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ABSTRACT

Optical design in the terahertz (THZz) waveband suffers from a lack of dedicated software tools for modelling the range
of electromagnetic and quasi-optical propagation conditions encountered in typical systems. Optical engineers are
forced to use packages written for very different wavelength systems and there is often a lack of confidence in the
results because of possible inappropriate underlying physical models. In this paper we describe the analytical
techniques and dedicated CAD software tools (MODAL™) that we are developing for long-wavelength design and
analysis in the THz waveband. Our basic approach to modelling long-wavelength propagation is the application of
modal analysis appropriate to the problem under investigation®>. We have extended this to include the efficient
description of common off-axis (tilted) components such as simple curved reflectors’. In earlier research we have
investigated the conditions under which approximate methods (ray tracing, paraxial modes) can provide extremely
efficient and accurate solutions and situations where a more rigorous approach is required®®. As a rigorous model of
electromagnetic wave propagation, physical optics can be used to characterize complete systems to high accuracy.
However, the straightforward approach is computationally intensive and, therefore, not suitable for the initial design or
preliminary analysis of large multi-element optical systems. In order to improve the computational efficiency of the
usual PO approach we have developed fast physical optics software, initialy for the analysis of the ESA PLANCK
system’. The MODAL code is modular and multi-platform, and different propagation models can be used within the
same framework. Distributed paralel computing enables significant reduction of the time needed to perform the
calculations. We present the new software and analyses of the QuaD® and Herschel (HIFI)° telescope systems.
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1. INTRODUCTION

There is currently considerable interest in the modelling and design of astronomical THz/submillimetre systems such as
ALMA and ESA’s PLANCK and Herschel Space Observatory. At these frequencies radiation in an astronomical
receiver is often propagated and analysed as free-space beams. Unlike traditional optics however, these beams are only
a few wavelengths in diameter and diffraction effects can become important. So THz optical systems are unique,
requiring a different approach to those commonly used at visible wavelengths. Despite this, there is a lack of dedicated
software tools for modelling the range conditions typically encountered and many such systems are still designed using
optical ray-tracing techniques.

In previous papers™® the ability of a range of commercial optical design software packages (GLAD, ASAP, CODE V,
Zemax) to analyse the behaviour of submillimetre optical systems was investigated. Although these packages are not
specifically intended for use at submillimetre wavelengths, they represent the only classes of commercia optical design
tools available with some diffraction capability. Originally we took the physical optics (PO) package, GRASP, an
extremely powerful software tool for reflector antenna design and analysis, as our benchmark software against which
the results of the other optical packages could be compared. An experimental verification of some of the GRASP results
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has also been published™. It should be noted that GRASP, because of its complexity and computational intensity, is
more suited to the verification phase rather than the instrument design phase and the rigorous PO technique becomes
prohibitively slow for telescopes with large mirrors operating at high frequencies. As an alternative, a dedicated fast PO
simulation method’ has been specifically designed for large multi-beam multi-reflector systems with broadband
channels and multi-moded feed horns. The method uses efficient integration over reflecting surfaces and the analytical
propagation of TE/TM electromagnetic modes from the horns. It alows us to perform PO simulations of the main
beams of large telescopes, such as PLANCK, for both mono-mode mono-frequency channels and broad-band
polarization-averaged multi-mode channels at higher frequencies.

In this paper we will first briefly discuss some of the fundamental approximations that are inherent in the theoretical
methods on which many current software packages are based. We then describe our new software package ‘MODAL'’
that we are developing as atool for quasi-optical instrument designers.

2.LIMITATIONSOF CURRENT TECHNIQUES

Optical design is essentially concerned with the problem of calculating an electromagnetic field over a surface in an
optical system when the field, or currents, over some other surface is known. Techniques such as the Method of
Moments attempt to calculate the current distribution over a surface precisely™ but the full solution to Maxwell's
equationsis usually extremely difficult to find and in practice approximations have to be made.

In general terms the field over an input surface is a vector field, and it is necessary to calculate the full vector field that
results. In some cases, considering only one component of the field leads to relatively simple scalar solutions. For THz
systems the question of whether a vector or ascalar solution is sought is intrinsically related to whether the field is of a
paraxial or wide-angle nature.

Propagating the field onto the next optical component (solving the wave equation) requires diffraction integrals to be
calculated for each field point calculated. Kirchhoff's approximation is the arithmetic average of the rigorous solutions
when there is ambiguity over which vector quantity (E or H) is being analysed. The averaging process appears in the
form of the well-known (1+cos68)/2 obliquity term. Rather than evaluating diffraction integrals directly, it is possible to
decompose an assumed source field into modes and then propagate the modes as required. Propagating modes through
free space is usualy straightforward and often simply consists of dipping the mode phases with respect to each other.
Many commercia software packages use modal techniques. GLAD, for example, breaks the field down into plane
waves. Gaussian modes, which are solutions of the paraxial wave equation™®, allow a field distribution to be traced
using only the scale size of the beam, the large-scale radius of curvature of the phase front and the phase dippage
between modes. We often use Hermite-Gaussian modes for the analysis of paraxial systems with no particular axial
symmetry. In the Gabor approach™, a field is decomposed into a discrete set of Gaussian beams shifted both laterally
and in phase slope. A subset of these modes is used by the software package Zemax for its diffraction calculations. A
plane wave analysis has the significant advantage that it is not limited to paraxial fields.

At optical wavelengths, away from boundary shadows and abrupt changes in intensity distribution, energy can be
considered to be transported along curves, or light rays, obeying certain geometrical laws. For system design at visible
wavelengths this technique is widely used and ray-tracing packages, such as CODE V and Zemax, have proved to be
very successful. Ray-tracing can also be accurate for systems that are highly over-moded. In the submillimetre,
however, the wavelength is typically an appreciable fraction of component sizes and so cannot be neglected. Systems
tend to be at most few-moded and often have a compact optical layout. In this regime diffraction effects are important
and the approach of geometrical opticsisinadequate.

As an example consider QUaD, a ground-based high-resolution instrument designed to map CMB polarisation®®.
QUaD is a Cassegrain telescope whose basic design (Fig. 1) was developed using ray-tracing. Because of the
Cassegrain design, the centres of beams propagating from the feed horn are reflected back from the secondary and could
re-enter the lens system through the cryostat window. In order to reduce the amount of power reflected back into the
system, a hole is cut in the centre of the secondary. According to a ray-tracing analysis this hole in the secondary can be
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designed so that its geometric shadow exactly matches the hole in the primary mirror and an on-axis beam reflected
back from the secondary should ideally miss the cryostat. In fact, using a Gaussian beam or plane-wave mode approach
to model diffraction shows that some power is produced in the geometric shadow of the hole. This ‘Poisson spot’ effect
is not predicted by ray-tracing. Fig. 2 shows the result of an analysis with GLAD.
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Fig. 1. Schematic diagram of the QUEST telescope optics.
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Fig. 2. GLAD prediction of the beam pattern at the primary mirror after being reflected from the secondary (see
Fig. 1). (r=40mm hole in the secondary, A = 2.0mm). The horns were modelled as having a simple Gaussian
profile. Although GLAD uses plane-wave decomposition, it treats fields as scalar fields and is therefore limited to
paraxial systems.

However, care must aso be taken with Fresnel diffraction and the paraxial mode approach. Fig. 3° shows the near- and
far-field intensity patterns for uniform plane-wave illumination of apertures of radius between 3\ and 30A. GLAD is
taken as an example of a paraxia package and its results were closely matched by GBM, Zemax and CODE V. These
examples were chosen so that an on-axis minimum is predicted using a simple Fresnel diffraction calculation. The
paraxial packages do indeed produce the on-axis minimum indicating that they are correct within the limits of Fresnel
diffraction.
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The software package GRASP, on the other hand, uses PO; that is, it calculates the field radiated by a reflector using an
approximate surface current distribution determined from the incident magnetic field. It assumes that the field on that
part of the reflector not directly illuminated by the incoming field is zero, appropriate where the radius of curvature of
the reflector is many wavelengths. The Physical Theory of Diffraction (PTD) was developed to introduce currents
associated with the edge into the assumed current distribution. Fig. 3 shows that there is a significant discrepancy
between the beam patterns predicted using PO and Fresnel diffraction, particularly in the case of a small aperture. This
is associated with the non-constant obliquity factor across the aperture. The approximations made by the paraxial
packages are clearly not valid for short propagation distances. In the far field, by contrast, the angles associated with the
obliquity factor are relatively small and one gets much closer agreement between the predictions of GRASP and the
paraxia packages. There will be discrepancies if the beam spreads out into large (non-paraxial) angles. We found that
these were not very significant for aperture diameters greater than 6A. There is aso the issue that, in far field
calculations involving the paraxial approximation, it is assumed that 8= sin 8= tan 6. In many situations a full PO
analysis is prohibitively computationally intensive but Fresnel diffraction can be used as an alternative once these
considerations are borne in mind.
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Fig. 3. Beam amplitude in the near (zo, = a%4\) and far (zo = 20a%/A) field of an aperture of radiusa= 31 and a=
304, calculated using GLAD and GRASP (physical optics). GLAD is taken to be representative of paraxia
packages. A= 1mmin all cases. (seereference ® for details).

Typically we use variety of techniques to study any given THz system. In practice the usefulness of a software package
or technique depends on factors such as the physical size of the system compared to the operating wavelength, the types
of optical components used and whether the analysis is needed for the design or verification stage of a project. In
particular, we have found that there is alack of design tools in the THz regime and that we would like to have software
that models a system using a range of methods and approximations.
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To this end we have begun work on a software package we call MODAL' (Maynooth Optical Design and Analysis
Laboratory). MODAL can be used for the design and analysis of THz systems using PO (vector and scalar
approximation) and Fresnel diffraction using Gaussian beam modes. Gaussian beam modes have long been used as a
numerical technique for the analysis of long-wavelength systems but have been found to be very slow when modelling
off-axis mirrors'®, components which are common in compact quasi-optical systems such as HIFI and PLANCK. We
have improved on the standard Gaussian beam mode analysis (GBMA) method by extending a powerful approach based
on Singular Value Decomposition (SVD)*"*® to improve its efficiency when applied to complex optical surfaces. In the
following sections we will describe the SVD technique in detail, describe the MODAL software package and present the
results from our study of selected THz astronomical instruments.

3. MODAL DECOMPOSITION USING SVD

Gaussian beam modes constitute complete orthonomal sets that are each solutions to the paraxial wave egquation. Any
arbitrary solution of this equation can therefore be expressed as a superposition of Gaussian modes, the particular mode
set, W;, being chosen as appropriate for the symmetry of the problem (e.g. Gauss-Hermite, Gauss-Laguerre);

E()=Elxy.2)= Z AW (x, v, ZW(2), R(2))e/ @4 ) o

where E(r) is the paraxia field, A, are the mode coefficients, W(2) is the beam width parameter, R(2) is the phase radius
of curvature and A is the phase dippage term. The choice of the optimum beam mode set is crucia to the efficiency of
the Gaussian beam mode approach. Generally a source field can be represented to a high accuracy by the sum of only a
few modes. Once the mode coefficients are known, it is straightforward to model the propagation of a beam by simply
keeping track of the evolution of the beam width, the phase radius of curvature and the phase dippage between modes
(using, for example, ABCD matrices).

If the field is known over the surface S then the mode coefficients are determined by calculating the overlap integrals
A= I E(xy,2¥ (x, y, z)dS. 2
S

This decomposition of a field is the computationally intensive step but it only has to be carried out once if there is no
scattering of power between modes (if mirrors and lenses are treated as perfect phase transformers with no truncation).
However if an optical element introduces a significant amount of power scattering between modes, then the number of
integrations needed to derive a scattering matrix in a straightforward way can be prohibitive. Indeed, if an off-axis
mirror is treated as an inclined phase-transforming plane then it is necessary to determine the mode coefficients of the
scattered field over a plane that is not orthogonal to the direction of propagation and therefore over which the mode set
is not orthogonal™®. These considerations have limited the efficiency with which GMBA has been applied to practical
optical systemsin al but preliminary analyses. A more economical numerical method for determining the expansion
coefficients over complex surfaces is key to improving the efficiency of quasi-optical analyses using Gaussian beam
modes.

An aternative to calculating overlap integrals is to attempt to fit a linear combination (coefficients ,&) of the mode-set
functions Wi to the known field E at alimited number of sampled pointsrj(j =1 ... M). Or, in amatrix formulation:
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where Ej = E(rj) and W,; =¥, (rj)

If we minimize the residual of the solution ‘E - E‘, the coefficients f&i approximate the accurate mode expansion

coefficients A. The usua choice for the norm of the residual
N 2
X|= Z'Xi| (4)

reduces the determination of A to a linear least squares problem. The problem can be reformulated using the pseudo-
inverse (Moore-Penrose generalized inverse) W™ of the mode matrix ¥ as

A=¥'E. (5)

This solution can be shown to be the best approximation in the least squares sense as well as having the minimum vector
norm. Singular value decomposition, or SVD, is one of the most powerful and efficient set of techniques for finding the
pseudo inverse, and we have chosen to use it in our fit for the coefficients A (see e.g. reference® for details on
implementing the method). SVD is based on the theorem that any NxM matrix B can be written as the product of an
NxM column-orthogonal matrix U, an MxM diagona matrix W (whose elements are =0 and termed the singular values)
and the transpose of an MxM orthogonal matrix V, that is

B*=UWV', (6)
w0 0 0Q
0o w, O 00O
W:SO 0w, 0 Er 0
o: i N
H o o .. w0
uTu =1 (8)
VTV =1, 9)

If N < M then the singular values w; for j = N+1, ... M and the corresponding columns of U are all zero (and egns. 8 and
9 hold only for indices up to N).

If al the w; are non-zero, the pseudo-inverse B* of B is given by
B*=vW U’ (10)
while if one or more of the w; are zero the best solution is given by

B*=vW U, (11)
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where the inverse of the zero singular values are replaced with zeros:

B},—lo...OO...OB

0 & .. 0 0 .. 00
o. .- . .0
S R R
W'=00o 0 ... + 0 .. 0l (12)
D N
0 0 .. 0 0 .. oD
0 DL

Do oo

It often happens that some of the w;'s are very small but non-zero so that W is ill-conditioned. In this case their
reciprocals should also be replaced by zero.

We use this SV D approach because it has many advantages over other techniques for solving least squares problems. It
is generaly numerically stable and can deal with both over- and under-determined problems. Of course, the selection of
an appropriate set of modes (W and R in egn. 1) to represent the field accurately using as few modes as possible is not
trivial, but the SVD technique does provide information that can be used to help in the selection. There are several
approaches that can be taken to determine the optimum mode set and here we discuss two: choosing the mode set to
maximising the power in the fundamental and choosing the mode set so that the effective spatial extent of the highest
order mode corresponds to that of the field.

Take for example the field that results from plane-wave illumination of a circular aperture of radius a. Choosing W =
0.891a and R = «0 maximises the lowest-order mode coefficient but the power in the higher-order modes, although small,
is spread essentially over a large number of higher-order modes with the result that they are al required to accurately
model the field. The choice of W might more usefully take into account the ability of the highest-order mode to model
the edge of the field. If we consider Gauss-Hermite modes, the final zero crossing of the "™ mode is approximately

given by +/0.75NW . Matching this to the extent of the field to be decomposed gives an optimal W = ym . Ris

again chosen to match the phase curvature of the field. Fig. 4 shows the reconstruction of a one-dimensional top-hat
field using the two different choices of mode set. We use the latter in our SVD reconstructions.
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Fig. 4. Top-hat reconstruction using 50 Gauss-hermite modes with W = 1.01a (maximizing the power in the

fundamental for a 1D reconstruction) and W= }/W . aistheradius of thefield distribution.
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The number and locations of the field sampling points r; must also be given careful consideration. Nyquist's theorem
says that sampling must be carried at intervals of A/2 or less. We have found that in order to determine the field using
SVD fitting techniques it is important to use knowledge of the field beyond the edge of the scattering optical
component. A straightforward way of achieving this in practice is to set the field equal to zero here (an approach
consistent with the paraxial approximation). This padding out with zeros is only necessary up to a radius where al the
power in the highest order modes is essentially negligible.
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Fig. 5. The SVD decomposition of atruncated Bessel function. A selection of the resulting mode coefficients are
compared with those calculated using overlap integrals in the accompanying table. A total of 15x15 modes were
used in the 2D reconstruction.

Fig. 5 shows the decomposition of a truncated Bessel function into Gauss-Hermite modes using SVD. The mode
coefficients compare well with those determined using overlap integrals. (A truncated Bessel function is a good
description of the field produced by a scalar horn.)

Once the best mode set and the corresponding coefficients have been determined for a source, the beam can be
propagated through a quasi-optical system in the usual manner, reconstructing the field at each optical element which
becomes the source for the next propagation step. The results of such an SVD analysis are shown in Fig. 7 for a test
case consisting of a corrugated conical horn and two off-axis ellipsoidal mirrors (Fig. 6). The results are compared with
those obtained using physical optics, both a scalar and full-vector calculation.
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Fig. 6 Schematic drawing of the two-mirror test system. The sourceisaconical horn with an aperture radius of
2.5mm and a dant length of 15.4mm. The source field is polarized perpendicular to the plane of the diagram.
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Fig. 7. Symmetric (left) and asymmetric (right) cuts across the output plane of the test system in Fig. 6. Power is

normalized to the on-axis vector PO result. Different numbers of modes and grid points at the mirrors were used

for SVD calculations. The source was defined on a 24x24 grid in each case and then further padded with zeros

outside the field area. The number of extra zero points, expressed as a fraction of the main grid size, isgiven in the

legend.

With the exception of the coarsest grid used (10x10 example, not shown), we found that the physical optics results were
well produced by the SVD technique down to below —20dB. The SVD calculations were significantly faster however,
by afactor of up to 1000 depending on the particular parameters used. Thisis where the real advantage of the technique
lies. The number of modes and the sampling used are important considerations and work is ongoing into how to make
the best choice. The SVD technique described here is currently being incorporated into our design and analysis
software, MODAL, discussed next.

4. MAYNOOTH OPTICAL DESIGN AND ANALYSISLABORATORY (MODAL)

MODAL" combines an OpenGL-based user interface, for easy definition and manipulation of optical systems, with a
powerful and flexible analysis engine that implements multiple propagation methods, ranging from plane wave
decomposition to the full physical optics approach. The package provides export filters for analysis using external
software. Calculations can be accelerated by running the code on a parallel computer composed of a heterogeneous
collection of machines (using PYM). MODAL is by design a multi-platform package. It is currently being developed
and tested in Windows and Linux.
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Fig. 8. MODAL graphical user interface showing athree-mirror test system (channel 1 Mixer Sub-Assembly of HIFI).
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The MODAL graphical user interface is shown in Fig. 8. MODAL keeps track of the best-fit Gaussian radius (plotted
in Fig. 8), the phase radius of curvature and the waist positions to help in the design process. MODAL designs off-axis
mirrors if the angle-of-throw and the input and output waist positions and sizes are specified. It is planned to further

enhance the design capabilities of the package.

As an example, we have analysed the channel 1 mixer sub-assembly of HIFI*® (Fig. 9) using MODAL's PO and SVD

option. The predicted output intensity patterns are shown in Fig. 10.

corrugated horn

Fig. 9. Geometry of the Channel 1 (480 - 640 GHz) Mixer Sub-
Assembly (MSA) unit of the HIFI instrument™®. It comprises a
conical corrugated horn and three off-axis mirrors, two
elipsoidd (MAM2 & MAM3) and one parabolic (MAM1).
The system was simulated at 480GHz for one polarisation.

15.4mm

22.10

MAM3
2.5mm

MAM1

MAM2

66.25 mm

output plane

4 X
N o L\
10" 7 R A
"/ y i
p \
S
2 A it
5 10
3 4 |
2 Vi / \
3 0 \ \ b
8 107 e T ’7\71—17‘\ S E l R e N e R |
<
£ 3 ¢ $
s Rils o g
= ) A A 3
1ﬂrlﬁl—"!/{ : EEER e b un e b BN e on er ek ek n Ee e B
i 1 i | | I ¥
/ | 1 1 | 3 ! | I X
il ' ' G | | R
Sl - i data A L i i
10° g — GRASPS e /i P data \L
7 i Modal - PO I RS EBAE S \ i — i
TR }——— Modal - SVD (15x15 modes, 0.5 i } i | 1 | Modal - PO { 1
RN v | | v --- Modal - SVD (15x15 modes, padding 0.5) W Ve
oot LU N O O O SRR / I I I |
-20 -15 -10 -5 o 5 10 15 20 20 -15 -10 [ 5 10 15
Distance [mm] Distance [mm]

Fig. 10. Cuts of the HIFI MSA (Fig.9) output beam along the plane of symmetry (right) and
asymmetry (left). The MODAL (PO and SV D) and GRASP8 predictions are shown.

Fig. 10 shows good agreement between the predictions made using the different analysis techniques. Experimental

measurements'® are also shown.

GRASP/Experiment and MODAL.) The MODAL PO and SVD results match closely to —25dB or lower.
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5. CONCLUSIONS & FUTURE WORK

We have described MODAL, a software package for quasi-optical design and analysis, currently under development at
NUI Maynooth. The availability of a range of different analysis techniques in one package makes this an extremely
flexible tool that will be of use throughout both the design and analysis phases of astronomical instrumentation at THz
frequencies. We have briefly described a variety of different analysis techniques and shown examples using sections of
the QUaD and Herschel HIFI instruments. A combination of techniquesis typically used to model a complete system.

We believe that fast design and analysis methods based on SVD Gaussian Beam Mode decomposition are potentially
very useful tools for quasi-optics. The SVD approach has proven useful in practical applications, even at this early
stage of its development. In particular it can be used to quickly generate useful results during system design. Rigorous
PO calculations can be prohibitively slow at this stage.

There are aspects of the method that need to be studied in greater detail before the SVD approach to modal analysis
reaches sufficient maturity to be incorporated into MODAL as areliable method of quasi-optical analysis. In the future
we aim to address issues such as the optimization & weighting of the field points sampled, the number and distribution
of guard-band (zero) points and the best choice of mode set. The SVD method will also be extended to handle partially
coherent fields'®. Code written for related work in NUI Maynooth, such as SCATTER?®?# (to predict the beam patterns
of shaped corrugated horns) and FIRPOS' (fast physical optics code used for the analysis of PLANCK) can also be
incorporated into MODAL.
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