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Abstract
We generalize the notion of m-isometric operator tuples on Hilbert
spaces in a natural way to operator tuples on normed spaces. This is
done by defining a tuple analogue of (m,p)-isometric operators, so-called
(m, p)-isometric operator tuples. We then extend this definition further
by introducing (m, co)-isometric operator tuples and study properties of
and relations between these objects.
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1 Introduction

Let H be a Hilbert space over K € {R, C} and let N denote the natural numbers
including 0. If m € N, then a bounded linear operator T' € B(H) is called an
m-isometry if, and only if,

i(—l)m*k (’;‘) Tk = 0. (1.1)

k=0

(It is obvious that the case m = 0 is trivial.)

Originating in works of Richter [20] (the Dirichlet shift being the standard
example of a 2-isometry) and Agler [2] in the 1980s, operators of this kind have
been studied extensively by Agler and Stankus in three papers [3], 4] [5] and since
then attracted the interest of many other authors (see for example [§], [9] or
[13)).

In recent years, two generalisations of the definition of m-isometries have
been given. Gleason and Richter in [I4] extend the notion of m-isometric op-
erators to the case of commuting d-tuples of bounded linear operators on a
Hilbert space. The defining equation for an m-isometry (or m-isometric tuple)
T = (T1,...,T;) € B(H)? reads:

i(—l)’f(?) 3 %TQ*T“ =0.

k=0 la|=k

*The research of the first author has been funded partly by a Research Demonstratorship
and partly by a bursary both of the School of Mathematical Sciences, University College
Dublin.
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Here, m is again a non-negative integer, « is a multi-index, |a| the sum of its
entries and % = - lal! ;= (‘o‘l)) a multinomial coefficient.
4 1:Qd - o
On the other hand, the notion of m-isometric operators on Hilbert spaces
has been generalized to operators on general Banach spaces in papers of Botelho
[11], Sid Ahmed [23] and Bayart [6]. In Bayart’s definition, given m € N and
p € [1,00), an operator T' € B(X) on a Banach space X over K is called an

(m, p)-isometry if, and only if,

Vr € X, 3 %" ) TE)? = 0. (1.2)
> (i)

It is easy to see that, if X = H is a Hilbert space and p = 2, this definition
coincides with the original definition (II]) of m—isometries In [16] the relation-
ship and intersection class between (m,p)- and (u, ¢)-isometries is studied. In
[10] an example of an unbounded operator satisfying ([2)) is given. (We will,
however, assume boundedness for convenience.)

In this paper, we combine both generalisations and consider so-called (m, p)-
isometric operator tuples on normed spaces, which will be defined in a natural
way.

An extension of the definition of (m, p)-isometric operators was given in [16]
to include the case p = oo: If m € N with m > 1, then an operator T' € B(X)
is called an (m, oo)-isometry if, and only if,

Vre X, max |[TFz||= max ||T*z|.
k=0,...,m k=0,...,
k even k odd
We will generalize this definition to the commuting tuple case in a natural way
and give a conjecture on the intersection class of (m, p)-isometric and (m, co)-
isometric tuples in the last part of this paper.

In the following, X will denote a normed (not necessarily complete) vector
space over K (unless stated otherwise, for example in section [6). For d € N,
with d > 1, let T = (T1,...,T;) € B(X)? be a tuple of commuting bounded
linear operators on X. (Boundedness is actually not essential for the definition
and the basic properties of the objects we are about to discuss, but plays a
role in the later theory.) Greek letters like o = (aq,...,aq) € N¢ will denote
tuples of natural numbers (multi-indices) or their entries, respectively. The
norm or ‘length’ of a will be defined by |a|] = Z;l:l a; and we set further
T =TTy,

To denote the tuple which we obtain after removing T from T' = (T4, ..., Ty),
we will write 77 (that is, 7} = (11, ..., Tj—1,Tj+41, ..., T4) ). We use the notation
o/, analogously. Finally (again if not stated otherwise), we take the exponent p

j
to be a positive real number, p € (0, 00).

2 Definitions and Preliminaries

For T € B(X)¢ commuting, z € X and p € (0,0) as above, define the sequences
(Q@"P(T, z))nen by Q™P(T, x) := -, m || Tg||P. For all ¢ € N, define further

=n ol

n the case K = R this holds, because the operator 2:;6":0(—1)7"*’“(ZL)T*’“T’c is self-
adjoint.
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the functions Pe(p) (T,"): X - R, by

4
PPN(T,z) =Y (~1)* (f;) QMP(T, x).

k=0

Definition 2.1. Given m € N and p € (0,00), a commuting operator tuple
T € B(X)? is called an (m, p)-isometry (or (m,p)-isometric tuple) if, and only
if.

)

PP)(T, x) i ( )Qkp(Tx)

k=0
“ k!

=) (-1 <k>§:‘TM“ﬂW=0»Vx€X
k=0 la|=Fk o

Again, it is clear that the case m = 0 is trivial. Further, since the operators
T1,...,Ty are commuting, every permutation of an (m, p)-isometric tuple is also
an (m, p)-isometric tuple.

If the context is clear, we will simply write Pp(z) and Q"(x) instead of
Pe(p ) (T,z) and Q™P(T,x). This definition coincides with the definition of m-
isometric tuples by Gleason and Richter if X is a Hilbert space (and p = 2)
and has, in that context as an equivalent description, essentially already been
presented in [I4] Lemma 2.1].

Consequently, as one would expect, the basic theory of (m, p)-isometric tu-
ples can be evolved in a similar fashion as in [I4]. However, we will use a
different approach, based on an idea described in [16].

Let, as in [I6, Notation 3.1], the symbol § denote the set of real functions
whose domain is a subset of R which is invariant under the mapping S : ¢t — t+1.
Further, define D : § — § by Dg := g —(go S) for each g € § (that is, D is the
backward operator with difference interval 1). Then

Dmg=é§«4ﬁ(f)mos%

for all g € § and all m € N. Note that the set of all real sequences 2l is a subset
of § and that

D™g = (Z(—l)k (ZL) an+k> , YVa=(an)nen €A and Vm e N.

k=0 neN
Then T € B(X)? is an (m, p)-isometric tuple, if and only if,
(D™(Q"(x))nen)y =0, Vo e X,
Now [I6, Proposition 3.2.(ii)] states the following?:

Proposition 2.2. Let a € A and m € N. We have D™a = 0 if, and only if,
there exists a (necessarily unique) polynomial function f with degf < m — 1
such that fly = a. B

2This proposition is actually a special case of a more general and well-known fact about
functions defined on the natural numbers, which can, for example, be found in [I], Satz 3.1].
3To account for the case m = 0, set deg0 = —oo.
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We would like to apply this fact to the sequences (Q"(x))nen, to conclude
that, if T € B(X)? is an (m, p)-isometric tuple, then, for each z € X, there
exists a polynomial f,, which interpolates (Q™(z))nen-

Unfortunately, unlike in the situation of (m, p)-isometric operators (see |16,
Remark 3.6]), we can not immediately state that T' being an (m, p)-isometric
tuple requires the whole sequence D™ (Q"(x))nen to be the zero-sequence. This
needs some little extra work.

Lemma 2.3.

Q" ZQ"T&: Vze X, vneN.

Proof.
(n+1)! nl(ag + ... + aq)

Q" (z) = Z T”Ta z||P = Z WHTQI - Tya||P

|a]=n+1 ’ |a|=n+1 I d

d n! - o,

=2 2 el Tl
PP L
=1 |a|=n
Oéjzl

sy T TR TR T T
- all---aj,l!(aj—1)!aj+1!---ad!

i=1 |a|=n+1
a;>1
d
:ZZ HTBT$||p—ZQ"Tx Vr € X, Vn € N.
Jj=1 Ib’\:n Jj=1

Corollary 2.4.
d
(DQ"(@)nen) .y = D (DUQ™(Tj2))nen),, Vo€ X,
j=1

for all 0 € N, for all v € N.
Proof.

(D@ @), = S (1 ()Q”*”’“(x)

k=0

4 d
wr B (1) S
k=0

j=1

(DY(Q™(Tjz))nen),, Yz € X, VL EN, YveN.

'M&

<
Il
-
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Therefore, (D™(Q™(z))nen)o = 0, for all € X, implies inductively
(D™(Q™(x))nen)y = 0, for all x € X, for all v € N. In other words:

Proposition 2.5. T € B(X)? is an (m, p)-isometry if, and only if,
D™(Q™(z))nen =0, for all z € X.

Before we move on, we state the following lemma, which may be of general
interest. It is certainly well-known, but lacking a reference, we include the short
proof.

Lemma 2.6. Let D : § — § be defined as above and (an)nen =: a € A. Then

(D'a),,, — (D'a), = —(D"a) , VLveN.

v+1
Proof. By definition

D“'q = D(D%) = D*a — (D%ao S), ¥l eN.
Hence,

(DHla)V _ (Dea)y _ (Dea)wrl , Vl,veN.

3 Basic Properties of (m, p)-isometric tuples

Our preliminary considerations allow us now to derive the basic properties of
(m, p)-isometric tuples, which are analogous to those given by Gleason and
Richter in [I4] in the Hilbert space case.

Expressing Lemma [2.6]in terms of Py(z) for v = 0 reads:

Proposition 3.1.

d
Pryr(x) =Y Pi(Tjx) — Py(x), Vo€ X, VLEN.
j=1

Proof. Lemma [Z6] gives for v = 0 and a = (Q™(2))nen, for all £ € N,
(DYQ™(@))nen), — (DUQ™(@))nen), = — (DTHQ"(@))nen),, Vo € X,
Coroll{gy m

d

Z DY (Q™(Tjx))nen)o — (DUQ™(@))nen)y = — (DFTHQ™(@))nen),, Vo € X.

(3.1)

By definition (D(Q"™(x))nen), = (—1)*Pe(x), for all £ € N, for all z € X.
Therefore, (B]) reads

d
(1) Po(Tjz) — (1) Py(x) = (—1)"Pryr(z), Vo€ X, VLEN.
j=1
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Proposition [Z.5] as well as Proposition 3.1l imply:
Corollary 3.2. An (m,p)-isometry T € B(X)? is an (m + 1, p)-isometry.

Further, Proposition [Z.5] enables us to apply Proposition 2.2 to the sequence
(Q™(x))nen, to receive the following fundamental theorem.

Theorem 3.3. T € B(X)? is an (m,p)-isometry if, and only if, there exists a
(necessarily unique) family of polynomials f, : R — R, x € X, of degree < m—1
with fz|n = (Q"())nen-

We remark that this fact has already been stated for m-isometric operators
on Hilbert spaces by Agler and Stankus in [3, §1, pages 388-389]. Further, the
existence of these polynomials has already been proven by Bayart in [6, Propo-
sition 2.1] for (m, p)-isometric operators on normed spaces, and by Gleason and
Richter in [I4, Lemma 2.2 and Proposition 2.3] for m-isometric tuples on Hilbert
spaces.

Let now for k,n € N denote the (descending) Pochhammer symbol by n),
That is,

1, if n=0,
n® =< 0, if n>0,k>n,
(Z)k‘!, if n>0,k<n.

Proposition 3.4. Let m > 1 and T € B(X)? be an (m, p)-isometry. Then

(i) Q"(x) = mil n®) (L Py(z)), for all z € X, for alln € N.

(i) lm L& — _L_p  (2)>0, forallz e X.

nooo ML T (m=1)I" ™

Proof. (ii) follows immediately from (i).
For every = € X, the polynomial f, interpolates the points (n, @"(x)). Deter-
mining the Newton form of f, gives (i). O

Corollary 3.5. Let m > 1 and (Ty,...,Ta) € B(X)? be an (m, p)-isometric
tuple. Then we have

(i) (||Tj"xH)n€N € O(n™™1) for all j € {1,...,d}, for allz € X.

(i) T;’(T;)ﬁx — 0 for n — oo, for all B € N1 with |8 > m, for all
je{l,...d}, forallz € X.

If X is a Banach space this boundedness and convergence are uniform.

Proof. By the proposition above, for each z € X, the sequence (g:l(fl ) W
ne

! . .
(# (Z\a|—n %HT‘XJ:H”)) is a convergent sequence of sums. Since all
B ’ neN

summands are non-negative, sequences of summands have to be bounded. In
particular, the sequences

1 1 n! n—18] 8 ))
<nm—1zjp>neN e (nm—1<(n—/3)!mTﬂ' =)
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have to be bounded for all 3 € N?~! for all j € {1,...,d} and all z € X. This
immediately gives (i). Noticing that
] | (18)
n = — oo for |B]>m

nm=L(n— | nm-ipl

gives (ii).
The last part of the statement follows by the Uniform Boundedness Principle.
O

Proposition 3.6. Let m > 1 and T = (Ty,...,T4) € B(X)? be an (m,p)-
isometry. Then ker Pp,_1 is invarianfl for each T and the tuple

T|keer_1 = (Tllkeer_la "'aTd|keer_1)

is an (m — 1,p)-isometry. Further, if M C X is invariant for each T; and T'|pm
is an (m — 1,p)-isometry, then M C ker Py,_1.

Proof. It T is an (m, p)-isometry, P,,, = 0. Then, by PropositionBI} P,—1(x) =
ijl Pn_1(T;x), for all z € X. Let 9 € ker P,,_q. Since P,,—1 > 0 by
Proposition B4 (ii), Tjzo € ker Py,—1 for all j =1, ..., d follows.

Note further that for every subspace M which is invariant for all T};, we have
that T v = (T|m)®. Thus, if z € ker P (T, ), then P (Twer b, 7) =
P (T,z) =0.

Similarly, if M is an invariant subspace for each T such that 7| is an
(m — 1, p)-isometry, then, for all z € M, 0 = P,(,le(T|M,x) = Pf,fll(T, x).
Therefore, x € ker P, . O

An (m, p)-isometric operator is by [6l Proof of Theorem 3.3] an isometry on
the quotient space X/ ker 3,,_1(T,-) equipped with the norm (B, _1(T,-))'/?.
Here, for each z € X, B,_1(T,z) = ﬁ Z;n:_ol(—l)mfl’j (m;l) | T7x||P
is the leading coefficient of the polynomial which interpolates the sequence
(IT™z||P)nen. Indeed a similar result holds for (m, p)-isometric tuples.

We will call a commuting operator tuple T = (T4, ..., T4) on a normed space
X an {,-spherical isometry if

d
Do ITja]? = al”, vz e X.

Jj=1

In the literature, ¢o-spherical isometries on Hilbert spaces are referred to as just
spherical isometries. Obviously £,-spherical isometries are just (1, p)-isometric
tuples.

The following has (in equivalent form) already been stated in [21] for (2, 2)-
isometries on Hilbert spaces.

isometry. Then |.|, := (Péfll(Tf))l/p is a semi-norm on X with |.|, < C||.||
for some constant C' > 0. Further, T is an {,-spherical isometry on the quotient
space X/ ker Péfll(T, ).

Proposition 3.7. Let m > 1 and T = (Ty,...,Ta) € B(X)?¢ be an (m,p)-

4Note that by Proposition B4l (ii) and the boundedness of each Tj, ker Pp,—1 is indeed a
closed subspace of X.
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Proof. By PropositionBA4(ii), |.|, = (Py(fll(T, ))Y/P is a semi-norm on X, hence
a norm on X/(ker P) (T,-))/?. That |.|, < C|.| for some constant C' > 0
follows directly from the definition of P,(fll(T, -) and the boundedness of T

Further, by Proposition B} Z;l:l [ Tjz|h = |x[b, for all z € X. O

4 Examples of (m,p)-isometric tuples

Non-trivial examples of (m, p)-isometric operator tuples are in general not easy
to find. In the case m = 1 this is, however, relatively simple.

Example 4.1. Let X be an arbitrary normed space and I the identity operator.
The pair (11,41) € B(X)? is a (1, 1)-isometric tuple on X.

0o i ¥26

1 9 i oo

Example 4.2. Let T} = ( 2 ) and T = (2) . Then the pair
3 3

T = (T1,T») is a (1, 3)-isometric tuple on (K2, ||.||5).

In [2I] Richter states (without proof) the following sufficient condition for
(2, 2)-isometric tuples on finite dimensional complex Hilbert spaces:

Proposition 4.3 (Richter [21]). Let z = (z1,...,24) € C* with |z|l, = 1 and
consider linear V; : C™ — C", i € {1,...,d}, with Zle zZ;V; = 0. Then the
operator tuple S = (S, ..., Sq) € B(C™™)4, with

Si o ( Om ZlIm ) ’

This result leads to our next example.

is a (2,2)-isometric tuple.

1 1
Example 4.4. Let T7 = ( \65 } ) and Th = ( ‘65 11 ) Then the pair
V2 V2
T = (T1,T») is a (2, 2)-isometry on (K2, ||.||,).
Further examples for (m,p)-isometric tuples can be easily created on the
basis of (m, p)-isometric operators. This principle was used in [14], Example 3.3,
Theorem 4.1 and Theorem 4.2], however, since it is not stated explicitly there,

we include it here.

Proposition 4.5. Let p € (0,00) and S € B(X) be an (m,p)-isometric op-
erator, d € N with d > 1 and z = (21,...,24) € (K% |.||), such that 21l =
Z?Zl |z;|P = 1. B Then the tuple T = (215, ...,245) € B(X)% is an (m,p)-
isometric tuple.

Proof. It is clear that the operators z;S are commuting. Further, by the multi-
nomial theorem, we have ([21]P + -+ + [za|")" =32 | @|P, Therefore,

=n «o!

Q@)= D —lTl|? = D —llestla|? = 3 7 =S al|”
laf=n " lal=n la=n

= 278"l = |5 2], Ve € X, Yn €N,

5The fact that ||.||p is only a quasi-norm (that is, not convex) if 0 < p < 1 is not an issue
in this case.
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Since S is an (m, p)-isometric operator, D™ (Q™(x)),cny = D™ (||S™2[|?)
0.

neN —

(Of course, Example [Tl is also of this kind.)

For examples of (m, p)-isometric operators see for instance [20] (the Dirichlet-
shift being the standard example), [9] or [23].

We now consider the special case where T' is an (m, p)-isometric tuple with
one of the operators being an isometry.

Proposition 4.6. Let T = (Ty,...,T4) € B(X)? be a tuple of commuting op-
erators and let T;, be an isometry for some jo € {1,...,d}. Then T is an
(m, p)-isometry for some p € (0,00) if, and only if, (T;O)ﬁ =0 for all B € N¢—1
with | 8| = m. In this case, T is an (m,q)-isometry for any q € (0,00).

Proof. Without loss of generality, we can assume that jo = 1. The necessity
of (Tl’)ﬁ = 0 for all B € N4~1 with || = m if T is an (m, p)-isometric tuple
follows from Corollary B0l (ii). However, to show equivalence, we proceed by a
combinatorial approach.

Note that

ki(—nm’“ (1) (5) =t (1.1)

L

where 8., is the Kronecker-delta. To see this, write (') (’z) = (m”i!é)! (’7::;), S0
that the left hand side of (Il becomes

m/! i m —/f m!
-1 m—L—(k—2) _ m—{ _ 5 -
(m—e)!,;( ) k—t) =m0’ 2

(The convention 0° = 1 applies.)
Now, note further that for all by, € C,

m
bre = E
0 —

0

m k

i bk,g, VYm € N.
k=

k=0 ¢= 14

(This can be easily seen by writing one side out and reordering the summands.)
Consequently, by combining this with ([@I]), we get for any sequence
(a"ﬂ)NEN C C?

S (1) (o= S () (o= S =

k=0 £=0 =0 k=¢
(4.2)

Assume now that 73 is an isometry. Then

k
IS I
Q) = 3 Tealr =3 S S Teal

la|=k =0 |o)|=¢

k
k! ,
=3 Y (TP, Vre X, VkeN.
£=0 |o |=¢ (k= 0)}a))!
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(Recall the notations o := (ag,...,aq) and T = (1o, ..., Ty4).) Therefore

PO(T, ) =Y (-1 ( )Z >4 al e %xnf

k=0 £=0|a)|=t
m k ’

_ m—k [T k O|(Ty) |

=3 (-1 (02(6) > AR Ve € X.
k=0 £=0 o) |=¢ 1

Then by considering ([@2) for the sequence

(andner = | 32 A l(T)bal

— (a)!
lag|=n neN
it follows that,
m! o
PI(T,2)= > —~ (1) =0, (4.3)
oo (@)
& (THM|P =0, Vo, € N*=! with |of| =m, (4.4)

for all x € X, which is the desired equivalence.
The equivalence of [£3) and [@4) also shows that, if T is an (m, p)-isometry

for some p € (0,00), it is an (m, ¢)-isometric tuple for any ¢ € (0, 00). O
0 0 1 00 O
Example 4.7. Let a € K and T} = 0 -1 0 |, 1Ty = a 0 —a
1 0 0 0 0 O
Then the pair T = (T1,T2) is a (2, p)-isometric tuple for every p € (0,00) on

(K3, ||.]|,) for any g € [1,00] 8

5 (m,o0)-isometric tuples

Let T = (T, ...,T4) € B(X)? be an (m, p)-isometric tuple. This is equivalent to

; ;
N /m LS " /m ke

> (7)) X Sirar | = | X (7) X Hiralr| L weex.
Keven |l =k K odd |l =k

Assuming now that T satisfies this for all p € (b, 00) for some b > 0 and taking
the limit for p going to infinity, leads to the following definition.

Definition 5.1. Let m € N with m > 1. A tuple T = (T4, ...,Ty) € B(X)? of
commuting operators is called an (m, co)-isometry (or (m, co)-isometric tuple)
if, and only if,

max ||[T%| = max ||T%], Vze€ X.
|a|=0,...,m |a]=0,...,m
|| even || odd

6Indeed, if one excludes the Hilbert norm, every isometry on K™ with respect to the g-
norm for some q # 2, will also be an isometry with respect to any other p-norm (p # 2). The
reason for this is that the isometric matrices on (K", ||.||,) for ¢ # 2, g € [1,00] are exactly
the (generalized) permutation matrices. (A proof in the real case can for example be found
in [I7].)
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(This definition extends the one appearing in [I6] for operators.)
By construction, we can immediately give easy examples of these kind of
tuples.

Proposition 5.2. Every (m,p)-isometric tuple T = (T4, ...,Ty) € B(X)? that
includes an isometry is an (m, co)-isometry.

Proof. If one of the operator T, ..., Ty is an isometry, then, by Proposition E.G]
T is an (m,p)-isometric tuple for all p € (0,00). That T is then an (m, co)-
isometric tuple follows directly from the construction above which lead to our
definition of these objects. O

Analogous to Proposition 5], one can construct further examples based on
(m, 0o)-isometric operators.

Proposition 5.3. Let S € B(X) be an (m,o0)-isometric operator and
z = (21,.,24) € K¢, with ||z||,, = 1. Then the tuple T = (215, ...,245) €
B(X)? is an (m, 00)-isometry.

Proof. Since ||z||, = 1, we have max|q|— [¢*| = 1 for all £ € N. Hence,

max [T = max |z]]|SIz|
|a|=0,...,m || =0,...,m
|| even || even

:max{lm‘a)ff |2%|||S%z|| | k= 0,...,m, keven}
al=

= max [|S*z| = max |S*z|| = max{max [2®|||S*z| | k =0,...,m, k odd}
k=0,..., k=0,..., la|=k

k even k odd

= | e 12| Sl T |T%|, Ve X.
=U,....,m =Uyeeny

|| odd || odd
O

Example 5.4. Let m € N, m > 1, p € [1,00] and T}, € B(¢,) be a weighted
right-shift operator with a weight sequence (\,,)neny C C such that

[Anl >1, for n=1,..,m—1, and |\,| =1, for n>m.

By [16, Example 5.11], T}, is an (m, co)-isometric operator. Then, for instance,

the tuple (T, %Tp, %Tp, ceny éTp) is an (m, co)-isometric tuple on £,.

Since the definition of (m,co)-isometric tuples differs from the definition
of (m, co)-isometric operators basically by the replacement of the exponent &
by a multi-index «, it is not surprising that its basic theory can be developed
analogously.

First of all, we have the following (compare [16, page 399])).

Proposition 5.5. A commuting operator tuple T € B(X)? is an (m,o0)-
isometry if, and only if, there exists an m € N, m > 1, with

max ||[T%| = max ||[T%%|, V€N, Vze X. (5.1)
|a|=2,...04+m |a]=2,...04+m
lo| even la| odd
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Proof. The sufficiency of (5.1)) is clear. So assume now that 7' € B(X)? is an
(m, 0o)-isometry and let £ € N. We only prove the case where ¢ is even, since
the case that ¢ is odd is a direct analogue. We have

max ||[T%| = max ||[T°T7z|| = max max |T°T7z|
la|=¢,...0+m |8]=0,..,m |v|=¢|8|=0,..,m
|| even |v|=¢ |B] even

|8]+]7] even
=max max |T°T7z|= max |[T°T7z||= max |T%].
Iv=¢ |8]=0,..,m |B1=0,..,m |al=t,..,04+m
18] oda Iyl =t lal odd
18]+17] odd

O

Further, using the following lemma we obtain an equivalent description of
(m, 00)-isometric tuples (compare [16, Lemma 5.3]).

Lemma 5.6. Let m(n) = nmod 2 denote the parity of ann € N. For any family
a = (ada)aent CR and m € N, m > 1, the following are equivalent.

(i) a satisfies max G = max a,, WeN
|a|=2,....m+2L la|=¢,...,m~+¢
|| even || odd
(i) a attains a mazimum and max a, = max ae, VEEN,
a€ENd la|=¢,....m—1+4L

w(laf)=m(m—1+0)

Proof. (i)=(ii): We proceed by induction on ¢. Suppose a = (@q)qene C R
satisfies (i) and choose n € N with n > m. By (i), max|qj=p—m, .. naa is
attained for at least two multi-indices, one of even and one of odd norm. Thus,
there exists an » < n and a 8 € N? with |3| = r, such that ag > aq for every
a € N? with || = n. Since this holds for all n > m, we deduce that the family
(@a)aene indeed has a maximum, which is attained at an o with |a] < m — 1.
That is, max,end Go = MaX|q|=0,...,m—1 da- Since trivially max|q|—o,... m—10da <
mMax|q|—0,...,m Ga, We actually have equality and by (i) can write

max @ = max — max Qo
aeNd |a]=0,...,m al=0,...,m—1
m(laf)=m(m—1) m(la))=n(m—1)

Hence, we have (ii) for £y = 0.

Now assume that (ii) holds for some ¢ € N. Then, in particular, max,ene ¢ =
maX|q|=,...,m—14+£ Qo and since maxg|=¢,...,m—14+£ Ao < max|q|=¢,...,m+£ Aoy WE
again have equality. By (i), we can omit the first ¢ on the right-hand side,
obtaining max,cne¢ Ga = MaX|q|—¢41,....m+¢da- But this has to be equal to
MAaX|q|=¢41,....mte+1 Ga and again by (i), we can write

max g, = max Ao = max Qo
a€eNd |a]=€+1,...,m—4L+1 |a|=0+1,...,m+L
w(Jal)=m(m+e) m(Jal)=m(m+e)
This is (ii) for £ + 1.
(il)=(i): If a satisfies (ii), then, for all £ € N,
max o = max Ao = max Qo
|| €N la|=£,...,m—14+L la|=£,...,m+2

w(la)=r(m—1+£) w(lal)=m(m—1+0)
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and also, by replacing ¢ with ¢ + 1,

max Ao < max Ao, < MAX A, .
|a|=€+1,...,m+£ la|=£,...,m+2 aeNd
m(la])=n(m+£) m(la])=m(m+L)

max aq
|| €N

This implies max (o = max G4, which is (i). O
|a|=2,....m+2L |a|=2,....m+2L
m(Ja)=r(m—1+¢) m(|al)=m(m+)

Combining the last two statements gives:

Corollary 5.7. Let m € N with m > 1. A tuple of commuting operators
T = (T1,...,T;) € B(X)? is an (m, 0o)-isometry if, and only if, for each v € X
the family (||T%x||)aene attains a mazimum and

max |[|[T%z| = max T[], V¢eN.
aeNd —14+2

la|=¢,....m
w(|al)=n (m—1+£)

We easily deduce the following.

Corollary 5.8. Let T = (T4,...,T;) € B(X)? be an (m,o0)-isometry. Then
(TN aene is bounded. In particular, T is uniformly power bounded, that is,
there exists a common C > 0, such that ||T}'|| < C, for all n € N, for all

je{l,....d}.

Note that C' is, of course, given by C' = max|4|=o,....m—1 [|T|. So we do not
have to make use of the Uniform Boundedness Principle here and are not even
assuming that X is complete.

By simply copying the proof in the single operator case (see [16, Proposition
6.3]), we show the following:

Proposition 5.9. Let T € B(X)? be an (m, oo)-isometric tuple. Then T is an
(m + 1, 00)-isometric tuple.

Proof. By B max,enq ||T%z|| exists and, for all £ € N and x € X, we have

max || T%|| = max | Tz < max |IT%¢|| < max ||Tx||
a€eNd |a|=0+1,...,m+L la|=¢,...,m~+2 aeNd
m(|e)=m(m+£) m(|e)=m(m+L)
and the ensuing equality gives the result by invoking [5.7] again. O

The case m = 1 deserves some special attention.
We call a commuting operator tuple T = (Ti,...,Ty) € B(X)? an fo-
spherical isometry if

max ||Tjz| = ||z|, Vze X.
j=1,end

Obviously f.-spherical isometries are just (1, 00)-isometric tuples.

Proposition 5.10. Let T € B(X)? be an lo-spherical isometry (i.e., a (1,00)-
isometric tuple). For each x € X there exists a j, € {1,...,d} such that | T} x| =
llz|| for all n € NfA

"Note that we make use of the continuity of the operators in the proof.
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Proof. We first show the following claim:
For each n € N and each z € X, there exists a j,, € {1,...,d} with

||T;fwa = ||z|| for all k¥ € N with k < n.

Proof of the claim:

Note first, since we have by definition max;—, . 4 ||T;z| = ||z||, forallz € X,
that ||T;|| < 1 for all j € {1,...,d}. Clearly then also ||[7%|| < 1 for all a € N9,
Further, by Corollary 5.7 max,ene [|T%2|| = max|qo—¢ |7 = [z, for all

x € X and all £ € N (since m = 1).
Therefore, for each ¢ € N and each z € X, there exists an (¢, x) with
la(l, )| = Land | T*C®)z| = ||z||. Thus, | T¢®iz|| = ||| forall j € {1, ...,d},

as [|T;|| < 1 for all j and ||z|| = max,ena [|T%x||. Moreover, setting n = (d,
there exist an index j, o € {1,...,d} such that o, , > £ =n. B so 1T} x| =
||T;fwa = ||z|| for all K < n, k € N, again as |7}, .|| < 1. Thus, the claim is
proved.

The rest of the proof is essentially the pigeon hole principle: For fixed z € X,
we have infinitely many n € N, but only finitely many j, . € {1,...,d}.
Fix z € X and define for each j € {1,...,d} the set

Aj:={neN||Tfz| ==, forall k <n, ke N}.

By our claim, for each n € N there is an index j, ;, that is, every natural number
resides in at least one of the A;. Thus, since we have only finitely many sets
Aj, at least one A;_ is infinite. ||T}, || <1 then forces A;, = N as required. O

Therefore, we have the following remark.
Remark 5.11. If T is an £,.-spherical isometry, the space X is the union of the
closed subsets X := {z € X | ||lz[| = || T}'z||, Vn € N}. g

In the uni-variate case, an (m, co)-isometry 7T is an isometry under an equiv-

alent norm, given by maxyey ||T%z|| ([I6, Theorem 5.2]). Indeed, an analogous
result holds in the tuple case.

Theorem 5.12. Let T € B(X)? be an (m,oc)-isometric tuple. Then there

exists a norm |.|oo on X equivalent to ||.||, under which T is an Ly -spherical
isometry. |.|oo is given by |r| = max,ena [T = max|q|—o,... .m—1 [T,
forallz € X.

Proof. By Corollary 5.7 max,enq [|T%2|| = max|q|—o,... m—1 |7z, for all
x € X. Since Tj is linear for each j = 1,...,d and the maximum preserves
the triangle inequality, |.|o is indeed a norm on X. Further, by Corollary 5.7

max max |[T%T;z|| = max max || T°T;z||
j=1,...,d aeNd j=1,...,d|a|=0 -1

EEREE)

= max [|T%] = max||T%], Vze X,
1 aeNd

lal=1,...,

so that T is an £y-spherical isometry with respect to |.|o. Finally, we have
o] < max [T%z]| = max [T%[ < max [T [lz]|, VzeX,
a€eNd -1 la|= -1

=0,...,

EEREE)

and the two norms are equivalent. O

8This certainly holds for any index jmax € {1,..,d} with «(¢,x) =
max;—1, ... qa(f,x);, which is, of course, not necessarily uniquely determined.
9Note that the X are not disjoint (since 0 € X; for each j) and don’t necessarily have

trivial intersection.

Jmax
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This, of course, implies immediately the next statement.

Remark 5.13. If T is an (m, co)-isometric tuple, the space X is the union of the
closed subsets X | := {2 € X | |z]ec = |T}]'T|cc, Vn € N}.

6 Spectral Properties

Let in this section X be a complex Banach space. As before, let T' = (T4, ...,Ty) €
B(X)? be a tuple of commuting linear operators on X !9 A first definition of
the joint spectral radius of such a tuple T' was given by Rota and Strang in [22):
A(T) := lim max ||T%|*

k—oo |a|=k
(Note that no definition of a joint spectrum is necessary for this expression to
make sense.) In [7], Berger and Wang give an alternative definition, which reads
as follows.

r«(T) := lim max T(Ta)%,

k00 |a|=k

where r(T%) := r(T7"...T;) is the usual spectral radius for operators. However,

in [25, Lemma page 94], Soltysiak shows that we indeed have #(T") = r.(T).
We further have the geometric joint spectral radius, r(T'), defined as

r(T) == max{||Al|, | A € o(T)}.

Here, A = (A1, ..., \g) € C% and o(T') denotes the Taylor spectrum (see [26]).
Other kind of joint spectra include the Harte spectrum op(T) (see [15]) and
the joint (left) approximate point spectru

0 (T) == {(A\1, .., \a) € C4 3 (z1)kenw C X with [|zi]| = 1, s.th.
d
klijgoz (T3 = AjI)ar|| = 0}
j=1

All three spectra are non-void!4. For the joint approximate point spectrum this
has been shown in [24] Theorem 1.11]

Further, it was shown in [I2] that the convex hulls of all the named spectra
above coincide. Thus, the geometric joint spectral radius does not depend on
the choice of the joint spectrum. That is, one then can replace in its definition
the Taylor spectrum by the Harte spectrum or the joint approximate point
spectrum.

Soltysiak generalizes the notion of the geometric joint spectral radius in [25]
in the following way: Define for p € [1,00] the (geometric) joint £,-spectral
radius rp(T') by

rp(T) = max{[[All, | A € ou(T)}.

10Most of the statements that we quote in this section are in general not true, if the operators
T1,...,T4 do not commute.

1 Harte refers to this set in [15] as left approzimate point spectrum.

12Harte gives with [I5, Example 1.6] an example of a non-commuting operator pair with
empty Harte spectrum.

13The definition of o, (T) given in [24] actually requires the existence of a net instead of a
sequence, however, the proof uses a result given in [27], which is stated in terms of sequences.
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Again, since we only consider commuting operator tuples, the £,-spectral radius
does not depend on the chosen spectrum.

Obviously, we have ro(T) = r(T). Further, Soltysiak shows in [25] Theorem
2] that roo(T) = #(T') (= r«(T)). Thus, the ¢,-spectral radii contain all varia-
tions of joint spectral radii named so far. Finally, Miiller proves in [I8, Theorem
3] the corresponding equalities for finite p:

(6.1)

Now, Gleason and Richter prove in [I4, Proposition 3.1 and Lemma 3.2] that
the geometric spectral radius r(T) = ro(T') of an (m,2)-isometric tuple on a
complex Hilbert space is equal to 1. They deliver two alternative proofs for
this, which can be easily modified to suit the case of (m, p)-isometric for p > 1
and (m, co)-isometric tuples on complex Banach spaces.

Proposition 6.1. (i) If p € [1,00), m > 1 and T € B(X)? is an (m,p)-
isometry, then

1
k! E
T 5 e e —
rp(T) = lim ( §|_k 17 ) =1
(is) If T € B(X)? is an (m, o0)-isometry, then

lim max ||TaHk =1.
k—o0 |a|=k

Consequently, if p € [1,00], X is a complex Banach space and T € B(X)?
is an (m,p)-isometry, the geometric joint £y-spectral radius rp(T) of T is 1.

1
pk
Proof. ): By (G0 1y(T) = i ( o Tanp)
For all £ € N, the number of summands in E|a\ ko HTO‘HP is certainly
strictly less than k. Hence,

1
3 k! P k! 23
: a||p — T a||p
k%o( OAHT | ) khjgo \rﬁi)li (a!”T | )

|| =k

1
k! vk m
and lim sup —||T%x||? - = lim sup max ( —|T%||” o
|
al

k—oo l|lz||=1 o=k T koo llz||= 1 |al=k
The following is taken from [I8] proof of Theorem 4]).
3 k! ok
T) = 1 Zhrepe) = b (Sre)r)
(1) = Jim (Elj e ) i ma (e

k! %
= lim max sup ( | T%x||P ) = lim sup max (—HTQZ‘H ) B
koo |al= k ||z||= koo |z||=1 lel=F

= lim sup ( Z Z—Taxp> = hm sup (Qkp(T x))plT

R 21 =k R0 z)|=1
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Since oy (T) # 0 is compact, r,(T) < oo exists finitely. Hence, the equation
1
above shows that the function (Q’“’ (T, )) ?k restricted to the closed unit ball
B(0;1) of X, converge uniformly to r,(T). Thus, they converge point-wise.
The remaining parts of the proof are now almost identical to the proof of
[14, Proposition 3.1]. By Proposition B4 (ii),

. ka(T) 1’) . 1 (P)
kl;ngc e 1)!Pm_l(T, z) >0, VzeX.

Assuming that m is the smallest natural number, for which 7" is (m, p)-isometric,
prompts that there exist vectors z € B(0; 1) for which the inequality on the right

1
is strict. Thus, for all such z, limy_, (ﬁPéﬁl(T? x)) rk — 1. Hence, since

limg oo (K™71) - 1, we have for all x € B(0;1) with Pr(le(T, x) #0,

((Q’“’p(ﬂ x)) "

lim 1

a k— o0

rp(T) = lim (Q*P (T, )"

1
. 1 o

(ii): By Corollary 5.8 the sequence (max|q|—p [|7%[])qena is bounded. The state-
ment follows if we show that this sequence is also bounded below.

By Proposition 512, we have C - | T%z|| > |T%z| for all z € X and a € N¢
(with C' = max|q|=0,...,m—1 |T*]]). This implies

C - max [|[T%| >
=n

|

‘mlax |70 0 = |2]0o > ||z||, V€ X, ¥neN.
a|l=n
Here, the equality is due to Corollary 5.7 since T is an £.-spherical isometry
w.r.t. |.|oo-
In particular, we have C' - max|q|—p, ||T%z|| > [|z| for all z € X, and then

sup <C~ max ||Taac||) =C-max sup |T%| =C" lm‘ax 7| > 1, VneN.

lz]|=1 la|=n lal=n||z||=1
O

In [14, Lemma 3.2] it is shown that, if T' is an (m, 2)-isometry on a complex
Hilbert space, then ||A||, = 1, for all A € o(T). That is, its joint approxi-
mate point spectrum lies in the boundary of the d-dimensional unit sphere and,
therefore, one gets again that the geometric joint spectral radius of an (m, 2)-
isometry is equal to 1. To obtain this result, Gleason and Richter show (see [14]
page 187]) that A € o (T) if, and only if, there exists a sequence (z)neny C X,
with ||z,| = 1, for all n € N, such that (T — A*)z, — 0 (n — 00), for all
a € N?. Using this fact, we obtain a generalisation of [14) Lemma 3.2]:

Proposition 6.2. Let p € [1,00] and X be a complex Banach space. Then the
joint approzimate point spectrum o (T) of an (m,p)-isometric tuple T € B(X )¢
s a subset of the d-dimensional complex unit sphere with respect to the p-norm.
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Proof. Let A € o.(T).
If p€[l,00) and T € B(X)? is an (m, p)-isometric tuple, then there exists
a sequence (T, )neny C X, with ||z,|| = 1, for all n € N, such that

I T % m—k [T k! «
0= tin St (1) T Gl

k=0 || =k
_m_lmfkm k_!Aap_l_)\Pm
=S () S B = a - A
k=0 laj=k

Il p, =1L forall A€ o (T), follows immediately.

If T € B(X)%is an (m, oo)-isometric tuple, there exists a sequence (x,, )nen C
X, with ||z,|| = 1, for all n € N, such that

lim max ||[T%,|| = max |\°]
n—o0 |a|=0,...,m la|=0,...,m
|| even || even
and lim max | T%,||= max [\¥].
n—00 |a|=0,...,m |a|=0,...,
|| odd || odd

Since T is an (m, co)-isometry and by uniqueness of limits, we therefore have

max |[A*| = max |\°]
|a|=0,...,m |a]=0,...,m
|| even || odd
e et
& omax JAIZ = max AL
|a|=0,...,m |a]=0,...,m
|| even || odd

The fact that we are equating an even power of ||A||, with an odd power forces
Al to be 0 or 1. However, if A = 0, then the maximum on the left hand side
is 1, reached at || = 0, and the right hand side is 0. Therefore, we must have

Il = 1. O

7 On the intersection class of (m, p)- and (m, co)-
isometric tuples

It is known (see [I6, Proposition 6.1]) and easy to see, that an (m, p)-isometric
operator is simultaneously an (m, oo)-isometric operator if, and only if, it is an
isometry.

A natural analogue of this statement would appear to be “an (m, p)-isometric
tuple is simultaneously an (m, co)-isometric tuple if, and only if, it is an £,-
spherical isometry (or an ¢.-spherical isometry)”. However, such a statement
cannot be true.

Example 7.1. Let T} € B(X) be an isometric operator and T' = (11, ..., Tg) €
B(X)? an (m, p)-isometry. By Proposition &6, T is an (m, p)-isometry for every
p € (0,00) and, hence, by definition an (m, co)-isometry. However, in general
T does not need to be an £,-spherical or an {-spherical isometry, as Example
A7 shows.

14Note also that, by the proof of Proposition Gl (i), we have C-max|q|=p, [|T%z|| > ||z|| for
all z € X and all n € N, with C > 0. Thus, (max|q|=o,....m ||T"‘mnH)nEN is bounded below,
which also shows that A = 0 cannot occur.
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It is currently unknown what the intersection of the set of all (m, p)-isometric
and all (m, co)-isometric tuples on a given normed space X actually is. Looking
at the joint approximate point spectrum (in the complex Banach space case if
p > 1) gives some information.

Remark 7.2. Let X be a complex Banach space and p € [1,00). Let further T' =
(T4, ..., Ta) € B(X)? be an (m, p)-isometric and a (1, 0o)-isometric tuple. Then
every A € oap(T') satisfies [|A|, = ||All, = 1 by Proposition .21 Consequently,
since oap(T) C Tap(T1) X -+ X 0ap(Ty), one operator T}, has spectral radius
r(T},) > 1 and the remaining operators T}, ¢ # jo, are not bounded below and
in particular not invertible.

More specific results can so far only be given in special cases.
The case where our tuple is constructed by using an (m, co)-isometric oper-
ator (i.e. by applying Proposition [5.3) is easy and we consider it first.

Proposition 7.3. Let T = (T1,...,T;) € B(X)? be an (u,00)-isometric tuple
of the form of Proposition [X3. That is, T; = z;S, where S € B(X) is an
(p, 00)-isometric operator and z = (z1,...,2q) € K¢ with ||z||ec = 1. Assume
further that T is additionally an (m, p)-isometric tuple. Then the operator S is
an isometry, T = (0, ...,0,2;5,0,...,0) with |z;,| = 1 for some jo € {1,...,d}
and z;,S is (trivially) also an isometry.

Proof. Since T is an (m, p)-isometry, we have for all z € X,

n! n!
QW@=:}:ZJWWMV=:EZZJW%QMMV=HA$WS%ﬂ5

lee|=n lae|=n

by the multinomial theorem. Then D™ (Q"(x)),,c) = 0 implies that ||z|[,S is an
(m, p)-isometric operator and, consequently, the sequence (||zHZpHS"x||p>n€N
is a polynomial of degree < m — 1 for all z € X.

Since [|z||,, = 1, we have [|z]|,, > 1. If this inequality was strict, the sequence
<||zHZp> e would grow exponentially. But since S is a (p, 00)-isometric opera-
tor, we have for all £ € N, for all x € X, maxen || S™z| = maxe, ¢y ||S"z].
This would contradict the polynomial growth of <||zHZp ||Sach>n€N

Therefore, we have |z[|,, = [|z[, = 1, which gives |zj,| = 1 for some jo €
{1,...,d} and z; = 0 for all i # jo. In particular, S has to be an (m, p)-isometric

operator, which forces S by [16, Proposition 6.1], and therefore z;, S, to be an
isometry. O

To prove further results, we first state a series of lemmata.

Lemma 7.4. Let T = (T4, ...,Ty) € B(X)? be an {o-spherical isometry (i.c.,
a (1, 00)-isometric tuple). For j € {1,...,d} let, as in Remark[5.11],
X; = {r e X | |2l = |T}x], Vn € N}.

Then one operator T}, is an isometry and all other operators T; with i # jo
are nilpotent if, and only if, there exists v € N such that, X; C ker T}, for all

i#j, 0,5 €e{l,...d}.

Proof. “=": If one operator T}, is an isometry and all other operators T; with
i # jo are nilpotent, we have X;, = X and X; = {0} for all ¢ # jo. Setting
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vi=max{n e N| T’ =0, i =1,....d,i # jo} gives ker T} = X for all i # jo.
Since ker T}/ = {0}, the statement follows.

‘e By Remark 510l X = J,_, ,X;. Since by assumption each X; C
ker TV for all ¢ € {1,...,d} with 4 ;é 7, we have

U X; C U ﬂkerT”

.d Ldi=1,.
i#j

This forces (i=1,....a ker T}/ = X for some jo € {1,...,d} (since each intersection
i#jo

is a linear space). Hence, ker T} = X for all ¢ # jo, which means T} = 0 and,

thus, X; = {0} for all ¢ # jo. Then we must have X;, = X and T}, is an

isometry. O

Lemma 7.5. Let T = (T4, ..., Ty4) € B(X)? be an (m, p)-isometric tuple and also
a (i, 00)-isometric tuple. Then for all ¥ = (y1,...,74) € N% with the property
[Vl > m for every j € {1,...,d}, we have T7 = 0. In particular, T/*T;" =0 for
every i # j, i, € {1,...,d}.

Proof. Lets first consider the case p = 1. If T is a (1, 00)-isometric tuple, by
Corollary 5.1

max ||[T%|| = ||z|| = max || T%z||, V{ € N, Vz € X.
aeNd la|=¢

So (max|q|=¢|[|[T*|)), ., is a constant sequence for all # € X. In particular,

£eN
(maxm‘:g ||T°*T“/alc||)eeN is constant for any multi-index v € N%, for all z € X.

Since T is an (m,p)-isometric tuple, for any z € X, any 8 € N4~ with
8] > m and any j € {1,...,d}, by Corollary Bl (ii), T;"(T}) 2 — 0 for n — oo.
We will show that this implies, given a v € N¢ with the property [v;] > m for
every j € {1,...,d}, that ||T*T7z|| — 0 as |a| — oo, for all z € X.

So take a v € N? with the property [v;] > m for every j € {1,...,d}. Then
for any x € X, any j € {1,...,d} and for all € > 0, there exists an N.(z,j) € N
such that HTJ”(TJ()“’-;’xH < g, for all n > N.(x,j), by Corollary B.5l(ii).

But since we have only finitely many j, by simply taking the maximum
N.(z) of all N(z, j), we get that for any z € X, for alle > 0, |T2(T}) x| <e,
for all j € {1,...,d}, for all n > N.(z).

For all o € N with |a| = ¢, we have Qjae "= MaXj=1, . g0y > 2, for
all £ € N. But then, for any chosen € X and for all £ > 0, there exists
an M.(z) € N such that ||Ta”““‘+ﬂ”““" (Tj’mx)%/‘maxxH < ¢ for all @ € N? with
la| = ¢, for all £ > M_(z). [1

Therefore,

ITOT Vx|l = [[(T},,) smax T5mex Fmex (T/ Y ima |

(
S (T, ) S || - | Teime T (T Vi |
(

(%

max Jmax
T)  )max||-e, Va €N with |a|=¢, ¥V £ > M.(z).

<

<

Now, since T is a (1, c0)-isometric tuple, ||T};| < 1, for all j € {1,...,d}. Thus,
|ToT7z|| < e, for all @ € N with |a| = ¢, for all £ > M_(z).

150f course, the index jmax is not uniquely determined and may also be different for every
a.
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Then

T x| = lm\awz |ITT7x|| — 0, as £ — co.
o=
Since x was chosen arbitrarily, 77 = 0 follows.

Now consider the case p > 1 and let T' be a (p, 0o)-isometry. By Theorem
BI2l T is a (1, 00)-isometric tuple with respect to the norm |.|oc on X, where
.| is equivalent to ||.||. Hence, for any = € X, any 3 € N?~! with |8] > m and
any j € {1,...,d}, Tj”(TJf)Bx converges to 0 for n — co under |.|». By repeating
the argument from above , we then get that

|T7%|00 = lm‘a>; |[TT7x|0o — 0, as £ — co.
o |=£

Again, T7 = 0 follows. |

Corollary 7.6. Let T = (Ty,...,Ty) € B(X)? be an (m, p)-isometric tuple for
somem > 1 and also a (u, 00)-isometric tuple. If T* # 0 with |a| = n, then « is
a permutation of (n—|B|, B1, ..., Ba—1), where |f| < m—1. Le., T® = T;k‘ﬂl(Tj()ﬁ
for some j € {1,....,d} and some B € N4=1 with |3] <m — 1.

Proof. If d =1 there is nothing to show, so assume d > 1.
Let || = n and chose a j € {1,...,d} with a; # 0. Then we can write

aj=n—|B and T = Tjnf‘ﬁl(T;)ﬁ for § = of; € N*~1. We have to show that,

if T* # 0, then |B| < m — 1, or we can reorder and write T% = T,?_‘Bl(T,é)ﬁ for
some k € {1,...,d} and some 3 € N1 with |3] <m — 1.

Since n — || = «; > 1, the statement holds trivially if n < m. So assume
n>m+ 1.

Certainly, by Lemma [T5] if n— |3] > m and || > m, Tjnfl’B‘(TJ()B = 0. This
means, if 7% # 0, we have we must have || <m —1or |B| >n—m+ 1.

If we have |5| < m — 1 we are done, so assume || > m and |8] > n—m+ 1.

Now, if the biggest entry of 5, 8;,.. := max;j—i . q4—105; (where again, the
index jmax is not necessarily unique) satisfies §;,.. > n —m + 1, then we have
Bimax T =10 [+n—|B] <m—1and we let 3 be a multi-index consisting
of the entries of 3]  and the entry n — || w.r.t. some permutation. Then
e =t (1), ) =1 P (T, ) with 5] < m -1

If instead Bj,,.. < mn —m, then |B}| +n —|5] > m for any entry ; of 5.
Since, by assumption || > m, this means T = Tjnfl’B‘(TJ{)B = 0, by Lemma
(.0l ([l

We are now able to answer our initial question for the case m € N and p = 1.
That is, we can determine the intersection class of (m,p)- and (1, oo)-isometric
tuples on a given space X.

Theorem 7.7. Let T = (Ty,...,Ty) € B(X)? be an (m,p)-isometric tuple and
also a (1,00)-isometric tuple. Then one operator T, is an isometry and all
other operators satisfy (T;O)ﬁ =0 for all B € N1 with |B] = m, and are, in
particular, nilpotent of order < m.

16Note that we do not have to assume that T is an (m, p)-isometry w.r.t. |.|oo

170f course, we actually have |3| < min{n,m — 1}. The main point is, however, that
18] <m—1.

18Note that we must have d — 1 > 2 in this case so that the expression |3}| makes sense.
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Proof. Again, we can assume that m > 1.
Since T is an (m, p)-isometric tuple, by Proposition B4 (i),

m—1

1
Q" (x) =Y n® (—Pk(x)) , Yz e X, VneN. (7.1)
k!
k=0
Where n® = (7)k! = n(n—1)...(n—k+1). That is, for all = € X, the sequence
(Q"(x)),,cn is interpolated by a polynomial of degree of less or equal to m — 1.
Now, by Corollary [[.@] above, for n > 2m — 1, n € N, Q™ (z) reduces to

s

|
Q@)= > Zm\wf"ﬁkﬂﬁﬂw, Vo € X,

Bend—1  j=1

where (n—rg\)!ﬁ! = "(;I). (We set n > 2m — 1, so that we don’t get any multi-
indices twice in this expression.)
Further, for each n € N, k € {0,...,m — 1}, 3 € N1 j € {1,...,d} and all

x € X, by Proposition 510, there exists an ¢; € {1,...,d}, such that

Ty, (T (1)) ) | = 1T (T ], VveN
By Corollary [Z.6] for n > 2m — 1, n € N, we must have ¢; = j, i.e.
Ty =T )| = |77 (T)) ell, ¥ onv €N, n>2m—1.

But that means that, for all & € {0,...,m — 1}, 8 € N¥=1 j € {1,...,d} and all
r € X, the sequences (HTJ.”*’“(TJ)Bpr)neN becomes constant for n > 2m — 1.

Therefore, for all x € X, for n > 2m — 1, the sequence (Q™(x)),cy is
interpolated by the polynomial

n<|m

n e T2 T PP,

BGNd 1 :
|8]=0,...,m—1
which is of degree less or equal to m — 1.
However, this polynomial must be the same as the one in ([Z.I)). In particular,
their coefficients have to be equal and, more particularly, equating constants,
we must have

d
DT P = ||2)P, Vo€ X.
j=1

Take now jo € {1, ...,d} and z;, € X, for X, defined as in Remark 5111 Then
Ei‘:l \\Tj2m71xj0\\p = 0 and, thus, zj, € kerTij*1 for all j € {1,...,d} with
J#jo

J # Jo

Since zj, € Xj, and jo € {1,...,d} were chosen arbitrarily, X; € ker ™!
for all 7 # j. Then it follows from Lemma [l 4] that one of the operators 11, ..., Ty
is an isometry.

Let T}, be isometric. Then we have (T} )% = 0 for all § € N¢~! with |§] =
by Proposition .Gl D
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The case m =1 and p € N, > 1, now follows easily

Corollary 7.8. Let T = (Ty,...,Ty) € B(X)? be a (1,p)-isometric tuple and
also a (p,00)-isometric tuple. Then one operator T, is an isometry and T =
0,...,0,T},,0, ..., 0).

Proof. Since T is a (1, p)-isometric tuple, Proposition B4l (i) gives,
2o n|Tez||P = ||=||P, for all n € N and all # € X. Consequently, ||z| >

=n ol

|T%z||, for any multi-index o € N%, for all z € X. T.e.

max | T%|| = ||z||, Vz € X.
aeNd

Then, since T is a (u, 00)-isometric tuple, T is already a (1, co)-isometric tuple,
by Theorem [(E.12] The result now follows from the preceding statement and
Proposition O

We can now prove the case where our tuple is constructed, using an (m, p)-
isometric operator (i.e., by applying Proposition E.H]).

Proposition 7.9. Let T = (T, ..., Ty) € B(X)? be an (m, p)-isometric tuple of
the form of Proposition [[-3 That is, Tj = z;S, where S € B(X) is an (m,p)-
isometric operator and z = (z1,...,z4) € K% with ||z||, = 1. Assume further
that T is additionally a (p, 00)-isometric tuple. Then T = (0, ...,0, 2;,5,0, ..., 0)
with |zj,| = 1 and S being an isometry. In particular, Tj, = z;,S is an isometry.

Proof. Since T is an (u, o0)-isometry, for all z € X, the family
(1Tz||) pena = (|za|||5‘a|xH)a€Nd attains its maximum. Since |z[[, = 1 by
assumption, we have max,|—, |2%| = 1 for all n € N. This forces (||S"z|)nen
to be bounded for every x € X. Then, since S is an (m, p)-isometric operator,
S is an isometry by [16] Proposition 2.1]. Hence, by Proposition 5] T is a
(1, p)-isometric tuple. Then Corollary [7.8 forces one operator z;,S to be an
isometry.

Now Proposition .6l gives (2;5)™ = 0 for all i € {1,...,d} with i # jo. Since
S is an isometry, this is only possible if z; = 0 for all ¢ € {1, ...,d} with i # jo.
Thus, T = (0, ...,0, 2;,5,0, ..., 0) with |z;,| = 1. O

More general results appear difficult to obtain at the moment. We present
in the remaining parts some partial results in the case m = yu = 2.
The next lemma simply states that one cannot increase a maximum.

Lemma 7.10. Let T = (T3,...,T;) € B(X)? be a (i, 00)-isometric tuple. For
each © € X and each a(xr) € N with max, ey [|T%| = | T¥®z||, we have
1Tz = T4 2]

Proof. Fix x € X and let &(x) € N?, such that max,cya |79 = || T x|
We have
|17 ]| <T@ 2o = max |T*T*e]| < max ||Tz] = |T%@z].
aeNd aeNd
O

197¢ is actually easy to find an elementary proof for Corollay[.8 However, it is more elegant
to deduce the statement from Proposition [Z.7}
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Proposition 7.11. Let T = (Ty,...,Ty) € B(X)? be a (2,p)-isometric tuple
and a (2, 00)-isometric tuple.

(i) The sequences (||Tj"xH)n€N are constant for allx € X, for allj € {1,...,d}.
n>2

(i) For alln>2,neN,

d d
IS Trae|? = STl = o|?, Ve X.
Jj=1

j=1

In particular, the tuple T? = (T¢, ...,T ) is an Ly-spherical isometry and
the operator ijl sz s an tsometry.

(iii) We have T} =0 for some jo € {1,...,d}.

Proof. We proof (i) and (ii) together.
(i) 4 (ii): Since T is a (2, p)-isometric tuple, by Proposition B4L(i),

Q" (x) =nPi(z) + ||z||P, Yz e X, VneN. (7.2)

That is, for all z € X, the sequence (Q,(z)),,cy is interpolated by a polynomial
of degree less or equal to 1.
Now, by Corollary [[.6 for n > 2, n € N, Q™(z) reduces to

=n ZZ | Tz|P | + Z |TPz|?, Vo e X. (7.3)
i=1 1
prt
Since T is a (2, oo)-isometry, for all z € X, for all i,5 € {1,...,d},
max,ene |TTET;z|| = max 4 =1 |TT?Tjz||, by Corollary B If i # j, by
Corollary [(.6], we deduce that max|a‘ | ToT?T || = | T2Tz|, for all z € X.
However, then Lemma [TI0 gives that ||T3T z|| = |T2Tjz|o0, for all z € X.
But then, for all x € X,

1T Tja|| = | T T oo = max T TP Tyz|| = |1 Ty || = |17 Ty oo,

for all 7 # j.
By repeating this process ad infinitum, we have for all i # j,

TP Tyl = ||T; Tyl = |15 Tyl = |1 TP Tyl = TP Tl oo = .. = || T Ty,
foralln >3, neN, for all z € X.

Therefore, the sequences (HTi"_lzjH)neN are constant, for all ¢ # j, for all
n>4

reX.
By equating (T2)) and (Z3]), we get for alln >2,n e N

d d

ZHT”pr—n Pua) = SOS 1 a4 2P, Ve e X
j=1 =1 j=1
VE
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The left hand side is non-negative and bounded, for all x € X, by Corollary
B thus, so has to be the right hand side. Since Zle E?Zl T TP =
J#i

Zle S |T3T;x||P is constant for n > 4, this forces
i

d d
Pi(z) =) Y |TPTz|P, Va € X. (7.4)
i=1j=1
i
Therefore,
d
ZHTj”prz lz]|?, ¥n >4,n € N,Vo € X. (7.5)

=1

Since T7T7 = 0 for all i # j by Lemma [Z5 replacing = by T} = for v € N with
v > 2 in this last equation gives ||T} x| = ||Tj7;+”xH for all n >4, n € N, for all
zcX.

Hence, the sequences (||fo||)n§§ are constant for all j € {1,...,d}, for all
x € X. This is (i). -

Combining now (i) and (7)), gives that we actually have

d
ST = elP, Vo >2,neN Vo€ X,
j=1

which is one of the two equations we had to show for (ii). Now replace = by
Zle T'z for v € N with v > 2 in this last equation. Then, again, since
TPT; =0 for all i # j, we get that for all n,» > 2, n,v €N,

d d d
IS Tvalff =S Tptralr = 3 |TralP, Ve € X
j=1 j=1 j=1

This is the second equation we had to show.
(iii): The equation in (ii) implies that ||z|] > max;j=
reX.

a | TPz, for all

.....

(ili.a) If [|z]| = || TPz, for some j € {1,...,d} then obviously [|T7z| = 0 and
x € N(T?) for all i # j, again by (ii).

(iii.b) Assume [|lz]| > maxj—1 . q¢[/T7x|]. (Note that this implies d > 1 and that
we have more than one non-zero operator.)

Since |2]oe > [|2]| and |z|eo = max,ene [|T%2]| = max|q=3 [|T*x|], it fol-
lows that
|2|oc = max | T7Tjal].
i=1,...,d
j=1,..d
J#i

(Since T;T; T}, = 0 for distinct ¢, j, k by Lemma [Z5])



(m, p)-isometric and (m, oo)-isometric operator tuples on normed spaces 26

Let |2|oo = || T2 Tjyx|| for some ig # jo, i0,jo € {1,...,d}. Then

”Tjopr = Z ||T]2Tj0x||p + ||Ti2oTj0pr + HTJ?:).’IJHP

Jj=1,....d
J#i0,50
S TP = Y T Tl + [afZ + T3 ]|

Jj=1,....d
J#i0,50

Since |z|oo > ||Tx|| for all a € N? simply by definition, we certainly have

x e N(T}).

We conclude that in any case, x € N(Tf) for some j € {1,...,d}.
In other words, X =J;_; 4 N(T}). Hence, N(T3 ) = X, ie. T3 =0 for
one jo € {1,...,d}. This gives T = 0 by (i). O

Corollary 7.12. Let T = (Th,...,T;) € B(X)? be a (2, p)-isometric tuple and
a (2,00)-isometric tuple. Assume further that one of the following holds:

(i) One of the operators Th, ..., Ty is injective.
(i) One the operators Tt, ..., Ty is surjective.
(iii) T does not contain a non-zero nilpotent operator.
(iv) We have d = 2.
(v) We have p =1 and X is stricly convez.
(vi) We have 0 < p < 1.

Then one operator Tj, is an isometry and all other operators satisfy (T;O)ﬁ =0
for all B € N4=1 with |3| = 2, and are, in particular, nilpotent of order < 2.
In case (iii), T consists actually of one isometry and zeros. In case (ii), Tj, is
actually an isometric isomorphism.

Proof. (i): Let T}, be injective. Then, by Lemma [[5] all the other operators
Tj; for j # jo are nilpotent of degree < 2. In particular, by Proposition [.TTl(ii),
TJ% is an isometry. Without loss of generality, assume 77 is an isometry and
T? =0, forall j € {2,...,d}. Then, by (Z4) and since (||TJ"x||)Z§R21 are constant,

d d d

Pi(z) =Y > T Tyz|P = > (1T
i=1 j=1 =2
J7#i

Now, by definition, P;(x) = —||=||P + E;l:l | Tjz||?, for all x € X. Therefore,

d d
—allP + STyl = S I Tyal? & —[el? + |TaalP =0, Vz € X,
j=1 j=2

and T is an isometry. Then we have (T7)? = 0 for all 8 € N~ with |B] = 2
by Proposition
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(ii): Let T}, be surjective. Then T} is surjective and, since || T z|| = || T} ||
for all z € X, by Proposition [[T11(i), the operator Tj, is actually an isometry.
Then (T},)? = 0 for all 5 € N*~! with |8 = 2 by Proposition Il

(iii): Assume T' = (11, ..., T4) does not contain a non-zero nilpotent operator.
Then, by Proposition [[111(iii), 7" must contain an operator which is the zero-
operator, say Ty;. But then we can reduce T to (T1,...,T4—1) and repeat the
argument until 7' = (T},) for some isometric operator T}, .

(iv): Let T = (T1,T»). By Propposition [[.TT}(iii), one operator T, say, is
nilpotent of degree < 2. Then, [.T1}(ii) forces T? to be an isometry. But then
T3 is injective and the result follows from (i).

(v): If p = 1, by Proposition [[T11(ii) we have that, for each z € X, the
triangle inequality becomes an equality for the vectors TjQx. If X is strictly
convex, this implies that there exist \; j, € R with T?z = )\m,wszx for all
i,j, for all z € X. But then T7T7 = 0 for all i # j implies \; j, = 0 or
T?r = Tj2x = 0. Therefore, there exists a jo with Tj2 = 0 for all j # jo and, by
Proposition [T.111 (i), Tj20 is an isometry. Thus, T}, is injective and the statement
follows from (i).

(vi):Assume 0 < p < 1. Then, by Proposition [[.TT} (ii),

1/p

d d d
lz = | D IT7x|” > TPl = 1) Tiel = llz]l, Vo eX.
j=1 j=1 j=1

1/p
That is, ||z|| = Z?:l IT?x|| = (Z?:l Hszpr> for all z € X. (In particular,

(T%,...,T?) is a (1,p)-isometry and a (1,1)-isometry.) Hence, for all z € X,
the vectors (||T2z||, ..., |T2x||) lie on the same circle with radius ||z|| in R? with
respect to both [|.[|; and ||.||,,. This means that, for all z € X, (|| 77|, ..., | T; )
is of the form (]|z|],0,...,0) with respect to some permutation (which, at this
stage of the argument, may depend on z). Hence, each x € X is in the kernel of
d—1 operators T3, ..., Tj while the remaining operator, say szo, acts isometrically

on . But then maxj—1 4 [|T7z| = |lz|| for all z € X and (T7,...,T}) is a
(1, 00)-isometry. By Proposition [.8] sz0 is an isometry and therefore 7}, is
injective. [l

These results lead to the following question:

Question. Is every tuple of commuting bounded linear operators
T = (T1,...,Ty) € B(X)? which is simultaneously an (m, p)-isometric and an
(1, 00)-isometric tuple actually of the form of Proposition ELG?

That is, is one operator 7, an isometry and all other operators satisfy
(T;O)ﬁ =0 for all 8 € N?~! with |3| = m, and are, in particular, nilpotent of
order < m? Moreover, is an (m, p)-isometric tuple an (m, co)-isometric tuple if,
and only if, it is an (m, ¢)-isometric tuple for all g € (0,00)?
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