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ABSTRACT: The spectrum and degeneracies of the Dirac operator are analysed on com-
pact coset spaces when there is a non-zero homogeneous background gauge field which is
compatible with the symmetries of the space, in particular when the gauge field is derived
from the spin-connection. It is shown how the degeneracy of the lowest Landau level in the
recently proposed higher dimensional quantum Hall effect is related to the Atiyah-Singer
index theorem for the Dirac operator on a compact coset space.
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1. Introduction

There has long been a fruitful interplay between condensed matter physics and field theory
in particle physics, many concepts that were first developed in the former later being applied
to the latter and vice versa. The quantum Hall effect [[[] has attracted the interest of many
high energy theorists, not least because the fractional QHE exhibits collective excitations
which mimic a fractional electric charge, but also because there are deeper connections
between the Hall effect and string theory [f]. Recently Zhang and Hu proposed a higher
dimensional analogue of the quantum Hall effect, on S [, based on Haldane’s description
of the Hall effect on S? with a magnetic monopole at the centre, [@. Zhang and Hu’s
idea was developed further in [[J] and extended to complex projective spaces in [f]. The
connection between the higher dimensional quantum Hall effect and string theory was
analysed in [f.

The higher dimensional quantum Hall effect involves a generalisation of the Landau
problem to particles moving on a compact coset space G/H, in the presence of a background
gauge field: such as a U(1) monopole on C'P™ or a homogeneous SU(2) instanton field on
5%, A common ingredient of the these analyses is the calculation of the degeneracy of the
ground state for particles moving in a homogeneous background, i.e. a background field
which has the symmetry of the isometry group G. In previous works, and in this paper
also, the gauge group will be restricted to be the holonomy group H (or a factor group of
same if H is a product of smaller groups).

In [, f] the degeneracy of the ground state was calculated using group theory: the
non-relativistic hamiltonian for a spinless particle moving in a homogeneous background
field involves the quadratic Casimirs of the groups G and H and the allowed states involve



irreducible representations of G that contain pre-ordained representations of H. The di-
mension of the representation of G corresponding to the ground state is identified with the
degeneracy of the ground state.

It is common in discussions of the quantum Hall effect to ignore the electron’s spin.
Zhang and Hu treated scalar particles satisfying the exclusion principle, as did Karabali and
Nair: this is perfectly justified when the Zeeman splitting is large enough that transitions
between spin states can be ignored and the ground state is effectively isolated from the
next highest spin state. Nevertheless one is tempted to ask what is the role of electron
spin in the higher dimensional quantum Hall effect, and it will be argued here that there is
an important quantitative relic of the Fermionic nature of the particles in the degeneracy
of the ground state, over and above the trivial consequences of the exclusion principle. It
is shown in section fl that the degeneracies calculated in [f, i, f], for S*, S? and CP™
respectively, are related to the index of the Dirac operator for Fermions moving in the
appropriate background field: in fact the degeneracy is the number of zero-modes of the
Dirac operator and, generically, this is the modulus of the index. Furthermore the ground
state wave-functions, the higher dimensional analogues of the Laughlin wave-functions, are
precisely the zero-modes of the Dirac operator.

We do not have to look far to discover the reason for this — the square of the Dirac
operator is nothing other than the hamiltonian for a non-relativistic Fermion moving in a
static background field,

(i)? = —D,D* + %1 - %Famaﬁ, (1.1)
where R is the Ricci scalar and the last term represents the Zeeman splitting. (There is an
extra term on the right hand side of ([1]) if the spin connection involves torsion, this equa-
tion must therefore be modified for non-symmetric coset spaces with torsion as considered
in section fJl.) Thus a non-relativistic particle moving in a static background magnetic field is
an example of supersymmetric quantum mechanics with a self-dual pre-potential [§]. Since
the Dirac operator is hermitean, the eigenvalues of the hamiltonian ([L.1)) are positive semi-
definite and a zero-mode requires exact cancellation of all three terms on the right hand
side. It is shown in sections 2 and 3 that, for specific homogeneous background fields (ana-
logues of monopole and instanton fields on S? and S*) all three terms on the right hand side
of ([L.1) are mutually commuting and so can be simultaneously diagonalised so that all spin
components decouple from each other. The Dirac laplacian A = —D, D% is itself a positive
operator on a compact space with positive curvature, so a zero-mode of the Dirac operator,
if one exists, requires a cancellation of the lowest eigenvalue of the laplacian with the lowest
eigenvalue of the sum of curvature and Zeeman terms on the right hand side of ([L1)). In fact,
for the homogeneous background fields that are considered here, the eigenvalues of ([L.1])
can be determined purely in terms of certain quadratic Casimirs of the isometry group G
and the holonomy group H and are given by equation (R.15) or, more generally, (B.9).

Even without calculating the full spectrum it is possible to find the representation of G
with the lowest eigenvalue for any Fermion in a given representation of the gauge group. If
the chosen representation of the gauge group allows for a zero-mode of the Dirac operator



then the dimension of the representation corresponding to the lowest eigenvalue generically
gives the number of zero-modes. Since this calculation involves only the lowest eigenvalue
of the Zeeman and the curvature terms, which are fixed in advance, the Fermionic nature of
the particles can be ignored and the problem reduces to choosing the correct representations
of G to scan in minimising the laplacian. This is precisely what was done in [f] and [f].

The net result is that the number of zero-modes of the Dirac operator, for Fermions in
a given representation of the gauge group, can be calculated simply from a knowledge of
the quadratic Casimirs of G and the decompositions of its representations under H — G.
This generalises the results of [[f] and [[] to the quantum hall effect on any coset space
G/H with compact Lie groups G and H.

Of course an analysis of the spectrum of the Dirac operator is of intrinsic interest, even
without reference to the quantum Hall effect. In particular it is of obvious importance in
Kaluza-Klein theories and and string theory.

The layout of the paper is as follows. In section [ the case of symmetric spaces G/H is
treated in detail and it is shown how the eigenvalues of the Dirac operator in the presence
of a homogeneous background gauge field can be expressed in terms of quadratic Casimirs
Co(G) and Cy(H). The examples of S?, S* and CP? are worked out and compared to
known results. Section [ extends the analysis to non-symmetric spaces with torsion and the
example of SU(3)/U(1) x U(1) is treated in detail — this space is of interest in string theory
where it is arises in the context of seven dimensional spaces with G2 holonomy and their
conical singularities [f]. Section f] gives a summary of the results. Some technical details are
relegated to three appendices: appendix [A] reviews aspects of the geometry of homogeneous
spaces used in the text. Appendix [B] presents the spectrum of the Dirac operator on C P2,
in the presence of a homogeneous background SU(2) x U(1) gauge field. Appendix []
presents a standard analysis of the Atiyah-Singer index theorem on SU(3)/U(1) x U(1) for
comparison with the results of section f}

2. Symmetric spaces

Consider the Dirac operator for a Fermion moving on a d-dimensional compact space,
without boundary, in the presence of a background gauge field:

1 .
i = iy*Dy = ie™ " <3m + Zwm,agvaﬁ + iAﬁnt,) , (2.1)

where w,g = wag,mdz™ is the spin connection, Al = Al dx™ the gauge connection and t; are
generators of the gauge group (a, 3 = 1,2, - - -, d are orthonormal indices and m = 1,2, -+, d
is a co-ordinate index). The y-matrices satisfy the usual Clifford algebra,

1
{’ya”yﬁ} = 25045, Wlth ’yaﬂ = 5 |:’ya”)/6:| s (22)

and e, are d-beins for the metric. The curvature and field strength follow from

i 1
[Da, DB] = ZFOZ[BZ?Z‘ + ZRamg'y“";. (2.3)



For a torsion free connection squaring the Dirac operator gives

R .
@DV:A+24—%Ewwﬁ (2.4)
with A = —D*D,, the Dirac laplacian. We shall refer to A + %1 as the kinetic energy

and —%Fagfyaﬁ = Foiéﬁtfyaﬁ as the Zeeman energy. The laplacian here is the laplacian

2

2
acting on spinors, including the spin and the gauge connection, so its spectrum depends
on both the metric and the background field.

On a coset space G/H, with G and H compact groups, it is natural to use the G-
invariant metric, for which the generators of G are Killing vectors and the holonomy group
is H C SO(d). Furthermore we shall consider background gauge fields which are compatible
with the isometries, in the sense that Lie transport of the field strength F' by a Killing

vector K generates a gauge transformation,
LxF =g 1Fg, (2.5)

where g € G, the group of gauge transformations. In particular this will be the case if we
identify the gauge group with the holonomy group and the gauge connection with the spin
connection — the details of this identification are given in appendix [Al (A variation on
this is if the holonomy group factorises into simple groups and U(1) factors. When this is
the case the gauge group can be taken to be one of the factors. For example this is the
situation for the homogeneous SU(2) instanton on S*, where $* = SO(5)/SO(4) and, at
the level of the algebras, H = SU(2) x SU(2) so we can take the gauge group to be just
SU(2).)

Let t 4 be the generators of the isometry group G, with [t4,t5] = ifagtc, and t; the
generators of the holonomy group H. Then the curvature 2-forms of a G-invariant metric
for a symmetric space can be taken to be (see appendix [A]),

1 1 A
R%s = 5 R%gy5e7 A ed = 5 il 5€" A el (2.6)
Identifying the gauge connection with the spin connection gives rise to the field strength,

}?Z = §Féﬁea A 6’3 = §fzaﬁea A\ 6’3 . (27)

For a symmetric space the Riemann tensor is co-variantly constant and this means that
the above field strength is co-variantly constant,

Doépﬁi7 =0. (2.8)

In particular the laplacian commutes with the Zeeman term in the hamiltonian.

With this choice of background field the commutator (R.3)) simplifies,

Dar Dl = ' as {1 = Lo (1 1) }. (2.9

Now .
1
T; := —waww (2.10)



are a representation of the gauge group (which may be reducible, in general),

T3, T3] = i fi" T, (2.11)
[Das D] = f'agDi (2.12)

with
Dy =i{(1®t)+ (T;®1)} (2.13)

being the generators of H in the tensor product representation of ¢; with the spinor rep-
resentation 7;. This allows the laplacian to be expressed as the difference of quadratic
Casimirs,

A=—-Dy,Dy=—-—DsDs+ D;D; = CQ(G, ) — CQ(H, Dz) . (214)

For spinors in a given representation ¢; of the gauge group C2(H, D;) in this expression
is always calculated in the fixed representation (P.IJ), which in general involves reducible
representations of GG, while the representations used in Cs(G,-) range over all irreducible
representations of G than contain ( In particular the cross-term —2t; ® T; from (D;)?
in (R.14)) exactly cancels the Zeeman energy in (R.4]) and, as described in appendix [l the
second order Casimir for the representation 7Tj is related to the Ricci scalar by Co(H, T;) =
R/8. The eigenvalues of the square of the Dirac operator (R.4)) can then be expressed purely
in terms of quadratic Casimirs:

B = (G, ) — ColH, 1) + §1. (2.15)

This construction will now be illustrated with some examples.

(i) S? = SO(3)/SO(2). This was the geometry originally studied by Haldane in the
context of the quantum Hall effect [[l]. The isometry group is generated by the algebra of
SU(2)

[ta,tp] = ieasCtc (2.16)

and we are free to choose t3 to generate the U(1) holonomy. Formula (A.9) of appendix [
gives

1
Rus = 5605536375@ A el (2.17)
SO
Ryp =cet né? (2.18)

are the curvature 2-forms for a sphere of unit radius. Also
F3 =e! Ne? (2.19)
is the field strength if a magnetic monopole at the centre of the sphere. Actually this

corresponds to a monopole of charge 2, since

1
— [ el ne?=2 (2.20)
2T S2



is the Chern class of the tangent bundle (which is equal to the Euler characteristic). In
general we can put a monopole of any integral charge at the centre of the sphere

M
F3 = 7e1 Ae?. (2.21)

(Alternatively we can work with a monopole of charge 2 and consider Fermions of any
half-integral charge in this background.)

Choosing 4! = ¢! and 72 = 02, with ¢! and ¢? Pauli matrices, we have

i 3 M /(1 0
gFé’ﬁwaﬁ = iF},(i03) = —5 <0 _1> . (2.22)

The Ricci scalar for a sphere of unit radius is 2, so equation (.4) gives

: 1. M /1 0
(zD)Q:A+§1+7<O _1>. (2.23)

For positive M this indicates that there are spin down zero-modes of the Dirac operator if

Ayz== (2.24)

Arz=-—7. (2.25)

There are of course no zero-modes for M = 0 as required by Lichnerowicz theorem.
In this example t; of (R.13) is just a number, M/2, and T; is o3/2 so

poi(MF L) - oo (Y ) e

0 Tl 0 ( 2

The eigenvalues of the laplacian (R.14]) are therefore

. M+1)°
AJ:J(JH)—( 5 > : (2.27)
as discussed in [f], so eigenvalues of (R.23)) are
2j +1)% — M?
oC ) 7 (2.28)

4

which can also be obtained directly from (R.15). For M = 0 this reproduces the well-known
result that the spectrum of the Dirac operator is linear in angular momentum (see e.g. [[[0]).

For M # 0 the representations j of SU(2) that appear in a harmonic expansion of A are

restricted to those that contain the U(1) representation of charge %, ie j= % +k

with k a non-negative integer,

Bj = k(k+|M]). (2.29)



M-1

There are zero-modes for k = 0, and jnin = 5= for positive M or —(%) for negative

M. In either case the degeneracy of the ground state is
d(jmin) = 2jmin +1= |M| , (230)

which is the number of zero-modes of the Dirac operator. Note the shift of j,i, away from
|M| by 1/2, due to the intrinsic spin of the Fermion.

The degeneracy (R.30) relates to the Atiyah-Singer index theorem which states that
the the index of the Dirac operator is minus the first Chern class [[]],

1

“or J F3=_-M, (2.31)

V=vy —V_ =

where v is the number of positive chirality zero-modes and v_ the number of negative
chirality zero-modes. Indeed the ground state wave-functions in [[] for the integer quantum
Hall effect, spherical analogues of the Laughlin wave-functions, are precisely these zero-
modes. The case |M| = 1 corresponds to jmin = 0, in this case the gauge connection
exactly cancels the spin connection for the relevant chirality and single zero-mode of the
Dirac operator is a constant spinor.

The above calculation can be represented graphically using Young tableaux, which will
be useful in more complicated situations to follow. The fundamental of SU(2) decomposes
as

SU(2) — U(1) 2—1;+1_4. (2.32)

Denoting 1; by & and 1_1 by [s] the (p+ 1)-dimensional irreducible representation of SU(2)
contains

x[-[x]e-JejC| [ | (2.33)
_—— ——
s r p
with p = r 4+ s. Fixing the U(1) charge to be @ constrains s —r = @ so p = 2r + Q). The
ground state energy for a Fermion in this background can now be found by minimising A,

since all the other terms in the energy are constants for fixed @, that is by minimising

p(p Q Q°
§(§+1):r(r+1)+5(2r+1)+j- (2.34)
If @ > 0 this is minimised by » = 0, so p = @ and the degeneracy of the ground state is
Q+1. If @ < 0 it is minimised by r = p and then p = —@Q), so the degeneracy is —Q + 1. In
either case the ground state has p = |@Q| and the degeneracy is |Q|+ 1. Clearly |Q| = 2jmin
and the U(1) charge @ is not just the monopole charge M, but includes a shift to account
for the intrinsic spin of the Fermion, |Q| = |M]| — 1.

This method, using representation theory to describe the kinetic energy and calculate
the degeneracy of the ground state, was used in [ff]: though in that reference the particles
were treated as scalars so there was no intrinsic spin — there was therefore no Zeeman
energy to make the total ground state energy vanish and no shift in the charge to account for
the intrinsic spin of the particles. The technique is however applicable to both the laplacian
for scalars and the square of the Dirac operator because, for a given gauge background and
representation, they only differ by constants. It has the advantage of avoiding an explicit
calculation of the full eigenvalue spectrum of the Dirac operator.



(ii) S* =2 S0O(5)/SO(4). The next example, S*, was the case studied in the first paper on
the higher dimensional quantum Hall effect, [J]. In this case the algebra of the holonomy
group is SU(2) x SU(2) and we can take the gauge group to be just one SU(2) factor. The
Riemann tensor can be split into self-dual and anti-self-dual parts and these correspond
to the curvatures arising from the two SU(2) factors of the holonomy group. Choosing,
for example, the self-dual SU(2) factor the resulting SU(2) background gauge field is the
homogeneous instanton of charge one, which has SO(5) symmetry on S* [[J] (this paper was
published a little after the BPST instanton [[[3], but the techniques are very enlightening
and highlight the analogy with the Wu-Yang monopole — Yang calls this homogeneous
instanton configuration a non-abelian monopole).

Representations of SO(5) can be labelled by two integers p and g with p > ¢g. The
second order Casimir and dimension are given by

2 2
+
Calp,q) =2 5 T top+q (2.35)
and 1
d(p,q) = g(p+q+3)(p—q+1)(p+2)(q+1) (2.36)
respectively.

Now suppose we have a particle on S* in the representation I of SU(2) in the back-
ground of a homogeneous instanton. Demanding that an SO(5) irreducible representation
contains the I of SU(2) implies [[L2]

p—gq=2I, (2.37)
and so
Co(q+21,q9) = ¢* +q(21 +3) +21% + 41 . (2.38)

The Ricci scalar for the unit four-sphere is R = 12 so the eigenvalues (£.15) of (i19)? for a
Fermion in the representation J of the gauge group are thus

3
E:q2+q(21+3)+2I2+4I—2J(J+1)+§. (2.39)

(The factor of two in front of the gauge Casimir J(J + 1) here is due to the fact that the
Dirac operator is non-chiral, the holonomy group is SU(2) x SU(2), and both chiralities
couple to the gauge group in the same way.) The total isospin I is a combination of the
gauge isospin J and the intrinsic spin of the Fermion, I = J 41/2, so the energy levels are
labelled by the integer ¢ and

Ei(q) = ¢®+q(2I +3) +2(2 + 1)
E_(q9) = ¢* +q(2I +3) (2.40)
both with degeneracies
1
d21 +q,q) = £(2q+ 20+ 3)(21 + 1)(g+ 21 +2)(g +1). (2.41)



The spectrum of the Dirac operator on S* has already been studied in the literature.

With J =0, so I = 1/2, (B.40) reduces to
Ei(q) = (¢+2)*. (2.42)

The eigenvalues of the Dirac operator itself are therefore linear in ¢ and reproduce the
result of [[l0], with ¢ = j — 1/2 in their notation.

Zero-modes of the Dirac operator require J # 0 and [ = J — 1/2 so that ¢ = 0 has
vanishing eigenvalue, F_(0) = 0. The degeneracy of this ground state is

d(21,0) = %(2[ +3)(21 +2)(21 + 1) (2.43)

and these are precisely the degeneracies found in [ for the ground state of the higher
dimensional quantum Hall effect on S%. This can be related to the index of the Dirac
operator. Recall that the SU(2) instanton in the J representation can be represented by
the field strength

4 S 1 .. .
F=F", with Fi=cnet+ ie”ke] A eF (2.44)

and >, t;t; = J(J + 1)1, t; being (2J + 1) x (2J + 1)-dimensional matrices (see [T for
example). The index of the Dirac operator for a Fermion in the J-representation of the
gauge group SU(2) is then

2
5 (

1 1
yzitr/ F/\F:—Ztr(titi)/ el A A net =
S4 4 S4 3

2(27)2 2J+1)J(J+1), (2.45)

since the unit S* has volume fS4 el Ae? Aed Aet = 8712 /3. This agrees with the degeneracy

of the ground state (P.43)) if
1

I=J- 3 (2.46)
The representation I again includes the intrinsic spin of the Fermion: [ is in the tensor
product of the J with the 1/2 in (R.13). Thus J = 1/2 can give I = 0 and the single
zero-mode of the Dirac operator for a Fermion in the fundamental representation of SU(2)
is a constant spinor on S* because the gauge connection again exactly cancels the spin
connection in this case. The analogues on S* of the Laughlin-Haldane wave-functions on
S? are constructed in [fJ] by taking anti-symmetrised products of the zero-modes of the

Dirac operator in the instanton background with I = 1/2.

(iii) CP? = SU(3)/U(2). Our final example of a symmetric space is C P2. This is not
a spin manifold, there is a topological obstruction to defining spinors on this space, but
spinors can exist if they are coupled to an appropriate background gauge field [[4. The
gauge group is taken to be SU(2) x U(1) and the representations are labelled by the isospin

I and the hypercharge Y. Representations of SU(3) which contain the (I,Y") representation
of SU(2) x U(1) are easily found. Under SU(3) — SU(2) x U(1) the 3 and 3 decompose as

3—-21+1_9 and 3 271 +1s. (247)



Let =21, =1_9, % =1y and | = 2_1. A general irreducible representation of SU(3)
can be labelled by two integers p and p and it contains

o |efx| x]

X .o X .o .
C - (2.48)
X .o X M s .o p

[ ] [ ]

X .o
v M v
7 s p

with r + s =p, ¥ + § = p. The second order Casimir and dimension are

Ca(p,p) = é (p(p+3) +p(P+3) + pp) (2.49)
and 1
d(p,p) = 5(P+p+2)p+1)(P+1) (2.50)

respectively. Furthermore there are constraints

(s—8) —20r—7) =Y  and o7 (2.51)

for (p,p) to contain (I,Y"). This means that the allowed states are labelled by two integers,
as first noted in [B]. Note that Y is odd if I is half-integral and even if I is integral.

The full spectrum of the square of the Dirac operator is given in appendix [B], here
we shall concentrate on the zero-modes. There are two cases to consider: |Y| > 2I and
Y| <2I:

e For |Y| > 2I equations (B.7) and (B.§) indicate that there are zero-modes with
degeneracy

d(0,0) = é(2I+1)(|Y\ T 4+ 2)(|V] + 2 + 4) (2.52)

e For Y| < 2I equations (B.13) and (B.16) indicate that there are zero-modes with
degeneracy

d(0,0) = i(u D@l +24 V)20 +2-Y) (2.53)

For Y = 0 equation (R.53)) agrees with the degeneracy of the lowest Landau level for a
scalar field derived in [f]. Although (R.52) differs from the corresponding expression for
scalars in [f], it agrees for |Y| — oo, which is the limit used in their analysis.

But now equation (R.52) can be compared with known results for the Dirac index on
CP2. For I =0 we have a U(1) bundle with Y even and

(YT+2)(Y[+4)
3 7

d(0,0) = (2.54)
while the index is [[[4]

1 2
with @ the U(1) charge of the Fermion, including a spin contribution. So @ > 0 requires
Y = 2Q, while Q < —3 requires Y = 2Q 4+ 6. ) = 0 implies Y = 0 and is the so-called

spin¢ structure, where the spin exactly cancels the monopole charge. For the particular

cases (Q = —1 and () = —2 there are generically no zero-modes of the Dirac operator.

,10,



For I = 1/2 we have a rank-2 vector bundle with ¥ odd and
(Y1+DH(Y] +5)

d(0,0) = 1 , (2.56)

while the index is [[[5]
v=(Q+1)(Q+3). (2.57)
SoY =2Q +1when Q@ >0and Y =2Q + 7 when (Q < —4. For Q = —1 or () = —3 there
are again generically no zero-modes. ) = —2 has v = —1 and so degeneracy d(0,0) = 1;

it is therefore a singlet of SU(2) and requires I = 0 and Y = 0: the Fermion spin cancels
against the isospin and monopole charge (analogous to J = 1/2 in (R.46)).

3. Non-symmetric spaces

On a non-symmetric coset space the analysis of section fJ requires some minor modifications.
On non-symmetric spaces there is a natural spin connection which has torsion, as described
in appendix [A], and equation (R.4)) is modified to

. R 1 7
(ZD)2 =A+ Zl — gRaﬁws’yaﬁﬁﬂ; 3 aﬁ’yaﬁ, (3.1)

because R3,5 # 0 when there is torsion. Indeed for non-symmetric coset spaces there is
a spin connection with
ROg NP =dT™ + w5 NTP, (3.2)

where 1
T = o N (3.3)

are the torsion 2-forms. The connection involving torsion is used here because the resulting
curvature tensor
R = 51 uf 57 A& (3.4)
is co-variantly constant with this connection, as shown in appendix [A. This means that at
least the first three terms on the right hand side of equation (B.I]) are mutually commuting
and simultaneously diagonalisable.
Identifying the gauge connection with the spin connection now gives the same expres-

sion as for symmetric spaces
1

Fi = §fiaﬁea A 6’3 (35)
and we see that
Raﬂ'ytsfyaﬁ,y{s = fég]cflﬂs’)’aﬁé7 (3.6)
is related to tr(F A F'). Furthermore
Fiafis P = fla sy Py + 2fl g flg = —16C5(H, T;) + 2R (3.7)

commutes with Fé{ﬂfyaﬁ , 1 and A (the last because Féﬁ is co-variantly constant). Now
every term on the right hand side of (@) is mutually commuting and it reads

(iR)2 = A+ 205(H, T;) — %Famaﬂ. (3.8)

— 11 —



Paralleling the argument that led to (R.15) for symmetric spaces the eigenvalues can
be expressed terms of Casimirs

E = CQ(G,) —CQ(H,ti)+CQ(H,TZ'). (3.9)

This equation is more general than (R.15) and includes it as a special case, because
Cy2(H,T;) = R/8 for symmetric coset spaces.

As an illustration consider the space SU(3)/ U(1) x U(1), which is of interest in string
theory, where a seven dimensional space with Go holonomy can have a conical singularity
on SU(3)/U(1) x U(1), [f]. We shall not calculate the full spectrum of the Dirac operator
here, but shall concentrate on the zero-modes. There are two independent U(1) gauge
fields and we can take “monopoles” of both, so the background gauge field is labelled by
two integers Y and 7', which are the hypercharge and the third component of isospin of a
SU(3) irreducible representation. Under

SU(3) — SU(2) x U(1) — U(1) x U(1).
The 3 of SU(3) decomposes as
3 - 21 +1 - (1,1) +(=1,1) + (0, -2).

Let &= (1,1), 0= (-1,1), &1 = (0,-2), P[] = (0,2). Then [f] = (1,-1) and [} = (-1, -1).
The (p, p) representation of SU(3) contains

ol fo| [+ |x[-Ix]

X .o X >.< .o >.< . . C .o (3'10)
H,’_/H,’_'Hf_/ r § t —— p
T 5 t p

with r+s+4t = p, 7+35+¢ = p. Demanding that the (p, p) representation of SU(3) contains
the (T,Y) representation of U(1) x U(1) puts constraints on the six integers (r, s, t; 7, 3, t),
namely

Y=(s—5)+{t—-1t)—2(r—7) and T =(t—1t)—(s—3). (3.11)

The SU(3) states that contain (7,Y") are therefore labelled by four independent integers
(note that Y and T are either both even or both odd). If zero-modes of the Dirac operator
exist, then their number is given by the dimension of the SU(3) representation which

minimises the second order Casimir (R.49), subject to these constraints. We find

: T2 Y?
szzo:cgln:T+I+E, for (r,s,t;7,5,%) = (0,0, 13X;0, L5, 0)
: T+Y 7T? Y?
Y>T>0= CPn = JQF + g for (r,s,t;7,5,1) = (0,0,7; X5%,0,0).

These two representations have dimensions

1 1
Qi = S(T+Y +2)(T=Y +2)(T+2) and duin = g (Y +T+4)(Y ~T+2)(T+1) (3.12)
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respectively. Other combinations of signs follow from

T — —T, Y — =Y interchange (r,s,t) < (7,5,1)
T — —-T,Y — Y interchange (s,3) < (t,1)
T — T,Y — =Y interchange (r,s,t) < (7,t,5).

In summary the dimensions of the ground states are
1
T1 2 Y] = dain = 5 (71 +2)2 = Y?) (7] +2)
1
Y12 7] = duin = 5 (Y] +3)° = (171 + D?) (1T] +1)..

That these do indeed correspond to zero-modes can be established by comparison with
a more standard analysis (as presented in appendix [ for example): for U(1) fields with
monopole charges M (hypercharge) and N (third component of isospin), the index is (C.8)

1
=-M (N* - M?). 3.13
v= M (v -2 319
Clearly
M=T+2 and N=Y, for |T|>|Y| (3.14)
and
M=T+1 and N=Y +£3, for Y| > |T| (3.15)

will do the trick (either identification works when |T'| = |Y|). This shift is again due to the
intrinsic spin of the Fermions contributing to the U(1) charges.

4. Conclusions

In this paper the spectrum of the Dirac operator, for Fermions coupled to topology non-
trivial homogeneous background gauge fields on compact coset spaces G/H, has been
determined purely in terms of quadratic Casimirs. The spectra are obtained from (f.9),
which reduces to (R.1§) for symmetric spaces. This is the central result.

It has been shown how the ground state degeneracies encountered in discussions of
the quantum Hall effect on S?, and its higher dimensional generalisations to S* and CP",
are related to the Atiyah-Singer index theorem for spinors on these spaces. Physically the
square of the Dirac operator is the non-relativistic hamiltonian for a particle moving in a
background “magnetic” field and consists of a kinetic term and a Zeeman splitting term
(at least for zero torsion). For spinors on a coset space G/H and gauge group H,' moving
in a homogeneous background field identified with the natural spin connection, the kinetic
term and the Zeeman splitting term commute. The hamiltonian can then be diagonalised
resulting in a set of uncoupled spin states, each of which can be treated independently.

If all we are interested in is zero-modes and the index theorem it is not necessary to
compute the whole spectrum. If zero-modes of the Dirac operator exist the ground state
must be one in which the Zeeman energy exactly cancels the kinetic energy and its de-

1Or a factor group if H is a product of Lie groups.
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generacy is the number of zero-modes. Since the kinetic energy is positive-definite, this
cancellation requires a minimum of the quadratic Casimir corresponding to the kinetic en-
ergy. The degeneracy of the ground state is then just the dimension of the representation
of G that minimises the quadratic Casimir — subject to the condition that only repre-
sentations of GG that contain the representations of H relevant to the spinor dynamics are
considered. Generically the number of zero-modes is the same as the modulus of index of
the Dirac operator, so this gives a method of calculating the index just by using knowledge
of the quadratic Casimirs.

The construction is not one-to-one: there may be more than one possible representation
of the gauge group giving the same number of zero-modes of Dirac operator. For example
on CP? an SU(2) singlet with Q = —3 has |v| = 1 which is the same as for an SU(2)
doublet with @ = —2. The complete spectrum of the Dirac operator on C'P? is given in
appendix B

The technique also works for non-symmetric space with torsion and the example of
SU(3)/U(1) x U(1) has been treated in detail.

Acknowledgments

It is a pleasure to thank Charles Nash for useful discussions on the Dirac operator and the
Atiyah-Singer index theorem.

A. Metric and connection on G/H

In this section we summarise the construction of homogeneous connections and curvatures
on coset spaces. None of this material is new: the construction is well known to mathe-
matician’s [[[§]. The development here is based on the exposition for physicists in [[[§].
On coset spaces G/H, with G and H compact Lie groups and G simple, the Riemann
tensor can be obtained in terms of the structure constants of G. Denote the generators of
G by ta, with the algebra
[ta,tB] :ifABth. (A.1)
The set of generators {t4} decomposes into generators of H, which shall be denoted by ¢,

and the remaining generators, which will be labelled ¢,. Thus «a takes on d-values where d
is the dimension of G/H. The algebra of G now splits up as

titj] =ifii" e [tital =ifia’ts  [tarts) = ifapty +ifas®ts. (A.2)

The space G/H is called symmetric if f,3” = 0, when this is the case the decomposi-
tion ([A.9) is invariant under t, — —t,.
Orthonormal 1-forms for the group G can be chosen as the Cartan 1-forms,

g tdg =ieta, (A.3)
S0 1
de?t = ngCAeB AeC. (A.4)
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Then the subset e* are orthonormal 1-forms for a G-invariant metric on G/H and the

remaining 1-forms e’ can be expanded on G/H as e’ = IT',e®.

The torsion free H-valued? connection w?g is then defined by
de® + w5 Al =0
and evaluates to
W = <%faﬁv + faﬁﬂ%) ev.
The curvature 2-forms can then be calculated from
R%g = dw®g +w*y Aw'p

resulting in
1 .
Z (QfOéﬁifl'y(s + faﬁefe'y(s - fa'yefgﬁ(S) e’ A 66 :

On a symmetric space these reduce to the simpler form

R =

Raﬁ — (faﬁifi’yts) e’ A 66 ,

DN | =

so the Riemann tensor has components

Raﬁvé = faﬁifi’y(; .

(A.10)

On a non-symmetric space there is a second, very useful, connection that comes from

introducing a torsion tensor which is identified with the non-symmetric structure constants:

%y =[5,
giving torsion 2-forms

1
ch = §fa[3,y€6 A\ 67 .
Then the connection with torsion is defined via
de® + w3 A P =1

which leads to 1
waﬁ = §fa6iHi,y€’y .

The resulting curvature 2-forms are
« 1 « ) 24 J
R B = §f Blf ,\/56 Ne s

giving curvature tensor
Ry = [l s -

2For notational simplicity we do not distinguish between the group and the algebra here.
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(A.14)
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The Ricci scalar for the connection with torsion is then easily evaluated as
R=R,5=f fl 5= f*"fap— 5, (A.17)

which can be determined using the appropriate quadratic Casimirs of H.

A particular instance of this is when H is trivial so G/H = G. Then w3 = 0 and
R%3 = 0, all co-variant derivatives are trivial and T'* is called the parallelising torsion for
G. On a symmetric space, of course, (A.§) and ([A.19) are identical because f4, = 0.

In fact it is not difficult to show, using (jA.14)), (A.15) and the Jacobi identity, that

R%g5 in (A.16) is co-variantly constant,

Ve Rag,ﬂg =0. (A.18)

On a generic d-dimensional manifold the curvature 2-forms ([A.7)) are SO(d) Lie algebra

valued 2-forms, but on G/H both (A.§) and (A-17) are H valued 2-forms, where H C SO(d).
This means that we can take linear combinations of (A.15) that lie in H without losing any
information. For example, if H is semi-simple, taking the combination

; 1 ) A\ i
J'asR = 5 (C2(Gradj) = Co(H, adj) ) f' 57 A (A.19)

suggests defining
. 1 .
F' = 5.]”,\/66’\/ Aed (A.20)

and then F' are H-valued 2-forms which are equivalent to (A.I5]) (this formula is easily
adapted to the case where H contains U(1) factors).

B. Spectrum of the Dirac operator on C P>

The calculation of the full spectrum of the Dirac operator on C'P? proceeds as follows (the
spectrum on C'P", with n odd and no background gauge field, has been considered in [[7]).
For SU(3) the second order Casimir and dimension are

Ca(p,p) = %(p(p+3) +p(p+3) +m5) (B.1)
and )
d(p,p) = 5(p+p+2)(p +1)(p +1) (B.2)

respectively. With p =r + s and p = 7 + 5, as in the text, the constraints read

(5—5) —2r—F) =Y  and 8—5521, (B.3)

where Y is even (odd) for I integral (half-integral). Now the spectrum depends on whether
Y| >2Ior |Y]|<2I:
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o If Y > 2] then ¥ > r: in this case let n = 5, son = 0,...,2], r = k and 7 =
k+n—1+ %, for k£ a non-negative integer. If Y < —21 then r > 7: in this case let
n=s,son=0,....2[,r=k+n—-1-— % and 7 = k, for k a non-negative integer.
In either case

Y Y Y Y?
Cg(p,q):k<k+n+2+1+%>—i—n(n—i—l—[—i—%)—i—%—i-ﬁ—i-l(l—&-l).
(B.4)

For Co(H,t;) in (R.19) take the U(1) background to have fixed charge M and the
SU(2) background to have isospin J, so

M2
Cy(H, t;) = E—l—J(J—i—l), (B.5)
(the & here is because the U(1) gauge field is a multiple of ﬁ to conform with the

normalisation of tg in appendix [J). Finally the Ricci scalar for CP? can be evaluated
from (JA.17) and the structure constants in appendix [J to be R = 6 so, putting all

this together, the eigenvalues of (R.15) are
Y Y
E(k,n) = k<k+n+2+l+%> +n<n+1—[+%> +

(IY[+3)?* M

0 Ty I+ = I+ 1), (B.6)

while the degeneracies are

Yl

2

Yl

1
d(k.n) = 3 <2k+n+l+2—l— ) <k‘—|—2n—]+1—|—7> (k—n+2I+1),

(B.7)
with n =0,...,2] and k£ > 0 an integer.
It is important to understand how the gauge charges M and J are related to the

total charges Y and I (which include the spin connection). There are four cases to
consider:

1. M =Y +£3 and I = J, these are states that couple to the U(1) part of the
spin connection and not the SU(2) part (the +3 relates to the fact that the first
Chern class of the tangent bundle for CP? is 3). The spectrum is

Y Y YIFY
| LOMLELS

(B.8)

E(k,n):k<k+n+2+1+7>+n<n+1—[—l—7 5 ;

For SU(2) singlets I = J = 0, so n = 0, this spectrum agrees with the results
of [I9 (in the notation of that reference M = 2m + 3, so Y/2 = m or m + 3).

2. M =Y and I = J £ 1, these are states that couple to the SU(2) part of the
spin connection and not the U(1) part. The spectrum is

Y Y Y
E(k,n) = k bnt2+ 1+ ) o (np1—r+ +u+l+1;
2 2 2
(B.9)
Y Y Y
E(k,n) =k k:+n+2+]+u +n n+1—I+u +u—l.
2 2 2
(B.10)
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For |Y'| > 2I only case 1 above allows for zero-modes (when k = n = 0). For |Y| = 21
there are zero-modes in both cases.

e If 0 <Y < 2I, let n = #, son = —-I+4+Y/2....,] +Y/2. Then: either
r=k+|njand F=k;orr =k and ¥ =k+ |n|. If =21 <Y <0, let n = =5-Y
son=—-1-Y/2,...,1 —Y/2. Then: either r = k + |n| and ¥ = k; or r = k and

7 =k + |n|. In either case:

2

Y
Cg(p,q):k(k+2[+2)+n2+]n](k+l+l)—g\YH—E—i-Iz—i-QI. (B.11)

The eigenvalues of (R.15) are therefore

B(k,n) = k(k+21 +2)+ 0%+ n|(k+1+1) = Z|Y| +

Y?— M?
+T+IQ+21—J(J+1)+

e~ w

, (B.12)

with degeneracies

d(k,n)= {(k + 1+ 1) +n|(k+1+1) - (n - IY!L(% — V) } (k +I+1+ ’%’) :

(B.13)
where — I+ % <n<Il+ % and k > 0. (The degeneracy is always an integer because
of the restriction that Y is odd when I is half-integral and even if I is integral.)

Again there are four possibilities:
1. M=Y+3andI=J,

nlY|

E(k,n) =k(k+2I+2)+n*+n|(k+1+1) - 5

+ch§; (B.14)
2. M=Yand I =J+3,
E(kn) =k(k+2T+2)+n+n|(k+1+1) - ngy+2I+1; (B.15)
E(k,n) = k(k+21+2)+n®+n|(k+1+1) - gm. (B.16)

These eigenvalues are bounded below by zero and, for |Y| < 2I, only (B.16) al-
lows for zero-modes (when k = n = 0). When |Y| = 2I the spectrum agrees with

equations (B.§)-(B.10).

C. Index theorem on SU(3)/ U(1) x U(1)

In this section we give an explicit evaluation of the index of the Dirac operator on
SU(3)/U(1) x U(1), using standard differential-geometric techniques.
Let Aq; A=1,...,8 be the Gell-Mann matrices for SU(3), so

. ) A
[tA,tB] = ZfABCtC with tg = 7A (C.1)
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and

1 V3
fiazs =1, fas3 = —fer3 = far1 = —fs61 = fa62 = [572 = 3 fass = fers = -
(C.2)
In the notation of appendix A, i = 3,8 and o = 1,2,4,5,6,7, when
1 1 0 O 1 1 0 O
t3==10 -1 0 and ts=——=10 1 O (C.3)
0O 0 O 2\/3 0O 0 -2

are chosen as the U(1) x U(1) generators. This space is not symmetric, because some of
the fosy # 0. The curvature 2-forms, for the spin connection with torsion described in
appendix [A], are

1
Ry = 5(261/\624-64/\65—66/\67)
1
Rys = 5(61/\e2+2€4/\e5+66/\e7)
1
Rgr = 5(—e1/\ez+e4/\e5+266/\e7).

These are not independent, since Ry5 = Rj2 + Rg7, they are associated with two U(1) field
strengths:

1 0 O
F3t3:%fa53<ea/\eﬁ)t3:3(261/\62—{—64/\65—66/\67) 0 -1 0
0O 0 O
1 0 0
F8t8:%faﬁég(ea/\eﬁ)tg:3(64/\e5—|—66/\e7) 01 0
0 0 -2

We extract U(1) singlets by projecting out the top left-hand components
(261 Ae? et aed —66/\67)

(e* ne®+eSnel).

e N

A monopole field with charges (M, N) is a linear combination of these

F:MF(3) +NF(8) (C4)
from which 3
FANFNF=2M (N? — M?) e!4507 (C.5)

(we use the shorthand e!24%67 = e! Ae? Ae* Aed Aeb Ae”). The index of the Dirac operator

is [20)

/{éFAF/\F+4iSFAtr(RAR)}. (C.6)
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Explicit calculation reveals that F' A tr(R A R) = 0, so

1

YT 95613

M(N*-M?) Vv,
where V = [e!24567 is the volume of SU(3)/U(1) x U(1). The normalisation can be fixed
by using the fact SU(3)/U(1) x U(1) has Euler characteristic x = 6, so

1 1

X731 (4m)3

/e‘“"'o‘GRma2 A Rosay N Ragag = 6. (C.7)

this fixes V = 3272 so 1
v=3gM (N? — M?). (C.8)

Note that M and N must be either both even or both odd for v to be an integer.
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