POINTWISE MULTIPLIERS FOR REVERSE HOLDER SPACES

STEPHEN M. BUCKLEY

ABSTRACT. We classify weights which map reverse Holder weight spaces to other reverse Holder
weight spaces under pointwise multiplication. We also give some fairly general examples of weights
satisfying weak reverse Holder conditions.

1. INTRODUCTION AND EXAMPLES

In this paper our main task (Section 2) will be to classify those weights f for which fw is
in some reverse Holder weight space for all w in some other reverse Holder weight space. In
most cases, we will find that it is necessary and sufficient for f to be in some related weight
space. The weight spaces with which we shall be concerned are RH, (0 < p < c0), and larger
spaces which we shall denote as WRH,,. The RH,, condition, first examined by Gehring [G], is
quite useful in many areas of analysis, particularly in the theory of quasiconformal mappings.
It is intimately related to the A, condition of Muckenhoupt [Mu] and their theory has in fact
been developed together (notably in [C-F]). If one tries to develop the theory of quasiregular
mappings as for quasiconformal mappings (see [B-I]), one is forced to consider a reverse Holder
condition weaker than RH), leading to the class of weights which we denote as WRH,. As
this condition is not as well understood as RH,, we shall give some fairly general examples of
WRH,, weights.

Let us first introduce some terminology and notation. Let 2 C R"™ be a fixed open set. By
a weight on {2, we mean any non-negative function on €2, which is not identically zero. Since
we are concerned with integrals throughout, a “set” will mean a measurable set, and sets of
measure zero do not concern us. A “cube” will always refer to a cube in 2 whose faces are
perpendicular to coordinate axes. The sidelength of a cube @ will be denoted by 1(Q). We say
two cubes are adjacent if their closures intersect, but their interiors are disjoint. For any set E
and weight w, we write |E| for the Lebesgue measure of E, w(E) = [, w, and

lwll, 5 = (ﬁéw”(m) dx)l/p, p € R\{0}
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We also write ||wl|__ o = €ss sup w(x). We shall be concerned with reverse Holder conditions
) I'EQ
of either of the two following forms

lwll,, o < Kllwll, 50 whenever 0@ C (. (1.1)
lwll, o < Kllwl, o whenever 0@ C (. (1.2)

Here 0 < ¢ < p < o0, K > 1, and 0@ is the concentric dilate of a cube ) by a factor
oc>1 Ifo>1and 0@ C Q, we say @ is “o-allowable” (or “allowable”). We denote the
Hardy-Littlewood maximal operator by M and, for any exponent 1 < p < oo, we shall write

p'=p/(p—1).

We denote the class of weights satisfying (1.1) by WRH}, . if o > 1, and by RHﬁq ifo=1.

P.q;0
For ¢ > 1, we denote by RHI?’;};OGC the class of weights satisfying (1.2). Given w € WRHZ?’q, we
define WRH,! ., (w) to be the smallest constant K for which (1.1) is true; a similar notation is

employed for all other weight spaces (we shall term this best constant the “norm” of the weight
in the weight space). If A, B are positive quantities, we shall write A < B to indicate that A
is bounded above by a constant dependent only on B; if the bound for A depends on a set §
of quantities, we write A < S.

We shall use the following basic facts about the WRHS RHS:1°¢ and Rng:

P;g;0 P:g;o
(A) All three types of weight spaces are independent of ¢ (for 0 < ¢ < p) and the first two
are independent of ¢ > 1. Therefore, we shall usually drop references to ¢ and o in
future, assuming ¢ = p/2 and o = 20 (this choice of ¢ simplifies the proof of Theorem
2.6). Also, WRHzgfq;a(w) <{p,q,0,n, WRH&p/QQO(w)}, and the corresponding control
statements for RHZS,2 and RHIS}’IOC are also true.
(B) If w € RH; then w € RH}}, for some €, where 1/e < {p,n, RH}}(w)} (for any 0 < p <
00). The corresponding results for the other spaces are also true.
(C) Ifw € RHI? for some p > 1, then w € AS for some 1 < s < oo; conversely, if w € A?
for some 1 < p, then w € RHSQ for some 1 < s < oo. This result is also true for RHISZ’IOC

and A;}JOC.

The space AI? mentioned in (C) is the space of weights satisfying

||w||1’Q < K||w||1_p,’Q whenever @) C (2.

This is the well-known weight condition of Muckenhoupt. Ag’loc is defined by the obvious
modification to the scope of this inequality. For RHS}, (A) is trivial; (B) and (C) are contained
in [G] and [C-F]. For WRH}}, (A) is due to Iwaniec and Nolder [I-N], and (B) can be found
in [B-1]. Using (A)—(C) above, it is easy to show that RH = Up<oo Al = AL and also that
w € RH;} if and only if w? € A% for any 0 < p < co. It also follows that if w € RH;} for some
p >0, then 1/w € RH(? for some g > 0.

Most of the versions of (A)—(C) for RH'¢ follow immediately from the corresponding

version for RHZ?, since w € RHI?’IOC if and only if w € RH;2 , for all allowable @ (with a
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uniform RH, norm), and Ag’loc is “local” in a similar sense. The one exception is the fact
that RH g“oc is independent of o > 1. To see that this is true, one simply dissects an arbitrary
(1 4 o)/2-allowable cube into 2" o-allowable subcubes. By combining the defining inequality

over all the subcubes, it follows easily that RH. Igquoac C RHS;}I%FU . Since the reverse implication
[ S )

is trivial, iteration gives the required result.

We say a positive Borel measure p is doubling (on the set ) if there is some C' < oo for
which p(cQ) < Cu(Q), for all o-allowable cubes @ and some fixed o > 1. We denote this class
of measures by D%, or simply D, If f is a weight, we shall write f € D® in place of the

more awkward f(z)dx € D®. It is well-known that RH;}JOC C D% (this result is essentially
contained in [C-F]). The following lemma is useful in dealing with the D condition.

Lemma 1.3. DY is independent of o > 1. Moreover, for any r > 0, p € D if and only
if there is some constant C = C, such that u(Q'") < Au(Q) whenever Q, Q' are adjacent,
Q) <r-1(Q), and (14 2r)Q C Q.

Proof. Suppose 1 < 7 < ¢ and let ¢/ = (1 + 0)/2. If 4 € DY then, by slicing an arbitrary
o’-allowable cube @ into subcubes Q. (1 < k < 2™), each of sidelength I(Q))/2, we see that

wo'Q) < 2" u(eQr) < CY (@) = Cu(Q).
k=1 k=1

Thus DS, C D?. By induction, we get D¥+2_m5 C D? for every m > 0, where § = o — 1. Let
71 = 1+27™0§, where my is the smallest integer m for which 1+ 27§ < 7; also let 75 = 7/77.

Then 75 < 71, since 175 =7 < 7'12. If Q is T-allowable, then @@ and 75 are both 7 -allowable
(and p € D). Therefore,

u(rQ) < Cpu(12Q) < Cpu(niQ) < C?u(Q).

Conversely, iteration of the defining inequality for D gives D%, C D$ for all n > 0.
Choosing n so large that 7 > o gives D! C D, C D%, as required.

Suppose that p € D and that Q, Q' are as in the statement of the lemma. Then Q' C
(14 2r)Q, and so u(Q') < u((1+2r)Q) < Cu(Q). Conversely, the annulus ((1+ 27)Q)\Q can
be covered with a finite number (dependent on n, r) of cubes adjacent to @, with sidelength r
times that of Q. Thus u((1 + 2r)Q) < Cu(Q), and so € D9, as required. [

Let us add the following to our list of basic facts about weight spaces:
(D) w € I/VRHIS2 if and only if w? € WRH{. In fact, for any 0 < ¢ < p, WRH$},._(w) =

p,q;o

(w . e corresponding statements for an ’ are also
WRH, . (wP))!/P. Th di for RHS' and RH°° 1

true.
(E) If w € WRH,} and w® € D% for some € > 0, then w € RH»'°.
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The first statement in (D) follows from the second statement and (A) above; the second
statement is simple to verify. (E) is trivial: if w® € D, then Hpr o< Kllwl, 20 < 2" K ||lwl|, 9
for all allowable Q.

The weight conditions RHS! and Af? have been extensively studied ([G-R] is a good source
for their theory), and are much better understood than WRH z?' Therefore, we shall begin by
giving some fairly general examples of WRH 1? weights.

It is known that non-negative subharmonic functions on 2 (and more generally non-negative
subsolutions in 2 of any self-adjoint elliptic partial differential equations [Mo]) satisfy (1.1) with
p = oo; therefore such fuctions are WRHS! weights if they are not identically zero. Note that, in
contrast to RH. ;}7 weights, WRH. ,? weights can grow arbitrarily fast (for example, f € WRH O%Q,

if f(z) = |e®| for all z € C = R?). Convex functions are subharmonic, and so if f is convex,
non-negative, and not identically zero, then f € WRHE". We shall weaken the notion of
convexity to produce more examples of weights in WRH;} (0 < p < 00). First, let us state the
following easy geometrical lemma.

Lemma 1.4. Suppose a cube Q is sliced into 3™ subcubes of equal size. Let Qo = (1/3)Q be the
central subcube and let {QZ}?; be the corner subcubes, i.e. those which include a vertex of Q).
Furthermore, suppose x; € Q; (i = 1,...,2"). Then co ({xl}in:l) D Qq, where co S indicates
the convex hull of the set S.

n

Proof. We may assume without loss of generality that Qo = [][—1, 1] (so that Q@ = H [—3,3]).
i=1

The result is obviously true for n = 1, so we assume inductively that it is true for all dlmensmns

n < k, where k£ > 1. For dimension n = k + 1, let us order the corner subcubes Q; so that,

forall 1 <i<2% Q; =P, x [~ 3 —1] and @Q; o = P; x [1, 3], where {P} _, are the corner

subcubes of the R¥-cube P = H [—3,3]. For each 1 < i < 2% the convex hull of {z;, z; o}
i=1
is a line segment which includes points y; + = (u;¢,t) for all =1 <t < 1, where u;; € P;. It

follows from the inductive hypothesis that co ({y”}fil) D Py x {t}, where Py = (1/3)P. The
inductive step now follows easily, so we are done. [

Definition 1.5. If g is a real-valued function on R™, and {x € R" | g(x) < a} is convex for
every a € R, we say ¢ is convex-contoured.

It is easy to see that convex functions are convex-contoured, as is any radially increasing
function. On the other hand, g(z) = arctan |z| is an example of a convex-contoured function
on R™ which is not convex (or even subharmonic). There are also, of course, subharmonic
functions which are not convex-contoured (for example, g(z) = | cos z| for z € C).

Proposition 1.6. If u € RHZS,2 for some 0 < p < 00, and g is a convex-contoured weight, then
w=ug € WRHZ?.
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Proof. Note first that any convex-contoured weight g is locally bounded. In fact, if Qg is any
cube, then g attains its maximum value over g at one of the vertices, v. Writing a = g(v),
Lemma 1.4 ensures that the set {g(z) > a} includes one of the corner subcubes @; of @ = 3 Q.
Let us fix an exponent ¢ such that 0 < g < p, and assume that @) is allowable. Since RH ,? c D%,

< allull, o, < Kallull, o, < Klwl, o < 3"7K]|wl|

lwll,, o, 4,3Q0

where K depends on RH}(w). O

The simple geometrical assumption in Proposition 1.6 that g is convex-contoured is not
crucial; it is easy to alter the above proof to handle certain weaker conditions. For example, it
suffices to assume only that there exist C,e > 0 and o > 1, such that for any o-allowable @,

there is a subset S of 0@ for which |S|/|Q] > € and

ess sup g(x) < Cess inf g(z).
zEQ €S

In particular, it is easy to see that u - Xg € WRH;} for all u € RH;}, it S ¢ R" is the
“checkerboard” set for which z € S if and only if the sum of the integer parts of the coordinates
of x is even.

Obviously, RHIS2 C RHI?’IOC C WRHI?. Using Proposition 1.6, it is easy to see that the
second containment is always strict. For example, if o) is an allowable cube, then w = Xq\q €
WRHS, but w ¢ RHI?’IOC for any p > 0, since w? ¢ D, On the other hand, if w € RH;}’IOC,
then w € RH (? for some g < p, where ¢ depends only on p, RH;?’]OC(w), and the dimension n;
this fact follows from Corollary 3.17 of [Sta]). For Q = R™, RH}} = RH»'°¢ but, if Q # R",
these spaces are distinct. For example, it is easy to see that w,(z) = (dist(x, R"\Q))™" €
RHYC for all r > 0. However, w, ¢ RHS!. In fact, if we choose a cube Q such that 9Q N 9Q
is non-empty, then w, ¢ L™"(Q), and so w ¢ RH, . It follows that, if Q # R”, then

n/r
Q,loc Q
RH1°¢ ¢ RHS for all 0 < p,q < oo.

2. POINTWISE MULTIPLIERS

The examples of VVRH;2 weights given in the first section lead us to ask what conditions
on a weight f guarantee that, for all 0 < p < oo, f - RH;,2 ={fw|wce RHIS}} is a subset
of WRHI?. More generally, one can ask when it is true that f-S C T, where S,T are reverse
Holder spaces. In this section, we shall show (Theorem 2.9) that a quantitative version of such
a containment can only occur if § C T. Thus, the only possible cases are f- RH ,? C RH, éz,
f- RHI? C WRH, gz’ f- WRHZS2 C WRH f}, and local versions of the first two (for some particular
indices 0 < ¢ < p < oo in each case). It is not hard to classify f in the first case (Theorem 2.3),
but the third case (Theorem 2.6) presents considerably more difficulties. In the second case,
we can only give a partial answer (Theorem 2.4). We need a couple of preliminary lemmas, the
first of which is the version of the Whitney covering lemma found in [Sa].
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Lemma 2.1. Given R > 1, there is a dimensional constant C'r such that if G is an open subset
of R", then G = |J Q, where the cubes Qy, are disjoint, >, Xrg, < CrXg and
k

R < dist(Qx, G)

—  diam(Q) < I5E.

The next lemma shows that certain weak versions of the A, condition are equivalent to the
WRH{ condition. We shall only need the equivalence of (ii) and (iv), but we include (i), as it
is interesting for its own sake.

Lemma 2.2. For any fired o > 1, the following conditions on a weight w are equivalent.

(i) There ezist constants 0 < aw < 1 and 0 < B < 1/Cq, such that if E is a subset of a
o-allowable cube Q, and |E|/|Q| < a, then w(E)/w(cQ) < (. Cs is the constant in
Lemma 2.1, for R = 2.

(ii) There exist constants C,e > 0 such that if E is a subset of an o-allowable cube Q, then
w(E)/w(eQ) < C(IE]/|Q])".

(iii) w € I/VRHIS2 for some p > 1.
(iv) w € WRH{.

Proof. For the sake of simplicity, we shall assume o = 2. To see that (i) implies (ii), let us first

write C' = (5004/n)". It suffices to show that, for all positive integers k, w(E)/w(2Q) < gFC4H*

whenever |E|/|Q| < o /C*~1. The statement is true for k = 1, so we assume inductively that

it is true for k = kg > 1. If |E|/|Q| < ¥t /C*0 | we apply Lemma 2.1, with R = 2, to the set

G={zeQ| MXg(x) > a/(100y/n)"} D E to get that G = |J Q, where the cubes Q are
k

disjoint, ), Xa2q, < C2X¢ and

dist(Qx, ) _ 50

10< = fam(@) =

It follows that 100y/nQ} intersects G¢ and that |Ey|/|Qk| < a, where Ey, = E'N Q. Therefore
w(Ek)/w(2Qk) < B, and so

w(E) =Y wE) =Y &;EQ’“:)w(sz) < BCow(G).
k k

But by a standard weak-type estimate on M (see [Ste, p. 5]),

(5004/1)" ako
Gl < =B < Q)

and so w(E) < BC, - Bko Cgo_lw(%)), which completes the inductive step.
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Let us now prove that (ii) implies (iii). We work with an arbitrary but fixed cube @ and
normalise so that w(2Q) = |Q|. Letting B, = {r € Q||2¥ < w(z) < 2¥+1}, it is clear that
|Ey| < 27%w(Q) < 27%|Q|, and so w(E}) < C2~%w(2Q). Thus,

/ /2 < (20) + ZQE(RH 120 (Ey)
Q

w(2Q) (1 + 2¢/2 Z 02—6k/2>

k=0
< C'w(2Q) =C'|Q|,
and so w € WRH*

where C" = C'(C,e). Thus ||w|| as

required.

1reppg = €1 = 20CMwll, 50, Vheso

Since trivially (iii) = (iv) and (ii) = (i), and we know from Section 1 that (iv) =
(iii), we need only prove that (iii) = (ii) to finish the proof. If £ C @, and w € WRH;} for
some p > 1, then

i B
o e WMﬂblswQOpr_mmmm(WJ ,

which proves (ii) with e = 1/p’. O

It is important for our purposes to note that, in proving that (iv) implies (ii), we can choose
C and € to depend only on n, o and WRH{}(w). We are now ready to state and prove the
first, and easiest, of our pointwise multiplier theorems. The case p = ¢ of this theorem was
previously answered by Johnson and Neugebauer [J-N].

Theorem 2.3.

(i) If0 < g < p < o0, then f-RH;} - RH(? if and only if f € (| RHS, where s = pq/(p—q)
r<s
(s=o0ifp=q)
(ii) If0 < q < oo, then f- RHS C RH(? if and only if f € RH(?.

Proof. We shall first prove (i). (D) allovvs us to reduce our task to the case ¢ = 1, since
f-RH} C RHY if and only if f7- RH p/q C RHY, and f € ... RH' if and only if f? ¢

mT<(10/Q)’ RH;'

Suppose that f € (| RHS, and that w € RHQ Thus w € RH{? for some t > p; in fact,
r<p’
[wll, o < Cllw|_,  for some 0 <€ <1, and all Q € Q. Since ' <p/,

r<s

il < el I o < el o1, 5.0
< 'l sl o/ lwll_. o < C-C'lwfl,
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where the first and third inequalities are by Holder’s inequality. Thus, w € RH & = RH{.

Conversely, suppose that f - RH;} C RH{ for some 1 < p < oo. In particular, f-1 =
f € RHY, and so f1/7 ¢ RHI?, which in turn implies that f'*1/? ¢ RH{®. Continuing this
iteration, we see that f € RH&, where 7, = > ;- ,1/p". But r,, — p’ (m — c0), and so
fe N RHS.

r<p’

The proof of (ii) is quite similar. Choosing w = 1, we see that f-1 € RH (? is a necessary
condition. To prove the converse, suppose first that ¢ < co. If f € RH [?, then f € RHE}I for
some ¢t > 1. Also, ||w||t,q 0= Cllwl_, o for some 0 <'e < g and all @ € Q. Thus,

lo sl < ol o Fllg g < Cllwlyy o1l
< Cllwlly, Qllwfl, o/ vl o < Cllwfll, o

and so wf € RH f]). If ¢ = o0, the proof follows in the same manner, except that the first use

of Holder’s inequality is replaced by the inequality wa||oo’Q < HwHOO’QHfHOO’Q. O

It is easily seen from the above proof that if, for some weight f, f- RH ,? C RH 52, then a
quantitative version of the same statement is true, namely RH ;}( fw) < RHI?(w). Similarly,
containment leads to quantitatively controlled containment in Theorem 2.6; in Theorem 2.4,
one obtains controlled containment, as long as f satisfies the stated sufficient condition.

We now state an analog of the above theorem for the case f- RH z? C WRH (?; we omit the
proof which is easily obtained by a few minor modifications to the above proof (“Q)” becomes
“o@” in a few places). The one part which cannot be carried over is the iteration in the proof
of the converse part of (i); this is why we cannot give a full-strength analog of (i) (although it
seems likely that such an analog is true).

Theorem 2.4.
(i) If 0 < ¢ < p < o0, a necessary condition for f - RH;} C WRH;2 s that f € WRH(?; a

sufficient condition is that f € (| WRHS, where s = pq/(p —q) (s = o if p = q).
r<s

(ii) If0 < q < 0o, then f- RHS C WRH(? if and only if f € WRH(?.

Various other analogs of Theorems 2.3 and 2.4 could be stated. For example, it follows as
an easy corollary to Theorem 2.3 that if we replace every RHS! space with the corresponding
RHMoC space, the statement of Theorem 2.3 remains valid. Also, one can prove the version of
Theorem 2.4 where RH:"'° replaces WRH! in exactly the same fashion as the original proof.

The following special case of Theorem 2.4 is interesting, as it answers the question posed at
the beginning of this section; it also sheds some light on the checkerboard set example given
after Proposition 1.6. We omit the obvious proof.
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Corollary 2.5. u-RH]fP C I/VRHIS2 for all 0 < p < oo if and only if u € WRH}. In particular,
u = Xg has this property if and only if there exists some € > 0 for which |S N (2Q)| > €|Q] for
all cubes @ for which |S N Q| > 0.

Theorem 2.6.
(i) If 0 < ¢ < p < o0, then f- WRHY C WRHE if and only if f € (| RHX'"°°, where
r<s
s=pq/(p—q) (s=o0ifp=q)
(ii) If 0 < g < oo, then f - VVRH§O - WRH;2 if and only if f € RH(?,]OC.

Most of the statement of this final theorem can be proved by modifying the proof of Theorem
2.3. There is however one major obstacle to be overcome: we must show that if f- WRH ;}7 C
WRH(?, then f € D®. If we assume that WRHy(wf) < WRHI?(w), this is not difficult to
prove. Let us consider, for example, the case ¢ = 1. If f ¢ D, then Lemma 1.3 implies
that, for each positive integer k, there are adjacent allowable cubes Qy, Q}., for which I(Q}) <
1(Qr)/4k but f(Qr) < f(Q})/k. Letting S = (R™"\3Qk) U Qr U Qy}, it is easy to see that
{WRHS (Xs, )}, is a bounded sequence of numbers (this is in fact Lemma 2.7 for a sequence
of length 1). Letting Q = (3/2)Qx and E = Q}, we see that E C Q, |E|/|Q| < (6k)™", and

that "

By Lemma 2.2, the sequence {WRH$}(fXg,)}2>, must be unbounded, which contradicts our
additional assumption.

To eliminate this quantitative control, we must essentially find a single weight w which does
the work of all the weights Xg, above. If the cubes can be chosen so that the dilates 4 Q) are
disjoint, our task is easy: we let w = Xg, where S = [J;=, Si. Arguing as before, it follows that
wf ¢ WRHS!. Because of disjointness, it is not difficult to see that w € WRHE" contradicting
our hypothesis.

This argument does not extend to the case where the cubes )y intersect, or if they are
too close together, because the cubes will then “interfere” with each other. Some of the more
general cases can be handled by more elaborate versions of this argument; the task of altering
the cubes and the weight w, so that the cubes do not interfere with each other will necessitate
some extra technicalities. The more elaborate weights we shall construct will be associated with
certain sequences of quadruples {(Px, Py, Ay, dk)}zzzkl, where —oo < k1 < kg < 00, P, and P}
are adjacent cubes, Ay is a cube containing the dilates 50 P; for all j > k, and 2.9 < d;, < 3.
These quadruples will be such that [(P) and [(Ay) are less than I(Py) (in particular, the
sidelengths [(Py) form a decreasing sequence), and Ay is k-conditioned, where we say a set A
is “k-conditioned” (or “conditioned with respect to (P, P}, dy)”) if A is fully contained in one
of the sets Py, P;, Si = dp Py \(Pr U P}), R"\dy Py, which partition R". Letting By = J 3 P},

>k
the associated weights will have the form ’

{ ag, x € Rn\(Sk U Bk)
w(z) =
bk, T € Sk\Bk
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where 0 < b, < ag. Furthermore, we have the “continuity condition”

a =
A ag, if By, C Rn\Sk.

It follows that max w(x) = by and max w(x) = ag. We shall denote by W the class of all
TES) IER”\Sk

such weights. For our purposes, bi will be very small compared with ay.

The weights Xg, previously considered are of this type (k1 = ko =0, ap = 1, by = 0). Since
the weights in W generalize these weights, and the k-conditioning of the sets Ay is designed to
stop the cubes interfering with each other, the following result should come as surprise.

Lemma 2.7. If w € W, then w € WRHR". In fact, WRHR" (w) < C,,, where C,, depends
only on n.

Proof. We will prove the lemma with C,, = 5"/l,,, where [,, = 1 — (%)n - (ﬁ)n. Without loss
of generality, we assume k1 = —oco and ke = oo (we can choose ay = by, when k is outside a
given range). Fixing a cube @, we have |Py_1| > |Q| > |Px| for some integer k. Now, 20 Q) is
j-conditioned for all except possibly one integer j < k. To see this, note that if [ < k is the
largest exceptional integer, then 20 @ intersects 3 P;, and so 20Q C 50 P, (since |Q| < |P).

Thus 20Q C A; for any j <[, and so 20 @) is j-conditioned for all j < .

We therefore assume that 20 Q is j-conditioned for all j < k, j # [. If 4@Q is l-conditioned,
then the assumptions on w imply that w(z) < ¢ for all x € 4Q), with equality for z € 4 Q\Bx_1
(c is either ay or by). It follows from our hypotheses that |By| < 107"|Pg|, and so |Bx_1| <
|3 Px| + |Bx| < (3™ +107")|Q|. Therefore, |[{z € 4Q | w(z) = c}| > (4" — 3" —107™)|Q|, and
50 [0l 4 2 Inllwl o

We must now take care of the alternative case when 4 () is not [-conditioned. Let us first
show that for any cube (¢ which is not [-conditioned, |(5Qo)\Si| > |Qo|- This is easy to see
if Qo] = |P1], so suppose |Qo| < |Fi|. If Qo intersects R"\(3 ), then |(5Q0)\(3 )| > |Qol,
whereas if Q) intersects Pj, then |(5Qo) N P;| > |Qo|. The last way that Qo can fail to be I-
conditioned is if Qp intersects P/. In this case, it is clear that |(5 Qo) N P/| > |Qo| if | P/| > |Qol,
while [(5 Qo)NP| > |Qol if | P/| < |Qol. Letting Qo = 4 @, we see that |(20 Q)N(R™\S;)| > 14 Q|.
Proceeding as in the previous case, we see that [[w]|, ,,5 = 5™ "lullw] o, Which finishes the

,Q’
proof of the lemma. [

We are now ready to prove the main theorem. In this proof, a dilate of a cube @) will refer
to r@ for any r > 0 (not just r > 1); when we need to be more precise, we refer to r(Q) as the
r-dilate of Q.

Proof of Theorem 2.6. We shall first prove (i). As in Theorem 2.3, it suffices to do so in the

case ¢ = 1. If f € () RH'°° it follows that for some 0 < € < 1, all » < p/, all allowable
r<p’

@, and some constant C' = C,., ||f||TQ < C|fll_. 2o - Suppose also that w € WRHI?, and so
w € WRHE for some t > p. Since t' < p/,
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loflly. < Il gl < C 1l ollwll, g 50
< CNfly sl s/ I1F1 . s < C - Cllwfl, 5,

where the first and third inequalities are by Holder’s inequality. Thus w € WRH$,

Conversely, suppose that f- WRH;} C WRHY! for some 1 < p < co. Modifying the iteration

argument of Theorem 2.3, we see that f € (| WRH. Because of (E), the desired result will
r<s

follow if we can show that f € D%,

Let us first show that f(Q) > 0 for all allowable cubes Q. If not, then there exists an
allowable @ for which f(Q) = 0, but f(tQ) > 0 for all ¢ > 1. We inductively construct a
sequence of cubes {C}}72 |, with associated parameters

ap =inf{r | C, C (1 +r)Q}
b = sup{r | Cx and (1 + )@ are disjoint }

satisfying

(1) a1 =1/2,

(2) 0<b < ak/2,
(3) ar+1 < br/(k+1),
(4) f(((A+ ar1)QN\Q) < f(Ck)/k.
C is easily constructed since f(2@Q) > 0. Having chosen C;, we choose ajy; > 0 so small
that (3) and (4) are satisfied. Since f((1+ a;)@) > 0, it is clear that we can choose a cube
Cj41 which has positive f-measure and for which (2) is satisfied (for £ = j + 1). Letting
S =QU (U, Cr) URM3Q), it follows easily from (2) that w = Xg € WRHE. Letting
E; = C) and Qi = (k/2)C}, we see that

However, 2 Q) C bx—1Qk and so, by (2),

fw = f(Ek) fw.
Ey

>—
k+1Js0,

By Lemma 2.2, f ¢ WRH{?, contradicting our hypothesis.

Let us assume that f ¢ D and arrive at a contradiction. By Lemma 1.3 there are, for every
k > 0, adjacent 20-allowable cubes Qy, @}, for which [(Q},) < l(Qr)/2k but f(Qr) < f(Q})/k.
In the discussion after the statement of Theorem 2.6, we saw that this leads to a contradiction
if the dilates 4Q); are disjoint. There is of course, nothing special about the dilation factors 3
and 4 in this argument. If the cubes Q) can be chosen so that, for some r > 1, their r-dilates
are disjoint, simple modifications to the above argument will give the required contradiction.
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Therefore, we shall assume that {Qx} cannot be chosen to have disjoint r-dilates for any r > 1.
We shall need to consider separately three types of cube sequences: cubes which stay about the
same size, cubes whose sidelengths tend to 0, and cubes whose sidelengths grow without bound
(by selecting a subsequence, all cube sequences reduce to one of these three types).

Suppose first that 0 < r < [(Qx) < R < oo for all 1 < k. Since no subsequence of the cubes
has disjoint dilates, it follows that the sequence {Q}} is compactly supported in Q2. By choosing
a subsequence if necessary, we can assume that @, — @ and @}, — {x}, for some allowable cube
Q@ and some z € Q (by which we mean that the vertices of Qj converge to the corresponding
vertices of ), and the vertices of ()}, all converge to ). But now, f(Qr) < f(Q%)/k — 0 as
k — oo, and so f(Q) = 0 (by Lebesgue’s dominated convergence theorem) which, as we have
already seen, leads to a contradiction.

Suppose next that the cubes Q, @}, can be chosen so that [(Qx) — 0 (k — 00). Again,
we can assume the cubes ) are compactly supported in 2 and so, by choosing a subsequence
if necessary, we can assume that @ — {z} for some x € Q. Let A be the smallest cube
containing 50 ); for all j > k, and so Ay, — {z}. By taking a subsequence if necessary, we can
assume that for all £ € N, 2 Ay is a subset of {2 and that

(a) 1000 I(Ag) < U(Q}),

(b) 2f(Ak) < F(Q%),

(c) f(Qr) < 27" f(Q}),

(d) |Qx < 27" HD|Qy.

For 1 < k < 0o, we now construct adjacent cubes P, P,; and a dilation factor 2.9 < d;, < 3 such
that Ay is k-conditioned. These cubes will be constructed by modest dilations of the cubes Q,
Q.- More precisely, it will be true that

102

100 — Q). (2.8)

— P C P!
100ch ke C Qk, QrC P C

In particular, A contains 50 P; for all j > k.

We need to consider several cases for this construction. If Ay is conditioned with respect
to (Qk, Q% 3), we let (Py, Pr,di) = (Qk, Q},3). Otherwise, if Ay, intersects (101/100)Q),, let
P/ be the smallest dilate of @} which contains Ay, let P be the dilate of @ which is adjacent
to P/, and let dj, = 3. Otherwise, if Ay, intersects Q, we let Py be the dilate of @y which is
adjacent to Ay, let P/ be the dilate of Q) adjacent to Py, and let dj, = 3 (note that P, does not
intersect Ay, because of the previous case). Finally, if Ay is only partially contained in 3 Qy,
the triple (Qg, Q},2.9) will suffice. In each case, it follows from (a) that our new cubes satisfy
(2.8). The new cubes satisfy conditions very similar to (a)—(d). Specifically,

(a') 1000 1(Az) < 1(P)),

)
(b") 2f(Ag) < f(P),
(c) f(Pe) <27Ff(P}),
(d") |P| < 27| Pyl
Now let (P
A
w(x) = FiER)  CE

1, otherwise
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and w(z) = [] wi(x). Clearly, w € W C WRHS!. We get the desired contradiction by showing
k=1
that wf ¢ WRHS!. First note that

IS?\?QJ:)’“ _ f(P’f)fj(LPflik Jw <927k o=k —_ g—k+tl
P/ k

By construction, w(z) < wy(x) for x € 3 Py, with equality if x ¢ Aj. Thus

/ Jw < / Jwg.
3 Py\ P, 3 Py\ P,

Since wy, is constant on P}, it follows from (b’) that

1
[ roz5 [ rw
Py 2 Jpy

and so

Since P}, C 2P, it follows from (d’) and Lemma 2.2, that fw ¢ WRHS.

Finally, we need to consider the case when |Q| — oo (k — o0). Since we are assuming that
no subsequence of these cubes can be produced to have disjoint r-dilates for any » > 1, we can
inductively produce a subsequence of these cubes whose 3/2-dilates are pairwise-intersecting.
We redefine Q) to be the k-th term of this subsequence. We can assume, in addition, that
(Qr+1) > 6 1(Qk), from which it follows that 2Qy C 2Qp+1 (for all £ € IN), and hence that

oo

U (5/2)Qr = R™.

k=1

We define Ay, = 50Q,—1 (and so Ax 2 50Q); for all j < k). We can also assume that these
new cubes Q, @, and A;, satisfy conditions (a)-(d). As before, we can construct (Py, Py, dk)
so that Ay is k-conditioned, and

99 102
Y P C / C P/ - /.
100Qk C P, C Qy, Q€ P, C 100Qk

We can actually choose dj, = 3, since (a) implies that Ay C (5/2)Q.

We shall inductively define weights uy for & > 0, and then define w(z) = len;O ug(z). This
limit will exist for all € R", because the weights u, will be defined so that uy(z) = u,;(x) for
all j > k, v € 3 P,. We define ug = 1, to start the induction. If k =1 or if Ay, C P, U P[, we
define

f (B uk—1 ()
w)={ 2JGP)
ug—1(z), otherwise.

r € Sy
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Otherwise (i.e., if K > 1 and Ay C Sy = dp P\ (P, U P))), we define

un_1(z), x €Sk
_ k
un(®) = 2IOPIue @)
f(P)
We also write /
M xr € Sk
wi(x) = ¢ 28f(3P)’
1, otherwise.

Notice that, for each k£ < 0, uy is a constant times Hle w;, but is normalized to ensure
that w # 0. Clearly, w € W € WRH£}, (our sequence of quadruples is indexed in the reverse
order to that in the definition of W, but this does not matter). The proof that fw ¢ WRH?$
is similar to the case |Qx| — 0. First,

/ fwr < gkt fwg.
3P\ P} P

Next, there exists a constant ¢, > 0 such that w(x) < cpwy(z) for all x € 3P, with equality if
x ¢ Ay. Since 2f(Ay) < f(PY), it follows as before that

/ fw < 27k+2 fw,
3P\ P, P

and so fw ¢ WRHS$!. This finishes the proof of (i).

For (ii), it is obvious that f € RH, (?’100 is a necessary condition for containment. For the
converse, the case ¢ < oo can be reduced to the case ¢ = 1, which can then be proved by
straightforward modifications to the proof of (i) (the main task, proving that f € D%, has
essentially been proven already, since all of the weights w we constructed are WRH ! weights).
The case ¢ = oo also follows easily. If f-WRH C WRHS, ¢ WRHE, then f € RH"'°° ¢ D2
(by the case ¢ < c0), and also f -1 = f € WRHE.. It follows that f € RHSL°c. O

The following theorem shows more or less that if S and T are reverse Holder spaces, f is a
weight, and f-S C T, then S CT.

Theorem 2.9. Suppose f is a weight and 0 < p,q < oo.
(i) If f- RH}} C WRHY, and WRH(fw) < RH}(w), then q < p.

q’

(ii) f-WRHJ ¢ RH}c.
(ili) If @ #R", then f- RHS"°° ¢ RH.

Proof. Let us prove (i). We can assume without loss of generality that p = 1. Suppose, for the
purposes of contradiction, that f is a weight for which WRH}(fu) < RH{(u), for some ¢ > 1.

Thus, f = f-1 € WRHY. Let us fix a 3-allowable cube @, normalize f so that || f]|, 20 =1L
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and fix s satisfying 1/qg < s < 1. For any a € R", p,(x) = |vr — a|™*" € Ay C RH;, and
RH;(p,) is independent of a. We shall denote by C' any constant independent of a. If @, C Q
is a cube centered at a, and u, = fp,, then

1a(Qa) < 1Qul - ltall, o, < 1Qul21QIua],

But, by hypothesis, {WRH(u,)}acq is bounded, and so

ltall, g < Cllually 1 50 < Cllpally 5ol 71l 20 < CIQI™

Therefore

1/q'
%@@SOG%D Q.

Since po(z) > ¢,|Qq|~* for x € Q,,

s+1/q'
f@JSCC%D Ql

If we split @ into subcubes Py (1 < k < N™), each of sidelength [(Q)/N, this last inequality
implies that

N
f(Q)= Zf(Pk> < N".C|Q|/N™s+1/d) = ¢|Q|/N"C—1/a),

k=1

where C' is independent of N. Letting N — oo, this implies that f(Q) = 0 for all allowable
cubes, a contradiction since f # 0.

To prove (ii), suppose that f - WRH;} C RH(?’IOC for some weight f. Thus, f € RH(?’]OC,
and so 1/f € RH®!°¢ for some s > 0. It follows from Theorem 2.3 that
WRHS = f~'- f - WRHY C RH}'RHMC C RH{M°,
where t = sq/(s+ q) if ¢ < 00, and t = s if ¢ = co. Since WRHS! ¢ RHS°¢ for any r > 0,
this gives us the required contradiction.

We saw at the end of Section 1 that if (2 # R", then RH;}JOC ¢ RH! for any p,t > 0. The
proof of (iii) now follows in a similar fashion to that of (ii), so we omit it. O
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