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ABSTRACT

We analyze synoptic observational data on extreme daily minimum temperatures in winter months over Ireland from 1950-2022.

We model the tail of the marginal distributions of extreme winter minima using a generalized Pareto distribution captur-

ing temporal and spatial sources of non-stationarity. We disentangle long-term climate trends from obfuscating shorter-term
(month-to-winter long) large fluctuations, caused by, for example, anomalous behavior of the jet stream. We identify extreme
spatial events with respect to a carefully chosen risk function and fit an r-Pareto process to extreme events exceeding a high-risk
threshold. We show that long-term trends over Ireland of extremely cold winter temperatures are warming at a faster rate than
both mean winter temperatures and summer extreme daily maximum temperatures. Critically, we show that if we did not account

for large-scale, short-term climatic oscillations, we would incorrectly estimate that the extremely cold winter temperatures were
getting colder. In terms of spatial extreme events, we find that in periods where the jet stream typically produces the coldest winter
temperatures, the estimated rate at which temperatures could fall below the coldest value ever recorded has decreased by a factor

of 100 over the study period.

1 | Introduction

The frequency and intensity of extremely cold temperatures
have decreased globally since 1950, with this trend expected to
continue as global mean temperatures rise (IPCC 2021, Chapter
11). Winter temperatures have been particularly warming in the
northern mid-latitudes (Matthes et al. 2015; Van Oldenborgh
et al. 2019). In Ireland, significant warming of minimum air
temperatures has been observed, with a decreasing frequency
of cold events since 1960, over different seasons (McElwain and
Sweeney 2003), which is in line with global trends (Nolan and
Flanagan 2020; Mateus and Coonan 2022; Garcia et al. 2022).
Globally, there is strong evidence that minimum tempera-
tures are increasing faster than maxima (Huang et al. 2016;

Rhines et al. 2017; Dunn et al. 2020; Krock et al. 2022). Extremely
high temperatures receive a substantially disproportionate
amount of analysis in the literature, given their direct and
immediate link to loss of life (Ballester et al. 2023), crop fail-
ure (He et al. 2022), etc. Furthermore, the intensity, duration,
and extent of heatwaves are expected to increase with global
temperatures (Perkins-Kirkpatrick and Lewis 2020), exacerbat-
ing impacts and demanding immediate attention. While the
warming of winter temperatures is less immediately disruptive,
it nonetheless harbours many potentially devastating conse-
quences. Changes in winter extremes are having an effect on
many facets of our environment and society, from mortality
and morbidity rates (Conlon et al. 2011), to agricultural activity
(Bindi and Olesen 2011; Hooker et al. 2008) and ecosystems
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(Osland et al. 2021). For example, many regions rely on cold
winters to control pathogens and pest populations (Skendzi¢
et al. 2021). It has been argued that the consequences of warming
winters have been understudied (Boucek et al. 2016).

Ireland’s winters are generally less severe compared to those of
many countries at similar latitudes due to the regulating effect
of the North Atlantic Ocean and the Irish Sea surrounding the
island. The winter of 2019 was the warmest on record for Ireland
at 0.9°C above the 1961-1990 average winter temperature (Met
Eireann 2019). However, in northern Europe, warming trends
are contrasted with occasional, extreme cold events associated
with variability in climatic oscillations due to changes in the jet
stream, that is, Arctic Oscillation (AO) and the North Atlantic
Oscillation (NAO) (Vihma et al. 2020). Exploratory investigations
by McElwain and Sweeney (2003) have identified significant rela-
tionships between temperature and the NAO index in winter on
the west coast of Ireland. They note that ‘the future course of
Irish climate [analysis] is undoubtedly going to be linked with
large-scale atmospheric circulation’. The coldest temperatures in
Ireland since 1900 were observed as recently as 2010, for example,
arecord low of —17.5°C was observed in Co. Mayo, Straide (Chris-
tiansen et al. 2018). The extremely cold winter of 2009/10 was
caused by an anomalously persistent negative phase of the NAO
(Cattiaux et al. 2010). A similar event occurred in the winter of
1962/63, where a Scandinavian anticyclone, marked by a negative
phase of the NAO, brought easterly winds over Ireland, resulting
in extremely cold temperatures (Sippel et al. 2024). Throughout
the analysis, we highlight the winter of 2009/10 as the primary
example of an unusually cold winter event, given its more recent
occurrence and its more abundant data availability.

Figure 1 shows that globally (left-hand plot), the winter months
of December, January, and February (which we subsequently
denote by DJF) of 2010 were anomalously warm, despite large
variations locally, for example, in Ireland (right-hand plot), with
these values derived from the HadCRUTS5 data product, see
Section 2.3.3 for details. Disentangling these juxtaposing trends
in winter extremes is important to fully ascertain the overall
trend of winter extreme temperatures. Christiansen et al. (2018)
shows that the cold winter of 2009/10 was, in fact, warmer than
expected, in the context of the climate conditions at the time.
Based on a range of different climate model ensemble runs Chris-
tiansen et al. (2018) estimate that the occurrence probability
of extremely cold winter temperatures, such as those seen in
2009/10, has reduced by a factor of two due to anthropogenically
induced climate change, and so were in line with global warm-
ing winter trends. However, their analysis does not examine how
these climatic features influence the spatial patterns of extremely
cold winter temperatures, nor does it assess whether such fea-
tures are evident in observational data.

Our analysis aims to test for and identify non-stationarities in
winter temperature extremes to give a more thorough picture
of the impact of climate change on the island of Ireland (i.e.,
the Republic of Ireland and Northern Ireland), hereafter simply
referred to as Ireland. We aim to characterize trends in winter
temperatures in terms of extreme events at single sites but also
in terms of the occurrence of extreme spatial events with spe-
cific characteristics, for example, somewhere in Ireland is colder
than 7°C. The analysis and methodology presented in this paper

are complementary to the statistical methods and associated data
analysis on extremely hot summer temperatures in Ireland per-
formed by Healy, Tawn, et al. (2025), and present formal strate-
gies for assessing the effect of climate indices as motivated by
the analysis of McElwain and Sweeney (2003). We emphasize
novel aspects of our modelling strategy, such as our much deeper
dive into using physically based covariates, as well as respond-
ing here to issues raised in the discussion contributions of Healy,
Tawn, et al. (2025). We provide new insights into the behavior
of extremely cold temperatures in Ireland and set out a frame-
work for interpreting how they are related to different behaviors
of the jet stream. We ensure that the material presented here is
entirely self-contained, but in places, we cross-reference to our
previous work for more details. Here, our interest is in lower tail
extreme events, and so by negating the data, we perform the anal-
ysis on upper tail events of these negated data. Then, by negating
the resulting estimated quantiles, we report all our estimates on
the scale of the original temperature data.

In common with Healy, Tawn, et al. (2025), we aim to avoid bias
in estimating the severity of extreme weather events by relying
on asymptotically justified statistical models provided by extreme
value theory. For marginal extreme value modelling, we take the
standard approach of adopting a high threshold and fitting a gen-
eralized Pareto distribution (GPD) to excesses (Coles 2001). As
extreme spatial temperature events are not likely to exceed the
marginal thresholds at all sites over Ireland simultaneously, we
also need to model the marginal distributions below the thresh-
olds. We blend together GPD and nonparametric quantile regres-
sion estimates for our hybrid estimator of the marginal distri-
butions. We use spatiotemporal regression models for the GPD
parameters and nonparametric elements, whilst we use only spa-
tial regression models for the threshold function. Threshold esti-
mation is well known to be a challenging task, and our focus is
on the temporal changes in extreme events, so we do not want
the subjective choice of the threshold inference to bias temporal
findings.

Advances in the literature on extreme value theory and methods
have introduced a suite of models for characterizing the spatial
dependence of extreme observations. Since we want to model
the behavior of actual spatial extreme events, this restricts the
set of appropriate statistical methodologies that are motivated
by asymptotic theory. In particular, it rules out using max-stable
process models, which are only asymptotically justified as mod-
els for site-wise maxima, which typically do not correspond to
observed concurrent spatial events (Huser et al. 2025). Instead,
we use the r-Pareto process, which is a flexible limiting spa-
tial process conditioning on some feature of the process being
extreme (de Fondeville and Davison 2018). The r-Pareto process
is a particular type of asymptotically motivated Pareto spatial
process. Generalized Pareto processes were introduced by Buis-
hand et al. (2008), see also Ferreira and de Haan (2014), and were
constructed by conditioning on the supremum of the process
being large. Dombry and Ribatet (2015) proposed a relaxation
of this conditioning event, by extending the framework to con-
ditioning on any first-order homogenous functional (which
includes the supremum) of the process being large, with the
resulting limit process being termed an Z-Pareto process, and
later called an r-Pareto process (de Fondeville and Davison 2018).
Since then, functional exceedances of extremal fields have been
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FIGURE1 | Global (left) and Irish (right) mean winter (DJF) temperature anomalies with 2010 highlighted. Values are calculated from the Had-
CRUTS5 data product. Anomalies are relative to a 1961-1990 reference period.

analyzed using r-Pareto processes in several settings, partly
for their flexibility but also due to the accessibility of publicly
available software such as mvpot (de Fondeville et al. 2021). Our
experience of the different choices of homogeneous functional
is that the results of subsequent inference are largely insen-
sitive to this choice; see our discussion in Section 4.2. Pareto
processes have been used in a range of spatial rainfall applica-
tions, for example, Mediterranean France (Palacios-Rodriguez
et al. 2020), Burkina Faso in West Africa (Béwentaoré and
Barro 2022), and the river basins of the Danube and Mississippi
(Zhong et al. 2025). In particular, Zhong et al. (2025) adopts a
very similar framework to Healy, Tawn, et al. (2025) and here,
except that they impose a similar structure for their model of
non-stationarity over different seasons. We model the r-Pareto
process on a transformed scale, after accounting for the different
marginal features. As Koh (2025) has suggested, it is possible
to perform all the modelling on the temperature scale, as in de
Fondeville and Davison (2022). Indeed, this would have been
possible as our selected marginal model has a constant GPD
shape parameter over space and time, but prior to modelling the
data, we did not know that having such a simplification would
be possible, so we took the route of analysis presented here.

Spatial Pareto processes impose limitations on the character-
istics of extremal dependence structures that can be captured.
In particular, they give either asymptotic dependence or exact
independence between the process for any pair of sites, with the
former imposing that there is a nonzero probability of an event
being large at all sites given that it is large at one, see Section 4.1
for mathematical limit details. Thus, Pareto processes do not
capture well the extremes of dependent processes which are not
asymptotically dependent (termed asymptotically independent
processes), such as Gaussian copula processes (Wadsworth and
Tawn 2012). For asymptotically independent processes, the
spatial scale of events reduces as the marginal magnitude of
the event increases, with this property frequently observed in
environmental applications (Huser et al. 2025). Consequently, if
the process is asymptotically independent, using methods based
on an assumption of asymptotic dependence will lead to the over-
estimation of the probability of jointly extreme events over space.
When a process exhibits asymptotic independence, there are

theoretical and practical advantages in using methods for condi-
tional spatial extremes (Wadsworth and Tawn 2022; Simpson and
Wadsworth 2021; Richards and Wadsworth 2021) or max-infinite
divisible processes (Huser et al. 2021; Bopp et al. 2021; Healy,
Prosdocimi, and Antoniano-Villalobos 2025). Whether asymp-
totic dependence or asymptotic independence provides a better
description of extremal dependence in a given application
depends on how the scale of the spatial domain of interest
compares with the spatial dependence scale of the process. This
choice, in practice, can be informed only by empirical evidence.
For our application, Ireland is small relative to cold weather pro-
cesses in winter, so it is reasonable to expect that an r-Pareto pro-
cess will be suitable, but it is critical to check that this assumption
isrealistic, which is part of our exploratory analysis in Section 4.1.

This paper offers a number of scientifically and technically
important extensions to the work of Healy, Tawn, et al. (2025).
Firstly, there is a marked, non-cosmetic, seasonal contrast in the
level of modelling that is required to achieve a well-fitting model
for cold winter extremes. Although both hot summers and cold
winters have smooth long-term trends, the differences between
the changes over winters are substantial relative to over sum-
mers, as winter temperature extremes are strongly influenced by
different physical drivers (e.g., jet stream anomalies, NAO, AO,
and summaries of temperature anomalies) which manifest in the
form of non-stationarity due to short-term (intra-year) climatic
variability. Hence, this study involves analysis based on exten-
sive model choice over sets of feasible covariates that capture
this short-term variability in addition to the spatial and temporal
covariates considered by Healy, Tawn, et al. (2025). Our analy-
sis underlines the importance of considering short-term climatic
variability when modelling extreme weather processes, for which
we propose a novel framework. Secondly, to account for these
short-term climatic variabilities, we have developed a customized
spatiotemporal bootstrapping procedure which also addresses
the strong temporal autocorrelation in cold temperature extremes
and accounts for the extensive missing data, which can reason-
ably be viewed as missing at random (Little and Rubin 2019).

Our results provide important and transparent scientific insight.
In particular, our paper highlights that cold extremes are
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warming more rapidly than mean winter temperatures, and that
winters are warming faster than hot summers. We find that the
phase of any short-term climatic variability covariate is as impor-
tant to winter cold temperatures as long-term trends over our
study window, and that ignoring such a covariate would have led
to a false conclusion that cold winter temperatures were cool-
ing. Thus emphasizing how important it is to incorporate such
a covariate into the analysis. Inferences have been made on the
rate of change of the spatial properties of extremely cold winter
events. For example, we estimate that the rate of some stations
in Ireland experiencing a colder temperature than —19.4°C, the
coldest ever recorded temperature in Ireland, has decreased by a
factor of 100 from 1950 to 2022. Thus, we have found vital differ-
ences over time in the occurrence of extreme spatial events.

Our paper is organized as follows. Section 2 details the observa-
tional and climate model data used, as well as additional covari-
ates explored. Sections 3 and 4 describe the marginal and depen-
dence modelling of the process, respectively. In Section 5, we use
the model to explore how the properties of spatial extreme events
have changed over time. Section 6 outlines our novel spatiotem-
poral bootstrapping procedure, which is developed to account for
strong intra-year climate oscillatory behavior. Conclusions and
a broader discussion are given in Section 7. All our code and
instructions on how to access the data are available on GitHub.!

2 | Data

2.1 | Station Data

We analyze observed temperature data from official Irish tem-
perature recording stations rather than preprocessed data prod-
ucts, which may influence or smooth out extremal behavior. Such
smoothing can have alarge impact on the magnitude of unusually
large or small events (Donat et al. 2014). The data are compiled
from two sources, with observational data for the Republic of Ire-
land provided by Met Eireann’s data archive,? while Northern Ire-
land sites were obtained through the Met Office Integrated Data
Archive System (MIDAS; Met Office 2012). The locations and
lengths of data series of the 125 stations are shown in Figure 2,
where we only use stations with at least 5 years of data. We restrict
our analysis to data from the period 1950-2022, although some
stations have data prior to 1950, as these are the dates of our cli-
matic covariates (discussed in Section 2.3.2).

We use daily minimum temperature data from the winter months
(DJF). The DJF period accounts for more than 80% of all the days
with temperatures colder than their 1% site-wise marginal quan-
tile, a substantial increase relative to when using the equivalent
5% quantile, suggesting that DJF accounts for the vast majority
of extreme cold temperature days in Ireland. The data exhibit a
substantial amount of missing data, with data availability greatly
decreasing as we go back in time. See the Supporting Informa-
tion Section S1 for a plot showing the proportion of observed data
by year for each station. The dataset contains some outliers that
were not physically realistic. We removed the 93 temperatures
that were greater than four sample standard deviations away from
the mean minimum temperature on a given day. The total num-
ber of daily minimum temperatures was approximately 330,000.

55°N
Years
54°N of data
(]

S ® 20
= ® 40
— 53°N 60
80

52°N

10°W  9°W  8°W 7°W 6°W
Longitude

FIGURE 2 | Station datalocations with the amount of data indicated
by color and size.

Before we proceed to use these data for statistical analysis, we
must first address the cause and nature of the missing data. We
intend to use all of the observed data, not simply the data simul-
taneously observed at all stations. Thus, we need to consider if
the data are missing-not-at-random (Little and Rubin 2019) as
this can lead to bias, as was nicely illustrated for the type of mod-
els we consider by Richards et al. (2025). It is important to clar-
ify that much of what appears as missing data over the study
period is not missing in any interesting statistical sense; rather,
it’s simply due to a station not yet being installed. Figure S1 in
the Supporting Information shows this is the primary cause of
the missing data, with massive variations in the start times. Fur-
thermore, we believe missing values within a station’s operational
period are entirely due to standard issues concerning the move-
ment of stations and the servicing of weather stations. As tem-
perature is relatively easy to monitor, it is exceedingly unlikely
that the measuring equipment itself causes data to be missing.
As the coastal stations have the longest records, due to being
established for different purposes than inland stations, we have
data missing-at-random, but not missing-completely-at-random
(Little and Rubin 2019), which Richards et al. (2025) illustrates
can lead to more variable inferences than if they met the more
idealized conditions. We have decided to live with this limited
inefficiency as the volume of missing data is so substantial that
any type of infill method will either generate bias or huge com-
putational complexity.

2.2 | Spatial Covariates

2.21 | Climate Model Output
We explore the efficacy of exploiting physical information

from climate model outputs as a spatial covariate. Climate
models are mathematical representations of the physical
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processes driving weather and climate and represent our best
understanding of these natural phenomena (Giorgi 2019). They
are computationally expensive, and so modelling the climate on a
fine scale requires limiting ourselves to specific regions. Climate
models are broadly run on two scales, general circulation climate
models (GCMs) and regional climate models (RCMs). We use the
output from an RCM to incorporate more detailed descriptions
of the physics and spatial characteristics into the modelling of
temperature extremes. We take data from the CLMcom (Cli-
mate Limited-area Modelling Community)-CLM-CCLM4-8-17
RCM combined with the ICHEC-EC-EARTH GCM (Coperni-
cus Climate Change Service 2019). From the models, we have
daily minimum temperature values over a 56-year period on
a regular grid of 558 points over Ireland (corresponding to a
0.11% degree resolution). For a given ensemble, we are required
to select a so-called “experimental configuration”. Historical
experiments are climate simulations for a period in which
observational data exists, but they fundamentally differ from
reanalysis data as they are not designed to match day-to-day
weather observations, focusing instead on capturing general
weather processes. For our chosen ensemble, this period covers
1951-2005. To simulate data beyond this period, it is necessary
to make some assumptions about future climate change. How-
ever, our analysis relies exclusively on observed data to inform
temporal trends in the extremal process, and so, does not require
climate model output for informing temporal non-stationarity.
We rely solely on the historical experiment for our spatial
analysis. We do not use the climate model output as a direct
covariate; rather, we first fit an extreme value model to the
climate model output and use the parameter estimates as covari-
ates in our final model of the observed data; details are given
in Section 3.

2.2.2 | Coastal Distance

There is an evident difference in temperature levels between
coastal and inland areas in Ireland, especially so in winter
(Mateus and Coonan 2022). This spatial effect is due to the strong
influence of the Irish Sea and the Atlantic Ocean on Irish air tem-
peratures. We are thus motivated to employ coastal proximity as
a covariate to examine its efficacy in explaining the spatial dis-
tribution of cold extremes. We denote coastal proximity at site
s as C(s), calculated as the Euclidean distance from the near-
est coastal point, using the Simple Features package in R
(Pebesma 2018).

2.3 | Temporal Covariates

231 | Overview

In our analysis, we aim to disentangle the general, long-term
trend of extremely cold winter temperatures from the large
variations caused by highly variable climatic processes. To this
end, we explore numerous climatic variables to help explain
extreme, sudden cold snaps, which can be misleadingly inter-
preted as contradicting warming winters, that is, covariates of the
nature Koh (2025) suggested in the discussion of Healy, Tawn,
et al. (2025).

2.3.2 | Climatic Oscillation Covariates

It is well understood that the jet stream plays a crucial role
in shaping weather patterns and controlling the movement of
storms and weather systems (Hoskins and James 2014). It can
lead to substantial shifts in weather patterns, including the occur-
rence of extreme events such as cold spells (Stendel et al. 2021).
The jet stream is a high-altitude, fast-flowing air current that
circumvents the northern hemisphere in the upper troposphere
and lower stratosphere, which meanders in a wave-like pat-
tern as it circumnavigates the globe. These waves are character-
ized by northward or southward oscillations. When these waves
become amplified, we see a greater north-south displacement of
air masses, resulting in the transport of air masses from different
latitudes. When a deep southward dip forms in the jet stream, it
can allow cold air to spill southward from the polar regions into
lower latitudes, causing extremely cold temperatures (Thompson
and Wallace 2001; Francis and Vavrus 2012). There is no simple
measured covariate which captures the effects of the jet stream
well, so climate scientists use measurable covariates which act
as a proxy for the main features of the jet stream, with the most
widely used being the North Atlantic Oscillation (NAO) and Arc-
tic Oscillation (AO) (Hall et al. 2015). Both the NAO and AO are
known to reflect the behavior and position of the jet stream (Ger-
ber and Vallis 2009). They have the greatest variability in win-
ter months (Sen Gupta and McNeil 2012), which is when they
have a substantial influence on weather patterns in the north-
ern hemisphere (Thompson and Wallace 1998). Although other
atmospheric and oceanic patterns, such as high-pressure systems
and sea surface temperatures, can also interact with the jet stream
and influence the occurrence of cold weather events (Screen and
Simmonds 2014), these are generally considered more complex
to model and measure through simple covariates.

We retrieve the NAO and AO covariates from the National
Weather Service, Climate Prediction Center,? deriving monthly
and winter (DJF) mean NAO and AO values (from the daily
values) for 1950 onwards, with the latter shown in Figure 3.
From this figure, we can see correlated behavior between indices,
and an upward trend in value for each index and large neg-
ative values for the 2009/10 winter, which appear more pro-
nounced in the AO series. The winter of 2009/10 is well-known
in Ireland for being extremely cold for a long period. The
strong inter-annual winter variations in both covariates suggest
that the key difference between Ireland’s cold winter temper-
atures could possibly be explained better using these covari-
ates than the longer-term smooth trend, which we introduce
in Section 2.3.3.

To help understand the features seen in Figure 3, some back-
ground detail on the two covariates is helpful. The NAO describes
the state of the atmospheric pressure difference between the Ice-
landic Low and the Azores High in the North Atlantic. Similarly,
the AO characterizes changes in atmospheric pressure over the
Arctic region (Thompson and Wallace 1998), that is, the differ-
ence between the Arctic and mid-latitudes. The NAO and AO
positive phases reflect that the jet stream is confined to higher
altitudes, with a steady eastward flow. Consequently, weather sys-
tems and air masses tend to move more smoothly and quickly
across the mid-latitudes (Deser 2000). Conversely, NAO and AO
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FIGURE3 | Winter (DJF) average indices for 1950-2022 of (left) North Atlantic Oscillation (NAO) and (right) Arctic Oscillation.
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FIGURE4 | (left) Illustration of gridding of the HadCRUTS5 dataset over northwest Europe centered on Ireland, with grid boxes surrounding Ireland
lightly shaded and the grid box north of Ireland heavily shaded (left). (right) LOESS smoothed Irish winter temperature anomalies from HadCRUTS,

with shaded regions indicating the pointwise 95% confidence intervals.

negative phases reflect a more meandering and meridional path
of the jet stream. This allows the jet stream to dip southwards,
pouring cold air masses onto northern Europe, and it also leads
to a slower progression of weather systems, and subsequently
more persistent weather regimes, such as a long-lasting cold spell
(Sousa et al. 2018). Persistent and strong negative phases of the
NAO and the AO have been linked with extremely low mini-
mum air temperatures in Ireland (Mateus and Coonan 2022).
These properties of NAO and AO motivate us to use them as
a covariate for extreme cold winter temperatures in Ireland,
although we do not use them together, given their strong positive
correlation.

2.3.3 | Long- and Short-Term Observational Data
Product Covariates

As a temporal covariate, we use the HadCRUTS5 observation-
based data product (Morice et al. 2021) to provide the monthly
mean of daily average temperature anomalies across grid boxes
over a coarse spatial scale, with Ireland represented by a single
grid box. HadCRUTS5 values over this monthly or winter scale rep-
resent large-scale spatial and temporal mean temperature varia-
tions and hence provide a climate change signal which we can

use to help explain shifts in local-scale (daily) temporal behav-
iors of extreme temperatures. Figure 4 (left panel) shows the grid
boxes of interest to us, with our primary focus being on the box
centered on Ireland, but we will also consider the more north-
ern grid box and the average over the adjacent grid boxes. We
consider data from the grid point north of Ireland as a covariate
separately in an attempt to isolate and investigate cold extremes
driven by northerly airflows. Considering grid points adjacent to
Ireland allows us to isolate the effect of large-scale atmospheric
patterns that drive extreme winter minima. The monthly tem-
perature values that HadCRUTS5 provides arise from a combina-
tion of a land temperature anomaly dataset (CRUTEMS5; Osborn
et al. 2021) merged with a sea-surface temperature anomaly
dataset (HadSST4; Kennedy et al. 2019). An appealing feature
of this data summary is that it accounts for and encapsulates
the effects of all climate processes that affect temperature, for
example, including the jet stream, NAO, and AO.

We use only the winter months DJF of the HadCRUTS5 data.
We decompose the HadCRUTS5 mean temperature anomaly data,
H!(t), for month m in year ¢ within the grid box containing Ire-
land (I), as

H,(n=H, @0+H,®0,
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FIGURES5 | Time series of residual yearly average winter temperature anomalies: (left) for the grid box over Ireland, (center) for the grid box north

of Ireland, and (right) averaged over all grid boxes surrounding Ireland.

where H l,m(f) and H {z’m(t) respectively represent the long-term
trend and short-term variations of the mean temperature
anomaly data. Here H é,m(z) is defined to be smooth within and
across years and H 1Ie,m(t) is simply the residuals from fitting
H Lm(t), and hence it captures structure within and between
sequential years. We also present average winter values of these
covariates, which we denote by dropping the m subscript. For
the northern grid box and the average over the adjacent boxes,
we replace the superscript I by N and A, respectively. We esti-
mate H]{’m(t) using the {Hrf1 (1)} data for the grid box I, by
using the R language implementation of LOESS smoothing, tak-
ing the default span of 0.75 and degree of 2. The covariate
H i’m(t), plotted in Figure 4, shows there to be an increase of
approximately 0.9°C in mean winter temperature over the period
1950-2022.

The short-term variability of HadCRUTS5 is given by the resid-
uals from these LOESS smoothers, with Figure 5 plotting the
series of winter values of { H ;(1)}, {HY (t)} and { H 3 (1)}. Positive
residuals correspond to anomalously cold mean winter temper-
atures relative to the long-term increasing winter temperature,
which provides a representation of large-scale climatic oscilla-
tory patterns around Ireland. In all three of these residual time
series, there is a large positive deviation in the winter of 2009/10,
a feature separately identified for the NAO and AO indices
in Figure 3.

2.3.4 | Presentation of Short-Term Climatic
Variability (SCV)

Since NAO, AO, H zlz,m(t)’ HJ (r), and Hp(t) are highly variable
covariates, the results of our analysis will change considerably
depending on their values. For the sake of interpretability, in sub-
sequent analyses, we report results for three different z-th quan-
tile levels of these covariates: = = 0.1, 0.5, and 0.9, and we add the
associated 7 values as a superscript to the covariate. We refer to
these as low, median, and high phases of short-term climatic vari-
ability (SCV), respectively. This form of presentation provides a
general interpretation of different levels of extremity over the dif-
ferent phases of SCV. The high phase of the SCV covariate H Ili,m(t)
corresponds to a large negative phase of NAO and AO and sub-
sequently a pronounced meandering of the jet stream, which we
know is linked to more extreme cold spells in Northern Europe,
as discussed in Section 2.3.2.

We explore a set of covariates to assess how variations in
large-scale atmospheric circulation patterns influence local tem-
perature extremes and their SCV. This set varies over time ¢, and
is defined as

Z() = {D, My, (1), My(®), NAO(), NAOk(1), NAO,, (),
NAOg,,(1), AO(), AO(1), AO,, (1), AOg,, (1), M{(t),
My (0}

The covariate M 1’3 (¢) refers to the average HadCRUTS5 values over
the grid points adjacent to Ireland, excluding the grid point over
Ireland, and M 1];’ (1) refers to the average HadCRUTS values over
the grid points above Ireland. The covariates NAO(f) and AO(¢)
are the NAO and AO indices at time ¢. In each case, the sub-
script R indicates that the long-term trend linked to the smooth
temperature anomalies, for example, H i(z) as seen in Figure 4,
has been removed. This ensures that the covariates are orthogo-
nal to the long-term mean temperature trend and represent SCV.
A subscript m indicates monthly values, whereas no subscript
m indicates that the average value over the winter months was
taken for each year. We also investigated monthly values of M {g’ ®)
and M 2(1). However, as compared to M IIe(t)’ their performance
was generally worse in each case, so we do not include them
for brevity. To simplify subsequent notation, we denote Z(¢) :=
{z;(t) 1 j=0,1,...,12}, where z,(1) = @, z,(1) = M{zym(z), and
SO on.

3 | Marginal Models

3.1 | Overview and Strategy

Let X, (¢, s) denote the negated observed minimum daily temper-
ature at time ¢ and site s during winter months, and let X (¢, s) be
the negated minimum daily temperature from the climate model
at time ¢ and site s. The subscripts o and ¢ are used through-
out, referring to observation and climate model processes, respec-
tively. Here t € N indexes winter days within and across years
and s € S C R?, where S denotes Ireland, with s correspond-
ing to the vector of latitude and longitude. We have data on
the two processes at S, C S and S, C S and at times 7, and 7,
respectively. Critically, for our analysis, since we are modelling
negated temperatures, higher quantiles correspond to colder
temperatures.

Environmetrics, 2026
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With several different sources of information on the extremal
temperature process, there is a range of possible ways to integrate
this information when modelling the process. Methodology for
the data fusion of spatiotemporal analysis of data from multiple
such sources has been developed widely in the context of statis-
tical downscaling, with examples in the extreme values context
such as Berrocal et al. (2010) and Cuba, Wilkie, et al. (2025). Much
of the focus of those methods is exclusively on modelling the
marginal distribution of the process at a given site, rather than the
full spatial dependence structure. Instead, we present our related
approach, which is largely motivated by the successful analysis of
extremal data in Healy, Tawn, et al. (2025), though we note that
a number of the discussion contributions of that paper, namely
by Cuba, Castro-Camilo, and Scott (2025) and Castillo-Mateo
et al. (2025), identify strong parallels between our methodology
and statistical downscaling. A further reason we do not follow a
stronger data fusion approach for this particular data analysis is
that we find that our other proxy data source, for example, climate
model outputs, does not provide a good description for extremely
cold winter temperature behavior; see Section 3.2.3.

We model the marginal distribution function F,, of X,(t, s), to
vary smoothly over (¢, s) € 7 X S using a threshold-based model,
determined by a spatially varying threshold, denoted by u,(s).
This threshold is selected such that the probability of exceeding
it for any (¢, s) is small, so values that exceed the threshold are
deemed to be extreme. We separately model the behavior of the
nonextremal temperatures below a threshold, denoted as the bulk
model, and the extremal temperatures above, denoted as the tail
model. The combined model of the entire distribution is then con-
structed to ensure a continuous transition from the bulk to the tail
model for all (¢, s). Specifically, we take

Fg(y;t,s) if y < u,(s)
F(y;1,8) = Fpu,(s);t,s) + [1 — Fp(u,(s);1,5)]
Fr(y —u,(s);t,s) if y > u,(s),
ey

where Fp is a spatiotemporal distributional model for the full dis-
tribution, but which we only use for the bulk, that is, up to a
spatial threshold u,(s) only, and the conditional distribution of
spatiotemporal excesses of X (¢, s) over u,(s) is given by F;.

As there is no theoretical basis for choosing any one paramet-
ric form for Fy and u,(s), we use a semi-parametric model
approach, which uses quantile regression, see Sections 3.2.1 and
3.2.2 respectively. In contrast, based on standard extreme value
asymptotic arguments, we take F, to be the generalized Pareto
distribution (GPD) (Davison and Smith 1990), which has distri-
bution function

Fr(y;0,8) =1-(1+¢&y/o), %, )

for y > 0, with a shape parameter £ € R and a scale parame-
ter ¢ > 0, with the notation x, = max(x, 0). This distribution is
denoted by a GPD (o, £), and has a heavy and unbounded upper
tail when & > 0, it is the exponential distribution when & = 0, and
it has a finite upper bound to the distribution when & < 0. The
form of the distribution function when & = 0 is obtained by tak-
ing the limit as ¢ — 0. In Section 3.2.3, we present the covariate
formulations of the GPD that we explored.

As is implicit in formulation (1), an important aspect of our mod-
elling of the threshold is that we take it to be constant over time,
a choice that we justify in Section 3.2.2. To inform the mod-
elling stages for Fp and F;, we use the spatial covariates from
Section 2.2 and the temporal covariates from Section 2.3, which
capture both long- and short-term modes of climatic variability
acting over the study domain. Uncertainty quantification of the
modelling process for Fy and F; is handled via a bespoke boot-
strap method, presented in Section 6. That method is designed
to deal with the combination of highly temporally dependent
extremal data and the substantial missing nature of the data fea-
tures of the spatiotemporal station data.

3.2 | Marginal Data Analysis

3.21 | A Model for the Bulk of the Distribution

We describe a model for the bulk component of expression (1),
thatis, Fz(y; ¢, s). We do this by using a semi-parametric estimate
of the entire distribution function of X,(z, s), but which is only
used for F, below u,(s). We make this inference on F implic-
itly by estimating a range of spatially and temporally varying z-th
quantiles of X,(z, s), which we denote as ¢{”(z, ), for a grid of
T € {0.01,0.02, ...,0.99},forall € T and s € S. We achieve this
quantile regression through using the asymmetric Laplacian dis-
tribution (ALD), a distribution often applied in quantile regres-
sion (Youngman 2019), parametrized by a location parameter
(the r-quantile, ¢7(z, 5)), along with a scale, and an asymmetry
parameter. Following this step, to complete our model inference,
we use a cubic interpolation spline to give a continuous estimate
over 7, for each t and s. With this set-up, we have that our estimate
of Fy is obtained through the property that Fy(¢\”(1, 5);7,s) = 7
forall = € (0, 1).

We explored several potential linear model covariate formu-
lations for the location parameter function, q((f)(z, s), of the
ALD in our quantile estimation. We present these models in
Table 1, along with their corresponding RMSE values for a pair of
cross-validation metrics, namely spatiotemporal cross-validation
(ST-CV) and n-fold cross-validation (n-CV), which are detailed in
the Supporting Information, Section S2. Models a.-d. follow the
structure of the models considered by Healy, Tawn, et al. (2025).
Specifically, model a., can be considered as the base model where
a constant quantile is estimated over space and time for each z;
model b. includes the covariate for the smoothed temperature
anomalies over Ireland, M l(t), and hence allows for temporal
non-stationarity; model c., has the covariate being the empiri-
cal sample z-th quantiles of the climate model output, X,(s) at
the closest climate model grid point to each observed station,
allowing the quantile estimates to vary spatially; and model d.
includes both the covariates of models b., and c., allowing for both
spatial and temporal non-stationarity. Model e. is equivalent to
model d. with the addition of the coastal proximity covariate C(s),
which was not required for the bulk model of hot summer tem-
peratures. The RMSE values in Table 1 show that of the models
without SCV covariates, that is, models a.-e., show a progres-
sive steady improvement of fit over all these five models, with a
performance markedly improved when incorporating the coastal
proximity covariate C(s). Our novel inclusion of SCV covariates,
not considered by Healy, Tawn, et al. (2025), in models f.-h.
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TABLE1 | Cross-validation (RMSE) on the quantile regression analysis for the bulk of the distribution.

Model structure for (jﬁf)(t, s) ST-CV n-CV
a. . 2.019 2.028
b. 9+ BV HL (1) 1.991 2.028
c. B+ BV gD (s) 1.898 1.912
d. B+ AP0 (s) + BV HL (1) 1.864 1.891
e. 9+ 87O (s) + BV HL () + BV C(s) 1.764 1.756
f. B + BV q®(s) + B HL(0) + BV C(s) + BV H (1) 1.218 1.221
g B+ BV q0(s) + BV HL (1) + BV C(s) + BV AOR,,, (1) 1.451 1.446
h. B+ g (s) + AP HL() + BV C(s) + BTNAOR (1) 1.430 1.433

Note: Bold values indicate the lowest cross-validation RMSE.

Coeff. of qi(s) Coeff. of H.(t) Coeff. of C(s) Coeff, of L (1)
2.5
0.8 0 0.75
0.50 20
B106 BT N B B
0.25 1.5
0.4 -2
0.00 10
0.25 0.50 0.75 0.25 050 0.75 0.25 0.50 0.75 025 050 0.75
T T T T

FIGURE 6 | Estimates of bulk modelf. coefficients ﬂi’), ;’) ;T), and ﬁff) of g{(s) (corresponding climate output quantile), H; () (smoothed tem-
perature anomalies over Ireland), C(s) (coastal distance), and H ém(t) (short-term behavior of the temperature anomaly data, i.e., SCV) over a range
of quantiles 7. In each case, the shaded region indicates bootstrap-based pointwise 95% confidence intervals. Higher quantiles correspond to colder

temperatures.

makes further reductions in the RMSE cross-validation metrics are warming at a similar rate to the mean winter temperatures.
relative to model e. Namely, we explore the inclusion of H 11z NOX So, for the majority of quantiles in the bulk of the distribution,
AOg,, (1) and NAO, (1) in models .- h. respectively, with each of ~ this property holds. However, the effect of H (1) is strengthening

these covariates being constant for all 7 in the respective month m. at higher quantiles (r > 0.75), that is, /3;) decreased below —1,
In particular, a substantial improvement in RMSE is found with suggesting that extremely cold daily winter temperature events
the inclusion of H zlz,m(’)’ the residuals from the LOESS smooth- are warming at a faster rate than mean daily winter temperatures
ing of temperature anomalies during winter months over Ireland. over Ireland. The effect of coastal proximity increases almost lin-
Hence, we focus on model f. for the bulk of the distribution. early with quantiles 7, emphasizing that it becomes increasingly

important relative to the climate model covariate qf,’)(s), as we

The estimated p-coefficients of model f. are shown in Figure 6, move to colder events. Finally, as estimates of ,Bff) are statistically
along with nominal 95% uncertainty intervals based on 200 significantly different from 0 over z, this shows that large-scale
spatiotemporal bootstrap samples described in Section 6. The oscillations are useful for explaining the daily minimum temper-
estimates of ﬂiﬂ show that the climate model does not provide atures, even after the long-term trend and spatial features have
a perfect description of the station data, as the estimates differ ~ been accounted for. As By is largest for 7 > 0.8, this covariate’s
significantly from 1 and change with 7. This suggests that the ~ importance is strongest for extremely cold days.

chosen climate model output is not sufficient in and of itself in

representing daily winter minima. However, the climate model

is still informative here, especially for central quantiles (ie, 322 | Threshold Selection and Exceedance

0.4 < 7 < 0.6), where it is closest to 1. The climate model covari-  ppgbabilities

ate appears to become less informative towards the extremes of

the process as we see the effect of the g7 falling off at both tails  Before setting out our model and inference process for the thresh-
of the distribution, particularly for = > 0.8 corresponding to the  old, first we explain our choice of the threshold taken to be con-
coldest 20% of daily minimum temperatures. For the majority stant over time, that is, as u,(s) in formulation (1). There are a
of the bulk of the distribution, we see that ﬁy) ~ —1. Since we range of reasons we adopt this strategy, theoretical and empirical,
are modelling negated winter minima, X,(z,s), a coefficient  with much of these discussed in detail in our companion paper on
value of —1 indicates that extremely cold winter temperatures extremely hot summer temperatures (Healy, Tawn, et al. 2025).
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FIGURE7 | Estimates of the negated threshold uif)(s) for r € S, with values in °C: (left to right) = = 0.95,0.96,0.97.
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FIGURES8 | Spatially averaged exceedance probabilities Aff)(t) of the threshold for 7 from 1950 to 2022 averaged over S for = = 0.96: for low (left),
median (center), and high (right) phases of SCV. The shaded regions indicate bootstrap-based pointwise 96% confidence intervals for A(o’)(t).

They argued that if long-term trends (the focus of the analysis)
are small relative to natural variability in the data, it is inappro-
priate to let a subjectively chosen threshold vary over time or with
temporal covariates, because doing so could bias the inference of
key parameters of the extreme value model.

In our context, this implies that we have to consider both

i. long-term trends (identified in Sections 2.3.2), and

ii. substantial year-to-year variability in cold winter tempera-
tures (identified in Section 2.3.3), relative to the daily winter
variability.

To investigate the evidence for features (i) and (ii), we adopt a 96%
marginal threshold at each site and identify extreme temperature
days as the exceedances of this level. We examine the temporal
occurrence rates of these exceedances across all sites and 73 years
of data. The winter of 2009/10 had a disproportionately large per-
centage of extreme events, with ~ 17% of exceedances occurring
in that winter. However, other than that, winter exceedances are
relatively evenly spread across space and time. These findings
were repeated over a range of z-th quantiles, for = > 0.9. To alle-
viate the impact of the winter of 2009/10 on the estimation of
the threshold, we could use a different threshold estimate dur-
ing 2009/10 from other years. However, a step function in the
threshold for that winter greatly reduces the interpretability and
parsimony of our model. Instead, we consider it to be preferable
to keep the threshold constant over time and capture the rate of

threshold exceedance and the parameters of the excess distribu-
tion through the physically interpretable covariates described in
Sections 2.3.2 and 2.3.3.

To estimate the threshold u,(s), we use spatial z-th quantile
regression using the ALD approach as detailed in Section 3.2.1.
For the z-th quantile at site s for X (z, s) we use the threshold
formulation:

uD(s) = 7 + pPq(s) + BV C(s), 3)

which is equivalent to our chosen model f. (in Table 1), simply
without temporal covariates. Our primary analysis is performed
using the 7 = 0.96 quantile, motivated by exploratory analysis
using a shape parameter stability plot Coles (2001); however, we
also calculate results for = 0.95, 0.97 quantiles to assess the sen-
sitivity to threshold selection. Estimates of u{”)(s) using regres-
sion (3) for each = € {0.95,0.96,0.97} are given in Figure 7. This
figure shows that inland areas of Ireland experience colder win-
ter temperatures by 3-5°C than coastal regions, with the coastal
transition region decreasing in area with colder temperature
events, that is, as 7 increases, as identified in Figure 6 (panel 3).

We can now use our estimate of the bulk of the distribution
Fy(y;t,s) from Section 3.2.1 with our estimate u(”(s) of the
threshold u,(s), based on a particular choice of 7, to give an
estimated threshold exceedance probability

A0, s) =1 - Fpu{P(s);1,9).
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To illustrate the temporal changes in the threshold exceedance
rate, we plot the spatial average exceedance rate over Ireland,
that is,

IGES / W, s) ds/|S| fort € T,
SES

in Figure 8, where we show A("(¢) against time for the low,
median, and high phases of SCV separately, for = = 0.96. Thus,
if the process X, (, s) was stationary over time, A (r) = 0.04. The
estimates show a decreasing rate of daily minimum temperatures
colder than the threshold over the period 1950-2022, for each
phase of SCV, with these rates changing by a factor of at most 4
over the years. Critically, though, the phase of SCV is much more
influential on the rate, with changes by a factor of up to 10 in
the rate from lowest to highest SCV illustrative values. In partic-
ular, the nominal average rate of 0.04 is only achieved in 2022 in
conjunction with a high level of SCV, and in 1950 with a median
phase of SCV. For these estimates, pointwise nominal 96% con-
fidence intervals, based on our spatiotemporal bootstrap method
presented in Section 6, show a shrinking in uncertainty in the
estimates as time progresses. This is likely due to the approximate
binomial sampling distribution of the estimators. Consequently,
they have variances which are proportional to /lff)(t), which are
themselves decreasing due to the warming of cold winter temper-
atures. Critically, by the nature of the construction of our model,
this shrinkage does not reflect any changes in the number of
active station recording temperatures.

3.23 | Tail Model

Conditionally on X (¢, s) > u,(s), we are in the tail region of inter-
est, and model the threshold excesses X (¢, s) — u,(s). As outlined
in Section 3.1, for each site s € S, we model F;, the distribution
function of excesses of the threshold u,(s), as GPD (o, &) and con-
sider covariates for each of the parameters. Given our findings
for the bulk model for large z in Section 3.2.1, a key difference of
our approach, relative to that of Healy, Tawn, et al. (2025), is that
here the central focus is on incorporating covariates that reflect
the SCV effects.

It is typical in fitting the GPD to nonidentically distributed
environmental applications to take the shape parameter to be
constant over space and time due to difficulty in estimating
the parameter (Chavez-Demoulin and Davison 2005). Here, we
assess the evidence for this for both the observational and climate
model data. We explore if there is evidence that their respective
shape parameters £,(s) and &£,(s) are constant over space, that
is, if they are equal to unknown values £, and &, for all s € S
respectively. We do not explore temporal changes in these param-
eters due to the short duration of our sampling window and the
subtle and small changes in levels over this period relative to
other sources of variation. To perform such tests, we fit a GPD
model in which the scale and shape parameters vary by site under
the alternative hypothesis, whereas under the null, the respec-
tive shape parameters are constrained to be £, and &, across all
sites. We ignore temporal dependences in constructing a likeli-
hood and perform the likelihood ratio test for each site s € S,
and S, respectively. Results are presented for the observed data.
Specifically, we found that over 91% of sites had a Wald test statis-
tic below 0.05, with 95% of sites below 0.06, that is, well below

TABLE 2 | Groups of covariate model log-linear formulations for the
GPD scale parameter o, (1, s).

Group Model structure for logo,(t, s) for j =0, ...,13
AO ﬂO

A Po + Pro.(s)

A, bo + B,C(s)

B, Bo+ BM (1) + Bz, (1)

o Bo+ Broc(s) + B M (1) + f3z2,(1)

D; Bo + $16.(5) + B,C(s) + ps M (1) + f,z,;(1)
E, Bo + Br0.(s) + . M (1) + s M (1) C(s) + Pyz,(1)
F; ﬂo+ﬂ1C(s)+ﬁ2MI(f)+ﬁszj(t)

G, Bo + BLC(8) + oM (1) + psM ' (1)C(s) + f3z,(1)
H, By + BLMI (1) + B, MT(DC(5) + B2, (1)

Note: In each group, z;(¢) (for j > 0) represents all additional temporal covariates
to capture SCV, with the associated covariates being defined in Section 2.3.2.

the 3.84 critical value of a 95% test. Furthermore, there was no
clear spatial pattern in those sites with a test statistic higher than
0.05. Thus, we choose to keep a constant shape parameter. Using
the fit with &, gives us our final covariate, ,(s) for s € S,, for
modelling the scale parameter of X (¢, s). The covariates o,(s) for
the different thresholds we consider are given in the Supporting
Information, Section S3.

We now focus on investigating numerous choices of models for
o,(t, s). We present these models in eight different groups of for-
mulations, labelled A — H, each with variants labelled by a sub-
script, see Table 2. Models in groups A and B, — H,, are of the type
considered by Healy, Tawn, et al. (2025), whilst models B . — H,
for j =1, ...,13 are novel and address the property that Irish
winter minimum temperatures are highly variable and strongly
associated with large-scale climatic oscillations, as discussed in
Section 1, and so these models incorporate the SCV covariates
z;(#) defined in Section 2.3.4, where we consider the full set of
covariates Z(7), unlike the restricted set in the bulk model. Recall
that for each j, z;(¢) is constant for all 7 in a given month, or a
winter, depending on whether the covariate is indexed by m or
not, respectively. Our group A of models is a set of three tempo-
rally invariant “base” models which we include for comparison
against our proposed models; group B assumes spatial stationar-
ity but incorporates the smooth temporal mean trend; groups C
and D borrow spatial information from the climate model output
in addition to the features in group B, whereas D also explores a
coastal proximity effect; group E expands group D to additionally
explore the interaction between the coast and long-term tem-
poral trends; groups F and G do not borrow information from
the climate model output, instead they rely on coastal proximity
to describe all spatial non-stationarity; whilst group H has an
interaction in space and time but no main spatial term. This gives
94 models in total, all of which, along with their cross-validation
scores, can be seen in the Supporting Information, Section S4.

We use RMSE and CRPS jointly to identify the best-performing
models and most effective covariates. Following this, we use
CRPS to choose whether to take a given covariate on a monthly or
yearly scale. For the cross-validation metrics presented in Table 3
(and in Supporting Information Table S1), empirical quantiles
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TABLE 3 | Cross-validation metrics for a selection of GPD scale parameter models.
ST-CV n-CV
Model Parameterization of log (¢, 5) RMSE CRPS RMSE CRPS
A, Bo 1.224 0.885 1.354 0.945
A, bo + Pro.(s) 1.225 0.885 1.354 0.945
A, bo + BLC(s) 1.189 0.878 1.322 0.939
F, By + BC(s) + oM (1) 1.189 0.878 1.320 0.939
D, By + B16.(s) + B,C(s) + M (¥) + ﬂ4M,’{m(t) — 0.815 — 0.874
F, By + BLC(s) + BMI(r) + ﬁ3M]1{’m(t) — 0.816 — 0.874
G, By + BC(s) + B ML) + B MI(1)C(s) + ﬂ4MII{m(t) — 0.816 — 0.873

used for calculating RMSE were estimated on yearly blocks of
data for each site (in order to have sufficient data for estimating
reasonable empirical quantiles, as well as preserving temporal
non-stationarity). Therefore, we do not report RMSE associated
with models that have monthly non-stationarity as their interpre-
tation is not helpful. The CRPS does not require the specification
of an observation quantile to assess the model performance. Here,
we present results for group A, model F;, and highlight a handful
of the best competing models in Table 3 and discuss our broader
findings.

For base models, the incorporation of the climate-model-derived
covariate ¢,(s) in model A, yields no improvement over the spa-
tially stationary model A,. This is unexpected as this covari-
ate was found to be highly effective for extremely hot summer
temperatures (Healy, Tawn, et al. 2025) and the climate model
was informative for the bulk of the distribution. However, the
results in Figure 6 show that this finding is consistent with our
bulk distribution modelling of Fy. In particular, the coefficient
of the climate model covariate for quantiles decreases in size
as 7 increases, suggesting that the climate model does not cap-
ture well the most extreme cold events. In contrast, model A,
shows that the incorporation of the coastal proximity covari-
ate does provide an improved cross-validation score. Model F,
shows that, highly surprisingly, there is no improvement in fit by
including the long-term smoothed temperature anomalies over
Ireland, thatis, M’ (¢). However, as identified in Section 2.3, there
are complex temporal changes, such as the very cold winter of
2009/10, that may be obfuscating the long-term climate change
signal over 1950-2022, so here we additionally investigate the
effects of the SCV.

Model F; is our selected best choice using the criteria, but other
models perform well, producing very similar metrics, and so we
must discuss our choice. The best fitting models all favor using
HadCRUTS residuals, M é(t), as a covariate for explaining SCV,
with the CRPS metric indicating a preference for the monthly
covariate M l’{m(t) rather than the winter averaged M (). This
is somewhat unsurprising as all temperature-related monthly
average climatic forcings are encoded within HadCRUTS. Of
the other SCV covariates the following also performed well
{AOk,NAO, and, M }. Each of the best-performing models has
coastal proximity as a spatial covariate. This narrows the selec-
tion down to models D,, F;, and G,. Model D, can be ruled out
as it is simply F; with the additional covariate, o,(s), which was

not found to be informative when fitting model A,. We exclude
model G, as the added complexity of the spatiotemporal interac-
tion between C(s) and M’ (¢) was not justified, since the bootstrap
evaluated nominal 95% confidence interval for its coefficient con-
tained 0, despite a slight underestimation of its coverage. This
slight underestimation is shown to hold for all model parameters
in Section S6 of the Supporting Information. Hence, we subse-
quently refer to confidence intervals having a nominal coverage.
So we chose model F, for its parsimony, predictive and modelling
performance, and ease of interpretation.

Before we move on to examine the features of the model F;
fit, we first consider how the fit of F; and F, compare, that
is, the impact of the inclusion of the covariate M zlz,m(t)' Clearly,
both cross-validation scores improve with this SCV covariate’s
inclusion, but what is most telling is the change in the esti-
mate of the g, coefficient for M (¢) in the two models. Specif-
ically, §, and associated bootstrap-based nominal 95% confi-
dence intervals (negated to reflect the data transformation) are
—0.053 (—0.496,0.858) for F, and 0.372 (0.106,0.588) for F;.
Hence, model F, is estimating a cooling of extreme cold winter
temperature from changes in the scale parameter as the mean
temperature is warming, whereas model F; has the opposite
trend, that is, a warming. So, if we did not account for the jet
stream behaviors on the short-term behavior, we would esti-
mate that extremely cold winter temperatures were getting colder
rather than warming, as the better-fitting model suggests. There
are a few points to help clarify what is going on. Firstly, the confi-
dence intervals for /, from model F, are much wider than for the
corresponding estimate using model F;, and they include both
zero and the positive F; point estimate. The reason they are so
wide is that the SCV effect is so strong over this window, with
the winter of 2009/10 highly influential in producing a negative
trend with mean temperatures. By incorporating the zero-mean
covariate M I’z,m(t), which is orthogonal to M’ (¢), we can account
for winters like 2009/10. This results in a much more plausible
long-term trend estimate with increased certainty, that is, the ﬁz
confidence interval now excludes zero and negative values. So,
the impact of adding our novel SCV covariate has a profound
impact on our scientific conclusions about climate change in cold
winters over Ireland.

For our chosen model, F;, Figure 9 plots the estimated scale
parameter, 6,(¢,s) in 2022, and its estimated change between
1950 and 2022 of Vo,(s), for three different phases of the SCV
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FIGUREY9 | Estimates based on model F; of the GPD scale parameter in 2022 (top row) and the change in the scale parameter since 1950, Vo, (s)
(bottom row). Left to right panels correspond to low, median, and high phases of SCV, respectively.
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FIGURE 10 | Spatial and temporal pooled QQ-plots, on common exponential margins, of models with and without a climate oscillation covariate.

Model F, without SCV covariate (left), final chosen model F; with SCV covariate (right). Shaded regions on each plot give bootstrap-based pointwise

95% confidence intervals.

covariate M II{,m(t)' The key feature that this shows is seen from
the top row of plots, indicating a substantial change in variabil-
ity of the coldest temperatures, depending on the state of SCV,
with the scale parameter more than doubling as we move from
low to high SCV, indicating that the most extreme cold tempera-
tures will occur in a high phase of SCV. Secondly, the bottom row
shows that the scale parameter has reduced over the observed
time window for all sites and over all phases of SCV, indicating
that extreme cold temperatures have become less likely over the
time window, with the largest changes in the high phase of SCV,
adrop of 25% relative to 1950. Thirdly, there is evidence that both

the scale parameter and its change over time are smallest close to
the coast, highlighting the ocean’s regulatory effect.

To assess the absolute quality of the chosen model and the impact
of incorporating the best performing SCV covariate M zlz,m(t)’ we
present spatial and temporal pooled QQ-plots for models F; and
F, in Figure 10 along with bootstrap-derived pointwise 95% con-
fidence intervals. Through these respective fitted models, we
transform the data into a common exponential scale under the
assumption that the models are correct. The exponential scale
accentuates the upper tail of the negated data and highlights the
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model’s performance in capturing the extreme values. Respec-
tively, models F; (and F,) appear to fit the tail of cold temper-
atures very well (ineffectively) as the confidence intervals cover
(exclude) the line of equality in this region of the distribution.
These results reiterate that the incorporation of the SCV effect is
essential for explaining variations in extreme cold temperatures
over Ireland.

A further revealing feature from the comparison of models F;, and
F, is that the former has a heavier estimated tail (¢, = 0.011) than
the latter (rf,] = —0.079) and thus overestimates the heaviness of
the tail of the distribution giving no finite bound for how cold
temperatures can be, see Section 3.2.3. In contrast, by accounting
for key sources of variation in the extremely cold events, through
the SCV covariates, the estimated shape parameter for model
F, gives a more physically realistic finite lower bound for cold
temperatures.

4 | Spatial Dependence Models

4.1 | Nature of Spatial Extremal Dependence

To decide on our strategy for extremal dependence modelling
of the spatial data, we investigate the nature of the extremal
dependence of extreme minimum daily winter temperatures after
marginal standardization. To achieve such standardization, the
marginal distributions are transformed so that they have an iden-
tical distribution over covariates to facilitate a fair investigation
of the extremal dependence. Specifically, we transform the data
to uniform margins using the probability integral transform, and
following this, to standard Pareto margins via

1
1-F,(X,@ 5)t,s)

XP@,s) = , foralls € S, andallt €7,

C))
where F,(-;t,s) is given by formulation (1) with the compo-
nents of this form given by the covariate models structures
of Section 3.2. Coles et al. (1999) presents two measures of
extremal dependence, y and ¥, to determine the level of bivari-
ate dependence between variables exhibiting asymptotic depen-
dence and asymptotic independence, respectively. In particular,
in the spatial context, for the process {Xo”(t, s):(t,s)eT xS},

if the process is stationary over 7 this measure of dependence for
the process at sites s, and s, in S is given by y = y”(s;, s;) which
is defined for allr € T, by

x(s;585) = lim 7, (s;, ), where y,(s;, s;)

=Pr{X (ts) > v|X](t,5) > v} 5

Here y measures the pairwise coefficient of asymptotic depen-
dence between sites s; and s;. The value of y (0 < y < 1) deter-
mines the degree of asymptotic dependence, with y increasing as
asymptotic dependence strengthens. The value of y is best esti-
mated by using empirical estimates of y, for increasingly large v.
If y =0, then process X f is asymptotically independent at this
pair of sites, with the nature of the nonlimiting dependence best
studied by using an empirical estimate y, of y.

Figure 11 presents empirical estimates of y, plotted against the
distance between sites for all pairs of sites for the observational
data, for three values of v = v, with v, the p-th marginal quan-
tile with p = 0.85,0.9,0.95. Here, estimates from separate pairs
of sites are averaged over sites with similar inter-site distances.
Naturally, y, is decreasing with distance, but even for the longest
separations between sites over the island, the magnitude of y,, is
far from zero, and the level of dependence at the furthest ranges
is not much reduced relative to those at the shortest. This finding
is a consequence of solar insolation being at its lowest in Ireland
during winter months, and so factors such as clouds tend to have
much lower local impact, leading to large-scale spatial and tem-
poral events (Liou 2002). Although there is a reduction of y, with
increasing p, the change is minimal relative to how different the
estimates are from zero. It could be viewed that these quantiles
are not that extreme, but recall they are quantiles for winter daily
minima, meaning that p = 0.95 corresponds to 4.5 events on aver-
age per year, with any higher quantile leading to highly variable
empirical estimates.

Although Figure 11 is broadly supportive of the data being from
a process which exhibits asymptotic dependence, formally, this
figure only shows that asymptotic dependence is consistent with
the data (averaged over stations with similar separation dis-
tances) for pairs of stations. Following the discussion contribu-
tion by Huser (2025) of Healy, Tawn, et al. (2025), here we explore

1.00 1.00
0.75 p 0.75
0.85
Ay, 0.50 M 7,0.50
- 09
0.25 095 025
0.00 0.00
100 200 300 0 100 200 300 400
Distance (km) Distance (km)
FIGURE11 | (Left) Empirical estimates of Zo, plotted against inter-site distance for standardized observational data, for p-th marginal quantile v,

where p = 0.85, 0.9 and 0.95. (Right) r-Pareto process parametric estimate of )(f against inter-site distance 4 with dark line displaying the value using

a Matérn variogram when fitted above an 80% risk threshold, with grey region showing pointwise 95% confidence intervals, capturing both marginal

and extremal dependence bootstrap uncertainties.
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the evidence for the temperature process being asymptotically
dependent for higher order structures, that is, dimension d > 3.
To get a sense of this higher order extremal dependence structure
of the data, following the approach of Huser (2025), we consider
the level of asymptotic dependence for a set of d stations, denoted
by D,, where D, C S,. We estimate the extension of y to this set
of variables, denoted by yp, (p), over a range of percentile levels
p, Where

Xp,(p) = Pr{F,(X,(1,8;);t,8)) > p : j€ Dyt €T}/(1 - p),

for extremal events being when p increases towards 1. As our
dataset exhibits large amounts of missing data, this prevents a
reliable analysis of the entire network. Instead, we focus on esti-
mating y;, (p) on the four and eight longest running stations, that
is, d = 4 and 8. The locations of these two sets of stations are
shown in Figure 12 (left). The empirical estimates of Xp,(P)s and
associated 95% confidence intervals, for both choices of D, are
given in Figure 12 (right). These estimates show that the level of
extremal dependence among the sites decreases, as p increases
to near 1, corresponding to a marginal event occurring 1.8 days
on average per year. Also, as D, C Dg we have yp, (p) < xp, (p) for
all p € (0,1). The estimates for d = 4 (and d = 8) provide nonzero
(near-zero) levels of asymptotic dependence, respectively, but at
the 80% percentile, there is still evidence of a reasonable level
of dependence. These findings are not inconsistent with those
of Huser (2025) for the higher-order dependence structure of
extreme hot summer temperatures over Ireland. In common with
the modelling assumption made for extremely hot summer tem-
peratures over the island in Healy, Tawn, et al. (2025), we believe
that our exploratory data analysis suggests that the assumption of
spatial stationarity and asymptotic dependence in the minimum
daily winter temperatures over Ireland is a reasonable first-level
approximation, and it is one that we take in the remainder of
the paper with a model that explicitly assumes that this property
holds.

A potential weakness in making the assumptions of stationar-
ity is that it would not be too surprising to find that stations on
the coast have a weaker extremal dependence with other stations
than inter-site distance would imply, and they may possibly be
asymptotically independent of more inland sites. In fact, in the
marginal analyses, we found that the coastal covariate C(s) was

X fe)
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X
X 2 0.4 1
® XDd(p) -
&
0.2
X
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®
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important to our analysis. Neither the Huser (2025) sub-regional
analysis, nor our analyses here, explored this feature. Figure 12
(right) showed weak asymptotic dependence over the d = 8, but
the left panel of this plot shows that the majority of these sites
were coastal, as the longest running stations have a bias in their
location, since they were typically sited on the coast to reflect the
historic needs of offshore weather forecasting rather than for our
interests in systematic temperature data analysis.

4.2 | r-Pareto Process

Based on the evidence detailed in Section 4.1, we make the
assumption that the process is asymptotically dependent over all
sites. We follow Dombry and Ribatet (2015), de Fondeville and
Davison (2018) and Healy, Tawn, et al. (2025) in modelling the
extremal spatial behavior of the marginally standardized process
X (f (t,s) over s € S by an r-Pareto process. Key to doing this is to
identify which events are extreme by defining a risk function r,

r(XP) :=r{XF(s) 1 s € S} €10, 00), (6)

which provides an ordering to levels of extremity of spatial obser-
vations. Here » must be homogeneous of order 1, that is, r(cx) =
cr(x) for any constant ¢ > 0 and with min(x) > 0. Under weak
conditions on the process X f , we have that

Priv'XfP(s:seS) e |r{X\(s:s€S)} >
—>Pr{Yf(s:seS) e}, @)

as v — oo, where Y"(s : s € S) is marginally nondegenerate in
any margins. Here, Yr” is called the r-Pareto process. If limit (7)
is a good approximation for large v, then those spatial events
with a risk function exceeding v will be well-approximated by
an r-Pareto process. Crucially, YrP can be decomposed into two
independent stochastic components as follows:

YP(s)= RW(s) forall s € S, 8)

where R is a Pareto(1) distributed random variable and can be
interpreted as the risk of the process, and {W(s) : s € S} is
a stochastic process which describes the spatial profile of the
extreme event, that is, the proportion of the risk at each site. By

0.6 0.7 0.8 0.9 1.0
p

FIGURE 12 | (Left) Map of Ireland with the longest running 4 and 8 station gauges marked as o and X respectively. (Right) Empirical estimates
and bootstrap-based 95% confidence intervals of y,, (p) for the d = 4,8, for the stations shown in the left panel, and with corresponding symbols.
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construction, we have that R =r(Y (s : s €S)) and r(W (s :
s € S)) = 1. The factorization of expression (8) into a magnitude
term R and the spatial profile W of the extremal dependence
structure enables the separate inference of the unknown W pro-
cess from R with a known magnitude distribution. This indepen-
dence of R and W, coupled with a known distribution for R, is
powerful as it allows extrapolation to events larger than those pre-
viously observed.

By the decomposition of the r-Pareto process, given by expres-
sion (8), the spatial dependence structure of Y is therefore
determined by the properties of the spatial process W. Follow-
ing de Fondeville and Davison (2018) and Palacios-Rodriguez
etal. (2020), we choose to model W using a log-Gaussian stochas-
tic process that is stationary and isotropic over time and space
with a parametric variogram. This choice of a semi-parametric
spatial process for W affords great flexibility in the structure of
extremal dependence that can be achieved within the class of
asymptotic dependent processes. As with de Fondeville and Davi-
son (2018), we take the variogram y to be determined by the
Matérn variogram family, that is,

y(h) = a{ 1= @Vvh/$r 2 T K@Y/ | )

for inter-site distance i > 0, with K, being a modified Bessel
function of the second kind, and the parameters (a, ¢, v) € R3,
used to determine respectively the variance, range, and smooth-
ness of W (Banerjee et al. 2014), but which indirectly determine
similar dependence features of X, (t, s) over s.

Next, we consider the choice of risk function r, which, together
with a level v, combines to identify which spatial events are
deemed sufficiently extreme for us to fit the limiting r-Pareto pro-
cess. In particular, r gives the functional form of spatial events
and v the minimum size of this functional. If we are interested in
any spatial extreme event A, then we can estimate its probability
using the r-Pareto processif A C {XFP(s € S,) : r(XF(s € S,)) >
v}, that is, at the observational stations, the event, A, has a risk,
r, greater than v. The risk function can take any form provided it
satisfies the properties set out in formulation (6). As any homo-
geneous function can be taken from a mathematical perspective,
we need to make a selection based on a principled basis, and
one that can be determined from observational data. The latter
point restricts r to be a function only of the sites S, The typical
approach that has been proposed is to use the spatial average over
the observation sites, that is, s € S,, but other choices have been
considered, such as the spatial maximum (i.e., spatial minimum
in the original scale for our data, leading to a generalized Pareto
process (Buishand et al. 2008)), the &-norm over the observed
sites, where & is the estimated marginal shape parameter when
it is common over sites (Zhong et al. 2025), spatial quantiles, or
other physically motivated summaries (de Fondeville and Davi-
son 2018). Our preference is to take the spatial average for the
following set of reasons:

i. the r-Pareto process decomposition (8) involves indepen-
dent radial and angular variables, and, in particular, restrict-
ing R > u > v in any simulation of such a process ensures
the risk of each simulation exceeds u;

ii. the choice parallels equivalent threshold choices in multi-
variate extreme values (Coles and Tawn 1994);

iii. the choice involves the process at all sites equally; and

iv. the simple adaptation of the risk function for situations with
missing data, see below.

In considering the choice of r, it is important to realize that this
function is for data transformed onto Pareto marginal scales,
which have very heavy tails and hence the average tends to be
dominated by the largest component. So on the original marginal
scales, the set of events that exceed the spatial average risk is, in
practice, very similar to the events with a risk based on the spa-
tial maxima, with Zhong et al. (2025) finding little sensitivity to
results across differ forms for r. So, for non-missing data prob-
lems, the choice of risk function is not very important in prac-
tice. However, due to the volume of missing data, as described in
Section 2.1, we need to consider a risk function that is appropri-
ate when any spatial observation can have an arbitrary number
of sites with missing data. We follow Healy, Tawn, et al. (2025) in
using the average over the observed station data for each ¢, that
is, with the associated risk function being

1Sol 3P
SXP(,s)1,(15)
r(X[ws)is€S,) = Fr————,  (10)
,-=01 Io(t,si)

where I,(t,s,) is the indicator variable for whether X (¢, s;) is
observed or not. We make the assumption that the limit in expres-
sion (7) holds exactly above a given value of v, and take this v to
be the 80th percentile of {r, : t € T,}.

Using the software of de Fondeville and Davison (2018) we found
difficulty in estimating the parameters (¢, v) using maximum
likelihood inference: for the latter we followed the strategy of Ip
and Li (2017) and restricted v to a grid of 25 values between 0.01
and 0.8, giving ¥ = 0.1; with ¢3 = 142km. We found a reliable
inference for a, with & and its bootstrapped 95% intervals found
tobe 2.63 (2.53,3.00). Figure 11 shows the parametric estimate of
 from using the fitted r-Pareto process with Matérn variogram
as well as the associated pointwise 95% confidence intervals
based on 200 spatiotemporal bootstrap samples. The comparison
with the empirical estimates over a range of high thresh-
olds shows a good fit to the data, suggesting that the r-Pareto
process is capturing the spatially varying level of asymptotic
dependence well.

5 | Results

5.1 | Marginal Return Level Results

We present a range of marginal summaries of how daily mini-
mum winter temperature extreme events in Ireland are chang-
ing over the period 1950-2022, and in particular how these fea-
tures change in relation to the three phases of SCV. That is, the
covariate summarizes M;O!';‘I )(z), Mﬁg'j")(z), and Mfg;:")(t). We
also investigate the sensitivity of our return level estimates to the
threshold choice made in Section 3.2.2. These results combine the
effects of the different covariate relationships on each aspect of

16 of 26

Environmetrics, 2026

85U8017 SUOWILIOD BAIEa.D 3|t jdde auy Aq peusenob afe ssjole VO ‘88N JO Se|ni o} Afeiq1T8UlUO 48]/ UO (SUOIPUOD-PUB-SWLBYW0 A8 | 1M ARIq 1 U1 [UO//:SANY) SUORIPUOD pue S | 84} 885 *[9202/20/0T] Uo AriqiTauljuo A8 (1M ‘Uioouke N puepl JO AVsieAlun uolieN Ad ZTTOL AUS/Z00T OT/I0P/Wo A8 | 1M Aeiq Ul |uoy//Sdny wouy pepeojumod ‘S ‘9202 ‘XS60660T



the marginal model, that is, the threshold function, the rate of
exceedances of that threshold, and the GPD parameters.

First, consider how return levels vary with the novel covariate
SCV. Figure 13 presents estimates of the 100-year return level in
the context of the year 2022 for the three different phases of SCV
based on our selected best-fitting model F;. These conditional
100-year return levels (i.e., an event with occurrence probability
1/(100 x 90.25) on a given day) are presented for each phase of
SCV. Figure 13 also shows the half the width of the 95% confi-
dence interval for these return level estimates, with these values
being derived from 200 spatiotemporal bootstrap samples, see
Section 6. Across the low to high phases of SCV, these results
show that there is a clear and statistically significant decrease
in extreme cold winter temperatures with greater uncertainty in
estimates of the coldest events. In particular, return levels are
found to be in the ranges —8.9°C to —2.7°C, —10.9°C to —3.9°C, and
—14.6°C to —6.8°C over Ireland for the respective low, medium
and high SCV covariates. Suggested rewording: Inland sites expe-
rience more extreme cold and higher uncertainty in their return
levels than coastal ones, irrespective of the phase of SCV.

Figure 14 shows similar information to Figure 13, but here for
the estimated change in the 100-year level from 1950 through to
2022, with positive values in the differences, which occur in all
panels, representing a warming of the coldest winter tempera-
tures over this time period. The warming of these extremely cold
winter temperatures changes substantially with the SCV phase,
with the largest change being in the high SCV phase, with an
estimated increase of 2.9-4°C over the island. This suggests that
climatic conditions that would typically result in very cold tem-
peratures in Ireland are now resulting in much warmer temper-
atures. This aligns with the findings of Christiansen et al. (2018),
which suggest that the winter of 2009/10 was much milder than

Low SCV Median SCV

High SCV

would have been historically expected given the climatic con-
ditions at the time. The lowest estimated warming, in the low
phase of SCV, corresponds to an increase of 1.9-2.7°C over the
island. However, even that increase is substantially larger than
the approx 0.8-1°C change of mean temperature levels over the
island over the same period, that is, the change in M (¢) shown in
Figure 4. Half widths of the 95% confidence intervals of the differ-
ences in return levels also increase with SCV phase, so the largest
warming estimates are also the most uncertain. So some caution
isrequired in over-interpreting these changes, but it does suggest
that the effect of the phase of SCV on the warming of extremely
cold winter temperatures needs to be much more widely inves-
tigated globally. These findings strongly reiterate that climate
change is more radically affecting extreme temperatures than
mean temperatures. Interestingly, the warming found here for
winter 100-year cold temperatures is greater than the correspond-
ing increase for summer 100-year hot temperatures over a similar
period (1942-2020), with Healy, Tawn, et al. (2025) estimating
that tobe 1.2-2.2°C. This indicates that winter extreme minimum
temperatures are warming faster than summer extreme maxi-
mum temperatures, corroborating Ireland’s reflection of global
trends (IPCC 2021). Finally, irrespective of SCV phase, Figure 14
shows that the largest warming in winter extreme cold tempera-
tures occurs inland.

Figure 15 presents the difference between the estimated 100-year
levels for the median SCV covariate, derived using our chosen
threshold, u(®(s) for percentile ¢ = 0.96, with corresponding esti-
mates for = 0.95 and 0.97. These estimates show that the return
level increases vary slightly with increasing z, with the differ-
ences much smaller than the half-width of the 95% confidence
interval of the differences in return levels shown in Figure 14.
This shows that there is much less sensitivity to a sensible range of
threshold choices relative to the sampling-based uncertainty for

Low SCV Median SCV High SCV

225
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1.25

FIGURE 13 | (Left) Estimated 100-year marginal return level in 2022 and (Right) half the width of the 95% confidence interval of 100-year return

level in 2022: shown for (left-right) low, median, and high phases of SCV.
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FIGURE 14 | (Left) Estimated change in 100-year marginal return level over the period 1950-2022 for (left-right) low, median, and high phases of
SCV, with a positive change showing a warming of the coldest winter temperatures and (Right) half the width of the 95% confidence interval change in
100-year return level according to model F; shown for (left-right) low, median, and high phases of SCV.
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FIGURE 15 | The difference in the 100-year return level during the
median phase of SCV in 2022 between model F; fit to exceedances above
the chosen threshold of 4“°®(s) and to exceedances above both a lower
threshold of u®%(s) (left) and higher threshold of u®7(s) (right).

a given threshold, indicating that our specific choice of threshold
is not an important factor in determining our findings.

5.2 | Extreme Spatial Event Results

We now summarize temporal non-stationarities over the period
1950-2022 in the spatial context, showing how the estimated
time evolution of the marginal distributions, F,(-;t, s), over s €
S, affects the characteristics of winter extreme cold tempera-
tures over Ireland. To derive the various characteristics of spatial
extreme events, we first generate a database of spatial extreme
simulation events from the r-Pareto process, on Pareto margins,
and then back transform to the data scale using the inverse of
expression (4). Secondly, we present empirically estimated spa-
tial risk measures using these simulations. The specific details
of the first step are straightforward since our model has that the
extremal spatial dependence structure is invariant to time, so we
can generate identical r-Pareto process spatial events and then
transform these to the original marginals corresponding to any
specific time, and any phase of SCV using our selected marginal
model. The r-Pareto process simulations are generated using the
R package mvPot (de Fondeville et al. 2021), which exploits the
decomposition in (8). Point estimates of the spatial risk sum-
maries are based on 100,000 simulations for each phase of SCV.
Uncertainties are based on 10,000 simulations for each r-Pareto
process, transformed to the original marginal distributions, fit-
ted with marginal and spatial dependence models, to each of the
200 spatiotemporal bootstrap datasets, totaling an additional two
million simulations for each phase of SCV.

We are interested in making inferences about spatial events of
the observational process that are more extreme than a critical
temperature of T°C somewhere over the observed stations in Ire-
land at time 7. We denote these events by 4, s (T), which we can
express mathematically in terms of events for the r-Pareto process
of the form

A,s(T)
={X’@t,5).5€S,:3s,€S,with X (t,s,)>T"@t,s,)},
(11)

with TP(t,s) being the mapping of T°C through the
transformation (4) at time ¢ and for site s. Recall that we are

modelling negated minimum daily temperatures, so the set
A, s(T) in (11) corresponds to extremely cold temperatures. To
estimate Pr {4, ¢(T)} brute force Monte Carlo is highly inef-
ficient, and we follow the importance sampling procedure of
Healy, Tawn, et al. (2025), which has a scaling factor by, which
we explain below. Mathematical justification for our estimate
Pr,,,{ A, s(T)} is given by Healy, Tawn, et al. (2025). Specifically,

Pr,,,, {45 ()}

1 yy 1{3s,e8 : rPh, > o) T?
= Sy € LT > t,s 5
brgmL Z Z 05 20 - T, (7 So)

(12)

where m = 10, 000 is the number of simulated fields, with the i-th
field denoted by yl.P , each with corresponding cost r;, and {rf iJj=
1, ..., L} are realizations of independent and identically dis-
tributed unit Pareto variables, and L is the number of importance
sampled events per simulated field, which we take to be 300. The
optimal value of the scaling factor by, is selected to ensure that at
least one of the importance sampled realizations, per simulated
field, falls in the set A, 5 (T) of interest, that is, achieves at least
the temperature T°C soomewhere in S, in year t. Healy, Tawn,
etal.(2025) derives that by, = min,cs {T7(1, 5)/@,(s)}, where
@,,(8) is the largest (rescaled) contribution at site s among the
m independent simulations of the spatial field W (s) (as defined
in expression (8)), that is, wy,(s) = max,_, , {y"(s)/r;}. Esti-
mates, and associated pointwise 95% bootstrap confidence inter-
vals of Pr {A,,S(T)} for a range of extremal temperatures T €
[—20, —5]°C for the years 1950 and 2022 and for different phases
of SCV are given in Figure 16. These estimates, where probabil-
ity is presented on a return period scale, show that the changes
in return period for the occurrence over the island of any criti-
cal cold temperature 7°C vary as much, or more, over SCV than
across the time window.

There has been very limited previous analysis of the spatial behav-
ior of extremely cold events over Ireland. One exception is an
empirical study of Rohan (1986), who stated that a temperature
of —10°C is an extremely cold temperature in Ireland and is in the
coldest 1% of daily minima temperatures. Our model-based esti-
mates in Figure 16 enable us to provide a more detailed investiga-
tion into the conclusion of Rohan (1986). According to our model,
over the 1950-2022 period, the return period of a spatial event
A, 5 (=10) has increased from a 1 in 0.2-year to a 1 in 0.7-year
event in high phases of SCV, from a 1 in 1.4-year toa 1 in 12-year
event for median phase, and a 1 in 5-year to a 1 in 70-year event
for the low phase. As Figure 16 illustrates, our model enables us to
consider the return period of events of any level of extremity, that
is, well beyond the potential of empirical evidence. For example,
if we consider the coldest temperature in the Republic of Ire-
land during the study period, observed in the winter of 2009/10,
which was —17.5°C on the 25th of December 2010 in Co. Mayo,
the spatial event 4, ¢ (—17.5) has changed over the period 1950
to 2022 from approximately a 1 in 10-year to a 1 in 370-year event
during a high phase of SCV. Regarding the coldest temperature
in recorded history in Ireland of —19.4°C recorded at Omagh,
Co. Tyrone on the 23rd of January 1881 (Hickey 2011), the spa-
tial event 4, ¢ (—=19.4) correspondingly changes from beinga 1 in
38-year to a 1 in 3,700-year event for the high phase of SCV. Note
that the pointwise 95% confidence intervals, given in Figure 16,
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Return period (on the x-axis) of the event A, ;(T'), corresponding to an extreme temperature exceeding 7°C occurs somewhere on the

Irish station network S, : for low, median, and high SCV phases (left-right). Blue dashed (solid orange) lines correspond to t = 2022 (1950), respectively.

Shaded regions show corresponding pointwise 95% confidence intervals.
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FIGURE17 | Estimates of the expected proportion, E(Cy;1,S,), of Ireland colder than T°C for a range of T according to model F, during each level

of SCV for low, median, and high levels of SCV (left to right, respectively)

in 1950 (solid, orange line) and 2022 (dashed, blue line). Confidence intervals

are based on 10, 000 simulations for each 200 bootstrap sample dataset and each level of SCV.

become increasingly wide as T decreases, and that this coldest
observed temperature is not in our dataset, which starts in 1950.
So the precise values of the estimated return periods should be
used with caution; the fact that they are changing so substantially
should not be taken lightly, as they have major implications for
society.

Finally, in Figure 17 we present estimates of the expected value of
the proportion, Cy, of the observation station network over Ire-
land which are colder than 7°C on any given day, conditionally on
being in each of the three SCV phases and in the years 1950 and
2022. Specifically, the expected proportion of stations is denoted
by E(Cr;t,S,) in year t, where

15,1
E(Cp:1,S,) = E< |;a| ;I{Xa(t, 5) > T})

1S, |

Y Pr(x, (1) > T, (13)
i=1

A

where I(B) is the indicator function of event B; recall the data
are negated. For this functional, the spatial dependence does not

influence the point estimates, but it does affect their associated
confidence intervals. Over the study period, Figure 17 shows that
the relative change in expected proportion of the observation sta-
tion network exceeding an extreme temperature 7°C decreases
with increasingly extreme cold temperatures. It also shows that
for T = —10°C, estimates of E(Cyr;t, S,) have decreased by a fac-
tor of 17.2, 10.2, and 4.68 in phases of low, median, and high
SCV. Further analysis (presented in the Supporting Informa-
tion Section S5) investigates spatial extremal behavior through
a data-scale measure of extremal dependence, which combines
temporal changes in the marginal distributions with the esti-
mated extremal dependence structure. These results indicate
that, while joint cold extremes have become less frequent over
time, their spatial footprint has also reduced since 1950.

6 | Spatial Temporal Bootstrapping Procedure

We rely on bootstrapping to characterize and propagate the
uncertainty in our modelling assumptions throughout the entire
analysis, from the marginal bulk and tail models to the
r-Pareto process inference and simulations. We found that the
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FIGURE 18 | (Left) Time series of the minimum temperature observed across all sites in Ireland for each day between 1950-2022, with declustered
event peak data highlighted in red. (Center and Right) Autocorrelation function of the minimum daily temperature recorded anywhere in Ireland and

for the declustered event peak data, respectively.

bootstrapping procedure used by Healy, Tawn, et al. (2025) was
not applicable to our winter dataset for two reasons. Firstly,
our dataset of extremely cold winter events presents substan-
tially stronger temporal dependence, with some extreme cold
events lasting over a month to possibly a winter season, which
their bootstrapping algorithm didn’t need to account for. Sec-
ondly, we found that temporal trends in cold winter extremes
were much more variable and more complex in terms of depen-
dence on climate indicators than for hot summer extremes due
to slow-moving atmospheric conditions (such as those caused by
prolonged negative phases of the NAO or AO). When using the
standard block bootstrap method, as formulated by Healy, Tawn,
et al. (2025), we found that periods such as winter 2009/10, which
contain a disproportionately large portion of extremal observa-
tions as seen in Figure 1, greatly affected extremal inference on
that bootstrapped dataset. This was because, in that bootstrap
method, the winter was incorrectly separated into a number of
presumed independent blocks (of equal length), and so it was
more likely to be resampled.

We use a novel customized bootstrapping algorithm designed
to preserve the complex spatial and short-term temporal depen-
dence in the process, while also matching missing data patterns
in the observational data. There are five steps to our method:

i. identify in time the peak of an event which is extremely cold
at some location in Ireland;

ii. around the peak times, partition all the observed data to con-
struct spatiotemporal blocks of data which capture the full
duration (onset, peak, and decay) of a cold temperature event
and its spatial footprint over Ireland;

iii. transform each of the temperatures over time and space in
each block to a uniform distribution scale to make them time
and covariate independent;

iv. resample the blocks of the partition independently from the
set of blocks of transformed data to construct a series of the
length of the observed data, with the resampling ensuring
a comparability with durations, missing data patterns, and
dependence structure for the observed data at that time; and

v. the blocks of transformed data are back-transformed to the
temperature scale using the covariates specific to the new
time period they have been moved to. Details of, and justi-
fication for, each of these steps are set out below.

To achieve step (i), we create the univariate time series of the
daily minimum temperature over all stations in Ireland, with
this series shown in Figure 18 (left). The cold winter of 2009/10
is clearly seen on this plot to produce a number of the cold-
est days over 1950-22 across Ireland. Figure 18 (center) illus-
trates that the constructed time series exhibits temporal depen-
dence, with nonnegligible autocorrelation persisting up to 10-15
days. To identify the peak time of an extremely cold event, we
iterate sequentially through the time series, selecting local min-
ima. If two local minima fall within 15 days of each other, we
keep the colder temperature value and continue until no two
local minima are within 15 days of each other, with this value
of the lag being motivated by our conclusions about approxi-
mate independence of the series based on Figure 18 (center). The
declustered event peak data are highlighted in red in Figure 18
(left), with the autocorrelation plot for these, given in Figure 18
(right), showing that these peak values are approximately inde-
pendent in time. The required times of the peaks of distinct
cold events are therefore set to be the dates of these declus-
tered event peaks. As a result of this process, we find 269 peak
events over the 73 years of data, that is, 3.7 peaks per year, with
three of the peaks being identified in the winter of 2009/10 as
the continuous cold period in that winter lasted longer than
other winters.

In step (ii), the series of declustered event peaks in Figure 18 (left)
are used to deterministically partition all of the spatiotemporal
daily minimum temperature data into distinct blocks, which have
the property that each block covers at least one cold tempera-
ture data value somewhere over Ireland. Critically, this avoids the
shortcomings of using the arbitrary fixed-length blocks approach
of Healy, Tawn, et al. (2025), which we have identified as failing
to work well. For each peak time, the associated block extends
halfway backwards (forwards) in time to the previous (next)
peak, respectively. Hence, blocks cover the full duration and
spatial footprint of the event; they have random durations, and
they have random numbers of spatial sites with data, as this
number will depend on the missing data pattern for that time
period. Although the spatial minimum value depends on the
number of stations with observed data at that time, we do not
expect the number of stations to vary much within a block, so
missing data should not cause any serious issues in the block
identification. The blocks are assumed to be independent in
time and capture the short-range temporal dependence in the
data, which reflects the potential for long-lasting cold periods
in winter.
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For the jth peak time, ¢ > We define the block start and end times
of the associated block by ¢~ and tﬁ’ , with tf <t < tj’ , then the j
block (1 < j < 269) constitutes the values

P ={X,(5): rf gtgrj.f,seso},

269
last dates in the dataset and the values with missing data being

ignored. In step (iii), we transform all variables over space and
time to be uniformly distributed, that is, the values in P, for j =
1,...,269,to

U _ 4L L _ L 3 L U H
and 1=t - 1,tj+1 = 1;; + 1, with#; and 7 being the firstand

U . 4L U
Pyi=1{X,ts): ¥ §t§tj,s650},

where XU (1, s) = F,{X,(t,5);1, s}, with F, given by our estimate
of distribution function (1) at time ¢ and site s. This transfor-
mation makes the values in each block independent of time and
covariates, but retains both spatial and temporal dependence of
the data around peak cold events.

For our bootstrap, we resample blocks from the partition. If
the marginal model was correct, the dependence structure was
invariant to covariates, and there was limited missing data, then
blocks could be sampled entirely at random. But due to the sub-
stantial volume of missing data, Healy, Tawn, et al. (2025) found
that some restrictions were needed to ensure that, after bootstrap-
ping the partition blocks, the missing pattern in the resulting
bootstrapped sample was close to that of the observed data. We
first applied the approach of Healy, Tawn, et al. (2025) but found
that this led to relatively few suitable choices available to resam-
ple, leading to little variation in the bootstrapped datasets.

To overcome the limitations of the previous method, we experi-
mented with a relaxed resampling algorithm for spatial missing
data pattern matching until we found a method that worked well.
Specifically, we accept a resampled block if it has data for a high
proportion of the sites in the block it was replacing, with at least
90% proportion being found to be reasonable for our needs. In
order to preserve the pattern of missing data in a block relative to
the block it is replacing, we discarded observations from sites in
the resampled block that are not in the block that it was replac-
ing. As block sizes are random, the bootstrapping must ensure
the same sequencing of the lengths of blocks is retained in the
bootstrap sample so that the overall lengths of samples match up
to the observed data for each winter. So, if the resampled block
was of a longer duration than the block being replaced, we ran-
domly choose a contiguous subset of the resampled block with
the required length. To address potential non-stationarity in the
spatial and temporal dependence structure, bootstrapped blocks
were resampled within a 5-year window of the original occur-
rence times.

Under the chosen marginal model, the values in the accepted
bootstrapped blocks are then transformed back to the data scale
to give the full bootstrap sample. To give a sufficient illustra-
tion of what this involves, without getting into the full complex-
ity of partitions of different lengths and the associated notation
that requires, consider here a partitioned block starting at time
th being bootstrapped to a start time of another block, num-
bered j* in the partition, with exactly the same length. Then

the back-transformed bootstrapped of block P; gives the boot-
strapped block ij,,, starting at time sz,,, of

b _ b _ -1 U.,b L L . . L U
ij_{Xg(t,s)—Fo [Xﬂ (t—tjb+tj,s),t,s] .tj,,gtsrjb}.

Thus, block j on uniform marginals is transformed back to the
original temperature marginal scale using the fitted marginal
model that corresponds to the time window for block j°.
Hence, this simulated block has the spatial and temporal
empirical dependence of partition block j and the marginal
behavior of partition block j°. Bootstrapping risks a nega-
tive bias in the shape parameter estimator due to resampled
observations in the upper-tail. The scale parameter estimate
is subsequently biased, given the negative correlation of the
GPD parameters. To avoid such issues, following Healy, Tawn,
et al. (2025), we perform a bootstrap error correction to account
for this.

In order to validate our novel spatiotemporal bootstrap proce-
dure, we perform a numerical analysis to assess the true cov-
erage probabilities of confidence intervals it produces in rela-
tion to their nominal coverage. Taking the true model parameter
values to be the estimates based on the observational data, we
generate 300 replicate synthetic datasets, reflecting the covari-
ate effects and spatiotemporal and missing-ness patterns present
in the observed dataset of daily winter minima temperatures
over Ireland. We perform our bootstrapping procedure 200 times
on each of these synthetic datasets, from which we analyze the
actual coverage of CIs with nominal {90,95,99}% coverage of
each of the GPD parameters, including covariate effects. The full
details of our simulation study can be found in Section S6 of the
Supporting Information. We found our bootstrap method slightly
underestimates the nominal coverage probabilities, for example,
for the nominal 95% bootstrapped CIs, we found 72%-89% cover-
age. The best performing CI in terms of coverage was for f,, the
coefficient linked to the inter-annual variation, that is, the key
parameter for our study.

7 | Conclusion and Discussion

The aim of our research was to identify and characterize
non-stationarities of extremely cold daily winter temperatures
in Ireland. Given the complex and variable nature of extreme
minimum winter temperatures, we emphasize the importance
of considering the climatic context (i.e., the atmospheric and
oceanic patterns) in which they occur. In particular, we explore
the relative importance of both long-term and shorter-scale
variations on climate over the period 1950-2022. Specifically, we
investigate how shifts in the jet stream’s behavior can lead to
the increased occurrence of extremely cold winter temperatures.
We have presented some novel candidate approaches to account
for large variations in cold extremes during different phases of
short-term, but large spatial-scale, climatic variability. These
short-term variations are observed over time scales ranging
from about a month to an entire winter season. From a range
of potential covariates for this behavior, we find that using the
HadCRUTS5 dataset, which combines land and sea surface mean
monthly temperature anomalies, best captures and represents
all climatic processes driving extremely cold temperatures.
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We have presented methods for characterizing and visualizing
climate risk associated with different phases of the short-term
climatic variability, in particular, by using the HadCRUTS5-based
covariate, H II{m(z), defined in Section 2.3.3. We have developed a
novel bootstrapping approach (used to account for uncertainty
throughout) to accommodate the stronger temporal dependence
and complex variability observed in extremely cold winter events,
as compared to hot summer events we have previously studied
in Healy, Tawn, et al. (2025), where we used a more standard
bootstrap procedure.

Our study reveals that, across Ireland, there has been a decrease
in the frequency and intensity of extremely cold temperatures
since 1950. Furthermore, the rate of warming of extreme mini-
mum temperatures is substantially greater than that of maximum
summer temperatures (Healy, Tawn, et al. 2025), or mean tem-
peratures, over Ireland. The rate of these changes varies, with
the smallest (largest) changes in coastal (inland) regions, respec-
tively. We identify a profound effect on the long-term trend
estimation from the short-term climatic variability, as this factor
explains a greater proportion of the variation in extreme cold
winter temperature over Ireland than is given by the long-term
trend. In particular, we found that if this covariate was ignored,
the trend would falsely be estimated to imply cold winter temper-
atures were getting colder, not warmer. We found that from 1950
to 2022, the occurrence rates of extremely cold winter temper-
atures have decreased for each phase of the short-term climate
variability covariate, with extreme quantiles increasing by 2-4°C,
over different phases. This type of deconstruction/attribution
of trends, climate signals into anthropogenic/thermodynamic
drivers is itself an important area of climate science. For example,
Fereday et al. (2018) studies such behavior for precipitation in
typical events using climate model data. There is also a growing
literature in extreme event modelling, with a recent review by
Smith (2025).

Unlike most other studies of climate change, which focus on
marginal changes, here we have also focused on making infer-
ences for the changes in spatial risk over time, combining both
marginal and dependence features. We found that spatial cold
extreme events are becoming less frequent and warmer over
time, with this change increasing at more extreme temperatures,
and is greatest for low phases of the short-term climatic vari-
ability. We have been able to quantify the change in the fre-
quency of spatial extreme events. For example, for the phase of
short-term climatic variability (which is most likely to result in
such cold temperatures), we estimate that the rate of some sta-
tions in Ireland experiencing a colder temperature than —19.4°C,
the coldest recorded temperature in Ireland, has changed from
a 1 in 38-year event in 1950 to a 1 in 3,700-year event
in 2022.

As with any substantive data analysis, there are always plenty of
options to take the modelling further. In particular, we see options
to do this in terms of capturing seasonality, marginal covariate
modelling, evidence that a more advanced type of spatial extreme
value model than currently exists may be required to better model
the data, that aspects of our r-Pareto modelling could be evolved,
and that the bootstrap procedure we proposed could be studied
systematically. These are considered below.

Our focus has been on extremely cold temperatures in Ireland
over the winter period, corresponding to December-February
inclusive. For this period, we were able to make a realistic
assumption that after accounting for the covariates we
have selected, the behavior of daily minimum temperatures
could be modelled as stationarity across these three months
across-and-within each year. However, 12% of the days when
the site-wise daily minimum temperature is in the coldest 1% of
all temperatures occur in March, that is, outside our selection
of three months to represent winter. We excluded March data
from our analysis as there was clear evidence that extreme cold
temperatures in March follow a different marginal behavior
than for the other winter months, even after accounting for
covariates. So, to capture the entire period of cold temperature
extreme events requires a model evolution from ours, which is
capable of incorporating additional seasonality features relative
to the monthly HadCRUTS5 covariates that we use. We leave this
task for future research.

In all the marginal tail fits throughout the paper, the short-term
climatic variability covariate has a coefficient that is constant over
space, for all the different forms of short-term climatic variabil-
ity covariate that we considered. Given that the spatial scale of
the covariate covers the whole of Ireland, we anticipated that it
should have a common effect on temperature over each station
in Ireland. However, to avoid making this assumption, we could
have explored the validity of this assumption by using methods
such as Gelfand et al. (2003) for this. It would be interesting to
see if this makes any practical difference to key findings in this
paper for any sub-region of Ireland.

Our exploratory analysis in Section 4.1 is suggestive that the
underlying temperature process may be more complex than
any spatial extreme value model that currently exists. Specifi-
cally, it appears from using standard diagnostic measures (Coles
et al. 1999) that asymptotic dependence is applicable up to some
dimension, but asymptotic independence seems to be a bet-
ter description for higher order dimensions. However, this is
not feasible for a spatial process, even if it is nonstationary in
space. Instead, we appear to be encountering features that are
the artefact of the biases in historical sampling locations, with
the longest station records coming from coastal sites, and that
coastal sites have a much weaker dependence on other sites than
simple inter-site distance will account for. Hence, we require
the use of either a deformation of the space around coastlines,
as in Richards and Wadsworth (2021), or the use of a coastal
distance covariate in the variogram of the log-Gaussian pro-
cesses in the r-Pareto process. Nonetheless, having a process
which exhibits a mixture of extremal dependence over differ-
ent spatial scales has close analogies to sparsity in multivariate
extremes (Goix et al. 2017; Simpson et al. 2020; Engelke and
Ivanovs 2021). A spatial version of that type of mixture mod-
elling approach may also be interesting for data with spatial
dependence properties similar to those of our Irish cold winter
temperatures.

A range of more specific spatial dependence features in the
paper could also be further explored. In Section 4.2 we pre-
sented our fit of the Mdtern variogram assuming the model is
invariant to covariates. In fact, we tested for non-stationarity
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in the scale and range parameters, @ and ¢, of the Métern
variogram with respect to year, but did not find any statisti-
cal evidence for a change. In contrast, for precipitation Zhong
et al. (2025) found evidence for spatial dependence changing
temporally with a temperature covariate. Our initial analyses
also found evidence for long-term temporal change in the spatial
dependence structure, but this effect disappeared once we devel-
oped improved marginal covariate models. This issue of inter-
play between covariates in marginals and dependence structure
is examined by Kakampakou et al. (2024). However, we can see
value in future work from trialing the use of a spatial coastal
covariate C(s) and a short-term temporal climatic variability
covariate to explore for departures from both spatial and tempo-
ral stationarity of the r-Pareto process. In Section 5.2 we presented
estimates of the expected proportion of Ireland with temperatures
below T°C. However, spatial dependence only affects the confi-
dence intervals for these estimates. What would better illustrate,
and exploit, our estimated r-Pareto process spatial dependence
structure would be to estimate this proportion conditionally on a
specific site of interest, for example, Dublin, having temperatures
colder than T°C.

In Section 5, the results are presented conditionally on the
short-term climatic variability covariate value for each of the
three selected phases. For broader practical use, it would be help-
ful to integrate out the effect of this covariate for any given time,
for example, as has been performed in univariate extremes by
Eastoe and Tawn (2009). For our context, if we are interested in
a spatial event at time #, denoted by B(¢) := {Xf(t, s) € B(t,s) :
s € S,} for some event B(z, s) which is extreme for X 0” (t,s) for
at least some s € S,. Then, in particular, in this notation, in our
paper, we have presented inferences for

Pr{B(1); h(r)} := Pr{X(t,5) € B(t,5) : s € S,|HL (1) = h(7)}

for three values of h(zr) being {hg(r) : = =0.1,0.5,0.9} corre-
sponding to the three illustrating phases of the short-term cli-
matic variability. In future work, it might be helpful to estimate
unconditional inferences on Pr{ B(z)}, with

1
Pr{B(n)} =/ Pr{B(1); h(r)} dr,
0

which is not conditional on the phase, or any specific value of
H 1’{ (@) of the short-term climatic variability, and with this infer-
ence not requiring any further extreme value modelling.

Although our proposed spatiotemporal bootstrap method
appears to be effective from a practical perspective in our
setting, it is not standard in form due to it having to address
the complex nature of long- and short-range temporal extreme
events over space. Despite being confident that it is reasonable
to assume that our missing data are missing at random, there
are particular issues in bootstrapping due to the high proportion
of missing data, and with that proportion varying substantially
over time. We appreciate that our proposed approach lacks a
formal theoretical justification. It might be helpful to consider a
simulation-based study to evaluate the robustness and coverage
properties of this bootstrap method beyond this specific case
study, and in that study to assess the comparative performance
for different missing data patterns. As such, a study would

require considerable extra work for it to be informative more
broadly than for our data, we view this study as an interesting
area for further work.
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