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Summary 

In the digital modeling of analog synthesizer filters using standard digital elements, a saturation 

element is usually included in the structure. This paper discusses some of the options available for 

soft clipping saturation elements. It then presents three different filter configurations that include 

saturation. A review of perceptual techniques for assessing distortion is made to select a suitable 

evaluation criterion: Timbral warmth being found as the most relevant. Experiments are carried 

out to apply this to the structures proposed. The conclusion suggests which structure might be 

most interesting musically. 
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1. Introduction

1
 

Saturation or distortion effects are used in many 

electronic music applications. They are a common 

method of adding high-frequency components to 

an input audio source, thereby enriching the 

timbral quality of the sound. This is for instance, 

the typical case of the overdriven audio vacuum 

tube amplifiers used by guitarists and keyboard 

players [1]. The popularity of this sound spurred 

the development of separate overdrive and 

distortion effect units for musicians, particularly 

guitarists, as vacuum tube technology was 

superseded by transistor-based designs [2]. In 

essence these units are designed so that the 

amplitude of the input wave is shaped by the 

circuitry in such a way as to mimic certain 

saturation curves [3]. However, the phenomenon 

of the saturation effect is not confined to 

amplifiers and is also associated with the sound of 

the filter stages of analog subtractive synthesizers.  

 According to [4], the biggest contribution 

to the sound of a musical analog filter is its large 

signal distortion behavior. This [4] says is the 

reason for the sonic difference between Moog 

filter in comparison to others created using circuits 

implemented with transconductance amplifiers. 

For all analog filters, there is a saturation response  

characteristic associated with the transistor 

differential pair that results in a soft clipping of 

                                                      
1(c) European Acoustics Association 

          

the filter input. Other nonlinear circuit elements 

may also contribute to the overall sound, such as 

capacitors [5]. However, although there is 

anecdotal evidence in relation to synthesizers [6], 

there has been no study to prove this. 

Two approaches are available to the 

designer of digital versions of analog musical 

filters: either (1) attempt to reproduce a particular 

analog filter design directly using a detailed circuit 

analysis or (2) to emulate the operation of a 

particular filter using standard digital elements 

that approximate the essence of the hardware 

design. While the first approach can work very 

well, it produces an algorithm that is 

computationally intensive and requires a 

significant oversampling factor to operate 

correctly [7], [8]. The second approach is less 

complex, and therefore cheaper, and much more 

flexible if parameter driven user tweaking is 

desirable. It was pointed out in [4] that the soft 

clipping phenomenon does not happen inherently 

with these digital filters and instead their 

saturation behavior leads to a much rougher, 

unpleasant sound.  

To overcome this some form of additional 

saturation element is normally included in the 

filter structure. Sample choices are the soft-

clipping saturation of [9], [10], a tanh 

nonlinearity, inverse square root, parabolic 

sigmoid, and the cubic sigmoid [11]. Care must be 

exercised though as the resulting increase in 

bandwidth caused by a non-linear element may 

generate frequency components that would in 

theory lie beyond the Nyquist rate but would 
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appear as possibly objectionable aliasing 

distortion in the output.  

The aim of this work is to attempt to 

compile some ideas regarding the implementation 

of saturation effects, discuss their application in a 

digital filter structure, consider how to assess their 

output from a perceptual standpoint, and carry out 

some tests. These will be covered in sections 2, 3, 

4 and 5 respectively. 

 

 

2. Saturation effect and representation 

Nonlinear saturation effects result in the distortion 

of the waveshape of an input signal. This is 

effectively a form of non-linear waveshaping, 

which is a widely studied method of sound 

synthesis [12]. The common denominator of all of 

these saturation effects is an increased spectral 

bandwidth, adding a number of extra harmonic 

components to each input signal partial. 

Musically, this has been explored to give more 

weight to tones that are originally thinner and less 

penetrating. This has been fundamental to the 

sound of popular music since the 1960s. Two 

outcomes are possible from a static nonlinearity:  

 Considering a single sinewave input, the 

output of the saturation effect will have new 

frequency components that are harmonically 

related to the input. This is Harmonic distortion. 

The location and magnitudes of these new 

components depend on the shape of the 

nonlinearity. If the saturation nonlinearity is an 

odd function, only odd order harmonics are 

produced, while if it is an even function, only even 

harmonics are produced. If the shape is not odd or 

even-symmetrical, components at all frequencies 

are created. An asymmetric nonlinearity can also 

result in a large DC component [13].   

 Intermodulation distortion results when 

two or more input spectral components interact 

with the nonlinearity. The output will contain 

distortion product components that exist at sum 

and differences of the original spectral 

components. The frequencies of these 

intermodulation components are not necessarily 

harmonically related to the input and thus could be 

perceived as unwanted noise. Strong 

intermodulation components are associated with 

sharp nonlinearities [14]. 

 The symmetric or asymmetric saturation 

nonlinearity is commonly defined as a shaping 

function that has specific output properties that 

depend on the instantaneous value of the input 

amplitude. This is written as set of output 

conditions invoked by particular input amplitudes. 

For example, a well-used expression is that for a 

soft-clipper where the input amplitude is x [9] 

 

 f x( )=

− 2 3 x ≤ −1

x − x
3

3 −1 ≤ x ≤ 1

2 3 x ≥ 1

 

 
 

 
 

 (1) 

We know, from the shape of this piecewise non-

linear function, that its spectrum will produce odd 

harmonics of each component of the input. In 

particular, the central section polynomial tells us 

that, for signals in that range, the output will be 

bandlimited (if the input is bandlimited), 

producing an added third harmonic [15]. However, 

as this function is not smooth as a whole, for peak 

input amplitude values exceeding 1, we will have 

a non-bandlimited output. 

 In some cases, we have an analytic 

expression for the spectrum of the output, given a 

sinewave input. One example of such is an 

exponential saturation curve is given in [16] 

 

 g(x) = ±A(1− e
− c x

)  (2) 

 

where g(x)>0, x>0; g(x)<0, x<0; A is the maximum 

value of the function g(x); and (Ac) defines the 

slope of the curve at the origin.  The first and third 

harmonic coefficients for (2) are obtained from 

 

 a1 = 2A I1 cB( )− L1 cB( )( ) (4) 

and 

 a3 = a1 −
8A

cB
I2 cB( )− L2 cB( )( ) (5) 

 

where B is the amplitude of the input, Ik(.) is the 

modified Bessel function of order k, and Lk(.) is 

the modified Struve function of order k.  

 Another useful saturation curve with a 

well understood spectrum is the hyperbolic 

tangent or tanh(.) function whose spectrum is 

given in [12]. The arctangent function atan(.) has 

also been proposed in [17], where a derivation of 

its spectrum is presented 

 Alternatively, the nonlinearity can be 

described as an order n polynomial that will 

generate n harmonics given a monocomponent 

input (as indicated above with regards to eq.1). 

This approach is very convenient as it is amenable 

to analysis using Chebyshev polynomials [18]. 

Two important works exist that use these to 

describe the relationship between the polynomial 

coefficients and the resulting spectrum, [15], [18], 

where the technique of waveshaping synthesis was 
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given a thorough theoretical treatment. In 

particular, a convenient matrix approach was 

given in [15] that was extended to account for 

phase in [19].  

 Here, we will use the exponential curve as 

the definition of the curve in (2) is flexible ranging 

from a very gentle slope to one that is more 

abrupt. This is illustrated by a plot of curves for a 

range of values of c shown in Figure 1. The value 

of A=B=1. They are only shown for positive 

values of x as the curve is a function around the 

origin. 
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Figure 1 Shape of the exponential curve for four 

different values of parameter c 

A final advantage is because of the single 

parameter c it can be modulated easily allowing 

for a dynamic saturation behavior as exemplified 

in [20]. 

 

3. Saturation with Filter structure 

Once selected, the saturation element needs to be 

included in the filter structure. The first model of 

an analog synthesizer filter using standard digital 

elements was the State variable filter of 

Chamberlin [21]. There is also a Sallen-key digital 

filter, a number of versions of the Moog filter 

[22], [23] and [24], and a model of the Korg MS-

20 filter [25]. Only some of these explicitly 

contain a saturation element. There is no set 

position where the saturation element is placed: it 

can be before the filter section [10], [23] or in the 

feedback loop [25]. Others have mentioned the use 

of multiple saturation elements, one included with 

each 6dB/oct filter stage [26], [27]. In this work 

three configurations will be examined. The first is 

Configuration 1, as shown in Figure 2, where the 

saturation element precedes the filter, both 

connected in a feedback loop whose gain is β.   

 

Figure 2 First Configuration of Saturation and Filter 

 

The second is where the saturation element is 

placed after the filter, again in a feedback loop. 

This is referred to as Configuration 2 and is shown 

in Figure 3. 

 

Figure 3 Second Configuration of Saturation and Filter 

The last is Configuration 3 where the saturation 

element is moved to the feedback loop, just before 

the gain element β. Figure 4 shows this. 

 

Figure 4 Third Configuration of Saturation and Filter 

For ease of analysis the filter is chosen to be a 

single stage of the gain compensated Moog filter 

of [23]. This has a transfer function given by 

 

 H z( )=
g(a + bz

−1)

1− (1− g)z
−1

  (6) 

 

where a=1/1.3, b=0.3/1.3 and for a normalized 

cut-off frequency ωc, the gain g is 

 

g = 0.9892ωc − 0.4342ωc

2 + 0.1318ωc

3 − 0.0202ωc

4
 (7) 

 

An essential feature of synthesizers is parameter 

modulation to give dynamic interest. In the three 

configurations given a number of options could be 

available for example:  

• Modulation of the amplitude of the input  
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• Modulation of the curve parameter c for 

the saturation  

• Modulation of the filter cut-off frequency f 

Alteration of the parameter c will 

increase/decrease the magnitude of additional 

harmonics created due to the saturating element 

[20]. Modulation of the filter cut-off can lead to 

extra components in the signal that may or may 

not be harmonic depending on the modulation 

frequency, when this is at audio ranges [28]. If 

these components are non-harmonic they will 

definitely lead to intermodulation distortion on 

passing through the saturating element. This may 

or may not be desirable. However, audio-rate 

modulation is not a commonly-used effect in 

musical applications. 

 

4. Perceptual evaluation of distortion 

To assess or classify the timbral quality of the 

output of these configurations it is necessary to 

have some metric, preferably one that is objective. 

However, the perceptual effect of distortion, rather 

than saturation specifically, has been examined in 

a number of articles. Further, most applications 

considered have been inclined towards 

loudspeaker systems, but not exclusively so. An 

early paper used a dissonance metric derived from 

Consonance theory [29]. It found that a 

psychological assessment of dissonance did not 

correlate well with the standard objective 

measures of Harmonic distortion and 

Intermodulation distortion. However, it did match 

well with their Dissonance measure. Another 

study was carried out by [30] on the auditory 

perception of nonlinear distortion. This led to the 

following observations about the distortion 

nonlinearities themselves 

• The masking effect of the human ear will 

tend to make higher order nonlinearities 

more audible than lower order ones. 

• Nonlinear by-products that increase with 

level can be completely masked if the 

order of the nonlinearity is low. 

• Nonlinearities that occur at low signal 

levels will be more audible than those that 

occur at higher signal levels. 

Based on this they proposed the GedLee metric 

which was formed using a cosine weighted second 

derivative of the nonlinear function. In a second 

paper [31] noted that the ubiquitous Total 

Harmonic Distortion (THD) and Intermodulation 

Distortion (IMD) were poor predictors of 

subjective assessments of sound quality in 

comparison to their GedLee metric which was 

shown to be a much better match.  

Around the same time [32] also introduced 

a psychoacoustically-based measure Rnonlin that 

was computed using a Gammatone filterbank. 

They reported an excellent correlation with 

subjective ratings, but did emphasize that the 

results were specific to the nonlinearities 

examined and the subjects themselves. Another 

work was the evaluation of the timbral qualities of 

nonlinear guitar distortion effects that was 

presented in a number of works [33], [34]. They 

found that Zwicker’s measure of spectral 

sharpness, essentially a weighted spectral centroid, 

correlated closely with subjective descriptions. 

[35] also mentioned that of the stimuli presented 

to subjects those with low spectral Kurtosis could 

be described as being more powerful.  

Finally, a recent paper discussed the 

timbral features associated with the ‘warmth’ of a 

sound [36]. It denoted all the spectral energy from 

the signal’s fundamental to 3.5 times above this as 

the warmth region. The signal’s warmth then is 

computed by finding the ratio between the energy 

here and the energy in the remainder of the 

spectrum. Since analog musical processing 

systems have inherent nonlinearities their output is 

frequently described by aficionados to possess this 

warm quality in contrast to digital systems [37]. 

Thus, measure of warmth is most relevant to the 

application in hand because of its use as a 

common verbal descriptor for the result of signal 

saturation effects.   

   

5. Experimental assessment of output 

To assess the warmth of the output for the three 

configurations given in the previous section a pair 

of unity amplitude bandlimited sawtooths were 

generated. The pitch of the first sawtooth was 

441Hz and that of the second was 439Hz. They 

were combined as is typical for subtractive 

synthesis where oscillator waveforms are detuned 

slightly to produce a gentle chorusing effect. This 

had the added advantage here that inharmonic 

partials would be generated via intermodulation. 

The curve parameter of the exponential saturation 

of (2) was varied from c=1 to c=9 and the cutoff 

frequency of the filter ranged from 110Hz up to 

1100Hz in steps of 20Hz. For each set of 

parameters the output was found and the timbral 

Warmth was computed. Figures 5, 6 and 7 plot 

this parameter for each configuration. The values 

for Warmth were converted to dB before plotting. 
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Higher values should imply a greater sensory 

perception of warmth in the sound. 

 

For Configuration 1 the output is warmest for the 

lowest value of curve parameter and the largest 

filter cutoff. The maximum value reached is about 

50dB. It is smallest when the cutoff is lowest and 

the curve parameter is highest. The response of the 

system is approximately linear to parameter 

changes.  

 

Figure 5 Warmth values computed for Configuration 1  

In Figure 6, the warmest sound is for the highest 

cutoff and a midway curve parameter. This time 

the maximum is about 70dB. The response though 

is not linear with respect to the change parameters: 

there is not much change in the warmth at a high 

values of curve parameter no matter what the 

value of the cutoff is. However, for the lowest cut-

off and lowest value of curve parameter the 

warmth is smallest. 

 

Figure 6 Warmth values computed for Configuration 2 

For configuration 3, as seen in Figure 7, the 

maximum warmth is given for the lowest value of 

curve parameter and the widest cutoff. For greater 

values of curve parameter this falls off to give its 

lowest value for the highest curve parameter and 

the highest cutoff frequency. Again, for this 

configuration the maximum value of warmth is 

about 70dB. The response is not linear showing a 

peakiness for a high curve parameter and low 

cutoff frequency. 

   

 

Figure 7 Warmth values computed for Configuration 3 

Overall, the first configuration has the most 

predictable response with regard to the changing 

parameters. However, it does not exhibit the 

greatest measurement of warmth. The three 

systems appear to show different ranges of warmth 

value, being about 20dB for configuration 1 but 

approximately 10dB for Configurations 2 and 3, 

with the third configuration having the narrowest 

range. 

 

6. Conclusions 

This paper has discussed the use of nonlinear 

saturation effects in digital models for analog 

synthesizer filters. It mentioned some of the 

approaches to implementing saturation curves and 

chose an exponential model for the analysis. It 

introduced three closed loop Configurations that 

included a single stage digital filter and a 

saturation element. Considering was given to how 

to assess the impact of a saturation element on the 

timbral quality of the output and the quality of 

warmth was chosen. Experiments were carried out 

over a range of curve and filter cutoff parameters 

for the three configurations. The results showed 

the while the output of the first configuration did 

not have the greatest value for warmth in 

comparison to others it did have the most linear 

response with respect to the parameters. This 

suggests that it could be the most suitable one for 

implementation in digital filters structures as 

either user parameter tweaking or parameter 

modulation using a Low Frequency Oscillator 

(LFO) or envelope function would offer the 

smoothest perceptual effect.  
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