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Abstract

Truncating data to speed up process flows or reduce storage space is quite com-
mon in organisations. In many applications, the decimal precision of numerical
data is considered of limited importance, particularly when precision extends
beyond the commonly used two decimal places. However, this assumption
can introduce significant challenges when modelling complex, high-volume
production data. This thesis is motivated by practical difficulties encountered
in modelling Electronic Data Interchange (EDI) production data within a
supply chain organisation.

EDI data is bursty in nature, presenting challenges for modelling, therefore this
work develops a structured framework for modelling EDI data. It investigates
different approaches to identifying quantisation, ways to overcome quantisation
challenges, and what impact, if any, it has on modelling applications. Finally,
the research explores techniques for recovering information lost through round-
ing, addressing the problem from both a data point reconstruction perspective
and a distributional recovery perspective.
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CHAPTER 1
Introduction

In this chapter, I discuss the motivations behind the work of the thesis and provide
an overview of the material presented in the following chapters.

1.1 Motivation
Queuing systems are common across industries, including manufacturing,
healthcare, telecommunications, finance, and cloud computing. Many business
operations involve some form of queuing, whether handling customer service re-
quests, managing transaction flows, or processing data pipelines. These systems
directly impact throughput, responsiveness, and user experience. Marginal
performance gains can lead to significant reductions in both quantitative costs,
such as resource utilisation and operational expenditure, while qualitative
costs, such as improved user satisfaction and reduced service quality, motivate
the study of optimisation research.

Optimisation is a fundamental concept across many business domains, particu-
larly in the context of queuing systems. Underperforming queue applications
can lead to issues such as latency, resource starvation, performance incon-
sistencies, and scalability bottlenecks. Addressing these challenges through
optimisation strategies improves overall system efficiency and responsiveness.

The research initially focused on optimisation strategies to improve queue
behaviour, particularly around Electronic Data Interchange (EDI) messages.
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These electronic transaction messages between customers and trading partners
exhibit bursty behaviour, where a single inbound message can trigger a cascade
of outbound messages. The cascading messages result in high variability and
potential queue congestion, making EDI traffic an excellent case study for
queue optimisation strategies. The volatility and heterogeneity of EDI data
make it particularly well-suited for this research.

In the early stages of the research, I observed that timestamps in the dataset
were quantised to fixed levels of precision. Quantisation masks the continuous
nature of the data, introducing discreteness that hinders accurate modelling,
distribution fitting and simulation. As a result, parametric models struggle
to capture the true characteristics of interarrival and service times, making it
difficult to model or simulate system behaviour reliably.

As the research progressed, it became evident that reliable optimisation of
queuing systems depends fundamentally on the accuracy of the underlying sta-
tistical models. Quantisation introduced distortions that significantly affected
distribution fitting, parameter estimation, and goodness-of-fit testing, thereby
limiting the reliability of optimisation and simulation efforts. Consequently,
this thesis focuses on understanding and mitigating the effects of quantisation
as a prerequisite for accurate queue modelling and optimisation.

The research sought to investigate techniques that can reverse this masking
effect to recover the true underlying structure of the data. The thesis makes a
novel contribution in this area by examining the impact of quantised data on
model fitting and proposing strategies to unround the data and improve fitting
accuracy in the presence of rounding. Additionally, this research extends pre-
vious work by developing a framework for modelling bursty and heterogeneous
EDI messaging systems, which are inherently complex and not comprehensively
addressed in prior research.

Although this research is motivated by EDI messaging systems, quantisation is
pervasive across many modern data-driven applications, including IoT sensor
networks, financial transaction systems, healthcare monitoring platforms, and
large-scale logging infrastructures. In such systems, timestamps and mea-
surements are frequently rounded or truncated to reduce storage, improve
transmission efficiency, or standardise reporting formats. Consequently, the
challenges examined in this thesis extend beyond EDI environments and are
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relevant to a broader class of statistical modelling and simulation problems
involving quantised data.

1.2 Research Questions
This thesis investigates the impact of quantisation on distribution modelling,
parameter estimation, and goodness-of-fit (GoF) testing within queuing systems.
The research is guided by the following questions:

• How does quantisation affect distribution fitting, parameter estimation,
and GoF testing in real-world queuing data?

• To what extent can quantisation-induced fitting errors be mitigated
through modelling, transformation, and unrounding techniques?

• Can the underlying continuous distribution of quantised observations be
reliably reconstructed?

• Which parameter estimation techniques are most robust when applied
to quantised data?

1.3 Contributions of the Thesis
The primary contributions of this thesis are summarised as follows:

• Development of a framework for modelling heterogeneous and bursty
EDI message traffic.

• Analysis of the impact of quantisation on GoF testing, particularly the
Anderson-Darling test.

• Comparative evaluation of Maximum Likelihood Estimation (MLE) and
Method of Moments Estimation (MME) under quantised conditions.

• Investigation of convergence and fitting issues arising from quantised and
heavy-tailed data.

• Development and evaluation of unrounding techniques for reconstructing
continuous distributions from quantised observations.

• Proposal of an interval-based estimation approach for modelling rounded
data directly.
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1.4 Overview
The thesis is divided into the following chapters:

Chapter 1: Introduction
The Introduction chapter will contain a broad discussion around the context

of the work, which is the motivation behind this research.

Chapter 2: Literature Review
Chapter 2 will cover the literature review, including background information
and related research.

Chapter 3: Where We Came From
Chapter 3 investigates EDI message traffic within a large-scale business-to-
business (B2B) supply chain network, with a focus on modelling interarrival
and service times for queuing applications. By parsing system log files, the
chapter reconstructs the traversal paths of EDI messages from input to output,
revealing the traversal complexity of message flow. It further investigates
how messages propagate through the B2B orchestration layer, highlighting
the schematic complexities, temporal characteristics, and operational load of
the messages on the network. The chapter examines the challenges posed
by bursty EDI message traffic, where a single inbound message can result
in numerous downstream outputs. These outputs often conform to multiple,
distinct message schemas, such as invoices, purchase orders, and acknowl-
edgements, each defining different structural and semantic attributes. Such
heterogeneity complicates the extraction and interpretation of message infor-
mation, as analytical models must accommodate diverse schema types and
varying message behaviours. In addition to message complexity, this chapter
addresses quantisation challenges and heavy-tailed behaviour. The analysis
applies partitioning strategies to the messages to improve distribution fitting
accuracy, thereby improving the accuracy of distribution GoF methods.

Chapter 4: Heterogeneous Message Modelling
Chapter 4 builds on the insights gained from the analysis of EDI messag-
ing complexities, including message independence, bursty traffic behaviour,
schematic diversity, and the associated challenges of distribution fitting. Chap-
ter 4 proposes a modelling framework that partitions EDI messages by different
schematic attributes and distributional characteristics (e.g. head, tail), thereby
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improving fitting accuracy when applying both parametric and non-parametric
fitting techniques to the messages. The framework aims to improve the fit-
ting accuracy of distribution modelling of the interarrival and service times.
While the framework captures the distributional behaviour of these bursty,
heterogeneous message traffic, it also highlights the trade-offs between differ-
ent modelling approaches when evaluating GoF methods in the presence of
quantisation, burstyness and heavy-tailed data characteristics.

Chapter 5: Convergence and GoF Issues in Distribution Modelling
Fitting errors observed in GoF tests discussed in previous chapters, particularly
with the Anderson-Darling (AD) GoF test, motivated Chapter 5’s investigation
into the relationship between data characteristics and the occurrence of AD
GoF fitting errors. The chapter explores distribution fitting when applied to
non-ideal data conditions relative to the distributions modelled. It presents
specific cases in which AD GoF tests fail and investigates the underlying causes
of these failures. The analysis will support subsequent chapters that involve
fitting data to parametric distribution models.

Chapter 6: Rounding Effects On Parameter Estimation
As quantised data poses fitting challenges in distribution modelling, Chapter 6
investigates the impact of quantisation on parameter estimation techniques,
particularly Maximum Likelihood Estimation (MLE) and Method of Moments
Estimation (MME) for probability density modelling. Building on prior liter-
ature, the chapter aims to identify which parameter estimation methods are
less affected by quantisation, yielding parameter estimates that most closely
approximate those of the underlying distribution. It also seeks to determine
the conditions under which these findings hold. The analysis compares the
influence of quantisation on parameter estimates and examines how those
estimates impact GoF fitting accuracy. It also explores how variations in
parameter values applied to quantised data influence the outcome of MLE and
MME. Through these comparisons, between estimation methods and between
quantised and original data, the chapter provides a comprehensive understand-
ing of the limitations and sensitivities of parameter estimation techniques when
applied to quantised data.

Chapter 7: Challenges Fitting To Rounded Data
Building on the research from previous chapters, this chapter looks at the
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types of fitting errors and then investigates approaches to mitigate errors
arising from data characteristics that violate the distributional assumptions
of the fitted models or the assumptions underlying specific GoF tests. The
primary focus is on the log-normal distribution, applying and evaluating a set
of mitigation techniques to mitigate convergence and improve GoF fitting on
quantised data. While this study considers other distributions, the emphasis
remains on the log-normal distribution to demonstrate the effectiveness of the
proposed methods.

Chapter 8: UnRounding The Data
Using the experiences gained in applying simple techniques to mitigate the
fitting errors both for distributional modelling and GoF testing, this chapter
focuses on implementing a range of techniques to restore quantised data to
a form that more closely approximates its original, continuous distribution.
The primary objective is to unround the data by reconstructing its underlying
shape, with an emphasis on point estimation rather than interval estimation.
Using synthetic datasets, the empirical shape of the quantised data is compared
against known continuous distributions to validate model selection and param-
eter estimates. Several methods are studied, including various forms of jitter to
introduce random noise and various types of rejection sampling to regenerate
data points. These techniques offer a practical toolbox for mitigating the
effects of quantisation while maintaining statistical accuracy.

Chapter 9: Interval-Based Approach for Estimation

Chapter 9 presents an alternative approach to handling quantised data by
incorporating rounding directly into the distribution fitting process rather than
attempting to reverse it. By applying a simplified CDF integration technique,
this chapter treats observed values as interval-censored rather than exact and
estimates the likelihood by integrating over the plausible range of the CDF
bounds. It offers an alternative approach to data correction, building on and
extending ideas introduced in earlier chapters.

1.5 Publications
Over the lifetime of this research, the following peer-reviewed conference papers,
journal and poster sessions have been presented. Papers are grouped by thesis
chapter for ease of reference.
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Chapter 3: Where We Came From

• Heads or tails: A framework to model supply chain heterogeneous mes-
sages (2021 30th Conference of Open Innovations Association FRUCT,
2021)

Chapter 4: Heterogeneous Message Modelling

• A framework to model bursty electronic data interchange messages for
queuing systems (Future Internet MDPI, 2022)

Chapter 5: Convergence and GoF Issues in Distribution Modelling

• Lost In Rounding: How Small Data Adjustments Create Statistical Prob-
lems For MLE And MME (35th Irish Signals and Systems Conference,
2025)

Chapter 6: Rounding Effects On Parameter Estimation

• Lost In Rounding: How Small Data Adjustments Create Statistical Prob-
lems For MLE And MME (35th Irish Signals and Systems Conference,
2025)

Chapter 7: Challenges Fitting To Rounded Data

• Log-normal distribution modelling with quantised data (34th Irish Signals
and Systems Conference, 2023)

1.6 Symbols
To assist the reader in understanding the notation used throughout the thesis,
the table of symbols is provided in Table 1.1.
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Table 1.1: Symbols.

Symbol Greek
Name

Meaning

e – Exponential constant.
erf – Error function; used in probability and Normal distribu-

tions.
λ Lambda Mean event rate (Poisson/exponential); also Weibull scale

parameter.
µ Mu Mean or expected value of a distribution.
x – A value or observation from variable X.
π Pi Ratio of the circumference of any circle to the diameter of

that circle.
P – Probability of an event (between 0 and 1).
N – Sample size or number of observations.
σ Sigma Standard deviation; measures data spread.
√ – Square root.
σ2 Sigma Variance; square of the standard deviation.
X – Random variable.
∂ – Partial derivative; change with respect to one variable.
Γ Gamma Gamma function; generalisation of the factorial function.
γ Gamma Shift parameter in distributions.
γ1 Gamma Skewness; measures distribution asymmetry.
γ2 Gamma Kurtosis; measures heaviness of tails.
β Beta Weibull shape parameter.
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CHAPTER 2
Literature Review

In this chapter, a review of the background-related literature is conducted in the field
of bursty EDI messages, data quantisation, the effects of rounding on fitting models,
parameter estimation methods, and different strategies to unround the quantised
data.

2.1 Introduction
The present chapter provides a structured overview of the relevant literature
across several domains central to the thesis. These include statistical approaches
to modelling queue-based systems, the dynamics of bursty and schema-rich
EDI messages, and the challenges posed by quantisation in real-world datasets
where continuous-valued timestamps are rounded to discrete values, introducing
uncertainty that degrades the accuracy of parametric modelling and simulation.
EDI messages are central to this research, as they arrive as single, aggregated
payloads that unpack into numerous sub-messages in rapid succession. These
messages often contain multiple heterogeneous XML schemas within a single
transmission, presenting a mix of structured and unstructured content with low
uniformity. The chapter also examines various techniques for reversing data
rounding. Methods for distribution fitting under imperfect data conditions
will be analysed, including MLE and MME. Hypothesis testing, such as the
AD and CvM tests, will also be reviewed. These methods will help quantify
and evaluate model assumptions.
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The chapter will outline the limitations in the existing literature concerning
convergence, parameter sensitivity, and statistical robustness when faced with
heavily rounded datasets. Building on this foundation, the thesis contributes
novel strategies for unrounding quantised data and stabilising distribution
fitting whilst improving fitting accuracy.

Several sections in this thesis are based on the author’s previously published
work [1]

2.2 Quantisation
Quantisation is defined as “The division of a quantity into a discrete number
of small parts” [2]. It is typically regarded as a set of values rounded to whole
multiples of a fixed quantity. For example, when (3.1,3.2,3.3,3.4) is rounded
to integers, it becomes (3,3,3,3); thus, it has been transformed into a discrete
set of values. Quantisation can be applied to various data types, including
floating-point numbers, integers, and timestamps, and is used in many fields
such as image processing [3], colour palettes [4], speech coding [5] and signals
and systems [6].

2.2.1 Benefits of Quantisation
Quantisation offers benefits. In Neural Networks, millions of computational
operations occur during training, and using smaller data types can lead to
notable improvements in performance and efficiency [7]. Converting Neural
Network model weights from 32-bit floating-point to 8-bit signed integers
can reduce memory requirements [8]. Quantisation can also enhance storage
efficiency when binary floating-point numbers are transformed into integers,
decreasing the disk space needed for data logging.

2.2.2 Challenges and Errors
Quantisation also has implications. Rounding the timestamp can affect the
chronological order of events. Site Reliability Engineers (SREs) may find it
challenging to determine the exact sequence of events during an outage [9].

Performance engineers may struggle to provide precise performance readings.
A fraction of a second might seem insignificant to one domain, but for another,
it could be crucial, especially when managing large volumes of data.
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A timestamp resolution of 1 ms might have been sufficient 20 years ago when
a logging standard was set, but it creates problems today because jobs run
faster and can finish in less than a millisecond. Quantisation can interfere
with downstream modelling as Data Scientists may struggle to fit models to
quantised data. Quantising values alters distribution shapes, thereby changing
their moments [10].

Attempting to perform survival analysis (expected duration of time until
an event occurs) [11] might be hampered if typical durations are similar to
quantisation error. If a value x is quantised to x̂, then the quantisation
error is defined as: ϵ = x − x̂. The quantisation error is limited by half
the quantisation interval when rounding to the nearest quantised value. For
example, if rounding to the nearest integer, the quantisation error falls within
the interval [−0.5, +0.5].

Quantisation errors occur when rounded values diverge from intended values
and can affect the fit of a model to a specific distribution [12]. For example, one
might model high-frequency points of a dataset. If raw values at the start of
the data are between zero and one second and are rounded to a whole number,
then the resulting values will resemble a Bernoulli distribution.

If the data is within the first ten seconds, rounded values might resemble a
Poisson distribution. Neither of these distributions is close to the original [13].
Quantisation errors can be problematic for fitting [14]. When events appear to
have occurred at the same time due to quantisation, the distribution may look
discrete when, in fact, it is continuous.

2.2.3 Impact on Statistical Modelling
Quantisation may round values to numbers outside the range of a given
distribution (e.g., to zero), causing fitting challenges. Values rounded to zero
can be problematic because the PDF, for example, of a log-normal distribution,
is zero at zero, effectively indicating a zero probability that the sample came
from a log-normal distribution, as zero is outside the support of the given
distribution. These zero values conflict with the assumption that they were
drawn from a log-normal distribution.

If the distribution is not too sensitive to zero values, such as a Normal dis-
tribution, then the impact of quantisation might be less problematic. When
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zero values cause issues for distribution fitting, like when performing loga-
rithmic transformations on zero, which can lead to fitting errors, different
techniques could be used to prevent these errors while having minimal effect
on the data’s shape. One such method is adding a constant before logarithmic
transformations [15, 16, 17].

2.2.4 Techniques for Mitigating Quantisation Effects
Several techniques have been published to address the effects of quantisation,
including methods such as adjusting the location parameter or adding jitter to
the data [18]. Quantisation error arising from log-normally distributed data
was analysed and captured using a statistical model [19]. Sheppard’s correction
and Quantisation noise models have also been explored, evaluations have
shown that Sheppard’s correction relies on the assumption that the underlying
distribution is smooth, which makes it unsuitable for data with flat segments or
sudden jumps, such as piecewise or histogram-like data. The quantisation noise
model assumes that the quantisation error is both uniform and independent of
the original signal, conditions often violated in real-world scenarios.

These models should only be used when their underlying assumptions are vali-
dated against the characteristics of the data [20]. An extension of Sheppard’s
correction is asymmetric rounding. Rounding is applied to either even or odd
numbers [21]. When rounding affects timestamps, resulting in discrete rather
than continuous values, models that adjust the hazard function can be effective.
The hazard function shows the instant rate at which an event is expected
to occur at time t, given that it has not occurred before t. Grimshaw [22]
recommends using interval-censored estimation of the Weibull model for dis-
cretely measured time-to-event data. Additionally, when the data is truly
discrete, a discrete hazard model, such as the logistic model, is more suitable
for accurately capturing the behaviour of the data or process.

2.3 Quantisation
Quantisation can be represented mathematically as a mapping from a continu-
ous variable x to a quantised value Q(x):

Q(x) = ∆ · round
(

x

∆

)
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where ∆ represents the quantisation interval and round(·) maps the value to
the nearest quantised level. This operation transforms continuous observations
into discrete values, thereby altering the empirical structure of the underlying
data.

As multiple continuous values may map to the same quantised observation,
information about the original distribution may be lost, creating challenges for
parameter estimation and statistical inference.

Quantisation is defined as “The division of a quantity into a discrete number
of small parts” [2]. It is typically regarded as a set of values rounded to whole
multiples of a fixed quantity. For example, when (3.1,3.2,3.3,3.4) is rounded
to integers, it becomes (3,3,3,3); thus, it has been transformed into a discrete
set of values. Quantisation can be applied to various data types, including
floating-point numbers, integers, and timestamps, and is used in many fields
such as image processing [3], colour palettes [4], speech coding [5] and signals
and systems [6].

2.3.1 Benefits of Quantisation
Quantisation offers benefits. In Neural Networks, millions of computational
operations occur during training, and using smaller data types can lead to
notable improvements in performance and efficiency [7]. Converting Neural
Network model weights from 32-bit floating-point to 8-bit signed integers
can reduce memory requirements [8]. Quantisation can also enhance storage
efficiency when binary floating-point numbers are transformed into integers,
decreasing the disk space needed for data logging.

2.3.2 Challenges and Errors
Quantisation also has implications. Rounding the timestamp can affect the
chronological order of events. Site Reliability Engineers (SREs) may find it
challenging to determine the exact sequence of events during an outage [9].

Performance engineers may struggle to provide precise performance readings.
A fraction of a second might seem insignificant to one domain, but for another,
it could be crucial, especially when managing large volumes of data.

A timestamp resolution of 1 ms might have been sufficient 20 years ago when
a logging standard was set, but it creates problems today because jobs run
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faster and can finish in less than a millisecond. Quantisation can interfere
with downstream modelling as Data Scientists may struggle to fit models to
quantised data. Quantising values alters distribution shapes, thereby changing
their moments [10].

Attempting to perform survival analysis (expected duration of time until
an event occurs) [11] might be hampered if typical durations are similar to
quantisation error. If a value x is quantised to x̂, then the quantisation
error is defined as: ϵ = x − x̂. The quantisation error is limited by half
the quantisation interval when rounding to the nearest quantised value. For
example, if rounding to the nearest integer, the quantisation error falls within
the interval [−0.5, +0.5].

Quantisation errors occur when rounded values diverge from intended values
and can affect the fit of a model to a specific distribution [12]. For example, one
might model high-frequency points of a dataset. If raw values at the start of
the data are between zero and one second and are rounded to a whole number,
then the resulting values will resemble a Bernoulli distribution.

If the data is within the first ten seconds, rounded values might resemble a
Poisson distribution. Neither of these distributions is close to the original [13].
Quantisation errors can be problematic for fitting [14]. When events appear to
have occurred at the same time due to quantisation, the distribution may look
discrete when, in fact, it is continuous.

2.3.3 Impact on Statistical Modelling
Quantisation may round values to numbers outside the range of a given
distribution (e.g., to zero), causing fitting challenges. Values rounded to zero
can be problematic because the PDF, for example, of a log-normal distribution,
is zero at zero, effectively indicating a zero probability that the sample came
from a log-normal distribution, as zero is outside the support of the given
distribution. These zero values conflict with the assumption that they were
drawn from a log-normal distribution.

If the distribution is not too sensitive to zero values, such as a Normal dis-
tribution, then the impact of quantisation might be less problematic. When
zero values cause issues for distribution fitting, like when performing loga-
rithmic transformations on zero, which can lead to fitting errors, different
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techniques could be used to prevent these errors while having minimal effect
on the data’s shape. One such method is adding a constant before logarithmic
transformations [15, 16, 17].

2.3.4 Techniques for Mitigating Quantisation Effects
Several techniques have been published to address the effects of quantisation,
including methods such as adjusting the location parameter or adding jitter to
the data [18]. Quantisation error arising from log-normally distributed data
was analysed and captured using a statistical model [19]. Sheppard’s correction
and Quantisation noise models have also been explored, evaluations have
shown that Sheppard’s correction relies on the assumption that the underlying
distribution is smooth, which makes it unsuitable for data with flat segments or
sudden jumps, such as piecewise or histogram-like data. The quantisation noise
model assumes that the quantisation error is both uniform and independent of
the original signal, conditions often violated in real-world scenarios.

These models should only be used when their underlying assumptions are vali-
dated against the characteristics of the data [20]. An extension of Sheppard’s
correction is asymmetric rounding. Rounding is applied to either even or odd
numbers [21]. When rounding affects timestamps, resulting in discrete rather
than continuous values, models that adjust the hazard function can be effective.
The hazard function shows the instant rate at which an event is expected
to occur at time t, given that it has not occurred before t. Grimshaw [22]
recommends using interval-censored estimation of the Weibull model for dis-
cretely measured time-to-event data. Additionally, when the data is truly
discrete, a discrete hazard model, such as the logistic model, is more suitable
for accurately capturing the behaviour of the data or process.

While quantisation offers practical benefits such as reduced storage requirements
and improved computational efficiency, it introduces significant statistical
challenges. Rounding alters the underlying structure of continuous data,
potentially distorting distributional shape, masking variability, and violating
assumptions required by parametric modelling and GoF testing. Despite the
widespread presence of quantised data in modern systems, limited research has
examined how these effects influence distribution fitting, parameter estimation,
and statistical inference in high-throughput queuing environments.
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2.4 Queuing
Queuing systems are common in many industry sectors, including telephone
communications [23], road traffic monitoring [24], hospital waiting lists [25],
and banking transactions [26]. They are essential for supply chain operations
because they enable reliable, persistent, continuous message processing [27].
These queuing systems assist in managing demand fluctuations by providing
mechanisms that support job prioritisation, steady-state operations, and the
random arrival of messages [28, 29]. The message order, volume, pace, and
dependencies are important for distribution modelling. Understanding these
features is important before applying queueing models, such as the GI/GI/1
model, which assumes message independence of the interarrival and service
times [1].

However, queues are not immune to performance and reliability issues. Prob-
lems include latency, bottlenecks, scalability challenges, noisy neighbour prob-
lems, and performance degradation [28]. Resiliency is a key expectation in the
Supply Chain domain, and projections of a 25% decline in people’s attention
span further emphasise the need to minimise wait times [30].

The study was motivated by delays in supply chain networks where EDI
messages often throttled or retried, creating bottlenecks. These issues are
examined in Chapter 3. In the system analysed, over two million messages
are processed on a typical day. Depending on their size, messages may be
fragmented into smaller jobs, potentially resulting in over thirty-two billion
jobs processed through the enterprise queuing system.

Modelling queues can provide insights into performance constraints, resource
allocation, and job starvation. Simulating and analysing these message flows of-
fers a more robust approach to capacity planning and supports the development
of innovative solutions to enhance throughput in high-volume environments.

2.4.1 Theory
Agner Erlang first introduced a mathematical framework for queuing theory
in 1909 while working for the Copenhagen telephone company [23]. Queuing
theory analyses systems in which tasks or jobs arrive, wait in line for service,
and are then processed [31, 28]. It enables the prediction and optimisation of
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system performance under varying load conditions. Queuing theory is essential
for implementing new strategies to optimise queuing systems.

The arrival and service times of jobs can be stochastic (random) or deterministic
(fixed). Different strategies are used when jobs are processed through either
single-server or multi-server queuing systems. Queuing disciplines such as
First-In-First-Out (FIFO), Last-In-First-Out (LIFO), and Shortest Job First
(SJF) determine the order in which tasks or jobs are processed [32].

A range of models has been developed to describe queuing systems. Using
Kendall’s notation, the M/M/1 model assumes exponentially distributed in-
terarrival and service times with a single server. The M/G/1 model extends
the M/M/1 model by allowing service times to follow any general distribution
rather than strictly exponential [28].

Modelling queuing systems involves analysing arrival rates, service times, and
interarrival distributions to evaluate key metrics such as queue length, waiting
time, system utilisation, and server idleness [33]. These metrics are essential
for understanding performance under different workloads. They serve as a
foundation for optimising real-world systems and offer key insights that can
improve reliability and scalability in high-throughput environments, such as
the supply chain or the Enterprise Messaging System domain.

2.4.2 Applications
With the queuing models understood, different applications exist to support
enterprise queuing applications. ActiveMQ [34], Kafka [27], RabbitMQ [35],
and IBM Message Queue (IBM MQ) [36] are four typical applications.

ActiveMQ is an open-source Java-based standalone message broker. It supports
high availability, load balancing, and asynchronous messaging [37]. RabbitMQ
is an open-source distributed message broker. It supports multiple messaging
protocols and offers flexible queue routing with various exchange types [38].
Kafka is an open-source distributed event streaming platform [39]. It can
store and process streams of data with a guarantee of zero message loss [39].
IBM MQ is part of the WebSphere family of middleware stacks. It supports
point-to-point, publish-subscribe and file transfer methods for its messaging
and queuing operations, and can transport any type of data as a message [36].
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Kafka and RabbitMQ dominate the market share, each serving over thirty
thousand companies [40, 41]. In contrast, ActiveMQ has a smaller footprint,
with around fourteen thousand customers, roughly half the market share of
Kafka and RabbitMQ [40]. High-end social networking companies often use
Kafka. Twitter employs Kafka as part of its stream-processing infrastruc-
ture [42], and LinkedIn uses it for real-time news feed streaming and offline
analytics [43]. In 2021, Netflix utilised it for large-scale data collection [44].
AWS integrates Kafka within its Cloud Service offerings [45].

When considering queuing software, this thesis specifically focuses on IBM MQ
due to authorised access to production-level messaging data, where messages
are processed through IBM MQ. Studying this system provides a baseline.
Production-level metrics that analyse production performance challenges offer a
solid foundation for applying and validating novel modelling strategies, thereby
enhancing the research’s value.

2.4.3 Performance of Message Queuing Systems
Queuing systems rely on performance metrics to determine their suitability for
high-throughput and low-latency workloads. Modern Enterprise applications
require a scalable messaging infrastructure capable of handling millions of
events per second. Several industry platforms, including Kafka and IBM
MQ, have been benchmarked under varying workloads. These studies offer
insights into the trade-offs between configuration, message characteristics, and
infrastructure design.

To meet increased demands for real-time processing, LinkedIn moved from
batch-oriented systems to publish–subscribe architectures. The target system
was required to handle 10 billion messages per day, with peak loads reaching
172,000 messages per second. ActiveMQ was evaluated, but found to be
insufficient for the required throughput. As a result, Kafka was developed
internally [46].

Kafka’s performance was evaluated by [47], with a focus on tuning system
parameters. The evaluation concluded that performance varied significantly
across both the underlying infrastructure and message characteristics.

The performance of the IBM MQ JMS Server has also been evaluated, with
emphasis on system capacity under varying conditions [48]. The analysis ex-
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amined factors such as message size, filter count, and the number of publishers,
subscribers, and topics. Message size significantly affected both message and
data throughput. The number of topics had minimal impact on overall system
capacity; however, server capacity was influenced by the replication grade and
the number of filters applied [48].

2.4.4 Practical Enhancements in Modern Queuing
Systems

In any queuing system, vendors continually seek opportunities for improvement.
IBM, for instance, has introduced a feature called Uniform Clusters, which
differs from traditional IBM MQ Clusters. An IBM MQ Cluster provides
dynamic message routing and workload balancing, supporting horizontal scaling
across matching queues, and automatically establishes connection channels. In
contrast, Uniform Clusters build on IBM MQ clustering but are designed for
use by a single application or a group of related applications. Each Uniform
Cluster supports up to ten queue managers, all of which provide the same
messaging services and maintain identical configurations [49]. Despite their
advantages, Uniform Clusters present certain limitations. Load balancing
issues may occur when the number of queue managers exceeds the number of
applications [50]. Removing applications from the cluster may trigger a delayed
rebalancing process, resulting in temporary load distribution imbalances.

Another enhancement from IBM is Streaming Queues, which enables the du-
plication of every message to a secondary queue. Such a feature supports data
redundancy for future retrieval and enables SREs or DevOps personnel to anal-
yse messages near real time, with minimal impact on system performance [51].

In Apache Kafka, a broker may remain active yet be unable to establish new
connections due to DNS resolution failures, an issue that can be difficult to
detect. Version 3.1 of Kafka addresses this problem through KIP-748, which
introduces two metrics: “fencedBrokerCount” and “activeBrokerCount”. These
metrics allow the controller to monitor and expose the number of active and
fenced brokers within the system [52].

Another notable innovation is the concept of “pre-staging” messages at a
remote location, as described in a patent that remotely stores a large number of
messages in a distributed data storage system configured as a message queue [53].
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The remote location may consist of a standalone processor, networked with
others. Messages are stored in a memory-based list defined within the remote
system, allowing multiple queue managers to access and process them. Many
queue managers can then access these messages [53].

2.5 Messaging
Different types of messages are transmitted through queuing systems. In the
supply chain field, queues may handle messages such as purchase orders, in-
voices, payment notifications, inventory updates, and shipping instructions [54].
Outside of the supply chain field, system-level messages like log files, heartbeat
signals, and health check metrics can also pass through a queuing system.
Supply chain messages typically use structured formats such as XML, EDI, or
JSON, whereas non-supply chain messages are often formatted as JSON or
plain text.

The production data derived from the supply chain domain mainly consisted of
EDI messages in XML format. These messages vary in structure, following com-
mon standards such as Accredited Standards Committee X12 (X12), Electronic
Data Interchange for Administration, Commerce and Transport (EDIFACT),
and Trading Data Communications Standard (TRADACOMS) [55], with most
messages based on X12. EDIFACT is an international standard for invoice mes-
sages [56]. Many messages include multiple XML files with different schemas
and may also contain attachments of various file types and sizes, influencing
how messages are processed within the queuing system. These messages are
exported to log files for analysis, producing both structured and unstructured
text to be parsed.

EDI messages enable the secure electronic exchange of business information,
offering features such as message integrity, confidentiality, interoperability
and transaction traceability [54]. EDI is widely deployed across industries, as
demonstrated in Table 2.1 [57].
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Table 2.1: Industries using EDI.

Sector Specific: EDI Standards Industry
ANA Food, Retail, Distribution
TF2 Health Service
FLEETNET Fleet Car Industry
EDISHIP Shipping/Forwarding
PHARMEDI Pharmaceutical
EDICON Construction
EDICUG Components
BEDIS Book Publishing, Libraries
PIPE Paper/Printing
EDIA Banking, Transport
ODETTE Automotive

EDI, introduced in the UK in 1991, is a vital part of Business-to-Business
(B2B) communication [54]. Most of the literature focuses on the advantages
of adopting an EDI system, but not on the actual modelling of EDI transac-
tions [58, 59]. Peer influence and industry standards significantly influence
organisational decisions to implement EDI [58]. Despite this, operational
challenges can hinder wider adoption, for example, within the car industry [60].
Nevertheless, EDI enhances customer service and operational efficiency [59].
In some instances, it can decrease invoice query times by up to fifteen minutes
per transaction [61].

In this thesis, the research explores how various EDI message types, such as
purchase orders, invoices, and shipment notices, behave under different queuing
conditions, and how the distinct characteristics of the messages influence queue
throughput performance. The insights from the analysis will support optimisa-
tion strategies in Enterprise Messaging Systems. As these EDI messages are
written to log files, the timestamp may be rounded to speed up retrieval times
and reduce storage size.

Although EDI systems motivate this research, many of the challenges iden-
tified extend beyond the supply chain domain. Similar issues arise in IoT
telemetry, financial transaction systems, healthcare monitoring, and distributed
logging infrastructures, where high-frequency events are commonly quantised
for storage and performance reasons. Consequently, the challenges associated
with quantisation and distribution fitting represent a broader methodological
problem rather than a domain-specific issue.
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2.6 Parametric Distributions
When modelling data, distributions can be categorised as continuous or discrete.
Continuous distributions are suitable for time-series data taking on any value
within a given range. Discrete distributions are suitable for count data, where
values are restricted to the integers. Identifying the distribution, under the
umbrella of discrete or continuous distributions, that supports the arrival of
incoming messages is critical for accurate probabilistic modelling.

Let’s now consider some distributions that will be relevant throughout the
thesis. A Weibull distribution is a continuous distribution that models the
time to failure or the time between events [62]. A continuous exponential
distribution models events that occur at random intervals of time. A log-normal
continuous distribution models events that occur after a positive period, with
multiplicative factors influencing the timing. When the logarithm is applied to
the data, the resulting distribution follows a Gaussian distribution.

While many distributions exist, this research focuses on continuous distribu-
tions, as message arrival times are naturally modelled as real-valued. Specifi-
cally, the Weibull, log-normal, and exponential distributions are emphasised
due to their relevance in modelling interarrival and service times.

2.6.1 Weibull
Waloddi Weibull introduced the Weibull distribution in 1951 [62], demon-
strating its applicability through five examples, including its use in analysing
the strength of Bofors steel, variations in the size of fly ash, and cotton fi-
bre strengths [63]. It is widely employed in various fields, such as reliability
analysis [64], psychometric modelling [65], economics [66] and environmental
data [67].

As previously mentioned, a two- or three-parameter Weibull distribution models
time to failure or time between events [62]. The failure rate can either increase
(β > 1), decrease (β < 1), or remain constant (β = 1) over time [64]. The two-
parameter distribution includes a shape (β > 0) and scale (λ > 0) parameter. 1

Weibull is a generalisation of the exponential distribution when (β = 1). Its
1In some literature, the shape parameter is denoted as β instead of k.
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probability PDF is defined as:

Formula: PDF of Weibull Distribution

f(x; β, λ) =


β

λ

(
x

λ

)β−1
e−(x/λ)β

, x > 0,

0, x ≤ 0

(2.1)

It also has a cumulative distribution function (CDF), that ranges from 0 to 1.
The CDF provides the probability that an event occurs by a specific time t,
indicating the likelihood that the observed value is less than or equal to t. For
example, "What is the chance that the event has occurred by time t?". The
formula for the CDF derived from the PDF of the Weibull distribution is:

Formula: CDF of Weibull Distribution

F (x; λ, β) = 1 − e−(x/λ)β
(2.2)

The Weibull distribution’s flexibility in modelling different failure rates makes
it well-suited for modelling interarrival and service times.

2.6.2 Exponential
The exponential distribution is a continuous probability distribution with a
rate parameter λ > 0 [28]. The distribution developed gradually through
the contributions of multiple mathematicians. It is a special case of the
Weibull distribution when β = 1 [64]. A feature of this distribution is that
it is memoryless, meaning the time since the last event does not affect the
probability of the next event until it occurs [68]. The rate parameter λ is the
inverse of the mean: λ = 1/µ, and it determines how often events happen. It
models the time between events in a Poisson process, where events happen
independently and at a steady average rate [28]. It is used in disciplines such as
queuing theory [28], reliability engineering [64], and the assessment of cellular
manufacturing system reliability [64].

The PDF of the exponential distribution is defined as [28]:
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Formula: PDF of Exponential Distribution

f(x; λ) =


λe−λx, x ≥ 0,

0, x < 0

(2.3)

The formula for the CDF derived from the PDF is [28]:

Formula: CDF of Exponential Distribution

F (x; λ) =


1 − e−λx, x ≥ 0,

0, x < 0

(2.4)

The exponential distribution’s memoryless property and constant hazard rate
make it suitable for modelling the random arrival for probabilistic modelling.

2.6.3 Log-normal
A log-normal distribution is a continuous distribution with a PDF that is right-
skewed, starts at zero, and can contain up to four parameters [69]. Galton
and McAlister studied it in 1879 [70, 71]. It is widely used as a two-parameter
distribution with parameters mean (µ) and standard deviation denoted as (σ).
Standard deviation refers to the dispersion of the data. These parameters
correspond to the mean and standard deviation of the natural logarithm of
the variable, ln(X), not of the variable X itself. A log-normal distribution can
provide a good representation of a Normal distribution with a small absolute
value, less than 0.25 of the coefficient of variation [69]. It is applied in various
domains, including modelling network traffic [72], reliability engineering [73]
and biology [74].

The PDF of the log-normal distribution is defined as:

Formula: PDF of Log-normal Distribution

f(x; µ, σ) = 1
xσ

√
2π

exp
(

−(ln x − µ)2

2σ2

)
, x > 0

(2.5)

The formula for the CDF derived from the PDF is:
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Formula: CDF of Log-normal Distribution

F (x; µ, σ) = 1
2

[
1 + erf

(
ln x − µ

σ
√

2

)]
, x > 0

(2.6)

The log-normal distribution is well-suited for applications involving interarrival
times, making it relevant for probabilistic modelling addressed in this research.

A summary of the parameters for each distribution, along with its application, is
listed in Table 2.2. These distributions are crucial for modelling the interarrival
and service times of messages and are vital for the study of this thesis.
Table 2.2: Comparison of Continuous Distributions for Interarrival and Service Time
Modelling.

Distribution Suitable for
interarrival
and service
times with:

Parameters Memoryless Skewness

Weibull Variable Rates λ, β No (Yes if β =
1)

Varies with β

Exponential Constant
Rates

λ Yes Right-Skewed

Log-normal Multiplicative
Variation

µ, σ No Right-Skewed

While these distributions are widely used for modelling interarrival and ser-
vice times, they generally assume continuous, well-behaved observations. In
heavily quantised datasets, these assumptions may be violated, as rounding
alters the underlying shape of the data and may introduce discrete artefacts.
Consequently, parameter estimation and GoF testing may become unstable or
misleading under quantised conditions.

2.7 Distribution Properties and Statistical
Moments

Statistical moments are essential tools used across various fields, including
reliability engineering [75], parametric modelling [28], and probability the-
ory [76], and are a core element of statistical analysis [77]. They summarise
the features of a distribution and aid data-driven process optimisation [78].
Understanding a distribution’s moments allows us to visualise changes over
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time, helping researchers to better understand a process and its environment,
and supporting more informed, data-driven decisions.

Moments of a distribution are calculated differently depending on whether the
data is discrete or continuous. The calculation of moments varies depending
on data type, with summation for discrete data and integration for continuous
data. Since this research concentrates on continuous data, discrete data will
not be discussed in the following subsections. Moments of the distributions
will be defined using the expected value.

2.7.1 Raw and Central Moments
Statistical moments can be defined either around the origin or the mean of
a distribution. Raw moments, also known as non-centered moments, are
calculated relative to the origin, whilst central moments are measured with
respect to the mean. Central moments are useful because they describe the
spread and shape of a distribution in relation to its mean.

• The raw or non-centered moment of order k is: µ′
k = E[Xk]

• The central moment of order k is: µk = E[(X − µ)k]

For example:

• µ2 is the variance, which measures dispersion.

• µ3 is related to skewness, indicating asymmetry.

• µ4 is related to kurtosis, indicating the heaviness of the tails and the
sharpness of the peaks.

2.7.2 First Moment
In sequential order, the first moment of a distribution is the expected value [79].
It is defined as:

Formula: Continuous First Moment
(Mean)

E[X] =
∫ ∞

−∞
xf(x) dx

(2.7)
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2.7.3 Second Moment
The second-moment variance σ2 is a measure of the spread of the population
while s2 measures the spread of the sample [79]. In some distributions, the
standard deviation σ is required, which is the square root of the variance,
although it is not a moment in itself. The second moment σ2 is defined as:

Formula: Continuous Second Moment

µ2 = E[(X − µ)2] =
∫ ∞

−∞
(x − µ)2f(x) dx

(2.8)

2.7.4 Subsequent Moments
Beyond the first and second moments, subsequent moments describe key
characteristics of a distribution’s shape. The third and fourth moments will
be discussed. The third central moment is defined as:

Formula: Continuous Third Central Moment

µ3 = E[(X − µ)3] =
∫ ∞

−∞
(x − µ)3f(x) dx

(2.9)

The third-moment, skewness γ1, measures the asymmetry of a probability
distribution around its mean [79]. Asymmetry occurs when the left and right
tails of a distribution are not mirror images. Greater skewness signifies a larger
deviation of values from the mean, often resulting in longer tails on one side of
the distribution. Skewness is the standardised third central moment:

γ1 = µ3

σ3

The fourth central moment kurtosis γ2 relates to the shape of the peak of a
distribution [79]. Kurtosis is defined as:

Formula: Continuous Fourth Moment (Kurtosis)

µ4 = E[(X − µ)4] =
∫ ∞

−∞
(x − µ)4f(x) dx

(2.10)

Formula: Kurtosis Coefficient

γ2 = µ4

σ4

(2.11)
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There are three classes of kurtosis: Mesokurtic, Leptokurtic, and Platykurtic.

• Mesokurtic (γ2 = 3) similar to a Normal distribution.

• Leptokurtic (γ2 > 3) heavy tails, sharp peak.

• Platykurtic (γ2 < 3) light tails, flat peak.

In summary, moments describe the central tendency and shape of a distribution.
Moments are based on deviations of the random variable from zero. Central
moments measure deviations of the random variable from the mean. These
concepts are vital to this thesis, as they help guide the development of statistical
models and support the fitting of parametric distributions, which are crucial
for analysing and interpreting continuous data.

2.8 Non-parametric Distributions
Non-parametric distributions are probability distributions that do not rely on
a fixed set of parameters, like the normal, exponential, or Poisson distribution
families. These non-parametric distributions are useful when the underlying
data structure is unknown or not well-conformed to traditional parametric
models. Non-parametric methods make few assumptions about distributional
form, offering greater flexibility in modelling complex datasets.

Kernel Density Estimation (KDE), histogram-based estimation, and the em-
pirical cumulative distribution function (ECDF) are techniques used in non-
parametric modelling without assuming any parametric form, with KDE being
the most common.

2.8.1 Kernel Density Estimation
2 KDE is a non-parametric (also known as a distribution-free) method for
estimating the PDF of a random variable when the sample population does
not fit a known probability distribution. It can reveal features of the data,
such as multimodality and skewness [80], requiring the selection of both a
kernel function and a bandwidth parameter. Placing a kernel function at
each data point and summing the overlapping regions produces a smooth

2This section is based on the author’s previously published work [1].
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estimate of the underlying distribution. Kernels assign weights based on the
distance between data points, with common types including Epanechnikov [81],
Gaussian, Uniform, Box, and Triangle kernels.

The bandwidth parameter determines the spread of each kernel. A large
bandwidth may cause oversmoothing and introduce significant bias in the
estimated distribution [80]. Several algorithms are available for selecting
bandwidth, including Silverman’s Rule of Thumb [80], Sheather & Jones [82],
and Park & Marron [83].

To assess the accuracy of the KDE models, a GoF measurement is needed
to determine whether a non-parametric distribution fits well. Visualisation
techniques, such as histograms and the area under the curve (AUC), are used
to evaluate the fit. Mean Integrated Squared Error (MISE) is a common metric
for quantifying the error between the estimated density and the true underlying
distribution [83].

My research concentrates on modelling EDI messages derived from a real-
world dataset. Data may be irregular, and traditional parametric assumptions
may not hold. Consequently, non-parametric distribution modelling may be
necessary to capture the underlying structure of these messages.

Non-parametric GoF tests provide flexibility when the underlying distribution
is unknown; however, many of these tests still assume continuous observations
and stable empirical distribution behaviour. Under quantised conditions,
ties and discretisation effects may distort EDF-CDF comparisons, leading
to unstable or misleading test statistics. Existing literature provides limited
discussion of these effects in the context of heavily rounded queuing data.

2.9 Goodness of Fit Statistical Tests -
Non-Parametric

In this section, the GoF of both rounded and non-rounded data using various
non-parametric statistical tests is assessed. These tests are useful when the
underlying distribution is unknown or when classical parametric assumptions
are not satisfied. The methods discussed include Kolmogorov–Smirnov (KS),
Kuiper, CvM, and AD tests. These tests evaluate how well synthetic or
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quantised datasets match theoretical continuous distributions using robust
GoF methods.

When implementing these GoF tests, critical values vary across distributions
and significance levels. These significance levels and critical values determine
whether the test statistic rejects or fails to reject the null hypothesis. These
critical values depend on whether distribution parameters are known or es-
timated, categorised into three cases: [84]. In this context, α and β are the
parameters of the Weibull distribution where:

1. Case 1: β is known and α is estimated.
2. Case 2: α is known and β is estimated.
3. Case 3: α and β are both unknown and must be estimated.

The critical values and significance levels will be further expanded upon within
the GoF tests.

2.9.1 Empirical and Theoretical Distribution Functions
Before jumping straight into statistical tests, it is helpful to understand how
different methods represent data distributions, such as histograms, Probability
Mass Functions (PMFs), PDFs, and Cumulative Distribution Functions (CDFs).
These representations provide foundational insights into how well a dataset
can be drawn from a known probability distribution.

Both empirical and theoretical distributions aim to approximate a dataset’s
CDF, using a PMF for discrete data or a PDF for continuous data. Figure 2.1
shows a visual representation of a dataset’s PMF, PDF and CDF. The discrete
PMF can be visualised in a histogram with different bin widths and probabilities.
The PDF is the density of the sample data. It is the likelihood of a continuous
random variable takes on a particular value and is the derivative of the CDF.
The CDF provides a probability that a random variable X, takes on a value
less than or equal to a specific value x denoted by:

F (x) = P (X ≤ x)

A CDF starts at zero, is right-continuous, non-decreasing and has a range of
values from 0 to 1. Each distribution has its own CDF formula. Regardless of
the underlying distribution, all CDFs begin at zero for the smallest value of

30



2.9. Goodness of Fit Statistical Tests - Non-Parametric

x and converge to one at the largest value. It is the behaviour between the
largest and smallest values that distinguishes the distributions [85].
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Figure 2.1: (a)PMF, (b)PDF, (c)CDF

2.9.2 Kolmogorov-Smirnov
The Kolmogorov–Smirnov (KS) test, proposed in 1933 is a non-parametric
GoF test that measures the maximum absolute difference between an EDF
and a CDF [86]. It can also be used to compare the EDFs of two independent
samples [87]. For a one-sample KS test, the test statistic D is defined as:

Formula : Kolmogorov–Smirnov D = sup
x

|Fn(x) − F (x)|

(2.12)

Where Fn(x) is the EDF of the sample, F (x) is the CDF of the referenced
distribution, and supx is the largest absolute difference between the EDF and
the CDF over all values of x [87].

This test is beneficial for assessing whether a sample originates from a specified
continuous distribution [85, 88].

2.9.3 Cramer Von Mises
The Cramér–von Mises (CvM) test proposed in 1928 is a non-parametric GoF
test that evaluates how well the EDF of a sample dataset could plausibly be
drawn from a population with a specified CDF [89]. It determines whether
the observed data are likely to have been drawn from a given theoretical
distribution.
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In the one-sample case, the CvM test evaluates whether a sample comes from
a specified theoretical distribution. The equation is defined as:

CvM: One-Sample Equation

W 2 = T = n
∫ ∞

−∞
[Fn(x) − F (x)]2 dF (x)

(2.13)

It is based on the integrated squared difference between the EDF of the
sample and the CDF of the theoretical distribution, where n is the sample
size, Fn(x) represents the EDF and F (x) denotes the CDF of the theoretical
distribution [90]. The term dF (x) signifies the integration performed with
respect to the theoretical CDF.

In the two-sample case, CvM assesses whether two samples come from the
same (unspecified) continuous distribution [90]. It is defined as:

CvM: Two-Sample Equation

Nw2 = nm

n + m

∫ ∞

−∞
[Fn(x) − Gm(x)]2 dH(x)

(2.14)

Where Nw2 calculates the integrated squared difference between the EDF
of the first sample Fn(x) and the EDF of the second sample Gm(x). Here,
H(x) denotes the pooled empirical distribution function constructed from both
samples. Using dH(x), the statistic weights the average of the two EDFs
proportionally to the sample sizes using dHn+m(x), where n is the size of the
first sample and m is the size of the second sample [90].

Based on the given formulas, CvM applies equal weight to all parts of the
distribution and does not favour any specific area, such as the head, the tail or
the centre of the distribution. Squaring the differences between the EDF and
the CDF quantifies how far the samples deviate from each other in both the
center and the tails of the distribution.

For any test to pass a GoF, critical values or cut-off points need to be defined.
Table 2.3 shows the significance levels at 90%, 95% and 99% alongside the
cut-off points for infinite sample sizes for CvM [90]. If the test statistic W 2 is
greater than the critical value, one would reject the null hypothesis: the data
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does not come from the sample distribution, or the two samples are not drawn
from the same distribution.

Table 2.3: CvM: Critical Values.

Sample Size Significance Level CvM: Critical Value
∞ 0.10 0.347
∞ 0.05 0.461
∞ 0.01 0.743

2.9.4 Anderson Darling
The AD GoF test proposed in 1952 is a modification of the KS test. It is
a statistical test that places greater emphasis on the tails of the empirical
distribution [91]. The hypothesis tests whether a specified PDF represents
the distribution of the observed sample data [92]. The formula for the test is
outlined below:

Formula : Anderson-Darling

A2 = −n − 1
n

n∑
i=1

[
(2i − 1)

(
ln F (x(i)) + ln(1 − F (x(n+1−i)))

)]

To understand how AD applies more weight to the tails using the provided
formula, ln(1 − (F (x(n+1−1)))) is the tails of the distribution because 1 − F (x)
is the complementary CDF and is the integral of the PDF from x to ∞.
1 − F (x) = P (X > x), which is the area under the curve to the right of any
point. The factor (2i − 1) assigns weights that increase the influence based on
the data’s order. Smaller weights are applied to the head of the data, whilst
larger weights are applied to the tail of the data [84].

Table 2.4 shows the critical value cut-off points for the AD test for sample
sizes greater than five [84].

Table 2.4: AD: Critical Values.

Sample Size Significance Level Critical Values
>5 0.10 1.933
>5 0.05 2.492
>5 0.01 3.857
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2.9.5 Kuiper Test
The Kuiper test was introduced by Nicholaas Kuiper in 1960 as an extension of
the KS test. It was designed for circular and angular data [93]. The motivation
for developing the test was based on being able to determine whether a group of
birds had no preference for a flight path direction, where the data represented
directions on a circle rather than points on a line [93].

The Kuiper test is suitable for evaluating uniformity in circular distributions,
such as time-of-day patterns. It can be applied to test continuous distributions
like the uniform, von Mises, or wrapped normal distributions [85]. Unlike linear
data, circular data does lacks a fixed starting point, which makes GoF tests less
effective. Let x1, x2, . . . , xn denote a sample of n observed data points, ordered
from smallest to largest. For a one-sample test, the Kuiper test statistic V is
defined as:

Formula : Kuiper Test V = D+ + D−

(2.15)

Where:

D+ = max
i

(
i

n
− F (xi)

)
D− = max

i

(
F (xi) − i − 1

n

)

With F (xi) represents the theoretical CDF, and n denoting the sample size.
D+ and D− indicate the maximum positive and negative vertical deviations
between the EDF and the CDF.

The test selects a random sample of n angular values and evaluates whether
the points are randomly dispersed by finding the maximum vertical deviation
of the EDF above the CDF (D+) and the maximum vertical deviation of the
EDF below the CDF (D-). These two values are then added together to form
the GoF test statistic Vn [85]. The KS test only considers the largest single
deviation, whereas the Kuiper test combines both extremes.
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2.9.6 Summary
As mentioned, which test you choose depends on your hypothesis test. If the
hypothesis test focuses more on the tails of a distribution, then AD is a suitable
choice. If the shape is more important, then CvM is a better option. Among
non-parametric GoF tests for continuous distributions, AD and CvM are the
most commonly used. The Kuiper test is used less frequently than the AD test
when testing the tails. Although the KS test is widely known, it is generally
less powerful than AD.

In some cases, the AD test may return an Inf test statistic in R, depending
on different data characteristics. Further examination of this behaviour will
be presented in subsequent chapters. Given the focus of this research is on
continuous data, both the AD and CvM tests will be used in the subsequent
analysis.

Although GoF tests such as AD, CvM, and KS are widely used for validat-
ing distributional assumptions, they are primarily designed for continuous
observations. Quantisation may introduce ties, discrete artefacts, and support
violations that distort EDF-CDF comparisons, potentially leading to unstable
test statistics or invalid inference. These limitations are not comprehensively
addressed in the existing literature.

2.10 Correlation
There are several types of correlation, including standard correlation, auto-
correlation, and cross-correlation. These will be briefly discussed, with more
focus placed on statistical correlation tests.

2.10.1 Introduction to Correlation
Correlation can be traced back to Francis Galton in 1888. Correlation is
typically measured using correlation coefficients, which quantify the degree and
strength of linear association. As Galton described, two variable organs are
said to be co-related when the variation of one is accompanied on the average
by more or less variation of the other, and in the same direction. For instance,
the length of the arm is said to be correlated with the length of the leg, as
individuals with longer arms tend to have longer legs as well [94].
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In empirical analysis, it is useful to assess whether two variables show signs
of a correlation, that is, when a change in one variable is associated with
changes in another, i.e., increasing or decreasing together. It does not imply
causation; it is an association, not a cause-and-effect relationship. In statistical
modelling, some models assume independence. When variables are correlated,
this assumption is broken, undermining the validity of the models [95].

Autocorrelation, also known as serial correlation, occurs when a variable cor-
relates with a time lag. When modelling time-series data, it is important
to assess the presence of autocorrelation since time-series modelling assumes
independence. Autocorrelation at lag k measures the linear relationship be-
tween values at time t and t − k [95]. Detecting autocorrelation is essential
in time series modelling because its presence can invalidate the conclusions of
hypothesis tests.

Cross-correlation measures the similarity between two time-series datasets by
applying a lag to one of the datasets. It evaluates how one time-series xt aligns
with another yt across different lag values k [95].

When working with time-series data, selecting the appropriate correlation tests
depends on factors like stationarity and linearity. The most frequently used
correlation tests are discussed in the following sections.

Modelling EDI transactions over time using queuing theory, which assumes
that message arrivals are independent is researached. Testing for a correlation
is important to verify this assumption and ensure the validity of the queuing
model.

2.10.2 Pearson
Karl Pearson developed the Product-Moment Correlation Coefficient, also
known as the Pearson Correlation test, in 1895 [96]. The statistical test
measures the strength and direction of a linear relationship between two
continuous variables under the assumption of normality. It measures the degree
of the correlation, not whether two variables are correlated. The correlation
coefficient r ranges from −1 (perfect negative linear correlation) to +1 (perfect
positive linear correlation), with 0 indicating no linear association [97]. Five
key assumptions must be met for Pearson correlation. First, the variables
should be continuous. Second, the relationship between them should be linear.
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Third, the data should be approximately normally distributed [98]. Fourth,
the variance of one variable should be similar across the range of the other
(homoscedasticity), and finally here should be no significant outliers. The
formula for Pearson is defined as [96]:

Formula:

Product-Moment

Correlation Coefficient

r =
∑(xi − x)(yi − y)√∑(xi − x)2∑(yi − y)2 (2.16)

Where:

1. xi is each value of x

2. x is the mean of all the x values
3. xi − x is the deviation of each data point from the mean
4. (xi − x)(yi − y) measure how x and y vary together; this product is used

to compute the covariance between the two variables.

The Pearson correlation coefficient is a rescaled version of covariance. Covari-
ance measures the linear association between two variables. Variance is the
covariance of a variable with itself [96].

Table 2.5 shows thresholds for the Pearson correlation coefficient r [97]:

Table 2.5: Product-Moment Correlation.

Correlation Coefficient r Result Interpretations
r=0.10 Small Weak linear relationship between two variables
r=0.30 Medium Moderate linear relationship
r=0.50 Large Strong linear relationship

2.10.3 Spearman
In 1904, Charles Spearman introduced the Spearman rank correlation coeffi-
cient [99]. It is a non-parametric test assessing the strength and direction of
association between two ranked variables. The relationship should be mono-
tonic, meaning that as one variable increases, the other variable either increases,
decreases, or remains constant, without changing direction. It proves useful
when the data does not follow a Gaussian distribution and linearity is not
required. The Spearman rank correlation coefficient ρ is defined as [100]:
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Formula : Spearman rank correlation
coefficient

ρ = 1 − 6∑ d2
i

n(n3 − 1)
(2.17)

where: di is the difference between the ranks xi and yi and n is the number of
observations.

ρ = 1 is a perfect positive monotonic relationship (ranks increase together).
ρ = −1 is a perfect negative monotonic relationship (one rank increases as
the other decreases). ρ = 0 indicates no monotonic association between the
variables.

Table 2.6 shows the typical thresholds for interpreting the strength of Spearman
correlation co-efficient at the 0.05 significance level [101].

Table 2.6: Spearman Rank Correlation.

Co-efficient Start Range Coefficient End Range Result
0.05 .29 Weak
0.30 .49 Medium
0.50 1 Strong

2.10.4 Kendall
In 1938, Maurice Kendall developed Kendall’s tau correlation coefficient [102].
It is a rank test similar to Spearman’s but not identical to Kendall’s, and does
not measure an association between two random variables. The order of the
data determines the rank. If a value is high, it will be assigned a higher rank
than a lower value. Smaller values will have lower ranks. Essentially, the data
ordering reflects its ranking [103].

The Kendall’s tau coefficient is defined as:

Formula: Kendall’s tau coefficient τ = C − D
1
2n(n − 1)

(2.18)

where C is the number of concordant pairs and D is the number of discordant
pairs.
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2.10.5 Conclusion
Correlation helps analysts understand the relationship between two variables.
It can be applied in various domains, including finance, medicine, sales, and
marketing. The strength and direction of the association between the two
variables guide researchers and analysts in making more informed decisions
about the data. The choice of tests to use depends on the data and the
characteristics of the tests.

Pearson’s correlation is used in regression analysis to measure linear association.
For this test, the residuals should follow a Gaussian distribution, and the
relationship between the variables should be linear. Spearman’s correlation
assesses monotonic relationships, making it suitable when data are non-linear
or not normally distributed. Kendall’s tau is similar to Spearman’s rho in that
it also measures monotonic association. Still, it is based on the number of
concordant and discordant pairs rather than rank differences.

With Pearson correlation using standard deviation and Spearman, using the
differences in ranks, problems may arise when a tied ranking occurs, for
example, when two athletes tie in the same race. Spearman handles ties by
assigning average ranks to tied values. To explain further, if athletes in a race
came in at [1, 2, 2, 3, 4] positions. The athletes who came in joint second
position have values of two and two and are tied for the second and third place.
The average rank is then applied (2+3)/2=2.5; hence, the rank becomes [1,
2.5, 2.5, 4, 5]. Kendall also faced this challenge and overcame it by dividing
the variate values of the sum when applying the formula: n(n−1)

2 [102].

When comparing Spearman to Kendall, [85] prefers Spearman because it is
a simple non-parametric test. Kendall compared his own test to Spearman’s
and believes they are similar. However, he concurs that Spearman can handle
more values than Kendall, giving it a slight advantage [102].

Correlation analysis is particularly important in queuing applications because
many classical queueing models assume independence between arrivals and
service times. In bursty EDI environments, however, message arrivals may
exhibit temporal dependence, cascading behaviour, and clustering effects that
violate these assumptions. Quantisation may further obscure or artificially
inflate correlation structures by collapsing distinct timestamps into identical
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values.

2.11 Parameter Estimation
Modelling a dataset to fit a distribution requires the parameters of that
distribution to be defined or estimated if unknown. Distribution fitting makes
inferences about sample populations [104]. When estimating the parameters
for a population or sample, there is a need to ensure that the parameters
support a large proportion of the data while ignoring irrelevant information
that may be contained within a small proportion of the population [105]. Using
fitted distributions and the laws of probability, one can predict probabilities of
specific events. Point and interval estimation are two approaches to estimating
parameters. Point estimation provides a single best guess for a parameter,
while interval estimation provides a range of values within which the population
parameter is likely to fall [68].

Two common methods for point estimation are MME and MLE. These methods
support non-linear modelling with data that is not normally distributed and
where relationships between variables may not follow a straight line [106].
These will be discussed in the next section.

2.11.1 Point Estimation - MME
MME, introduced by Pearson in 1894, estimates the parameters θ of a proba-
bility distribution by comparing and matching the theoretical and empirical
moments of a distribution [76, 107]. These moments are defined in section 2.7.
To match the empirical to the theoretical moments using, for example, a Nor-
mal distribution, the first-order moment, mean, and the second-order moment,
variance, are calculated from the observed data. MME then selects the θ

values to produce a distribution with those moments. In some situations, the
parameters of a distribution are not named the same as the moments; for
example, a Weibull distribution has two parameters (shape β and scale λ).
Using a Gamma function denoted as Γ(), one would use the first-order moment
µ and the second-order moment σ2 to estimate the parameters for the Weibull
distribution. When using MME, the precision of the second moment can affect
the fit to a distribution, as the variance may be closely clustered together.
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2.11.2 Point Estimation - MLE
MLE, introduced by Fisher, estimates the parameters of a probability distribu-
tion by maximising the likelihood of the observed data [105]. The likelihood
function is derived from the PDF of the underlying distribution and measures
how well specific parameter values fit the data. MLE finds the parameter values
that make the observed data most probable [106]. It does this by evaluating
a likelihood function across a family of probability distributions, where each
model is characterised by specific parameter values, allowing direct comparison
between models based on how effectively they explain the same data [106]. A
walk-through of the calculation steps is provided using Weibull as an example.

2.11.3 MLE Calculation Steps
Assuming that the observations x1, x2, . . . , xn are independent and identically
distributed (i.i.d.). The formula for Weibull is defined below:

Formula: Likelihood of Weibull Distribution

L(λ, β) =
n∏

i=1
f(xi; λ, β) =

n∏
i=1

β

λ

(
xi

λ

)β−1
e−(xi/λ)β

(2.19)

• L(λ, β) is the likelihood function, expressed as a function of the shape
parameter β and the scale parameter λ.

• f(xi; λ, β) is the PDF of the Weibull distribution evaluated at each
observation xi.

• The product symbol ∏ indicates that the total likelihood is the product
of individual PDF values.

With the likelihood function defined for the Weibull distribution, MLE selects
the parameter values θ that maximise the likelihood of the observed data.

Maximising Likelihood

Each parameter set θ, defines a specific model within the family of distributions,
and MLE identifies the one that best fits the current data while also being
able to predict future data [106]. The process effectively chooses the values of
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θ that make the observed data most probable [108]. When θ is estimated, the
PDF of the entire data are also determined [107].

To simplify the computation of the likelihood, the MLE takes the natural
logarithm of the likelihood function, which transforms the product of terms
into a sum, making it easier to compute. For the Weibull distribution, the
log-likelihood function is given as:

Formula:

Log of Likelihood

with Respect to Weibull

ℓ(λ, β) = log L(λ, β) =
n∑

i=1

log
(

β

λ

)
+ (β − 1) log

(
xi

λ

)
−
(

xi

λ

)β
 (2.20)

There are multiple methods for finding the optimal θ = (λ, β). In calculus,
we can take the logarithm of the likelihood or, using differentiation, compute
the first and second derivatives of the log-likelihood with respect to each
parameter. Using brute force, one can apply a grid search approach. Numerical
minimisation techniques for optimisation could also be employed, such as
Newton-Raphson (NR), Gradient Descent, Nelder-Mead, EM, and Markov
Chain Monte Carlo (MCMC) methods.

Several R packages support distribution fitting, notably MASS and fitdis-
trplus [109, 110]. Fitdistrplus extends MASS functionality, offering greater
flexibility in fitting continuous distributions for MLE and MME. MASS focuses
primarily on MLE, with limited ability to model continuous distributions using
MME [111]. For this study, the fitdist function from the fitdistrplus package is
used due to its support for both MLE and MME estimation methods, enabling
direct comparison under identical conditions.

2.11.4 Interval Estimation - Bayesian Inference
Bayesian inference is a statistical technique used to calculate probabilities based
on prior evidence, updating those probabilities as new data emerges. The
method originated with Thomas Bayes, who developed what is now known as
Bayes’ Theorem, and was later formalised by Pierre-Simon Laplace in 1812 [112].
Laplace established the basis for modern probability theory and Bayesian in-
ference by viewing probability as a measure of belief or uncertainty [112].
Bayesian inference, widely used in statistics, underpins many computational
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techniques, such as Markov Chain Monte Carlo (MCMC) methods, including
the Metropolis-Hastings algorithm [113] and Gibbs sampling [114]. Bayesian
approaches are essential across a variety of fields, including artificial intel-
ligence [115], finance [116], bioinformatics [117], climate science [118], and
natural language processing [119]. For interval estimation, Bayesian estimation
is advantageous when prior information is known.

For point estimation, MLE focuses on maximising the likelihood of the observed
data and estimates the parameters of a probability distribution. MME is an
approximation of the moments that match a distribution, and both MLE
and MME are sensitive to outliers [120, 107]. MLE can be computationally
expensive for large datasets or complex models with many parameters [106].
Its performance depends on distributions being correctly specified, for example,
modelling count data with a Poisson distribution when a Negative-Binomial is
more appropriate [121]. Such mis-specifications can lead to poor estimates.

2.12 Zero-Adjusted Models
When modelling service times, especially in supply chain organisations that
process EDI messages, it is common to see a high number of zero values. These
zero values may arise from the instantaneous processing of events. To address
the high volume of zero values, zero-adjusted models can be used to account
for the inflation of zeros in the distribution of the data.

With a high concentration of zero-valued service times, this can affect distri-
bution modelling as the majority of service times are concentrated near the
head, with relatively few messages in the tail. Models have been developed
to support these excess zeros, such as the Hurdle model proposed by Mullahy
in 1986 [122], the zero-inflated Poisson (ZIP) regression model proposed by
Lambert in 1992 [123], and the zero-inflated negative binomial (ZINB) regres-
sion model proposed by Hall in 2000 [124]. Other models do exist, but for this
research, the Hurdle and zero-inflated models will be briefly discussed.

Both the Hurdle and zero-inflated models handle excess zeros through a two-
part structure; however, they differ in how they treat the zero observations.
The Hurdle model is designed to support excess zeros in count data. It consists
of two components: a binary model that determines whether a count is zero
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or positive, and a truncated count model that estimates the distribution of
positive counts.

Only zeros values are generated by the binary model, and the count component
models only positive values. The binary component fitted using binomial
regression captures the likelihood of crossing the “hurdle” from zero to a
positive count. Once that hurdle is crossed, the positive counts are modelled
using a zero-truncated Poisson or negative binomial regression models [125].
Zero-inflated models are similar in that they have a binary model and a count
component model. However, the count component model is not truncated and
includes zeros as a valid outcome [125].

To better model count data with more zeros than expected, zero-inflated models
introduce a framework that separates structural zeros from those generated
by the count process. The Zip model outperforms a normal Poisson and
negative binomial model when excess zeros are due to a mixture of “perfect”
and “imperfect” states [123]. A “perfect” state refers to a process that always
produces a zero outcome, not by chance but by design. For example, consider
incoming messages that are automatically rejected and never processed. These
consistently result in a count of zero. In contrast, an “imperfect” state describes
a process that can produce either zero or non-zero outcomes, such as one
following a Poisson or negative binomial distribution. An example might be
messages that are processed but occasionally take negligible time, resulting in a
zero-duration count. Although the ZIP model captures excess zeros, additional
overdispersion remains, and models such as ZINB offer a better fit [126].

2.13 Complimentary Supporting Tools
Often, data is not smooth or easy to model, especially when working with
real-world datasets. Additional support tools may be necessary depending on
the results of the data analysis. For example, outliers are a common issue in
datasets.

2.13.1 Outlier Detection
Identifying outliers, often caused by rare events, is essential for statistical
modelling and general data analysis. Outliers are observations that stray
from a dataset’s distribution, affecting parameter estimation and skewing
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statistical test outcomes. Common statistical methods for detecting outliers
are the z-score, the Mahalanobis distance, Cook’s distance and the Minimum
Covariance Determinant. The Mahalanobis distance applies to multivariate
data and measures how far a point is from a distribution, accounting for both
variance and correlation in the data [127]. The z-score, used for univariate
data, quantifies how many standard deviations a data point is from the mean.
It is also called a standard score [128].

Cook’s distance combines studentised residuals and leverage to assess the
influence of each observation on the fitted model [129]. The Minimum Covari-
ance Determinant (MCD) identifies a subset of observations whose covariance
matrix has the smallest determinant, considering it as the most central part of
the data, and uses its mean and covariance to compute robust Mahalanobis
distances for outlier detection [130]. While Mahalanobis distance is often
used for general multivariate outlier detection, Cook’s distance is helpful in
regression analysis for identifying influential points [131]. Although MCD is
computationally intensive, it enhances outlier detection accuracy compared to
Mahalanobis distance and reduces bias in statistical estimation [131].

Other metrics could be used to identify extreme values, such as standard
deviation, Hills Estimator, and Dixon’s Q test. Each has strengths and
limitations:

• Standard deviation calculates the deviation from the data’s mean. Val-
ues exceeding 3 standard deviations are typically classified as extreme
values [79]. However, this is primarily used for Gaussian distributions
and is unsuitable for non-Gaussian, heavy-tailed datasets.

• Hill’s Estimator uses upper-order statistics to analyse data with heavy
tails. It estimates the tail index of a distribution. A lower tail index
implies a greater likelihood of observing extreme values [132].

• Dixon’s Q test can detect extreme values. However, it only supports
small datasets [133, 134]. Due to the limitations in the sample size, it is
not widely used for outlier detection.

• Skewness, is a statistical measure that describes the asymmetry of the
distribution of values around the mean. It can provide insights into
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distribution’s tails. A skewness value greater than 1 indicates significant
right-tailed skewness and the presence of extreme values. However,
skewness does not directly tell which data points are outliers and is not
a suitable approach [85].

2.14 Industry 4.0
Intelligent advances in information technology have greatly influenced the
evolution of supply chain networks. Industry 4.0, often associated with smart
factories and advanced manufacturing, refers to the integration of digital
technologies into industrial processes [135].

Within the context of B2B transactions, Industry 4.0 supports the automatic
exchange of information between business entities. It offers complete traceabil-
ity and transparency across suppliers, manufacturers, and trading partners.
These capabilities support the development of autonomous, streamlined services
throughout the supply chain industry.

The supply chain sector plays an important role in ensuring the transporta-
tion and traceability of goods. Adopting Industry 4.0 technologies has been
linked to improved performance, including a 53% increase in order fulfilment
opportunities and a 71% improvement in procurement processes [136].

Despite these advantages, the lack of standardisation in IT security remains a
barrier to widespread adoption. Recent research has presented a taxonomy of
the advantages and disadvantages of Industry 4.0 in supply chain networks [137],
and various frameworks have been proposed to evaluate organisational readiness
for adopting such technologies [138].

2.14.1 AmI, IoT and Supply Chains
Ambient Intelligence (AmI) refers to interconnected systems capable of sensing,
reasoning, and responding to user and environmental data [139]. AmI systems
are commonly deployed in smart spaces, where they apply context-aware
reasoning to collected data in order to adapt to users and operational needs [140].
Within supply chain queuing systems, this reasoning capability can support
intelligent decision-making, particularly under stress-test scenarios involving
EDI messages.
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A smart space connects devices in a distributed system, allowing resource shar-
ing and real-time information exchange [141]. Typically deployed in the Internet
of Things (IoT) environments, smart spaces rely on sensor data to continu-
ously monitor environmental characteristics. Once sufficient data is gathered,
automated actions can be triggered, such as dynamically scaling infrastruc-
ture containers based on the over- or under-provisioning of resources [142],
enhancing the efficiency and responsiveness of supply chain operations [140].

A range of AmI services has been developed within smart space environments.
One example is Smart-M3, an open-source information-sharing platform initi-
ated by Nokia in 2006 and later extended by various research institutions [140].
Smart-M3 offers a shared view of dynamic knowledge across distributed appli-
cations using two core components: the Semantic Information Broker (SIB)
and the Knowledge Processor (KP) [143]. To meet the latency demands of
such environments, fog computing has emerged as a supporting paradigm by
integrating resources at both edges and cloud levels. Fog computing enables
rapid processing of sensor data and execution of actuated responses using
the sense–process–actuate model [144], which is particularly beneficial in B2B
contexts, where real-time transaction visibility is critical.

A review of existing research into EDI transaction events indicates that sup-
ply chain organisations heavily depend on real-time monitoring and logging
systems to trace, manage, and resolve issues in EDI processing. The timing
and flow of transactions through queuing and integration platforms offer a
meaningful representation of service disruptions and recovery durations. With
that, Chapter 3 focuses on modelling the structural and temporal dynamics
of the EDI message. Chapter 4 introduces the challenge of heterogeneity
across message types while building a foundational framework for modelling
these messages. Chapters 5, 6, and 7 then address convergence and GoF
issues in distributional modelling due to the implications of time rounding in
logged EDI data and the resulting challenges it poses for accurate parameter
estimation. Building on this, Chapter 8 explores methods for unrounding or
recovering the underlying event times, with Chapter 9 proposing techniques to
fit models without requiring explicit correction of rounding errors. Together,
these chapters form a coherent progression from foundational modelling to
practical solutions for handling imperfect real-world EDI data.
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2.15 Research Gap
Existing literature largely assumes continuous and well-behaved observations
when applying distribution fitting, parameter estimation, and GoF testing.
Limited research has investigated the effects of quantisation on statistical
modelling, particularly regarding:

• The impact of rounding on GoF tests.

• Parameter estimation bias under quantised conditions.

• Instability in distribution fitting.

• Reconstruction of continuous distributions from rounded observations.

• The suitability of modelling techniques under heavily quantised data.

This thesis addresses these gaps by investigating how quantisation affects
statistical modelling and by proposing methods to mitigate or account for
quantisation-induced distortions.
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CHAPTER 3
Where We Came From

The electronic exchange of B2B (e.g. purchase orders, inventory data and shipment
notices between departments or organisations) information can eliminate the need
for human intervention and paper-copy trails. Incorporating EDI standards into an
organisation can drastically improve the efficiency of processing times. Modelling
the behaviour of EDI messages within a supply chain network’s queuing system has
many purposes, from understanding the efficiency of queue behaviour to process
re-engineering. The present chapter demonstrates that these messages are heteroge-
neous, correlated, not stationary, challenging to model, and investigates whether a
parametric or non-parametric approach is appropriate to model message service and
interarrival times. The results show that parametric distribution models are suitable
for modelling the distribution’s tail, whilst non-parametric KDE models are better
suited for modelling the head.

3.1 Introduction
Queuing systems help businesses within the supply chain domain enhance
operational efficiency and throughput by supporting high-volume processing
of transactional messages [27]. Where demand temporarily exceeds supply,
queuing systems help maintain system stability by preventing job loss and
enabling message prioritisation. Maintaining a steady-state operation is integral
in avoiding supply chain distribution problems [29].
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Problems arise within a supply chain network, where message processing times
are not clearly understood. Such issues can be detrimental to simulation-based
testing strategies, particularly when the modelled messages do not accurately
represent the true characteristics of real-world data, or when test scenarios
are limited to a narrow subset of message types, failing to capture the full
variability of the system. In practice, these heterogeneous EDI messages
often suffer from numerous failed message retries and throttling, resulting in
bottlenecks within the Enterprise Messaging system.

EDI messages are split into many fragments to support parallel processing and
more efficient message throughput through the queuing systems. However, there
are disadvantages to message fragmentation when modelling. Fragmentation
introduces a correlation between jobs, violating assumptions of independence
for queue modelling. Fragmented messages can lead to overdispersion, com-
plicating both parametric and non-parametric modelling techniques. Other
reasons for fragmenting messages include file size limitations imposed by trans-
port protocols or by the receiving trading partners’ limitations. EDI messages
utilise hierarchical structures based on message type, and large batches can be
automatically split at various levels to facilitate easier processing. EDI transla-
tion tools and middleware systems have configuration options to automatically
split messages based on routing and mapping rules.

Here, the chapter investigates the challenges encountered when modelling EDI
transactions, including correlation, message bundling, and heavy-tailed data.
Various techniques are used to classify, filter, split, and group data to facilitate
both parametric and non-parametric modelling. The chapter aims to answer
the following questions:

1. Can EDI messages be effectively modelled using parametric or non-
parametric techniques?

2. Can service times (ST) and interarrival times (IAT) be accurately mod-
elled using these approaches?

3. To what extent can these messages be classified to reflect the complexity
and variability of their underlying structure?
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Section 3.2 gives an overview of the data and describes the methods intended
to apply to service times, interarrival times, and other aspects of the data.
Section 3.4 gives results of the methods with some limited commentary, but
the main discussion is saved until Section 3.5. The results indicate that
assumptions of i.i.d. behaviour do not hold in raw message data, and that
segmentation is essential for uncovering meaningful temporal dynamics in
service and interarrival times. The chapter concludes with a summary in
Section 3.6.

3.2 Data Overview
The study presented uses an enterprise dataset from a cloud-based supply
chain network. Four log file datasets were compiled to form the core source
of the research data. The dataset collected for analysis spanned a 13.5-hour
window, from midnight to 13:30 on 30th November 2020. While the data was
being checked for completeness, messages entered the system every second. A
comparison between the expected and actual number of seconds revealed 13,796
gaps, which may indicate either missing data or intervals with no incoming
messages. The production dataset reveals that, on an average day, the system
processes over two million messages.

For accurate modelling, it is essential to consider both a high-level overview
of the system architecture and a finer, trace-level perspective of the messages,
which provides a more comprehensive understanding of the message flow,
processing logic, and the structural intricacies of the underlying infrastructure.

Figure 3.1 illustrates the flow of a message through the cloud-based supply
chain network. The research focuses on the components shaded in grey, which
include the Translation Service, a B2B Rules Engine, a Message Dispatcher and
a Session Announcement Protocol (SAP) interface server, the primary input
source for data originating from the World Wide Web. These components were
collectively deployed across seven dedicated servers.
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Figure 3.1: Supply Chain Network Architectural Message Flow.

Data from the entities was collected using Graylog, which captured both
inbound SAP messages and Outbound Service activity. Logs from the Mes-
sage Dispatcher, B2B Rules Engine, and Translation Service were aggregated
through a coordinated logging process, resulting in a mix of structured, un-
structured, and XML-based formats reflecting the system’s complexity.

Initial efforts focused on tracing the complete end-to-end flow of messages from
their origin to their final destination, specifically, from the SAP interface to the
Outbound Service. Figure 3.2 shows an example of the processing complexities
of a single message flow end to end.
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Figure 3.2: B2B Low Level Message Flow.

A traversal trace of the message flow is outlined. The message originates at the
SAP source server, depicted on the left-hand side as the “Inbound Message” in
green, and subsequently passes through the B2B Rules Engine and the Message
Dispatcher, represented by the brown entities. Subsequently, the message is
dispatched to three distinct queues noted in gray for downstream processing.
The queuing system is IBM MQ. After passing through the first set of IBM MQ
queues, the message then gets sent to the Translation Service represented by
the blue entities, where the message is split with parent-child relationships. In
this case, the message was split into three fragments. The Translation Service
processes the message through the Translation queues and then returns it to
the B2B Rules Engine / Message Dispatcher, where the Rules Engine initiates
Command Requests and Data Requests shown in the figure as shaded white
entities. After the Command Request and Data Request are complete, the
Rules Engine and Message Dispatcher send the message to the client’s trading
partner, which is the last entity to the right of the image in light green. As
IBM MQ did not log when a message left the queue, the Rules Engine and
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Message Dispatcher Command Request and Data Request timestamps were
used to determine when the message left the queue.

Figure 3.2 shows that one message entered nineteen queues as part of its
lifecycle, which unobfuscates the flow of an EDI message in a way that does
not seem to be presented in previous literature.

Based on the available data, only 527 incoming messages could be fully traced
as having been initiated from the SAP interface within the log files. Due to the
limited usage of this interface at the time of data collection, the analysis shifted
to using the Translation Service as the entry point, since approximately 90%
of all incoming messages are processed through this component, amounting to
roughly two million messages per day.

The Translation Service is responsible for converting messages from one format
to another (e.g., X12 to CSV) and for concatenating or extracting documents
embedded within a message. Additionally, the Translation Service supports
the splitting of a single input file into multiple output files. Such functionality
reduces the size of individual messages processed through the queues, thereby
decreasing job sizes and enabling more efficient parallel processing.

Figure 3.3 shows the chronological order of steps a message takes within the
Translation Service.
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Figure 3.3: Message Translation Steps.

A simple message was chosen to show the processing order, as a more complex
message would result in a larger number of steps, rendering the graph across
many pages. Step 4 is where the actual Translation Service starts. Document
extraction begins in Step 6. In Steps 16 to 18, messages are sent to the
Translation queue, as noted in Figure 3.2 with the grey entities with the titles
“Queue 3” and “Queue 4”. Previous literature does not showcase the order of
the steps within the Translation Service. Different message types do not always
progress in a strictly chronological order through the numbered translation
steps. In some instances, a message may skip a step, while in others, it may
loop back and repeat a step.

From the Translation Service, data is observed going into two different queues.
The CMD queue is the command queue, where commands are sent. The Data
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queue is where the corresponding data is sent. Every message is associated
with a CMD and Data Queue entry. If we refer back to Figure 3.2, this single
message hits these queues eight times in total, represented by the rounded
grey rectangles titled “Queue 3” and “Queue 4”. Since this research focuses on
modelling service and interarrival times, the role of these queues is crucial, as
they represent the primary points of message processing and delays within the
system. Table 3.1 shows the volume of messages analysed.

Table 3.1: Translation Service: All Data Message Volume.

Date CMD Queue Data Queue
30th Nov 1,036,938 1,036,956

3.2.1 Data Limitations
A number of practical limitations of the dataset were identified. First, it was
challenging to trace a message end-to-end. There was no unique identifier
between the different log files and Graylog. Whilst every effort was made
to identify unique characteristics that trace individual messages through the
system, the developed method is somewhat ad-hoc.

Due to the system’s logging configuration, only the submission of messages to
the queue could be directly observed. The point at which the message exited
the queue had to be inferred using log data from downstream applications.

Collecting long-duration data from the system is challenging due to the high
message volume processed by the Rules Engine and Message Dispatcher. As a
result, log files are retained for only a few hours before being recycled.

3.3 Methods
3.3.1 Message Classification
Partitioning by message type was domain-driven, reflecting operational differ-
ences between distinct EDI transaction schemas.

Log-scale plots of service times reveal distinct, overlapping distributions, es-
pecially when the messages are classified as Split=“1”. These may reflect
different message classes motivating the research on message classification.
Figure 3.4 focuses on service times for messages with Split=1 and zero values
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removed. A value of Split = 1 indicates that the message was not divided into
multiple submessages. It shows clear groupings between log-values –7 and 0.
It appears that the messages from -7 to -4 form one distinct group, suggesting
quantisation. The bin widths in the plot provide sufficient resolution without
distortion, and identify these structural groupings.

Figure 3.4: Service Times, No Zero’s, Log Transform, Split=1, ST< 1 Second.

To further investigate message classification, the range from –4 to –1.5 is
examined in greater detail, revealing up to five potentially distinct message
types, as illustrated in Figure 3.5.

Figure 3.5: Service Times, No Zero’s, Log Transform, Split=1.
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Together, these visualisations support the case for structural classification of
messages. A practical classification scheme might incorporate both service
time characteristics and metadata, such as message status or file size. Potential
status categories include “Waiting”, “Rejected”, “None”, “Accepted with
Errors”, “Accepted”, “Partially Accepted”, and “Received”. Such classification
would facilitate subsequent modelling steps by enabling stratification into more
homogeneous subgroups, thereby improving both accuracy and interpretability
of the results.

3.3.2 EDI Modelling
When fitting data to parametric models, the easiest case is when time-series
data shows no dependence on previous values. The independence of arrivals
is also a common assumption in queuing models. If a correlation exists, the
time-series data may be deemed non-stationary, and different techniques may
be used to handle this correlation. The data is checked for a correlation while
checking the distribution fit of the data. Referring back to Table 2.6, which
shows the Spearman’s rank correlation co-efficient test statistic for non-normal
data, this test will be used due to the non-Gaussian nature of the dataset.

In the following subsections, the analytical approach is described.

3.3.2.1 Normal And Busy Periods

Partitioning by operational periods was statistically motivated to reduce the
effects of temporal non-stationarity and varying workload intensity across the
observation period.

According to the DevOps support team, a specific time range was identified
during which the system was believed to have experienced performance issues.
When analysing the data, a period was found where the number of messages
queued was always bigger than zero and often growing. Accordingly, the data
was broken into two periods, busy and normal. Table 3.2 shows the busy period
was just under forty minutes, whilst the normal period was just over twelve
hours. Such a pattern suggests a similar volume of messages per second is
going into each queue (≈ 22 messages per second), suggesting the busy period
is caused by a change in STs rather than IATs. Arrivals to the CMD and
Data queue are similar in both periods, though there is a slight discrepancy of
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eighteen messages between the two queues in the busy period. The difference
may be due to some messages containing large attachments. If the message is
big, it is paginated, causing more data messages.

Table 3.2: Translation Data: Different Time Periods.

Period Start Time End Time CMD Queue Data Queue
Normal 12AM 12PM 984,183 984,183
Busy 12:50PM 1:29PM 52,755 52,773

3.3.2.2 Message Split Count

Partitioning by split count was motivated by the hypothesis that fragmented
messages exhibit different timing characteristics from single-message transac-
tions.

A significant number of messages were part of what is called a bundle, i.e.,
part of a group with zero seconds between them. Given the bursty nature
of EDI message traffic and the diverse characteristics within these messages,
splitting messages by their bundle size may help isolate underlying patterns and
reduce heteroscedasticity, potentially improving the fit of parametric models.
Therefore, messages are classified by the number of messages in each bundle to
better capture these dynamics. The messages are categorised into three groups
as follows:

First, Split=“1” occurs when a single message is sent into the system, and
one message gets sent to the queue. The count refers specifically to how many
times the message is split and sent to a particular queue, such as the CMD
queue. These messages are not part of a bundle and may be small in size.
Split=“2” occurs when one message enters the system and two messages are
sent to the queue. Finally, When Split=“Other”, a single incoming message
results in three or more messages being sent to the queue. The highest number
of messages produced from one input, effectively the largest bundle, was 1,617.
That means that one message produced 1,617 message splits. Referring back
to Section 3.2, thirty-two billion jobs (2 million * 1617) can come from two
million messages.

Table 3.3 shows how many messages belong to each split group over the normal
period. As seen from the table, most messages are in the Split=“1” group.
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Table 3.3: Translation Data: Splits Count.

Splits Normal Period Percentage
1 558,549 57%
2 233,421 24%

Other 192,213 19%

3.3.3 Correlation
3.3.3.1 Hurdle Modelling

A considerable volume of messages was processed in zero seconds. To improve
the distributional fit and account for overdispersion, a Hurdle-type model was
applied, with zero values modelled separately. Table 3.4 shows the percentage
of messages removed using this approach.

Table 3.4: Normal Period: Hurdle-Type Model.

Splits Normal Period Data Removed
1 511,670 9%
2 112,295 48%

Other 119,39 6%

3.3.3.2 Message Bundle

As noted, there are a number of messages that result in a bundle. When
calculating the arrival times and service times of these messages, it may make
sense to treat them as a single message. In this case, the first message is used
in the bundle to calculate the interarrival times and service times, as the other
messages appear to have zero duration.

3.3.3.3 Scheduled Versus Un-Scheduled Messages

During the normal period time frame, the data was checked for other signs
of burstiness. Figure 3.6 shows the frequency of jobs arriving based on the
minute within the hour. Minute 00 shows the highest message frequency, with
minutes 30–33 and 43–46 also showing elevated activity. These peaks may
correspond to scheduled jobs configured on the servers.
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Figure 3.6: Normal Period: Burstiness in Data.

As these scheduled jobs are likely to require separate modelling, the corre-
sponding scheduled times were excluded prior to modelling random arrivals.

3.3.3.4 Map Count

Partitioning by map count was motivated by the hypothesis that additional
translation mappings increase processing complexity and influence service-time
behaviour.

Referring back to Figure 3.3, in step 7, the Translation Service fetches a map
for the message. A map is an XML information document related to the job
(e.g., cost, shipment, details, etc.). Some maps may also contain programmatic
loops. As different maps may influence message duration, different models are
fitted based on the mapping used.

In practice, not every message is associated with a map, and many maps can
be associated with one message. Table 3.5 shows the total count of maps for
each split. From the analysis, the maximum number of maps for one message
was 30.
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Table 3.5: Normal Period: Map Count.

Split Total Maps Max Maps: Per Message
1 286,622 2
2 135,095 4

Other 14,556 30

3.3.3.5 Messages by Hour

Hourly partitioning was statistically motivated to reduce the impact of temporal
non-stationarity and workload fluctuations.

To investigate time-dependent behaviour in EDI messages, the data is seg-
mented by hour. The approach aims to mitigate the impact of non-stationarity
where statistical properties such as mean and variance shift over time, by
breaking the data into periods of reduced variability, thereby minimising cor-
relation. Modelling by hour provides a clearer understanding of underlying
patterns and improves the reliability of subsequent statistical analysis.

3.3.4 Parametric Modelling
Service and interarrival times are modelled using parametric distributions.
Service time is defined as the duration required to process a message, from the
moment it begins processing until it completes. Interarrival time refers to the
time elapsed between the arrivals of successive messages into the queue.

Separating head and tail behaviour was motivated by the strong heavy-tailed
characteristics observed in the empirical distributions.

As previously mentioned, a head-and-tail approach is considered for the dis-
tributions. For both service and interarrival times, the head of the data is
defined as values less than or equal to one second. A range of candidate
distributions (see Table 3.6) and data transformations (see Table 3.7) are
considered to smooth the data and identify potential models that best fit the
dataset. Parameters for each distribution are determined, after which AD GoF
tests are applied to evaluate model suitability.
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Table 3.6: Parametric Distributions.

Normal Log Log-
Logistic Logistic

Cauchy Gamma Burr Inverse
Burr

Exponential Beta Weibull Pareto

Table 3.7: Data Transformations.

Log() Sqrt() Exp()
Log(log) Sqrt(exp) Sqrt(log)

3.3.5 Non-Parametric Modelling
When parametric methods are insufficient, non-parametric techniques like KDE
are considered. With KDE, bandwidths are selected using various methods,
including Silverman’s Rule of Thumb, Sheather & Jones, Biased and Unbiased
Cross-Validation, and the Direct Plug-in method.

3.4 Results
The following section presents the results of the analysis.

3.4.1 Message Classification
Referring back to the hypothesis question on message classification, Figure 3.4
shows the head of the data transformed for all messages > 0.000 milliseconds
and < 1 second. Table 3.8 presents an attempt to manually classify messages
into two groups: Group 1, corresponding to log-transformed values from –7 to
–4 (0.001 to 0.018 milliseconds), and Group 2, ranging from –4 to –2.7 (0.019
to 0.036 milliseconds).

Table 3.8: Message Classification: Head Data - Group Comparison.

Group Milli-
Seconds

Doc
Type
Count

Max
Map
Count

File
Size
Bytes

Splits Translation
Action

EDI
Types

1 0.001:
0.018

2 2 60:50
million

0–1521 Defer,
Doc Extract,
TX

X12,
Edifact,
Other,
Idoc,
Eancom

2 0.019:
0.036

2 2 60:11
million

0–889 Defer,
Doc Extract,
TX

X12,
Edifact,
Other,
Idoc,
Eancom

Comparison of the two groups in Table 3.8 indicates that Group 1 contains
messages with larger byte sizes than those in Group 2. The number of message
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splits in Group 1 differs from that in Group 2. The more times the message
is split, the faster the duration. Thus, it can be concluded that messages in
Group 1 are characterised by short processing durations, and this may be due
to the number of times the messages are split. Group 2’s smaller split count
may explain the increased processing time for the messages.

Further analysis is attempted to manually identify distinct message classes
based on Figure 3.5. These messages can be approximately grouped into
distinct categories, as shown in Table 3.9.

Table 3.9: Message Classification Grouping.

Group Start End Range (ms) Mean (ms) Customers
1 -7 -4 0.001 – 18 0.005 651
2 -4 -2.7 18 – 67 0.036 635
3 -3.0 -2.2 49 – 110 0.307 577
4 -2.0 -1.7 137 – 182 0.158 429
5 -1.7 -1.5 182 – 223 0.205 417
6 -1.5 0 223 – 999 0.404 524

These results suggest that EDI messages are not generated from a single
homogeneous process, but instead consist of multiple overlapping behavioural
classes. The differing timing characteristics indicate substantial heterogeneity
within the dataset. This violates the assumption of distributional simplicity
commonly assumed in classical queueing and parametric modelling approaches.
Consequently, modelling the full dataset using a single parametric distribution
is unlikely to adequately capture the underlying structure of the data.

Manual analysis of additional features, including “mapName”, “receiverID”,
“sourceFileSize”, “sourceMessageID”, “docCount”, “sourceFilename”, “docEx-
tractMapUsed”, “typingMapUsed”, “ackStatus”, “hostName”, “actionCate-
gory”, “transactionResponse”, and “businessSender” was conducted. However,
no clear groupings emerged, highlighting the complexity of distinguishing
meaningful structure or uniqueness among the messages.

Table 3.10 presents a summary of how file sizes may relate to message split-
ting. When large files entered the system and were subsequently split, the
resulting fragments were not always uniformly distributed. Inconsistencies
were also found in the tagging of file size elements, suggesting unreliable or
non-standardised metadata capture. Variability in metadata reinforces the
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value of direct behavioural features, such as timing (e.g., service duration), for
classification purposes.

Table 3.10: Summary: File Size Analysis.
File Size Condition

Mode =
Document

FileSize =
SourceFileSize

SourceFileSize is
NULL

SourceFileSize >
FileSize

FileSize > Source-
FileSize

Count 860,201 192,734 312,693 226,093 441,454

3.4.2 EDI Modelling
3.4.2.1 Normal and Busy Periods

Table 3.11 shows summary statistics for the service and interarrival times for
each queue during both normal and busy periods. The maximum durations of
both service and interarrival times are 458.44 and 446.84 seconds, respectively.

Table 3.11: Normal/Busy Period - ST & IAT in Seconds.Milliseconds.

Normal Period Busy Period
CMD Queue Data Queue CMD Queue Data Queue

Service Time (s)
Min 0.00 0.00 0.00 0.00
Mean 0.04 0.04 0.04 0.04
Max 22.80 22.80 458.44 458.44

Interarrival Time (s)
Min 0.00 0.00 0.00 0.00
Mean 0.04 0.04 0.04 0.04
Max 22.43 22.43 446.84 446.81

Figures 3.7 and 3.8 show the histograms over the full range contain a single
bin where the majority of the data is concentrated. On this scale, adding more
bins does not change the histogram’s shape, since most messages took under
one second to process. These figures do not provide sufficient detail to discern
meaningful patterns, aside from indicating a long tail in the data.

65



3.4. Results

Figure 3.7: Histogram: Busy Periods, IAT and ST.

Figure 3.8: Histogram: Normal Periods, IAT and ST.

Segmenting the data using different EDI modelling approaches reveals more
discernible and informative patterns as seen in Section 3.4.2.2.

3.4.2.2 Message Split Count

The service and interarrival times are divided into head and tail components.
Figure 3.9 shows the splits for both STs and IATs. The bottom row uses coarse
binning, providing minute-level granularity that may obscure finer patterns. In
contrast, the top row uses finer bins, revealing more structure in short-duration
messages.
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The improved clarity in the distribution tails results from the combined effect
of finer time resolution and segmentation by bundle size. These adjustments
highlight patterns that might otherwise be lost, particularly in bursty traffic
where short messages are easily smoothed over.

Figure 3.9: Messages - Heads and Tails.

To assess whether messages are independent and identically distributed (i.i.d.),
a key assumption for modelling service and interarrival times, autocorrelation
(ACF) and cross-correlation (CCF) analyses were performed. Partial autocor-
relation (PACF) analysis was not required because the focus was on assessing
whether the message times are independent rather than identifying the specific
lag structure. The ACF plots indicate persistent temporal dependencies, par-
ticularly between service and interarrival times, with significant correlations
beyond 60 lags where the service times are < 1 second. When service times
exceed > 1 second, a statistically significant autocorrelation is observed only
at the second lag, after which the correlations dissipate, indicating a lack of
longer-term temporal dependence.

The cross-correlation analysis between service and interarrival times shows
that for service times <= 1 second, strong and persistent cross-correlations
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are observed across multiple lags, indicating a strong relationship between
message arrival and process duration. Where service times are > 1 second,
cross-correlations are weak. However, a statistically significant spike appears
near lag 0, indicating that elevated message traffic has an immediate impact
on service time performance. A second correlation at lag 7 may be a delayed
feedback effect, where prior service performance influences future message
arrivals.

Correlation was further examined by stratifying messages by split count. As
shown in Table 3.12, no correlation is evident in the tails, except for interarrival
times at split=“2”, whilst the head displays notable correlation. The region
is modelled cautiously unless the dependencies can be removed or adequately
explained.

Table 3.12: Correlation Checks by Split.

Correlation Indicated: ACF
Test Split = 1 Split = 2 Split = Other

ST ≤ 1 Second True True True
IAT ≤ 1 Second True True True
ST > 1 Second False True False
IAT > 1 Second False False False

Note. The 95% confidence cut-off point was 0.00 for n ≤ 1 second and 0.04 for
n > 1 second, across all splits.

3.4.3 Correlation
3.4.3.1 Hurdle Modelling

Zero-duration transaction messages were removed from the head of the data
to enable hurdle modelling, as standard transformations require either shifting
or excluding zeros. Even after transactions of zero duration were removed
leaving only service times > 0 and < 1 second, the distribution (as shown in
the left histogram of Figure 3.10) does not change substantially. Interestingly,
removing these zeros from the data does not remove the correlation, as seen to
the right in Figure 3.10.
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Figure 3.10: Distribution Head : Message Bundle with Hurdle-Type Implementation.

To further investigate the correlation in service times, the data is explored using
alternative partitioning methods as discussed in the next set of sub-sections.

3.4.3.2 Message Bundle

When modelling by message bundle, the analysis showed that all messages
up to and including the second-last message in each bundle were processed
in zero seconds. Only the final part of each bundled message had a duration
greater than zero seconds. Modelling was then conducted at the message
bundle level to assess whether a correlation persisted. Figure 3.10 (introduced
in the previous section) confirms that correlation persists even after modelling
at the message bundle level.

Thus, bundles of messages alone are not a full explanation of the correlation
in the data.

3.4.3.3 Scheduled Versus Un-Scheduled Messages

Referring back to Figure 3.6, distinct periods of higher than normal message
frequency are evident, particularly at minute 00, minutes 30–33, and minutes
43–46. These bursts may contribute to correlation in the data. To assess their
impact, scheduled messages were removed, and a correlation assessment was
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re-evaluated. However, as shown in Table 3.13, this adjustment did not remove
correlation.

Table 3.13: Service Times: Correlation Checks by Schedule.

Hurdle Imple-
mentation

Removed Minutes
00

Removed Minutes
30–33

Removed Minutes
43–46

Correlation
(ACF)

True True True True

Different filtering techniques were applied to remove correlation. Table 3.14 is
a summary of the different filtering techniques applied and the results of the
correlation tests.

Table 3.14: Re-cap of ACF Correlation: Test Results.

Seq Corr-
elation
Ex-
ists?

Volume % Hurdle
Dis-
tribu-
tion

Split
= 1

Split
= 2

Split
=
Other

00
Sched-
ule
Re-
moved

30:33
Sched-
ule
Re-
moved

43:46
Sched-
ule
Re-
moved

<=1
Sec-
ond

> 1
Sec-
ond

1 True 558,312 57 False True False False False False False True False
2 True 233,373 24 False False True False False False False True False
3 False 192,208 20 False False False True False False False True False
4 False 511,669 52 True True False False False False False False False
5 True 112,294 11 True False True False False False False False False
6 True 11,938 1 True False False True False False False False False
7 False 487,212 50 True True False False True False False False False
8 True 109,971 11 True False True False True False False False False
9 True 11,526 1 True False False True True False False False False
10 False 440,629 45 True True False False True True False False False
11 True 100,447 10 True False True False True True False False False
12 True 10,560 1 True False False True True True False False False
13 False 394,702 40 True True False False True True True False False
14 True 928,75 9 True False True False True True True False False
15 True 9,623 1 True False False True True True True False False
16 True 558,312 57 False True False False True False False True False
17 True 233,373 24 False False True False True False False True False
18 True 233,373 24 False False False True True False False True False
19 False 235 0 False True False False False False False False True
20 False 47 0 False False True False False False False False True
21 False 6 0 False False True False False False False False True
22 False 216 0 True True False False True True True False True
23 False 44 0 True False True False True True True False True
24 False 6 0 True False False True True True True False True
25 True 394,485 40 True True True False True True True True False
26 True 92,831 9 True False False False True True True True False
27 True 9,617 1 True False False True True True True True False

The organisation has over 600 customers using their system. Splitting the data
by each customer was considered; however, that would require considerable
effort and is not feasible from a modelling perspective. Ideally, the model
should represent the majority of the dataset. Therefore, the data was initially
split using a single customer as a guide to assess whether further splitting by
additional customers was necessary. It was observed that the shape of the data
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remained consistent, indicating that this technique is not feasible to implement
from a holistic standpoint.

3.4.3.4 Map Count

To assess the impact of mapping on correlation, the data was partitioned by
the number of maps associated with each transaction. Analysis revealed that
40% of transactions had no map name (i.e., no maps applied), while 56% had
exactly one map. In total, 96% of transactions had at most one map, with
only 3.5% having more than one. As shown in Table 3.15, splitting the data
by map count showed evidence of weak correlation, except for messages with
more than three maps, a group representing just 0.14% of the dataset. For
example, among transactions with exactly one map, the correlation coefficient
was r = 0.07, supporting the classification as weak.

Table 3.15: Service Time : Correlation Results by Map Count
Map Count

Metric All 1 2 >2 >1 <1 ≤1 ≤2 ≤3 >3
Messages 687,467 383,024 22,832 1,311 24,143 280,297 663,321 686,153 686,495 969
Percentage 100.00 55.72 3.32 0.19 3.51 40.77 96.49 99.81 99.86 0.14
Correlation Weak Weak Weak Weak Weak Weak Weak Weak Weak True

It appears that the number of maps is a contributing factor to the correlation
being seen.

3.4.3.5 Message by Hour

The data was aggregated and modelled by hour to evaluate if aggregation could
reduce the effect of correlation and to assess whether the data was stationary.
However, correlation persists, as shown in Figure 3.11, which displays the ACF
of service times starting at midnight. The plot reveals a significant correlation
effect at shorter lags, which gradually diminishes but persists beyond lag 100,
indicating correlation in the data.
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Figure 3.11: Correlation: Hour.

The data also shows evidence of longer-term trends. Table 3.16 indicates un-
equal mean and variance across time, which is an indication of non-stationarity.

Table 3.16: Service Times ≤1 Second, Split=“1”: Correlation Summary

Hour Range Correlation Mean Per Hour Variance Per Hour
00–04 True 0.11 0.02
05–08 True 0.07:0.08 0.01:0.02
09–11 True 0.04:0.05 0.00

For instance, mean service times are consistently higher between midnight and
4 a.m. In non-stationary data, a correlation can arise from trends rather than
short-term temporal dependencies.

3.4.4 Parametric Modelling
3.4.4.1 Modelling Service and Interarrival Times

Initially, parametric distributions were fitted to the entire dataset without
filtering, and GoF was evaluated. However, only specific subsets of the data
showed a reasonable fit. For instance, applying a filter (Split=“1”) to the tail,
representing just 0.3% of the data, yielded an improved fit. In this case, a
Hurdle-type model was used, and a simple transformation (adding a constant
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of 1) was applied to address zero values that interfere with logarithmic GoF
calculations.

Service Times
For this 0.3% subset, the CDF plot in Figure 3.12 compares the empirical and
fitted Burr distributions. The accompanying P–P plot shows the empirical
cumulative probabilities against the theoretical ones. The close alignment with
the reference line indicates minimal deviation, suggesting a good fit.

Figure 3.12: Normal Period, Split=’1’, Burr Fitting, Service Times - > 1 Second.

There is evidence to suggest that the filtered data can be drawn from a Burr
distribution. The AD test statistic score of 1.2 in Table 4.13 indicates a
reasonable fit.

Table 3.17: AD Test: Normal Period, ST, Tail of Data.

AD Score P-Value Test
1.2 0.3 Pass

For the head of the data, defined as service times less than or equal to one
second, a parametric fit could not be achieved, regardless of the transformations
applied or the use of data-splitting methods. Table 4.14 shows the AD test
statistic results. An AD score of 3.5 or lower is considered sufficient to pass
the AD GoF test; however, all test results produced significantly high test
statistics.
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Table 3.18: ST < 1, Filter = 1 : AD Test.

AD
Test

Data Log
(data+1)

Sqrt
(data)

Exp
(data)

Sqrt (log
(data+1))

Log (log
(data+1)
+1)

Sqrt(
exp(
data))

AD Score
Log-
normal

4146 4279 4146 78917 4279 4427 78917

Log–
logistic

1099486 153957 1703852 35541593 1778558 1198064 89237003

Gamma 681391 20247 7959 85258 6757 14646 81636
Weibull 410883 453321 615255 2912272 679932 492797 9870194
Expo-
nential

131869 112365 9986 200079 10607 97906 216494

Cauchy 101117 101117 98590 42829 103782 96204 102433
Logistic 58318 54796 24413 63141 23026 51976 60585
Pareto 4300 4624 9986 200079 10607 4936 216494
Burr 4488 4682 4487 54435 4682 4903 54470
Inv
Burr

5210 5651 5216 57655 5690 6089 57675

The majority p-values round to 0.00

Parametric fitting was also attempted on subsets of the data grouped by map
count, as prior analysis indicated that splitting service times by map count
reduced correlation. Table 3.19 presents the AD GoF results. Despite applying
square root and exponential transformations, the resulting AD scores were
exceptionally high, and none of the fits satisfied the AD test criteria.

Table 3.19: Map Counts = All - AD Tests.

Data+1 Sqrt(data+1) Exp(data+1)
Transformation AD Test P-Value AD Test P-Value AD Test P-Value

Log-normal Inf 0.00 Inf 0.00 Inf 0.00
Log–logistics 53231368 0.00 132692775 0.00 Inf 0.00

Gamma Inf 0.00 Inf 0.00 Inf 0.00
Weibull Inf 0.00 40223101 0.00 Inf 0.00

Exponential 273165 0.00 293850 0.00 Inf 0.00
Cauchy 136839 0.00 135069 0.00 140489 0.00
Logistic Inf 0.00 Inf 0.00 Inf 0.00
Pareto 278707 0.00 293850 0.00 Inf 0.00
Burr Inf 0.00 Inf 0.00 Inf 0.00

Inverse Burr inf 0.00 Inf 0.00 Inf 0.00
The table excludes messages with no maps. 40% of messages have no maps.

Interarrvial Times
Similar tests were conducted on the tail of the interarrival times, specifically
where the interarrival time exceeds one second. For example, distribution
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fitting was attempted on the interarrival times with Split= “1” and without
applying a Hurdle-type model. As shown in Table 3.20, the AD test results
indicate that the filtered data does not conform to a parametric distribution.
However, both the untransformed data and the square root transformations
(highlighted in bold) show relatively close alignment with a Burr distribution,
though neither meets the AD test criteria.

Table 3.20: IAT > 1, Filter = 1 : AD Test.

AD
Test

Data Log
(data+1)

Sqrt
(data)

Exp
(data)

Sqrt (log
(data+1))

Log (log
(data+1)
+1)

Sqrt(
exp(
data))

AD Score
Log-
normal

Inf 55 Inf Inf 55 48 Inf

Log–
logistic

16000 45000 59000 Inf 120000 80000 Inf

Gamma 34000 87 Inf 6600 66 61 7100
Weibull Inf 6600 4800 Inf 24000 18000 .
Expon-
ential

480 610 670 Inf 740 680 Inf

Cauchy 110 92 95 170 82 83 140
Logistic Inf 56 Inf Inf 46 46 Inf
Pareto 8200 610 670 Inf 740 680 Inf
Burr 3.9 6.6 4 Inf 6.6 8.5 Inf
Inv
Burr

20 15 20 Inf 15 14 Inf

The majority of p-values round to 0.00

Despite applying log transformations and Hurdle-type models, most distribu-
tions failed AD GoF tests, particularly for the head of the data. Tests for a
uniform distribution on scaled file sizes yielded inconsistent outcomes across
statistical methods; for example, they failed the AD GoF tests but passed the
chi-square test.

3.4.5 Non-Parametric Modelling
As no suitable parametric model was identified, KDE was applied to the head
of the data where Split = “1”. Model fit was assessed visually and statistically,
following established guidelines for density estimation evaluation [145]. In this
context, a “good fit” was defined as one in which the estimated density closely
follows the observed data distribution, minimises unexplained white space, and
accurately represents both head and tail behaviour.
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However, the resulting histograms showed excessive white space, regardless
of bandwidth, kernel, bin count, or custom breakpoints, indicating poor fit.
The dataset was then reduced to a sample of fifty thousand messages, and
k-fold cross-validation was implemented prior to reapplying KDE. As shown in
Figure 3.13, the fit improves in the tail, but remains inadequate in the head,
particularly within the first bin, where the model appears to under-predict the
data.

Sample, ST <=1 Second, Breaks = Custom, BCV:Rectangular

Service Time (seconds)

De
ns

ity

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8

Figure 3.13: KDE: ST<=1 Second.

Encouraged by these results, the data was partitioned by hour. Figure 3.14
presents histograms for each hour across a twelve-hour period, starting at
midnight, with the KDE density overlayed on the histogram. For each hourly
dataset, multiple bandwidth selectors and kernel functions were evaluated
within an iterative loop. The best KDE configuration was determined by se-
lecting the kernel and bandwidth that minimised MISE, providing an objective
criterion for model fit. While MISE determined the optimal KDE parameters,
custom histogram breakpoints were subsequently chosen to improve the visual
alignment between the histogram and the estimated density, particularly in
regions of high skewness and sparsity.

76



3.5. Discussion

Hour:00, Breaks:35, NRD:Rect, MISE:3.56

Hour:00

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

Hour:01, Breaks:35, NRD:Rect, MISE:5.44

Hour:01

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

Hour:02, Breaks:50, NRD0:Rect, MISE:13.64

Hour:02

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
5

10
20

30

Hour:03, Breaks:25, NRD:Epan, MISE:5.95

Hour:03

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

Hour:04, Breaks:100, SJ−DPI:Rect, MISE:6.50

Hour:04

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
10

20
30

40

Hour:05, Breaks:100, SJ−DPI:Rect, MISE:7.87

Hour:05

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
10

20
30

40

Hour:06, Breaks:60, NRD0:Rect, MISE:9.75

Hour:06

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
5

10
15

20
25

30

Hour:07, Breaks:70, NRD:Epan, MISE:11.16

Hour:07

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0
0

5
10

15
20

25

Hour:08, Breaks = 70, NRD:Rect, MISE:11.42

Hour:08

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
5

10
15

20
25

30

Hour:09, Breaks = 60, UCV:Rect, MISE:7.70

Hour:09

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
5

10
20

30

Hour:10, Breaks = 73, UCV:Rect, MISE:12.03

Hour:10

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
10

20
30

40
50

Hour:11, Breaks = 70, UCV:Rect, MISE:6.18

Hour:11

D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
5

10
15

20
25

30

Figure 3.14: KDE: Fitting by Hour.

Table 3.21 summarises the best-performing KDE for each hour, based on
the minimum MISE. Lower MISE values correspond to better fits, while
the highlighted hours reflect cases where the error was comparatively high.
Although KDE demonstrated reasonable performance overall, its application
at an hourly granularity is not scalable, as it would require maintaining 24
separate models, one per hour.

Table 3.21: Summary: KDE Fitting by Hour (Best MISE Values).

Hour 00 01 02 03 04 05 06 07 08 09 10 11
Custom Breaks 35 35 50 25 100 100 60 70 70 60 73 70
Selector NRD

:
Rect

NRD
:
Rect

NRD0
:
Rect

NRD
:
Epan

SJ-
DPI :
Rect

SJ-
DPI :
Rect

NRD0
:
Rect

NRD
:
Epan

NRD
:
Rect

UCV
:
Rect

UCV
:
Rect

UCV
:
Rect

MISE 3.56 5.44 13.64 5.95 6.50 7.87 9.75 11.16 11.42 7.70 12.03 6.18

3.5 Discussion
The following analysis revisits the research questions outlined in Section 3.1.
Most transactions were processed in under one second and exhibited high
discreteness, motivating a division into head and tail components.

77



3.5. Discussion

3.5.1 Message Classification
The third research question aimed to determine whether EDI messages can be
effectively classified. Analyses of the head of the data, up to 0.036 milliseconds,
enabled the classification of messages into two distinct groups, with Group 1
exhibiting shorter processing times than Group 2. The distinction between the
two groups was the frequency of message splitting and the corresponding byte
size of the messages. Further work is required to improve message classification,
particularly due to the number of different ways one can classify these messages.

3.5.2 Normal and Busy Periods
The data was segmented into normal and busy periods for modelling, as
the latter deviated from standard behaviour. Despite segmentation, neither
period supported effective parametric or non-parametric fits without further
partitioning. Applying EDI-specific segmentation techniques enabled more
accurate fits for subsets of the data. Persistent correlation remains a concern
and limits generalisability. Thus, the first research question, whether EDI
messages can be modelled parametrically or non-parametrically, has been
partially addressed.

3.5.3 Message Split Count
The message split count was used to help split the head of the data. It was
further noted that the correlation was not fully explained by splitting on this
feature. For the Split=“1” group, the tail of the data fitted a parametric
distribution, whilst the head of the data required further effort. These findings
contribute toward answering the first research question: Can EDI messages be
modelled using parametric, or, failing that, non-parametric techniques?

3.5.4 Correlation
3.5.4.1 Hurdle Modelling

A Hurdle-type model was applied to address overdispersion by removing zero-
duration messages, focusing the analysis on events of positive duration. While
this improved model fit, it was insufficient to pass the AD GoF test and did
not account for the observed correlation. Business feedback indicated interest
primarily in messages exceeding five minutes, suggesting that modelling should
target stakeholder-relevant subsets. These findings contribute toward answering
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the first research question by highlighting the importance of aligning modelling
efforts with practical use cases.

3.5.4.2 Message Bundle

Some messages arrived in bundles, with only the final message in each bundle
having a non-zero duration. Modelling each message individually introduced a
correlation and overdispersion due to their time dependence. To address this,
bundled messages were grouped and considered as single units prior to mod-
elling. Whilst this reduced the correlation, it did not eliminate it. Nevertheless,
bundling offers a partial insight into the first research question by enhancing
the understanding of overall service and interarrival times, particularly for
heavily split messages.

3.5.4.3 Scheduled Versus Un-Scheduled Messages

Scheduling of messages is important for modelling queue behaviour and bursti-
ness. Understanding the scheduled load versus random load helps support
queue capacity planning. Removing the scheduled messages in isolation did
not eliminate the correlation, nor did it support parametric modelling. These
findings contribute toward answering the first research question: EDI messages
can have a scheduled component that may require separate modelling.

3.5.4.4 Map Count

A map is a useful feature of an EDI message. These maps have many different
authors and editors. Depending on the skill level of the map editor and the
content within these maps, they may take different times to process. Given
that map count may serve as a proxy indicator for message complexity, it
was hypothesised that it could help explain the presence of a correlation. A
combination of data partitioning by map count and the use of message bundling
was found to yield uncorrelated data. These findings contribute to answering
the first research question.

3.5.4.5 Message by Hour

EDI messages were aggregated by hour to evaluate whether temporal segmenta-
tion could improve modelling outcomes and reduce the correlation. Correlation
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persisted across all hourly intervals. Additionally, the distribution of service
times varied by hour, with elevated mean and variance values observed. The
observed variability indicates non-stationarity, in which statistical properties
shift over time, complicating the assumptions required for parametric modelling.
Overall, this suggests that hourly segmentation alone is not sufficient. More
targeted approaches are needed.

The persistent autocorrelation observed across multiple partitioning strategies
indicates that the message traffic is not independent and identically distributed
(i.i.d.). These dependencies likely arise from bursty traffic behaviour, message
fragmentation, and shared processing workflows within the EDI infrastructure.
Such behaviour violates a key assumption underlying many classical queueing
models and GoF techniques, which assume independent observations. As
a result, standard modelling approaches may underestimate variability and
produce misleading distribution fits when applied directly to the raw data.

3.5.5 Parametric Modelling
Attempts to model the full range of service times, including the head of the
distribution, did not yield a good fit with any known parametric distribution,
despite many transformations and EDI specific splitting techniques. In contrast,
the tail did fit a Burr distribution. Whilst interarrival times in the tail showed
a similar trend, they failed the AD GoF test.

These findings suggest that parametric modelling is only appropriate for a
narrow portion of the data. The overall dataset appears to exhibit heavy-tails
with discrete characteristics, limiting the effectiveness of standard continuous
parametric models. More targeted segmentation or alternative modelling
strategies are required.

The inability to obtain acceptable GoF results for the head of the data sug-
gests that the observed service times do not conform to standard parametric
assumptions. Quantisation, burstiness, and message heterogeneity collectively
distort the empirical distribution, producing behaviour that is difficult to rep-
resent using a single continuous distribution. These findings motivate the later
chapters of this thesis, which investigate the impact of quantisation on fitting
accuracy and explore methods to reconstruct or better model the underlying
continuous behaviour.
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The second research question has been partially addressed: Can the service
times and interarrival times of an EDI message be modelled by a parametric
method or a non-parametric method?

3.5.6 Non-Parametric Modelling
Some messages arrived as part of a bundle, where only the final message had a
non-zero duration. Modelling each message individually introduced correlation
and overdispersion due to temporal dependence and the shared context within
message bursts. While independent modelling assumes that observations are
i.i.d., real-world message flows often violate this assumption due to system-level
interactions and batching effects.

Although overdispersion can be mitigated, doing so depends on accurately
identifying its sources. When those factors are complex or unobservable,
mitigation becomes more challenging.

To address this, bundled messages were grouped and considered as single units
before modelling. Whilst this reduced the correlation, it did not eliminate it.
Nevertheless, bundling offers a partial insight into the first research question
by enhancing the understanding of overall service and interarrival times, par-
ticularly for heavily split messages, and may aid developers in performance
analysis.

Table 3.22 summarises the primary data characteristics observed throughout
the analysis and the corresponding modelling assumptions they violate.
Table 3.22: Observed Data Characteristics and Violated Modelling Assumptions

Observed Behaviour Violated Assumption
Bursty arrivals Independence of arrivals
Message fragmentation Independent observations
Heavy-tailed distributions Distributional simplicity
Quantised timestamps Continuity of observations
Changing hourly behaviour Stationarity
Heterogeneous message classes Homogeneity of populations

3.5.7 Relative Impact of Data Characteristics
The modelling challenges observed throughout this chapter arise from several
interacting data characteristics, including burstiness, message heterogeneity,
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heavy-tailed behaviour, and quantisation. While these effects collectively
influence distribution fitting and statistical inference, they originate from
different sources and affect the modelling process in distinct ways.

Burstiness and message heterogeneity are characteristics of the EDI messaging
system. A single inbound transaction may generate multiple downstream
messages, producing correlated bursts of activity and non-independent arrival
patterns. Additionally, different message schemas exhibit distinct structural
and temporal behaviours, resulting in heterogeneous messages that are difficult
to model using a single parametric distribution. These characteristics violate
assumptions of independence and homogeneity commonly assumed in classical
queueing and statistical modelling approaches.

Quantisation introduces additional distortions that are not inherent to the
underlying message generation process. Rounded timestamps collapse nearby
observations into identical values, masking fine-grained temporal variation and
introducing excessive ties into the data. This affects the empirical shape of the
distributions and violates continuity assumptions underlying many GoF tests
and parameter estimation techniques. The effects are particularly visible in
the head of the data, where quantised observations dominate the distributional
structure.

The analysis suggests that quantisation is a major contributor to the instability
observed in GoF testing and parametric fitting accuracy. However, quanti-
sation alone does not fully explain the modelling difficulties, as burstiness
and heterogeneity also contribute to correlation structures, heavy tails, and
multimodal behaviour within the dataset.

These findings motivate the subsequent chapters of this thesis, which inves-
tigate the effects of quantisation on parameter estimation, GoF testing, and
distribution reconstruction in greater detail.

3.6 Conclusion
The study assessed the suitability of parametric and non-parametric models
for B2B EDI message processing times. Due to the dataset’s complexity,
correlation, and discrete features, a hybrid approach was necessary. Parametric
models fit the distribution tails, whilst non-parametric techniques like KDE
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performed well under segmented (e.g., hourly) conditions. Correlation patterns
were driven by message splitting, bundling, scheduling, and map configurations.

Fitting to this data is challenging, even without accounting for correlations;
additional challenges will be addressed in later chapters. Although no single
model proved sufficient, targeted segmentation emerged as a more effective
strategy for EDI analysis. Further work is needed to refine the modelling
framework and address the heterogeneity of EDI messages in cloud-based
supply chain networks.
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CHAPTER 4
Hetrogeneous Message

Modelling

The chapter extends the statistical modelling of EDI messages introduced in Chap-
ter 3. It presents a granular framework for feature identification, classification,
and modelling, using both parametric and non-parametric techniques to analyse
EDI message interarrival and service times. Key performance indicators (KPIs) are
defined to assess queue utilisation. The dataset is partitioned along multiple axes,
such as message type and temporal distribution, to enhance model efficacy. The
research places special emphasis on message interdependence, queue behaviour, and
the impact of quantisation noise. The results demonstrate that no single modelling
approach is sufficient due to the data’s heterogeneous, heavy-tailed nature. Paramet-
ric models are most effective for capturing tail behaviour, whilst non-parametric KDE
methods are better suited for modelling the head of the distribution. Quantisation
noise affects model fidelity. These findings provide practical insights for designing
adaptive message ingestion pipelines and performance-aware queuing systems in
large-scale B2B supply chain infrastructures. The modelling approach described
could improve system reliability and operational intelligence in Enterprise Messaging
environments operating under Ambient Intelligence (AmI) principles.
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4.1 Introduction
Stress testing of queuing systems is essential for identifying functional and
performance-related issues in large-scale infrastructures. Accurate modelling
relies on understanding the order, volume, pace, and dependencies of message
flows, as these features are critical for fitting appropriate statistical distribu-
tions.

Accurate event timing plays a central role in analysing and modelling queue
behaviour. Rounding or truncation of timestamps during message logging
can obscure the true variability in event timing. Such distortions introduce
quantisation noise and complicate the fitting of appropriate statistical distribu-
tions [146]. Reliable modelling depends on capturing real-time characteristics,
including the temporal ordering of message arrivals, a factor first explored by
Lampart [9].

Effective modelling of queue behaviour requires the identifying characteristics
that determine whether an EDI message exhibits bursty behaviour. For
instance, a single transaction may generate hundreds of EDI messages in quick
succession, raising the question of whether the system is processing individual
events or bursts. These bursts may not be due to file size but may be due
to other characteristics of the message, such as an EDI 810 (invoice), which
may be triggered immediately after an EDI 856 (advanced shipment notice),
leading to a burst of follow-on messages. Queuing systems must therefore
be designed to accommodate both isolated messages and high-volume bursts
without compromising performance.

The existing literature addresses EDI messages across a range of domains.
However, limited attention has been given to performance testing through
simulation, particularly in the context of queuing models and the analysis of
interarrival and service times. Bursty behaviour in EDI traffic remains largely
unexplored, particularly in identifying such patterns using message attributes.
The lack of attention presents a clear gap in current research.

Building on the modelling limitations identified in Chapter 3.1, including
burstiness, message heterogeneity, heavy-tailed behaviour, interdependence,
and quantisation effects, this chapter proposes a structured framework for
modelling heterogeneous EDI message traffic.
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To address this gap, a framework has been developed to support the perfor-
mance testing of EDI messages by understanding message behaviour through
interarrival and service time modelling. The framework applies multiple meth-
ods to analyse various EDI message attributes, thereby supporting robust
stress testing of queuing systems in enterprise environments. Methodologies
are used to structure the data appropriately for modelling.

Low-level modelling of EDI messages has not been extensively explored in
existing literature, despite its potential to enhance performance evaluation
for supply chain systems. Such modelling is also relevant to Industry 4.0
initiatives, which mark a transition toward autonomous, sensor-driven, and
self-regulating systems. The initiative supports real-time coordination and the
creation of new data-driven business models. Within this context, low-level
modelling of EDI messages provides a means to evaluate and enhance supply
chain performance. Analysing historical and real-time message patterns can
help anticipate workload intensity, detect bursts, and forecast queue build-
ups, supporting proactive resource allocation and capacity planning. The
G/G/1 queuing model is proposed as a suitable structure for representing
heterogeneous EDI message interarrival and service times.

For low-level analysis, subsidiary attributes under the message specification
syntax and format categories, such as file size, source file size, byte count,
and XML maps, are also examined. Additional features, including message
actions and categories, are used as novel indicators for classifying bursty versus
non-bursty messages. These attributes are further employed to partition the
dataset, enabling more accurate modelling of the underlying queue behaviour.

A framework for simulating queueing system performance by modelling inter-
arrival and service times based on key EDI message attributes is presented in
this chapter. The following is investigated:

1. The presence of malformed messages within the queueing system is
evaluated.

2. Potential interdependencies between individual messages are examined.

3. Methods for partitioning the dataset, such as segmenting by head and
tail regions, are assessed to support accurate distribution modelling.
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4. The analysis investigates whether quantisation noise is present in event
timestamps.

These steps contribute to a more reliable basis for performance testing in
EDI-driven environments.

Building on the limitations identified in Chapter 3.1, including burstiness, mes-
sage heterogeneity, heavy-tailed behaviour, interdependence, and quantisation
effects, this chapter investigates structured modelling strategies for heteroge-
neous EDI message traffic. The results presented previously demonstrated that
fitting single parametric distributions to complete datasets often produced
poor GoF behaviour and failed to adequately capture the underlying variability
of the message data. This chapter therefore proposes a modelling framework
that applies partitioning and transformation strategies to better represent the
differing statistical characteristics present within the data.

4.2 Data Overview
The analyses presented in this chapter is based on the dataset described in the
Data Overview section of Chapter 3.

4.3 Methods
A detailed understanding of the structural makeup of EDI messages is essential
for accurate modelling and system-level analysis. The internal structure of a
standard EDIFACT message is examined first. As mentioned in Section 2.5,
EDIFACT is an international standard for the electronic exchange of invoice
messages. Selected segments are described to illustrate the diversity of fields
present and their respective semantic roles in message interpretation. Figure 4.1
presents an example of a typical EDIFACT invoice message.
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Figure 4.1: EDIFACT Message.

The core components of the EDIFACT message is summarised in Table 4.1.
INVOIC is the standard EDIFACT message type for invoices [56].

Table 4.1: EDIFACT INVOIC Segment Descriptions.

Segment Description
UNB Is the interchange (envelope) header.
UNH The message header. The INVOIC identifier interprets the message

as an invoice. The letter “D” signifies draft status, “97” refers to
the year of update, and “A” corresponds to the first half of that
year.

BGM Provides the message name, reference number, and transaction type.
Code 9 indicates an initial transmission.

DTM Specifies the date, time, and period. Code 137 denotes the issuance
date, while Code 102 adopts the CCYYMMDD date format.

NAD Encodes the name and address information.
PRI Indicates pricing details. Code AAA identifies the net price inclusive

of allowances and charges.

For transactional modelling in queuing systems, it is necessary to trace the
lifecycle of a message, including the timing of events across different processing
stages, to enable the analysis of interarrival and service times. Chapter 3
presented the complete message pathway, as shown previously in Figure 3.2.
Expanding on that, Figure 4.2 illustrates a detailed subset of the traversal
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path, highlighting event timestamps across processing stages. Although certain
internal processing steps may complete earlier, the image is intended to trace
the end-to-end timing of a message, from initial entry at the SAP server at
16:00:36.555 to final dispatch to the outgoing mailbox at 16:00:37.395. The
diagram provides millisecond-level temporal resolution, enabling the analysis
of timing across queues and intermediate stages.

Figure 4.2: Time Stamp: Message Traversal.

Focusing on queue analysis, the system contains multiple queues, such as
“Queue 3” and “Queue 4” shown in Figure 4.2. However, an examination of
their behaviour revealed that they are similar, therefore, the discussion in the
remainder of this chapter focuses on “Queue 3”. Timestamp annotations in the
diagram mark the transition points at each process node, enabling granular
analysis of message latency.

To support accurate transactional modelling based on system logs, relevant
timestamp data must be extracted. Section 4.3.2 outlines the framework
adapted to perform this extraction.

4.3.1 Proposed Modelling Framework
The proposed framework represents a methodological contribution of this
thesis.
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Table 4.2: Proposed Heterogeneous Message Modelling Framework

Framework Stage Purpose
Feature Identifica-
tion

Extract operational, structural, and temporal at-
tributes from EDI logs and XML schemas.

Feature Classifica-
tion

Organise message attributes into hierarchical
modelling categories based on behavioural and
schematic properties.

Partitioning Segment heterogeneous datasets using domain-
driven and statistically motivated criteria.

Transformation Apply transformations and preprocessing tech-
niques to reduce skewness, heavy tails, and quanti-
sation effects.

Parametric Mod-
elling

Fit continuous probability distributions to parti-
tioned message interarrival and service times.

Non-Parametric
Modelling

Apply KDE and empirical modelling techniques
where parametric fitting is insufficient.

GoF Evaluation Evaluate fitted models using statistical GoF meth-
ods such as AD, CvM, and KS tests.

Quantisation Anal-
ysis

Assess the impact of timestamp rounding and dis-
cretisation on modelling accuracy and statistical
inference.

The partitioning strategies applied throughout this chapter are not arbitrary.
Partitioning was guided by both domain-driven and statistical considerations.
Domain-driven partitions reflect operational differences between EDI transac-
tion categories, batching behaviour, and message fragmentation characteristics.
Statistical partitioning was additionally applied where heavy-tailed behaviour,
multimodality, non-stationarity, or quantisation effects reduced the suitability
of fitting a single distribution across the complete dataset. The objective
of partitioning was therefore to improve modelling representativeness while
preserving operational interpretability.

The framework proposed in this chapter does not directly eliminate quanti-
sation effects or reconstruct the original continuous observations. Instead, it
provides a structured approach for modelling heterogeneous and quantised
data in the presence of rounding, burstiness, and heavy-tailed behaviour. The
framework therefore aims to improve modelling representativeness and fit-
ting stability while acknowledging the underlying limitations introduced by
quantised observations.
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4.3.2 Framework
Modelling EDI messages requires identifying features that best support analyt-
ical and system-level requirements. Structured and unstructured log datasets
can contain millions of lines of text, with a single message often spanning
thousands of entries across multiple log files on different servers.

A framework is proposed to support feature identification and classification,
enabling a structured approach to message modelling. The framework serves
as a methodological guide to:

1. Identify data relevant to understanding queuing systems. Features under
consideration include file sizes, source file sizes, mode, reference IDs,
map names, service times, and interarrival times. Categorical data from
ticketing systems is also evaluated to identify queuing inefficiencies.

2. Identify attributes suitable for data partitioning, either individually or
in combination, regardless of direct impact on system performance.

3. Apply partitioning based on ranges of data values (e.g., splitting the
data into a head/tail, where application-specific values might be confined
to a particular region).

4. Fit the dataset to a range of parametric and non-parametric distributions
using multiple transformation strategies.

5. In cases where model fitting is unsuccessful, use partitioning to explore
data characteristics or uncover underlying correlations that complicate
parametric modelling.

The proposed framework represents a methodological contribution of this thesis.
It provides a structured process for identifying message features, partitioning
heterogeneous datasets, and selecting appropriate modelling strategies under
challenging conditions such as burstiness, heavy-tailed behaviour, interdepen-
dence, and quantisation noise.

The framework accepts raw EDI log data as input, applies feature identification
and classification procedures, partitions the data according to operational and
statistical characteristics, and produces fitted parametric or non-parametric
models suitable for queue performance analysis and simulation.
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4.3.2.1 Feature Identification and Selection

Two primary methods are employed to identify candidate features: Extracting
key terms from log messages and traversing the structure of XML schemas
that define EDI message definitions.

4.3.2.2 Feature Classification

Due to the complexity of the message metadata, a classification model is based
on a layered system of attributes arranged in a logical hierarchy, also known as
a taxonomy. The taxonomy provides a framework for assessing how attribute
layers align with the modelling objectives. The classification structure supports
the following tasks:

1. Evaluate the influence of message attributes on service times and inter-
arrival times within the queuing system.

2. Assess the role of specific attributes in establishing message dependence
or interdependence.

3. Determine whether layering attributes reveals or reduces the correlation.
4. Identify appropriate fitting strategies for heavy-tailed distributions using

parametric and non-parametric models.

The classification model also provides guidance for dataset segmentation to
expose a correlation or inter-message dependencies. Section 4.3.3 details the
modelling techniques used.

4.3.3 Parametric Modelling
Using selected features and the classification model, modelling is performed
on service and interarrival times, with particular emphasis on service times.
Various combinations from the classification model are evaluated, and the data
will be fitted to a range of continuous parametric distributions. Table 4.3 lists
the distributions considered for modelling. Previous studies have demonstrated
the applicability of these distributions across various domains.

Table 4.3: Parametric Distributions.
Beta Burr Cauchy Expon-

ential
Gamma Inverse

Burr
Log Log–

logistic
Logistic Normal Pareto Uniform Weibull
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To improve distributional fit, Tukey’s ladder of power transformations will be
applied. Table 4.4 lists the transformations considered.

Table 4.4: Data Transformations.
Transformation-Log Transformation-Sqrt Transformation-Exp Transformation-Cube

Log() Sqrt() Exp() Cube()
Log(Log) Sqrt(Exp)
Sqrt(Log)

Box–Cox was not considered because the aim is to compare fixed, non-
parametric transformations that are widely used and easily interpretable
(e.g., log, square root, cube). In contrast, Box–Cox represents a family of
power transformations in which the parameter λ must be estimated from the
data [147]. Since the focus of this study is on standard transformations rather
than optimisation of transformation parameters, Box–Cox was excluded.

Transforming the data serves to reduce dispersion and skewness, which in
turn can improve the fit to parametric distributions. Such adjustments may
also lessen heavy-tailed behaviour and reduce excess kurtosis, thereby making
the distribution more suitable for modelling. As shown in Table 4.4, multiple
combined logarithmic and square root transformations are considered. During
log transformation, a constant is added to the data to avoid negative values
that may arise from taking the log of small values.

AD tests will be applied to each parametric distribution to assess their suit-
ability, with particular focusing on tail sensitivity. If the data fails to fit any
parametric distribution, a non-parametric approach is considered, as described
in Section 4.3.4.

While partitioning can substantially improve modelling accuracy and GoF
performance, excessive segmentation introduces a risk of overfitting, where
models become highly specialised to specific subsets of the observed data and
lose generalisability. Increasing partition granularity may improve local distri-
butional fit while simultaneously reducing the simplicity and interpretability of
the overall modelling framework. The framework therefore attempts to balance
fitting accuracy against model complexity and operational relevance.

These modelling decisions also involve broader methodological trade-offs. In-
creasing partitioning complexity and reconstruction sophistication may improve
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local fitting accuracy and reduce quantisation artefacts, but can also reduce
interpretability and generalisability across datasets. Simpler adjustment strate-
gies are easier to implement and explain operationally, whereas more complex
reconstruction approaches may better preserve the underlying continuous
structure at the cost of increased methodological complexity and reduced
transparency.

4.3.4 Non-Parametric Modelling
KDE is employed as a non-parametric modelling technique, particularly suited
to datasets with heavy-tailed behaviour. Bandwidth selection is carried out
using several methods, including Silverman’s rule of thumb, the Sheather–Jones
method, biased and unbiased cross-validation, and the direct plug-in approach.

4.3.5 Message Interdependence
Interdependence refers to a mutual relationship between variables, where the
state or behaviour of one variable can be influenced by the other. Identifying
such relationships using the classification model is essential for accurate queue
analysis. From a queuing perspective, understanding the order of message
arrivals and determining whether specific messages depend on others could be
critical for modelling system behaviour.

In some instances, a parent–child relationship may exist between messages,
where the processing of a child message depends on the arrival or completion of
its parent. Identifying such dependencies is essential for stress testing, as the
timing and sequence of related messages can significantly affect service times.
In simulation testing, it is important to define how parent–child relationships
are handled and to select an appropriate queuing model, such as the G/G/1
model or a more complicated queuing network. The classification model is
used to evaluate the presence of these relationships within the dataset.

Parsed and classified data will be analysed to detect queuing inefficiencies within
the application. Section 4.3.6 presents the methodology used to investigate
these inefficiencies.

4.3.6 Queuing Problems
Identifying inefficiencies in queuing systems is essential for accurate analysis and
optimisation. A production-level support ticketing database will be analysed
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to uncover system-level challenges. Many of these tickets have been pre-
classified by the DevOps team to help identify recurring failure patterns and
prioritise areas for improvement. Message re-processing can degrade queuing
system performance. It typically occurs due to invalid content or formatting
errors. To detect re-processing, unique message identifiers will be analysed to
track repeated occurrences within the system. Identifying instances of EDI
malformation and assessing whether specific EDI transformations are more
error-prone than others are the aim of this study, which is based on attributes
extracted from individual messages.

4.3.7 Quantisation Noise
The log file records show timestamps with millisecond precision (i.e., three
decimal places). The potential influence of rounding or truncation on message
ordering and data modelling is examined. For instance, if a message is logged
as arriving at 08:00:10.435, it is assumed to be the earliest arrival at that point
in the system. Any subsequent messages with later timestamps are treated as
arriving sequentially. However, if the recorded timestamp is truncated, e.g., the
actual arrival time was 08:00:10.435010, such precision loss could affect the true
message order. In cases where all messages are contained within a single log file,
sequential ordering may still be inferred. Nevertheless, timestamp truncation
can alter calculated durations and impact the accuracy of downstream analysis.

Modelling challenges can occur when events appear to occur simultaneously,
leading continuous-time distributions to resemble discrete ones. The effect may
be attributed to quantisation noise, which arises when a continuous signal is
represented using discrete values. To assess the presence of quantisation noise,
the dataset is analysed using various modelling techniques derived from the
classification model. A later chapter of this thesis returns to quantisation.

4.4 Results
4.4.1 Framework
For EDI message modelling, developing a structured framework is essential
for addressing specific business objectives. The initial stage of this framework
involves locating relevant features for analysis. The framework is exposed using
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UML-type diagrams, so that the flow of the partitioning for the modelling
framework can be easily understood.

4.4.1.1 Feature: Identification-Selection

The log files contained a combination of structured and unstructured text,
including XML elements embedded within EDI messages. Attribute analysis
identified potential features relevant to message modelling, and a hierarchical
structure emerged, which was used to develop a taxonomy that categorises
attributes by their source within the message. Figure 4.3 presents the identified
attributes and their hierarchical organisation based on the log file data.

Figure 4.3: Message Attribute: Taxonomy.

Two entities, highlighted in blue, indicate the sources within the logs where
attributes were extracted. The “Log String Parsing” entity denotes where
keywords were derived from structured text, while the “XML Attributes” entity
corresponds to attributes identified within the XML documents.

Within the “Log String Parsing” entity, only the “Category” attribute exhibits
a hierarchical dependency on the “Action” attribute. Analysis of the “XML
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Attributes” revealed that each message contains a “Mode” attribute, under
which “EventLinked” and “DocumentLinked” function as child attributes.
Inconsistencies were observed between these two child attributes. As shown in
Figure 4.3, for example, the “Ack Status” attribute is associated exclusively
with “DocumentLinked” and not “EventLinked”.

Based on a detailed review of attribute content, certain attributes were deemed
less informative for analysis. These attributes were excluded from further
consideration and are shaded in grey. A total of thirteen attributes were
retained. Table 4.5 provides a data dictionary describing the information
contained in each selected attribute from the taxonomy presented in Figure 4.3.
Several attributes were set with a “Status” of “Retained” in the table, due to
their relevance in characterising message behaviour. The status corresponds to
the shaded and unshaded entities in Figure 4.3.
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Table 4.5: Message Attribute: Data Dictionary.

# Name Description Status Status Reason
1 ID Combined Company and Message ID.

Used as a unique identifier.
Retained Critical for identifying each message

uniquely.
2 Queue ID Destination queue name. Retained Helps trace message routing within

the system.
3 Timestamp Time the message entered the sys-

tem.
Retained Necessary for computing interarrival

and service times.
4 Reference ID Identifies the message sender. Retained More reliable than “Sender Alias”;

frequently populated.
5 Action Operation performed by the transla-

tion service.
Retained Influences processing logic; relevant

to duration.
6 Category Translation type applied to the mes-

sage.
Retained Defines how the message is trans-

formed.
7 Mode Message type. Retained Serves as a root node for XML hier-

archy.
8 EventLinked Short-running, event-based process-

ing type.
Retained Relevant to performance classifica-

tion.
9 DocumentLinked Indicates long-running, document-

type messages.
Retained Impacts processing duration and mes-

sage flow.
10 Ack Status Electronic receipt status. Retained Indicates message delivery status.
11 Bytes Message size in bytes. May be zero

for “EventLinked”.
Retained Useful for modelling size-related ef-

fects.
12 File Size Post-split size of message file. Retained May affect duration and resource us-

age.
13 Map Name Transformation map(s) associated

with message.
Retained Impacts processing complexity and

time.
– Sender Alias Alternate sender identifier. Excluded Frequently null; duplicative of “Ref-

erence ID”.
– Source File Size Original file size before splitting. Excluded Optional; only captured for select

protocols.
– Direction Message flow direction (inbound/out-

bound).
Excluded No observed effect on performance

metrics.
– EventDetails1 /

EventDetails2
Additional message identifiers. Excluded Redundant; “ID” attribute provided

needed information.
– System System name associated with mes-

sage.
Excluded Static value across all records; not

discriminative.
– Envelope Name Envelope wrapper associated with

message.
Excluded One-to-many mapping caused ambi-

guity.

With the relevant features identified, a classification model is constructed to
support and potentially enhance the modelling capabilities outlined in the next
section.

4.4.1.2 Feature Classification

Preliminary analysis revealed notable skewness and high kurtosis, indicating
heavy-tailed behaviour in the dataset and necessitating the use of multiple
techniques to achieve suitable parametric fits. A classification model was built
using features derived from exploratory analysis and technical consultation
with the DevOps team. Figure 4.4 displays a tree-based representation of the
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newly defined classification model.

Figure 4.4: Message Classification.

The classification model serves as a guide for distribution fitting, with particular
emphasis on meaningful data partitioning strategies. The resulting classifica-
tions, combined with Tukey’s ladder of powers transformations, support the
modelling process. Table 4.6 gives a brief description of each classification,
which corresponds to the light yellow coloured entities in Figure 4.4.
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Table 4.6: Message Classification Model: Description of Message Filtering and
Partitioning Criteria.

Time
Hour Model by each hour in the dataset.

Busy Period The number of messages queued was always greater than zero
and growing.

Scheduled Time ranges with consistently higher message volumes, such
as around midnight, or at 15-, 30-, and 45-minute marks.

Normal Period The opposite of the busy period.
Data Partition

Tail Partitioned data retaining only the tail (values > than some
threshold).

Head Partitioned data retaining only the head (values < than some
threshold).

Remove Zeros Remove all zero values from the dataset.
Batch

Batch By Category Filters where “Category” includes “Flat Translation” or “Batch
XML Translation”.

Batch By Bundle Counts how often a message arrives. If the count is 1, the
message is kept. If greater than 1, only the first and last
messages are retained, ignoring all others in between.

Batch By Split Count Counts how often a message arrives and how many XML doc-
uments it contains. Kept only if the count of XML documents
is greater than 1.

Non-Batch
Non-Batch By Split Count Similar to above, but keeps messages with exactly 1 XML

document.
Non-Batch By Category Filters where “Category” excludes “Flat Translation” and

“Batch XML Translation”.

Parametric modelling is applied to the dataset based on the selected features
and the filtering criteria defined by the classification model.

4.4.2 Parametric Modelling
Figure 4.5 presents histograms of service and interarrival times during a
normal operational period, illustrating the effect of Tukey’s ladder of power
transformations on the shape of the data.
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Figure 4.5: Histogram: Normal Period, Service and Interarrival Times; Different
transformation strategies.

Two transformation types were applied, logarithmic and square root, with the
untransformed data retained as a baseline for comparison. The untransformed
data are right-skewed and leptokurtic, with service time skewness and kurtosis
measured at 24.57 and 2617, respectively. Similar characteristics are observed
in the interarrival time histograms.

The logarithmic transformation substantially reduces skewness and kurtosis
(e.g., service time skewness reduces to 6.18); in contrast, the square root
transformation yields more modest improvements. Nonetheless, all transformed
histograms remain non-symmetric, indicating persistent heavy-tailed behaviour
and a high concentration of values near zero.

These data characteristics pose challenges for parametric modelling. The newly
developed classification model aims to improve fitting problems using the
partitioning from the model and transformations defined earlier in Table 4.4.
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4.4.2.1 Model: File Size

Understanding message file size is essential for system testing, as it indicates
whether a message requires splitting for queue ingestion and informs estimates
of required disk space. File size may also influence service times. Based on
feedback from the DevOps team, one inbound connector does not support
files larger than 100 MB, and most observed file sizes are approximately 20
kilobytes.

The classification model shown in Figure 4.6 was applied to segment the dataset
by file size.

Figure 4.6: Classification Model: File Size.

Data from the “Normal Period” was used, and a partition boundary of
10, 000, 000 bytes (≈ 0.1 GiB ≡ 102 MiB) was used to distinguish between
the head and the tail of the file size. A random sample was then drawn from
the dataset due to the volume of messages. Table 4.7 reports the count of
observations in each partition prior to sampling.

Table 4.7: File Size: Count.

Status Count
Head 984,070
Tail 109

Figure 4.7 presents a set of histograms showing the distribution of file sizes
before and after partitioning. The top-left chart shows the un-partitioned
dataset, whilst the top-right chart shows the result of a random sample from
the head of the distribution.
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Figure 4.7: Histogram: File Size.

The shape observed in the head suggests alignment with a uniform distribution.
The bottom-left chart shows the histogram of the data’s tail. A chi-square
GoF test was applied to the head with the results shown in Table 4.8. At
a significance level of α < 0.05, the test results indicate that a uniform
distribution provides a reasonable fit for the head of the random sample.

Table 4.8: File Size: Head, Chi-square Uniform Distribution Test.

Test Statistic DF p-value
18 19 0.05

4.4.2.2 Model: Batch By Category

Partitioning by category was domain-driven, reflecting structural and be-
havioural differences between EDI transaction classes.

When simulating service and interarrival times, it is essential to determine
whether messages are ingested individually or in batches, as batch arrivals
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represent a form of interdependence that significantly affects queue modelling.
Figure 4.8 shows the classification applied for “Batch by Category”.

Figure 4.8: Classification Model: Batch by Category.

Prior to distribution fitting, measures of dispersion were assessed with Table 4.9
showing the results.

Table 4.9: Service Times: Batch by Category Statistics.
Service
Duration:
Second

Total Min Mean Max 95th Per-
centile

99th Per-
centile

Var Skewness Kurtosis

Batch 126,742 0 0.03 14.04 0.16 0.44 0.01 26.17 2716
Batch Zero
Removed

65,878 0.001 0.05 14.04 0.26 0.61 0.01 20.84 1658

Approximately 50% of batch messages were excluded upon removing entries
with zero-duration service times. The remaining data exhibited heavy-tailed
characteristics, with skewness exceeding 20 and kurtosis exceeding 1600. A
0.10-second difference was observed in the 95th percentile between all batch
messages and batch messages with zero duration excluded. Messages with
non-zero service times generally required less than 0.26 seconds for processing.

According to the DevOps team, messages classified under the “Flat Translation”
or “Batch Translation” categories, based on the “Category” attribute, should be
treated as batch messages and require file segmentation prior to ingestion. All
other messages are classified as non-batch. Inspection of the dataset revealed
that messages labelled for “Flat” or “Batch translation” appeared as both
single messages and batch-type messages, contrary to expectations. Service
times for these messages were subsequently modelled.

The classification model from Figure 4.8 was applied without partitioning,
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i.e. no head or tail segments. Table 4.10 presents the two distributions with
the lowest AD test statistic results. The closest alignment is to a log-normal
distribution; however, the fit remains insufficient, failing to meet the AD test
statistic (AD = 2.49) criteria previously noted in Table 2.4.

Table 4.10: Service Times: Batch by Category, AD Results.

Test Transformation Sqrt Transformation Cube Root
Burr 362 362

Log-normal 281 281

To further interpret the results, Figure 4.9 shows the results of fitting to a
log-normal distribution with a square root transformation. The Q–Q plot
indicates that the data deviates from the theoretical quantiles at the lower
end, with noticeable divergence in the initial segment of the line. The P–P
plot reveals that although the upper tail appears continuous, lower probability
regions contain numerous discrete values, suggesting limited continuity in the
lower tail of the distribution.

Figure 4.9: Log-normal Service Times: Batch by Category.

The data was further partitioned into heads and tails to separate the discrete
values. Figure 4.10 shows the results of the lower tail from the P–P plot, which
is the head of the data. From the figure, one can see four discrete Gaussian
distributions. These four Gaussian distributions result from KDE applied to
the discrete data and are not a feature of the data but a feature of the plotting
of the quantised data. The data is expected to be continuous; however, the
figure is not a true representation of the original data or the real-world system
from which the data was derived.
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Figure 4.10: No Transformation - Service Times : Batch by Category, Head of Data.

Note. The Gaussian peaks arise from the KDE smoothing process and are not
features of the underlying recorded data.

4.4.2.3 Model: Batch By Bundle

Within this section messages associated with a bundle of XML documents,
referred to as “Batch By Bundle” are examined. The approach differs from
classifications based on the “Type” attribute, which designates messages as
batch or non-batch. Figure 4.11 shows the makeup of the classification “Batch
by Bundle”.
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Figure 4.11: Classification Model: Batch by Bundle.

For messages containing a single XML document, corresponding service times
are extracted for analysis. For messages with more than one associated XML
document, only the first and last message in the bundle are retained. In contrast
intermediate messages are excluded due to having zero-duration service times.

Using the classification structure in Figure 4.11, data from the “Normal period”,
focusing on the tail of the distribution and excluding zero-duration messages,
was analysed. The results of the fitting process closely approximated a log-
normal distribution when visually inspected; however, it did not satisfy the
AD GoF test.

The data was then partitioned into head and tail segments using a 1-second
threshold. Results from fitting a log-normal distribution to the tail are illus-
trated in the left chart of Figure 4.12.
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Figure 4.12: Batch by Bundle, Service Times, Tail.

The histogram suggests a shape resembling a log-normal distribution, but the
model fails the AD GoF test. The right chart shows the corresponding Q–Q plot,
which shows that lower quantiles align more closely with the theoretical line
than upper quantiles, although systematic deviations remain evident. These
deviations suggest that the data may be multi-modal, and that introducing
a split at the first point of departure from the theoretical line, followed by a
separate fit to the upper segment, may provide a more accurate representation
of the distribution.

Table 4.11 presents the lowest AD GoF test result. A constant offset of 1
was added to the tail of the service time data, followed by a logarithmic
transformation to enhance model fit.

Table 4.11: Tail: AD GoF Test-Batch by Bundle.

Tail Test AD p-value Transformation Constant
Log-normal 61 0.0000003 Log 1

To model the head of the data, Figure 4.13 presents a histogram of service
times overlaid with a probability density estimate.
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Figure 4.13: Batch by Bundle, Head of Data < 1 Second, log(Service Times).

Several peaks observed at the lower end of the distribution again suggest
the presence of quantisation effects. The behaviour indicates that the data
is unlikely to conform to a parametric distribution. Further partitioning,
application of KDE, or adjustments to account for quantisation may improve
modelling outcomes.

4.4.2.4 Model: Batch By Split Count

Partitioning by split count was motivated by the hypothesis that fragmented
message bundles exhibit different service-time characteristics from single-
message transactions.

Modelling is conducted using the “Batch By Split Count” classification, which
captures cases where a single message is split into multiple XML documents
before being queued. The classification is defined by an XML document count
greater than one (>1) as shown in Figure 4.14.
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Figure 4.14: Batch: Split Count, Classification Model.

Messages are classified under the “Batch By Split Count” category, where a
single message is divided into multiple smaller messages and sent to the queue
as a batch. Parametric distributions were fitted to the service times of these
batch messages. The analysis applies three partitioning strategies based on
XML document count: messages with XML count > 1, XML count = 2, and
XML count > 2.

No combination of transformation or partitioning techniques produced a sat-
isfactory parametric fit for the service times of batch messages. Table 4.12
presents the two distributions with the lowest AD test statistic scores.
Table 4.12: Batch by Split Count, Service Times ≤ 1 Second, Filter Count > 2,
Zero’s Removed.

AD Test No Trans-
formation

Log-
(n+1)

Sqrt(n) Exp(n) Exp-(log-
(n+1))

Sqrt-(log-
(n+1))

Log-(log-
(n+1)+1)

Sqrt-(exp-
(n))

Log-
normal

39 51 39 1500 1300 51 63 1500

Burr 41 45 41 640 470 45 49 640
In the interests of space, only AD scores are shown. The majority of p-values are rounded

to 0.00.

For the head of the service time data, with split count > 2, service time ≤ 1
second, no transformation applied, and zero-duration messages excluded, the
log-normal and Burr distributions yielded AD test statistic scores of 39 and
41, respectively, indicating a close but inadequate fit.
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Based on the observations in Table 4.12, and looking at the results of the
applied model for a log-normal distribution in Figure 4.15, the data does not
fit a parametric distribution for the head of the data.

Figure 4.15: Batch by Split Count, log-normal, Fitting Model Results.

It seems that to model this dataset, it might be best to choose a non-parametric
technique, such as KDE. The tail of the data also did not conform to any
parametric distribution.

Modelling is now focused on the “Non-Batch By Split Count” classification.

4.4.2.5 Model: Non-Batch By Split Count

“Non-Batch By Split Count” refers to the subset of messages where exactly one
XML document is associated with each message, complementing the “Batch
By Split Count” category. Figure 4.16 shows the classification used.

Figure 4.16: Non-Batch: Split Count Classification.
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Service and interarrival times were modelled. The analysis identified a Burr
distribution as the only suitable parametric fit for the tail of the service time
data. The CDF plot in Figure 4.17 illustrates both the empirical distribution
and the fitted Burr distribution. The P–P plot shows no significant deviation
of observations from the diagonal line, indicating a close alignment between
the model and the observed data.

Figure 4.17: Normal Period, Split = “1”, Burr Fitting, Service Times - > 1 Second.

The AD test results in Table 4.13 confirm that the tail of the service times fit
a Burr distribution.

Table 4.13: AD Test: Normal Period, ST, Tail of Data.

AD Score p-value Test
1.2 0.3 Pass

A constant of 1 was applied to the dataset before testing in order to avoid
convergence errors. Since the Burr distribution is defined only for values greater
than zero, the presence of zeros renders the likelihood function undefined and
causes MLE to fail to converge.

For the head of the service time data (service times ≤ 1 second), none of the
tested parametric distributions achieved a satisfactory fit, regardless of the
transformation or grouping techniques applied. As shown in Table 4.14, all
AD test scores exceed acceptable thresholds (an AD score ≤ 3.5 is typically
required for a valid fit).
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Table 4.14: ST < 1, Filter = 1 : AD Test.

AD Test Untrans-
formed
Data

Log-(data+1) Sqrt (data) Exp(data) Sqrt(log
(data+1))

Log(log-
(data+1)-
+1)

Sqrt(exp(-
data))

AD Score
Log-normal 4146 4279 4146 78917 4279 4427 78917
Log–logistic 1099486 153957 1703852 35541593 1778558 1198064 89237003
Gamma 681391 20247 7959 85258 6757 14646 81636
Weibull 410883 453321 615255 2912272 679932 492797 9870194
Exponential 131869 112365 9986 200079 10607 97906 216494
Cauchy 101117 101117 98590 42829 103782 96204 102433
Logistic 58318 54796 24413 63141 23026 51976 60585
Pareto 4300 4624 9986 200079 10607 4936 216494
Burr 4488 4682 4487 54435 4682 4903 54470
Inv Burr 5210 5651 5216 57655 5690 6089 57675

In the interests of space, only AD scores are shown. The majority p-values
round to 0.00.

Interarrival times are partitioned into head and tail segments using a 1-second
boundary. For the tail segment (greater than 1 second), results from the AD
GoF tests in Table 4.15 indicate that the filtered data does not conform to any
parametric distribution. Table 4.15 presents the closest fitting model among
the tested distributions.

Table 4.15: IAT > 1 Second, Split Count = 1 : AD Test.

AD Test Untrans-
formed
Data

Log(-
data+1)

Sqrt
(data)

Exp-
(data)

Sqrt(log-
(data+1))

Log(log-
(data+1)
+1)

Sqrt(exp-
(data))

AD Score
Burr 3.9 6.6 4 Inf 6.6 8.5 Inf

In the interest of space, only AD scores are shown in the table. The majority of p-values
round to 0.00.

The untransformed data and the square root transformation, highlighted
in bold, demonstrate relatively close alignment with the Burr distribution,
although they do not satisfy the AD test criteria. However, a correlation was
identified in the head of the interarrival times.

4.4.2.6 Model: Non-Batch By Category

To emphasise the relevance of modelling using the “Non-Batch By Category”
classification, Section 4.4.2.2 provides background context. Figure 4.18 shows
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the classification model used for this testing strategy.

Figure 4.18: Non-Batch by Category: Classification Model.

Before parametric fitting, some prior analysis was conducted. As a first step,
dispersion measures were evaluated. Table 4.16 shows the results.

Table 4.16: Non-Batch by Category: Measures of Dispersion.

Service
Duration
Seconds

Total Min Mean Max 95th
Per-
centile

99th
Per-
centile

Median Var Skew-
ness

Kur-
tosis

Non-Batch 857,437 0 0.04 22.81 0.23 0.60 0.004 0.01 24.24 2550
Non-Batch
Zero Re-
moved

570,020 0.001 0.06 22.81 0.31 0.73 0.01 0.02 21.06 1880

Approximately one-third of service time entries are excluded when zero-duration
messages are removed. A small difference is observed in the 95th percentile
service time between the full dataset and the dataset with zero values excluded.
The distribution is highly skewed, with skewness exceeding 20. After removing
zero-duration messages, the minimum recorded service time is 0.001 seconds.

For parametric testing, this classification test uses normal period data, focusing
on the tails, and excludes messages with zero-second durations. Table 4.17
presents the best performing model based on AD test scores.

114



4.4. Results

Table 4.17: Non-Batch by Category, Tail of ST, AD Results.

Test No Transform Log Transform +1 Square Root Cube Root
log-normal 3942 3966 3942 3942

Despite this, the AD values remain high, indicating that none of the tested
distributions adequately fit the data, and a suitable parametric model has not
been identified.

When modelling the head of the dataset, evidence of discrete values indicative
of quantisation noise was observed. A detailed discussion of the implications
of quantisation effects was provided in Section 4.5.6. Using the classification
model, the analysis proceeds to a non-parametric modelling approach as an
alternative.

4.4.3 Non-Parametric Modelling
When parametric distributions failed to provide a suitable fit, even after
applying partitioning via the classification model, KDE was employed. KDE
usually provides a good fit to the observed tail data, based on the different
algorithms and kernels drawn to support each point’s area under the curve.
For example, Figure 4.19 illustrates KDE applied to the tail of service time
data, partitioned by hour.

Figure 4.19: Tail of Data, by Hour, ST.

The left-hand histogram uses the Sheather–Jones “plug-in” estimator (dpi)
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with an Epanechnikov kernel. In contrast, the right-hand histogram applies
an unbiased cross-validation bandwidth selector with a rectangular kernel.
However, for the head of the data, KDE did not provide an appropriate fit due
to quantisation.

4.4.4 Message Interdependence
Previous analysis of interarrival times, as reported in Chapter 3.1, revealed
evidence of a correlation, which suggests that caution is required when applying
G/G/1 queuing models, where independence of arrivals is typically assumed.
Nevertheless, for the purposes of this research, only single-queue models were
considered.

Message interdependence is a critical factor in simulating queuing systems.
While modelling the behaviour of individual messages is relatively straightfor-
ward, complexity increases when parent–child relationships exist, particularly
when these relationships follow a one-to-many structure. In such cases, the
service time of a batch message may be influenced by the arrival and processing
of all associated child messages. To investigate the presence of interdependent
messages, the classification model was applied. Using the structures shown in
Figure 4.20, parent–child dependencies were inferred through the Batch By
Split Count” and Non-Batch By Split Count” classification models, indicating
the presence of message-level dependencies in the dataset.
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Figure 4.20: Interdependence: By Classification.

Figure 4.21 shows a section of a log file that was examined to provide contextual
evidence supporting the identified interdependence relationships. The following
section describes what can be deduced from this log message.

Figure 4.21: Log Message.
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At a high-level, a message first arrives on line 2. The message is set to an
associated state defined by a map associated with the message as per line
3, and the customer name is associated in line 4 using a Reference ID. The
message is then sent for translation in line 5, and the XML for the message
is produced in line 6. The message is then completely processed in line 7. A
subset of this message is then processed again, starting at line 15 and finishes
at line 20, meaning that this message is split into two messages and is fully
complete at line 20.

To investigate inter-message relationships, the message ID was parsed by
splitting the identifier into two components: a Company ID (id1) and a
Message ID (id2). As illustrated in the hypothetical example in Figure 4.21,
the second component (id2) was used to track message instances. For each
occurrence of id2, the number of <XML> tags was counted. For example, the
message initially enters the system at line 2, with an <XML> tag observed at
line 6, representing one XML document. The same message reappears at line
15, followed by another <XML> tag at line 19, yielding a total of two XML
documents associated with id2. The process was repeated across all log entries,
and the total number of XML documents was aggregated for each message.

It is important to note that if multiple <XML> tags appear consecutively
(e.g., on lines 26 and 27), only the first occurrence is counted. Although this
behaviour was not observed in the current dataset, it is acknowledged as a
possible scenario on other systems and is accounted for accordingly.

Using the identified method, it is possible to determine whether a single message
arrival will result in an influx of subsequent messages into the queuing system.

The analysis also investigates whether a dependence exists between the service
times of independent and non-independent messages. To examine this, messages
were segmented based on whether their service time exceeded 1 or 2 seconds,
as shown in Table 4.18. These thresholds were selected to represent the tail of
the distribution, allowing for assessment of whether dependent messages are
more likely to appear in the tail.
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Table 4.18: ST Exceeds 1:2 Seconds.

Classification ST ≤ 1 s ST > 1 s ST ≤ 2 s ST > 2 s
Independent 126,585 157 126,731 11

Non-Independent 854,722 2,714 857,160 276

A Fisher’s exact test was conducted to assess the independence between
message types. As shown in Table 4.19, the test results indicate no statistically
significant association (p > 0.05) between independent and non-independent
messages where service times exceed 1 or 2 seconds.

Table 4.19: Dependence Check: ST Exceeds N Seconds.

Test Odds Ratio p-value
Exceeds 1 s 2.56 0.0000000
Exceeds 2 s 3.71 0.0000003

4.4.5 Queuing Problems
As an enterprise dataset was used to examine the range of issues documented in
the queue ticketing system, Table 4.20 presents the categorisation of problems
recorded during a defined operational period.

Table 4.20: Queuing system problems recorded in the ticketing system.

Type Count Percent
Unclassified 1900 27
Communication Channels 806 11
Installation 620 9
Security 619 9
Transport Layer Security 566 8
Queue Managers 477 7
Authorised Program Analysis Records (APARs) 458 6
Migration 431 6
Product Documentation 334 5
Replicated Data Queue Manager (RDQM) 256 4
Logging, Recovery 234 3
Connectivity 177 3
Performance 171 2

Notably, 27% of the issues remain “Unclassified”, representing the largest
category. “Communication Channel” problems, pertaining to connectivity
between client and server systems or between servers, account for 11% of
the issues. “Performance” related issues constitute the smallest category at
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2%. Additionally, 7% of the recorded problems are associated with “Queue
Managers”.

To assess the extent of message re-processing, two attributes, “Company ID”
and “Message ID” were used to identify distinct messages undergoing multiple
processing attempts. A message is considered re-processed if its processing
time exceeds 20 minutes, triggering a system timeout and resubmission. From a
dataset of 1,237,370 messages, only a small proportion exhibited re-processing.
As shown in Table 4.21, the majority of re-processed messages occurred only
once, although one instance involved 51 re-processing attempts.

Table 4.21: Re-processed Messages.

Reprocessed Times
Times 1 2 11 51
Messages 281 6 1 1

As EDI messages traverse various components of a supply chain network, they
undergo multiple transformations. One key feature of EDI is the functional
acknowledgement (FA), which returns a status message confirming receipt of
the original message [148]. The study examined the distribution of status
message types to assess the frequency of message malformation. Table 4.22
presents the results.

Table 4.22: Queuing System: Messages by Ack Status.
Status Message

Metric Accepted Waiting None Accepted
With Errors

Rejected Received Partially Ac-
cepted

Count 194,255 184,632 97,797 970 563 303 32
Percentage 40.59 38.58 20.44 0.20 0.12 0.06 0.01

The findings indicate that message malformation is relatively rare: only 0.12%
of messages were marked as “Rejected”, and 0.20% were classified as “Accepted
with Errors”. A deeper dive is needed to understand the breakdown of the
status message and the associated EDI transformation. Table 4.23 shows the
results.
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Table 4.23: Messages: By Ack Status and Transformation.

Message by Status Transformation Count
Accepted DeEnvelope 194,255
Waiting Flat Translation 80,819
Waiting XML Translation 61,013
Waiting Batch XML Translation 41,154

None XML Translation 41,198
None Flat Translation 38,097
None Batch XML Translation 14,279
None Send 1,570
None Extraction Translation 1,534

Accepted With Errors DeEnvelope 970
Waiting Flat Potential Translation 856

None XML Potential Translation 632
Rejected DeEnvelope 563
Waiting XML Potential Translation 463

None Flat Translation 460
Received DeEnvelope 303
Waiting Send 269
Waiting Flat Translation 47
Waiting Null 11

Partially Accepted DeEnvelope 32
None Flat Potential Translation 25
None Null 2

The table shows status messages alongside their associated EDI transformations,
enabling analysis of whether specific transformations are more prone to error.
Messages labelled as either “Rejected” or “Accepted with Errors” share the
same transformation, namely, the “DeEnvelope” service. The service extracts
individual interchanges from a message based on their identified type, separating
them into discrete units for business process handling. A comprehensive list
of interchange types is available in [149]. Only a subset of messages return
an acknowledgement receipt, as confirmed by DevOps, who noted that only
messages marked as outbound, according to the “Direction” attribute, generate
such status responses.

Most message transformations associated with the DeEnvelope service have
a status of “Accepted”. No other transformation type returns a status of
“Accepted”. In contrast, other transformation types display a broader range of
status values, the majority being either “Waiting” or “None”. Every message
is associated with an EDI transformation, which is defined by the associated
“Action” and “Category”. Table 4.24 shows a data dictionary of some of the
Category-type transformations.
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Table 4.24: Message Category: Data Dictionary.

Name Description
DeEnvelope Translation Identifies the interchange type contained within a message

and extracts them to separate messages to be handled by the
business process

Flat Translation One flat file in, many flat files out
XML Translation Transforms XML to an EDI format

Batch XML Translation One XML contains many documents which are then split into
individual documents

Send Send a message that has been previously deferred
Extraction Translation Extraction of a document

Null Translation Dependent on the “Action”
Flat Potential Translation Run a preprocessing step on the data to see if it is bad before

doing any transformations

The table identifies eight distinct types of message translations. Among these,
the most frequently observed are DeEnvelope and Flat Translation. The
DeEnvelope translation identifies the envelope type (e.g., an ACH inbound
envelope) and invokes the corresponding business process. The process then
uses a data extraction tool to parse and output the relevant data. In contrast,
Flat Translation reformats flat file inputs into a standardised format, such as
X12 or EDIFACT.

The classification of the ticketing system provides context as to where the
identified problems lie within the enterprise queuing application. The 27%
unclassified and another 25% made up of non-queue issues, such as installation,
migration, APARs and documentation, equate to over 50% of the total problem
tickets. The bulk of these problems may have easy fixes. Communication chan-
nels, security and transport layer make up another 28%. Further investigations
may be warranted in the detailed classification of communication channels,
security issues and unclassified messages.

4.4.6 Quantisation Noise
Timestamps in the enterprise dataset are recorded to three decimal places,
introducing quantisation effects that significantly influence the distribution.
For instance, when partitioning by “Batch By Category” and “Non-Batch
By Category”, the data exhibited a sharp peak near zero and a thin right
tail, resulting in most observations concentrated in the first bin of the his-
togram (Figure 4.22a). To address this, Tukey’s ladder of power was applied
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to transform the data. The transformed density overlaid on the histogram
(Figure 4.22b) shows multimodality suggesting quantisation artefacts. When
redrawing the density plot for the head of the service time, four distinct
Gaussian-like peaks are observed (Figure 4.23), likely reflecting quantisation
noise rather than true underlying distributions.
(a) (b)

Figure 4.22: Histogram Batch: By Category, Seconds.
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Figure 4.23: Probability Density: Batch and Non-Batch by Category.

Of course, the data contains four distinct values, quantised to 1 ms. However,
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the smoothed density plot works well for the larger values, representing them as
Gaussian distributions around the discrete values, because a significant amount
of the probability is spread between values separated by 1 ms. Quantisation
noise is an important factor for the data.

Truncation or rounding of timestamps has several implications. First, even
if the underlying service times follow a specific distribution (e.g., Burr), the
application of rounding or truncation alters the distribution, making it less
representative of the original. Given the high volume of data and the concen-
tration of values at the 1 ms resolution, such distortions are readily detected
through statistical tests. Second, truncation may affect the temporal ordering
of events, potentially undermining the accuracy of sequence-based analyses.

4.5 Discussion
Building on the limitations identified in Chapter 3.1, this chapter investigated
whether structured partitioning strategies could improve the modelling of
heterogeneous EDI message data. In Chapter 3.1, attempts to fit single
parametric distributions to complete datasets produced poor GoF performance
due to burstiness, heterogeneity, correlation, and quantisation effects. The
framework presented in this chapter enabled more targeted modelling of specific
message partitions, with some subsets exhibiting improved local distributional
behaviour compared with the unpartitioned datasets examined previously.

Based on the methods outlined in Section 4.3, the following section presents
the corresponding results, as detailed in Section 4.4.

4.5.1 Framework
A structured framework was created to support the modelling of queuing data
and to guide the analytical process. The framework established a clear link
between the research objective around the analysis of data and guided model
selection across parametric and non-parametric approaches, including batch and
non-batch type configurations. Such an approach promotes transparency and
justifiability of outcomes and may be adapted or refined by other researchers for
similar applications. The results of the investigation relating to the framework
components are presented in Section 4.5.1.1, focusing on feature identification
and selection.
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4.5.1.1 Feature: Identification–Selection

During the modelling of EDI messages, different XML schemas were observed
to be dependent on the “Mode” attribute. A total of 78 elements were initially
identified, of which 23 were selected for further consideration, and this set was
subsequently reduced to 8 elements deemed most relevant for analysis.

In addition, six keywords were extracted from the structured text of the log
files to support modelling decisions.

By combining information from both the structured text and XML documents,
a final selection of 14 elements was made from an initial set of 29. These
elements were identified as the most relevant for modelling the service and
interarrival times of EDI messages. The selected attributes may also serve as a
useful reference for researchers and DevOps teams engaged in similar modelling
tasks.

The results corresponding to the next component of the framework, feature
classification, are examined in Section 4.5.1.2.

4.5.1.2 Feature Classification

The classification and labelling of combined attributes enabled more granular
analysis of message behaviour. These classifications were designed to align with
the objectives of queue system modelling; for instance, the classification model
allowed for the distinction between single-message and batch-type message
processing. Examining how elements of the classification framework affect data
partitioning for parametric or non-parametric fitting helps identify interdepen-
dencies, enabling the intentional separation of correlated EDI messages so that
model assumptions of independence are better maintained.

While the framework’s primary purpose is to support feature classification
within the modelling process, the understanding it provides of key attribute
relationships may also inform practical applications, such as performance
evaluation or stress testing. However, these considerations lie beyond the
immediate scope of this chapter.
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4.5.2 Parametric Modelling
The pronounced skewness and kurtosis observed in both service and interarrival
times confirm that the dataset exhibits heavy-tailed characteristics, typical
of queuing systems. The log transformation provides the greatest reduction
in skewness; however, the distributions remain non-normal even after trans-
formation. These findings suggest that traditional parametric models, which
rely on normality assumptions, may be inadequate. Instead, this supports
the case for applying partitioning strategies (e.g., head and tail modelling)
and non-parametric techniques such as KDE or mixture models. Furthermore,
the persistent concentration of values near zero, even post-transformation,
indicates a potential influence of quantisation effects in timestamp recording,
which is addressed in later sections.

4.5.2.1 Model: File Size

The range of file sizes within the dataset was analysed to assess the potential
impact of file size on queue behaviour. The analysis also supports the provi-
sioning of appropriate disk space for the queuing system. The head of the data
was found to fit a uniform distribution, aiding in disk space estimation. In
contrast, the tail exhibited discrete file sizes, indicating that KDE fitting may
be more appropriate. Further work can be done to extend or re-segment the
data to include more tail observations and yield a more stable KDE fit, and
enhance modelling of large-file queue dynamics.

The hypothesis that batch messages could be identified by file size, under the
assumption that large files are split into smaller components, was investigated.
However, no consistent relationship between file size and message splitting
was observed. Moreover, the “Source File Size” attribute was optional and
frequently missing. As a result, alternative fields were used to determine
whether messages were split.

In modelling the dataset, an objective was to determine whether messages
represented single-type or batch-type behaviour. Various techniques were
applied to evaluate whether specific features or parameters could distinguish
between the two. The following sections present the results of this analysis,
including an assessment of whether the service times for each message type
could be effectively modelled using parametric distributions.
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4.5.2.2 Model: Batch By Category

Messages were initially modelled using the associated “Category” attribute,
per DevOps guidance. However, analysis revealed that messages within the
same category could exhibit either single-message or split-message behaviour.
Further investigation is needed to identify distinguishing features that reliably
support this classification.

Parametric distribution fitting was also investigated for message service times
classified under “Batch by Category”. The final model approximated a log-
normal distribution but failed the AD GoF test. The P–P plot revealed a high
concentration of discrete values, indicating that quantisation of the data is
likely due to timestamp truncation, which may have affected model fitting.
Further partitioning into head and tail segments reinforced this observation,
with the head exhibiting quantisation noise. Given these findings, messages
classified as “Batch by Category” are more appropriately modelled using KDE
techniques.

4.5.2.3 Model: Batch By Bundle

As an alternative approach to identifying batched messages, modelling was
conducted on all messages that formed part of a bundle, defined as a sequence
of messages where only the final message exhibited a service time greater than
zero (Section 4.4.2.3). The method aimed to consolidate message bundles into
a single effective arrival. The data was partitioned into head and tail segments.
The tail approximated a log-normal distribution, while the head did not exhibit
characteristics suitable for parametric modelling.

4.5.2.4 Model: Batch By Split Count

Analysis of messages based on the count of associated XML documents indicated
that, from a queuing perspective, these messages exhibit batch-like behaviour,
even if not all conform to batch semantics in an EDI context. Attempts to fit
a parametric distribution across various partitions were unsuccessful. However,
transformations applied to the head of the data showed close alignment with
log-normal and Burr distributions. For the tail of the data, KDE provides a
more appropriate modelling approach than parametric methods.
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4.5.2.5 Model: Non-Batch By Split Count

Messages with an XML document count of one were analysed. The tail of the
service times were successfully modelled using a Burr distribution, while the
head appeared more suitable for KDE. Interarrival times were also examined;
however, prior work in Chapter 3.1 identified the presence of a correlation.
Modelling the correlations is left as future work.

4.5.2.6 Model: Non-Batch By Category

The “Non-Batch By Category” classification did not yield a suitable parametric
fit; however, it provided clear evidence that quantisation significantly influenced
the modelling outcomes.

4.5.3 Non-Parametric Modelling
Although not all aspects of the dataset were suitable for parametric modelling,
many data partitions contained sufficient observations to support KDE-based
modelling, provided quantisation was not a limiting factor.

4.5.4 Message Interdependence
Aspects of message interdependence were investigated using the classification
model. A relationship was identified between message IDs and the associated
XML document counts. To assess whether dependent and independent messages
were associated with longer service times, a threshold of 1 second was used
to define the distribution’s tail. Fisher’s exact test indicated no statistically
significant dependent vs. independent association between message type and
the tail of the service time distribution.

4.5.5 Queuing Problems
As discussed in Chapter 1.4, heterogeneous EDI messages may be affected
by throttling, leading to retries and potential bottlenecks in the messaging
system. To assess whether this was present in the current dataset, the logs were
examined for evidence of throttling. Analysis confirmed that throttling was
consistently set to zero during the observation period, indicating that no such
effects occurred. The frequency of malformed messages requiring reprocessing
was below 1. Overall, the enterprise dataset showed minimal issues related to
EDI transformations or message formatting errors.
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4.5.6 Quantisation Noise
Quantisation noise was not initially anticipated as a prominent characteristic
of the dataset. The application of head–tail partitioning techniques was instru-
mental in localising the impact of this issue. Given that log file timestamps
are often rounded to fixed resolutions (e.g., 1 ms), the challenges encountered
in fitting parametric distributions to such data are noteworthy. These findings
underscore the importance of accounting for truncation or rounding effects
in modelling pipelines, as similar complications are likely to arise in other
contexts involving discretised observational data.

Analysis of additional application log files revealed that many systems either
already support timestamps with six or more decimal places or are transition-
ing toward higher-resolution timekeeping. It is recommended that DevOps
teams consider enabling such high-resolution timestamping and monitor the
typical time intervals relevant to their operational context. For instance, while
nanosecond-level resolution may currently be sufficient, future reductions in
typical job durations may necessitate even finer granularity to preserve the
accuracy of performance diagnostics and mitigate quantisation-related artefacts
in measurement. The effects of modelling timestamps at the lower precision
are discussed in later chapters.

4.6 Conclusions
The study developed a framework to support queue simulation and performance
evaluation of systems that handle EDI messages in a supply chain environment.
The framework provides a structured approach for modelling queuing systems
and identifying message characteristics that influence bursty and non-bursty
behaviour. By leveraging EDI attributes, developers and performance engineers
can assess their impact on queuing systems and make informed decisions
regarding resource provisioning. In the context of smart environments, the
framework enables implementers to evaluate system provisioning based on
model selection outcomes. Data scientists and researchers can apply the
framework to fit both parametric and non-parametric distributions, while
organisations may integrate these modelling insights into existing technologies
for improved operational awareness.
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Notably, the dataset exhibited quantisation noise, likely due to millisecond
resolution timestamps, which poses challenges for accurate modelling, particu-
larly for short-lived jobs. The issue is anticipated to be common across similar
datasets and highlights the importance of timestamp resolution in log data.

Future research could focus on exploring message-level correlations by incor-
porating additional EDI attributes. Such analysis may enhance modelling
accuracy, especially in the head of distributions. Addressing quantisation
artefacts remains an important avenue for improving distributional modelling
in time-sensitive queuing systems.

In subsequent work, the effects of quantisation and a correlation observed in
some parts of this dataset can be further investigated.
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CHAPTER 5
Convergence and

Goodness-of-Fit Issues in
Distribution Modelling

Within this chapter, the impact of rounded data on distribution modelling, with
emphasis on GoF assessment using the AD test is examined. The analysis investi-
gates convergence and fitting challenges for Weibull, exponential, and log-normal
distributions, highlighting conditions under which AD statistics return infinite values.
Results show that rounding-induced zeros and extreme maxima are the primary
drivers of divergence. Comparative analysis demonstrates that AD scores align
closely with univariate measures of extremity (z-scores, variance) but not with
multivariate distance (Mahalanobis). Convergence errors arise from mis-specified
parameters and estimation breakdowns, with MME showing greater robustness than
MLE in one parameter distributions.

5.1 Introduction
Distribution fitting involves identifying a probability distribution that best
represents the observed data. Accurate fitting is essential for valid statistical
inference, prediction, and hypothesis testing. Convergence issues can arise
during the fitting process due to factors such as extreme values, rounded
data or parameter values approaching boundary conditions (e.g., near zero).
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Additional challenges include logarithmic terms, division by zero, roots of
negative numbers, boundary constraints, and poor starting parameters [150,
108, 85, 78]. MLE and MME are two standard techniques (Section 2.11). In
MLE, convergence failures can arise when the optimiser does not satisfy the
stopping condition within the allowed number of iterations [150]. Given the
fitting errors observed but not explicitly analysed or understood in previous
chapters, it is essential to investigate the causes of distribution fitting failures.
The chapter, therefore, aims to provide a comprehensive understanding of
these errors, their underlying sources, and their implications for reliable model
fitting and statistical inference.

In GoF testing, the AD test is widely applied because of its sensitivity to
deviations in the distribution’s tails. The AD test can produce extremely large
values or return infinity (Inf) when numerical issues occur. Such cases warrant
further investigation to identify underlying causes.

Convergence behaviour in Weibull, exponential, and log-normal distributions,
and evaluates how MLE and MME perform under different data modifications
is explored in this chapter. The conditions under which the AD test returns
an infinite statistic are analysed, assessing the influence of parameter values
and data characteristics. Finally, the relationship between AD statistics and
distance-based metrics is quantified.

This chapter addresses three primary research questions:

1. Which data characteristics (e.g., zero values, near-zero values) contribute
to convergence challenges in MLE and MME?

2. Under what conditions does the AD test return an infinite statistic,
and are such occurrences associated with specific distributions or data
characteristics?

3. In the presence of outliers, what relationships exist between the AD
statistic and distance-based metrics, including Mahalanobis distance,
z-score, and variance?
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5.2 Data Overview
The data from this study will be synthetically generated for three distributions,
Weibull, log-normal and the exponential distribution as defined in Table 5.1,
to allow full control over distributional parameters, and ensure reproducibility
of results. The generated data are then modified to investigate issues that may
arise during model fitting, as described in the following sections. The three
chosen distributions: Weibull, log-normal, and exponential, are all defined
only for non-negative values, and some have zero probability density at x = 0.
Consequently, exact zero values should not occur in data drawn from these
theoretical distributions. Any zeros observed would therefore result from
numerical rounding or data preprocessing.

Table 5.1: Parameter Values.
Default Parameters

Log-normal Weibull Exponential
µ = 3, σ = 1 β = 0.5, λ = 2 λ = 1

Sample sizes used for all distributions
100 1000 10000

A limitation of this study its reliance on synthetic data, which may not capture
the full complexity and variability presented in real-world datasets. While
synthetic data allows controlled manipulation of parameters, the results may
not generalise to practical real-world applications.

5.3 Methods
5.3.1 Convergence Errors
Within this section, convergence issues when fitting to different distributions
are investigated. Using the three distributions and associated parameter values
defined in Table 5.1, convergence tests described in Table 5.2 are conducted
with a fixed sample size of 100. The five tests target problematic data conditions
to assess how MLE and MME handle challenging scenarios:

Table 5.2: MLE/MME Convergence Tests.
Test Number Test Type Description

1 Rounded to Zero Round the synthetic data.
2 UnRounded Close to Zero Add zero values to the data
3 Negative Numbers Add negative values to the data.
4 Distribution Range Exceedance Add positive outliers to the data.
5 Parameter Values Change the parameter values, bring

them closer to zero.
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“Rounded to Zero” rounds synthetic data to zero decimal places, i.e., to whole
numbers, introducing exact zeros to evaluate whether rounded values affect
distribution fitting.

“Unrounded Close to Zero” uses original synthetic data to six decimal places,
testing the impact of values between 0.001 and 0.900. If insufficient values
exist, the dataset is regenerated. The test evaluates whether small but positive
values near the support boundary affect convergence.

For the “Negative Numbers” test, one negative value is added into the dataset
to assess whether the specified distribution can support such data and to
identify any fitting failures. Although the log-normal, Weibull, and exponential
distributions have support only on the positive real line, a test with one
negative value is deliberately included. The purpose is not to evaluate the
ability of these distributions to represent such data, but rather to examine how
the fitting procedures behave when encountering unsupported observations.
Since the probability density function is zero for all x < 0, the log-likelihood
becomes undefined or tends to −∞ in the presence of negative data. Different
estimation algorithms may therefore fail in different ways, for example, by
terminating with a numerical error or failing to converge. Including this test
helps to characterise such failures explicitly.

The “Distribution Range Exceedance” test adds a single large positive outlier
to evaluate the robustness of MLE and MME to extreme values, particularly
regarding variance and fit quality.

The “Parameter Values” test reduces parameter values by a factor of ten to
examine whether proximity to zero affects fitting accuracy, allowing MLE and
MME to re-estimate parameters at each step.

In summary, this section will provide a general classification of convergence
and mis-specification errors, grouped by estimation method rather than by
distribution. These general error patterns will set the stage for examining how
they manifest in specific distributions, which is covered in the next section.

5.3.2 Convergence Behaviour in Different Distributions
Unlike the previous section, which will present convergence errors in a general
form, this section analyses their occurrence within the individual distributions.
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By applying the same test framework to the Weibull, exponential, and log-
normal distributions, the results will highlight distribution-specific patterns of
convergence and failure. The parameters for the test are defined in Table 5.1,
the sample size is fixed at 100 unless otherwise specified, and the tests follow
the test cases described in Table 5.2. These tests will be conducted using MLE
and MME parameter estimation methods, which use the “fitdist” function
from the “fitdistrplus” package [151].

5.3.3 GoF Test Statistic Returns Inf
As outlined in Section 2.9.4, the AD test statistic can return infinite values when
samples contain zero or negative observations, which disrupts the logarithmic
transformations used in its calculation. Even small positive values can have
a disproportionate effect; for instance, log(0.001) = 3 greatly increases the
weighted contribution of the tails.

Unlike convergence failures, which occur during parameter estimation, Inf
results arise after estimation, when the GoF statistic itself diverges under
certain data conditions. To examine these conditions, synthetic datasets were
generated for Weibull and exponential distributions using the parameter values
in Table 5.1. Nine scenarios, described in Table 5.3, were tested with a sample
size of 100 in most cases, and each experiment was repeated twenty times to
account for random variation.
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Table 5.3: AD GoF: Inf Scenario Tests.
Test NB Test Description

1 Extreme Outliers Insertion of data points far beyond the typical range to induce
large deviations between empirical and theoretical CDFs. Out-
liers defined as more than three standard deviations from the
mean of a Gaussian distribution, where 99.7% of data should
lie within this range [79].

2 Zero Variance Datasets with identical values to test the effect of no spread
on the AD statistic and determine if the lack of variability can
produce an Inf result.

3 Near Zero Variance Datasets with minimal spread to assess sensitivity to low
variability and whether clustering of points close together
inflates the AD statistic towards Inf.

4 Small Sample Size Datasets with sizes below the recommended thresholds for
AD critical values, testing whether insufficient data prevents
correct distribution identification and leads to Inf results.

5 Create another distribution
like log-normal and AD test
on Weibull

Testing a mis-specified distribution (e.g., fitting Weibull data
to log-normal) to assess robustness to distributional mismatch,
which may return either an Inf value or a large AD statistic.

6 Extremely Large Sample
Sizes

Testing computational limits and numerical stability using
datasets up to one hundred million observations.

7 Observed Data: Perfectly
Matches the Theoretical Dis-
tribution

Simulated data drawn exactly from the hypothesised distribu-
tion to assess behaviour under ideal conditions and determine
if perfect agreement can still yield Inf results.

8 Negative Values Introducing values outside the theoretical support of the fitted
distribution (e.g., negative values for Weibull) to test whether
the AD statistic returns Inf due to log-transform errors in the
algorithm.

9 Many Zero Values Inserting varying proportions of zero values (up to 30%) to
examine their effect on the AD statistic’s logarithmic terms
and assess the threshold at which Inf results occur.

The AD test is conducted with the ad.test function from the gofTest R pack-
age [152], and parameter estimation for both MLE and MME uses the “fitdist”
function from the “fitdistrplus” package [151].

5.3.4 Data Characteristics Underlying Inf AD Results
Having established the conditions under which the AD test statistic returns Inf
values, the next step is to investigate the underlying data characteristics that
contribute to these outcomes. In this section, the exponential distribution is
analysed, with results evaluated at a rounding precision of three decimal places
to identify patterns related to kurtosis, sample size, mean value, proportion of
excessive zeros, and other distributional features.

5.3.5 Relationship Between AD Scores, Z-score and
Mahalanobis Distance

Building on the previous section, this analysis examines how AD scores relate
to alternative measures of extremity, with a focus on the effect of extreme
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outliers. The objective is to determine the number of standard deviations
from the mean at which the AD statistic diverges to infinity, using the Weibull
distribution as a case study. Each test uses a sample size of one hundred
and is repeated twenty five times to account for randomness. The results are
measured at the individual data-point level rather than at the distributional
level.

Two complementary distance-based metrics are adopted. The z-score measures
univariate deviations from the mean. For example, a z-score of 3 indicates that
the observation is three standard deviations above the mean. The Mahalanobis
distance uses the covariance structure to capture multivariate deviations. A
Weibull distribution is univariate, however, in this analysis, the Mahalanobis
distance is calculated in a bivariate framework, where each empirical observation
is paired with its corresponding Weibull theoretical quantile. By incorporating
the covariance between these two dimensions, the measure captures the joint
deviation of observed and expected values. The formula captures how far a
point lies from the joint mean of the empirical and theoretical distribution space,
while accounting for their covariance structure, making it a more complex
measure than the z-score, which just looks at how far a point is from the mean
in one dimension.

Using both metrics enables cross-validation of results and strengthens the
robustness of the conclusions. Variance is additionally examined to capture
changes in dispersion associated with extreme values. By varying the magnitude
of the deviation from the mean, the relationship between the AD statistic and
the other metrics (z-score, Mahalanobis distance and variance) is quantified,
and thresholds at which the statistic diverges are identified.

Using these metrics alongside variance enables cross-validation of results and
captures both univariate and joint effects of outliers. By varying the magnitude
of deviations, the analysis quantifies the relationship between AD scores and
these measures, identifying thresholds at which the AD statistic consistently
diverges.
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5.4 Results
5.4.1 Convergence Errors
Fitting errors were intentionally induced using the five tests described in
Table 5.2. All observed errors are reported, together with their causes and the
parameter estimation methods in which they occurred. In this section, the
fitting errors are described. Later sections will provide more detail on these
fitting errors.

Table 5.4: Convergence and Mis-Specification Issues.

Error Problem Issue Method
Error in manageparam(.. values
must be positive to fit an .. dis-
tribution’)

Mis-
specification

Starting values may not be in a
structured list, and potential issues
computing the starting values.

MLE MME

Error in checkparamlist(..arg,
:start should not have NA or NaN
values.)

Mis-
specification

“checkparamlist” validates the pa-
rameters from “manageparam” func-
tion are aligned with the distribu-
tion’s density function.

MLE MME

Error in fitdist(...the function mle
failed to estimate the parameters,
with the error code 100

Convergence Optimisation errors when mledist()
fails to converge.

MLE

simpleError in optim... function
cannot be evaluated at initial pa-
rameters

Convergence/
Mis-
Specification

Optimisation error, it occurs when
the objective function returns NA
or Inf values when evaluating the
initial parameters

MME

simpleError in if (s.mu *
obj..missing value where TRUE/-
FALSE needed

Convergence/
Mis-
Specification

Optimisation error, it occurs when
variables defined in the error are not
correctly initialised or contain unex-
pected or invalid values(e.g., NULL,
NA, or Inf)

MME

The “fitdist” function verifies that any defined starting parameter values are
either in a structured list or can be converted to one, and that the values
are valid (e.g., no negative values when positive values are only supported).
A “manageparam” error occurs if either check fails. If the precheck passes
the initial assessment, then the “checkparamlist” function ensures that the
parameters defined are valid and consistent with the distribution’s density
function, for example, defining a mean input parameter for a Weibull distri-
bution. It also checks for NA or NaN values. Here, NA indicates missing or
undefined input, while NaN reflects an invalid numeric result (for example, the
operation 0/0 produces NaN). Other operations that yield Nan include log(−1)
in the real domain and ∞ − ∞. Both cases must be ruled out to ensure that
parameter estimation proceeds with well-defined inputs.

The “fitdist” error occurs only for MLE. It happens when the MLEDist function
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fails to converge and returns error code 100, indicating that optim encountered
an internal error [151]. For MME, “simpleError in optim” originates from
the optim function, due to invalid starting parameter values or the presence
of NA or Inf values in the dataset. The error is classified as both a fitting
and convergence error, as it stems from the optimisation routine and may be
triggered by either algorithmic calculations or problematic data characteristics.
It can also occur if optim cannot handle specific inputs, resulting in NA or Inf
values as outputs.

The “simpleError in if(s.mu* ....)” occurs during optimisation when input
variables are incorrectly initialised or contain invalid values such as NULL, NA
or Inf. It may also occur due to numerical instability in the objective function.

The variable mu determines whether optimisation seeks to maximise or min-
imise the objective. Variable s.mu, as sign(mu), sets mu’s sign and adjusts
the function logic accordingly. Depending on mu’s value, s.mu adjusts the
conditions used to compare current and previous objective values. In such
cases, the role of mu and s.mu becomes critical.

5.4.2 Convergence Behaviour in Different Distributions
Cases where distribution fitting fails to converge are studied in this subsec-
tion, focusing on each distribution individually. Analysing the distributions
separately highlights how specific data characteristics influence the stability of
parameter estimation.

5.4.2.1 Weibull

Table 5.5 shows the individual results for the Weibull distribution.
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Table 5.5: Weibull: Convergence Results — 100 Sample Size.
Weibull Shape: .5, Scale: 2

Test Range MLE MME Error Type
Rounded to Zero Checkparamlist Checkparamlist Fitting
UnRounded Close to
Zero

0.001:0.900 No Error No Error NA

Negative Numbers -1 Manageparam Manageparam Fitting
Distribution Range
Exceedance

100k No Error No Error NA

Parameter Values Shape:[0.001:0.500],
Scale:[0.200:4.000]

Fitdist SimpleError Convergence

Parameter Values: Sub-Tests
Shape Scale MLE MME Error Type
≥ 0.040 = 2 No Error No Error NA
0.009:0.030 = 2 Fitdist No Error Convergence
≤ 0.040 = 2 No Error SimpleError in optim Convergence
= 0.040 = 4 No Error SimpleError in if

(s.mu * obj..)
Convergence

≤ 0.0081 = 21 Checkparamlist Checkparamlist Fitting
= 0.040 ≤ 0.400 Fitdist No Error Convergence

It is important to note that these errors are dependent on the characteristics
of the synthetic data. For example, when generating synthetic data using the
same parameter values, a “fitdist” error may occur in one instance, whilst a
“manageparam” error might occur in another. Even small changes in the data’s
moments can influence the test results.

The “UnRounded Close to Zero” and the “Distribution Range Exceedance”
tests did not suffer from convergence errors. Outliers up to 100,000 were added
to the data for the “Distribution Range Exceedance” test. However, when
extreme outliers were added to the data, no errors occurred for MLE or MME.

The “Rounded to Zero” and the “Negative Numbers” tests produced fitting
errors, typically flagged as “checkparamlist” or “manageparam” errors. These
are flagged as fitting errors, not convergence errors, because they indicate
computational issues with starting values, often resulting in NaNs, likely due
to invalid inputs for logarithmic transformations.

In the “Parameter Values” test, the shape was varied with a fixed scale set to
2 to explore how small values affect model fitting. As the shape decreases, the
likelihood surface becomes flatter, making optimisation more difficult. It is
observed from the table that convergence has occurred.

Additional tests in the “Parameter Values” case, shown in the lower half of the
1See “Rounded to Zero” test.
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table, were conducted to identify the shape and scale parameter thresholds at
which convergence starts and stops.

5.4.2.2 Exponential

Table 5.6 presents the results for each test applied to the exponential distribu-
tion.

Table 5.6: Exponential: Convergence Results:100 Sample Size.
Exponential Lambda:1

Test Range MLE MME Result
Rounded to Zero No Error No Error NA
UnRounded Close to Zero 0.001:0.900 No Error No Error NA
Negative Numbers -1 Manageparam Manageparam Fitting
Distribution Range Ex-
ceedance

100k Fitdist No Error Convergence

Parameter Values lambda:
0.0001:100.00000

Fitdist No Error Convergence

The results show that MME produced no convergence or fitting errors, except
in the “Negative Numbers” test, where a fitting error occurred, consistent with
the exponential density being defined only for non-negative values.

For MLE, fitting errors occurred in the “Negative Numbers” test, and conver-
gence errors occurred in the “Distribution Range Exceedance” and “Parameter
Values” tests. In the latter, λ values ≤ 0.001 caused “fitdist” convergence
errors. These arise because λ must be strictly positive; if λ = 0, the PDF is
identically zero, implying a zero probability of any event, which is incorrect.
If λ < 0, the PDF becomes negative for positive x, violating the requirement
that probabilities be non-negative. For large λ, most probability mass is
concentrated near zero, which can lead to numerical issues in the optimisation
routine during exponential calculations.

5.4.2.3 Log-normal

Table 5.7 shows the individual results for the log-normal tests.
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Table 5.7: Log-normal: Convergence Results:100 Sample Size.
Log-normal Mean:3 Standard Deviation:1

Test Range MLE MME Result
Rounded to Zero Manageparam Manageparam Fitting
UnRounded Close to Zero Values:0.001:0.900 No Error No Error NA
Negative Numbers -1 Manageparam Manageparam Fitting
Distribution Range Ex-
ceedance

100k No Error No Error NA

Parameter Values Standard Deviation:
0.001:10.000

No Error No Error NA

Both MLE and MME showed no convergence errors across all tests. Fitting
errors arose in the “Rounded to Zero” and “Negative Numbers” tests due to
the inability to take logarithms of zero or negative values, as required by the
log-normal likelihood.

Extreme outliers did not produce convergence failures, consistent with the
log-normal’s suitability for heavy-tailed data. Varying σ between 0.0001 and 10
revealed no optimisation instability, while µ was held constant, as it shifts the
distribution on the log scale without typically affecting numerical convergence.

5.4.3 GoF Test Statistic Returns Inf
The results of the study that determine the conditions under which the AD test
statistic returns Inf for the exponential and Weibull distributions are provided
in this section.

5.4.3.1 Weibull

Table 5.8 shows the results of the Weibull tests with cells highlighted in orange
where the AD statistic returned an Inf.
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Table 5.8: Weibull AD Inf / NULL Test (Repeat Tests=20).

Test
NB

Test Sample
Size

Shape Scale Avg Var AD
Statis-
tic = Inf

Min AD
Statistic

Max AD
Statistic

1 Extreme Out-
liers

100 0.5 2 999,458 True N/A N/A

2 Zero Variance 100 2 1 0 False 38.30 344.25
3 Near Zero Vari-

ance
100 0.5 0.00 0.00 False 0.56 2.74

4 Small Sample
Size

6 1 1 1.11 False 0.39 3.43

5 Create another
dist Like log-
normal and AD
test on Weibull

100 0.5 2 0.98 True N/A N/A

6 Extremely Large
Sample Sizes

100 mil-
lion

0.5 2 79.97 False 0.26 1.13

7 Observed
Data Per-
fectly Matches
The Theoretical
Distribution

100 0.5 5 52.79 False 0.44 2.51

8 Negative Values 100 0.5 2 55.94 True N/A N/A
9 Many Zero Val-

ues
100 0.5 2 57.88 True N/A N/A

In the “Extreme Outlier” test, the mean value of the data was 104.06. Injecting
a single value of 10, 000, resulted in the AD test statistic returning an Inf value,
which reflects the AD tests’ tail sensitivity. The deviation in the upper tail
between the empirical and fitted CDF dominates the log-weighted terms.

The “Zero Variance” and “Near Zero Variance” tests do not return Inf values.
However, the “Zero Variance” test results in a relatively high AD statistic,
whereas the “Near Zero Variance” resulted in a comparatively low AD statistic.
The behaviour may be distribution-dependent, and other distributions could
exhibit different sensitivity to variance.

In the “Small Sample Size” test, a sample size n = 6 matched the smallest
sample size for which tabulated critical values are available for the AD test
(Case 0) [84]. The AD statistic was finite but large, leading to rejection of the
null hypothesis that the sample was drawn from the specified distribution. The
high value reflects the test’s limited ability to identify the distribution with
such a small sample, underscoring the importance of adequate sample size in
GoF testing. Increasing the sample size improves the stability of estimated
parameters, reduces sampling variability, and enhances the power of the test
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to detect genuine departures from the theoretical model.

In the test “Create another distribution like log-normal and test on Weibull”,
a synthetic log-normal distribution with µ = 0 and σ = 1, evaluated against
a Weibull fit with (shape = 0.5, scale = 2), returned an infinite AD value.
Changing the parameters of the log-normal distribution resulted in a high AD
test statistic, rather than an infinite value. Distribution parameters affect the
AD test’s return results and influence the magnitude of the AD test statistic,
showcasing the sensitivity of the AD test.

In the “Extremely Large Sample Size” test, a sample of one hundred million
produced no infinite AD statistics. Attempts at one billion observations
exceeded available memory (32GB). The AD test assumes exact arithmetic,
but computers store numbers with finite precision. With extremely large
samples, adding millions of terms may accumulate rounding errors, causing
the computed statistic and p-values to differ from their true values.

The “Observed Data Perfectly Matches the Theoretical Distribution” was
tested on a one hundred sample size, which did not result in an Inf value.

In the “Negative Values” test, the AD statistic was infinite. Distributions such
as the normal, Cauchy, and logistic can accommodate negative values and
should not produce infinite statistics under the same conditions. However, any
further validation of this statement is beyond the scope of this research.

For the “Many Zero Values” test, zero values comprised 30% of the data and
were progressively removed until none remained. With a sample size of 100,
even a single zero produced an infinite AD statistic. For a Weibull distribution
with shape parameter β < 1, the PDF diverges at x = 0, implying an infinite
density at the lower bound. Therefore, the presence of zeros in the data
introduces a sharp incompatibility between the empirical distribution and the
theoretical model, leading the AD statistic to diverge under the parameter
setting (β = 0.5, λ = 2).

5.4.3.2 Exponential

Table 5.9 shows the results of the exponential test.

144



5.4. Results

Table 5.9: Exponential AD Inf / NULL Test (Repeat Tests=20).

Test
NB

Test Sample
Size

Rate Avg Var AD Statistic
= Inf/Null

Min AD
Statistic

Max AD
Statistic

1 Extreme Out-
liers

100 1 99997998.83 True N/A N/A

2 Zero Variance 100 1 N/A N/A N/A N/A
3 Near Zero Vari-

ance
100 10000 0.00 False 0.30 1.99

4 Small Sample
Size

6 1 1.28 False 0.25 2.69

5 Create another
dist like log-
normal and AD
test on exponen-
tial

100 1 0.97 True N/A N/A

6 Extremely Large
Sample Sizes

100 million 1 1.00 False 0.14 4.98

7 Observed Data
Perfectly
Matches the
Theoretical Dis-
tribution

100 1 0.98 False 0.25 1.39

8 Negative Values 100 1 1.26 True N/A N/A
9 Many Zero Val-

ues
100 1 0.95 True N/A N/A

For the “Extreme Outliers” test, a single observation of 100,000 was inserted
into the data, causing the AD statistic to diverge to infinity, for the same
tail-deviation reasons noted in the previous Weibull outlier test.

In the “Zero Variance” test, an exponential distribution cannot have variance
equal to zero because V ar(X) = 1

λ2 would require λ to be infinite, implying
zero time between events. If the time between events is zero, the data has no
range. No range in the data implies no randomness in the events, meaning all
events are stacked and not continuous.

For the “Small Sample Size” test, no infinite AD statistics were observed, as a
limited sample size does not eliminate data spread or the continuity of random
events.

The “Create another dist like log-normal and AD test on exponential” produced
an infinite AD statistic. Synthetic data was generated with a log-normal
distribution with µ = 0 and standard deviation = 1. A log-normal distribution
is right-skewed, with a long tail. The data points can take on large values with
a relatively high frequency. The exponential distribution has a shorter tail,
meaning large values occur less frequently. When data from a heavy-tailed

145



5.4. Results

distribution like the log-normal is tested against an exponential fit, the AD
statistic’s tail weighting magnifies the discrepancy in the upper tail, which can
cause the statistic to diverge to infinity.

The “Extremely Large Sample Size” test with one hundred million data points,
and the “Observed Data Perfectly Matches the Theoretical Distribution” test
produced no infinite AD statistic.

The “Negative Values” and the “Many Zero Values” tests produced infinite
AD statistics because such values violate the exponential distribution’s lower
bound of zero.

5.4.4 Data Characteristics Underlying Inf AD Results
Table 5.10 presents descriptive statistics under various rounding precisions and
sample sizes of the data characteristics that produced infinite AD statistics,
using the exponential distribution as a test case. Cells highlighted in orange
indicate the conditions under which the AD test returned an infinite statistic.

Table 5.10: Exponential: AD Inf Value Analysis.

Sample
Size

Round
Preci-
sion

Percent
Values
<1

Percent
Zero
Values

Min
Data
Point
Value

Max
Data
Point
Value

Mean Standard
Devia-
tion

Variance
(CV)

99th
Per-
centile

Skew-
ness

100 0 32% 32% 0 6 0.97 1.04 108% 4.45 2.12
100 1 66% 6% 0 3.5 0.93 0.82 88% 3.34 1.39
100 2 72% 1% 0 5.49 0.79 0.89 112% 4.85 2.76
100 3 55% 1% 0 4.99 1.15 1.03 89% 4.47 1.42

1000 0 40% 40% 0 6 0.86 0.93 107% 3.59 1.58
1000 1 61% 5.7% 0 7.7 1.02 1.08 106% 5.09 2.17
1000 2 62% 0.2% 0 7.5 1.02 1.02 100% 4.54 1.96
1000 3 62% 0.1% 0 6.83 0.99 0.96 96% 4.35 1.72

Analysis of the data reveals several contributing factors. For both n = 100 and
n = 1000, rounding to zero decimal places produced many zeros (32% and 40%,
respectively). Increasing decimal precision sharply reduced values rounded to
zero (to below 1% for n = 100 and 0.3% for n = 1000 at two or more decimals),
though extreme maximum values continued to appear, particularly at n = 100.
Despite these distortions, mean and standard deviation values remained close
to the theoretical expectation (µ ≈ 1) with coefficients of variation near 100%,
indicating that the distribution’s mean and variance were preserved. Skewness
values (1.39 – 2.76) were consistent with the exponential’s right-skewed shape
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but increased when large maxima occurred. For the remaining highlighted
cells, the divergence appears to stem from the interplay between the “Max
Data Point Value” and its corresponding “99th Percentile”. When the observed
maximum exceeds the theoretical 99th percentile, the distribution’s upper tail
becomes disproportionately stretched, increasing deviations from the expected
exponential form. The tail distortion increases the sensitivity of the AD
statistic, often driving it to infinity even when other descriptive statistics (e.g.,
mean, variance) remain near their theoretical expectations.

Overall, the results reinforce that infinite AD results are associated with both
high proportions of zeros and/or extreme values, which intensify deviations
in GoF. These findings are consistent with the patterns observed for the
Weibull case (Table 5.8), confirming that zero inflation from rounding and
extreme values are the primary causes of divergence in AD statistics across
both distributions. When rounding to zero decimal places for the exponential
distribution, AD Inf values were consistently returned for both MLE and MME,
rendering the tests inconclusive.

5.4.5 Relationship Between AD Scores, Z-Score and
Mahalanobis Distance

Figure 5.1 presents the results of the tests in four scatter plots. The first three
plots compare AD scores with Mahalanobis distance, z-scores, and variance,
respectively, while the fourth plot illustrates the relationship between z-scores
and Mahalanobis distance.
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Figure 5.1: Weibull: AD Scores Versus Distance Metrics.

In the first three plots, infinite AD values are replaced with 99 to enable clearer
visualisation, and on the third plot most variance values fall below one million,
but a few extreme outliers (approximately 1020) distort the scale; thus, the
y-axis was truncated at 106 to enhance interpretability.

These graphs provide complementary perspectives on deviation from the ex-
pected distribution. The Mahalanobis distance, computed by pairing empirical
data with Weibull theoretical quantiles, captures joint deviations and accounts
for covariance between observed and expected values. In contrast, the z-score
reflects univariate distance from the mean in standard deviations.

As discussed in Section 5.3.5, this study looks at the relationship between
the AD score and different distance metrics. The left-most plot displays
Mahalanobis distance against the corresponding AD score for each data point,
illustrating how the two measures relate at the observation level. No clear
linear relationship is observed. At a 5% significance level, observations with
Mahalanobis distances greater than 2.44 were considered large Mahalanobis
distances (observations more than 2.45 units away from the multivariate
centroid in standardised Mahalanobis space). A large Mahalanobis distance
does not necessarily correspond to extreme tail deviations that drive the AD
test to reject the null hypothesis.

The second plot shows the relationship between AD scores and z-scores. The
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pattern is non-monotonic. For z-scores near 10, the AD statistic takes on
two outcomes, either close to 0 or close to 99 (replacing Inf). AD scores near
100 occur at both small and large z-scores, indicating that the AD statistic
does not scale smoothly with deviations from the mean but instead shows
threshold-like behaviour.

The third plot shows AD scores against variance, where the y-axis for variance
was truncated at one million. 75% of the results have a variance value less than
one million. 40% of data points are concentrated at a variance value of (246),
even across a wide range of AD scores. For the majority of the data, variance is
not strongly related to changes in the AD statistic. A few points appear around
or near the upper truncation limit (1M). These are extreme cases where both
the AD Score and variance spike together, indicating instability or sensitivity
to outliers in the data.

The right-most plot compares z-scores with the Mahalanobis distance. No
clear linear relationship is apparent between the two distance metrics, though
two clusters of values are observed.

To quantify these relationships, a Spearman rank correlation test was conducted
due to non-linearity between AD scores and each distance metric. The results
are shown in Table 5.11.

Table 5.11: Spearman Test: AD Score vs Other Metrics.

Comparison Spearman ρ

AD Score vs Mahalanobis Distance -0.06
AD Score vs Z-score 0.47
AD Score vs Variance 0.91
Z-score vs Mahalanobis Distance 0.09

Note: p-value = 0.00

Using the critical values from Table 2.6, the AD test statistic shows no correla-
tion with Mahalanobis distance. A moderate correlation is observed with the
z-score (ρ = 0.47), and for variance, the correlation coefficient (ρ = 0.91) indi-
cates a strong monotonic relationship. Assessing the relationship between the
z-score and Mahalanobis distance shows a weak correlation. These results are
not visually apparent in the scatter plots, as the Spearman method measures
rank-based association rather than linear association.
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5.5 Discussion
5.5.1 Convergence Errors
Convergence test results can be grouped into two categories: mis-specification
and convergence errors. Mis-specification errors arise from the “manageparam”
and “checkparamlist” functions, due to invalid or poorly structured starting
values, incompatibilities between parameters and the chosen distribution, or
undefined (NaN) values. Convergence errors include MLE error code 100
and MME “simpleError...”, indicating failure to estimate parameters, while
other “simpleError...” messages are linked to mis-specification, typically arising
from invalid inputs (e.g., NaN values or incompatible parameter choices) or
uninitialised variables where required values were not properly defined before
estimation.

5.5.2 Convergence Behaviour in Different Distributions
Convergence behaviour varied across the Weibull, log-normal, and exponential
distributions. All three produced errors under invalid inputs, such as zero or
negative values, reflecting their domain restrictions.

Beyond this common issue, patterns diverged. The Weibull was the most
sensitive, with frequent failures when the shape parameter approached zero.
The log-normal was stable but still failed on zero and negative values. The
exponential, as a single-parameter model, was the most robust, converging
where the other two failed, though errors still arose for invalid inputs.

MLE and MME showed broadly similar error types, though MME proved
more robust in exponential cases, while both methods struggled with extreme
Weibull parameters.

5.5.3 GoF Test Statistic Returns Inf
Across both Weibull and exponential distribution fitting, the AD test returned
an Inf value for extreme outliers, model mis-specification with a heavy-tailed
distribution, and support violations such as zero or negative values. These
tests reflect the test’s sensitivity to the tails, and violations of the assumed
distribution prevent a valid fit. Large AD statistic results arose in zero-variance
and minimal sample size n = 6 tests. Near-zero variance, perfectly specified
models, and extremely large samples (one hundred million) yielded stable AD
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statistics, although finite-precision arithmetic may introduce minor rounding
errors.

5.5.4 Data Characteristics Underlying Inf AD Results
The results from the exponential study confirm that infinite AD statistics
arise primarily from rounding-induced zeros and extreme maxima above the
99th percentile. Larger samples reduce the proportion of zeros, but extreme
values persist across precisions and continue to distort the upper tail. Thus,
as with the Weibull case, both zeros and extreme maxima are the key drivers
of divergence in the AD test.

5.5.5 Relationship Between AD Scores, Z-Score and
Mahalanobis Distance

The results highlight important differences in how distance metrics relate to the
AD statistic. Mahalanobis distance showed no meaningful relationship with
AD scores (ρ = −0.06), consistent with the scattered pattern in the charts,
indicating that multivariate distance does not reliably capture deviations
relevant to the AD test. In contrast, a moderate positive correlation was
observed between AD scores and z-scores (ρ = 0.47), indicating that large
standardised deviations are linked to divergence in the AD statistic. At first
glance, this seems inconsistent with the scatter plots. The difference arises
because Spearman correlation measures monotonic rank associations rather
than linear trends. While small z-scores consistently map to AD = 0 and larger
z-scores often correspond to divergent AD values, the abrupt transitions break
the visual continuity in the plots, even though the rank-based relationship
still produces a moderate positive correlation. Variance, on the other hand,
produced only a threshold-like behaviour, with AD scores capping to either 0 or
100, however, the correlation results indicate a strong monotonic relationship.
To clarify this, Figure 5.2 presents a scatter plot of ranked values for AD and
variance. Spearman correlation measures how well the ranks of two variables
move together, not the raw values, this ranked plot highlights the monotonic
relationship between AD and variance (ρ = 0.91).
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Figure 5.2: Weibull: Rank AD Scores Versus Variance.

These results suggest that variance and z-scores offer complementary support
to AD values. At the same time, Mahalanobis distance reflects alternative
notions of extremity that do not align well with the AD test.

5.6 Conclusion
Concerning the data characteristics that contribute to convergence challenges
in MLE and MME, the results showed that rounding-induced zeros, near-zero
values, and support violations (zero or negative data values) are the primary
sources of failure.

The analysis also revealed that convergence behaviour differs by distribution.
The Weibull distribution is highly sensitive to extreme shape parameters. The
log-normal is more robust but still fails under zero and negative values. The
exponential displayed the strongest robustness, converging successfully in cases
where the others did not.

Regarding the conditions under which the AD test returns an infinite statistic,
it was found that extreme maxima, heavy-tailed mis-specification, and zero
values consistently produced divergence across both Weibull and exponential
distributions.

In examining the relationship between the AD statistic and distance-based
metrics, z-scores and variance (after logarithmic transformation) displayed
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strong monotonic associations with AD scores, whereas Mahalanobis distance
showed no meaningful correlation.

Taken together, these findings show that convergence behaviour and AD
divergence are driven primarily by data characteristics and distributional
assumptions, and that the AD test responds more strongly to extreme values
in single variables (such as large z-scores or variances) than to multivariate
distance measures like the Mahalanobis distance.
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CHAPTER 6
Rounding Effects on Parameter

Estimation

When estimating a probability distribution, the parameter values are important. MLE
and MME are two commonly used techniques for estimating parameter values from
an observed dataset. The performance of these two techniques may be impacted by
data characteristics such as sample size, distributional complexity, and quantisation.
This research compares MLE and MME under varying parameter values, sample
sizes, and rounding based on the Weibull, exponential, and log-normal distributions.
The results show that MLE provides better distributional fit for multi-parameter
distributions. The findings also show that the performance of MLE and MME
depends on the distribution, data characteristics, and evaluation metrics used,
emphasising the need to assess parameter estimation using multiple measures.

6.1 Introduction
When working with a probability density distribution, it is essential to have
a solid understanding of statistical methods that can estimate distribution
parameters. MLE and MME parameter estimation methods are the focus
on this chapter. As previously mentioned in Section 2.11, MLE estimates
the parameters of a probability distribution by maximising the likelihood
function, whereas MME estimates the parameters of a probability distribution
by comparing theoretical and empirical moments. Building on the review
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of these two methods, the objective is to determine which method, MLE or
MME, provides the closest fit to a distribution and under what conditions.
Previous work demonstrated that quantisation significantly affects log-normal
parameter recovery and GoF assessment [153], motivating further investigation
into how rounding influences parameter estimation performance across different
distributions and estimation methods.

The following questions are addressed:

1. How does changing the parameters affect the shape of the distribution,
and does rounding impact parameter estimation for both MLE and
MME?

2. Which of the two techniques provide the best parameter estimates?

3. From the parameter estimates provided, how do the parameters affect
AD and CvM GoF tests?

4. What are the limitations specific to each methodology, and how might
these limitations influence the accuracy of parameter estimation and fit
to a distribution?

Table 6.1 lists the distributions to be tested, respective parameter values, and
sample sizes. Hypothesis testing will be conducted using AD and CvM GoF
tests to evaluate the effectiveness of MLE and MME.

Table 6.1: MLE/MME Test Cases.
Test Number Test Repeat

Tests
Description

1 Shape and scale association with
parameter estimates

20 Varying the parameter val-
ues to compare the returned
parameter estimates.

2 MLE versus MME Performance
Comparison

20 Compare MLE and MME es-
timates

3 GoF: Comparison 20 Comparing the AD and
CvM GoF results from es-
timated parameters.

4 MLE and MME limitations n/a Comparing MLE and MME
limitations.

Default Parameters
Log-normal Weibull Exponential
µ = 3, σ = 1 β = 0.5, λ = 2 λ = 1

Sample sizes for all distributions
100 1000 10000
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The findings in this chapter are expected to generalise to other continuous
distributions where estimation depends on precise values or moments.

6.2 Data Overview and Limitations
This study applies conventional statistical theory, which is developed under the
assumption of exact (non-rounded) samples, to synthetic datasets that have
been rounded. The aim is to identify and quantify the limitations of applying
conventional statistical theory to rounded data. These methods aim to reduce
the parameter estimation bias and GoF distortions identified in Chapter 6,
where quantisation was shown to systematically affect parameter recovery for
common probability distributions.

The data from this study will be synthetically generated for three distribu-
tions, the Weibull, log-normal and the exponential distributions as defined
in Table 6.1, to allow full control over distributional parameters, and ensure
reproducibility of results.

For the Weibull distribution β will be assigned to the shape parameter. In
the literature often expressed as either β or k, and the two notations are used
interchangeably. For this thesis, β is adopted for consistency. A rounding
precision ranging from zero to six decimal places will be the basis for these
tests. Rounding to 0 decimal places defines the “rounded” data, rounding to 6
defines “unrounded” data. Tests will not be conducted on rounding between
one and five decimal places unless problematic issues need to be explored
further. Some tests will be repeated to support randomness and variability.

Synthetic datasets were generated from Weibull, log-normal, and exponential
distributions using the parameter configurations defined in Table 6.1. For each
distribution, datasets were generated at sample sizes of 100, 1,000, and 10,000
observations. Quantisation was applied by rounding the generated data to
zero decimal places, while data rounded to six decimal places was treated as
effectively unrounded. Each experiment was repeated 20 times to account
for stochastic variability in parameter estimation. The selected parameter
values were chosen to evaluate the behaviour of MLE and MME across different
distributional shapes and scales under rounded and non-rounded conditions.

The limitations of using synthetic data have already been discussed in Chap-
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ter 5.2.

6.3 Methods
6.3.1 Choice Of Parameters
The choice of parameters directly influences the behaviour of the distributions.
As shown in Figure 6.1, increasing the shape parameter (β) progressively
changes the distribution from highly skewed to nearly symmetric, underscoring
the importance of parameter selection in distributional modelling.
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Figure 6.1:
Weibull probability density functions for varying
shape (β) parameter values with fixed scale λ = 1
values.

Note: The figure is generated in R and illustrates standard Weibull density
behaviour as described in [62].

A Weibull distribution has a failure rate that can either decrease (β < 1),
increase (β > 1), or remain constant (β = 1) over time [64]. β < 1 indicates
higher probabilities of early failures. For this research, β = 0.5 is selected
as a baseline value, and variations around this baseline are used to examine
the influence of smaller and larger β values on distribution fitting. The scale
parameter (λ) affects the shape of the PDF. For this research, a midpoint
value of λ = 2 is used as a baseline, providing a balance between shorter and
longer tails in the distribution, which also offers insight into how MLE and
MME handle outliers in the data and will be revisited in greater detail in
Section 6.4.1.1.
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The exponential distribution is a special case of the Weibull distribution with
β = 1 [62]. The rate parameter λ must be positive; therefore, λ = 1 was
chosen [28].

A log-normal distribution is defined by µ and σ, representing the mean and
standard deviation of the variable’s natural logarithm. Because the logarithm
of a log-normal variable follows a Normal distribution, reference values from
the Normal distribution can guide parameter selection. To avoid excessive
peak clustering while still providing a reasonable starting point, µ = 3 and
σ = 1 were chosen for this study.

6.3.2 A Quick Guide to MLE and MME Techniques
With the tests and parameters defined, this section briefly revisits the calcu-
lation steps of MME and MLE, previously introduced in Section 2.11. The
discussion begins with MME.

MME selects parameter values such that the theoretical moments of a distribu-
tion match the corresponding sample moments. For the log-normal distribution,
if a random variable X is log-normally distributed, then the transformed vari-
able Y = ln(X) follows a normal distribution [154]. In this case, MME relies
on the first and second moments of Y , given by:

µ = E[Y ], σ2 = Var(Y )

For the two-parameter Weibull distribution, the shape and scale parameters
are obtained by matching the sample moments to the theoretical moments.
The shape parameter β is first estimated by solving:

x2

(x̄)2 =
Γ
(
1 + 2

β

)
[
Γ
(
1 + 1

β

)]2 ,

where x2 = 1
n

∑n
i=1 x2

i is the sample second moment and x̄ is the sample mean.
Once β is obtained, the scale parameter is calculated as:

λ = x̄

Γ
(
1 + 1

β

)
For the exponential distribution, the rate parameter λ represents the mean
rate of occurrence of events per unit time, expressed as the reciprocal of the
mean. MME estimates λ using the first moment: λ̂ = 1

X̄
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The key MME relationships for the Weibull, log-normal, and exponential
distributions are summarised in Table 6.2.

Table 6.2: Summary of MME Moments: Weibull, Log-normal, Expo-
nential Distributions.

Distributions Parameters MME
Moments

Relationships between sample
moments and distribution pa-
rameters

Weibull Shape(β), Scale(λ) Mean, Vari-
ance

E(X) = λΓ
(
1 + 1

β

)
, Var(X) =

λ2
[
Γ
(
1 + 2

β

)
−
(
Γ
(
1 + 1

β

))2
]

Log-normal µ, σ2 (log-mean, log-variance) Mean, Vari-
ance

µ = ln
(

X̄2√
X̄2+s2

)
, σ2 =

ln
(
1 + s2

X̄2

)

Exponential Rate(λ) Mean λ = 1
X̄

With the moments and calculations defined, attention now turns to MLE.
MLE as previously discussed in Section 2.11.3, uses the likelihood function
which expresses the probability of observing the given data as a function of the
distribution’s parameters. MLE estimates parameters by choosing the values
that maximise the likelihood, thereby identifying the parameter set that makes
the observed data most likely.

In practice, estimation begins with an initial guess of the model parameters.
These values are refined through iterative numerical optimisation methods, such
as NR, until convergence is achieved. The optimisation process is supported
by the partial derivatives of the log-likelihood with respect to the parameters,
which indicate how the estimates should be updated. For a generic function f ,
initially set to zero, they find the slope of the likelihood at the point in either
the x (∂f

∂x
) or y (∂f

∂y
) direction with the likelihood for Weibull as an example

defined in 2.19

The partial derivative with respect to x reflects how the function f changes
as x varies, while y remains constant. Similarly, the partial derivative with
respect to y indicates how f changes when y varies, holding x constant. Having
outlined the general process, the following illustrates its application to the
Weibull distribution. In this case, the parameters are β and λ, and the partial
derivative of the log-likelihood with respect to λ is:
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Formula : Weibull partial derivative of the log-likelihood function with respect
to λ

∂ ln L(λ, β)
∂λ

= −nβ

λ
+ β

n∑
i=1

xβ
i

λβ+1

With respect to β, as β changes λ remains constant. The partial derivatives
for β for Weibull is:

Formula : Weibull partial derivative of the log-likelihood function with respect
to β

∂ ln L(λ, β)
∂β

= n

β
+

n∑
i=1

ln(xi) − n ln(λ) −
n∑

i=1

(
xi

λ

)β

ln
(

xi

λ

)

After computing the partial derivatives, a log of the likelihood is calculated,
allowing for the summation of all densities, making it summation and maximi-
sation easier. Setting the derivatives to zero and solving for the slope of the
likelihood with respect to β and λ helps estimate the parameters by maximising
the log-likelihood.

The Weibull distribution has been presented in detail to illustrate the applica-
tion of MLE. For the exponential distribution, MLE for the rate λ parameter is
λ̂ = 1

X̄
, which is the same as the MME estimator. For the log-normal distribu-

tion, the worked solutions follow a similar approach and are well documented
in the literature [69]. To avoid redundancy, they are not provided.

It is important to distinguish between the PDF and the likelihood function.
The PDF is a function of the data given fixed parameter values, whereas
the likelihood function is a function of the parameters given fixed observed
data. Although both are expressed using the same mathematical form, their
interpretations differ. To illustrate this, see the example in Figure 6.2. The
histogram to the left of the image is a PDF function of the data, given a
particular set of parameter values, defined by the data on the x-axis and the
frequency of the values on the y-axis. In contrast, the image to the right, the
likelihood function, is a function of the parameters given a particular set of
observed data, defined by the parameters on the x-axis. The figure to the left
shows the probability of a particular data value for a fixed parameter, while
the right-hand figure shows the likelihood of a specific parameter value for a
fixed dataset.
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Figure 6.2: (a) Histogram, (b) The likelihood function given

the observed data.

6.3.3 Parameter Changes: Effects on Shape and
Estimation

With a walk through of the calculation steps complete, MLE and MME
will be used to estimate the parameters of a given distribution. Changing
parameter values affects both the shape and spread of the distribution, often
altering skewness and kurtosis. A high kurtosis (leptokurtic distributions)
is characterised by a sharp peak and heavy tails, whereas a lower kurtosis
(platykurtic distributions) has a flatter peak and shorter tails.

The performance of MLE and MME is influenced by distributional parameters
that govern dispersion, skewness, and kurtosis. Changing these parameters
alters the distribution’s shape and may hinder the accuracy of the derived
return estimates. For instance, heavy tails can introduce outliers that MLE
cannot efficiently estimate if the model does not account for this feature, while
MME may perform poorly when extreme values distort the moments and lead
to unreasonable estimates. Distributions are characterised by location, scale,
and shape parameters or by mean and standard deviation (e.g., the normal
and log-normal distributions).

Location shifts the distribution along the x-axis, scale stretches or compresses
it, controlling the spread, and shape controls higher-order features such as
skewness and kurtosis, thereby influencing asymmetry and tail behaviour.
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Some distributions use a rate parameter that specifies the frequency of events.
Although not all distributions contain all parameter types, together they govern
the form and behaviour of the distribution and, in turn, the performance of
estimation techniques such as MLE and MME.

The test “Shape and scale association with parameter estimates” from Table 6.1
is examined. It uses the results from the “Parameter Values” test from Table 5.2.
The primary objective of this research is to analyse how changes in distribution
parameters affect the distribution’s shape and the accuracy of MLE and MME
parameter estimation techniques.

Before discussing the results, it is important to understand how extreme
observations can significantly influence the shape of a distribution and the
methods used to estimate its parameters. To better understand extreme values
in the data, Figure 6.3 illustrates how such an extreme point can arise within
a dataset.

Anomaly

20

40

60

80

100

120

0 10 20 30 40

Index

Da
ta

 V
alu

e

Showcasing the Tail of the Data

Weibull Synthetic Data Generation: 1k Sample Size

Figure 6.3: Anomalous Point.

The figure was created using synthetic data from a Weibull distribution with
a one thousand sample size. The x-axis in this scatter plot represents the
index position of the tail of the data, with the first 960 observations omitted to
focus on the single outlier, which is the feature of primary interest. The x-axis
shows that, on average, the data points are 1.28 units apart. However, the
anomalous data point is 59.80 units from the preceding point. The anomaly
occurs only at the last data point, showing it is in the data’s tail. When
analysing the anomalies that occurred when generating the synthetic data,
frequent observations showed that anomalous points tend to appear in the tails
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rather than near the beginning or middle of the dataset.

Table 6.3 outlines the specific tests planned for this section. No minimum
starting values are defined for the log-normal test, as the “Parameter Values”
test did not produce any errors when changing σ.

Table 6.3: MLE/MME: Changing Parameter Estimates.

Min Starting Values : Weibull (β >= 0.040)
Min Starting Values: Exponential (λ >= 0.001)
Sample Sizes :100, 1,000
Methods: MLE, MME

New Tests
Distribution Test Shape Scale

Weibull Default Parameters .5 2
Weibull Decrease Shape 2 2
Weibull Increase Shape .8 2
Weibull Decrease Scale .5 1
Weibull Increase Scale .5 4

Rate
Exponential Default Parameter 1
Exponential Decrease Rate Parameter 0.5
Exponential Decrease Rate Parameter 0.2
Exponential Increase Rate Parameter 3
Exponential Increase Rate Parameter 5

Mean Standard Deviation
Log-normal Default Parameter 3 1
Log-normal Decrease Mean 2 1
Log-normal Increase Mean 5 1
Log-normal Decrease Standard Deviation 3 0.5
Log-normal Increase Standard Deviation 3 1.5

6.3.4 A Comparison of MLE Versus MME Parameter
Estimation

From Table 6.1, this section addresses the test “MLE versus MME Performance
Comparison”. The test will compare MLE and MME performance across the
three already defined distributions using the predefined parameters and sample
sizes. The data will be generated to six decimal places, rounded to integers,
and repeated twenty times to incorporate randomness.

As shown in Table 5.7, fitting errors mainly arose from zero and negative values
due to logarithmic transformations. To mitigate this, a constant of 1 will be
added to the data where fitting errors may occur, especially in the Weibull
and log-normal distributions. Although larger constants could be used, a small
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additive value of 1 is preferred to preserve data integrity while ensuring valid
logarithmic calculations [17]. Values < 1 do still cause fitting errors.

6.3.5 MLE Versus MME Distribution Fitting GoF
Comparison

A comparison of the fit of MLE and MME using AD and CvM GoF tests is
examined. The objective is to compare and contrast the GoF test statistic
results across different sample sizes and roundings using the parameter estimates
from MLE and MME, and not based on the parameters defined during synthetic
data creation. The testing strategy for this study is similar to Section 6.3.4,
except that these tests look at the GoF results rather than the parameter
estimates. The test covers the “GoF: Comparison” from Table 6.1.

6.3.6 MLE and MME limitations
The limitations of MLE and MME in the context of the findings presented in
earlier sections are examined. Both methods rely on different principles for
parameter estimation, and their performance is shaped by the characteristics
of the data, sample size, and the underlying distributional assumptions.

The test “MLE and MME limitations” is covered in this section. The conver-
gence analysis in Chapter 5 demonstrated that rounding causes zero values
and support violations (zero or negative inputs), which are the primary drivers
of convergence failure, with sensitivity varying across distributions. Weibull
estimations were highly unstable when the shape parameter was large (= 4),
whereas the log-normal failed at zero, and negative values, and the exponential
remained comparatively robust.

Building on these findings, the present section considers how these data charac-
teristics and distributional sensitivities constrain the effectiveness of MLE and
MME, and how these constraints should be taken into account when evaluating
model performance. GoF tests, such as AD and CvM, emphasise different
aspects of the empirical distribution, while numerical accuracy measures, such
as RMSE, provide direct comparisons between estimated and true parameters.
The limitations of MLE and MME must be interpreted not only in terms
of their theoretical properties, but also in relation to the evaluation metrics
employed and the characteristics of the data under study.
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6.4 Results
In the upcoming sections, results will be visualised using ten 1D jittered
stripcharts built in R, showing MLE and MME estimates for different parameter
settings. Each plot will include lines to indicate true parameter values for
visual comparison. These charts display individual data points with slight
horizontal jitter to show the distribution of the results while avoiding overlap
using stacked points. The y-axis represents the estimated parameters, the
bottom x-axis shows the method and parameter, and the top x-axis displays
the true distribution parameters. The first and third rows of charts are for
non-rounded data. The second and fourth row of charts displays rounded data.
The first two rows are for a sample size of one hundred, with the last two rows
for sample sizes of one thousand.

6.4.1 Parameter Changes: Effects on Shape and
Estimation

6.4.1.1 Weibull

To understand how changes in parameters affect the distribution, Figure 6.4
presents a Weibull distribution for non-rounded data in two different scenarios:
one where the shape parameter remains constant while the scale parameter
varies and another where the scale parameter remains constant while the shape
parameter varies.
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Figure 6.4: Comparison of Weibull: Shape and Scale Pa-
rameter Changes - Non-rounded Data.

The first figure shows that as the shape parameter increases, the dispersion
decreases, leading to shorter tails and higher peaks in the density, resulting in
fewer potential outliers, and less overall dispersion. The second figure shows
that as the scale parameter increases, the distribution’s tails become more
elongated, indicating a greater potential for outliers, while the peak of the
density flattens, increasing dispersion.

To explore how variations in the shape and scale parameters influence parameter
estimation, strip charts in Figure 6.5 are used. These charts illustrate the
outcome of the tests for both rounded and non-rounded data. Threshold
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lines for the shape and scale parameters have been added to the charts to
support easy visualisation of how close the estimates approximate to the actual
parameter values. Each chart includes two lines: one for shape and one for
scale. The blue boxes are the shape parameters for MLE, while the brown
boxes are for MME. The green boxes correspond to the scale parameter for
MLE, while the orange boxes are for MME.
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Figure 6.5: Comparison Results: Changing Weibull Shape and Scale
Parameter Value Tests.

The results show that across both sample sizes, shape parameter estimates
(blue and brown boxes) remain consistent between MLE and MME. MLE
estimates cluster around 1, while MME estimates are typically closer to 0.5.
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As seen in Figure 6.4, reducing the shape or increasing the scale flattens the
peak and increases the tails, leading to more outliers. Reducing the shape
parameter to values closer to zero, like 0.2 or increasing the scale parameter
to a value of 4 or greater, hinders the performance of both MLE and MME
for the scale parameter estimates, which can be seen in the second and fifth
columns of the charts. Either more variations occur, or there is a jump in scale
parameter estimates for MLE and MME. However, MLE has less variance
when estimating the scale parameter than MME. MLE and MME tend to
provide unreliable estimates for the scale parameter, regardless of rounding.

Variability is also influenced by sample size. Results from samples of one
hundred show greater dispersion (y-axis max 35) compared to samples of
one thousand (y-axis max 20). The corresponding skewness values are 5.8
on the one hundred sample size and 23.6 on the one thousand sample size.
Although the data becomes more positively skewed with larger samples, the
parameter estimates display reduced dispersion, indicated by the y-axis (max
20), improving estimator stability. The contrast suggests that there is no
causal relationship between the skewness of the data and the dispersion of the
parameter estimators. Instead, the observed variability is more likely linked to
numerical instability in the optimisation process, particularly as the estimated
parameters approach values near zero, where the likelihood surface becomes
flatter, and the optimiser struggles to converge.

6.4.1.2 Exponential

The exponential distribution has one parameter, which simplifies the testing
process. As discussed in Chapter 5, results from the “Parameter Values” test
indicated that modifying the rate parameter can lead to convergence issues
when the rate is small. Rate parameter values should be greater than 0.001 to
avoid convergence errors. The test will take these considerations into account.
For the exponential distribution specifically, rounding does not materially
affect estimation results and is therefore not considered a significant factor.
Figure 6.6 shows how changing the rate parameter affects the distribution.

The figure that as the rate increases, the peak of the density increases and
the tails of the distribution are reduced, indicating fewer potential outliers.
As the rate is reduced, the peak of the density flattens, and the tails of the
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Figure 6.6: Comparison of exponential rate parameter changes - non-rounded data

distribution become more elongated, indicating potential outliers in the data.
Figure 6.7 shows the results of the tests.
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Figure 6.7: Comparison Results: Changing Rate Parameter.
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The figure shows that the y-axis limits for rounded and non-rounded data
differ. The rounded data has a bigger range of y-axis values compared to the
non-rounded data.

Referring back to Figure 6.6, as the rate increases, fewer outliers should be
produced, while as the rate is reduced, outliers should be more pronounced in
the data. The charts show that as the rate is reduced, there is little variation
in the results, and both MLE and MME provide consistent estimates for both
rounded and non-rounded data and different sample sizes, which aligns with
the analysis from Figure 6.6. MLE and MME are identical for the exponential
distribution, and one expects identical behaviour.

As the rate increases, there is more variation in the return results. However,
MLE and MME are still similar in their behaviour. At fixed sample size, higher
rate values produce greater dispersion in the estimates (as Var(λ̂) ≈ λ2/n),
whereas increasing the sample size reduces this variability. Accordingly, with
the one hundred sample size, the spread across rate values is clearly visible,
with the one thousand sample size the dispersion contracts. Hence, differences
(e.g., between λ = 3 and λ = 5) appear less pronounced. Rounding does
influence parameter changes.

6.4.1.3 Log-normal

For the log-normal distribution, both the mean and standard deviation pa-
rameter values are varied. The mean parameter will not be tested in MLE
and MME fitting, as it shifts the central tendency of the distribution without
altering its shape. Nevertheless, it will be varied in some cases to illustrate
how changes in the mean affect the location of the distribution. Figure 6.8
shows the results of the parameter changes.
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Figure 6.8: Comparison of log-normal Mean and Standard Deviation Parameter Changes
- Non-rounded Data.

Higher mean values flatten the peak and extend the tails, while lower mean
values sharpen the peak and shorten the tails. Greater standard deviations
broaden the distributions with elongated tails, whereas smaller values yield
a sharper, more compact form. Having shown how changes in the mean and
standard deviation parameters affect the shape of the distribution, Figure 6.9
presents the test results.
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Figure 6.9: Comparison Results: Changing log-normal Mean and Stan-
dard Deviation Parameter Value Tests.
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First, it is noted that for all charts in the figure, the y-axis limits are set to
6. It is observed that both MLE and MME are consistent in the majority of
tests. Increasing or decreasing the mean parameter does not impact the fit
to the distribution. However, decreasing the standard deviation parameter
decreases the variance for both MLE and MME when compared against the
initial parameters from the charts in the first column against that of the
charts in the fourth column. Also, increasing the standard deviation parameter
increases the variance in the return estimates, more so for MME than for MLE,
and more so for the mean parameter at both sample sizes, for both rounded
and non-rounded data. It is also observed that rounding the data slightly
impacts the one thousand sample size for MME when the standard deviation
is increased, causing more variance in the return results and affecting the fit
to the distribution.

6.4.2 A Comparison of MLE Versus MME Parameter
Estimation

To compare parameter estimates from MLE and MME, the results in the
following subsections are presented using the same jittered scatter plots de-
scribed in earlier tests. Each plot shows MLE and MME estimates on the
y-axis, with sample sizes and parameter names on the bottom x-axis, and the
estimation method (MLE or MME) on the top x-axis. Threshold lines indicate
the true parameter values used to generate the synthetic data, enabling visual
comparison.

Estimation accuracy is quantified using RMSE, which provides a single measure
of prediction error. RMSE is derived from the mean squared error (MSE),
representing the average squared difference between the predicted and true
parameter values.

6.4.2.1 Weibull

For the Weibull distribution with β = 0.5 and λ = 2, the results of the tests
are shown in Figure 6.10.
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Figure 6.10: Weibull: MLE-MME Parameter Estimation.

The figure illustrates how closely the estimated shape (blue for MLE, green
for MME) and scale (brown for MLE, black for MME) parameters align with
the true values. For the shape parameter, MME consistently produces lower
estimates than MLE, regardless of whether the data is rounded. For the scale
parameter, both methods tend to overestimate, with a high degree of variation,
though MME estimates are closer to the true value. Increasing the sample size
reduces the variance for both methods, particularly for the scale parameter
at the ten thousand sample size. Visually, rounding has minimal impact on
parameter estimation, but to statistically confirm the visualisation conclusions,
Table 6.4 shows the RMSE values for this study.
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Table 6.4: MLE/MME Parameter Estimates: Weibull RMSE.
Precision Type 100 1k 10k

Shape Scale Shape Scale Shape Scale
6 MLE 0.41 2.50 0.38 2.47 0.34 2.36
6 MME 0.19 0.13 0.11 1.21 0.09 1.23
0 MLE 0.40 2.41 0.37 2.40 0.35 2.42
0 MME 0.19 1.54 0.11 1.23 0.09 1.18

The lowest RMSE values are highlighted in blue. MME consistently produces
lower RMSE than MLE, indicating closer alignment with the true parameter
values. Rounding has minimal impact overall, though a notable improvement
is seen for MME on the scale parameter at the one hundred sample size, where
RMSE decreases from 2.50 to 1.54 (shown in orange in the table).

6.4.2.2 Exponential

For the exponential distribution with λ = 1, Figure 6.11, shows the results of
the estimates provided by MLE and MME.
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Figure 6.11: Exponential: MLE-MME Parameter Estimation.
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Figure 6.11 shows that with a smaller sample size of one hundred, both
MLE and MME exhibit greater variance in their estimates. As the sample
size increases, the variance decreases, leading to more stable and accurate
estimates from both methods irrespective of rounding. Visually, the impact of
rounding is small; however, rounded estimates tend to shift above the threshold
line, whereas non-rounded estimates are more centered. To support these
observations, RMSE results are provided in Table 6.5.

Table 6.5: MLE/MME Parameter Estimates: Exponential RMSE.
Prec Type 100 1k 10k
6 MLE 0.08 0.03 0.01
6 MME 0.08 0.03 0.01
0 MLE 0.13 0.06 0.04
0 MME 0.13 0.06 0.04

Table 6.5 shows that all RMSE values are highlighted in blue, indicating
consistency between MLE and MME in parameter estimation. There is no
difference in estimation accuracy between the two methods. Rounding the
data slightly affects parameter estimation, as seen by the increase in RMSE
values for both methods.

6.4.2.3 Log-normal

For the log-normal distribution, parameters were configured to µ = 3 and
σ = 1. Figure 6.12 presents the results of the estimated mean (blue for MLE,
green for MME) and standard deviation (brown for MLE, black for MME).
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Figure 6.12: Log-normal: MLE-MME Parameter Estimation.

From the charts, it is observed that with µ = 3, both MLE and MME produce
estimates centered around true values, indicating strong performance across all
sample sizes and rounding conditions. To validate these observations, Table 6.6
presents the corresponding RMSE values.

Table 6.6: MLE/MME Parameter Estimates: Log-normal RMSE.
Prec Type 100 1k 10k

Mean Stand-
ard
Devia-
tion

Mean Stand-
ard
Devia-
tion

Mean Stand-
ard
Devia-
tion

6 MLE 0.11 0.11 0.08 0.08 0.08 0.07
6 MME 0.13 0.14 0.09 0.09 0.05 0.03
0 MLE 0.11 0.11 0.08 0.08 0.08 0.07
0 MME 0.13 0.15 0.09 0.09 0.05 0.03
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6.4.3 MLE Versus MME Distribution Fitting GoF
Comparison

The results of this study will show multiple jittered scatter plots of the AD and
CvM GoF results. Threshold lines incorporated within the charts will indicate
AD and CvM cut-off points referencing Tables 2.3 and 2.4.1. Additionally, a
table will present the average AD and CvM GoF test statistic results.

6.4.3.1 Weibull

The results of the Weibull tests are illustrated in Figures 6.13, 6.14, and
Table 6.7. Due to exponential growth in the AD and CvM GoF test statistics,
a logarithmic transformation was performed on the GoF test statistics and
their threshold values.
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Table 6.7: Weibull GoF Results: Mean Log-Transformed AD and
CvM Statistics for MLE and MME.

Weibull: Shape=.5, Scale=2
Log(AVG(AD)) Score MLE Log(AVG(AD)) Score MME

Size 100 1k 10k 100 1k 10k
No Rounding 0.77 1.77 2.77 0.97 2.03 3.07
Rounding 0.79 1.78 2.79 0.96 2.02 3.05

Log(AVG(CVM)) Score MLE Log(AVG(CvM)) Score MME
Size 100 1k 10k 100 1k 10k
No Rounding 0.00 1.00 2.01 0.24 1.32 2.36
Rounding 0.01 1.01 2.02 0.23 1.30 2.34

12.49:AD, 0.46:CvM
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It is observed from Figures 6.13 and 6.14, that these tests provide poor
parameter estimates for all tests based on all points being above the threshold
cut-off point for the GoF test statistics. It is evident that as the sample size
increases, the parameter estimates for MLE and MME significantly worsen, as
indicated by the iterative shift in the test statistics. There is relatively low
variability in MLE’s AD and CvM test statistics compared to MME, indicating
a more reliable parameter estimate. Referring back to Figure 6.10, both MLE
and MME showed significant variance in estimating the scale parameter for all
sample sizes, which may have a significant impact on the GoF results. It is
also noted from Figures 6.13 and 6.14 that, although the variance was reduced,
the minimum estimations shifted upward slightly, which has led to a repeated
shift in the GoF test statistic results.

When comparing rounded and non-rounded data, there’s no significant dif-
ference in results. Table 6.7 confirms that MLE consistently achieves lower
average GoF statistics compared to MME.

These poor results may be due to unsuitable starting values for both MLE
and MME. When β < 1, the failure rate extends over a longer time period,
creating heavy-tailed data which affects MME, as extreme values distort the
mean and variance, making moment-based estimation unreliable. For MLE, as
β approaches zero, the PDF becomes sharply peaked, and density values can
grow infinitely large at specific points, which can cause numerical instability
in the likelihood function, flattening the likelihood and making optimisation
difficult. While the optimiser still converges, it often returns poor parameter
estimates. As shown in Section 5.4.2.1, β values ≥ 0.040 when λ = 2 caused no
convergence issues, but β < 0.040 did, which confirms that estimates degrade
as parameter values get closer to zero. However, when β > 0.5, the estimated
parameters closely approximate the true values, as demonstrated for β = 0.8.
Higher values were not tested.

In summary, MLE provides better parameter estimates than MME for all
sample sizes and tests. Rounding the data does not impact the performance
of MLE or MME. MLE provides closer parameter estimates as optimisation
happens over the entire likelihood surface, which incorporates the distribution’s
shape (tails, skewness) because the log-likelihood sums contributions from each
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observed data point under the assumed distribution, whereas MME factors
the moments.

6.4.3.2 Exponential

When rounding to zero decimal places for the exponential distribution, the AD
test consistently returned Inf values for both MLE and MME, rendering the
results inconclusive. To understand this issue, refer to Section 5.4.3.2, where
it was shown that zero or extreme values in the data lead to divergence in
the AD test statistic. Rounding to four decimal places was necessary to avoid
these errors; however, tests with zero decimal places were still performed to
support CvM analysis.

The results are presented in Figures 6.15 and 6.16, and summarised in Table 6.8.
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Exponential, 20 Re-
peat Tests: CvM
Test Statistics.

Table 6.8: Exponential MLE versus MME GoF Results.

Exponential: Lambda=1
AVG MLE AD Score AVG MME AD Score

Size 100 1k 10k 100 1k 10k
No Rounding 0.52 0.66 0.63 0.52 0.66 0.63
Rounding=0 Inf Inf Inf Inf Inf Inf
Rounding=4 0.52 0.64 0.62 0.52 0.64 0.62

AVG MLE CvM Score AVG MME CvM Score
Size 100 1k 10k 100 1k 10k
No Rounding 0.08 0.10 0.10 0.08 0.10 0.10
Rounding=0 0.08 0.10 0.10 0.08 0.10 0.10
Rounding=4 0.08 0.10 0.10 0.08 0.10 0.10

For rounding = 0, no constant was added to the data, and the test results
returned Inf values. Zero values do not affect the CvM algorithm, therefore,
no constant was introduced in this case. The results for rounding = 0 in the
CvM test correspond to outcomes without any added constant.

With y-axis limits set to 3 for the AD test and 0.6 for the CvM test, the
charts show that MLE and MME perform identically across all GoF tests, with
all results meeting the GoF criteria. No method consistently yielded lower
test statistics, and rounding to four decimal places has minimal impact across
sample sizes. The table confirms these findings through average GoF statistics.
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In summary, the comparable performance of MLE and MME in this case is due
to the simplicity of the distribution, as it only has a single rate parameter, which
reduces sensitivity to outliers. However, rounding introduces constraints by
altering the continuity of the data and reducing the precision of the parameter
estimates, an effect that was evident in this analysis.

6.4.3.3 Log-normal

For the results of the log-normal distributions for MLE and MME on the AD
and CvM GoF tests, Figures 6.17, 6.18, and Table 6.9 show the results.
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CvM Test Statis-
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Table 6.9: Log-normal AVG MLE versus MME GoF Results.

Log-normal (Mean=3, Standard Deviation=1)
AVG MLE AD Score AVG MME AD Score

Size 100 1k 10k 100 1k 10k
No rounding 0.44 0.36 0.33 1.27 1.78 6.16
Rounding=0 0.45 1.09 6.93 1.14 2.24 16.99

AVG MLE CvM Score AVG MME CvM Score
Size 100 1k 10k 100 1k 10k
No rounding 0.06 0.05 0.04 0.16 0.25 0.97
Rounding=0 0.06 0.16 0.98 0.16 0.30 2.07

Figures 6.17 and 6.18 show that MLE has lower variance, with more tightly
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clustered points across all GoF tests, indicating greater stability and consistency
in parameter estimation. In contrast, MME exhibits greater dispersion and a
level shift with increasing sample size, suggesting reduced reliability. Visually,
both methods appear to be impacted by rounding. To conclude with the
results, Table 6.9 supports these observations and further highlights the effect
of rounding. For MLE, rounding has no impact at a sample size of one hundred,
but negatively affects both AD and CvM results at larger sample sizes. For
MME, rounding slightly improves AD results at the one hundred sample size
and has no effect on CvM; however, both tests show a decline in performance
as sample size increases.

6.5 Discussion
6.5.1 Parameter Changes: Effects on Shape and

Estimation
Regarding the effects on the distribution’s shape, variations in distribution
parameters modify the shape of the density, influencing kurtosis, the extent
of the tails, and dispersion. Increasing the parameters results in a more
leptokurtic shape, with sharper peaks and shorter tails, thereby reducing the
potential for outliers. Decreasing the parameters, in contrast, leads to more
platykurtic shapes, with flatter peaks, longer tails, and increased dispersion.
In multi-parameter distributions, changes in one parameter may have effects
that are opposite to those of the other parameter, resulting in complementary
but distinct influences on the shape.

Varying parameter values influences the accuracy of parameter estimates for
MLE and MME in multi-parameter distributions, whereas in single-parameter
distributions, there is little impact on estimation accuracy. In more complex
two-parameter distributions, altering one parameter can affect both estimators,
however, the degree of divergence may differ between parameters and depend
on the distribution itself and the parameter being varied, with the effect not
being uniform. Some parameters introduce greater instability than others.
Visual inspection of the scatter plots suggests that sample size has minimal
impact when comparing with parameter variation.

When data are rounded, an effect on parameter estimation is expected because
the PDF effectively becomes a PMF, altering the underlying density structure.
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The transformation can hinder parameter estimation, regardless of varying
parameter values. Furthermore, changing the parameters influences estima-
tion accuracy, as the shape of the density may either concentrate near the
distributional bounds or extend beyond regions of acceptable support. Apply-
ing rounding under these conditions, while varying parameter values, would
therefore be expected to negatively impact estimation performance. However,
the results indicate that rounding has little impact on estimation accuracy
across the three distributions. There are isolated cases where rounding affects
estimation for the exponential distribution when the rate parameter is λ >= 3.
At lower rates, the impact is negligible. Rounding effects are therefore present
but limited, primarily depending on the combination of distribution type and
parameter values chosen.

6.5.2 A Comparison of MLE Versus MME Parameter
Estimation

There is no consistent advantage between MLE and MME across all scenarios.
Their effectiveness varies with the distribution, parameter values, and data
characteristics. For example, MME is more effective on one parameter distri-
butions as it only has to match the moment. On the other hand, MLE is less
effective when parameter values approach zero, where the likelihood surface
becomes flatter, and the optimiser struggles to converge precisely. When this
occurs, there is a high degree of dispersion in the estimated parameters. The
dispersion is not from the skewness of the data, as previously discussed, but
rather from numerical instability in the estimation process. On the other hand,
MME tends to be less robust in the presence of outliers, as extreme values
can distort the sample moments and lead to biased estimates. In such cases,
the MLE optimiser is more resilient and produces more reliable parameter
estimates than MME.

From a distribution perspective, MME yields more accurate estimates for the
Weibull distribution, MLE performs better for the log-normal except at the
largest sample size, where MME provides closer parameter estimates to the true
parameter values, and both methods show similar accuracy for the exponential
distribution. The effects of rounding also depend on the distribution. In some
cases, rounding has minimal impact, while in others it can either improve
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or degrade estimation accuracy. Such variability highlights that the effect of
rounding cannot be generalised across all methods or distributions.

The results indicate that MLE and MME fail in different ways rather than
exhibiting equivalent weaknesses. MLE is primarily affected by numerical
instability when parameter values approach zero or when the likelihood surface
becomes relatively flat, leading to high dispersion in parameter estimates. In
contrast, MME is more sensitive to extreme observations because parameter
estimation depends directly on sample moments, making it more vulnerable
to skewed or outlying data. Across the distributions tested, MLE generally
provides more stable estimates for the log-normal distribution, whereas MME
performs better for the Weibull distribution. For the exponential distribution,
both methods exhibit comparable behaviour. These findings demonstrate that
neither method is universally superior, instead, their effectiveness depends on
the interaction between the estimation method, distributional characteristics,
and the effects of rounding.

In conclusion, the choice between MLE and MME should be carefully considered.
Overall, neither method is better; performance is influenced by distribution,
sample size, and data characteristics. Furthermore, visual inspections of the
charts do not always align with statistical metrics. Therefore, visualisation
methods alone are insufficient to determine the most effective estimation
method, highlighting the importance of numerical measures, such as RMSE, in
assessing the performance of statistical estimation techniques. Table 6.10 has
been provided as a summary of the results. The cells in the last two columns
for the log-normal distribution are highlighted in blue to emphasise cases where
MME outperforms MLE. Without this visual cue, these outcomes could be
easily overlooked during quick inspection, as MLE dominates the remaining
results.
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Table 6.10: RMSE Summary: MLE versus MME (P1 and P2 Estimates).

Sample Size 100 1,000 10,000 100 1,000 10,000
Parameters p1 p2 p1 p2 p1 p2 p1 p2 p1 p2 p1 p2

Weibull
No Rounding MME MME MME MME MME MME MME MME MME MME MME MME
Rounding = 0 MME MME MME MME MME MME MME MME MME MME MME MME

Exponential
No Rounding Both Both Both Both Both Both Both Both Both Both Both Both
Rounding = 4 Both Both Both Both Both Both Both Both Both Both Both Both

Log-normal
No Rounding MLE MLE MLE MLE MLE MLE MLE MLE MLE MLE MME MME
Rounding = 0 MLE MLE MLE MLE MLE MLE MLE MLE MLE MLE MME MME

6.5.3 MLE Versus MME Distribution Fitting GoF
Comparison

MLE consistently outperforms MME for the log-normal distribution across
all GoF tests. The weaker performance of MME can be attributed to its
sensitivity to outliers, which distorts the moment-based parameter estimates.
Although σ = 1 should limit heavy tails, being only one standard deviation
from the mean, random extreme values may still degrade performance. MLE,
by maximising the likelihood function, yields more robust estimates under
these conditions. Rounding constrains both methods by reducing variability in
the data and converting the continuous distribution into a discrete mass. Since
both methods are intended to fit probability density functions, this distortion
limits their ability to produce accurate parameter estimates.

While the table provides a summary of average results, the scatter plots offer
deeper insight. Averaging the GoF statistics may obscure meaningful deviations,
particularly when large variations occur. Greater emphasis is therefore placed
on the scatter plots to support the conclusions. Table 6.11 has been provided
to offer a summary of the most optimal parameter estimation methods based
on the average GoF test statistics.
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Table 6.11: Summary: MLE Versus MME AD Performance.

AD CvM
Size 100 1,000 10,000 100 1,000 10,000

Weibull
No Rounding MLE MLE MLE MLE MLE MLE
Rounding=0 MLE MLE MLE MLE MLE MLE

Exponential
No Rounding Both Both Both Both Both Both
Rounding=4 Both Both Both Both Both Both

Log-normal
No Rounding MLE MLE MLE MLE MLE MLE
Rounding=0 MLE MLE MLE MLE MLE MLE

The instability of GoF tests observed in Chapter 5 is partly explained by the
parameter estimation errors demonstrated here.

6.5.4 MLE and MME limitations
When assessing the performance of MLE and MME, it is important to consider
how to evaluate the results, whether it be based on AD, CvM, or RMSE, as each
captures different aspects of model fit and may lead to different conclusions.

Before interpreting the results, it is also important to recall the key properties
of a good estimator:

• Consistency: Estimates converge to the true parameter value as sample
size increases.

• Efficiency: Has the minimum MSE.

• Bias: The expected value equals the true parameter value.

The extent to which MLE and MME support these properties varies depending
on the data characteristics and distributional assumptions.

For simple, single-parameter distributions, both estimators performed well, with
no significant limitations observed. However, in multi-parameter distributions,
MME often struggled, particularly at small sample sizes, due to its reliance
on sample moments, which are sensitive to variance. MLE was more robust,
though not always better, as seen in some Weibull cases.
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Rounding presented further challenges. Rounded data behaves more like a
PMF, yet both methods assume a continuous PDF, such that a mismatch
distorts parameter estimates in multi-parameter distributions. However, it had
a negligible impact in single-parameter cases.

Both estimators also exhibited degraded performance near boundary parameter
values (e.g., near zero), where MLE often faced optimisation issues, and MME
returned poor estimates due to inflated or zero variance.

Notably, increasing sample size did not always improve accuracy, contradicting
the expectation of estimator consistency. In several cases, larger samples led
to more biased estimates.

Changing distribution parameters (e.g., increasing scale or standard deviation)
also affected performance. MME proved more sensitive to dispersion and
rounding, while MLE sometimes became numerically unstable, providing poor
estimates.

Finally, RMSE revealed discrepancies that were less apparent with AD or CvM
tests. While MLE often yielded lower test statistics under AD and CvM tests,
RMSE occasionally identified MME as more accurate.

6.6 Conclusion
Changing parameter values affects both MLE and MME. The degree of impact
varies depending on the distribution and evaluation metric used.

MLE provides a better fit for multi-parameter distributions in the AD and
CvM GoF tests. For single-parameter distributions, MLE and MME yield
comparable and consistent parameter estimates.

Rounding has a negligible effect on single-parameter distributions but negatively
impacts estimation accuracy in multi-parameter distributions.

RMSE directly assesses the accuracy of parameter estimates, providing a
complementary measure to GoF metrics that focuses on distributional shape
and tail behaviour. RMSE provides more precise insights into parameter
estimation accuracy, revealing limitations that are not apparent in AD or
CvM tests. Specifically, RMSE shows that MME outperforms MLE for the
Weibull distribution, however, using the AD and CvM tests, MLE emerges as
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the winner. Also, RMSE implies that MLE provides more optimal parameter
estimates, except at the ten thousand sample size, whereas MME is more
optimal, highlighting the influence of sample size on performance, especially
when using RMSE as an evaluation metric.

This chapter demonstrates that quantisation introduces systematic distortion
into parameter estimation for common probability distributions. The results
show that both MLE and MME are sensitive to rounding effects. MLE generally
provides more stable and accurate parameter estimates across varying sample
sizes and distributional settings. Furthermore, the findings highlight that
rounding not only affects parameter recovery, but also influences the reliability
of AD and CvM GoF statistics.

Table 6.12 shows a summary of the results.
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Table 6.12: Summary of MLE/MME: Conclusions.

Varying the Parameter Results
Test Peak of density Tails Dispersion

Weibull
As shape increases Higher Shorter Decreases
As shape decreases Smaller Longer Increases
As scale increases Smaller Longer Increases
As Scales Decrease Higher Shorter Decreases

Exponential
As rate increases Higher Shorter Decreases
As rate decreases Smaller Longer Increases

Log-normal
As mean increases Smaller Longer Increases
As mean decreases Higher Shorter Decreases
As standard deviation
increases

Smaller Longer Increases

As standard deviation
decreases

Higher Shorter Decreases

Results
Weibull

Who wins = AD:MLE CvM:MLE RMSE:MME
MLE and MME are consistent and similar in estimation = No
Impacted by rounding = No
Impacted by sample size = No
Reducing the shape parameter hinders the scale parameter estimates for both methods
Increasing the scale parameter hinders the scale parameter estimates for both methods
Other Issues: MLE and MME tend to overestimate the scale parameter estimates, regardless of rounding

Exponential
Who wins = AD:Both CvM:Both RMSE:Both
MLE and MME are consistent and similar in estimation = Yes
Impacted by rounding = No
Impacted by sample size = No
As the rate increases, more variation occurs in the estimates
Other Issues:N/A

Log-normal
Who wins = AD:MLE CvM:MLE RMSE:Generally MLE, but on largest sample size it was MME
MLE and MME are consistent and similar in estimation = No
Impacted by rounding = Yes
Impacted by sample size = Yes
Increasing the standard deviation parameter does increase the variance in the return estimates
As the rate increases more variation occurs in the return estimates for both methods
Other Issues:As the sample size increases the parameter estimates get worse for MME for AD and CvM tests.
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CHAPTER 7
Challenges Fitting To Rounded

Data

Quantisation maps a continuous range of values onto discrete intervals. Rounding
adjusts a value to the nearest discrete value, whereas truncation removes digits
beyond a certain precision without adjustment. When a dataset is modified by
rounding or truncation, the data may become altered enough to no longer fit its
original distribution due to quantisation. Fitting statistical distributions under these
conditions can result in fitting errors, for instance, when values are rounded to zero.
The study explores the effects of quantisation on distribution fitting. It introduces
a framework to identify the impacts of quantisation, together with techniques to
adjust quantised data while mitigating fitting errors and improving GoF statistics.
The focus of this study is on the log-normal distribution, where it is demonstrated
that adding a relative constant to zero values can mitigate fitting errors and reduce
the influence of quantisation.

7.1 Introduction
Measuring random variables over time is useful in data modelling, but times-
tamps stored with partial precision through rounding or truncation cause
quantisation, which alters distributions and their moments [10] as previously
seen in Chapter 5. Zero values, resulting from rounding are often discarded,
which may be reasonable in domains such as medicine when they fall below
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detection limits. However, when zeros contain meaningful information, their
removal risks introducing bias.

Rounding values outside a distribution’s support (e.g., to zero) can cause
convergence problems during distribution fitting. Berry [15] proposed adding a
constant before logarithmic transformation, chosen through residual analysis to
approximate normality. The influence of adding a constant is scale-dependent.
Adding a constant of 1 becomes negligible for observations in the upper range of
the distribution, but adding a constant of 1 to timestamps of 0.001s might not
be so insignificant. Subsequent studies modelled the constant as an additional
parameter, systematically testing values between 0.00001 and 20, 000 with 1716
giving the best fit for the observed data [16]. D’Agostino and Stephens [17]
instead suggested adding a small arbitrary constant. An alternative approach
is the use of hurdle models, which explicitly separate the probability mass at
zero from the continuous component of the distribution, thereby addressing
excess zeros without distorting the remaining data.

Building on this context, this study develops a framework for identifying
quantisation and evaluates techniques designed to reduce its effects. Four key
research questions are addressed:

1. How to identify quantisation?

2. How to mitigate fitting errors due to zero values?

3. Which data adjustment techniques most effectively reduce the impact of
quantisation?

4. At what sample size and level of decimal precision does quantisation
become more pronounced? For example, is there a point at which
statistical tests shift from consistently passing to failing as precision
decreases?

Several techniques for addressing quantisation are evaluated, including only
adding a constant to zero values, adding a constant to all observations, and
applying relative constants scaled to the precision of the data. These tests are
defined in Table 7.1 and support research questions number 2 and 3. These
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approaches are compared to assess their effectiveness in mitigating fitting errors
without distorting the underlying distribution.

Table 7.1: Quantisation Adjustment Methods: Mitigate Fitting Errors.

Test Number Method Description
1 Apply a fixed constant(1) to

zero values
Add a fixed constant to ob-
servations equal to zero.

2 Apply a small constant(0.1)
to zero values

Add a fixed small constant
to observations equal to
zero.

3 Apply a relative constant to
zero values

Add a constant proportional
to decimal precision to only
zero values.

4 Apply a relative constant to
all values

Add a constant proportional
to decimal precision to all
observations.

Notes: Test Number:1 is used as a baseline test. Test Numbers 2:4 are repeated five times
to support random variation. Sample sizes range from 100 to 1,000,000. Data are rounded
from 0 to 7 decimal places.

The analysis focuses on the log-normal distribution, which cannot accommodate
zero values under logarithmic transformation, leading to fitting errors. GoF
will be assessed with AD and CvM tests, and parameters estimated via MLE.
However, more focus will be given to the AD GoF test. Perhaps surprisingly,
to the best of current knowledge, no prior work has proposed relative constants
tied to data precision. The constant introduced here mitigates fitting issues by
slightly shifting data points.

7.1.1 Data Overview and Limitations
Random samples from a log-normal distribution are generated with sizes
N = 10n, extending up to one million observations. Default distribution
parameters and general sample sizes are the same as Chapter 5 provided in
Table 5.1. Data are rounded to m decimal places (0 ≤ m ≤ 7).

The limitations of creating synthetic data are previously discussed in Sec-
tion 5.2.
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7.2 Methods
In this study, the standard published AD and CvM critical values were not
used directly1 instead, custom critical values were derived from the AD [84]
and CvM [90] formulas, to better reflect the structure and characteristics of
the data under study. The custom thresholds are summarised in Table 7.2 with
a cut-off value of 3.01 for AD and 0.76 for CvM. The thresholds determine
whether a dataset can be considered as fitting with the assumed distribution.

Table 7.2: AD/CvM Cut Off Points.

AD Score CvM Score Colour Term
<2.52 <0.47 Light Blue Pass

2.52 : 3.02 0.47 : 0.56 Dark Blue Borderline Fail
3.03 : 3.54 0.57 : 0.65 Light Grey Fail

>3.54 >0.65 Dark Grey Serious Fail

As defined in Table 7.2, results are classified into four categories: “Pass”,
“Borderline Fail”, “Fail”, and “Serious Fail”. The “Pass” threshold corresponds
to the 5% critical value of the AD and CvM statistics, estimated from a reference
distribution of ten thousand observations resampled five thousand times. The
remaining categories are set at one, two and three standard deviations above
the reference value. Table 7.2 also uses colours to illustrate the strength of
each test outcome, in the tables later in this chapter. A “Borderline Fail” is
defined as a result close to the initial cut-off threshold, with progressively larger
deviations classified as more severe failures.

The methods proposed in this chapter are heuristic adjustments designed to
mitigate the effects of quantisation. They do not recover the true underlying
continuous data

7.2.1 How To identify Quantisation
Quantisation can be identified by analysing whether the data exhibits uniform
or non-uniform step patterns. When plotted, uniform quantisation appears
as equally spaced steps, while non-uniform quantisation produces irregular

1When GoF tests are applied with fitted parameters rather than fixed values (results
not shown), they generally indicate a better fit. For the CvM statistic in particular, lower
test scores are obtained with fixed parameters, whereas higher scores are observed when
parameters are estimated.
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spacing. Diagnostic tools, such as histograms, density plots, Q–Q and P–P
plots, are commonly used in distribution fitting. Evidence of quantisation in
these plots includes vertically stacked points, step-like structures, or isolated
points at large intervals.

Kernel smoothing, often applied in density estimation, can obscure these
quantisation patterns, where rounded data may appear as multiple similar
peaks rather than discrete steps (e.g. see examples in Chapter 5 Figure 4.10).
Careful visual inspection of these graphs provides additional evidence when
quantisation is suspected, and helps explain unexpected behaviour during
distribution fitting. For this reason, inspection of histograms, Q–Q and P–P
plots is used to confirm the presence of quantisation.

An easy way to detect quantisation is to examine the spacing between consec-
utive data values. If the differences form multiples of a common small number,
this provides evidence of quantisation. Future work could further develop this
method as a complementary tool for detecting quantisation.

7.2.2 How to Address Quantisation
Four methods for mitigating the effects of quantisation on distribution fitting,
outlined in Table 7.1, form the basis of the evaluation. For these tests, the
data are rounded from 0 to 7 decimal places, and each test is repeated five
times to account for random variation. GoF is evaluated using the AD and
CvM tests.

7.2.2.1 Zero Value Problem

When fitting data to a log-normal distribution, failures arise if zero values
are present, as discussed in Chapter 5. The log-normal distribution is defined
only for strictly positive values, and the logarithm of zero values is undefined,
leading to fitting errors. To understand the likelihood of such occurrences,
the expected number of zero values can be estimated from the probability
P (X ≤ 0.5) when m = 0, since any value less than or equal to 0.5 rounds to
zero at zero decimal places. Using the CDF of the log-normal distribution,
this probability is approximately 0.0001. For small sample sizes, the chance
of observing zero values is negligible. However, for larger sample sizes, zero
values are expected to appear.
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Two common techniques can be used to address this problem: removing zero
values, which can be modelled using a Hurdle distribution, or shifting the
data by adding a constant. The latter approach does not directly resolve
quantisation but enables a successful log-transformation required for fitting
to the theoretical distribution. In this study, a constant value of 1 is applied
to the data [15, 17], chosen for simplicity and consistency across experiments,
providing a baseline against the effectiveness of alternative approaches while
ensuring the feasibility of logarithmic calculations. In addition, when analysing
heavy-tailed datasets in the millisecond time range, observations in the first bin
may suffer from under- or over-fitting to the distribution, as shown previously
in Figure 3.13. The following subsections address this issue while exploring
methods to mitigate fitting errors.

7.2.2.2 Apply a Small Constant to Zero Values

In addition to the baseline shift of 1, the effect of applying a smaller constant
of 0.1 to only zero values is studied. The motivation is to evaluate whether a
reduced shift is sufficient to improve the effects of quantisation, and determine
whether using a smaller constant improves GoF as measured by the AD and
CvM statistics.

The effect of this adjustment is to shift observations lying on a bin boundary
into the next closest bucket. For example, a value of 0.9 is shifted to 1.0,
whereas a value of 0.8 remains in the 0 bucket. The procedure is applied only
when the small constant is defined relative to the bin width. In such cases, it
may slightly smooth the data, improving the distributional fit and partially
offsetting the effects of quantisation.

7.2.2.3 Apply a Relative Constant to Zero Values

Continuing on from applying a small constant of 0.1, this section studies
applying a relative constant to zero values. Values are chosen based on the
precision of the rounding. Where rounding, when m = 0, a constant of 0.1 is
added to each zero value, and for all other roundings, the formula is c = 0.1m

where m is the power based on the level of rounding. A rounding to three will
have a relative constant of 0.001.

Unlike fixed constants such as 1 or 0.1, which may be disproportionately large
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when applied to finely rounded data, this technique preserves the relative
scale of the distribution while still enabling logarithmic transformations. It
provides a consistent method across different rounding levels, avoiding excessive
distortion of the underlying data structure.

7.2.2.4 Apply Relative Constant to all Values

Applying a relative constant to all values adapts the previous section by
applying a relative constant to every observation in the dataset, rather than
only to values in the zero range. The adjustment introduces a uniform shift
across all values, which can reduce the impact of quantisation and improve
distributional fit. Although the effect is additive rather than multiplicative,
the resulting displacement may smooth the data sufficiently to counteract
distortions introduced by rounding.

7.2.2.5 Trade-offs in Data Adjustment

The proposed adjustment methods improve optimisation stability and reduce
convergence failures caused by quantisation and zero-valued observations. In
particular, adding constants to the data enables likelihood-based fitting proce-
dures to operate when logarithmic transformations or support constraints would
otherwise fail. Relative constant methods further improve GoF performance
by reducing the concentration of repeated values at zero.

However, these improvements introduce a trade-off between numerical stability
and statistical bias. Any modification to the observed data alters the empirical
distribution and therefore changes the relationship between the fitted model and
the original quantised observations. Adding a fixed constant shifts the entire
distribution upward, potentially biasing parameter estimates and affecting
tail behaviour. Applying constants only to zero values reduces this distortion
but still modifies the lower boundary of the distribution. Similarly, relative
constants preserve more of the original structure but continue to alter the
empirical density near zero.

These findings demonstrate that adjustment methods should not be interpreted
as recovering the true underlying unquantised data. Instead, they provide
practical approximations that improve fitting stability and GoF behaviour
while introducing controlled levels of distortion. The results therefore high-
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light an inherent trade-off: methods that improve optimisation stability and
reduce variance may simultaneously introduce systematic bias into parameter
estimation.

The choice of adjustment constant is therefore not arbitrary. Small constants
minimise distortion but may fail to resolve convergence instability, whereas
larger constants improve numerical robustness at the cost of increased bias.
The results suggest that effective adjustment depends on balancing stability
against preservation of the original distributional characteristics, with the
optimal choice varying across distributions and sample sizes.

7.3 Results
7.3.1 How to Identify Quantisation
Figure 7.1 presents three diagnostic plots used to identify quantisation in
log-normal data rounded to m = 0 decimal places.
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(a) CDF. (b) P–P Plot.

(c) Histogram.

Figure 7.1: Log-normal Distribution: Quantisation Detection
(a) CDF, (b) P–P Plot, (c) Histogram.

Panel (a) shows the CDF, where several observations are vertically stacked
between 0.6 and 0.8 on the y-axis, indicating quantisation. Widely spaced
points above 0.8 reflect the distribution’s tail. It should be noted that in
log-normal distributions, larger datasets reduce the visibility of quantisation
in CDF plots, whereas in other distributions, such as the normal distribution,
these effects may be more apparent.

Evidence of quantisation in Q–Q and P–P plots can be identified by stacked
points along the distribution line, as rounding forces multiple observations to
take identical values. In Q–Q plots, these effects are often difficult to detect
because duplicates are spread across the quantile scale, and stacking becomes
increasingly obscured as the sample size grows. In contrast, P–P plots amplify
the effect by mapping cumulative probabilities, which makes overlapping values
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easier to identify. For this reason, Q–Q plots are not presented in this section.
Figure 7.1 in panel (b) clearly shows evidence of quantisation. With rounding to
zero decimal places, only seventeen unique values remain from fifty observations,
producing distinct horizontal bands rather than a continuous diagonal.

Panel (c) shows a histogram overlaid with the empirical density (black) and
theoretical density (red). Multiple kernels or peaks in the smoothed density
would suggest quantisation, as they reflect repeated kernels at rounded values.
However, only a single peak is observed here, and quantisation is therefore not
evident. Overall, histograms of log-normal data are less effective for detecting
quantisation compared to P–P plots. An example of a histogram with discrete
data is in Chapter 3, Figure 3.4, where there is white space between the bars
on the histogram.

7.3.2 How To Address Quantisation
To apply the GoF tests, the distribution must first be fitted. Mitigation
methods in Section 7.2.2 are employed as an initial step to facilitate fitting.

7.3.2.1 Zero Value Problem

Quantisation can introduce fitting errors as previously discussed in Chapter 5
when zero values are present. To address this, a constant of 1 was first
considered and added to the data to enable logarithmic calculations required
for parameter estimation and GoF testing. While this adjustment does not
reduce quantisation, it provides a practical solution to mitigate fitting failures.
Fitting errors were observed when rounding to m = 0 decimal places. The
approach eliminated fitting errors by shifting all values away from zero and
thereby enabling distribution fitting. These results are consistent with the
convergence behaviour and error patterns reported in Chapter 5, where zeros,
near-zero values, and support violations were identified as primary drivers of
fitting failure across Weibull, log-normal, and exponential distributions.

Adding a constant shifts the entire distribution away from zero, reducing
the concentration of probability mass at the lower boundary and preventing
undefined logarithmic operations during fitting. This improves optimisation
stability and enables convergence of the likelihood function. However, the
adjustment also introduces systematic upward bias by altering the scale and
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relative spacing of the original observations, particularly for heavily quantised
datasets where many values are concentrated near zero.

Additional tests with smaller constants (0.01, 0.001, 0.0001, 0.00001) did not
produce any fitting problems. However, the minimum constant required to
overcome fitting problems for the Weibull distribution was a constant of 1. The
Weibull distribution is defined at zero, with its behaviour determined directly
by the shape parameter. Shifting the data away from zero is inconsistent with
its model assumptions near zero, causing the fitting process fail to converge
or yield unreliable results. In one test, the optimiser failed completely when
initialised at shape = 0.1 and scale = 0.1.

The constants were selected to evaluate the sensitivity of the fitting process to
progressively smaller perturbations near zero. Larger constants improve opti-
misation stability by moving observations further from the support boundary,
whereas smaller constants preserve more of the original distributional structure.
The results indicate that the effectiveness of the adjustment is sensitive to both
the magnitude of the constant and the underlying distribution. In particular,
the Weibull distribution required a substantially larger adjustment to achieve
stable convergence.

As described in Section 7.2.2.1, a constant of 1 was added to the data and used
as a baseline for GoF evaluation when zero values were present. After applying
the constant, GoF results were assessed using the heatmap in Table 7.3, which
covers roundings of up to seven decimal places and all sample sizes. Extending
the analysis beyond seven decimal places did not yield any improvement. At
larger sample sizes, zero values continued to occur, and the GoF tests failed
regardless of the additional precision. Thus, rounding to more than seven
decimal places was unnecessary, as sufficient information was already captured
at lower levels of rounding.
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Table 7.3: Log-normal Distribution: AD GoF Test Results (Mean=3, STD=1,
Constant=1.

Decimal Rounding
Sample Size Repeat 0 1 2 3 4 5 6 7

100 0 2.43 1.52 0.79 1.37 0.69 0.59 0.72 1.89
100 1 2.72 1.08 0.78 0.44 0.21 0.51 0.34 0.34
100 2 0.28 0.32 0.37 0.51 0.29 1.01 3.00 0.48
100 3 1.10 1.83 1.49 1.04 0.58 0.51 0.99 1.04
100 4 1.27 0.92 1.32 0.79 0.73 0.38 1.21 1.41
100 5 0.80 0.88 1.91 3.84 0.53 1.33 1.18 1.24
1000 0 8.00 3.46 1.57 5.81 4.24 2.95 3.71 5.35
1000 1 4.17 9.14 1.82 2.21 1.09 3.53 7.91 3.87
1000 2 3.56 2.47 2.78 3.61 1.73 1.85 2.96 3.19
1000 3 5.89 4.98 6.98 3.30 2.89 2.97 6.30 6.01
1000 4 4.66 5.17 1.69 2.72 2.17 6.99 5.87 2.81
1000 5 6.37 3.48 4.93 2.22 4.83 5.15 9.46 3.71
10000 0 44.26 35.05 37.00 31.20 22.83 19.89 29.94 31.34
10000 1 40.38 33.15 27.64 18.84 24.69 26.87 27.59 31.42
10000 2 46.72 36.36 33.42 28.84 22.86 35.70 41.13 27.29
10000 3 29.47 37.70 36.42 28.69 30.56 36.20 33.12 33.94
10000 4 34.38 26.53 37.16 42.79 33.47 38.72 38.81 47.97
10000 5 33.91 31.19 38.13 35.76 40.34 26.36 21.45 40.01
100000 0 327.42 327.48 324.73 337.34 304.52 324.71 317.99 282.88
100000 1 328.81 314.20 297.41 338.79 312.98 298.57 317.52 300.12
100000 2 333.84 339.86 315.61 348.45 312.05 367.69 343.01 306.80
100000 3 332.90 311.47 311.19 292.81 297.35 346.46 317.44 333.59
100000 4 373.70 339.28 332.48 355.98 315.66 352.59 314.54 313.92
100000 5 373.12 334.04 342.05 353.66 327.72 342.50 349.12 332.12
1000000 0 3425.33 3290.76 3229.87 3203.76 3099.68 3246.40 3235.82 3235.82
1000000 1 3469.17 3238.98 3258.68 3288.20 3353.25 3095.15 3329.97 3177.53
1000000 2 3508.98 3248.81 3215.26 3224.42 3240.57 3204.47 3154.42 3133.09
1000000 3 3501.25 3204.89 3319.26 3342.58 3276.14 3273.30 3254.65 3234.54
1000000 4 3488.21 3228.83 3386.96 3342.49 3196.87 3256.42 3214.04 3329.09
1000000 5 3467.42 3183.61 3228.10 3182.41 3314.93 3260.19 3156.83 3147.72

Note: Legend: Light Blue: Pass, Dark Blue: Borderline Fail, Light Grey: Fail, Dark Grey:
Serious Fail.

The repeat tests are shown in this table to showcase the variability of the GoF
statistical results across the different rounding tests. Subsequent tables only
show the average GoF results because the purpose shifts from examining the
variability in the results to comparing overall performance between different
rounding scenarios. Showing averaged results avoids unnecessary repetition
while still capturing the general behaviour of each method.

Table 7.3 is colour coded based on the strength of the fit, and the colours
were previously described in Table 7.2. As a reminder, light blue indicates a
satisfactory fit to the distribution, typically observed for smaller sample sizes
regardless of quantisation. Dark blue denotes borderline failures, occurring
inconsistently at the one thousand sample size. Light and dark grey shades
represent progressively weaker fits. At larger sample sizes, all tests resulted in
a “Serious Fail”, irrespective of quantisation.
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For the CvM tests, Table 7.4 shows the results. The results show inconsistent
passes up to the one thousand sample size. At ten thousand observations, all
tests moderately failed. Collectively, of the 232 repeat tests, only 65 passed
the CvM GoF threshold, leading to an overall 28% pass rate.
Table 7.4: Log-normal Distribution: CvM GoF Test Results (Mean=3, STD=1,
Constant=1)

Decimal Rounding
Sample Size Repeat 0 1 2 3 4 5 6 7

100 0 0.46 0.30 0.11 0.21 0.09 0.08 0.11 0.32
100 1 0.50 0.22 0.10 0.08 0.34 0.02 0.07 0.04
100 2 0.03 0.04 0.03 0.07 0.05 0.16 0.49 0.07
100 3 0.14 0.32 0.22 0.18 0.10 0.08 0.17 0.11
100 4 0.18 0.19 0.25 0.09 0.08 0.06 0.24 0.17
100 5 0.10 0.14 0.36 0.75 0.05 0.24 0.19 0.24
1000 0 1.47 0.52 0.15 0.92 0.57 0.30 0.49 0.92
1000 1 0.59 1.45 0.20 0.32 0.11 0.45 1.29 0.59
1000 2 0.53 0.27 0.25 0.48 0.16 0.20 0.36 0.33
1000 3 0.94 0.63 1.19 0.44 0.35 0.32 0.94 1.05
1000 4 0.60 0.82 0.14 0.45 0.23 1.03 0.80 0.35
1000 5 0.86 0.51 0.83 0.23 0.84 0.79 1.49 0.49
10000 0 6.62 5.01 5.38 4.59 2.44 2.10 4.43 4.35
10000 1 5.84 4.58 3.62 2.25 3.09 3.25 3.47 4.11
10000 2 7.12 5.08 4.90 3.35 3.05 4.66 6.39 3.43
10000 3 4.06 5.86 5.47 3.96 4.14 5.32 4.49 4.78
10000 4 5.03 3.04 5.59 6.10 4.40 5.42 5.54 6.82
10000 5 4.26 4.29 5.53 4.98 6.22 3.47 2.36 5.63
100000 0 44.48 45.26 44.26 46.00 41.18 47.37 43.83 37.98
100000 1 45.67 42.38 39.01 46.71 41.94 38.58 44.15 39.81
100000 2 45.97 46.30 43.27 48.20 42.16 50.68 48.86 41.13
100000 3 44.60 42.56 42.39 39.97 38.92 49.05 43.46 45.11
100000 4 53.88 46.99 46.53 50.62 42.92 49.15 42.24 41.85
100000 5 52.33 45.61 46.35 49.21 45.32 47.47 48.77 46.00
1000000 0 470.56 450.23 441.54 452.97 435.28 419.18 441.75 443.19
1000000 1 479.82 440.68 447.54 448.85 461.83 417.31 461.10 427.54
1000000 2 489.52 442.20 435.79 437.82 444.70 433.24 427.29 423.80
1000000 3 485.06 432.93 456.34 461.50 446.14 449.26 440.39 442.26
1000000 4 484.90 447.45 471.44 453.00 433.10 443.35 419.12 458.70
1000000 5 481.07 435.77 441.45 430.57 457.67 444.12 425.96 420.29

Note: Legend: Light Blue: Pass, Dark Blue: Borderline Fail, Light Grey: Fail, Dark Grey:
Serious Fail.

The baseline enables comparison of the proposed methods in the following
sections.

7.3.2.2 Apply a Small Constant to Zero Values

A constant of 0.1 is added to observations of just the zero values. Previous
research indicates that most data are concentrated in the lower range near zero.
Table 7.5 presents the results. For the AD GoF test, a significant improvement
is observed across all sample sizes except at one hundred. Importantly, the
test now passes up to a sample size of one thousand. For the CvM GoF test,
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substantial improvements are evident across all sample sizes, with datasets
up to one thousand now passing the test. Applying a constant of 0.1 to zero
values (i.e., datasets rounded to zero decimal places) substantially improves
the distributional fit.

Unlike adding a constant to the full dataset, this approach modifies only
observations equal to zero, thereby preserving most of the original distributional
structure. The method reduces the distortion introduced by the baseline
adjustment while still mitigating convergence failures caused by zero values.
However, because the adjustment selectively alters lower-bound observations,
it may still bias tail behaviour and affect GoF statistics for large sample sizes.
Table 7.5: Log-normal Comparision: Basline V Apply Small Constant to Zero Values, Rounding=0.

Average AD Score Average CVM Score
Size Baseline Test Baseline Test
100 1.43 1.01 0.24 0.16
1000 5.44 1.11 0.83 0.18
10000 38.19 4.09 5.49 0.56
100000 344.97 31.26 47.82 3.85
1000000 3476.73 304.12 481.82 37.04

7.3.2.3 Apply Relative Constant to Zero Values

Building on the findings presented in Section 7.3.2.2, this analysis applies a
relative constant to zero values with the aim of improving upon the results in
Table 7.3. For datasets rounded to zero decimal places, no further improvement
is anticipated, as this case already incorporates the same constant, as reported
in Table 7.5. Table 7.6 shows the results of all decimal precisions and not just
at zero decimal places (as seen in Table 7.5).

The relative constant approach adapts the adjustment magnitude to the
scale of the data, reducing the degree of artificial distortion introduced by
fixed constants. This improves the balance between numerical stability and
preservation of the original distributional shape. Nevertheless, the method
still modifies the empirical distribution near zero and therefore cannot fully
recover the underlying unquantised data.
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Table 7.6: Log-normal AD Comparison: Baseline v Relative Constant to Zero Values.

Rounding
Baseline: Add Constant of 1 to Zero Values

Size 0 1 2 3 4 5 6 7
100 1.43 1.09 1.11 1.33 0.82 0.67 1.27 1.07
1000 5.44 4.78 3.30 3.31 2.83 3.91 6.04 4.16
10000 38.19 33.33 34.96 30.94 29.13 30.62 32.01 35.33
100000 344.97 327.72 320.58 337.83 311.71 340.09 326.60 311.57
1000000 3476.73 3241.65 3273.02 3275.30 3264.25 3198.17 3211.02 3209.63

Add Relative Constant to Zero Values
100 1.02 0.78 0.66 1.21 0.58 0.75 0.92 0.90
1000 1.29 1.01 0.88 1.47 0.71 0.96 0.79 1.60
10000 4.10 1.02 0.60 1.96 1.08 1.58 1.36 1.52
100000 31.40 1.41 0.94 1.17 1.27 0.82 1.01 1.25
1000000 305.57 4.23 1.03 0.80 1.32 0.73 1.37 1.36

For cases that previously failed at sample sizes of one thousand and above,
the majority now pass the GoF test. Although the GoF test statistic at zero
decimal places shows a marked improvement compared to the baseline, failures
persist from the ten thousand sample size onwards.

Figure 7.2 presents Q–Q plots for n = 10, 000 m = 0 for visual comparative
analysis on the results of the fit.
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(a) Baseline, Round=0.
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(b) Relative Constant on Zero Values,
Round=0.

Figure 7.2: Log-normal Comparative analysis: Baseline v Relative Constant to Zero
Values.

The left panel shows the baseline, while the right panel displays the results
obtained using the relative constant technique. In both cases, points deviate
from the upper part of the line, indicating right-tailed skewness. The deviations
differ, with points lying above the theoretical line in one case and below it in the
other. The left chart suggests a mixture model. The average AD GoF statistic
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decreased substantially, from 38.19 to 4.10, indicating a notable improvement
in fit. However, deviations from the regression line continue to affect GoF
accuracy. A shift in the distributions is also evident. From the overall results,
a conclusion can be drawn that adding a relative constant to zero values proves
to be an effective technique to mitigate the effects of quantisation.

CvM results (not shown) demonstrate that failures which previously occurred
from the ten thousand sample size onwards are now restricted to failing at zero
decimal roundings at the one hundred thousand and one million sample sizes.

7.3.2.4 Apply Relative Constant to all Values

In contrast to the previous section, where a relative constant was applied only
to zero values, here the constant is applied to all values. The analysis focuses
on larger sample sizes where m < 2, corresponding to the dark grey cells at
the bottom of Table 7.6, where the tests failed. Table 7.7 reports the results.

Table 7.7: Log-normal AVG AD GoF Comparison: Relative Constant to Zero Values v Relative
Constant to all Values.

Before (Relative Constant on Zero Values)
Sample Size Rounding = 0 Rounding = 1
10000 4.09 1.02
100000 31.40 1.41
1000000 305.57 4.23

After (Relative Constant All Values)
10000 4.62 1.50
100000 33.51 4.74
1000000 330.82 39.20

Little improvement was observed at zero decimal places for any sample size.
At one decimal place, applying the relative constant to all values failed at the
one hundred thousand sample size, which has previously passed when applying
the relative constant to only zero values.

7.4 Discussion
7.4.1 Zero Value Problem
Fitting errors occur when zero values are present in the data prior to model
fitting, as demonstrated in Chapter 5. To mitigate these errors and allow the
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prechecks of the manageparam function to pass, a constant of 1 was added
as a baseline adjustment. Although smaller constants could be applied, for
the Weibull distribution, the minimum required adjustment was 1, and this
value was adopted consistently across all distributions. Adding a constant
does not alter the distributional shape but instead shifts the data along the
continuum. In contrast, changes to the distribution’s parameters, such as the
shape parameter β in the Weibull case, would directly alter its form, influencing
skewness. Adding a constant can be problematic if the distribution is expected
to be centered at a particular location (e.g., the log-normal case). To reduce
this shift, smaller constants were evaluated, ranging from 0.01 down to 0.00001,
all of which permitted successful fitting.

The challenge of zero values is not unique to this study as discussed in Chap-
ter 2.1. It occurs widely in reliability analysis and lifetime modelling, where
zeros can cause numerical instability or undefined likelihoods. In such contexts,
applying a constant offset serves as a general corrective approach, ensuring
numerical stability while preserving the fundamental distributional structure.

7.4.2 How To Identify Quantisation
Quantisation replaces continuous variation with repeated discrete values, intro-
ducing gaps between adjacent observations and eliminating continuity in the
data. The process causes data points to cluster or stack at identical levels, pro-
ducing duplicate values. Quantisation can often be detected visually through
vertically or horizontally aligned points, or step-like patterns, in diagnostic
plots. Several graphical methods were examined, including histograms, CDFs,
Q–Q plots, and P–P plots; among these, P–P plots provided the clearest
evidence of quantisation effects.

These findings highlight the importance of early diagnostic checks for quan-
tisation effects. Simple frequency tables and visual diagnostics, particularly
P–P plots, can detect rounding prior to formal GoF tests. Where quantisation
cannot be avoided, modelling with discrete distributions may provide a more
appropriate framework.

7.4.3 Apply Small Constant to Zero Values
Coarser rounding increases the likelihood of values being rounded to zero,
though in practice, zeros were observed only when m = 0. Introducing a small
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constant (0.1) shifts values near the rounding thresholds, for example, values
of 0.49 are shifted to 0.50 and consequently assigned to the next rounding bin,
while values of 0.99 are shifted into the 1.0 bin. As a result, only observations
at the boundaries of rounding bins are affected, effectively reallocating edge
values to the subsequent bin without altering the full shape of the distribution.

Across all sample sizes, both the AD and CvM scores significantly decreased
when compared against the baseline. GoF tests additionally passed at the
one thousand sample size, that had failed at the baseline test. The small
adjustment to zero values had a significant improvement in overall results.
Overall, applying a small constant to a limited proportion of observations
substantially improved GoF.

7.4.4 Apply Relative Constant to Zero Values
Applying a relative constant to zero valued observations significantly improves
GoF relative to the baseline method of adding a fixed constant (1). Reductions
in AD statistics are observed across all rounding levels all rounding levels
(0 ≤ m ≤ 7) and sample sizes, showcasing a more appropriate adjustment of
zero values.

Where m = 0, the AD GoF tests continue to fail from sample sizes of ten
thousand onwards despite improvements relative to the baseline. This is likely
due to quantisation effects persisting, particularly at large sample sizes where
even small deviations from continuity are impacting distributional fit. For
2 ≤ m ≤ 7 and n > 10, 000, all AD tests pass under the relative constant
approach, including cases that failed under the baseline, suggesting that the
fixed constant shifts the data excessively.

Across all levels of precision, the relative constant yields an average improvement
of approximately 67% in AD statistics, demonstrating that smaller adjustments
proportional to data precision are sufficient to support consistent alignment
with the empirical data and the theoretical model, preserving the underlying
distribution. Overall, the relative constant approach provides a more robust
method for handling zero values in log-normal modelling, with remaining
limitations primarily attributed to coarse rounding and quantisation effects.
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7.4.5 Apply Relative Constant to all Values
Applying a relative constant to all values was evaluated to determine whether
shifting all values, rather than only zero values, relative to the data’s precision
provided a better adjustment. The test was primarily focused on the larger
sample sizes (n ≥ 10, 000) that were previously failing the AD GoF.

Applying the relative constant to all values results in extensive modification of
the data. Over 80% of the data was altered below one million observations,
and 99% at one million. No improvement was observed at zero decimal places
from ten thousand samples upwards. At the one hundred thousand sample
size, there was a negative impact on AD GoF, and the GoF test now fails when
a relative constant is applied to all values. At a sample size of one million, the
AD statistic deteriorated.

When the relative constant is applied to only zero valued observations, im-
provements in GoF arise from correcting deviations in the lower tail without
perturbing the remainder of the distribution. In contrast, applying the relative
constant to all observations produces a full shift in the data, which would
manifest in the Q–Q plot (see Figure 7.2) as systematic curvature away from
the reference line across the full range of quantiles, particularly in the upper
tail. The behaviour is consistent with the increased AD statistics reported
in Table 7.7, especially at larger sample sizes. These results confirm that the
effectiveness of the relative constant over-corrects the distribution and degrades
model fit.

Table 7.8 provides a summary of the results.
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Table 7.8: Summary Comparison of Quantisation Adjustment Methods.

Method Strength Weakness Best Use Case
Add Constant
to Entire
Dataset

Improves optimi-
sation stability
and prevents con-
vergence failures
caused by zero
values.

Introduces system-
atic upward bias by
shifting the full dis-
tribution.

Useful when fitting
fails completely due
to support viola-
tions or logarithmic
transformations.

Apply Small
Constant to
Zero Values

Preserves most of
the original distri-
bution while re-
ducing instability
caused by zeros.

May distort lower-
tail behaviour and
still introduce bias
near zero.

Effective when
quantisation is
concentrated at
zero values.

Relative
Constant Ad-
justment

Provides the best
balance between
stability and
preservation of
distributional
structure.

Does not recover
the true unquan-
tised data and may
still alter empirical
density near zero.

Most effective for
heavily quantised
datasets requiring
improved GoF per-
formance.

7.4.6 Sensitivity Analysis Summary
The experiments demonstrate that the effectiveness of quantisation adjustment
methods is sensitive to distribution type, sample size, rounding precision, and
the magnitude of the applied constants. Methods based on relative constants
were generally the most robust across varying levels of quantisation, as they
improved GoF performance while preserving more of the original distributional
structure. Applying small constants only to zero values also produced stable
improvements, particularly for moderate sample sizes and datasets where
quantisation effects were concentrated near zero.

In contrast, adding a fixed constant to the entire dataset was more fragile.
Although this approach consistently improved optimisation stability and pre-
vented convergence failures, it introduced greater distortion into the empirical
distribution and increasingly biased the fit as sample size increased. Sensitivity
to adjustment magnitude was especially apparent for the Weibull distribution,
where small constants were insufficient to stabilise fitting behaviour.

The parameter estimation methods also exhibited different sensitivities. MLE
was generally more robust for log-normal distributions but became unstable
near flat likelihood surfaces and parameter values close to zero. MME showed
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greater robustness for Weibull distributions but remained sensitive to distorted
sample moments and outliers introduced through quantisation.

Overall, the results demonstrate that no single adjustment strategy is univer-
sally optimal. Robust performance depends on balancing numerical stability
against preservation of the original distributional structure, with the most
effective method varying according to the characteristics of the data and the
severity of quantisation.

7.5 Conclusion
The aim of this study was threefold: to provide practical approaches for
identifying quantisation in data, to mitigate convergence errors during fitting,
and to reduce the impact of quantisation on GoF outcomes.

Visual diagnostics were shown to detect quantisation, although effectiveness
varied by method. In particular, Q–Q plots were less reliable, while P–P
plots provided clearer evidence through clustering and step-like structures. To
address convergence errors, a constant of 1 was initially applied, followed by
several variations of this method. Applying a relative constant to zero values
proved most effective, raising the AD GoF pass rate from 13% in the baseline
to 85%, and the CvM pass rate from 28% to 83%.

Although the methods in this study were demonstrated on the log-normal dis-
tribution, they apply to other continuous distributions, such as the Weibull and
Normal distributions. Preliminary analysis in these cases indicates improved
GoF when applying a relative constant to the data, compared with adding a
fixed small constant. However, a detailed analysis of these distributions lies
beyond the scope of the present research.
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CHAPTER 8
Unrounding the Data

Rounding and quantisation introduce information loss that can degrade downstream
modelling and simulation tasks. An investigation into a set of unrounding techniques
aimed at mitigating the effects of rounding and partially recovering the distributional
properties of the original unrounded data is presented. The study introduces a range
of techniques, including jitter-based, rejection sampling, and binning techniques to
unround the data. The jitter-based technique introduces controlled random noise,
redistributing observations to plausible adjacent values within the rounding interval.
Rejection sampling generates candidate values by accepting samples according
to a specified target distribution. Histogram binning techniques based on the
Freedman–Diaconis, Sturges, and Scott rules are also considered. All techniques use
synthetically generated rounded data, and conclusions are drawn from an evaluation
of GoF tests, including AD, CvM and NRMSE. The results show that unrounding
the data is driven by alignment with the assumed distribution, rather than by local
perturbation or binning methods.

8.1 Introduction
As shown in the preceding chapters, rounding obscures data points, distorting
the underlying distributional data characteristics. Chapter 5 introduced prac-
tical adjustments to fitting failures and addressed GoF issues caused by zero
values, including the addition of a constant to avoid convergence issues. In
contrast, Chapter 6 identified that MLE outperformed MME in distribution
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fitting. Chapter 7 focused primarily on mitigating fitting failures caused by
quantisation and zero values through adjustment-based techniques, such as
adding constants to the data. While these methods improved convergence and
GoF performance, they did not attempt to reconstruct the latent continuous
observations underlying the rounded values.

This chapter extends the analysis by investigating whether plausible contin-
uous reconstructions can be generated to better approximate the underlying
distributional structure obscured by quantisation. MLE is used in this chapter
to improve fitting stability and to better approximate the latent distributional
structure of rounded observations.

The methods developed in this chapter do not recover the true underlying
data. Instead, they generate plausible continuous values that are statistically
consistent with the quantised observations and the assumed distributional
framework. Accordingly, the proposed approach should be interpreted as a
reconstruction procedure rather than an exact recovery process.

Based on the preceding chapters, further research is needed to develop tech-
niques that compensate for the effects of rounding in time-series data by
identifying plausible adjacent values of the rounded data points, thereby ad-
dressing convergence issues and the limitations imposed by distributional
assumptions.

8.1.1 Assumptions in Reconstruction
The reconstruction methods considered in this chapter rely on several assump-
tions regarding the relationship between the rounded observations and their
latent continuous values.

First, it is assumed that the true underlying observations lie within the quanti-
sation interval defined by the rounded value and its associated precision. Each
rounded observation corresponds to a finite interval of plausible continuous
candidates.

Second, unless otherwise specified, values within a quantisation interval are
commonly assumed to follow a uniform distribution. This assumption implies
that all candidate values inside the interval are equally likely, although alter-
native distributions may also be considered depending on the application and
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the reconstruction method employed.

Third, the observations are generally treated as independent unless an ordering
or dependence structure is explicitly modelled. In practical settings, this
assumption may not always hold, particularly for time-series, sequential logs,
or structured message data where temporal or structural dependencies exist
between observations.

These assumptions simplify the reconstruction problem and make the proposed
methods computationally tractable. However, they also introduce limitations,
since violations of these assumptions may affect the accuracy and interpretabil-
ity of the reconstructed values.

To provide more guidance on the complexity of unrounding, Table 8.1 illustrates
the scale of the unrounding problem with a simple example.

Table 8.1: Unrounding Data: Explosion of Plausible Values.

Original
Value

Precision Rounded
Value

Range Possible Values (at
original precision)

Number
Plausible
Values

4.9 1 5 4.5, 4.6, . . . , 5.5 10
5.01 2 5 4.50, 4.51, . . . , 5.49 100
5.001 3 5 4.500, 4.501, . . . , 5.499 1000
5.0001 4 5 4.5000, 4.5001, . . . , 5.4999 10000
5.00001 5 5 4.50000, 4.50001, . . . , 5.49999 100000

Several unique values rounding to the same value are observed. Each unique
value, recorded at a different level of precision, corresponds to a different
number of plausible adjacent values.

A value recorded to 4.9 yields only ten plausible adjacent values, whereas a
value of 5.00001 yields one hundred thousand potential candidates. All of
these cases collapse to the same rounded value (5), but the amount of hidden
information differs enormously. Higher precision, although more precise, can
become more problematic when attempting to identify the original unrounded
observation. The candidate set grows so large that determining the original
value becomes practically infeasible, nevertheless, it remains useful to address
this challenge rather than disregard it, since meaningful inference depends on
recovering as much information as possible.
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In a nuclear reactor, safety settings are triggered at thresholds reported to
three decimal places. One such case is the “Chemical and Volume Control
System” (CBS), where alarm and control functions are defined at pressures
such as 0.012 Megapascals (MPa) and 0.019 MPa [155]. A measurement of
0.0194 MPa, rounded to 0.019 MPa, may appear within tolerance, even though
it already exceeds the specified limit. In such settings, even small rounding
errors may have serious safety implications, making accurate recovery from
quantised data essential.

High levels of precision may still require unrounding. Tiny discrepancies, such
as billionths of a second in global atomic timekeeping, can accumulate into
errors large enough to cause a practical impact on atomic clocks, making it
difficult to define a safe threshold for lost precision.

Reconstructing quantised observations is inherently tricky. For a single rounded
value, the original observation is only recoverable within its rounding interval,
limiting precision but keeping the uncertainty confined to that single obser-
vation. The difficulty grows considerably in the presence of many quantised
values. Quantisation can result in multiple observations taking on the same
reported value, obscuring their true positions on the underlying continuum.

The challenge intensifies when the aim is not only to restore numerical precision
but to infer the form of the underlying distribution, F . Multiple observations
quantised to the same value might seem less problematic, since the set of
plausible candidates is reduced. The difficulty lies in determining where these
observations sit along the continuum, and how they collectively shape the
underlying distribution. Some statistical tests, such as probability density
estimation and parametric continuous GoF tests like AD, assume continuous
data. Rounding can distort their results.

One should also consider the dependence structure associated with the rounded
values. If the observations are ordered, then the problem extends beyond
recovering unrounded values or the distribution from which they are drawn. It
also requires preserving the correct ordering of the original sequence of rounded
timestamped messages that can be processed as a batch-type message or a
single message, especially in the context of EDI messaging. The added layer of
complexity highlights that the unrounding problem extends beyond numerical
recovery to include the distributional and structural aspects of the data and
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message. In some cases, the order might be recovered from the structure of a
log file.

Rounding, therefore, has multiple implications. It is not simply a matter
of truncation but also of quantisation, each introducing distortions that are
difficult to resolve. Far from being a trivial adjustment to the data, rounding is
a significant issue that affects many areas of analysis and should not be taken
lightly or considered without regard for the downstream challenges it creates.

Extending the work in Chapter 7, this research evaluates a set of advanced
methods for unrounding quantised data. Specifically, it considers a range of
jitter-based techniques, binning techniques, and broader rejection sampling
strategies.

For this study, the aim is not to create new information, but to approximate
the uncertainty introduced by quantisation. The objective of these advanced
techniques is to mitigate the distortions introduced by rounding by generating
plausible adjacent values near the rounded observations. Although these
approaches cannot recover the exact original data or its ordering, they can
improve the representation of individual observations and better capture the
characteristics of the underlying distribution.

The chapter addresses the following questions:

1. Can different unrounding techniques (e.g., Gaussian noise, jittering and
rejection sampling) unround the data, bringing it closer to its original
form?

2. Which method yields the most accurate reconstruction of the underlying
distributional form, and where possible, provides the closest approxima-
tion to the original unrounded values?

The study primarily focuses on the Weibull distribution, with limited tests on
log-normal and exponential distributions. GoF is evaluated using NRMSE, AD,
and CvM tests, with parameters estimated or fixed via MLE. When fitting,
a constant of 1 is added to the data to ensure convergence, and tests are
repeated five times to account for random data generation. Synthetic data
are used throughout, with distributions, parameters, and sample sizes defined
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in Table 5.1, excluding the ten thousand sample size. The set of evaluated
methods is summarised in Table 8.2.

Table 8.2: Jittering Tests.
Methods and Configurations

Test
Num-
ber

Test
Name

GoF
Est.
Param.

GoF
Fixed
Param.

All
Data

Zero
Values
Only

Description

1 Gaussian
Noise Vari-
ants

– Y Y – Two synthetic Weibull datasets are generated
to support rounded and non-rounded values
using the same parameters. Rounded values
are adjusted with Gaussian noise centered at
zero. Variants differ by how the standard
deviation is calculated.

2 Interval-
Based
Uniform
Jitter

– Y Y Y A synthetic Weibull dataset is generated and
rounded. A second synthetic Weibull dataset
is generated using the estimated parameters
from the rounded values. Boundary limits
are defined for each rounded value using the
minimum and maximum values of its neigh-
bour in the second Weibull dataset. Uniform
noise is then drawn within the boundaries of
each point.

3 Distance-
Based
Jitter (Ad-
dition)

– Y Y Y A synthetic Weibull dataset is generated and
rounded. A second synthetic Weibull dataset
is generated using the estimated parameters
from the rounded values. Both datasets are
sorted. The distance between each consecu-
tive point on the synthetic dataset is calcu-
lated. That difference is then added to the
rounded ordered dataset.

4 Pit-Based
Even
Spaced
Jitter

– Y Y – A synthetic Weibull dataset is generated and
rounded. On the rounded dataset, each
unique rounded value defines a pit with mini-
mum and maximum bounds. Evenly spaced
jitter is applied depending on the length of
the pit using a seq() function.

5 Jitter
Histogram-
Binning

– Y Y – A synthetic Weibull dataset is generated and
rounded. Rounded values are redistributed
within histogram bins, where bin widths are
set using rules such as Sturges, Scott or FD.
Observations within each bin are then evenly
spaced using the seq() function, becoming the
new values for the rounded dataset.

6 Rejection
Sampling

Y Y Y Y Jittered values are generated by repeatedly
sampling from a Weibull distribution. Each
candidate is rounded and compared against
the rounded target dataset; only those match-
ing are retained, while the rest are rejected.

7 Inverse
Method

Y Y – Y A rounded synthetic Weibull dataset is gener-
ated. Upper and lower bounds are identified
based on the rounding precision of each value.
A random value is then sampled uniformly
between the corresponding CDF bounds and
transformed back using the inverse CDF to
recover a plausible unrounded value.

Note: All tests are conducted using synthetic data. The “Inverse Method” is applied to
Weibull, log-normal and exponential distributions.

Some of the methods in Table 8.2 require a second Weibull dataset. The
dataset is either generated from parameters estimated from the rounded data
or created using the known parameters of the original distribution used to
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produce the rounded values. It is helpful to consider two practical reasons
for this. In the first case, a genuine unrounded dataset becomes available, for
example, system logs that were originally recorded only to millisecond precision
may later be reconfigured to record timestamps at the nanosecond level. The
high-resolution dataset can then be used to understand the structure of the
original data and guide the reconstruction of the earlier, coarsely rounded
values. In the second case, no such unrounded dataset exists. Instead, the
underlying distribution must be inferred directly from the rounded data, and
a synthetic unrounded dataset is generated using the fitted parameters.

The methods proposed in this chapter extend the heuristic adjustment ap-
proaches developed in Chapter 7 by explicitly modelling the uncertainty in-
troduced through quantisation. Rather than modifying observations directly
through additive corrections, interval-based approaches represent rounded
values as ranges of plausible underlying observations, thereby preserving more
information about the original continuous distribution.

Table 8.3 provides a summary of the strengths and weaknesses between Chap-
ter 7 and in Chapter 8.
Table 8.3: Comparison of Quantisation Mitigation Approaches Across Chapters.

Approach Strength Weakness Description
Raw Quantised
Data

Simple and com-
putationally effi-
cient.

Produces biased
parameter esti-
mates and dis-
torted GoF re-
sults.

Fits statistical dis-
tributions directly
to rounded ob-
servations without
adjustment.

Adjustment
Methods (Chap-
ter 7)

Improves fitting
stability and
reduces conver-
gence failures.

Introduces
heuristic bias
through artificial
modification of
observations.

Applies constants
or relative adjust-
ments to reduce
the effects of quan-
tisation.

Interval-Based
Methods (Chap-
ter 8)

Provides a princi-
pled representa-
tion of quantised
observations by
modelling plausi-
ble underlying in-
tervals.

More computa-
tionally complex
and dependent
on interval as-
sumptions.

Represents
rounded observa-
tions as intervals
rather than fixed
point estimates.
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Collectively, these tests provide a diverse framework for evaluating whether
jittering can effectively restore variability lost through rounding. The tech-
niques developed in this research are intended for real-world applications using
real-world datasets.

8.2 Data Overview and Limitations
The data used in this chapter, along with its limitations, have been previously
discussed in Chapter 5.2.

Although stochastic jitter methods may generate slightly different reconstructed
datasets across repeated runs, the emphasis of this study is on the comparative
behaviour of reconstruction methodologies rather than the optimisation of
individual random realisations. Consequently, the reported results should be
interpreted as representative examples of method behaviour under quantised
conditions.

8.3 Methods
Jittering is applied in this study as a means of restoring variability to rounded
datasets while preserving the overall distributional structure. The techniques
mentioned in these tests adjust discrete values introduced by rounding by
adding controlled noise to each data point. The objective is not to jitter the
distribution as a whole, but to introduce variability at the level of individual
points.

Previous work demonstrated that small additive adjustments can improve
fitting stability under quantised conditions, but may also introduce systematic
bias into parameter estimation and GoF assessment [156]. This motivates the
development of reconstruction-based approaches that aim to preserve more of
the original continuous distribution while mitigating the effects of quantisation.

8.3.1 Jitter
In this chapter, the concept of a pit is introduced to distinguish between
conventional binning strategies, such as Sturges or FD. A pit is a bin defined by
unique rounded values. Unlike conventional histogram bins, pits arise naturally
from the rounding process itself. Each distinct rounded value forms its own pit,
and all observations rounded to that value fall within that pit. The terminology
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is adopted to distinguish bins from other binning strategies discussed later.
The pit structure will be used in subsequent sections.

8.3.1.1 Gaussian Noise Variants

To address quantisation, a Gaussian jittering process using bins referred to in
this section as pits is studied. Rounded observations are grouped into pits,
defined by the rounding precision. The rounding precision d determines the
pit width. For example, when rounding to 0 decimal places, the pit width is 1
unit (e.g., all values are ≥ 4.5 and ≤ 5.4 collapse into the integer pit 5). Each
pit gives a plausible range of adjacent values.

For this study the aim is to evaluate how applying small Gaussian noise, with
variations in the standard deviation introduced through different scalings and
variants, influences dispersion and the recovery of smoothness in the empirical
distribution. The technique is expected to reduce the distortion in the GoF
statistics.

Gaussian jittering was selected because it provides a simple and computationally
efficient mechanism for reintroducing variability into quantised observations.
The Gaussian distribution allows noise to be concentrated around the rounded
value while still permitting controlled dispersion through the standard deviation
parameter. This makes it useful for evaluating how different levels of local
variability influence both pointwise reconstruction accuracy and distributional
smoothness.

Although Gaussian jitter does not represent the same shape as the Weibull
distribution. It serves as a generic smoothing mechanism. Consequently, the
effectiveness of the reconstruction is sensitive to the choice of variance scaling.
Excessive variance can over-smooth the data and inflate the tails, whereas
insufficient variance may preserve discreteness and fail to adequately mitigate
quantisation effects.

Different variants of the Gaussian noise are presented in Figure 8.1, with
workflow illustrations and corresponding mathematical formulas defined for
each test.
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Figure 8.1: Flow Diagram: Gaussian Jitter Variants.

Based on Figure 8.1, five Gaussian-noise jittering tests are evaluated. All
tests use Gaussian noise centred at zero (µ = 0), ensuring that jittered values
remain close to their rounded observations, while preserving alignment with the
original data points, and reintroducing the continuum structure lost through
rounding. By centering the noise at zero, the jitter restores local variability
relative to each observation without shifting the overall location of the dataset.

Three strategies are used to determine the standard deviation of the Gaussian
noise.

For the first strategy, two Weibull datasets are generated with identical param-
eters, one rounded and one unrounded. For each pit, the standard deviation is
estimated from the unrounded values that would fall within that pit (colour
coded pink in Figure 8.1). If a pit contains only a single observation, the
standard deviation is undefined, and a small constant (0.01) is used instead.
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For the second strategy, only the rounded dataset is used. The standard
deviation for each pit is set equal to the pit width determined by the rounding
precision (colour coded brown in Figure 8.1). When rounding to zero decimal
places, the pit width is 1, and therefore the standard deviation also becomes 1.
Several scaled versions of the pit-width standard deviations are examined.

The light-green boxes in Figure 8.1 illustrate the Gaussian-noise jittering
process when pit-based standard deviations are estimated from unrounded
values (pink). The dark-green boxes show the corresponding process when the
standard deviation is derived solely from pit width (brown).

A unique noise value is generated for each observation, not per pit. For example,
if a pit contains 20 observations with integer value 5, then 20 distinct noise
terms are drawn. All jittered values are constrained to remain non-negative
(by applying the absolute value), consistent with the Weibull distribution.

8.3.1.2 Interval-Based Uniform Jitter

Applying uniform noise to a dataset is a simple technique for mitigating the
effects of quantisation. Noise is drawn from a bounded range and added to
the rounded data, thereby restoring a degree of continuity. The jitter bounds
are derived from the adjacent spacing in an independently generated Weibull
series, with the minimum and maximum values reflecting consecutive order
statistics.

Uniform jittering was selected because it reflects the assumption that all values
within a quantisation interval are equally plausible in the absence of additional
information about the latent continuous observations. This assumption provides
a simple and interpretable baseline reconstruction strategy that avoids imposing
a strong parametric form within the interval.

However, the reconstruction quality is sensitive to the interval boundaries
used to generate the uniform noise. When the interval becomes excessively
wide, particularly in heavy-tailed distributions such as the Weibull distribution
with shape parameter 0.5, the resulting jitter may generate unrealistic values
and artificially smooth the empirical distribution. Consequently, the choice
of interval construction substantially influences both pointwise reconstruction
accuracy and distributional GoF performance.
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In contrast to the Gaussian approach, this method bases its uniform jitter on
inter-sample Weibull distances rather than rounding precision. Gaussian noise
is applied per-pit using a local Gaussian distribution within each quantisation
interval, centered at zero, this per-pit approach preserves the local structure of
the data while still mitigating quantisation artefacts. Uniform noise is bounded
within fixed limits. Both approaches are simple to implement, but they differ
in the magnitude of adjustment used. In practice, it is more effective to apply
minimal noise to shift rounded points toward adjacent plausible values without
compromising the underlying distribution. The flowchart for the uniform jitter
is defined in Figure 8.2.
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Figure 8.2: Flow Diagram: Uniform Jitter.

To explain the process, two Weibull distributions are generated. The first
distribution is rounded to support the tests, while the second distribution is
estimated from the rounded data and then used to define upper and lower
bounds for each value. For each rounded value, a random draw is taken from a
Uniform distribution bounded by the defined intervals for each value, ensuring
that the jittered values remain within a plausible range. Any negative jittered
values are replaced by their absolute value to ensure that the final jittered
values remain non-negative. A small constant is added to the lower bound to
prevent zero-width intervals. These can arise in several situations, for example,
at the first or last observation, where a neighbour is missing and the bound
collapses or when numerical precision causes consecutive values to be treated as

225



8.3. Methods

equal. The constant ensures that every observation is assigned a valid non-zero
interval for jittering, even in these edge cases.

8.3.1.3 Distance-Based Jitter (Addition)

Distance-based jitter leverages the spacing between ordered values of two
distributions, both generated from a Weibull distribution, where one is rounded,
and the other is left in its original form. The intuition is that local distances
in the unrounded reference distribution can be transferred to the rounded
synthetic values. By adding these distances back to the rounded data, continuity
is restored and discreteness reduced.

The procedure differs from Gaussian noise and uniform jitter, as previously
mentioned. Gaussian noise depends on variance, while Uniform noise is bounded
within fixed limits. Neither directly reflects the characteristics of the synthetic
distribution. In contrast, distance-based jitter is distribution-aware. The noise
is determined from the same Weibull reference distribution that generated the
rounded data, ensuring that variability remains consistent with the underlying
distribution, rather than imposing artefacts from a different distribution.
Figure 8.3 provides pseudocode of the process flow for this technique.
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Figure 8.3: Flow Diagram: Jitter by Distance (Addition).

The process begins by ordering both the rounded and unrounded synthetic
datasets. Consecutive distances from the ordered unrounded Weibull series
are then calculated and added to the corresponding rounded synthetic values,
producing new jittered values based on the spacing of the reference distribution.

The technique may exaggerate the distributional shape by increasing tail heav-
iness, while also slightly reducing the height of the central peak as probability
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mass is redistributed away from the rounded center. Nevertheless, it can
provide closer alignment with the original values and underlying distribution,
particularly in the head of the data where rounding collapses small values into
the zero range.

8.3.1.4 Pit-Based Even Spaced Jitter

The “Even Spaced Jitter” technique builds upon previous techniques, where,
unlike Gaussian noise, it does not impose assumptions about the noise distribu-
tion. Unlike “Distance-Based Jitter”, it does not depend on alignment with a
secondary distribution. Within each pit, observations are reassigned to evenly
spaced positions, with spacing determined by the number of observations in the
pit and the width of the bounded interval. The resulting sequence may provide
an effective means of de-quantising the data, as it may reduce discreteness
on the continuum and offer a closer approximation to the original underlying
values. Figure 8.4 illustrates the workflow of this technique.
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Figure 8.4: Jitter Flow Diagram: Evenly Spaced Sequences Within Rounded Pits.

To provide more detail, the ‘Get Bounds’ box in Figure 8.4 constructs pit
boundaries directly from the rounding precision, which prevents overlapping
interval limits for each rounded value. If a value is rounded to d decimal places,
the corresponding pit width is: 10−d, and a reduced half-width

w = 0.80
(

1
210−d

)
It is used to ensure that neighbouring pits avoid overlap and to avoid endpoints
which may be troublesome for fitting. For each rounded observation x, the
plausible interval is therefore defined as:

[x − w, x + w].
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With the boundaries defined for each unique pit i, a sequence of evenly spaced
values is generated across the interval, with length equal to the number of
observations in the pit plus two. The addition of two extra sequence points
ensures the jittered samples are drawn from the interior of each interval.
Together, these steps prevent overlap between pits and stop pit-edge distortion
by keeping jittered values away from their boundaries.

Noise values are then assigned by mapping each observation in the pit to the
corresponding element of the sequence (excluding the first and last elements).
The technique ensures that each rounded observation is linked to a defined
range of possible original values. As the Weibull distribution has support
on [0, ∞), any lower bound that would fall below zero is truncated to zero,
preventing the construction of negative pit limits, which provides a unified rule
for defining jitter intervals across all rounded values.

The technique aims to avoid over and under-adjusting the rounded values,
supporting a smoother evolution on the continuum.

8.3.1.5 Jitter Histogram-Binning

Histogram binning is a well-known technique for grouping continuous data into
intervals of fixed width, referred to as bins. Each observation is assigned to
the bin corresponding to its value. By adjusting the bin width, one can control
the interval size used to represent the PDF with a histogram. In this study,
two variants of histogram-based binning techniques are considered. Version 1
(V1) employs fixed-width bins determined by rounding precision, while Version
2 (V2) defines bin boundaries using standard histogram rules such as Sturges,
Scott and FD.

Unlike “Pit-Based Even Spaced Jitter”, which defines a separate pit for each
unique rounded value, “Histogram-Binning” constructs bins using fixed bound-
aries that are defined independently of the observed values. As a result,
histogram bins are homogeneous in width and remain consistent across the dis-
tribution. Such a distinction highlights the difference between “Pit-Based Even
Spaced Jitter” and “Histogram-Binning”. Figure 8.5 illustrates the process
flow for V1 and V2.
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Figure 8.5: Flow Diagram: Jitter Histogram Binning Techniques.

For V1, rounded values are grouped into fixed-width bins determined by the
rounding precision. When a bin contains a single observation, the value is
shifted to the interval midpoint. When multiple observations fall within the
same bin, they are redistributed symmetrically around the midpoint with equal
spacing, leaving half-spacing margins at the edges to avoid zero values. For V2,
bin boundaries are determined using histogram rules such as Sturges, Scott
and FD. After the bin limits are fixed, the redistribution procedure is the same
for both variants. The two versions differ only in how the bin boundaries are
defined.

Using this technique, one can employ the binning rules to support non-
parametric fitting techniques for mitigating the effects of quantisation. By
relating “Histogram-Binning” to KDE, one can approximate the underlying
distribution more smoothly. Applying different binning rules provides a way to
compare how well each rule aligns with the KDE, offering insights into rules
for redistributing the quantised data. As discussed in Section 2, rules such
as Sturges, Scott and FD represent widely used approaches for data binning
techniques. Once values are grouped into the relevant bins, they are reassigned
within each bin.

Unlike V1, which applies fixed-width rounding-based bins, V2 employs adaptive
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binning rules that mitigate the effects of rounding and provide a more flexible
way to redistribute the data.

Tables 8.4 shows a comparison of the different jitter methods.
Table 8.4: Comparison of Jitter Reconstruction Methods.

Comparison of Jitter Reconstruction Methods
Method Strength Weakness Best Use Case
Gaussian Noise
Variants

Reduces repeated
rounded values and
improves continuity.

May distort tails
through artificial
random noise.

Useful when smooth
stochastic reconstruc-
tion is required.

Interval-Based
Uniform Jitter

Preserves interval con-
sistency within round-
ing bounds.

Uniform assumptions
may not reflect local
density.

Effective when preserv-
ing interval structure
is prioritised.

Distance-Based
Jitter

Uses local spacing to
reconstruct observa-
tions.

Sensitive to ordering
and irregular local dis-
tances.

Useful when adjacent
observations provide
meaningful infor-
mation about local
spacing in the underly-
ing distribution.

Pit-Based
Evenly Spaced
Jitter

Produces reconstruc-
tion within rounded
pits.

May suppress natural
stochastic variation.

Effective for reducing
clustering in repeated
values.

Jitter Histogram-
Binning

Preserves empirical
histogram structure.

Sensitive to bin-width
and histogram assump-
tions.

Useful when global
density preservation is
important.

These differences demonstrate that no single jitter method is universally optimal.
Reconstruction effectiveness depends on the severity of quantisation and the
statistical properties that are prioritised during reconstruction.

8.3.2 General Sampling Techniques
Sampling techniques generate random values from a target distribution that
represents the underlying continuous data. These sampled values are used
to replace or adjust rounded observations. The overall goal is to reconstruct
plausible continuous values while maintaining consistency with the assumed
distribution.

8.3.2.1 Rejection Sampling

Rejection sampling generates random samples from a specified distribution and
can be used to unround quantised data. To explain the process, for each value
in the rounded dataset, multiple random samples are drawn from a specified
distribution. Each candidate data point is then evaluated to determine how
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closely it aligns with the rounded value under consideration. If a candidate,
when rounded, matches the corresponding rounded value, it is accepted as
the new unrounded value. Accepted values are stored in a list, and when new
samples are generated, any values already used are skipped, which ensures
that the reconstructed dataset avoids duplication. The procedure is repeated
until every point in the rounded dataset has a match. If no match occurs for a
given value, the sampling process is repeated until one is obtained. The extent
of rejection sampling required depends on the precision of the data points.
Lower precision typically results in a smaller number of distinct values, whereas
higher precision often requires more iterative looping to obtain a match.

For this chapter, rejection sampling is applied to the synthetic data. For this
method, there are no repeat tests. Greater emphasis is placed on the head of
the distribution, where quantisation is most pronounced due to the volume of
zero values, although the method is applied across the entire dataset for the
synthetic dataset.

Given the simplicity of the technique, no process flow diagram has been created.

8.3.2.2 Inverse Method

Rejection sampling is a flexible method for unquantising data using generated
random datasets from a specified distribution. While effective, the process
can be computationally expensive because many samples may need to be
generated and discarded before a sufficient number of matched points are
obtained, making it time-consuming for large datasets especially when the
precision of the data points grow.

To address this limitation, the inverse method provides a more direct and
efficient alternative. Rather than relying on repeated sample generation, the
inverse method relies on the principle that a random variable X, with CDF
F (x), can be sampled by first drawing a uniform random variable, and then
computing the inverse:

U ∼ Uniform(0, 1), X = F −1(U)

The “Inverse-Method” requires that the CDF of the target distribution can
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be inverted either in closed-form or through numerical approximation. For
example, the exponential distribution with rate parameter λ is an example of
a closed-form. It has a CDF:

F (x) = 1 − e−λx

And its inverse CDF can be expressed in closed-form as:

F −1(u) = − 1
λ

ln(1 − u), u ∈ (0, 1).

Not all distributions have a closed-form. For example, a Normal distribution
has no closed-form. Instead, it is expressed using the inverse error function:

F −1(u) =
√

2 erf−1(2u − 1),

These non-closed-form distributions can be evaluated numerically using approx-
imation algorithms such as NR. Table 8.5 lists examples of distributions with
closed-form inverse CDFs alongside those that require numerical computation.

Table 8.5: Distributions: Inverse CDF.

Inverse CDF Examples
Distribution Inverse CDF Computation
Exponential (λ) F −1(u) = − 1

λ
ln(1 − u) Closed-form

Weibull (β, λ) F −1(u) = λ(− ln(1 − u))1/β Closed-form
Uniform (a, b) F −1(u) = a + (b − a)u Closed-form
Normal (µ, σ) F −1(u) = µ + σ

√
2 erf−1(2u − 1) Numerical

Log-normal (µ, σ) F −1(u) = exp
(
µ + σ

√
2 erf−1(2u − 1)

)
Numerical

By eliminating the iterative acceptance rejection step, the “Inverse Method”
can produce samples much faster, provided the inverse CDF is available in
closed-form or can be computed. Rather than repeatedly drawing samples
until one falls in the correct interval, the method simply restricts the uniform
variable U to the probability range for that interval and applies the inverse
CDF once.

In this study, the “Inverse Method” is adapted to account for rounding in the
observed data. Figure 8.6 shows a lower level view of the steps this method
takes.
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Figure 8.6: Jitter Flow Diagram: Inverse Method.

First, a Weibull synthetic dataset (shape = 0.5, scale = 2) is generated and
rounded to the specified decimal precision. The data are then sorted to ensure
consistent grouping. For each rounded observation, the rounding precision
determines the width of the rounding bin.

Applying the “Inverse-Method” will be a fast version of “Rejection-Sampling”.
Here, the factor 0.8 is used to define a hybrid sampling technique, but does
not imply equivalence with “Rejection-Sampling”. Instead, it provides an
alternative for comparison, in which the scaling factor can be varied to explore
the resulting GoF behaviour.

If the data are rounded to d decimal places, the rounding unit is 10−d. For
example, if x = 0.7 and d = 1 (10−1 = 0.1), then

w = 0.80
(

1
210−d

)
= 0.04, min(x) = x − w = 0.66, max(x) = x + w = 0.74.

This gives the interval width [min(x), max(x)] = [0.66, 0.74]. The truncated
interval retains 80% of the nominal rounding width, preventing overlap between
adjacent bins while still restricting jitter values to a plausible neighbourhood
of each rounded observation.

These bounds are then mapped to their corresponding Weibull CDF values,
and a uniform random probability is sampled within this interval. Applying
the inverse Weibull CDF to this probability produces a jittered value consistent
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with the underlying distribution. The technique is applied to each rounded
value in the synthetic Weibull dataset. GoF tests are then performed on the
data, and the entire process is repeated five times to assess variability and
robustness.

8.4 Results
To assess how effectively the jittering techniques recover both the underlying
distribution and the original point values, AD and CvM tests are applied to
evaluate distributional fit, while NRMSE measures point-level recovery by
quantifying how closely the adjacent plausible (jittered) values align with the
original values. A benchmark comparison is conducted to evaluate and contrast
the performance of the different techniques.

8.4.1 Jitter Methods
For each jittering method, results are presented in both tabular and graphical
form. Each table summarises the outcomes of the GoF tests, specifically
the AD, CvM, and NRMSE statistics under two rounding scenarios: zero
decimal places, representing severe loss of precision, and three decimal places,
representing a more realistic level of rounding.

For the interpretation of these results, the AD critical value (AD = 2.49,
Table 2.4) and the CvM critical value (CvM = 0.46, Table 2.3) are used to
assess the effectiveness of jittering relative to the corresponding GoF statistics.
To aid the tabular comparison, cells coloured blue represent tests that pass
the AD or CvM GoF tests. Note. No colours are presented for three decimal
places as the primary focus is on zero decimal places.

The quantitative results are complemented by P–P plots, based on a sample
size of one thousand, which provide a visual illustration of how the application
of jitter affects the GoF performance.

RMSE provides a measure of the discrepancy between jittered and original
values. While there is no universal threshold that defines an “optimal” RMSE
threshold, smaller values generally indicate lower distortion relative to the
chosen scale. The interpretation of RMSE strength is scale-dependent and
therefore most meaningful when expressed relative to a reference point such
as the sample mean. To report error magnitude as a percentage of the mean,
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RMSE is normalised (NRMSE) as NRMSE = RMSE
ȳ

×100%. However, as RMSE
squares deviations before averaging, it is highly sensitive to outliers. Caution
is required when interpreting results, as a small number of extreme values may
disproportionately inflate RMSE and obscure the overall performance of the
jittering methods. There is no standardised set of “strong/weak” thresholds
for NRMSE, unlike Pearson’s r. For this research, the strength of NRMSE
will be interpreted using my own classification presented in Table 8.6. Any
cells where an NRMSE value is <= 20%, those cells will be coloured blue for
acceptance.

Table 8.6: NRMSE Threshold Values.
NRMSE (%) Colour Code Cells Interpretation Description

0% Blue Excellent Minimalistic differences between predicted
and observed values

<= 10% Blue Strong Small differences between predicted and ob-
served values.

11 : 20% Blue Moderate Some differences between predicted and ob-
served values but still accepted

> 20% White Weak Large volume of discrepancies between pre-
dicted and observed data.

Including an NRMSE strength classifications table provides an additional
framework for interpreting the relative accuracy of each jittering method.
Analysing NRMSE values within defined performance ranges, becomes easier
to compare results objectively and assess the degree to which each method
preserves data fidelity.

8.4.1.1 Gaussian Noise Variants

Table 8.7 shows the NRMSE results of the Gaussian jittering techniques.
Table 8.7: Performance Metrics: NRMSE Gaussian Noise.

Test Rounding=0 Rounding=3 Rounding=0 Rounding=3
Standard Devia-
tion (SD)

Sample Size = 100 Sample Size = 1000

Baseline: Rounded vs Original 8.01% 0% 6.76% 0%

Group 1
V1: All Gaussian Noise SD 9.98% 0.17% 8.48% 0.23%
V2: Gaussian Noise SD/2 5.89% 0.22% 6.99% 0.19%
V3: Gaussian Noise SD/3 5.89% 0.22% 6.99% 0.19%
V4: Gaussian Noise (Subtract Noise) SD 5.87% 0.22% 6.98% 0.19&

Group 2
V1a: All Gaussian Noise Pit Width 6.50% 0.03% 24.55% 0.02%
V2a: Gaussian Noise Pit Width/2 8.19% 0.01% 13.07% 0.01%
V3a: Gaussian Noise Pit Width/3 6.21% 0.01% 9.73% 0.01%
V4a: Gaussian Noise (Subtract Noise) Pit Width 13.56% 0.02% 23.78% 0.02%
V5: Gaussian Noise Pit Width/6 6.76% 0% 6.43% 0%
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Across all sample sizes, Gaussian jittering with reduced variance (e.g., SD/2
or SD/3) consistently yields lower NRMSE than jitter generated using the full
standard deviation. Based on the NRMSE classification thresholds in Table 8.6,
both these SD-based methods demonstrate strong performance (NRMSE is <
14%).

Comparing the first group of tests to the second group, Group 2, which uses
the pit width as the standard deviation, shows greater variability. In particular,
V4a (subtract noise) with coarser rounding yields poor pointwise recovery,
resulting in a marked degradation (e.g., NRMSE > 13%).

The V5 method performs competitively and remains stable across rounding
levels, yielding results consistent with those of Group 1 across sample sizes.

Given that NRMSE values generally remain within the strong performance
(<20%) range, a comparable level of fit would be expected in the GoF tests.
Subsequent analysis focuses on AD and CvM. Figure 8.7 presents the P–P
plots of the reconstituted distributions with respect to the AD test for the five
Gaussian noise variants at the one thousand sample size. The sample size was
selected for visual display because it reflects typical data volumes encountered
in real-world datasets.

Figure 8.7: AD Distribution Fitting: Jitter Gaussian Noise.

The first row of charts shows the original, rounded and V5 P–P plots. The
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second row of charts shows the results of the Group 1 tests, while the third
row of charts shows the results of the Group 2 tests.

Interestingly, the results of the plots do not lend towards the same conclusion as
NRMSE. The Group 1 charts show the adverse effects of rounding on GoF, with
the data points forming discrete steps rather than aligning smoothly with the
theoretical line. In contrast, the Group 2 charts show improved smoothness,
with points closer to the fitted line, although V5 shows a re-emergence of
discreteness toward the lower end of the fitted line. These results are far from
acceptable and may not pass GoF for AD; however, V3a and V5 look to be
the most optimal.

To support the visual observations, Table 8.8 reports the corresponding average
GoF statistics, with greater emphasis placed on these quantitative results than
on the visual plots. Any tests at zero decimal places that pass the GoF test
are colour coded blue.
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Table 8.8: AD/CvM GoF: Gaussian Noise Performance Results.
Tests Rounding = 0 Rounding = 3 Rounding = 0 Rounding = 3

Sample Size = 100 Sample Size = 1000
AD Statistics

Original AD Range 0.64:0.82 0.71:1.37 0.84:0.90 0.62:1.30
Rounded AD Range Inf 0.65:Inf Inf Inf

V1: All Gaussian Noise Inf 0.75 Inf 1.36
V1a: All Gaussian Noise (pit width) 8.12 0.49 71.17 0.65

V2: Gaussian Noise (SD/2) Inf 2.67 Inf Inf
V2a: Gaussian Noise (pit width/2) 3.33 0.61 34.63 0.69

V3: Gaussian Noise (SD/3) Inf 2.67 Inf Inf
V3a: Gaussian Noise (pit width/3) 2.16 0.62 20.18 0.67

V4: Gaussian Noise (Subtract Noise) Inf 2.67 Inf Inf
V4a: Gaussian Noise (pit width sub-
tract noise)

6.47 0.64 68.78 0.71

V5a: Gaussian Noise (pit width/6) 1.16 0.92 7.23 1.52

CvM Statistics
Original CvM Range 0.10:0.14 0.12:0.24 0.11 0.11:0.21
Rounded CvM Range 2.30 0.12:0.24 21.49:21.91 0.11:0.22

V1: All Gaussian Noise 0.20 0.12 0.92 0.21
V1a: All Gaussian Noise (pit width) 1.58 0.12 13.61 0.09

V2: Gaussian Noise (SD/2) 2.30 0.24 21.49 0.11
V2a: Gaussian Noise (pit width/2) 0.55 0.10 5.75 0.08

V3: Gaussian Noise (SD/3) 2.30 0.24 21.49 0.11
V3a: Gaussian Noise (pit width/3) 0.32 0.10 2.93 0.08

V4: Gaussian Noise (subtract noise) 2.30 0.24 21.49 0.11
V4a: Gaussian Noise (pit width sub-
tract noise)

1.22 0.10 13.25 0.08

V5a: Gaussian Noise (pit width/6) 0.17 0.17 0.98 0.26
Note: The original and rounded GoF results will not be colour coded, nor will results at
three decimal places.

The “Original AD Range” and “Original CvM Range” are the minimum and
maximum range of values observed from the results of the average repeated
tests, which were done to reduce the amount of noise in the table.

For AD, interestingly, using the standard deviation of the non-rounded values
produces Inf results; however, for the pit width standard deviation, the results
are more favourable when applying a third or a sixth of the standard deviation,
providing the most optimal results, allowing the AD GoF test to pass its
hypothesis test. No tests passed at the larger sample size when rounding to
zero decimal places.

It is worth noting that the AD tests under zero-decimal rounding frequently
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failed to converge, with four out of five tests failing. For these tests, no constant
was added to the data to overcome convergence.

As CvM applies even weight across the distribution, the results may differ
from those of AD. Looking at the results, ‘V1’, ‘V3a’, and ‘V5a’ produced the
closest fit to the Weibull distribution for the one hundred sample size, with no
test passing on the larger sample size.

8.4.1.2 Interval-Based Uniform Jitter

As discussed previously, the tails of the distribution are less affected by rounding
due to fewer points in the tail, while the spacing between the points is more
significant than seen in the head, as seen by the P–P plot in Figure 8.7. To
complement this observation, tests with uniform jitter were conducted both
on the head of the distribution (only where zero values occur) and on the full
dataset, enabling a direct comparison between results obtained when focusing
on the head alone versus the entire dataset.

Table 8.9 shows the NRMSE results.
Table 8.9: Performance Metrics: NRMSE Interval-Based Uniform Jitter.

Rounding=0
Metric Sample Size = 100 Sample Size = 1000
NRMSE-All Noise 266.76% 286.77%
NRMSE-Zero Values Noise 241.41% 272.56%

An NRMSE above 200% means that, on average, the model’s prediction errors
are more than twice as large as the mean of the actual values, indicating a
complete loss of predictive accuracy. As mentioned previously, NRMSE is
strongly influenced by outliers. At this range, jittering introduces greater
distortion than correction, and is not suitable for de-quantising or reconstruct-
ing the original distribution. Inspection of the pointwise differences shows
that, for the one hundred sample case, a jittered value shifted by as much
as 34 units (e.g., 2.95 moving to 37.0), which is a substantial displacement
along the continuum, placing the reconstructed value far from its original,
nearby, and adjacent plausible values. While this displacement is substantial,
the evaluation continues with the remaining GoF results to provide a more
comprehensive view of how the techniques behave.

As noted in the previous section, greater distortion was observed in the head
of the data, suggesting that applying noise to this area rather than to the full
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dataset may be more effective. Also, the AD test assigns greater weight to the
tails of the distribution, whereas CvM distributes weight more evenly across
the full dataset. The distinction between the two GoF tests is expected to
influence the outcome of the GoF tests.

Consistent with this reasoning, Table 8.9 shows that the ’NRMSE–Zero Values
Noise’ variant produced a smaller error magnitude (up to 25%) than when
noise was applied to the full dataset.

Figure 8.8 shows the fitted results for the AD GoF test applied to the full
dataset.

Figure 8.8: AD Distribution Fitting: Interval-Based Uniform Jitter.

Although the P–P plots indicate that the “All Uniform Noise” variant closely
reproduces the theoretical distribution, this contradicts the high NRMSE
values, which reflect substantial pointwise deviations from the original data.
The discrepancy may be due to the fact that NRMSE measures absolute
numerical differences, whereas the GoF tests assess distributional similarity.
In this case, “Interval-Based Uniform Jitter” smooths the quantised data
and restores the overall distributional form, but does not preserve individual
data fidelity. To further substantiate these findings, Table 8.10 is analysed to
examine the corresponding GoF outcomes.

Table 8.10: AD/CvM GoF: Interval-Based Uniform Jitter Performance Metrics.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
Original AD 0.79 0.97
Rounded AD 21.94 222.6
Jitter AD 1.03 0.78
Zero-Value Jitter AD 0.96 2.81

Original CvM 0.14 0.16
Rounded CvM 4.77 48.52
Jitter CvM 0.19 0.11
Zero-Value Jitter CvM 0.18 0.64

Applying ”Interval-Based Uniform Jitter” to zero values yields consistently
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lower GoF test statistics than applying uniform noise to the full distribution,
indicating better mitigation of quantisation effects. In contrast, for the larger
sample size, the results reverse. Regardless of this, both methods at the one
hundred sample size pass the AD and CvM GoF tests. At the larger sample
size, only applying the noise to the full dataset passed the GoF critical values.

8.4.1.3 Distance-Based Jitter (Addition)

The “Distance-Based Jitter” technique builds on the idea of aligning the spacing
of rounded observations with those of a reference distribution while introducing
controlled noise to remove discreteness. The rounded observations and the
fitted Weibull samples are sorted independently, and the ordered series are then
compared point-by-point. Successive differences between neighbouring points
in the ordered fitted Weibull distribution are calculated. For each rounded
value, the successive differences between neighbouring points are added to the
rounded data to remove the discreteness introduced by rounding. The distance
may be small enough to smooth out the data at the head of the distribution,
but it may also be too large when applied to the data’s tail. Regardless, the
test was applied to both zero values and the full dataset. Table 8.11 shows the
NRMSE results.

Table 8.11: Performance Metrics: NRMSE Jitter by Distance.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
NRMSE-All Noise 335.90% 314.47%
NRMSE-Zero Values Noise 324.92% 304.62%

The error magnitude is extremely large. It is three times larger than the mean
of the actual data. These results are more significant than what was seen in
the “Interval-Based Uniform Jitter” and are too large to be considered within
an acceptable error range. As previously seen in earlier sections, NRMSE does
not always correspond with the outcomes of the AD and CvM tests. It remains
necessary to examine the AD and CvM results regardless. Figure 8.9 shows
the fitting results when applying AD to the larger sample size.
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Figure 8.9: AD Distribution Fitting: Jitter by Distance (Addition).

Interestingly, the “Distance-Based Jitter (Addition)” does have a positive
impact on the fit to the upper quantile. Still, there is a significant gap around
the lower to mid-quantiles, indicating a poor fit. Notably, a technique to resolve
the fitting problem could entail using “Distance-Based Jitter (Addition)” to
the tail of the data, while applying another technique to the lower and mid-
quantiles.

The distortion observed in the “All Distance (Addition) Noise” plot arises
because additive distance-based jitter introduces non-uniform addition across
the data range. Since the noise magnitude is not scaled relative to the local
variance, smaller values are disproportionately inflated, producing a non-linear
stretching of the empirical distribution, which results in a deviation from the
theoretical Weibull fit in the lower and upper quantiles.

Based on the visual plots, there is no reason to believe this technique will pass
the AD GoF test for the larger sample size, but CvM may provide a more
favourable outcome. Table 8.12 shows the GoF results.

Table 8.12: AD/CvM GoF: Jitter by Distance Performance Results.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
Original AD 0.77 0.93
Rounded AD 22.20 221.56
Jitter AD 11.68 274.46
Zero-Value Jitter AD 11.86 274.56

Original CvM 0.14 0.15
Rounded CvM 4.83 48.28
Jitter CvM 1.26 18.57
Zero-Value Jitter CvM 1.30 18.60

The results indicate that none of the tests for “Distance-Based Jitter” pass the
AD or CvM GoF tests. Although the jittered AD values reduced from 22.20
to 11.68, the reduction is not sufficient to pass the AD statistical critical value.
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Jittered CvM results show inflated values under integer rounding (1.26 at
n = 100) and (18.57 at n = 1000). Applying this technique only to zero values
has no meaningful impact on the overall results, suggesting that separating
them is unnecessary. Instead, values nearer the centre of the distribution may
be more suitable for further investigation.

8.4.1.4 Pit-Based Even Spaced Jitter

To recap, the “Pit-Based Even Spaced Jitter” technique assigns each observation
to a pit and redistributes the points evenly within each pit, with spacing
determined by the number of observations and the interval width. A threshold
offset based on the rounding precision prevents misallocation to neighbouring
pits. The technique helps spread discrete values more uniformly across the
continuum, reducing data discreteness. The testing of this technique was
applied to the full dataset. Table 8.13 shows the NRMSE results.

Table 8.13: Performance Metrics: Pit-Based Even Spaced Jitter.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
NRMSE-All Noise 8.83% 7.26%
NRMSE-Zero Values Noise NA NA

It is observed that the results of the NRMSE tests are within the acceptable
threshold of 20%. The results indicate that NRMSE is just under 10%, the
model’s average prediction error, which is approximately one-tenth of the mean
of the observed values, reflecting a strong correspondence between predicted
and actual values. As seen in previous sub-sections, a strong NRMSE result is
not an indication that the new jitter data will conform to the specified fitted
distribution model, as has been previously seen. Regardless, GoF tests are
conducted on the new jittered dataset. Figure 8.10 shows the results of the
AD GoF test on a sample size of one thousand.
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Figure 8.10: AD Distribution Fitting: Pit-Based Even Spaced Jitter.

Figure 8.10 represents a multi-modal type distribution. The curve on the
lower quantile is evidence of a mixture model where a single PDF will not
be an appropriate fit. It is evident from the P–P plot that there is a clear
distinction between the head and tail of the data. Although it is obvious that
at a one thousand sample size, this dataset will fail the AD GoF test, it is
also observed that the “Pit-Based Even Spaced Jitter” technique does have a
positive influence on unrounding the data at the tail. It becomes more obvious
when one compares against the “Rounded” P–P plot.

Table 8.14: AD/CvM GoF: Jitter Even Spaced by Pit Performance Results.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
Original AD 0.72 0.75
Rounded AD 0.81 Inf
Jitter AD 17.96 185.22
Zero-Value Jitter AD NA NA

Original CvM 0.12 0.11
Rounded CvM 1.13 11.13
Jitter CvM 1.05 10.25
Zero-Value Jitter CvM NA NA

Turning to the statistical results of the AD and CvM GoF tests for each sample
size, Table 8.14 shows that no cells are highlighted in blue, indicating that
this technique did not achieve GoF acceptance. Applying this type of jitter,
the AD test statistic increases from 0.72 to 17.96 for the sample size of one
hundred, and from 0.75 to 185.22 for the one thousand sample size. The CvM
statistic rises from 0.12 to 1.05 for the one hundred sample size and from 0.11
to 10.25 for the one thousand sample size.

When comparing the rounded and jittered results, the CvM statistics remain
relatively similar, suggesting that this jittering approach has minimal effect
on the overall distributional fit. The AD statistic shows substantial diver-
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gence between the rounded and jittered data, indicating that the technique
substantially alters tail behaviour and leads to poorer alignment with the
theoretical distribution. The results are consistent with the P–P plots in
Figure 8.10, which show that although the technique partially spreads the
jittered points across a continuum, it also introduces deviations in the lower
and mid-quantiles.

Despite these distortions, the NRMSE values in Table 8.13 remain relatively
low (8.59% for n = 100 and 7.2% for n = 1000), indicating that, in terms of
average predictive error, the jittered datasets still approximate the original
values reasonably well. However, the divergence observed in the GoF statistics
indicates that small NRMSE values do not imply accurate distributional shape
recovery, highlighting the sensitivity of the AD and CvM tests to structural
deviations introduced by jittering.

8.4.1.5 Jitter Histogram-Binning

To recap, histogram binning groups continuous data into fixed-width intervals,
with each observation assigned to the bin corresponding to its value. Two
versions were studied: Version 1 (V1), which uses fixed widths based on
rounding precision, and Version 2 (V2), which determines bin boundaries using
conventional histogram rules such as Sturges, Scott and FD. Table 8.15 shows
the NRMSE results.

Table 8.15: Performance Metrics: Histogram Binning.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
V1 Binning NRMSE-All Jitter 46.66% 55.83%
V1 Binning NRMSE-Zero Values Jitter NA NA

V2 FD NRMSE-All Jitter 6.37% 15.93%
V2 FD NRMSE-Zero Value Jitter N/A N/A

V2 Sturges: NRMSE-All Jitter 46.63% 248.94%
V2 Sturges: NRMSE-Zero Value Jitter N/A N/A

V2 Scott NRMSE-All Jitter 48.86% 26.00%
V2 Scott NRMSE-Zero Value Jitter N/A N/A

The “V2 FD” binning strategy produced the most consistent performance
(averaging approximately just over one-tenth of the mean of the observed
values) under zero decimal roundings. By defining bin widths using the FD
rule and redistributing values evenly within each bin, the method effectively
reduced quantisation distortion.
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Binning method exhibited the poorest point-wise recovery, as measured by
the highest NRMSE values, on larger sample sizes, with NRMSE exceeding
247%. This indicates severe instability in its bin-width selection under coarse
rounding. The remaining binning strategies exhibited similar performance,
with both Scott and “V1” binning techniques producing NRMSE values close
to half the mean of the observed data on the smaller sample size.

To examine these effects in greater detail, Figure 8.11 presents the binning
outcomes for each strategy alongside their corresponding original data points.
The “Redistributed” series are the outputs of each rule, not a separate input
dataset. As each method did not use the same synthetic dataset, the original
values are shown for each test.

Figure 8.11: Jitter Histogram Binning Strategies (Sample Size:100).

The results of the FD rule (h = 2, IQR, n−1/3) show that the redistributed
values are less uniformly spaced than those from the other methods. The
spacing varies, reflecting the IQR-based bin widths. Small irregular offsets
appear throughout the distribution due to the floating-point bin widths.
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The results from Scott (h = 3.5 σ n−1/3) display mostly uniform alignment
between the redistributed values and original values, especially at the head of
the dataset. Scott’s rule determines bin width based on the overall standard
deviation, resulting in wider bins that may not align with the data’s rounding
precision. As a result, mid-bin positions can shift slightly depending on where
the bin edges fall relative to the original rounding intervals, as seen in the
chart.

Sturges’ rule (k = ⌈1 + log2 n⌉) assumes that the data follows a Normal
distribution, and increases the number of bins logarithmically with sample
size. For example, if you double your data size, it only adds one additional bin.
As Sturges determines only the number of bins rather than bin widths, the
bins should be wide and uniform. Uniformity is observed in the redistributed
values. However, there are larger offsets in the tail due to the wider bin sizes.

The “V1–Histogram Binning” method uses fixed-width bins determined by the
data’s rounding precision. As shown in Figure 8.11, this approach produces
uniform spacing across most of the data points. Redistributed points at the
tail of the data are positioned near the central bin midpoints, reflecting the
consistent binning structure used in this method.

Overall, from Figure 8.11, it is hard to identify which method provides optimal
uniformity due to the volume of clustered points at the head of the distribution.
Table 8.15, indicates that “V1–FD” shows more uniformity with the redis-
tributed points, and the deviations from the original data points are not as
large as seen with the other methods in the chart. To statistically confirm this
assumption, Table 8.16 shows the statistical results of the binning strategies
which are explained below.

Table 8.16: Binning Space Validation

Method Discrete Points Bins Mean CV Gap KS Pass Rate
V1 20 8 0.0000000000 1.00
Sturges 21 8 0.0000000030 1.00
Scott 23 9 0.0000000021 1.00
FD 21 16 0.0000000033 1.00

The rounded data contained up to 23 unique discrete values after quantisation.
The number of bins generated by each binning rule ranged from 8 to 16,
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depending on the method used. Rounding substantially reduced numerical
precision by approximately 92%, leaving only 8 discrete bins under the V1
binning strategy. The “Mean CV Gap” quantifies the average coefficient
of variation (CV) of the gaps between redistributed points within each bin;
values approaching zero indicate perfect uniform spacing. The “KS Pass
Rate” represents the proportion of bins that are statistically consistent with
a uniform distribution, with a value of 1 confirming that all bins achieve
uniformity. Among the methods tested, “V1 Binning” achieved the lowest bin
spacing variability, with a mean CV of 0, which is not consistent with the
NRMSE results.

Figure 8.12 shows the fitting results of both the V1 and V2 methods.

Figure 8.12: AD Distribution Fitting: Histogram-Binning.

Analysing the charts in Figure 8.12, it is evident that the V1 binning method
deviates the most from the theoretical Weibull line, particularly in the mid-
quantile region, indicating an uneven redistribution of probability mass. Such
behaviour reflects the NRMSE (55.83%) results on the larger sample size.

Among the V2 methods, the FD approach exhibits the most uniform P–P
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plot alignment, consistent with closer agreement to the AD GoF criterion. In
contrast, the Sturges and Scott methods exhibit noticeable curvature in the
mid and tail regions, implying under-binning and loss of tail resolution.

Reasoning with the results, these deviations suggest that while FD achieves
better overall conformity, the Sturges and Scott rules are limited by their
bin-width selection. Scott’s rule determines bin width based on the overall
standard deviation, resulting in wider bins. As a result, mid-bin positions can
shift depending on where the bin edges fall relative to the original rounding
intervals. As Sturges determines only the number of bins rather than bin
widths, the bins will be wide. Larger offsets in the tail are due to the wider
bin sizes.

Table 8.17 shows the statistical results of the AD and CvM GoF tests. To
reduce space, only the jittered AD and CvM values are shown.

Table 8.17: AD/CvM GoF:: Histogram-Binning Performance Results.
Rounding = 0

Method (AD Statistic) Sample Size = 100 Sample Size = 1000
V1: Histogram Binning Inf Inf
V2: Binning (Sturges) 11.50 74.67
V2: Binning (Scott) 28.85 160.15
V2: Binning (Freedman–Diaconis) 11.04 53.93

Method (CvM Statistic) Sample Size = 100 Sample Size = 1000
V1: Histogram Binning 0.30 3.12
V2: Binning (Sturges) 2.33 14.41
V2: Binning (Scott) 6.17 34.10
V2: Binning (Freedman–Diaconis) 2.23 9.94

The results indicate that no method is able to recover the distributional shape
of the data using the AD GoF test. However, only the “V1 Binning” method
was able to pass the CvM GoF test on the smaller sample size.

8.4.2 General Sampling Methods
8.4.2.1 Rejection Sampling

Rejection sampling was employed to reconstruct unrounded values from quan-
tised datasets by selectively accepting simulated samples that reproduce the
original rounded observations. The method iteratively samples candidate
points from a specified target distribution and retains only those that, when
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rounded, match the observed values, making it computationally intensive. For
larger datasets and higher precision, it requires more candidate evaluations
per observation, substantially increasing the runtime.

In this study, rejection sampling was applied to the synthetic data.

Table 8.18 shows the NRMSE results for the synthetic dataset where the
parameters of the resampled dataset were both fixed and estimated.

Table 8.18: Performance Metrics: NRMSE Rejection Sampling.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
NRMSE-Fixed Known All 11.08% 9.28%
NRMSE-Estimated All 7.98% 9.23%

All tests pass the 20% threshold, indicating that the model’s average prediction
error is approximately one-tenth of the mean of the observed values, reflecting
a strong correspondence between predicted and actual values. As shown in
previous sections, a low NRMSE does not necessarily imply good distributional
fit. We therefore turn to the GoF results.

Figure 8.13 shows the results of the P–P plots obtained from fitting the AD
GoF tests at the one thousand sample size.

Figure 8.13: AD Distribution Fitting: Weibull Rejection Sampling.

Analysing the plots, there is no deviation from the theoretical distribution,
which is an indication that the GoF for the AD test may pass the critical
threshold. Motivated by the P–P plot, Table 8.19 shows the statistical results
of the tests. These tests are not repeat tests, so in this instance, they are not
average values as has been consistently seen throughout other sections in this
chapter and other chapters.
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Table 8.19: AD/CvM GoF: Rejection Sampling Performance Results.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
Original AD 0.98 0.53
Rounded AD 21.88 223.44
Fixed Parameters -Jitter AD 1.24 0.62
Estimated Parameters -Jitter AD 2.49 1.06

Original CvM 0.19 0.08
Rounded CvM 4.74 48.82
Fixed Parameters Jitter CvM 0.24 0.09
Estimated Parameters -Jitter CvM 0.41 0.15

The test results show that all tests pass GoF for both AD and CvM for both
sample sizes.

In this instance, a low NRMSE aligns with passing the GoF acceptance criteria.
In all other tests conducted in this study, such consistency was not observed.

Overall, all GoF tests meet the acceptance criteria, confirming that “Rejection
Sampling” achieves low NRMSE and effectively restores the underlying distri-
butional shape of the rounded data. For the synthetic dataset, both fixed and
estimated parameter variants closely matched the theoretical Weibull distri-
bution. These findings demonstrate that the “Rejection Sampling” technique
provides a reliable means of reconstructing quantised data, albeit at the cost
of considerable computational effort.

8.4.2.2 Inverse Method

Encouraged by the results of the rejection sampling technique and seeking
to improve computational efficiency, the “Inverse Method” addresses this
limitation by using the CDF and its inverse to map quantised values to their
corresponding positions within the target distribution, which eliminates the
need for repeated candidate sampling. The introduction of a 0.8 scaling factor
although constrained the mapping region, yielding a hybrid approach that
allows the bounds to be adjusted for exploratory evaluation against GoF
measures.

Log-normal, exponential, and Weibull distributions were used to test this
technique as per Table 8.2 and the parameters defined in Table 5.1.

First, the results of this technique are analysed using NRMSE. Table 8.20
shows the results for the three distributions and both sample sizes. For this
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test, the method was only applied to the full dataset.
Table 8.20: Performance Metrics: NRMSE Inverse Method.

Rounding=0
Distribution Sample Size = 100 Sample Size = 1000
Weibull
NRMSE-All Jitter 5.96% 0.83%
NRMSE-Zero Value Jitter N/A N/A

Log-normal
NRMSE-All Jitter 1.32% 0.88%
NRMSE-Zero Value Jitter N/A N/A

Exponential
NRMSE-All Jitter 28.99% 17.02%
NRMSE-Zero Value Jitter N/A N/A

It is observed from the table that NRMSE values in most cases are low
(< 6%). As the sample size increases, the magnitude of the error decreases,
demonstrating that the inverse method converges rapidly and yields a closer
approximation to the true values. However, the exponential distribution does
not pass the acceptance threshold at the one hundred sample size and shows a
higher-than-average value at the one thousand sample size.

With the noted poor performance of the exponential distribution, further
analysis was conducted using a combination of checking distributional skewness
and the sensitivity of NRMSE to deviations. In the sample dataset of the one
hundred sample size, three observations showed larger than average deviations
between the original and recovered values. As an example, original values
of 2.42, 3.22, and 3.35 were recovered as 1.72, 2.69, and 2.68, respectively.
Although these recovered values remain within plausible adjacent values when
rounded to zero decimal places, their deviations are larger than those observed
in the data. Across the remaining observations, the average difference between
actual and predicted values was 0.0004, whereas these three cases showed
an average difference of 0.64, classifying them as outliers. These outliers
significantly inflate NRMSE, as discussed previously. Figure 8.14 provides a
visual comparison of the actual and predicted points, with notes pinpointing
where larger deviations exist.
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Figure 8.14: Inverse Method: Actual Versus Predicted, 100 Sample Size, Exponential
Distribution.

Moving on from NRMSE, Figure 8.15 shows the results of the fitted P–P plots
from the AD GoF test of the Weibull, exponential and log-normal distributions.

Figure 8.15: Inverse Method: AD Distribution Fitting, Weibull, Exponential, Log-
normal.

At a sample size of one thousand for all distributions, the charts show no
deviations from the theoretical line, indicating that the tests should pass the
AD critical values. Encouraged by these results, Table 8.19 reports the average
statistical results from the five repeat tests for AD and CvM
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Table 8.21: AD/CvM GoF: Performance Metrics Inverse Method.
Rounding=0

Metric Sample Size = 100 Sample Size = 1000
Weibull Jitter AD 0.38 0.76
Log-normal Jitter AD 0.46 0.29
Exponential Jitter AD 0.76 0.86

Weibull Jitter CvM 0.06 0.19
Log-normal Jitter CvM 0.07 0.04
Exponential Jitter CvM 0.13 0.11

Note: The test is only applied to the full dataset.

As can be seen by the tests, all distributions pass both AD and CvM GoF tests.
The inverse technique successfully reconstructed the underlying data distribu-
tions, regardless of the higher NRMSE values in the exponential distribution.
All distributions achieved acceptable GoF results, confirming the method’s
effectiveness in reversing quantisation effects without iterative sampling.

8.5 Discussion
8.5.1 Jitter Methods
8.5.1.1 Gaussian Noise Variants

Gaussian jittering is a straightforward approach to unrounding data. The size
of the variance is important for determining at what point the dispersion is too
high, effectively increasing the tails of the observations, or too low, reintroducing
the discreteness that this method is trying to resolve. Small NRMSE values
generally suggest closer agreement to the individual observations. However,
they do not imply perfect recovery. As NRMSE is a validation of pointwise
recovery, AD and CvM tests are a validation of distributional recovery.

For NRMSE, the majority of tests had an error magnitude < 10% across all
variants of the Group 1 and Group 2 tests, indicating a strong impact on
mitigating quantisation effects and recovering the original point values.

For GoF tests, scaling the standard deviation between a 1/3 and a 1/6, thereby
concentrating the jitter around the rounded mean, improves the corrective
effect for both AD and CvM GoF tests. Any test where the scaling factor
of the standard deviation (using non-rounded values) was not = 1/2 passed
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the CvM GoF. Subtracting rather than adding noise had no impact on AD or
CvM results, indicating that the direction of jitter is irrelevant in this context.

As the Gaussian distribution is not aligned with the underlying Weibull distri-
bution, its influence on the GoF tests remains limited.

Overall, the V5 method using a standard deviation of 0.1667 appears to be the
most optimal, offering the strongest combination of accurate point recovery
and consistent GoF across sample sizes and rounding levels.

8.5.1.2 Interval-Based Uniform Jitter

The “Interval-Based Uniform Jitter” approach constructs its bounds by pairing
each rounded value with a neighbouring observation taken from a second
synthetic Weibull dataset. Because the Weibull distribution with shape 0.5 has
a very heavy right tail, these neighbouring values can become extremely large.
As a result, the minimum and maximum interval used to generate uniform
noise often becomes excessively wide, leading to jitter values that can be several
orders of magnitude larger than the rounded observation (e.g., noise values
of 2.95 or 66 where observed for original values of 0.3), producing unrealistic
and unstable unrounding behaviour. As both datasets are only similar in
distribution parameters, the effects of random generation can significantly
impact the results.

NRMSE results show that the prediction errors are more than twice (> 200%)
the mean of the actual values, indicating a complete loss of accuracy regardless
of the data region it is applied to. This method greatly overestimates the range
of admissible continuous values and is therefore unsuitable for unrounding
from a pointwise recovery perspective.

From a distributional recovery perspective, applying uniform jitter to the full
dataset results in both AD and CvM test statistics falling below their respective
critical values. However, when restricted to zero values, GoF fails at larger
sample sizes, suggesting that applying the noise to the full dataset is more
appropriate.

Adding uniform noise mitigates quantisation and smooths deviations from the
theoretical distribution. NRMSE on pointwise recovery is significantly large,
which raises a concern. The uniform noise is over-smoothing, which reduces
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discreteness and artificially enhances the GoF statistics, without necessarily
restoring alignment with the true theoretical distribution.

8.5.1.3 Distance-based Jitter (Addition)

“Distance-Based Jitter (Addition)” adds different levels of noise to the rounded
dataset based on a reference distribution.NRMSE is consistently significant
(< 340%), indicating a complete loss of pointwise recovery. Both AD and CvM
statistics fail the GoF tests across all data regions, indicating an inability to
restore distributional properties. The P–P plot showed partial recovery in
distributional fit at the upper quantile, but fails to fully de-quantise lower
regions of the distribution.

While this additive noise introduces variability, it does not recover the true
underlying distributional structure, especially near the lower bounds where
quantisation is strongest. Interestingly, while a better fit might be expected
near the lower quantiles (due to smaller perturbations) and a degradation
toward the upper tail (due to higher variance), the observed results exhibit the
opposite. The reversal is likely due to small perturbations failing to separate
discrete observations. In contrast, in the upper tail, greater variability allows
the added noise to smooth discontinuities more effectively, yielding an improved
fit.

8.5.1.4 Pit-Based Even Spaced Jitter

“Pit-Based Even Spaced Jitter” assigns each observation to a pit defined by the
rounding precision and redistributes the points evenly within each pit, with
spacing determined by the number of observations and the interval width.

While NRMSE values remain low (< 10%), indicating that the jittered data
retains numerical proximity to the original values, AD and CvM statistics
suggest a substantial loss of shape accuracy in the lower to mid-quantiles as
seen in the P–P plots, not preserving distributional fidelity. The step-like effect
in the mid quantile increases the AD statistic, confirming that the method is
clustering points close to each other, impacting the underlying probabilistic
structure.

Overall, the findings demonstrate that while even spacing within pits can
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improve the appearance of continuity, it does not restore the statistical char-
acteristics of the original data. The method’s low NRMSE but high AD and
CvM values illustrate the limitations of relying solely on error-based metrics
for assessing distributional recovery. Instead, a comprehensive evaluation using
both numerical and distribution-based metrics is required to fully capture the
impact of jittering techniques on distributional integrity.

8.5.1.5 Jitter Histogram-Binning

“Jitter Histogram-Binning” groups continuous data into fixed width intervals
defined either by rounding precision (V1) or by histogram rules such as Sturges,
Scott, and FD.

P–P plots revealed deviations in the upper tail for Sturges, the mid-quantiles
for Scott and FD, and a complete divergence for V1 binning. Nevertheless, none
of the methods passed the AD GoF tests, with only “V1-Histogram Binning”
passing the CvM GoF on the lower sample size, indicating that uniformity
does not necessarily correspond to statistical distributional recovery.

For point wise recovery across the four binning strategies, methods such as
Sturges and Scott, which depend on sample size and variance, were less robust.
However, FD was the only method achieving acceptable pointwise performance
(<20%), making it the most reliable method for recovering individual values.

The uniformity diagnostics table showed differences between each approach.
V1 binning achieved perfect within-bin spacing (Mean CV Gap = 0), but this
uniformity did not recover distributional fit, nor pointwise recovery.

These results highlight a trade-off between pointwise recovery and distributional
fit across the binning strategies. The FD rule uses IQR to define the bin widths,
capturing only the central 50% of the data. For heavy-tailed distributions, this
produces many narrow central bins and larger bin widths at the peripheral
edges, leading to irregular jitter spacing and weak distributional recovery. As
the sample size increases, Sturges grows the number of bins logarithmically,
resulting in large bin widths, causing over-smoothing in the dataset. Scott’s
rule depends on the sample standard deviation, which is inflated by heavy
tails, producing large bins. Together, these behaviours explain the inconsistent
NRMSE and GoF performance observed across the three methods.
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The poor performance of the V1 binning technique is due to the uniform
spacing that is applied to the data. Uniform spacing does not reflect the
underlying distribution, leading to a loss of local variability, distortion of the
empirical CDF, and poor pointwise recovery as seen with NRMSE (46.66%).
The poor performance may also be due to the use of midpoint assignment and
half–bin-width spacing, which can displace values within bins away from their
plausible adjacent values.

Overall, the findings indicate that using the FD rule is an effective corrective
strategy for de-quantising data without reliance on GoF-based validation.
However, when GoF assumptions are required, these techniques do not provide
distributional recovery.

8.5.2 General Sampling Methods
8.5.2.1 Rejection Sampling

During the development of the “Rejection Sampling” method, multiple itera-
tions were required. Early experiments on the production supply chain dataset
revealed that the approach was computationally intensive, often running for
several days in R without completion. As rejection sampling relies on iterative
looping, repeated sample regeneration, and candidate comparisons, its runtime
scales poorly with data size and rounded precision. With more than one million
records at a precision of three decimal places, the method proved impractical
for large-scale testing on supply chain data. Tests on synthetic data demon-
strated that rejection sampling can accurately reconstruct unrounded values,
producing near-original data points with minimal deviation. Low NRMSE
values and acceptable AD and CvM statistics confirmed that the reconstructed
samples retained the statistical properties of the source distribution. However,
the approach remains computationally expensive, and its sampling efficiency
decreases sharply with increasing data precision.

8.5.2.2 Inverse Method

The “Inverse Method” provides an efficient alternative to “Rejection Sampling”
by using the CDF of the underlying distribution. The time to complete was
minimal and resolved the long processing times of the “Rejection Sampling”
method. While the exponential distribution showed sensitivity to NRMSE due
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to the observed outliers in the data, the technique was still able to recover the
distributional properties and effectively reverse the effects of quantisation. The
log-normal and Weibull distributions performed consistently across all tests,
maintaining low NRMSE and acceptable GoF scores.

Introducing the scaling factor moderated the sensitivity of the inverse CDF
mapping. Constraining the mapping bounds through scaling allows controlled
variability in the effective width of the inverse mapping while preserving
distributional consistency.

Overall, the “Inverse Method” achieved comparable accuracy to “Rejection
Sampling” while substantially reducing computation time, making it a practical
approach for large-scale de-quantisation tasks.

8.5.3 Benchmark
Given the numerous variations applied to unround the data, a benchmark
assessment is valuable for evaluating overall performance and trade-offs across
synthetic datasets. The assessment applies consistent parameter estimates,
sample sizes, rounding levels, and evaluation metrics to enable systematic
comparison across methods. The framework employs NRMSE as the primary
accuracy metric. NRMSE is computed from the RMSE of the predicted values
and normalised by the original data’s mean, with an acceptable performance
threshold of 20%. Distributional fidelity is assessed using the AD and CvM GoF
statistics, with cut-off points (AD = 2.49 and CvM = 0.46). Computational
efficiency is considered qualitatively, as execution times are not formally noted.
Scalability is assessed with respect to sample size and rounding precision.

Table 8.22 summarises the results of the accuracy and distributional fidelity
assessments. In the “Applied” column, “Zero Values” refers to tests that apply
the method only to zero values, leaving all other data untouched while still
testing on the full dataset. Given NRMSE’s sensitivity to outliers, as previously
seen with the analysis of the exponential distribution, greater emphasis is placed
on GoF results when evaluating performance. Since most real-world datasets
contain more than one hundred observations, the interpretation primarily
focuses on results from larger sample sizes.
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Table 8.22: Benchmark: Unrounding Evaluation Results.
100 1000

Test Applied NRMSE AD CvM NRMSE AD CvM
All Gaussian Noise V1 (SD) All Data Pass Fail Pass Pass Fail Fail
All Gaussian Noise V2 (SD/2) All Data Pass Fail Fail Pass Fail Fail
All Gaussian Noise V3 (SD/3) All Data Pass Fail Fail Pass Fail Fail
All Gaussian Noise V4 (SD Subtract Noise) All Data Pass Fail Fail Pass Fail Fail

All Gaussian Noise V1a (Pit Width) All Data Pass Fail Fail Fail Fail Pass
All Gaussian Noise V2a (Pit Width/2) All Data Pass Fail Fail Pass Fail Fail
All Gaussian Noise V3a (Pit Width/3) All Data Pass Pass Pass Pass Fail Fail
All Gaussian Noise V4a (Pit Width Subtract Noise) All Data Pass Fail Fail Fail Fail Fail
V5 (Pit Width/6) All Data Pass Pass Pass Pass Fail Fail

Interval-Based Uniform Jitter All Data Fail Pass Pass Fail Pass Pass
Interval-Based Uniform Jitter Zero Values Fail Pass Pass Fail Fail Fail

Distance-Based Jitter All Data Fail Fail Fail Fail Fail Fail
Distance-Based Jitter Zero Values Fail Fail Fail Fail Fail Fail

Pit-Based Even Spaced Jitter All Data Pass Fail Fail Pass Fail Fail

V1 Histogram-Binning Jitter All Data Fail Fail Pass Fail Fail Fail
V2 FD Histogram-Binning Jitter All Data Pass Fail Fail Pass Fail Fail
V2 Sturges Histogram-Binning Jitter All Data Fail Fail Fail Fail Fail Fail
V2 Scott Histogram-Binning Jitter All Data Fail Fail Fail Fail Fail Fail

Rejection Sampling - Est Par All Data Pass Pass Pass Pass Pass Pass
Rejection Sampling - Fixed Par All Data Pass Pass Pass Pass Pass Pass

Inverse Method Weibull All Data Pass Pass Pass Pass Pass Pass
Inverse Method Log-normal All Data Pass Pass Pass Pass Pass Pass
Inverse Method Exponential All Data Fail Pass Pass Pass Pass Pass

The results in Table 8.22 reveal distinct performance patterns across the
evaluated unrounding methods. Applying the procedures to either the head or
the tail of the data does not indicate that splitting the dataset to capture heavy
discreteness improves either pointwise or distributional recovery, suggesting
that incorporating all observations yields more stable performance.

In most cases where NRMSE met the acceptable threshold, this occurred
consistently across both sample sizes, indicating that the method scales well
with increasing data. Conversely, when NRMSE failed to meet the threshold, in
most cases the GoF statistics also failed, suggesting that pointwise deviations
propagate into broader distortions of the distributional shape. In a small
number of cases, the GoF statistics passed while NRMSE failed, highlighting the
sensitivity of NRMSE to outliers and its tendency to penalise local deviations.

A closer examination reveals that “Gaussian Noise” variants achieve reasonable
pointwise accuracy but fail to preserve distributional fidelity, reflecting their
tendency to over-smooth the data. “Histogram-Binning” techniques and
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Model-based methods, particularly “Rejection Sampling” and the “Inverse
Method” (applied with Weibull, Log-normal, and Exponential distributions),
demonstrate the most consistent performance across both accuracy and dis-
tributional metrics. The stability arises because these approaches explicitly
model the underlying PDF, enabling them to reconstruct the continuous data
structure rather than relying on stochastic perturbations alone. By drawing
samples directly from the theoretical distribution, these methods preserve the
statistical properties of the data even when rounding or quantisation effects
are present.

From this study, the insights suggest that similar model-based strategies could
be extended to other distributions not covered in this study, providing a general
framework for balancing pointwise accuracy with distributional fidelity in data
recovery tasks.

8.6 Conclusion
The benchmarking results highlight clear trade-offs between numerical accuracy
and distributional fidelity in unrounding synthetic data. While several methods
achieve satisfactory NRMSE performance, their inability to reproduce the
underlying distributional shape suggests that accurate point estimates alone
are insufficient for preserving the distributional shape.

The superior performance of “Rejection Sampling” and the “Inverse Method”
across all evaluation criteria underscores the importance of aligning the un-
rounding process with the assumed distribution, rather than relying solely on
jittering or binning approaches. The persistent underperformance of histogram
and distance-based methods indicates that they do not generalise well across
varying sample sizes.

These results suggest that effective unrounding requires a model-based frame-
work capable of balancing local pointwise accuracy with distributional integrity,
particularly when scalability and representativeness are important for down-
stream analysis.

Future work should consider adaptive, quantile-guided application of the
local binning and jittering techniques, allowing for targeted correction where
distributional distortion is greatest, rather than relying on fixed partitioning.
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8.6. Conclusion

A deeper investigation of mixture models with rounded datasets could be
investigated. Preliminary results suggest ten clusters, but their structural
meaning and contribution to quantisation remain unknown. Additional research
will be required to characterise these clusters and assess whether cluster-specific
unrounding strategies may further improve distributional recovery.
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CHAPTER 9
Interval-Based Approach for

Estimation

9.1 Introduction
Chapter 8 introduced reconstruction-based techniques for generating plausible
continuous values from rounded observations. These methods focused primarily
on approximating individual latent observations and restoring smoothness to
the empirical distribution. Although reconstruction improved the represen-
tation of the underlying distributional structure, the exact original values
remained fundamentally unrecoverable due to the ambiguity introduced by
rounding. Building on these findings, Chapter 9 shifts focus from reconstruct-
ing individual observations to recovering the parameters of the underlying
distribution directly. Rather than attempting to estimate specific latent values,
the emphasis is placed on recovering the statistical characteristics of the gener-
ating process itself. This distinction is important because, in many practical
applications, accurate estimation of distributional parameters is more valuable
than recovering individual observations.

In many real-world analytical processes, the precise underlying values may not
be important. The goal may be to understand the behaviour of the distribution
that generated the data. For example, in reliability analysis, queuing systems
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9.1. Introduction

or in large-scale simulation testing, the interest may lie in estimating quantities
such as the mean lifetime of a failure-prone event or the parameters associated
with its underlying distribution. Estimating the mean lifetime or the underlying
parameters is important because these parameters determine the behaviour
and performance characteristics of the system being modelled. They allow
researchers to assess reliability, predict future behaviour, quantify uncertainty,
and make informed decisions. For failure-prone events, for instance, these
parameters determine how long events typically persist, how frequently failures
occur, and how heavy-tailed the distribution of the message lifetime is. All
this information is important for system design, capacity planning and risk
assessment. Recovering parameter estimates supports reliable simulation when
the individual latent message cannot be observed directly due to rounding or
other forms of data distortion.

Attempting to recover individual latent values may be infeasible, unnecessary,
or even undesirable, especially when rounding introduces ambiguity. One can
never truly recover the unrounded value, as the original value is lost through
rounding. Accurate parameter estimation enables one to reconstruct the
underlying distributional form, supporting simulation and allowing probabilistic
inference about the underlying process.

To recover parameter estimates masked by rounding, this approach is based
on a mathematical technique called integration, also known as “quadrature”,
previously discussed in Chapter 2 [85]. The distributional form of the obscured
data can be recovered by evaluating the likelihood using the AUC associated
with each rounding interval.

To get the exact AUC f(x) from a to b, one can use an antiderivative F (x):∫ b

a
f(x) dx = F (b) − F (a).

Some functions do not have closed-form antiderivatives. An example is:

sin(x2)

In such cases, the exact value of the definite integral cannot be obtained, as
no elementary functions, be it polynomials, exponentials, logarithms, etc.,
return its exact value. Instead, its value must be approximated numerically,
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9.1. Introduction

for example, by partitioning the area into subintervals and summing the terms
to estimate the AUC. Figure 9.1 shows the PDF of a Weibull distribution, a
histogram of its rounded values, and an illustration of how numerical integration
can compute the AUC for each interval of the data.
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Figure 9.1: Example: Numerical Integration.

From Figure 9.1, the sub-intervals are all equal, although in practice they may
differ depending on the behaviour of the function. By summing the narrow
rectangles, one can numerically approximate the AUC over each interval, which
can then be used to recover distributional parameters obscured by rounding.

In likelihood-based parameter estimation methods such as MLE, observations
are typically assumed to be exact values. Under this assumption, the likelihood
contribution of an observation is obtained by evaluating the probability density
function at that point:

L(θ | xi) = fθ(xi)

However, rounded observations do not represent exact measurements, but
intervals of possible latent values. If a rounded observation is recorded as xi,
then its true value lies within the interval:

Xi ∈
[
xi − h

2 , xi + h

2

)
(9.1)

where h denotes the rounding precision. Treating the rounded value as an
exact point therefore produces a misspecified likelihood and may lead to biased
parameter estimates.
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Instead, the likelihood contribution should be the probability that the latent
observation lies within the rounding interval:

P (Li ≤ Xi < Ui) =
∫ Ui

Li

fθ(x) dx

Using the cumulative distribution function, this interval probability becomes:

P (Li ≤ Xi < Ui) = Fθ(Ui) − Fθ(Li)

Thus, the likelihood is constructed from interval probabilities rather than
pointwise density evaluations. This allows the estimation process to account
explicitly for the rounding mechanism without attempting to reconstruct
individual latent observations.

This chapter proposes a principled approach to modelling quantised data
by treating observations as interval-censored rather than exact values, and
adapting likelihood-based estimation accordingly. The chapter addresses the
following questions:

1. Can this “Interval-Based” method recover the true parameters when data
are rounded?

2. Does the recovery of true parameter estimates using this “Interval-Based”
method hold across different distributions (e.g., Weibull, log-normal and
exponential)?

To test this “Interval-Based” method, Weibull, log-normal and exponential
distributions will be synthetically created using the parameters and sample
sizes defined in Table 5.1. Tests will be repeated ten times to assess the impact
at different samplings. Jittered scatter plots will show the return parameter
estimates from the ten repeat tests using sample sizes of one hundred and one
thousand, rounded to zero decimal places.

9.2 Data Overview and Limitations
The synthetic data used in this chapter, along with its limitations, have been
previously discussed in Chapter 5.2.
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9.3 Methods
For this study, the methodology is implemented as a set of R functions, and
the overall process is summarised in Figure 9.2, which showcases the Weibull
distribution as an example.

Generate synthetic 

data for Weibull (1)   

Shape .5
Scale 2

Fitt ing Without Fixing: Interval-Based Approach

Determine Bin Bounds

Determine the lower and upper bounds 

defined by the rounding 

Round values     

Start

Evaluate Log-Likelihood for Rounded 

Data 

Apply Numerical Optimisation

 L-BFGS-B to obtain maximum 

likelihood estimates 

Summarise rounded values 

and their frequencies

Return Parameter Estimates 

and Assess Fit

Compute Bin CDF Probabilit ies

Compute the probability mass within 

each interval

Figure 9.2: Flow Diagram: Interval-Based Approach.

A synthetic dataset of size n is first generated from a specified distribution and
rounded according to the chosen precision. Counts of distinct rounded values
are recorded. The bin bounds for each rounded observation xr are determined
by the rounding precision as shown in equation 9.1. The probability mass
within each interval is computed using the CDF. The log-likelihood is evaluated
by weighting these probabilities by the observed frequencies of each rounded
value. Numerical optimisation then obtains maximum-likelihood estimates of
the distribution’s parameters.

The probability mass within each interval is computed using the CDF. The
log-likelihood is then evaluated by weighting these probabilities by the observed
frequencies of each rounded value. Numerical optimisation is used to obtain
maximum-likelihood estimates of the distribution parameters.

For standard MLE, each observation is treated as an exact value. The likelihood
contribution for an observation xi is therefore based on the density evaluated
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at that point:

fθ(xi)

However, when observations are rounded, the recorded value xi is not exact.
Instead, it represents a range of possible latent values. If the rounded value
corresponds to the interval [Li, Ui), then the likelihood contribution should be
the probability that the true value lies within that interval:

P (Li ≤ Xi < Ui) =
∫ Ui

Li

fθ(x) dx

Using the cumulative distribution function, this interval probability can be
written as:

P (Li ≤ Xi < Ui) = Fθ(Ui) − Fθ(Li)

Thus, the likelihood is constructed from interval probabilities rather than
pointwise density values. For repeated rounded observations, each interval
probability is weighted by the number of observations falling in that interval.

As multiple values may round to the same observation, to avoid duplicated
points, the likelihood uses the CDF differences Fθ(Ui)−Fθ(Li) weighted by the
observed frequencies of each rounded value. For example, consider Table 9.1
where observations have been rounded to the same value. Each rounded
value corresponds to an interval [Li, Ui) in the continuous space, and the
log-likelihood contribution is weighted by how many times that value appears
in the data. The overall log-likelihood becomes the sum of the log-likelihood
terms listed in Table 9.1.

Table 9.1: Interval likelihood for repeated rounded value.

Example True
Value

Rounded
Value xr

Count Interval
[L, U)

Log-likelihood
Term

1.23 1 3 [0.5, 1.5) 3 log p([0.5, 1.5))
2.10 2 1 [1.5, 2.5) 1 log p([1.5, 2.5))
3.42 3 4 [2.5, 3.5) 4 log p([2.5, 3.5))

Note: Intervals are half-open [L, U), meaning they include the lower boundary but exclude
the upper boundary. For example, values such as 1.4 fall inside [0.5, 1.5) and round to 1,
whereas a value equal to the upper boundary (e.g. 1.5) would round to 2 and therefore
belongs to the next bin, ensuring bins do not overlap.
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The likelihood contribution for each point is the probability mass of the model
within its rounding interval, thereby avoiding density distortion caused by
rounding, especially near boundaries such as zero. The interval likelihood is
exact because the CDF provides the integrated probability over each interval.

The interval likelihood is exact because the CDF provides the integrated
probability over each interval.

The interval-based estimation procedure used throughout this chapter can be
summarised as follows:

1. Identify the quantisation level or rounding precision h.

2. Define interval bounds for each rounded observation:

[Li, Ui) =
[
xi − h

2 , xi + h

2

)

3. Construct the likelihood using interval probabilities computed from the
CDF:

pi = Fθ(Ui) − Fθ(Li)

4. Weight the interval probabilities by the observed frequencies of the
rounded values.

5. Estimate the distribution parameters by maximising the resulting log-
likelihood.

Table 9.2 illustrates an example from a repeat test of the likelihood contributions
for the rounded Weibull observations, where sample size n = 1000.

Table 9.2: Likelihood Contributions: Rounded Weibull Observations.

Rounded
Value

Count Lower Upper Prob Log Prob Weighted Log
Prob

0 120 0.0 0.5 0.114 -2.169 -260.329
1 343 0.5 1.5 0.352 -1.043 -357.875
2 269 1.5 2.5 0.274 -1.293 -348.043
3 163 2.5 3.5 0.152 -1.882 -306.904
4 69 3.5 4.5 0.068 -2.680 -184.978
5 26 4.5 5.5 0.026 -3.639 -94.625
6 6 5.5 6.5 0.008 -4.732 -28.395
7 3 6.5 7.5 0.002 -5.943 -17.831
8 1 7.5 8.5 0.000 -7.261 -7.261
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For each distinct rounded value, the probability density is integrated over
its rounding interval (Upper and lower bounds) to obtain the probability
mass contributing to the likelihood. Weighted by the frequency count of each
rounded value, these log-likelihood components are summed to estimate the
Weibull shape and scale parameters. Distribution parameters are estimated
directly from the observed data without alteration or imputation. It is not an
approximation; it is exact because the CDF integrates the PDF exactly. The
final step of the method is to use numerical optimisation to optimise the log
likelihood to estimate the parameters by MLE.

9.3.1 Assumptions of the Interval-Based Approach
The “Interval-Based“ method relies on several assumptions regarding the
quantised observations and the underlying data-generating process.

First, the method assumes that the quantisation boundaries are known or can
be inferred correctly from the rounding precision h. Incorrect specification
of the interval widths would distort the probability mass assigned to each
rounded observation.

Second, the approach assumes that observations are independent and identi-
cally distributed (i.i.d.), consistent with the assumptions underlying standard
maximum-likelihood estimation procedures.

Third, the method assumes that the underlying continuous distribution allo-
cates probability mass smoothly across each rounding interval. The approach
does not assume a uniform distribution of latent values within each interval;
instead, the probability contribution is determined by integrating the fitted
PDF across the interval bounds using the corresponding CDF differences.

Finally, the method assumes that the selected parametric distribution is an
appropriate representation of the underlying continuous process. Severe model
misspecification may still produce inaccurate parameter estimates even when
rounding effects are explicitly incorporated.

9.4 Results
Before exploring the results, Figure 9.3 shows the theoretical CDFs and the
rounded observed CDFs of the Weibull, log-normal, and exponential distribu-
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tions, rounded to zero decimal places, with a sample size of one thousand.

Figure 9.3: Empirical and Theoretical CDFs.

The orange curves in the chart are the discrete cumulative probabilities, while
the dashed blue lines denote the theoretical model. The charts show how the
ECDF derived from the rounded observations does not align well with the fitted
theoretical CDFs for each distribution. Rounding collapses continuous values
into discrete bins. The observed ECDF in orange becomes a step function.
A closer alignment between the stepwise ECDF and the smooth theoretical
CDF is impossible without additional information that has been lost through
rounding.

The method suggested does not attempt to reconstruct pointwise latent values;
instead, it models the rounding mechanism and computes the likelihood by
integrating the density over each rounding interval. Producing exact interval
probabilities supports the estimation of distributional parameters without al-
tering or smoothing the data. Figure 9.4 shows the probability mass integrated
within the rounded intervals (pi = Fθ(Ui) − Fθ(Li)) with the fitted exponential
PDF. To prevent unnecessary repetition, only the exponential distribution is
presented.
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Figure 9.4: Numerical integration across CDF Bounds: Exponential Distribution.

The blue curve represents the continuous density estimated from the rounded
data. The bars do not form a histogram. Each bar corresponds to the
probability mass that the fitted model assigns to a specific rounding interval.
For example, the leftmost bar indicates that 37.7% of the fitted exponential
distribution lies within the interval [0, 1). The figure illustrates how rounding
converts continuous density into discrete bins, but numerical integration restores
the underlying probability structure.

The same procedure applies to the Weibull and log-normal distributions. For
each model, the interval probabilities pi = Fθ(Ui) − Fθ(Li) accumulate to form
a CDF, which can then be compared directly with the theoretical CDF implied
by the estimated parameters. Of the ten repeat tests, Figure 9.5 presents a
comparison of one repeat test across all three distributions.
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Figure 9.5: Comparison between theoretical and numerical integration CDFs for
Weibull, exponential, and log-normal distributions. Each plot shows the alignment
between the theoretical cumulative distribution function and the CDF obtained
through the application of the “Interval-Based” method over the rounded probability
bounds.

The estimated CDF is coloured orange, while the theoretical CDF is a dashed
blue line. For the Weibull distribution, the numerically integrated CDF is
close to the true CDF; however, there are small discrepancies at the extreme
left tail. For the exponential distribution, the numerically integrated CDF
and the true CDF are nearly identical and perform consistently well across
the whole CDF. The log-normal distribution behaves similarly to the Weibull
distribution. The comparison shows that the numerically integrated CDFs are
almost identical to the theoretical CDFs across all three distributions, which
shows that modelling the rounding behaviour explicitly and using interval
probabilities pi = Fθ(Ui) − Fθ(Li) yields parameter estimates whose implied
CDF accurately reproduces the true distributional form despite the loss of
pointwise information caused by rounding.

Encouraged by the results from Figure 9.5, Figure 9.6 shows jittered scatter
plots comparing estimated and true parameters across the ten repeated tests.

273



9.4. Results

0
1

2
3

4
5

True
Shape

Est
Shape

True
Scale

Est
Scale

Weibull : Sample Size = 100

0
1

2
3

4
5

True
Shape

Est
Shape

True
Scale

Est
Scale

Weibull : Sample Size = 1000

0
1

2
3

4
5

True
Rate

Est
Rate

Exponential : Sample Size = 100

0
1

2
3

4
5

True
Rate

Est
Rate

Exponential : Sample Size = 1000

0
1

2
3

4
5

True
Mean

Est
Mean

True
Std Dev.

Est
Std Dev.

Log−normal : Sample Size = 100

0
1

2
3

4
5

True
Mean

Est
Mean

True
Std Dev.

Est
Std Dev.

Log−normal : Sample Size = 1000

Estimated vs True Parameters Across Distributions (Rounded = 0)

P
ar

am
et

er
 V

al
ue

Figure 9.6: Numerical Integration: Estimated Parameter Values.

The scatter plots show that numerical integration reliably recovers the true
distributional parameters across all three distributions, even when the obser-
vations are rounded. For the Weibull distribution, the shape parameter is
recovered with no variability, while the scale parameter exhibits some disper-
sion at n = 100 that reduces at n = 1000, reflecting improved stability with
increased sample size. For the exponential and log-normal distributions, the
estimated parameters cluster tightly around their original values, indicating
that the method consistently produces close parameter estimates.

Overall, the results confirm that a simplified numerical integration technique
using CDF bounds effectively reverses the information loss due to rounding at
the parameter level, enabling accurate recovery of the underlying distribution
even when pointwise recovery of latent values is not recoverable.

If we compare the “Interval-Based” method with MLE applied directly to
the rounded data (as shown in Figure 9.7, copied from Figure 6.10), a clear
difference is seen in the stability and accuracy of the parameter estimates.
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Figure 9.7: Weibull: MLE-MME Parameter Estimation.

In the MLE/MME plots, the estimated Weibull scale parameter shows larger
variability, extending up to values near 6 for sample sizes of one hundred and
one thousand, whereas for numerical-integration estimates (Figure 9.6), the
estimates remain concentrated around the true value, with a narrower vertical
spread and an upper range of approximately 5.

The “Interval-Based” method avoids this issue by correctly accounting for
the probability mass within each rounding interval, rather than relying on
pointwise likelihood contributions. As a result, it retains much more of the
original information in the rounded data, leading to parameter estimates that
show far less variability and align much more closely with the true underlying
values.

9.5 Discussion
This interval-based approach is particularly beneficial when quantisation is
significant relative to the variability of the underlying data. In cases where
rounding precision is coarse, standard continuous likelihood methods may
produce biased parameter estimates or unstable GoF behaviour due to the loss
of fine-grained information. By modelling rounded observations as intervals
rather than exact values, the method explicitly incorporates quantisation into
the estimation process. However, when quantisation effects are minimal relative
to the spread of the data, conventional continuous estimation methods may
remain sufficient.
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Rounding causes a loss of information about the exact location of each obser-
vation, replacing a continuous latent value with an interval of possible values.
As a result, the empirical CDF becomes a coarse step function that cannot
match the smooth theoretical CDF, regardless of sample size. The mismatch
reflects information loss and cannot be repaired by smoothing or by increasing
precision when the rounded values remain unchanged.

Methods such as “Rejection Sampling” in Chapter 8 are effective for generating
plausible latent point values, but they are not appropriate in this study because
the goal is no longer pointwise reconstruction. Instead, the task is to recover
the underlying distributional parameters themselves. Parameter estimation
from rounded data, therefore, requires a likelihood that correctly reflects the
interval-censored nature of the observations.

The inflation of the variance in MLE and MME occurs because naïve likelihood
estimation treats rounded observations as if they were exact point values. Such
behaviour leads to biased and unstable scale estimates, particularly when large
portions of the distribution are collapsed into a small number of rounded
buckets.

The proposed method achieves this by integrating the model’s density over
each rounding interval, which produces an exact likelihood contribution for
each observation. The resulting integrated CDFs closely match the theoretical
CDFs across Weibull, exponential, and log-normal distributions, with only
minor tail discrepancies.

The proposed method reliably recovers the true parameters across all distribu-
tions, with precision improving at larger sample sizes. In contrast, standard
MLE applied directly to rounded values shows inflated variance, particularly
for the Weibull scale parameter, because the likelihood is misspecified when
rounding is ignored.

The results consistently show that the “Interval-Based“ method improves
parameter estimation stability and produces fitted CDFs that more closely
align with the theoretical distributions than direct fitting methods applied
to rounded observations. Compared with the direct MLE/MME estimates
shown in Figure 9.7, the interval-based estimates exhibit reduced variability
and tighter concentration around the true parameter values. The method also
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demonstrates improved GoF behaviour by explicitly modelling the probability
mass contained within each rounding interval rather than treating rounded
observations as exact point values.

Overall, the evidence shows that although rounding prevents recovery of
individual latent values, the underlying distributional parameters remain
identifiable, and numerical integration provides a principled and accurate
method for recovering them. One can also use the density values based on the
distribution parameter, without the need for numerical integration.

The interval-based estimation approach requires interval probability calcula-
tions using repeated CDF evaluations rather than direct evaluation of the
likelihood at individual points. Although this introduces additional compu-
tational steps compared with standard continuous likelihood estimation, the
computational overhead remained manageable for the datasets examined in
this research. Furthermore, repeated rounded observations can be grouped
into shared intervals, reducing redundant likelihood calculations and improving
scalability for highly quantised datasets.

9.6 Conclusion
The “Interval-Based” method treats each observed data point as representing
an interval rather than an exact value. Instead of assuming that observations
are measured with infinite precision, the method integrates the probability
density over a small area surrounding each rounded value, thereby capturing all
plausible true values that could have produced that observation. The likelihood
is not evaluated at a single point, inference remains driven by the underlying
PDF. For each observation, the contribution to the likelihood is obtained by
integrating the density implied by the candidate parameters over the rounding
interval. As a result, parameter estimates are informed by how the density
allocates probability mass across these intervals, ensuring that differences in
scale, shape, and tail behaviour of the underlying distribution are fully reflected
in the inference.

This method performs well because, when an observed value is zero, the model
does not infer that the latent value must be exactly zero, it considers the
probability mass within the interval around zero by integrating the density
across that range.
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The study has demonstrated that parameter recovery is robust across distribu-
tions, with near-optimal agreement for exponential and log-normal distributions
and minimal tail discrepancies for the Weibull distribution. Although rounding
removes fine-grained data, it does not prevent accurate inference about the
distribution. These insights are essential for any application in which data are
limited by precision or measurement constraints, including reliability modelling,
queueing systems, simulation-based inference, and modern high-dimensional
modelling settings where latent states cannot be recovered directly.

For future work, as the study in this chapter has demonstrated the ability
to estimate the parameters without fitting errors (avoiding log(0), adding
a constant), this “Interval-Based” method can be applied to estimate the
parameters of the distributions for each technique in Chapter 8 and then apply
the jitter techniques to unround the data.
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CHAPTER 10
Conclusions

In this chapter, the work presented in this manuscript is reviewed and summarised,
and suggestions for possible future work are provided.

10.1 Introduction
Preliminary research was conducted to identify ways to optimise queuing
systems. The research question addressed was: How can queue behaviour in
distributed EDI-driven supply chain environments be modelled and optimised
to improve message throughput? Early analysis revealed that the timestamps
in the production log data were quantised, causing continuous events to
collapse into discrete values. Quantisation prevented accurate continuous
distribution modelling and obscured interarrival and service time patterns that
drive different queue behaviours. These data issues changed the trajectory of the
research, shifting the focus towards understanding the effects of quantisation,
developing methods to mitigate its impact on statistical modelling, and creating
a systematic approach for modelling and interpreting the behaviour of these
high-volume heterogeneous EDI messages.

My research was motivated by persistent performance bottlenecks in queuing
applications. Processing these EDI messages, where millions of messages
expanded into billions of heterogeneous jobs, caused throttling, message retries,
and downstream congestion problems.
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Summary of Problems Addressed

A core problem addressed in this research was the lack of a systematic ap-
proach in the peer-reviewed literature for modelling high-volume EDI messages,
including their associated characteristics, with particular attention to message
independence, structural and behavioural characteristics, and the exponential
growth patterns exhibited by certain EDI message types.

Another core problem studied in this research was the impact of quantisation on
modelling EDI message interarrival and service times. The originally continuous
events could no longer be accurately represented, invalidating key assumptions
of continuous distribution models and preventing reliable performance testing,
simulation, and capacity-planning analyses.

A further challenge studied in this research was the impact of rounding on
parameter estimation and GoF methods. The study examined how different
parametric methods respond to rounded observational data and the effect of
rounding on GoF assumptions.

Methodological Context

The methodological approach in this research combined large-scale enterprise
log analysis, distribution modelling, and statistical analysis of message arrival
processes within distributed EDI systems. Log data from a production en-
vironment was used to reconstruct message flows, identify bottlenecks, and
quantify interarrival and service time characteristics. The data was analysed
using both parametric and non-parametric techniques, drawing on common
continuous distributions in queuing theory, including the log-normal, Weibull,
and exponential distributions. GoF assessments, such as AD and CvM tests,
were applied to evaluate the suitability of the fitted models against the different
continuous distributions.

Due to quantisation in the production logs timestamps, which prevented ac-
curate modelling of the underlying continuous distributions, synthetic data
was generated across a range of sample sizes (e.g., 100, 1k, 10k, and 100k
observations) and rounded to enable controlled experimentation and compar-
ative analysis under rounded and non-rounded conditions. In our real EDI
dataset, the extremely large number of observations made the effects of quan-
tisation particularly pronounced, as repeated rounded values accumulated into
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highly visible pits, thereby motivating the need to study quantisation effects
systematically across different sample sizes.

10.2 Summary of Key Findings and
Contributions

In this section, I review and summarise the work presented in this manuscript.

1. A systematic modelling framework for high-volume EDI message
flows (Chapter 3 & Chapter 4).

The manuscript developed the first structured and systematic framework for
analysing and modelling EDI message processing behaviour in distributed
supply-chain environments. No existing peer-reviewed work provides methods
for modelling high-volume EDI message flows, including their burstiness and
the associated correlation patterns, making this research novel. The frame-
work integrates several original components like message classification using
structural features (including split behaviour, size, and category), temporal
segmentation into normal and busy periods, and the treatment of structural
drivers, such as split count, bundling, scheduling, and map count, that were
identified in the manuscript as previously undocumented sources of correlation
and burstiness.

A key finding of this work is that neither parametric nor non-parametric models
fully capture the behaviour of the EDI processing times, with quantisation
acting as a major contributing factor. However, other factors also include
distinct groups of service times identified in the histograms, each with its
own characteristics and density patterns. These groups likely correspond to
different underlying message types, although their exact origins are not yet
fully understood. Parametric models tend to capture the tail behaviour, while
non-parametric methods perform better in the head. A new hybrid modelling
strategy that combines different segments of the data under distinct categori-
sations provides a useful framework for understanding message variability,
burstiness, non-stationarity, and the structural drivers of queue behaviour in
large-scale supply chain messaging systems.

2. Empirical characterisation of data quality constraints affecting
queue modelling (Chapter 3 & Chapter 4).
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The manuscript demonstrates that the typical assumptions required for queue
modelling, especially independence and continuous distributions, are violated
in real EDI production logs. While quantisation and rounding are well un-
derstood in general statistical literature, their interaction with EDI-specific
behaviours, particularly bursty messages logged independently, is not doc-
umented in peer-reviewed literature, making this research both novel and
necessary to address a clear gap in the existing literature. These types of
messages contribute to broken independence and distorted interarrival and ser-
vice time behaviours. Production logs exhibited millisecond-level quantisation,
loss of temporal ordering, and rounding-induced boundary artefacts, including
zeros and distributional support violations. These data quality constraints,
rather than the choice of statistical models, are often the source of modelling
challenges in queue simulation and parameter estimation for EDI workloads.

3. Convergence behaviour and GoF instability (Chapter 5)
Many practitioners come across fitting errors when using MLE or MME with
the R fitdistrplus package. A common workaround is to insert arbitrary
constants (e.g., replacing zeroes with 1) without understanding the underlying
cause of the issue. The contribution of this chapter is to offer a systematic
approach as to why these errors occur, rather than simply trying to avoid
them.

No peer-reviewed literature was found that tries to provoke and characterise
these fitting failures. The manuscript intentionally introduces problematic
conditions, such as rounding, zero or negative values, and extreme parameter
settings, to explore their impact on convergence and GoF testing. Rather
than working around the issues, the analysis deliberately breaks the model
to identify the exact scenarios under which fitting errors occur, or GoF tests
diverge.

The results show that these failures arise primarily from data characteristics,
not from the estimation methods themselves. Convergence behaviour was
found to be distribution-specific. These insights are important because they
identify the specific data quality constraints that must be addressed before
queue modelling, parameter estimation, or GoF assessment is possible in
precision-limited data.
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4. A comprehensive analysis of MLE and MME parametric fitting
methods under quantisation (Chapter 6).
Through extensive experiments, the manuscript revealed how quantisation
distorts distributional assumptions and affects MLE and MME under different
rounding precisions, parameter values and sample sizes. The research shows
how the robustness of the fitting methods differs by distribution and the
limitations of these fitting methods.

Although applying MLE and MME via standard statistical packages may
appear straightforward, the novelty of this work lies in systematically investi-
gating how and why their behaviour diverges under rounding, something no
peer-reviewed study has done in a controlled, side-by-side evaluation of their
performance when applied to rounded data.

The chapter fills that gap by demonstrating when and why parameter estimation
techniques can differ under different rounding scenarios. The analysis provides
practical insights into the conditions under which standard fitting procedures
remain reliable or degrade when applied to rounded data.

5. Practical strategies for diagnosing and mitigating quantisation
(Chapter 7)

The study evaluated practical methods for working with quantised and zero-
inflated data in a log-normal distribution. The chapter addressed the zero-
value problem by systematically testing constant-shift strategies. Although
the experiments were conducted on a log-normal distribution, the approach
generalises to other continuous distributions supported on positive numbers,
providing practitioners with a simple, implementable toolkit for stabilising
fitting procedures and reducing the impact of quantisation on model assessment.
The contribution was necessary to overcome fitting problems during this
research. Moreover, this research provides actionable guidance for researchers
and practitioners seeking to perform reliable statistical modelling under severe
quantisation.

6. Evaluation of unrounding methods and model-based reconstruc-
tion under quantisation (Chapter 8)

Different domains use jittering techniques to add random perturbations to
datasets for smoothing or for simulation purposes. The novelty in this chapter
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lies in treating unrounding as a reconstruction problem for heavily quantised
data and systematically evaluating a range of jitter-based approaches for this
purpose. No published work has been found during this research that applies
jittering techniques to unround the data.

A benchmark for the unrounding techniques is provided. The evaluation is
important because the peer-reviewed literature offers no side-by-side compara-
tive analysis on how these techniques behave under quantisation, nor how they
impact inference, GoF testing, or distributional reconstruction.

The key insight delivered is a clear understanding of the conditions under which
these methods succeed or fail to recover the underlying continuous distribution.
Such clarity is essential for practitioners working with quantised data.

7. Interval-Based approach for estimation (Chapter 9).

To recover the distributional shape rather than the latent point values, the
manuscript demonstrated that an interval-based numerical approach using
the CDF bounds can accurately reconstruct the underlying distribution even
when observations are rounded. While MLE and MME treat each observation
as an exact point, an assumption that is violated when values are rounded,
this interval-based approach produces a correctly specified likelihood for the
observed rounded data, overcoming the limitations of MLE and MME under
rounding.

Instead of assuming exact values, the method models the probability mass
within each rounding interval using the CDF of the underlying distribution.
Each bin effectively functions as a category, and the approach estimates
parameters by maximising the likelihood. This interval-based CDF approach
has not been previously seen in the literature in the context of rounding. The
interval-based method is computationally efficient, requiring only basic CDF
evaluations rather than complex numerical integration. Importantly, it achieves
this without requiring ad hoc perturbations for zero inflation.

10.3 Limitations
The results of this study are subject to a number of limitations that constrain
the scope and generalisability of the findings.
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First, rounding alters model inference due to collapsing a continuous range
of plausible latent values into a single observed outcome. The severity of
this collapse does not depend solely on the number of decimal places used in
rounding, but also on the shape of the underlying distribution. For distributions
with steep density near zero (e.g., Weibull with shape parameter β < 1), even
fine rounding intervals can map large regions of the probability mass to the
same recorded value. This means that the set of latent candidates consistent
with a rounded observation can be extremely large, making true reconstruction
infeasible. At best, one can only approximate the underlying variability.

Second, the production EDI dataset suffered from relatively coarse quantisation.
With timestamps recorded at millisecond precision, important variations in
interarrival and service times were lost, particularly for short-lived jobs whose
true durations often lie well below the rounding threshold. The resulting
discreteness introduced artificial clustering, loss of ordering, and violations
of independence assumptions, all of which limit the ability of any modelling
technique to truly recover the underlying behaviour without improved data
precision.

Third, message burstiness created additional structural ambiguity in the logged
data. Although downstream messages could be traced back to their parent
processes, the discrete timestamps prevented accurate recovery of short-scale
temporal relationships, further constraining the analysis.

These limitations highlight that while the methods developed in this manuscript
can mitigate some of the effects of rounding, it cannot fully overcome the
fundamental loss of information introduced by coarse quantisation.

Message burstiness created structural ambiguities in the logged data. Even
though downstream messages could be traced back to their parent, the discrete
timestamps prevented accurate reconstruction of causal ordering and temporal
dependencies. This limits the extent to which queueing models can be validated
against actual system behaviour.

While synthetic data was used to evaluate modelling behaviour under controlled
conditions, synthetic datasets approximate only a subset of the complexities
encountered in production environments. As such, some conclusions, particu-
larly those concerning the effectiveness of unrounding and jitter methodologies,
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should be interpreted in the context of their experimental design.

Finally, the manuscript primarily evaluates statistical modelling techniques
rather than queue optimisation algorithms. Although the research question
concerns queue modelling for optimisation, the data limitations meant that
optimisation strategies could not be evaluated.

10.4 Future Works
Based on the findings in this manuscript, several areas for future research
emerge.

Future work should model message splitting, batching, and scheduling using
graph-based or hierarchical methods, which capture parent–child relationships
more accurately than timestamp-driven methods.

Mixture models may capture the EDI processing behaviour more accurately
than the researched single distribution models. KDE, which is like a mixture
model, was tried.

The success of the interval-based approach invites further research into embed-
ding this technique directly into large language models, simulation testing and
optimisation processes, particularly for systems where rounding or discreteness
cannot be avoided.

Further research is needed on data segmentation strategies. Different seg-
mentation techniques (e.g., elbow and knee) can be used to infer message
assumptions that are not yet fully understood.

An extension of this work would be to combine the interval-based CDF approach
from Chapter 9 with the jittering strategies developed in Chapter 8. As the
technique in Chapter 9 provides stable parameter estimates without requiring
ad-hoc fixes, jittering could then be used to explore variability and refine model
fit around the quantised data.

Given the observed bursty behaviour, quantisation, and the loss of message
arrival order, future work could investigate other data elements in the log files
that may help recover message ordering while unrounding the data.
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10.5 Final Remarks
The manuscript has demonstrated that modelling queue behaviour in dis-
tributed EDI-driven supply chain systems requires a careful understanding
of EDI message architecture and data quality constraints. By analysing real
production data, developing new methods for dealing with quantisation, and
evaluating the behaviour of fitting and unrounding techniques across multi-
ple distributions, the research provides a comprehensive examination of the
challenges inherent in modelling large-scale message-processing systems under
quantisation.

Although the limitations of the data prevented the full evaluation of queue
optimisation strategies, the manuscript establishes a foundation for such work
and identifies the conditions under which accurate queue modelling becomes
possible. The contributions made here, spanning empirical insights, offer
valuable guidance for researchers, engineers, and organisations seeking to
understand and optimise the performance of distributed supply chain messaging
infrastructures.

Taken together, the findings demonstrate that it is possible to recover meaning-
ful distributional structure obfuscated by quantisation, which can help diagnose
bottlenecks and formulate reliable modelling strategies.
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