, where 7 € [O, 5}.

Corollary 5.4.2. Let M = B x F with B = D*"' x I and F = S, equipped with the metric
gReson? = dt* + Qx_,(t,0)%d0> + dsj + B(t)2ds? where 7 € [0,%]. Ifx € M and P is a

’ 2
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p-plane in T,M for p € {0, -, k+ L}, then the (p,k + € + 2)-intermediate scalar curvature
of P has the form

Sprrer2(P) = —p)(l—p—1) ‘{‘Az(f —p)+ 32(1 - 67:2) - CQ(Qg—r)tt - D2Btt - EQBt(Qg—r)t

for some real-valued functions A = A(P, ), B = B(P, Qz_;), C=C(P, 3), D = D(P, 5, Qz_.)
and E = E(P).

Proof. The metric gi8°" 2 ig essentially the same as gR®¢°" ! from Lemma 5.4.1. Therefore

the same calculation applies, and this result follows as a corollary. O

5.5 Proof of Main Theorem A

Having obtained a curvature expression for gie&n ! and giesion 2 in Lemma 5.4.1 and Corol-
lary 5.4.2 respectively, we are in a position to prove Main Theorem A, by showing that the
metric G, for all 7, has positive intermediate scalar curvature and fixes the boundary metric
for all 7. The isotopy G, occurs across five regions, however as mentioned prior, only the

metrics on Regions 1 and 2 experience changes in curvature.

Proof. As noted in the introduction to this chapter, the relative isotopy we have constructed
deforms Region 1 in the opposite “direction” to Region 2. That is to say: as Region 1

“unbends”, Region 2 “bends”, and vice versa. We recall the restriction of GG, to Region 1:
giesion b — ds? 4 dr? + Q. (r,0)%d6? + B*(r)ds?,

and to Region 2:
gReEN 2 — 2 4 Q= (t,0)%d0% + ds? + B(t)2ds?.

We wish now to show that G, defines an (s, y+¢12 > 0)-isotopy between g{fd’f;rrl and g{f{géf,

where curvature changes occur exclusively in Region 1 and Region 2. Therefore, it suffices
to prove that, for 7 € [0, %], the metrics giegn 1 and giegion 2 have positive (p, k + £ + 2)-
intermediate scalar curvature. Recall the curvature expression from Lemma 5.4.1:

1— 3
spsesa(P) = (€= p)(€ = p = D=zt + 421 = 6) = B ) — O = () + B2
Since p < £ — 2, ({ — p)({ —p—1) > 0. Furthermore, 1 — 2 > 0 from the definition of 3.
By applying L’Hopital’s rule at ¢ = 0, we conclude that the first term is non-negative. It

follows immediately from the definition of § that the second term is positive. The remaining
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terms contain —(€2; )y, —OBy and —F;(£2, ). By definition wy; and Sy are downward concave.
When non-zero, w; and 3; have opposite signs, and therefore —w;3; is positive. By definition
of €2, these properties which pertain to w also apply to €2,, therefore the remaining terms
are non-negative. Therefore 28" 1 has positive intermediate scalar curvature.

Recall the curvature expression from Corollary 5.4.2:
Sppsera(P) = (€= p)(0—p—1)+ A2(0 —p) + BA(1 = B2) = C¥(Qz ) — D2 — BB (s 1),

Given that the warping functions which define Region 2 are defined analogously to those
of Region 1, analogous identities hold. Since p < ¢ — 2, the first term is positive, while
the remaining terms are non-negative, and it follows immediately that gi*°#°® 2 has positive

intermediate scalar curvature. It follows from Lemma 2.3.6 that the metric gReeion® =

g{f/ifor + df? has positive intermediate scalar curvature. Finally, positivity of the metrics on

Region 1

Region 3 and Region 4 follows from positivity of the metric ¢ From the expressions

Region 1
-

Region 2
-

of g and g it is clear that G fixes the boundary; the only variation as 7 moves
between 0 and § occurs in the f-direction. Therefore these metrics are isotopic relative to

the boundary metric gf/ifor on S™. O

We have therefore constructed a relative isotopy of metrics G, interpolating between
gﬁf:;l and g{f;;f, fixed on the boundary and possessing strictly positive (p, n+1)-intermediate
scalar curvature at each stage. In the next chapter we will investigate the concept of a
Gromouv-Lawson concordance. The proof of the main theorem, which asserts that, under
certain conditions such a concordance is in fact an isotopy, will invoke the relative isotopy

constructed in this chapter.
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Chapter 6

Gromov-Lawson Cobordism and

Concordance

As discussed in earlier chapters, a fundamental technique in the construction and manip-
ulation of Riemannian metrics with positive scalar curvature involves surgery and Morse-
theoretic decompositions of manifolds. This method enables, under reasonable conditions,
the extension of positive scalar curvature metrics over a certain cobordism to metrics of
positive scalar curvature which satisfy nice boundary conditions. In particular, we recall
Theorem 0.2 of [48].

Theorem 6.0.1 (Theorem 0.2, [48]). Let {W™*; Xy, X1} be a smooth compact cobordism.
Suppose go is a metric of positive scalar curvature on Xo and f : W — I is an admissible
Morse function. Then there is a particular psc-metric g = g(go, f) on W, determined by the
metric gy and the Morse function f, which extends gy and has a product structure near the

boundary.

The metric on W arisng from the inputs go and f, denoted g(go, f) is called a Gromouv-

Lawson cobordism.

Remark 6.0.2. Technically, the construction of g = g(go, f), while primarily dependent on
go and f, involves a number of minor additional choices. These choices have very little effect
on the resulting metric and varying them results only in very minor perturbations on g. This

does not affect the isotopy type, which is our main concern here.

Recall from Definition 2.4.6 that the term admissible with respect to the Morse function
means, in the positive scalar curvature context (s,, > 0 when p = 0), that f has critical

points of index less than or equal to n — 2 only.
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The relevant special case for us is when the cobordism W is a cylinder M x I, for some
closed smooth manifold M, gy is a metric of positive scalar curvature on M and f : M xI — [
is an admissible Morse function. Then the resulting Gromov-Lawson Cobordism metric
g = (g0, f) is actually a positive scalar curvature concordance between gy and g = g|arx1}
on the manifold M. Such a concordance, arising in this way, is referred to as a Gromouv-
Lawson concordance.

These notions have been extended to the setting of (p, n)-intermediate scalar curvature
by M. Burkemper, M. Walsh, and C. Searle. In [5] they generalise Theorem 6.0.1 as follows.

Theorem 6.0.3. [Theorem 6.3, [5]] Let (M,g) be a smooth n-dimensional manifold, ¢ :
Sk x DY — M a smooth embedding, and {My; M, My} the trace of the surgery ¢. Suppose
furthermore that n = k+/{+1 and n —k > 3+ p. Then, if g € R»»>°(M), there exist
metrics g, on Mg and gy, on My such that

(Z) go € Rsp’">0(M¢), go € RS"’”+1>O(M¢), and
(ii) near the boundary manifolds M and My, g, = g + dt* and g, = g4 + dt* respectively.

This result shows that under appropriate surgery-codimension conditions, a (s,, > 0)-
metric on a manifold can be extended over the trace of a surgery to a (sp,4+1 > 0)-metric
that exhibits a product structure near the boundary. From this theorem, it follows that any
p-admissible Morse function (defined in Definition 2.4.6 to mean that critical points of f
have Morse index less than or equal to n — 2 — p) on a cobordism can be used to extend a

(Spn > 0)-metric on a boundary manifold to a (s, ,+1 > 0)-metric on the cobordism.

Theorem 6.0.4. Let {W"*; My, My} be a smooth compact cobordism, f : W — I a p-
admissible Morse function and gy € R*»»>°(My). Then there is a metric G = g(go, f) €

Repn+1>0(W) which extends go and has a product structure near the boundary.

Proof. On a compact manifold f will have a finite number of isolated critical points, each
of which correspond to an elementary cobordism. After a minor perturbation of f if neces-
sary, we can realise the compact cobordism W as a union of elementary cobordisms, each
containing a lone critical point of f. It suffices then to invoke Theorem 2.2.7 sequentially
over each of these elementary cobordisms, and therefore over all of W, to obtain the desired

positive (p, n)-intermediate scalar curvature metric. ]

The metric g = g(go, f), obtained in Theorem 6.0.4 is called a Gromov-Lawson cobordism,
with respect to go and f. If we restrict the metric g to a regular level set of the Morse function
f, away from the next critical level above, then we obtain the metric given by applying the

Gromov-Lawson method to a sequence of surgeries corresponding to the critical points below

81



that regular level set. (Near the next critical level above, the metric is undergoes an isotopic

standardisation preparing it for the next surgery.)

Remark 6.0.5. Full details of the construction are provided in [48] and [5]. However it is
worth emphasising that the metric g above is obtained as a union of elementary cobordism
metrics of the type obtained in Theorem 6.0.5. Indeed, for any pair of consecutive critical
points, w,w', where 0 < f(w) < f(w') <1 and for which f~*((f(w), f(w'))) has no critical
points, then for some small € > 0, the metric g restricts on f~1([f(w) + €, f(w') —€]) as a
product gl ;-1(f(w)te) +dt?, where Gl f-1(f(w)te) @5 the metric obtained by applying the Gromov-
Lawson construction sequentially to all surgeries associated to all critical points below and

including w, on the manifold (My, go).

The following theorem is a special case of Theorem 0.5 of [48], essentially showing that
the above constructed metric g(go, f) € R*»+>(WW) varies continuously with a continuouos

variation of the Morse function, f, in the space of p-admissible Morse functions on W.

Theorem 6.0.6. Let {W"™Y; My, My} be a smooth compact cobordism, f, f' - W — I a pair
of p-admissible Morse function and gy € R*»»>°(My) which lie in the same path component
of the space of p-admissible Morse functions on W. Then the metrics g = (g0, f) and
g = g(go, ') € Ré»n+1>0(W), obtained in Theorem 6.0.4 are s,,+1 > 0 isotopic in the space
Repn+1>0 ().

Corollary 6.0.7. Under the hypotheses of Theorem 6.0.6 above, the restriction metrics g|u,

and §'|a, are sy, > 0 isotopic metrics on M.

Consider the case where the cobordism W is the cylinder My x I. Equipping M, with an
(Spn > 0)-metric go and this cylinder with a p-admissible Morse function f, we can invoke
Theorem 6.0.3 to extend gy to a Gromov-Lawson cobordism g(go, f) on My x I, which has
positive (p, n)-intermediate scalar curvature, obtaining a Gromov-Lawson concordance in the

more general context of s,, > 0 curvature; see Figure 6.1.

6.1 An elementary Gromov-Lawson concordance

In this section, we will perform a metric analysis of a certain type of Gromov-Lawson con-
cordance, which will form a “building block” example in the proof of our main theorem.
In particular, we will consider the following case. Let M"™ be a smooth closed manifold of
dimension n. Suppose f is a Morse function mapping the cylinder M x I to I which satisfies

the hypotheses of Theorem 2.4.7, the weak cancellation theorem. In particular, this means
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g1 + dt? -1

go + dt?

Figure 6.1: A schematic of a Gromov-Lawson concordance g(go, f).

(i) The Morse function f has exactly 2 critical points w and w’ in the interior of M X I,
and 0 < f(w) < f(w') < 1.

(ii) For some non-negative integers k and /¢, satisfying k 4+ ¢ + 1 = n, the Morse index of
w = k + 1 and the Morse index of w’' = k + 2;

(iii) for each t € (f(w), f(w')), the intersection of the spheres S% (w); and S (w');, in the

level set f~1(t), is transversal and consists of a single point.

Now suppose that ¢ is a Riemannian metric on M satisfying s,, > 0 for some p €
{0,1,--- ,n—2} and that the Morse function f is p-admissible. Thus the Morse indices k+1
and k + 2 of the critical points must be less than or equal n —2 — p. Simple arithmetic shows
this requires £k <n —4 — p.

We are now in a position to apply Theorem 6.0.3 and obtain a Gromov-Lawson concor-
dance g = g(g, f) on the cylinder M x I. In particular, g is an s, ,+1 > 0 metric on M x I,
which has a product structure near the boundary and restricts as g|arx{o} = g, the sp, >0
metric we began with.

We are especially interested in analysing the s,,, > 0 metric, g|arx {1}, also on M obtained

by restriction of g to the top end of the cylinder M x I. This metric is produced by applying
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the Gromov-Lawson surgery technique (as adapted by Labbi) over two surgeries (one for
each critical point). The first surgery on (M, g) is a k-surgery associated with the critical
point w. It produces a new manifold (topologically distinct from M) and a new s,, > 0
metric on this manifold. We denote this pair (M’, ¢'). Essentially (M’, ¢') is the Riemannian
manifold obtained by restriction of g to a level set between the critical levels, i.e. f~1(¢)
where t € (f(w), f(w')).

The second surgery, a (k + 1)-surgery associated with the second critical point w’, nec-
essarily restores M’ to the original smooth topology of M but gives rise to a metric, which
we denote ¢” := g|mxq1y, on M which looks very different from the original metric g. It is
important at this stage to recall how the technique of surgery on metrics of s,, > 0 can
produce metrics on a manifold which are not isotopic. For example, in Theorem 2.3.2, apply-
ing a certain sequence of surgeries to the standard sphere S*~1! (k > 2), with its standard
round metric, eventually restores the smooth topology of the sphere, but the Gromov-Lawson
technique radically changes the round metric to a new metric, still satisfying s,, > 0 for
p < 2n — 3, but in a distinct path component in the space of s,, > 0 metrics on S*~1.

After carefully analysing the metric ¢” (to see how it differs from ¢) we will show that this
type of “cancellation of surgeries” does not change the isotopy type of the underlying metrics
and that g and ¢” are in fact isotopic. Moreover, we will demonstrate this by constructing
an isotopy.

We denote by ¢ the smooth embedding

¢ S*x DY — M,

describing the surgery associated with the first critical point of f. Note that an explicit
description of such an embedding, ¢, can be obtained from the gradient flow of f, identifying
M with M x {0}. Following the work of Labbi in [22], we adjust the metric ¢ in the image
of the embedding (near the embedded sphere ¢(S* x {0})) to make it “standard” there,
obtaining a new s,, > 0 metric on M which we call gsq. Recall this means that on the
sub-region which is the image of the restricted embedding (b% = @lgry Dr+I(L)) the metric ggq
satisfies

% o 2 /+1
gb%gstd - dsk: + Gtor -

Importantly, from Lemma 6.2 of [5], the standardised metric gsq, which is formed by a
controlled “pushing out” of small geodesic spheres in the disc fibres of the embedding ¢ (see
lower image in Figure 6.2) is actually isotopic through s, ,, > 0 metrics to the original metric
g.

The standardised metric is now “surgery-ready”; see Figure 6.3. We perform the k-
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Sk x D1 (rg)

Figure 6.2: The creation of the standard region.

surgery, removing the interior of the image of S* x D! under qﬁé from M and attaching

the interior of D! x S* along the boundary spheres S* x S*. The product we attach,

k+1
tor

D*1 x Sk is equipped with the standard metric git' + ds?, which glues, via ¢ 1, smoothly
onto the boundary of the metrically standard region of M — int¢% (Sk X D”l) to form an

Spn > 0 metric ¢’ on the new manifold M’. This is depicted in Figure 6.4.

Transition metric

Standard metric

: ‘
g dsj, + gtct-l

Figure 6.3: The surgery-ready metric obtained from g.

Both metrics g and ¢’ can be thought of as comprising of three pieces, suggested in
Figures 6.3 and 6.4. On the piece diffeomorphic to (M — intg (S* x D*1)), gya = ¢’ = g.
Attached to this is a piece diffeomorphic to S*¥ x S¢ x I, on which ¢’ = gsq takes the form of

what we refer to as the transition metric. This transition metric is described in the positive
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Transition metric

Standard metric

p gt + ds?

Figure 6.4: The metric ¢'.

scalar curvature (p = 0) case in the original papers of Gromov-Lawson [12] and Schoen-Yau
[43] (with a more detailed discussion in [48]) and in the more general s,, > 0 case by Labbi
in [22]. The third piece is where the metric takes a standard form. In the case of gyq, on
the original manifold M, this is (S* x D ds? + gi5™) while in the case of ¢, on the new
manifold M’ we have (D¥! x S% ¢’ = gEtt 4 ds?).

The second critical point of f, w’, determines a (k + 1)-surgery on an embedding we
call ¢ : S¥*1 x D’ < M’; see Figure 6.5. This surgery undoes the effects of the first one
and restores the original smooth topology of M. Because of the hypotheses (of the weak
cancellation theorem) on f, the embedded sphere S* (on which we did the first surgery), is
actually contractible in M. In particular, it bounds a (k+ 1)—dimensional disc in M. While
there are many choices of disc, which can be embedded into M with boundary ¢(S* x {0}),
there is a natural choice, which we will simply call D**!(w,w’). This disc can be determined
by the gradient flow associated to f, recalling that M’ = f~1(¢) for some t € (f(w), f(w')).
In terms of the gradient flow, the first surgery involves a collapsing of an embedded k-sphere,
namely ¢(S* x {0}) = S*(w, —); C f71(t) for some t € [0, f(w)). There is a specific disc
with boundary ¢(S* x {0}) (obtainable by rewinding the flow) which, as a result of this
boundary collapse at ¢t = f(w), emerges as the sphere ¢(S**1 x {0}) = S (w, +); C f~1(2)
for some t € (f(w), f(w')). It is this disc, embedded in M and with boundary ¢(S* x {0}),
we call DF(w,w’).

By way of the gradient flow associated to f, there is a slicewise diffeomorphism

© M x (f(w), f(w) = f7H(f(w), f(w)),

which sends each slice M’ x {t} to the level set f~!(¢). Pulling back via this diffeomorphism
is used in extending the surgery metric ¢’, produced by the Gromov-Lawson procedure, as
a product ¢’ + dt? on f~1((f(w), f(w'))) (at least, away from the boundary), as part of the
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construction of the Gromov-Lawson cobordism metric in Theorem 6.0.4; see details in [48]
and [5]. (Near the boundary, the metric must be adjusted for handle attachment and to “get
past” the critical level but we are not considering that yet.)

In particular, recalling that M’ = (M \ int¢ (S* x D) U D¥ x S*), consider the re-
striction of ® to the interior of the handle D¥*! x S¢ in M’. This provides a very useful
set of coordinates in f~!(f(w), f(w')) C W when it comes to our later metric description.
Before that however, we make an important technical observation. It will be useful, a little
later on, to make a slight isotopic adjustment to the embedding 1), so that its image locally
coincides in M’ more “neatly” with the handle D¥*! x S* attached in forming M’ during the

first surgery. This is explained below.

6.1.1 Straightening out the second surgery embedding

Recall the trajectory arc T (defined in formula 2.14) is the image of a path connecting
the critical points w and w’ and obtained by intersecting the trajectory spheres as a(t) :=
Stw, +); N S*L(w', —); along t € [f(w), f(w')]. This trajectory arc (or at least its interior)
is contained in the image of the restricted diffeomorphism @[, (D¥1 x S x (f(w), f(w'))).
Because of the way ® is constructed (from the gradient flow of f), we know that for each

t e (f(w), f(w')),
O({0} x S*) x {t} = S*(w, +),,

the outgoing trajectory sphere from the critical point w. In particular, there is a path,
B(t) = ®71(a(t)) with image in the domain D*! x S¢ x (f(w), f(w')) and satisfying 3(t) €
{0} x S* x {t}. Consider now, for some fixed ¢ € (f(w), f(w')), the inclusion into the handle
part of M', D*1 x {3(t)} — D*1 x 8¢ ¢ M’. This inclusion intersects with ¢(S¥+1 x {0})
at the point [(t).

Lemma 6.1.1. [Lemma 4.7, [48]] The embedding v : St x Dt — M' = f=1(t) may be
isotopically adjusted so that, on a neighbourhood of 3(t) € D¥*1 x S* € M', the image of the
restriction 1| g1y oy coincides with the inclusion DM x {f(t)} — M.

Proof. This is done in Lemma 4.7 of [48]. The key idea is as follows. Transversality means
that, for any t € (f(w), f(w')), the trajectory sphere S**!(w, +); is locally the graph of a
function over an open subset of ®(D*1 x {3(t)}) containing a(t) = ®({0} x {B(t)}). Now
we can adjust the graph, as done in Corollary 1.7 of [20], by continuously pressing it down
to its domain on some small ball (k + 1)-dimensional ball around «a(t) € ®(D*1 x {B(t)})
and transitioning back along some arbitrarily small annular region around that ball to the
original S*1(w, +);. O
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In effect, this means the trajectory sphere S**(w, +); C f1(t) = M’ is locally “straight-
ened out” to coincide with the image of the handle disc ®(D*! x {3(t)}); see Figure 6.5.
This will make certain metric adjustments much easier later on. We return to the embed-
ding ¢ : S*1 x D* — M’ = f~1(t), where t € (f(w), f(w')). We denote the closure of
the disc shaped subset of the S**'-factor, which is “straightened out” in Proposition 6.1.1,
by D%t and the closure of its complement (also diffeomorphic to D**'), where the original
embedding 1 still applies, by DZ“.

As mentioned, the second surgery, 1, undoes the topological changes induced previously
and restores M. Via the Gromov-Lawson-Labbi technique, it leads to a new metric on M,

which we call ¢”, with positive (p, n)-intermediate scalar curvature; see Figure 6.6.

Figure 6.5: Straightening out the second surgery embedding.

6.2 An analysis of the metric ¢ on M

The following description of ¢” will follow closely the work done in [48], replicating it in the
positive (p, n)-intermediate scalar curvature setting. Following this we will diverge from the
methods of [48] by using Main Theorem A to construct an isotopy between ¢” and g in the
positive (p,n)-intermediate scalar curvature setting, a vital tool in the proof of our main
theorem. As a consequence of Main Theorem A, the isotopy we construct is considerably
simpler than that constructed in [48] in the positive scalar curvature setting.

As was done with ¢/, we can obtain a more precise understanding of the metric ¢” by
characterising it as consisting of various pieces. This is done carefully in [48] but to aid

the reader, we summarise it here referring to the diagram in Figure 6.7. The reader should
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Standard metric
k42
gtot +ds%71

Transition metric

0Old standard metric

k+1 2
Gtor + dsé

Figure 6.6: The metric ¢”.

note that the first surgery adjusted the metric on a region diffeomorphic to S*¥ x D' ¢ M
while the second, having restored M left the original metric adjusted on a region of M
diffeomorphic to the disc, D™. This is a result of the way the images of the embeddings ¢
and 1 overlap on the original manifold M. While technically, v has image in M’ part of its
image is a tubular neighbourhood of the embedded disc, bounded by ¢(S* x {0}), which we
called D**!(w,w’). This tubular neighbourhood in union with the image of ¢ is topologically
a disc D™ in M. We will abbreviate this disc as D for now.

Importantly, it is only on this disc shaped region, D, that the original metric g on M
undergoes any change. Off of the region, D, where the effects of both surgeries on the metric
are felt (which is topologically just M \ D), ¢” = g, the original metric.

The region D itself decomposes into four sub-regions:
D =CyUBrUCyU By,

specified as follows.

The sub-region C is the cylinder (which we call a “connecting cylinder”), diffeomorphic
to S"7! x I in which the original metric ¢ transitions via the Gromov-Lawson-Labbi con-
struction, to a more standard form. Technically, it combines the standardising transition of
both surgeries and may be very complicated (especially as we know little about the original
metric g); see Figure 6.8. As we will see however, our later constructions do not make any
adjustments to this region and so no further analysis is required.

The region By, is topologically a cobordism between S™~! which is attached to C;, and the
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product S¥*! x S¢. On it, the metric is well understood and the various pieces are labelled
in the diagram, Figure 6.7. In particular, the subregion labelled “easy transition metric” is
where the Gromov-Lawson construction has been applied to part of the embedded (second)

surgery sphere via 1)(S¥*1 x {0}) in the region of M’ where the metric ¢’ is a standard handle

k+1
tor

product metric, gitt x ds?. Making use of Lemma 6.1.1 to locally adjust the embedding
1 in this region, we may assume that the resulting surgery metric g” takes a particularly
nice and well-understood form here, one we discuss in the next chapter. (This is in contrast
to the transition metrics obtained when the Gromov-Lawson construction is applied to an
arbitrary s, , > 0-curvature metric, like the original metric g.). Near the end attached to C},
the metric ¢” on By, though well understood is not a product near the boundary. However,
near the other boundary component diffeomorphic to S¥*! x S, this metric takes a standard
product form, gt + ds? + ds?.

Finally, region C, is the second connecting cylinder, diffeomorphic to S¥*! x S¢ x I where
the metric transitions easily to a fully standard form, allowing for the attachment of the
well-known metric gx+2 + ds?_, on the remaining region By, = D2 x §¢-1

As will be seen in the next chapter, the metric ¢” will be the starting point in an (s, > 0)-
isotopy which will move ¢g” continuously back to the original metric g, maintaining s,, > 0
at every stage. This is Lemma 7.1.1, which states that Gromov-Lawson concordance implies
isotopy in R*»»>%(M) in this basic case of two cancelling surgeries. This result is a building
block result. The proof of Main Theorem B makes use of this fact in the general case of an
admissible Morse function which, as we will see, can be reduced to a finite union of iterations
of the two critical point case we have described.

Regarding the analysis of the metric ¢” above, the pertinent fact to remember here
is this. Within the region By U Cy U By11 C D, the metric ¢” is essentially a collection
of standard pieces transitioning nicely into one another. It is only within the region C',
the first connecting cylinder, that the metric ¢” (transitioning form an arbitrary s,, > 0-
curvature metric g) may be very complicated indeed. Thus, when it comes to constructing
an isotopy between g and ¢” as part of our main theorem, we will carefully avoid making

any adjustments to the metric ¢’ on C; and work only on the region B, U Cy U By 1.
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Standard metric
k
9 t(jl:2 + dS% -1

ds? + gitl +ds?_ |

ds? + gitt 4 ds? |

Easy Transition Metric

0Old standard metric

k+1
g gtot +d5§

Figure 6.7: A detailed schematic of the metric ¢”.

Neighbourhood in C4
near C1 N By,

Ci

F\‘ .

S x {0} $71x (1)

Figure 6.8: A schematic of the connecting cylinder.
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Chapter 7

Gromov-Lawson Concordance and
Isotopy for Positive Intermediate

Scalar Curvature

The question of when Gromov-Lawson concordant metrics are isotopic in the space of (p, n)-
intermediate scalar curvature metrics will be answered in the main theorem of this thesis,
Main Theorem B, which is the crux of this chapter. First, we identify a relatively tractable
instance of this question: when the Gromov-Lawson concordance is generated by an admis-
sible Morse function with a pair of cancelling surgeries, as investigated in Section 6.1. This
restricted case, dealt with in Lemma 7.1.1 below provides a foundational isotopy result which
will be proven using the relative isotopy developed in Main Theorem A, and will itself be
used in the proof of Main Theorem B. The first section of this chapter contains the proof
of this restricted case, which is a highly geometric argument. The second section of this
chapter contains the proof of the main theorem, relying strongly on the results introduced
in Section 2.4, which are Morse-theoretic and concern the arrangement of cancelling pairs of

critical points.

7.1 A pair of cancelling surgeries

We begin by returning to the situation discussed in the previous chapter. Thus, we have a
closed smooth manifold M of dimension n, and a Morse function f : M x I — [ satisfying

the conditions below.

(i) The Morse function f has exactly 2 critical points w and w’ in the interior of M X I,
and 0 < f(w) < f(w') < 1.
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(ii) For some non-negative integers k and /¢, satisfying k 4+ ¢ + 1 = n, the Morse index of
w =k + 1 and the Morse index of w’ = k + 2;

(iii) for each ¢ € (f(w), f(w')), the intersection of the spheres S% (w); and S*(w');, in the

level set f~1(t), is transversal and consists of a single point.

We are now in a position to state our “building block” Lemma, which proves the main
theorem in the special case of an admissible Morse function with a single cancelling pair of

critical points.

Lemma 7.1.1. Let M be a closed smooth manifold of dimension n, equipped with a Rieman-
nian metric g satisfying s,, > 0 for some p € {0,1,--- ,n —2} and let f be a p-admissible
Morse function f : M xI — I satisfying the three conditions listed above. Let g = g(g, f), de-
note the Gromov-Lawson concordance obtained by application of Theorem 6.0.4, an s,, > 0
concordance of s,, > 0 metrics g and §" = glyxqy. Then the metric g” is actually sp, > 0

isotopic to the original metric g, in the space of sp, > 0 curvature metrics on M.

Remark 7.1.2. Recall that the p-admaissibility condition above means that k < n —4 — p,
where the critical points of f have index k + 1 and index k + 2. Since k + { + 1 = n, this
1s equivalent to saying that p + 3 < €. Note that this seems to differ from the traditional
condition of Labbi and Gromov-Lawson, namely that the codimension should satisfy ¢ > 2+p
(or codimension £ + 1 > 3 + p, codimension > 3 in the positive scalar curvature (p = 0)
case). This is only because we are dealing with two surgeries of differing codimension and so
we must adapt our hypotheses to cope with the worst case scenario, when the Morse indez is
k + 2. Thus, in the positive scalar curvature situation, the first surgery would need to be in

codimension at least four.

Note: Before proceeding with the proof, it is important to acknowledge that in this and
all remaining proofs of the thesis, we will implicitly make use of Theorem 6.0.6, which implies
that we can safely make continuous adjustments to the Morse function f without changing

the s,,, > 0 isotopy type of the resulting Gromov-Lawson cobordism (or concordance) metric,

3(g0, f)-

Proof. We will draw upon the description of the metric ¢” given in the previous chapter.
We will construct over several stages an s,, > 0 isotopy from ¢” to g. This will initially
follow the method given by Walsh in [48] but will differ in drawing upon Main Theorem A
to greatly simplify the construction.

We begin by making an adjustment to the metric ¢” in the region By, near where it
connects to the first connecting cylinder C;. We will focus here on a cylindrical neighbour-

hood of C} N By, parameterised by a cylinder S»~! x I as shown in Fig. 6.8, where ¢ denotes
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the coordinate along the interval I. We will assume at this stage that we have employed
Lemma 6.1.1 to adjust the second surgery embedding so that the embedded surgery (k+ 1)-

sphere, determined by the embedding v, coincides nicely with the disc factor D**' on part

k+1
str -

of the attached handle. Recall, we referred to this neatly overlapping disc region as D

This means that the metric ¢’ (on M’, before the second surgery), restricts on D% as the

str
k+1

standard torpedo metric g, .

As shown in Figure 6.8, the intersection C; N By naturally decomposes as C; N B, =
Sn—l = Gk DY U D1 x S1 and the metric ¢” restricts here as a product metric of the
form

9"lcinp, = dst + go + dt* N gEtt +ds?,

where g, is the restriction to the disc factor D*. The metric g, is obtained from the Gromov-
Lawson construction by continuously pushing out a “torpedo” on a neighbourhood of a round
(-sphere metric and so is easily seen to be isotopic to a standard torpedo metric on D°.

Within By, but near the S¥ x D’ part of the boundary component B;, N C;, the metric
g" is a cylinder metric, ¢ = dsi + g + dt?; see the right of Figure 6.8. As a result of the
Gromov-Lawson construction, the metric that g, (which is derived from “pushing out” a
torpedo from a standard round metric) on the disc D¥*! is an O(k + 1)-symmetric metric
takes the form

ge = dr* + F(r)*ds}

, for some function F' of the type shown in Figure 7.1. Thus, we can induce an (s,, > 0)-
isotopy from the metric g, to the torpedo metric g, by means of a linear homotopy from the
function F' to an appropriate torpedo function 7, visualised in Figure 7.1 and given explicitly
as

he(r) =tn(r) + (1 —t)F(r).

r

Figure 7.1: The linear homotopy h; from F' to the torpedo function 7.
Let g; = dr? + hy(r)?ds? on D**1. Since hy(r) satisfies the same conditions (described in
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Proposition 5.2 of [5]) as the torpedo function 7, the argument given in Proposition 5.3* of
[5] can be applied to g, and we conclude that s, x+1(g:) > 0 for all ¢ € [0,1]. Hence g; gives
a (spn > 0)-isotopy from g, to g,,.

By Lemma 2.3.6, we obtain an s,, > 0 concordance on S™"~! x I which agrees with the

original metric ds? + gy + dt* near S"~! x {0} and changes it to
dsj, + Ghoy + dt*,

near S"~! x {1}, as depicted in Figure 7.2. It can be seen that ¢” can be isotopied, adjusting

only near the S* x D* part of C} N By, to obtain a new (but only slightly modified) metric

which is now, on By, a restriction of g]]SJ{Olr + gtor as depicted in Figure 7.3.

Figure 7.2: The result of the isotopy between g, and a torpedo metric.

Having performed the first adjustment on the metric ¢”, wish now to adjust the metric
on the new standard component gFt? + ds? . Note that, given the definition of the torpedo

metric, we can express the metric gfof + dsg_l as

ds® + n*(s)dsi,q + dse—1.

The second component of the metric above is round metric on S**! scaled by a torpedo
function. Recall that the (k + 1)-dimensional round metric is (sp, > 0)-isotopic to the
(k 4+ 1)-dimensional double torpedo metric according to Lemma 4.2.5. By applying this

isotopy to ds; 41, We isotopy the new standard metric to a metric of the form

ds® +n(s)2ghtt + dse ;.

*In which it is shown that torpedo metrics have positive intermediate scalar curvature.
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We denote the metric obtained from these two adjustments g;, the various components of
which are detailed in Figure 7.3. As with ¢”, we regard ¢g; as being composed of a standard
region and a transition region which is the connecting cylinder discussed previously. As we
proceed, the adjustments we make to g; will occur only in the standard region and will fix

the connecting cylinder.

ds® + fe(5)’gbion +ds7_,

ds® + ggﬁr—i-ds?_l

ds® + gt +ds?_

k+1 4
gtor + gtor

Figure 7.3: A schematic of the metric ¢” following adjustments.

Recall the relative isotopy G, constructed in the proof of Main Theorem A, Chapter 5.
This is an (sp,+1 > 0)-isotopy and deforms Gy = gf/iﬁ;l to G; = g{fﬂif while fixing the
boundary metric gf/ifor. The right-hand side of the standard region of g;, detailed in Figure

7.4 in red, is the metric g’lf;gcl)f_l on D". Invoking Main Theorem A we conclude that this
metric is (sp,4+1 > 0)-isotopic to the metric gﬁfor, relative to their mutual boundary g%;l.
This initial application of the isotopy G, results in the metric go. The top of the standard

region of this metric contains the metric gfﬂif*l, detailed in blue in Figure 7.4 and which,

by a second application of Main Theorem A is isotopic to grr.. relative to g '. We denote

the result of concatenating this pair of isotopies by gs.
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Figure 7.4: A double application of the relative isotopy G..

Mtor

_k+1,6—1
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At this stage we have built an isotopy, through s,, > 0 metrics which moves ¢” to g3
described above. We now complete the isotopy between ¢ and ¢” by building an s,, > 0
isotopy between g and g3.

To construct an isotopy from g to g3, we first reconstruct the s,, > 0 isotopy from g
to gsta making use of Lemma 6.2 of [5] (which in turn utilises Theorem 3.1 of [19]) and the
(first) surgery information arising from the embedding ¢. The difference here is that we do
not go through with the actual surgery on ¢ which gave us the metric ¢’. However, all of
the non-trivial information (concerning the standardisation of the metric near the embedded
surgery sphere) is preserved.

We now consider the disc D*1(w, w’) specified earlier which is bounded by the embedded
surgery sphere S*. Recall that the gradient flow of f moves this disc into the embedded sphere
1 (S**1) corresponding to the second surgery. Following the procedure in [48], in particular
applying another standardising isotopy near D*1(w,w’) (preserving the non-trivial metric
information contained in C concerning both surgeries but without doing any surgery), this
metric can be further isotopied to one that agrees with the metric ¢g” on all regions excluding
the standard region. We denote this adjusted gsiq by Gsta-

This adjustment is characterised in the left-hand side of Figure 7.5. Extending this
isotopy to the the old standard region, we obtain the metric characterised in the middle
right of Figure 7.5, denoted ggq. As before, we use a linear homotopy of warping functions
to induce an isotopy from gsq to g3, essentially the reverse homotopy as that described
in Figure 7.1 and Figure 7.2. This gives an (s,, > 0)-isotopy from ¢ to g3 which, when
concatenated with the (s,, > 0)-isotopy from g¢” to gs, gives an (s,,, > 0)-isotopy from ¢ to

g”, proving the claim. 0

7.2 Proof of Main Theorem B

Having dealt with the specific case of a pair of cancelling surgeries, we proceed to prove
Main Theorem B. First, we establish some preliminaries. Let {W"™!: My, M;} be a smooth
compact cobordism such that My and M; are closed, n-dimensional manifolds, equipped with
a p-admissible Morse function! which, for simplicity, we denote f. By Theorem 2.4.12, we
can assume that f is well-indexed. Recall from Section 2.4 that f can be used to decompose

the compact cobordism W"*! into a union of cobordisms

CoUCiU--- Uy,

fRecall that this object is a triple (f,m, V), defined in Section 2.4.
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gstd

Figure 7.5: The isotopy from ggq to g3.
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where each C; is such that all critical points of f in it have index 7. We begin with a
restatement of Theorem 6.1 of [48], adjusted for positive (p, n)-intermediate scalar curvature

case.

Lemma 7.2.1. Let M™ be a closed smooth n-dimensional manifold where n > 5, equipped
with a metric go € R*»>°(M). Suppose g = g(go, f) is a Gromov-Lawson concordance on
M x I, where f is a p-admissible Morse function with no critical points of index 0 or 1.

Then the metrics go and g1 = Grxq1y are (spn > 0)-isotopic.

Proof. Assuming that the Morse function f is p-admissible and well-indexed, we may de-

compose the cylinder M x I into into a union of cobordisms
M x ]:OQU"‘Cn_p_Q,

so that the restriction f : Cy — I has only critical points of index k.
At this point, the proof follows exactly that of Theorem 6.1 in [48], which is the p =0
case. The p-admissible Morse function f can be isotopied through admissible Morse functions

to one which decomposes into a modified version of the decomposition above:

MXxT=Co3UC34U---UCy_3_pn 2.

Here, Cj ;41 is a cobordism consisting of all pairs of cancelling critical points of respective
indices k& and k + 1. The proof in Theorem 6.1 of [48], using standard Morse theoretic
arguments, of the type used by Milnor in [33], only requires that the indices of the Morse
function be greater than zero or one. (There is an issue in performing this isotopy with such
critical points, which requires the added hypothesis of simple connectivity, and is taken care
of in the more general theorem below.) The fact that the Morse function is p-admissible, as
opposed to just (p = 0)-admissible makes no difference.

Importantly, the boundary of Cj, ;1 is diffeomorphic to a disjoint union MUM. Moreover,
the trajectory arcs connecting each pair are all mutually disjoint and f can be further
adjusted on each Cj ;41 to make Cj 41 a disjoint union of cobordisms, each with a single
pair of k, k 4+ 1-indexed canceling critical points.

Thus, M x I can be decomposed into a finite union of cobordisms, where on each, f
satisfies the conditions of Lemma 7.1.1. Repeated application of Lemma 7.1.1 proves Lemma
7.2.1. ]

We proceed to the statement and proof of Main Theorem B, which, following the format
of [48], involves extending Lemma 7.2.1 to critical points of index 0 and 1. In order to do

this, we make use of an additional hypothesis that M is simply connected.
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Main Theorem B. Let M™ be a closed, simply-connected manifold of dimension n > 5.
Let go denote an (sp,, > 0)-metric on M, f: M x I — I, a p-admissible Morse function
and g = g(go, f), the corresponding Gromov-Lawson concordance metric on M x I. Then

the metrics gy and g1 = glmxq1y are (spn > 0)-isotopic.

Proof. This follows exactly the method used to prove Theorem 0.8 in [48]. Assume again
that f is well-indexed and p-admissible, and recall that this implies that all critical points
of f have index less than or equal to n — p — 2. We use our Morse function f to decompose

M x I into a union of cobordisms
CoUCLU--UC,_po.

Suppose first that f has critical points of index 0. Then f can be perturbed such that for
some sufficiently small ¢ > 0, the cobordism f~1[0, €] contains all critical points of index 0
and an equal number of critical points of index 1. It has been shown that in Theorem 8.1 of
[33], that provided M is simply connected and has dimension at least 5, these critical points
can be arranged into (index 0) - (index 1) pairs which satisfy the conditions of the Weak
Cancellation Theorem. Therefore invoking Lemma 7.1.1, we obtain an isotopy between gg
and ge = g|y-1(¢), the latter of which, if there are no more index 1 critical points, is isotopic
to g1 by virtue of Lemma 7.2.1.

Suppose then that there are more index 1 critical points which remain following this
procedure. The solution to this problem amounts to replacing these critical points with an
equal number of index 3 critical points and applying Lemma 7.2.1, synopsised as follows
(full details can be found in [48] and it’s cited texts, in particular [33]). We begin by
adding in (index 2)-(index 3) cancelling pairs of critical points which have trajectory spheres
which intersect at a point and that satisfy the conditions of the Weak Cancellation Theorem,
Theorem 2.4.7. Importantly, these may be added such that the outgoing trajectory spheres
of the index 1 critical points intersect transversally with the incoming trajectory spheres of
the new index 2 critical points, forming de facto (index 1)-(index 2) pairs, which can be
cancelled using Lemma 7.1.1. The proof is then completed with an application of Lemma
7.2.1.

m
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Symbols

g(go0, f) Gromov-Lawson concordance

M, trace of surgery

C elementary cobordism

R(M) space of Riemannian metrics on M
RY(M) subspace with s > 0

R»n>0(M) subspace with s,, > 0

ry Christoffel symbols

Gr, p-Grassmann bundle

Ric Ricci curvature tensor

ds? round metric

f Morse function

g Riemannian metric on M

Gij matrix of metric coefficients

i inverse of the metric matrix

Jtor torpedo metric

JDtor double torpedo metric

GMtor mixed torpedo metric

9Mtor mixed torpedo metric with boundary
H,V, horizontal and vertical subspaces of T, M
IO,V horizontal and vertical distributions
K sectional curvature

A Morse index

My result of surgery

\Y Levi-Civita connection

0; coordinate vector fields

10) surgery embedding

R Riemann curvature tensor

s scalar curvature

Spn (p, n)-intermediate scalar curvature
Up, UR projections of u € T, M onto fiber/base directions
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