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Abstract—We consider multi-hop networks comprising Binary
Symmetric Channels BSCs). The network carries unicast flows
for multiple users. The utility of the network is the sum of the
utilities of the flows, where the utility of each flow is a concee
function of its throughput. Given that the network capacity is
shared by the flows, there is a contention for network resoures
like coding rate (at the physical layer), scheduling time (athe
MAC layer), etc., among the flows. We propose a proportional
fair transmission scheme that maximises the sum utility of fhw
throughputs subject to the rate and the scheduling constraits.
This is achieved byjointly optimising the packet coding rates of
all the flows through the network

flow f; d v

Index Terms—Binary symmetric channels, code rate selection,
cross—layer optimisation, network utility maximisation, schedul-

ing

|. INTRODUCTION

In a communication network, the network capacity is shared flow f3
by a set of flows. There is a contention for resources among

the flows, which leads to many interesting problems. One sugb. 1. An illustration of a wireless mesh network with 4 cells.Cells a,

; ; , ¢, andd use orthogonal channels GHCHz, CHs, and CH, respectively.
problem, ishow to allocate the resources optimally acrosﬁlodes 3, 5, and 6 arbridge nodes The bridge node 3 (resp. 5 and 6) is

the (competing) flows, when the physical layer is erroneoygovided a time slice of each of the channels C& CHy (resp. Ch &
Specifically, schedule/transmit time for a flow is a resourceHs for node 5 and Ch& CH3& CHy for node 6). Three flowsf1, fa2,
that has to be optimally allocated among the competi@@d{3 aredcons'dered' In this exampléy, = {a,b}, Cy, = {d, b, a}, and
flows. In this work, we pose a network utility maximisation”® ~ te.d}.

problem subject to scheduling constraints that solve aureso

allocation problem. . . . .
P! o . radio nodes, one in each cell, interconnected by a high€dspe
We consider packet communication over multi-hop nelt

works comprising of Binary Symmetric Channel8S(s, 05;;{;2 X:;rr?gm?t?ggp;i?:sgsti?sI?LguliItriihl(z. network as aFset
[2]). The network consists of a set @ > 1 cells C = P

{1,2,---,C} which define the “interference domains” in the,_ 11,2,---,F'}, F > 1 of unicast flows. The route of each

network. We allow intra—cell interferenceg/transmissions byeﬂohW ftﬁ 7 is given byC; = {Cl(f()j’ fﬁ(f()j’”t'. ’Cff (f)}'d
nodes within the same cell interfere) but assume that tisere | < © ¢ SOUrce node f) € c1(f) and the destination node

no inter—cell interference. This captures, for exampley@mn d(f) € ce;(f). We assume loop-iree flows (i.e., no two cell

network architectures where nodes within a given cell use ! Cy are sam_e). F|gu_rE| 1 |II_ustrates th's. network s_etup. |
. . . . - scheduler assigns a time slice of duratidp. > 0 time
same radio channel while neighbouring cells using orthagon . o
. . .~ _units to each flowf that flows through celt, subject to the
radio channels. Within each cell, any two nodes are within th . ) .
nstramtthaEf Ty . < T, whereT, is the period of the

: - C

decoding range of each other, and hence, can communical . c€Cy . e .
with each other. The cells are interconnected using mult%fﬁequ'e n celt. We conS|de_r a perlqdlc scheduling strgtegj
radio bridging nodes to create a multi-hop wireless network which, n eac_h celle, service is given to the rows_m a
A multi-radio bridging nodei connecting the set of cells rqund robin fas_hpn, and that each flgin cell c gets a time
B(i) = {c1,..,¢,} C C can be thought of as a set ofsingle slice of Ty, units in every schedule.

The scheduled transmit times for flofvn source celk; (f)

This work is supported by Science Foundation Ireland undemGNo. define time slots for flowf. We assume that a new information

07/IN.1/1901. packet arrives in each time slot, which allows us to simplif



the analysis by ignoring queueing. Information packetsaahe Sy,. We are interested in understanding this trade—off, and |
flow f at the source nodé&(f) consist of a block oft; analysing the optimal fair allocation of coding rates ameng
symbols. Each packet of floyf is encoded into codewordsusers/flows

of lengthny = k¢ /ry symbols, with coding raté < ry < 1. o ) o _

The code employed for encoding is discussed in Se€fion q.}gntnbut_mns: Our main contr_lbunon is the analysis of
We require sufficient transmit times at each cell along réyte fairmess in the allocation of coding rates between usevesflo
to allow n; coded symbols to be transmitted in every scheduk®mpeting for limited network capacity. In particular, wesg

period. Hence there is no queueing at the cells along the ro@it "ésource allocation problem in the utility—fair framekjor
of a flow. and propose a scheme for obtaining the proportional fe

Channel Model: The channel in cellc for flow f is allocation of coding rateg,e. the allocation of coding rates
considered to be a binary symmetric chan@$q) with the that maximises ;. ;- log Sy () subject to network capacity
cross—over probability (i.e., the probability of a bit edrbeing constraints (or scheduling constraints). Specifically, tra
ay. € [0,1]. The corresponding transition probability matrixhysical layer, the (channel) coding rate of a flow can t

is thus given by lowered (to alleviate its channel errors) only at the expeofs
increasing the coding rates of other flows. Also, at the negkwo
Hf (o) = [ L —aye Qf.c ] _ layer, the length pf sch_ed_ules of each flow shpuld be chqsen

’ ’ Afc L—ajpe such a way that it maximises the network utility. Intereghyn

Thus, the end—to—end channel for floy is a cascaded we show in our problem formulation that the coding rate an
channel (of¢; BSCs), which is aBSC, with the transition € Scheduling are tightly coupled. Also, we show that frga
probability matrix H (o) = Hcecf H;.(ay.), the cross— (n_etwork) l_Jt|I|ty function (which typlc_ally gives propodrj_al
over probability of which is given by fair aIIoca’qon of resourc_es)_ the opt_|mu_m ra_te a!locatmm (
general) gives unequal air—-times which is quite differeatrf

ap = > IT % (1—aye)'~". the previously known result of proportional fair allocatio
(2.€{0,1},c€C: 3 wo isoddy ceCy being the same as that of equal air-time allocatibh ([4])sTh
&, problem, which we show in Sectidnollll, requires solving :

Since, each transmitted symbol in a packet of a flow caRon—convex optimisation problem. Our work differs from the
in general, take values from 2" = M-ary alphabet, there Previous work on ngtwprk utility mf';\ximisation (s€€ [5] anc
arem channel uses of thBSC for every transmitted symbol. the references thgre_m) in the following manner. To the bé.st
Thus, the symbol error probability (for any > 1) is given our.knowledge, th|s_ is the first vyork that computes the op‘tm
by B; = 1 — (1 — ay)™. Let the Bernoulli random variable codlng_rate fo_r a given scheduling (or capacity) constsaint
E;li] indicate the end—to—end error of thin coded symbol the utility—optimal framework.

at the destination in a code word of floju Note thatE,[ijs ~ The rest of the paper is organised as follows. In Sedtion
are independent and identically distributed (i.i.d.), ahdt We obtain a measure for the end—to—end packet decoding er
P{E,[i] = 1} = B; = 1—-P{E/[i] = 0}. In the channel model and describe the throughput of FheT ngtwork. In SedEn_ e, w
described, the channel processes across time are indepeni@mulate a network utility maximisation problem subjeot t
copies of theBSCs. This is realised in a wireless networkeonstraints on the transmission schedule lengths. We robt
by means of an interleaver of sufficient depth (after tH@€ optimum coding rates for each flow in the network i
channel encoder), which interleaves the encoded symblogs. TSection V. In Sectiofi V, we provide some simple example
interleaved symbols see a fading channel (which is modabedt© illustrate our results. The proofs of various Lemmas a
a channel with memory, e.g., a Gilbert—Elliot channél [g])t ©omitted due to lack of space.

the de—interleaver (before the channel decoder) bringsthac

original sequence of the encoded symbols, but interledes t 1. PACKET ERRORPROBABILITY

channel fades, the combined effect of which can be modellec\N

ind dent ch | i | e recall that each transmitted symbol of flgfvreaches
as Independent channe! processes across time. in ano{nsrdestination node erroneously with probability. Hence,
work [3], we model the fading channel as a packet eras

channel (or a block fading channel), and obtain the optim recover the information packets, we employ a block coc

¢ - rat hich includ timal interleavbf the source nodes (a convolutional code with zero—paddi
ransmission strategy, which includes optimal INteriagvol ¢ 554 5 plock code). Since dm, k, d) code can correct up
bits across schedules and the optimal coding rates.

: o _to | 452 | errors, we are interested in employing a code with
Lettinge,(r;) denote the error probability that a packet fa|ls]; rge distancel. Thus, a natural choice is the class of (linear

to be decoded, the expected number of information symb ximum—distance separable (MDS) codes. MDS codes

successfully received i (ry) = ky(1—e(ry)). Other things ratek/n have the property that it achieves the Singleton bout
being equal, one expects that decreasingi.e., increasing )

the number of redundant symbols — k;) decreases error

probability e;, and so increases;. However, since the d<n-—k+1, (1)
network capacity is limited, and is shared by multiple flows,e., the minimum distance between any two codewakds
increasing the coded packet sizg, of flow f; generally an MDS code is: — k + 1. Thus, the maximum number of
requires decreasing the packet sizg for some other flow errors that an MDS code can correctLi%‘—lJ = {"—;’“J It is

2
f2. That is, increasingy, comes at the cost of decreasingvell known that in the case of binary signalling, only trivia



MDS codes exist. Hence, in this paper, we consitder= 2"— C. Error Probability — Lower bound

ary alphabet, where: > 1. Examples for MDS codes in the| emma 2. The end-to—end probability of a packet decodin
case of non-binary alphabets include Reed-Solomon codegy for flow f is at least as large as

([6e]), and MDS-convolutional coded {[7]). Idl[7], the autko

show the existence of MDS—convolutional codes for any code &> [ Br exp <_ ky H(B((Ef))):|

rate. We note here that Reed—Solomon codes can also correct T 18 1 =2z
burst errors, and hence, is more suitable for wireless nm&tvo ky
(which does not employ an interleaver). Fexp (_ 1—2xy D(B(xf)”B(Bf))) &)

where B(z) is the Bernoulli distribution with parameter,

H(P) is the entropy of probability mass function (pn#)

and D(P||Q) is the information divergence between the pm
Based on the modulation and the bandwidth available Btand Q.

each celle, a flow f, which passes through it, can obtain a

. . . ~ =" From the lower and the upper bounds for the probability ¢
maximum feasible physical (PHY) rate of transmission irs bit . :
packet decoding error, and for the optintgl (see Eqn.[(T5)
per second that the cedl can support. Letuy.. be the PHY in SectionIV), we see that the exponent of the lower bour
rate of transmission of flowf in cell ¢. For each transmitted ’ P

. is the same as that of the upper bound (EQnl. (15)) with a pr
packet of flowf, each celk € C; along its route must aIIocatef ctor. This motivates us torz/I\?ork with th(egw(er tzz)uajd asp
at Ieastuf—f units of time to transmit the packet (or encodeaa '

block) whére we recall that; is the length of the code word. a candidate to compute the utility of floy, which is given
Let . := {f € F : c € C;} be the set of flows that are routecPy (ks (1= ey)). . . : :

e ’ ! o . We recall thatE;[1] is a Bernoulli random variable which
through celle. We recall that the transmissions in any cell

are scheduled in a TDMA fashion, and hence, the total tin%%kes 1 with probability3;, and 0 with probabilityl — 5.

. " . ) 1—rf. — 1-rp\ _ _ 0
required for transmitting packets for all flows in celis given Thus /g, ( 2 ,9]«) =05 (2 In (1 B+ Bre f)-
by > cr. JTf Since, for celle, the transmission scheduleLet z; := ~-2. Note that0 < z; < . Therefore, from
interval is T, units of time, the coding rates; must satisfy Eqn. [2),

the schedulability constrai@fefc % < T..

A. Network Constraints on Coding Rate

k
er(fp,xy) :=exp (—1 — l;If [Ofzy —In(1—Bf + ﬁfet‘)f)])
(4)

B. Error Probability — Upper bound

The symbol errorsEf[1], Ef[2],--- , Ef[nyg] are i.id.
Bernoulli random variables, and hence, the probability of

) ) IIl. NETWORKUTILITY MAXIMISATION
a codeword (or encoded packet) being decoded incorrectly . . o .
is qiven by P {an Eyli] > nffkf} We observe that We are interested in maximising the utility of the networl
IS g y i=1 L 7z [ which is defined as the sum utility of flow throughputs

i E_j:[i] is a binpmial random variable, and hence, thgye consider the log of throughput as the candidate for tl
probability of decoding error can be computed exactly. Howgility function being motivated by the desirable propesti
ever, the exact probability of error is not tractable fortfier |ike proportional fairness that it possesses.

optimisation as the probability of error, which is a funetiof  \we define the following notations: Chernoff-bound param
the coding rate, is neither concave nor convex. Hence, we p@sisg :— [0f]sex, code rates := [r] <+, andz parameters

the problem based on the upper bound on the error probabiljty. [z7]rer (where we recall that; = (1 —r;)/2). We
So, we obtain an upper bound and a lower bound for the ergsfine the network utility as

probability. We show that the bounds are tight, and henee, th

problem of network utility maximisation can be posed based U (6.@) = Y In(kf(1—es(0y,2y)))
on the lower bound on the error probability. fer
Lemma 1. An upper bound for the end—to—end probability of - Z In (ks) + Z In(1—es(0f,24)) . (5)

a packet decoding error for flow is bounded by the following. fer fer

The problem is to obtain the optimum coding rate paramet
nf * . .
~ —k x* and the optimum Chernoff-bound parameér, which
P{E:Ef[i]>nf f} p p
1=1

6f:

9 maximises the network utility. Sincé,, the size of informa-
. tion packets of each floy is given, maximising the network
< exp <——fIEf[1] (%;@)) (2) utility is equivalent to maximising
rs
= ef(Hf,rf). U@,z) := Zln(l_ef(efaxf))' (6)
' ferF
where 6y > 0 is the Chernoff-bound parameter and thehus, we define the following problem
function Iz(z;60) := 6x — In(E [¢?]) is called the rate

function in large deviations theory.



P1: IV. UTILITY OPTIMUM RATE ALLOCATION

max  U(6,x) = Z In(1—es(0y,25)) A. Optimal9*
* JeF Consider the following optimisation problem, for any giver
subject to Z % <T, VeeC (7)) TE [Afa /\f]F-
—2Tf)Wfe
f:cGCf
0, >0, VfeF mglen(l_ef(@fvxf)) (13)
zp < Ay VfeF il

xp > A, VfeF subjectto 6 > 0, VfeF

(8)  We note that the objective function is separabléfie and that
We note that the EqnLi7) enforces the network capacily js convex ind;. Hence, the problem defined in EqAY13)
(or the network schedulability) constraint. The ObjeCtIV% a concave maximisation problem. We recall that
function U (0, x) is separable iné;,zs) pair for each flow '
f. Importantly, the component of utility function for eacnif(gj xp) = exp< -5 (0725 —In (1 By +[3f80f)}>
flow f given byln (1 —e;(0,xy)) is not jointly concave in Zf
(0r,xy). However,In (1 — es(07,x7)) is concave ind; (for (14)
any zy), and inxz; (for any 6y). Hence, the network utility The partial derivative ot with respect tod; is given by
maximisation problemP1 is not in the standard convex P k

.. . . ﬁ —Rf _ ﬁfe

optimisation framework. Instead, we pose the following x —_— .

T _ 0
problem, 89j 1 2£Cf 1 ﬂf—Fﬁfe !
Observe thatiﬁ is an increasing function af. Thus,
—Br+Bse
p2: if, for 0y = 0, x5 — ,867% < 0 orzy < By (equivalently,
max max Zln(l —es(0,2¢)) 9 rr>1-28), the denvatlve is positive for alby > 0, or
T e ey is an increasing function ofy. Hence, forzy < 3¢, the
subject to Z ky <. Ve e optimum@; is arbitrarily close td) which yieldse  arbitrarily
Piovert (1—=2zp)wye close tol. Thus, for error recovery, for any end—to—end errc
o probability 3¢, the coding rate should be smaller thian 25/,
0y >0, VfeF : . . . . .
_ in which case, we obtain the optim&] by equating the partial
Tr <Ay vier derivative ofe; with respect tof; to zero.
Tf > Af VfeF ot
(10) e, —2rl o = o
In general, the solution t®2 need not be the same as the 1‘/3f+/3f€9f* s 1-B;
solution toP1. However, in our problem, we show thR2 or, el = 51
achieves the solution dP1. or, 05 = In (ng —In (}‘gf) ,
f —Pf

Lemma 3. . For a functionf : ¥ x Z — R that is concave The probability of error for a giverry and 67 (xf) is then
in y and in z, but not jointly in(y, z), the solution to the joint 9iven by

optimisation problem for convex selsand Z f(gf’ )
k €T 1—2
g0 (2 () 0 (2]

YEV,2€Z _ ! f —

is the same as ! 1 k2$f By 1B
_ f
max max f(y’ )’ (12) = exp <_ 1— 922 D(B(‘Tf)HB(Bf)) (15)
2€Z yey f

) ) ) B. A convex optimisation framework to obtain optim@l
if f(y*(z), z) is a concave function af, where for each € Z, . . .
“(2) = arg maxf(y, ). If In(1 —ef(0%(zf),2¢)) is @ concave function af ¢, then
4 vey ’ one can obtain the optimum?® using convex optimisation
framework. To show the concavity af(1 —ef(0%(zs), ),
We note that for eachy, the probability of erroe (0, x¢) it is sufficient to show that; (07 (zs), ) is convex inz;.
is convex ind¢, and henceln(1 —ey) is concave irf;. Thus, DefineA; := In (zf(l zf))_ Note that

we first solve for the optimum Chernoff bound parameiér Br(1=FBs)
which we describe in Sectidn TVIA. After having solved for dey kghy
the optimum@*, we show in Section IV-B thal/ (6* (x), x) is dry (1 —2xp)?
a concave function of. Hence, from Lemma@l3, the solution ¢ L,
L I _ f

to problem(P2) (the maximisation problem that separately 02 { ! — 2}

] : - ; - z% (1—-2xy)
obtains the optimur@* and optimumz*) is globally optimum.

kf 2 4Af 1— 2:17f

We study the rate optimisation problem that obtaifs in . [(

2 Af - -
Sectior 1V-C. 1 —2zy) 1—2z5 xp(l—my)



ef(0%(zy), ) is convex if The objective function is separable and concave, and hen
L AA 1-9 can be solved using Lagrangian relaxation method. Also, t
f 2 f Ly . . . .
mA'f > o1, + (=2 constraint represented by Eqh.](18) is not an active cdnstra
Y Foo f and hence, there is no Lagrangian cost to this constraint. \

or 5 note here that the coding rate should be suchihatl —2x )
A —2ay) (1 —2x)) k is an integer, and hence, obtainingis a discrete optimisation
Ay zp(l— fo)A?' - problem. This is, in general, an NP hard problem. Hence, v

Since, we considet:; > ), where A\, = B; + ¢; for relax this constraint, and allow; to take any real value in
some arbitrarily smalk; > 0, we have; < K3 where [Af, Ar]. The Lagrangian function for the optimal rate problen
7 is thus

o A (1-2p) O .
1/Kp:=1In (7@(17@))’ and hence, a sufficient condition for

the convexity ofe; (and hence, the concavity i(1 — ey)) L(z,p,u,v)
is ‘
kg
112 (02 =S (e Gpr) - e [ X k7
L+ K, < ks 16 A -

A, TRy Sh 16 = e \je& U 2muge
The above condition is a convex function of, and we -+ "y (z;— ;) = Y vy (wp — Af)
include this as a constraint in the problem formulation.§hu  rer ' feF

ef(03(xy), xy) is convex inxy, and hence, we obtain the

optimal % using convex optimisation method. Also, fromApplying KKT condition,gTLf ;= 0, we have
Lemmal[3, the optimal coding ratg, = 1 — 2273 is unique
and globally optimum. —1 Oy lox = Z Pe 2ky +op—uy
1—epdxy '™t  Wie (1—2x7%)? '
.. . . C ’
The minimum k; required to ensure convexity of !
ef(0%(zs),xf) is computed numerically, and is tabulated 2ky Pe | .
VASHAC) : = — vf —uy
below. (1—223)2 cZ Wr
TABLE | koA
MINIMUM k THAT ENSURES CONVEXITY OFe (05 (z5), z 5) er L S 2k Pc +ur—u
_ . T—e¢; (T-2272 (1-223)7? we | T
B minimum k¢ required ! ! €Cy ’
0.1
0.01 10 T (vf —up)(l —22%)?
0.001 33 - L nr =23 De ? !
0.0001 164 er cec; Whe f
N . - (vp —up)(1— 2$f)2
From the above table, we see that the minimum packet size ! ky

required to ensure convexity is very small, and in practice, . .
the packet sizés; is much larger than the minimum size rewhere \; := 2 (Zcec wp—) and A} = In (%)- If
quired. Hence, for all practical purposes, the optimal ceade the o L ! !

) X . ptimalz?} is either); or Ag, then it is unique. Ifz} €
problem is a convex problem. More importantly, the conatrai < . S : I
. . . : (A, Ap), thenuy = vy = 0, and in this case (which is the
given by Eqn.[(dB) is not an active constraint. However, for 7’ " . : .
. : o Wost interesting case, and we consider only this case for t
the sake of completeness, we include this constraint in the

problem definition below. fest of the paper), we have

i i N =2
C. Optimal Coding Rate T—e 477
In this subsection, we obtain the optimal coding rate using Y 19
the optimal Chernoff-bound parameter vedfdr by solving €r= Ap+AG (19)
the following network utility maximisation problem L ' \
f * f
. exp | — D(B(x3)||B(By =7
mﬁlen (1 —ef(Gf,:Cf)) (17) P < 1—2a% (B( f)” (55)) Af —l—A;
fer *
kf /\f + Af
- ky * —n (21
subject to Z S — <T,, VeeC 1— 2% D(B(xf)HB(ﬂf)) In ( Ag (20)
ficeCy (1 - 2a:f)wf£ f
Y VfeF !n the _abqve* equation, bc_Jth the_ LHS and the RHS a
: increasing inz}. Also, LHS is a strictly convex (increasing)
Tp > Ay Vf€ZF  function and RHS is a strictly concave (increasing) functio
4(1 — 2zy) o (1 —2x¢)3 of z%. Hence, they intersect at exactly one point in the regic
Ay + Ko z(l—xy) Skp VieF (B#,0.5] which is the optimal:} for a given Lagrangian price

(18) vectorp.



D. Sub—gradient Approach to Compute optimpal The Lagrange multipliep. can be viewed as the cost of
In this section, we discuss the procedure to obtain tﬁr@nsmlttmg traffic through celt. The amount of serwce time

optimal shadow costs or the Lagrange varialesThe dual that is available is given bA =7, — 3° W-

problem for the primal problem defined in EqDLX17) is giveQynen A is positive and large, then jthe Lagrangian cpst

by decreases rapidly (becaude is convex), and whem is
min D(p), negative, then the Lagrangian cgst increases rapidly to
p=>0 make A > 0. We note that the increase or decreasepof

where the dual functioD(p) is given by between successive iterations is proportionak{dhe amount

of service time available. Thus, the sub—gradient proaadL
provides a dynamic control scheme to balance the netwc
= max In(1 —es(xp))+ > pe|Te— load. . -
® er; ; fezf (1-2zf)wy, 2ﬂﬂf Wf,e We explore the properties of the optimum rate paramet
(21) 2% in SectiorIV-E. In SectiofiLV, we provide some example

( that illustrate the optimum utility—fair resource allocat

D(p)

—Zlnl—ejc:cf —|—ch

feF ceC

>

Tc
fEf( AR (o) E Properties ofr}
We are interested in studying the behaviour of the optimu
coding rater; = 1 — 2a7%, when the PHY ratews. and

In the above equation(x,) denotesey (07 (xf), zy). SINCe he packet sizek; increases such thaty /wy.. is always a
the dual function (of a primal problem) is conve,is convex .jnctant.

in p. Hence, we use a sub—gradient method to obtain the

optimump*. From Eqn.[(2L), for anye, Lemma 4.ry=1- Qx}(kf) is an inc_reasing function of ¢
(with the PHY ratewy . being proportional tok ).
kg Lemma4 is quite intuitive. For any given channel erfgr
D(p) > In(1 — + e | Te — _—— . . .
p)2 g; nl = es(zp) ;p ( fg;c (1- 2xf)wf.,c) as the block (or packet) length increases, it is optimum to ¢

for a high rate code. In other words, it is optimum for a flov
and in particular, the dual functioD®(p) is greater than that to use as much scheduling time as .p033|ble (ie., .use ala
for z = 2(p), i.e. block lengthk, and hence, use a high rate code); howeve
PR the resources are shared among multiple flows, and hence,
D(p) ask the following question:what is the optimum share of the
. scheduling timéthat each flow should have. Interestingly, in
> fez}_ln(l —er(@3(P) + czegpc (Tc - fg; (1—2a% f,))wf c) our problem formulation, the optimum code rate parame
also solves this optimum scheduling times for each flows.
kg It is interesting to ask the question bbw large the packet
=D(p) + —pe) | Te —  — (23 : :
> (e ( fg; ¢! —2rf(fﬁ)ch> sizesk; be for optimum resource allocatiomnd Lemmd#
provides a hint to the solution. From Lemida 4, we understa
the following: if there are two flowsf, f2, through a celle

ceC

Thus, a sub—gradient dD(-) at anyp is given by the vector

k (seeing the same channel conditions, i, = (y,) with

f o .

T. — E (1 — 22%(p))w . (24) wy, e > wy, . then it is optimum for flowf; to use a large
feF. f fe ceC packet sizeks, and flow f> to use a small packet sizey, .

The optimum schedule length will be to allocate less schedt

time to flow f; and more schedule time to floys.
We obtain an iterative algorithm based on sub—gradientodeth

that yields p”, with p(i) being the Lagrangians at theh |, o 2oomototic case when; . andk; grows tooo (andky

lteration. . grows linearly withwy ., we see from Eqn[{20) that the error
L exponent also goes t® (asl — 2z > 0), and hencegy —

pe(i+1) = |pe(i) —v- | T. — Z = 2x*(j(2.)))w 0. In this case, we see that the optimum rate can approe
fer. r\P Fe arbitrarily close tol — 23}. Thus, for anyk; andwy,, the

where~ > 0 is a sufficiently small stepsize, arid(z)]* optimum coding rate} <1 — 25;

max{ f(z),0} ensures that the Lagrange multiplier never goes
negative. Note that the Lagrangian updates can be locatig,do
as each celt is required to know only the rates; (p(i)) of

Previous studies on optimum resource allocation establi
that the proportional fair allocation is the same as equ

flows f € F.. Thus, at the beginning of each iteratignthe _a|r—t|me_ allocation [1]). BUt’. in this problem, we see al
interesting phenomenon that is unusual of a proportioaal—f

flows choose their coding rates te- 227 (p(i)), and each cell I .
computes its cost based on the rates of flows through it. Theouree a ocation.

updated costs along the route of each flow are then fed bdaekmma 5. The optimum rate allocatior™ (or equivalently
to the source node to compute the rate for the next iterationt) is not equivalent to equal air-time allocation which is



a a

Fig. 2. Cells with equal traffic load Fig. 3. Cells with unequal traffic load

A * * * *
typically the solution of a proportional—fair (oin utility) 3> = Ass- Note thatz, < 23 andAj, < A} . Hence, we

allocation. find from Eqn. [I9) that
In particular, we see that the flows that see a better channel ef, Ap A +AG
get less air-times than the flows that see a worse channel. ef, TN A AR
. . . . P 2 f2 Afa fi
This phenomenon is evident in the case of infinitely long code < 1

words; with other parameters being same, the air-times of
i i 1

flqws in a cellc are pro.por.tlonal tom' and hence, flows

with small 8 get less air-times.

B. Example 2: Two cells with unequal traffic load

V. EXAMPLES . . .
We consider the same network as in the previous examp

In this Section, we analyse some simple networks based B now with only the flowsf, and f, (i.e., the flow fs is

the utility optimum solution tha_t we obtained. In partiaula not present, see Figufe 3) in the network. In this example, ¢
we analyse the so-called parking-lot topology often used {05 ies two flows while celk carries only one flow. The
explore fairness issues. It is to be noted that the parkoig— ncoding rate constraints are given by

topology is a simple case of a line network, and the results of

this section extends in a simple way to a linear network. 1 wT
— < 7 (from cell a),
f2
A. Example 1: Two cells with equal traffic load 1 1 wT
. o N —+ — < —, (from cell b).
We begin by considering the example shown in Figdre 2 THo T k

consisting of two cells: and b having three nodes 1, 2, and_. o
3. Each cell has the same symbol error probabilitand the SNCe bothry, and ry, are at most 1, it is clear that at

schedule lengthi. There are three flowg,, f», and f5, with the optimum point, the rate constraint of cellis not tight
two of the flows f, and f; having one—ho;o route@y, = {b} while the constraint of ceb is tight. Thus, the shadow prices

and C;, = {a}, and one flowf, having a two-hop route (-@9range multipliersp, = 0 andp, > 0. That is, at the
C;, = {a,b}. Each flow has the same information packet siZ&’St nop the cell is not operating at capacity, and so tf
k and PHY transmit rate,e. wy, = w. price” for using this cell is zero. In this examplgy, = Ay,
The end—to—end packet error probability experienced by tRBd hence, from EqnL.{1L9), we deduce that for low chanr
two—hop flow f, is greater than that experienced by the or@/O'S:¢s, & ¢y, This allocation make sense intuitively since

hop flows f; and fs, since each hop has the same fixed err&though flow/f; crosses two hops, it is only const_rained atth
probability. Hence, we need to assign a lower coding raje second hop and so it is natural to share the available cgpa

to flow f» than to flows f; and f; in order to obtain the of this second hop approximately equally between the flow

same error probability (after decoding) across flows. Hauev
when operating at the boundary of the network capacity regio
(thereby maximising throughput), decreasing the codirig ra
ry, of the two—hop flowf; requires that the coding rate of In this paper, we posed a utility fair problem that yield:
both one—hop flowsf; and f3 be increased in order to remainthe optimum coding across flows in a capacity constraine
within the available network capacity. In this sense, atoty network. We showed that the problem is highly non—conve
coding rate to the two—hop floy, imposes a greater marginalHowever, we provided some simple conditions under whic
cost on the network (in terms of the sum-utility) than the-enghe global network utility optimisation problem can be salv
hop flows, and we expect that a fair allocation will thereforé/e obtained the optimum coding rate, and analysed some of
assign higher coding rate to the two—hop flgy The solution properties. We also analysed some simple networks based
optimising this trade—off in a proportional fair manner dan the utility optimum framework we proposed. To the best of ot
understood using the analysis in the previous section. knowledge, this is the first work on cross—layer optimigatio

In this example, both the cells are equally loaded and, lilyat studies optimum coding across flows which are competi
symmetry, the Lagrange multipliegs, = p,. Hence,A\y, = for network resources.

VI. CONCLUSIONS
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